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Abstract 

A Novel Formulation for Steady and Decaying Turbulent Line Vortices 
by 
 

Georgios Dimitriou Panagiotakakos 

 

Abstract 

Based on the n-family of laminar vortex formulation, a new generalized model applicable to 

the turbulent kind is presented. The self-similarity of the phenomenon allows, through the 

application of Vatistas and Aboelkassem (2006) simple variable transformation, to simulate its 

decay phase. 

For the steady-state case, given the Vatistas et al. (1991) exponent n, the value of the 

turbulent intensity parameter , intrinsic in the azimuthal velocity formula, is found by fitting 

the analytical tangential velocity to various experimental profiles with different effective Reynolds 

numbers using the Least Square Error (LSE) method. Alike to the laminar n-family, n = 2 gives 

the smallest error and thus the best approximation. Also taking b to be constant or varying with 

the radius produces insignificant differences in the velocity profile. Thus, in order to close the 

system, the tangential velocity with n = 2 and a constant b that minimizes the error is inducted into 

the analysis. When b is plotted against the effective Reynolds number, a coherent relationship 

b 
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amongst the two emerges. An empirical equation, which connects the two properties, is then 

constructed. This gives the ability to researchers to approximate the velocity (tangential, axial and 

radial components) using only three parameters: the effective Reynolds number, the core radius, 

and the maximum tangential velocity. 

Application of the abovementioned variable transformation to the steady turbulent vortex 

yields its corresponding decaying version. The validity of the model is tested for several laminar 

and turbulent cases. The tangential velocity decay of fixed wing aircraft wake, and rotating 

helicopter blade tip turbulent vortices, approximated using the new model provides more realistic 

results than the traditional circulation approach. The profiles of the last property, that is routinely 

used in aviation to define the hazard threshold in order to provide a safe aircraft separation distance 

in large airports, is found to be lacking in representing the real cases of diminishing vortices. The 

previous lies on the fact that the assumed flattening of the circulation curve at large radii, 

applicable to laminar cases it is not true when the vortex is turbulent. Consequently, the prescribed 

value of the radius (e.g. 7 times the core radius) to represent the circulation at “infinity” proposed 

by Squire (1965) and Iversen (1976), implemented also in numerous other models like Burnham 

and Hallock (1982) and Proctor (2000), must be reconsidered. Future work should focus on the 

definition of the hazard threshold based on the tangential velocity instead of its circulation 

signature. 
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1. Introduction 
 

The concept of a vortex in fluid mechanics can be defined as the region in a fluid in which 

the flow is rotating around a straight or curved axis. Rotational flows of this type are present in the 

majority of the natural phenomena as well as industrial machinery. Tornadoes, tropical cyclones 

(hurricanes and typhoons), volcanic, polar, and galactic vortices belong to the natural paradigms, 

where industrial applications include various elements of turbo-machinery, vortex separators, 

combustors, incinerators, heat exchangers, steam traps, diffusers and nozzles, plasma arcs, fluidic 

devices, vortex tubes, and wing tip vortices and many others. 

During the takeoff or landing phases of the flight, the wake vortices generated by modern 

large civil aircraft poses serious control risks to the following airplane. As the demand for bigger 

and bigger aircrafts increase, studies aiming to find better ways to describe wing tip vortices have 

become a very active topic of research among many studies. An example is the wake vortex 

estimation of hazard control that defines the limiting time between two consecutive take offs and 

landings between aircrafts. The most widely used is AVOSS (Aircraft Vortex Spacing System) 

developed by NASA and adopted by nearly every traffic controller agency worldwide. The 

approach that this system uses is based on the dated pure laminar vortex model of Burnham and 

Hallock (1982), which along with the other parameters result to longer safety time frames than the 

essential. An improved model that will predict the time decay more accurately will be an 

innovation in aviation’s status quo. The decay characteristics of the vortex, that can be a potential 

hazard, should be based on an advanced formulation that considers turbulent vortices unlike the 

laminar that are currently in use. Furthermore, a model that has the versatility to approximate 

laminar as well as vortices of different turbulence intensities can be beneficial to numerous 
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engineering applications. In the literature review section that follows, the most popular models 

both for laminar and turbulent cases will be briefly presented and their limitations will be 

identified. 

1.2 Previous work 
 

 1.2.1 Laminar steady vortex formulations 
 
  The Rankine vortex model  

Rankine (1858) was the first to translate the vortex motion characteristics into a 

mathematical equation. Rankine model related the tangential velocity profile to the radius dividing 

the vortex filament into two different areas: 1) rigid-body rotation inside the vortex core (

) where the tangential velocity increases linearly, and 2) free-body rotation outside the vortex core 

 , where the tangential velocity reduces hyperbolically with the radius: 

        (1.1) 

 

Rankine’s model is the first that gave a scientific scope in the vortex motion kinematics but has 

several drawbacks that makes it an out-dated tool for use in today’s research. The assumption that 

the radial and axial velocity components are zero in addition to the discontinuity that the vorticity 

possesses at the core r = rc (Vatistas (1998)), weakens the physical validity of the model, let 

alone the substantial differences of the predicted tangential velocity values near the core in 

comparison to the experimental measurements. Despite these limitations of the formulation many 

modern studies do use the model to examine vortex dominated flows. 
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The Burgers vortex model 

In order to improve Rankine’s model by eliminating the sharp peak of the tangential velocity 

distribution near the core, Burgers (1948) derived a model that smoothened the profile, and as such 

correlated better the experimental measurements near the vortex core. For this model, the equation 

for the tangential velocity component is given by, 

        (1.2) 

The constraint that requires the maximum value of V occurs at  = 1 gives the value of k = 1.2564. 

The tangential velocity profile was a considerable improvement of Rankine’s model but yet the 

radial velocity profile becomes unbounded in flow fields of infinite extent.  

The Kaufmann-Scully vortex model 

It was first Kaufmann (1962) that introduced this model. Later on Scully (1975) employed 

it to study harmonic air-loads in helicopter rotors. Since then many other investigators have used 

it extensively to investigate mainly tip-vortices and is known either as the Scully or better the 

Kaufmann-Scully model. The tangential velocity component for this model is given by, 

         (1.3) 
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Figure 1.1: Tangential velocity profiles for vortices with varying degrees of turbulence intensity 
(a) Vatistas (2006). (Parameter a here is the reciprocal of b that will be used latter on in this 
thesis) 
 

Vatistas (2006) showed that the normalized Scully’s vortex approximated better turbulent 

tip vortices in the far field region ( > ~3) than the laminar formulations see Fig. 1.1. Based on the 

previous, he argued that this might explain the preferred choice by several past researchers. 
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The Vatistas vortex model 

In 1991 Vatistas et al. proposed a new versatile model that can reproduce most of the 

previous popular models without their previously mentioned weaknesses. In this model the 

tangential velocity component is given by: 

        (1.4) 

For different values of n, many of the classical models can be retrieved. Specifically, for  the 

Kaufmann-Scully model can be obtained. Furthermore for  the classical Rankines’ model 

precipitates.  Similarly, for n =2 the popular Lamb (1932)-Oseen (1912) or Burgers (1948) vortices 

can be closely approximated. 

 

Figure 1.2. Distribution of tangential velocity component for the n-vortex profiles for various 
values of n (Credits: G.H.Vatistas) 
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1.2.2 Laminar decaying vortices 
 

The Lamb-Oseen vortex model 

The Lamb-Oseen model is an exact solution of the Navier-Stokes equations for one-

dimensional axisymmetric vortex in polar coordinates where the turbulent (eddy) viscosity is 

assumed to be zero (fully laminar flow).  

The differential ( -momentum) equation for this time dependent flow field is given by, 

þ
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        (1.5) 

where ρ is the density of the fluid is the tangential velocity, t is the time, and r is the radial 

distance from the center of the axisymmetric vortex. The assumed initial (t = 0) velocity is that of 

a potential vortex, 

        (1.6) 

Where  is the initial vortex circulation. The time evolution of the circulation is given by, 

       (1.7) 

where ν = μ/ρ is the kinematic viscosity of the fluid. A qualitative time history of the circulation 

is shown in Fig. (1.3). Initially, the circulation ( ) is constant for any radius possessing a jump 
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discontinuity at r = 0. As time proceeds the profile develops a depression near the axis of rotation 

gradually expanding outwards. As , . 

 

Figure 1.3. Circulation radial profiles for different time levels. 

The radius of the maximum swirl velocity occurs at rc . The last provides the value of Lambs 

constant �L=1.25643. There is a debate for the origin of the decay mechanism formulation of the 

laminar vortex. Rossow (2006) states that Boltzmann (1894) suggested the transformation variable 

, which reduces the partial differential equation into, 

        (1.8) 

Using the similarity variable h, Eq. (1.8) can be easily integrated to yield the Lamb-Oseen velocity 

distribution: 
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)       (1.9)
 

or 

 
      (1.10)

 

From Eq. (1.10) the vorticity is then given by, 

       (1.11)
 

Initially  is concentrated at the origin and it is singular . As time evolves it diffuses 

outwards and decays see Fig. (1.4), reaching the limit  as . 
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Figure 1.4. Vorticity radial profiles for different time levels. 

The viscous core growth over time is given by, 

         (1.12) 

The assumption of fully laminar flow leads to a viscous core growth prediction, which is 

considerably slower than the experimental results. In spite of the last, because of its simplicity, 

this model was used for years to model a diminishing aircraft wake vortex. 

Other Laminar decaying laminar models 

Other cases of decaying vortices could be obtained if one realizes that there is a space-time 

analogy associated with intense vortices if Boltzmann’s (1894) h -variable is used as indicated by 

Vatistas and Aboelkassem, (2006).  Based on this unique property, if a steady state solution is 

known, then the decaying form is obtained by a straightforward variable transformation. The 

process is also reversible, i.e. if the decaying solution is available, then the steady-state type can 

also be recuperated. Since the method does not require the initial velocity profile to be of the 

exponential function type, the transformation is more wide-ranging than Lundgren’s (1982) 

method. 

For example, consider Burger’s vortex where the tangential velocity is given by: 

        (1.13) 

Under the aforementioned transformation the above equation becomes: 

rc t   4aL t
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x

1 exp(kx 2 )

1 exp(k )
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            Where      (1.14) 

Similarly the tangential velocity of a decaying n = 2 vortex of Vatistas et al. (1991) yields, 

         (1.15) 

1.2.3 Turbulent steady case 
 
 

As presented above, there is a variety of models that were developed to analyze the laminar 

type of vortices yielding sufficiently acceptable predictions for most of the applications. However, 

the majority of cases in either nature or industry encounters with laminar flow phenomena are rare 

commodities since most of them involve turbulence. The complexity of the turbulent phenomena 

not only in the vortex field but also generally in Fluid Mechanics, is notorious. Historically, 

reasonable approximations to turbulent flows appeared much later than the laminar, almost near 

the second half of the 20th century. The main reason lies on fact that the collection of reliable 

measurements for turbulent vortices is very difficult, expensive, require sophisticated experimental 

procedures and techniques, and the evaluation and filtering of the extracted data depend heavily 

on many assumptions, resulting into several uncertainties, and often-debatable approaches. 

Furthermore, the diversity of the turbulent vortices that can manifest in different environments, 

combined with the limited experimental data makes the comparison of vortices with different 

levels of turbulence problematic. Nevertheless, fundamental contributions on this topic can be 

found in Newman (1959), Dosanjh et al. (1962) Hoffman and Joubert (1963), Squire [1965], 
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Iversen (1976), Tung et al. (1981), Ramasamy and Leishman (2007), and Vatistas (2006). In this 

part of the thesis only models that are intimately related to the present work will be discussed. 

 

 

 

The Squire vortex model 

Squire (1965) in order to include the turbulent effects extended the Lamb-Oseen laminar 

model to turbulent by incorporating an average turbulent “eddy” viscosity. Based on the hypothesis 

that the principal permanent characteristic of a line vortex is its circulation at a “large radius”, 

where the total viscosity was considered to be the sum of the molecular plus the turbulent kinematic 

viscosity. The eddy viscosity was assumed to be a function of the circulation multiplied by a 

constant a (Squires constant), 

         (1.16) 

The averaged term of total viscosity had to do with the fact that the value of eddy viscosity 

was assumed to be independent of the radial distance. This constant is numerically determined by 

matching with the then available experimental data. The ratio of total to kinematic viscosity 

d is then given by, 

      (1.17) 
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is used inside the viscous core (0 < r < rc) growth prediction, 

       (1.18) 

This has been used as a comparable parameter of turbulence intensity to Reynolds number. 

Squire’s contribution was the elimination of the singularity in Lamb-Oseen model for t = 0 as well 

as the establishment of the correlation of turbulent intensity to core growth over time. Furthermore, 

the development of a model, which relates the circulation at a large radius with the turbulent 

intensity, laid the foundations for the further development of the subsequent models of Iversen 

(1976) and Ramasamy and Leishman (2007). 

The Iversen vortex Model 

Based on Squires assumption that the principal permanent characteristic of a self-similar line 

vortex is its circulation at large radii, a function that correlated aircraft trailing vortex tangential 

velocity data in both on ground and flight experiments was introduced by Iversen (1976). Lamb’s 

similarity variable produced the core growth expansion that is not in agreement with the new and 

improved experimental data. For this reason, Iversen modified the approach by introducing the 

mixing length hypothesis. It can be easily now understood that by replacing the viscosity parameter 

with the circulation at a large radius ( ) in the similarity variable proposed by Lamb 

, h becomes now , and thus a more realistic model could be achieved. 

Transforming the equation for the circulation, 

 
  

/Re v

hl   r 2 / 4  t  /2 lh
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      (1.19) 

 

in terms of the similarity variable h a new vortex model, which is parametrical to Reynolds number 

is obtained.  

For the turbulent case, in order to satisfy the similarity relationship, Iversen incorporated the 

mixing length hypothesis  into the total viscosity equation setting the eddy viscosity term 

to be proportional to the radius. In simple words Iversen gave the following equation for , 

 

 

Where  is the mixing length assumed to vary linearly with the radial distance across the 

vortex. 

Thus the eddy viscosity term was formed based on Prandlt’s mixing length concept for 

turbulent flows. However, this approach does not satisfy the actual physics, because it cannot 

resolve adequately the vortex transition region. For fully laminar flow ( , l = 0) the equation 

of circulation collapses to Lamb-Oseen model as it should. 

¶

¶t
 r

¶

¶r
eff r

¶

¶r



r2











ì
í
î

ü
ý
þ

 2eff r
¶

¶r



r2











ral I

eff

eff    l2r
¶

¶r



r2











ral I

0T



14 
 

                                   1 

Figure 1.5. Core radius as a function of the vortex Reynolds number (Iversen (1976)). Note that 

                    . 

 

The total viscosity variation proposed by Iversen came from analyzing the measurements of 

multiple Reynolds number vortices. He was able to obtain a value for aI = 0.01854, which is now 

known as Iversen’s constant. 

 

 

o º 
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Figure 1.6. Maximum tangential velocity as a function of the downstream distance 

                   (Iversen (1976)). Note that . 

 

The Ramasamy-Leishman vortex model 

Ramasamy and Leishman (2007) in their paper on helicopter blade tip vortices, presented an 

updated model for turbulent tip vortices that examined the straining and diffusion of the viscous 

core of the turbulent vortices. Adopting Squires hypothesis that d should be proportional to the 

circulation and following a similar transformation (as Iversen) they constructed an improved 

formulation that also included the effects of vortex wandering. Having access to precise measuring 

equipment obtained improved measurements they corrected Iversen’s constant. Moreover using 

corrected Richardson number (Bradshaw (1969)), 

o º 
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      (1.21) 

they provided a Vortex Intermittency function, which allows the multi-regional vortex theory to 

apply. Above the threshold of Rev
1/4 the flow is laminar and any flow fluctuations will be dampened 

(the vortex will laminarize) and as the radial distance from the center of the core is increased the 

value of Richardson number progressively decreases below the threshold where turbulent effects 

appear. This weighting parameter was found to play an important role in modeling the vortex 

structure in a way that represented the real physics and allowed the model to collapse to Lambs 

model near the core of the vortex. The last improves on Iversen’s approach in the outer regions 

where turbulence is present. The numerical solution used the 4th order Runge-Kutta to determine 

the numerous empirical constants. Finally, through the experimental observations it was confirmed 

that as the Reynolds number is increased, the turbulence of the flow increases, making the core 

growth rate to increase. This had an impact on the decay of the turbulent vortex as the peak swirl 

velocity reduces faster as the Reynolds number increases. 

The Burnham-Hallock vortex model 

In 1982 Burnham and Hallock presented a vortex model applied to turbulent vortices, 

which focused on the characteristics of the wake vortex that can create hazardous conditions in 

aircrafts. The proposed model for the tangential velocity profile is the same as the Kaufmann-

Scully, 

          (1.22) 
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They selected a simple stochastic approach to transform the steady into a decaying vortex. 

The least squares stochastic procedure is not preferred over the simple stochastic procedure as it 

is supposed to be dependent on parameters such as the initial time to , and the standard deviation 

σ. Instead a probabilistic model, along with a wide variety of assumptions such as Gaussian 

distribution of the initial vortex strength with a standard deviation of 20% from the mean value of 

, fusing the previous two parameters into one to =3σ etc was proposed. The last is the basis for 

the decay stochastic process, and it is based on the assumption that vortices often decay in two 

stages: in the first stage the vortex strength remains constant and in the second it reduces rapidly.  

The model was sufficient for the aviation needs back in 1982 however many of the 

assumptions made were rough. Although Burnham and Hallock (1982) attempted to reduce or 

even eliminate several empirical entries, the complexity of decaying turbulent flow still 

remained. 

1.3 Contributions of the thesis 
 
 

This thesis reports on a simple mathematical model applicable to steady and decaying 

turbulent vortices. The effectiveness of the model is verified by comparisons with various 

experimental observations especially with those with high turbulent intensity, and is found to be 

better to those in use today. A new equation that relates the turbulence intensity parameter to the 

effective Reynolds number is presented and discussed. An investigation on how a variable or 

simply constant intensity parameter influences the development of the dominant tangential 

velocity component shows not to be significantly different. Finally, the behaviour of diverse 

turbulent decaying vortices is illustrated. The circulation profiles that are currently in practice to 
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determine the hazards posed by wake aircraft vortices are examined and their validity is evaluated 

using the new approach. 
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2. Mathematical Formulation of the Problem 

2.1 General Formulation of Incompressible Intense Vortices 

 
The mathematical modeling of the problem requires that several assumptions should be 

made. For this reason a steady, incompressible, turbulent, and free of body forces, axisymmetric 

vortex is presupposed. The governing equations that will be used to mathematically represent the 

problem under consideration are the conservation of mass (continuity) and momentum equations 

(Navier-Stokes) in cylindrical coordinates (see Fig 2.1): 

 

Figure 2.1. The coordinate system 
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Radial momentum: 

   

(2.2) 

Axial momentum: 

       (2.3) 

Tangential momentum: 

  

     (2.4) 

The contribution of turbulence is included here by means of an enhanced constant value for the 

effective viscosity, . 

As we are dealing with strong (or intense) vortices it is customary to assume that the 

tangential velocity is dominant by several orders of magnitude as compared to the radial and axial 

components (see Table 1). Hence, the traditional assumption (Vatistas et al. (1991)) that the 

velocity vector has the form 

     (2.5) 

is implemented. 

In order to generalize the results, the use of the flowing dimensionless parameters as suggested by 

Aboelkassem and Vatistas (2007) will be considered:
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where subscript “ ” identifies properties at the vortex core (defined as the radius where the 

tangential velocity attains its maximum).
 

Recasting the governing equations in terms of the dimensionless groups, subject to condition 

given by Eq. (2.5) yields: 
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Table 2.1. Typical values of the vortex Reynolds numbers (Vatistas (1998)) 
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Neglecting the terms with order of magnitude  or smaller, the above equations are reduced 

into: 

δ/1  1δδ  δ/1 δ δ δ δ
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δ/1  1δ δ1 1 1 1
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Continuity:  

 

          (2.10) 

  

r- momentum: 

 

           (2.11) 

z - momentum:  
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For the proper conversion of the physical problem into mathematics, in addition to the field 
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(i) ,       and  

                     (ii)           ,       V  0      

The system represented by Eqs. (2.10), (2.11), and (2.13) is underdetermined. Note that Eq. 

(2.12) indicates only that the pressure is not a function of the axial coordinate. As in the laminar 

case (Vatistas et al. (1991)), in order to close the system a realistic tangential velocity profile is 

considered by induction and then the rest of fluid parameters are obtained by deduction. 

 

2.2 A Generalized Tangential Velocity Profile 
 

Vatistas et al. (2015) proposed a model that approximates reasonably well the turbulent 

effects. As mentioned before, the induction of a tangential velocity equation will close the system. 

The simple algebraic equation for the radial profile of the tangential velocity that will accomplish 

the task is: 

 

 

        (2.14) 
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This is the tangential velocity profile for the laminar n-family of vortices that was published in 

1991 by Vatistas et al. (1991), and has been used by many researchers to study a variety of 

vortex dominated flows, see for example Tao et al. (2013), Antonini et al. (2015), Zheng et al. 

(2007), Brix et al. (2000), Murphy and MacManus (2011), Kecskemety and McNamara (2011), 

Ansari et al. (2006), and Ramesh et al. (2015). As it was remark in the introduction, with the 

proper choice of n, the classical models such as for example Rankine’s ( ) and Kaufmann-

Scully (n = 1) can be obtained. Letting n = 2 Burgers distribution could also be closely 

approximated. Different values of β will produce vortices with various degrees of turbulence i.e. 

for β =1 laminar flow and when β >1 simulates the turbulent kind with increasing intensity. The 

choice of the specific tangential profile equation will be based on how the Eq. (2.14) 

approximates the available experimental measurements. 

The procedure of defining the value of the turbulent intensity β proceeds as follows. The 

square error is given by, 

 

       (2.15)

 

 

Given n, the value of parameter β that will minimize the square error is found solving the 

equation, 
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Otherwise, what is the value of n that will make the tangential velocity to pass through the 

discrete experimental data points  with the LSE. The procedure in finding which n will 

produce the least error is given next. 

 

Figure 2.2. Square error E for different assumed tangential velocity profiles. 

A value of n (say one) is selected. The root of Eq. (2.16) is then solved for b and the error E 

is recorded. The process is repeated with n = 2 and 3. As was also the case with the laminar n-

family of vortices, n = 2 produces the best approximation for turbulent vortices, see Fig. 2.2). 

Therefore, the equation for the tangential velocity distribution that will be used for the 

further developments will be takes the form, 
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        (2.18) 

Then the radial and axial velocity profiles can be determined from Eqs. (2.13) and (2.10) 

respectively, 
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There is one more issue that has to be examined before the tangential velocity profile is 

inducted into the global formulation. Experimental evidence by Bhagwat and Leishman (2000) 

and Hoffman and Joubert (1963) revealed a multiregional vortex structure where the core is 

laminar near the axis of rotation (Fig. 2.3) region (1), followed by a region where the vortex is in 

a state of transition (2), maturing finally into a fully turbulent flow for larger radii (3). Martin and 

Leishman (2002) confirmed Squire’s hypothesis that the effective viscosity increases with the 

radius using Laser Doppler Velocimetry (LDV). The assumption of multi-region vortex structure 

was based on the vortex Reynolds number, which argues that turbulence increases the rate of 

diffusion of vorticity caused by the straining effects in the laminar vortex core. Due to the last and 

depending on the Reynolds number, the viscous core expands over time at a certain rate, which 

later on gives rise to turbulence. There is ample experimental evidence that justifies the assertion 

that re-laminarization taking place near the core prevents any turbulent effects to appear. 
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Bradshaw(1969) as well as Holzapfel et al. (2001), introduced Richardson’s number (ratio of 

potential to kinetic energy) to describe the local strength of stratification. Richardson’s critical 

number, given as a function of Reynolds number was empirically determined by Cotel and 

Breidenthal (1999). Above Rev
¼ because of re-laminarization, turbulent flow fluctuations are 

damped see Fig. 3.4. 

 

Figure 2.3. Multiregional vortex structure (Ramasamy and Leishman (2007)) 

 

As illustrated in Figs. (2.2) and (2.3), the vortex core is completely laminar, and when the 

stratification threshold is crossed, turbulence starts to build up. There are several models that do 

not consider this variation assuming constant viscosity across the vortex filament. These 

predictions according to Ramasamy and Leishman (2007) are contentious. 
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Figure 2.4. Variation of Richardson number for various models with non-dimensional 
Radial distance, Rev = 48,000. (Adapted from Ramasamy and Leishman (2007) 

 

In order to have a more general model where the vortex in the core is laminar and the 

turbulent intensity parameter is one and progressively reaches the final value b where 

turbulent effects are fully developed, a function that relates with x could be, 

 

      (2.21) 

In this case the value of  can be now obtained using the LSE method, 
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The radial profile of Eq. (2.21) with  = 1.38 is shown in Fig. (2.5). Near the axis of 

rotation the value of is near 1, which implies a laminar vortex. At approximately ξ = 3, where 

turbulence is fully developed,  has reached 98% of its final value of 1.38. In the transition 

region, between  ~ 0.6 and 3),  varies from 1 to 1.35. 

 

 

Figure 2.5. Variation of turbulence intensity parameter  with the dimensionless radius x, for  

= 1.38. 
 
 

In Fig. (2.6) the theoretical tangential velocity component, as a function of the radial 

distance along with the experimental data for constant b and variable , for three different 

datasets is depicted. It is amply evident that the velocity distributions do not differ significantly 
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for constant and variable values of b. The last could justify the use of the same value for beta 

across the vortex. 

 
                                                                                      (a) 

 

                                                                                 (b) 
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       (c) 

 

   
                   (d) 

Figure 2.6. Velocity versus radial distance for three laboratory vortices (a), (b) & (c), and 
                   a full-scale vortex (d). 
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2.3 General Formulation of Decaying Vortices 
 

The solutions that applied to the decay process belong to a particular class in which the 

velocity vector has the general form 

 

Following the same procedure as before, and using the simplified continuity and Navier-

Stokes equations, the tangential-momentum equation is given by: 

      (2.23) 

Continuity: 

      (2.24) 

Radial momentum 

       (2.25) 

Similar to laminar vortices, the time dependent tangential velocity of a turbulent vortex 

possesses a distinct self-similarity. When the velocity profiles at different time levels are 

normalized by their maximum values and are plotted against the dimensionless radius  

all profiles collapse into one, see Fig. (2.7) (a) for laminar, and (b) for turbulent (Fig. 36 in Martin 

and Leishman (2002)) vortices. 
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(a) 

 

(b) 

Figure 2.7 Collapse of the (a) laminar and (b) turbulent tangential velocity distributions in different 
time levels into one. The turbulent case was taken from Martin and Leishman (2002). 
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Using the dimensionless variable for time, 

  ,        (2.27) 

and the following variable transformations as proposed by Vatistas and Adboelkassem (2006) 

  

 

             (2.28) 

 

 

the governing equations can be transformed into the ordinary set: 

            (2.29) 
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These are analogous to the ones that have produced several steady solutions. For more details, 

please consult Vatistas and Adboelkassem (2006) or in the Appendix B. 

This method will be used in the next section (Discussions of Results) to transform the 

steady turbulent into decaying vortex. 
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3. Discussions of Results 
 

In the previous section, a new steady state vortex model, which also included the effects of 

turbulence were presented. Using the transformation of Vatistas and Aboelkassem (2006) the time 

decaying version was also outlined. In this chapter the validity of the results will be examined via 

comparisons to the already existing models and experimental evidence. Then the outcomes of the 

novel vortex approach will be critically discussed. Finally, the dangerous conditions posed by 

aircraft wake vortices will be assessed. 

3.1. Steady turbulent vortices 
 
 

Due to theoretical simplicity along with the large quantity of experimental measurements 

associated with laminar vortices, swirls of this kind are adequately covered by a variety of existing 

models such as for example Rankine (1858), Burgers (1948), Sullivan (1959), Vatistas et al. (1991) 

and several others. In contrast to the previous, the limitations of the measuring techniques and 

turbulence modeling prevented a theoretical formulation capable in describing the turbulent vortex 

as adequately as the laminar type. 

Thus far we have designated the degree of turbulence with parameter without providing 

its link to any of the flow properties. At the present it is imperative to make the required connection. 

The variation of parameter β with the vortex Reynolds number for both laboratory and large-scale 

vortices is given in Fig. 3.1. No obvious relation between b and the vortex Reynolds number (

) among these vortices can be detected. 

b
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However, when b is plotted as a function of the effective Reynolds number , using 

the total viscosity  relationship of Ramasamy and Leishman (2007), 

         (3.1) 

then the coherent correlation shown in Fig. (3.2) emerges.  

 

                    Figure 3.1. Variation of b with Rev for different vortices (Vatistas et al. (2015)) 
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Eq. (3.2) along with the experimental data of a multitude of vortices is shown in Fig. (3.2).  

 

Figure 3.2. Variation of b with Rev eff, for different cases (enhanced version of Vatistas et 

                   al. (2015). The empirical equation refers to Eq. (3.1). 
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velocity curve in the outer (free-vortex) region. As is illustrated in Fig. (3.3), the previous 

mentioned characteristic is clearly innate in the present model, whereby the tangential velocity is 

seen to lift-up and flatten, as it should be, with increasing . Thus the new formulation provides a 

more realistic description of turbulent vortices. 

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6
RAMASAMY & LTESHMAN

Davenport

MARTIN

Murphy & MacManus (2010)

Sneddeker exp

Takahashi & McAlister

GRIFITHS & HOPFINGER

Meunier and Villermaux

Tsinghua

B-757 

MD-11 

B

1 1.5 2 2.5 3 3.5 4 4.5

b

Martin et al. (2003)

Murphy & MacManus (2011)

Davennport et al. (1996)

Ramasamy & Leishman (2007)

B-757  

MD-11

Delisi et. al. (2003)
commercial aircraft

Takahashi & McAlister (1987)

Grifiths & Hopfinger (1987)

Meunier & Villermaux (2003)

Wang & Jiang (2010)

log
10

(Re
v eff 

)

empirical equation

Sneddeker (1972) laboratiory
vortices

b



39 
 

 

Figure 3.3. Lifting of the tangential velocity profile as turbulence parameter increases.The 

theory here refers to Eq. (2.18). 

 

Theoretical tangential velocity profiles together with the associated observed values for four 

vortices with different degrees of turbulence were given in Fig. 2.7. These, along with the four 

vortices provided in Fig. (3.3), and the additional profile shown in Fig. (3.4) are seen to 

approximate reasonably the actual experimental data. It is also self-evident; from Fig. (3.4) that 

Eq. (2.18) provides an improved approximation to turbulent vortices. 
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Figure 3.4 Tangential velocity profiles for medium turbulent intensity (b =1.38). Present theory 
here refers to Eq. (2.18). 

 

Vortices shed by large commercial aircraft during takeoff and landing present a well-

recognized danger to a smaller following plane, Holforty (2003). In the past, the vortex models of 

Rankine (1858), Hallock–Burnham (1978) (or Kaufmann (1962)–Scully (1975)), Lamb (1932)–

Oseen (1912) (or Burgers (1948), and Hoffman–Joubert (1963) were used in determining the 

spacing limitation for commercial aircraft (Hinton and Tatnall (1997)). It is clear from Figs. (3.5), 

(3.6) and (3.7) that Eq. (2.18) provides a better approximation to the wake, than the traditional 

approaches for the vortices shed by a Boeing B-747, a McDonnell Douglas MD-11 wide-body and 

Boeing B-757 narrow-body aircrafts. 
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Figure 3.5 Tangential velocity profiles for different vortex models for a B-757. Present theory 

here refers to Eq. (2.18). 

 

Figure 3.6 Tangential velocity profiles for different vortex models compared to experimental 

data for and MD-11. Present theory here refers to Eq. (2.18). 
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Figure 3.7 Tangential velocity profiles for different vortex models for a B-747. Present theory 

here refers to Eq. (2.18). 

 

Typical profiles for the radial velocity (u) for both laminar and turbulent vortices obtained 

using Eq. (2.19) are shown in Fig. (3.8). The profiles of both vortices are negative everywhere, 

meaning that flow converges toward the center of rotation. In this way, the steady state condition 

of the vortices is maintained, because the outward diffusion of vorticity is replaced by that brought 

by the inward fluid convection Vatistas (2004). The axial velocity (h) evolves in a way as to satisfy 

continuity. The corresponding profiles for h obtained from Eq. (2.20) are given in Fig (3.9). 
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Figure 3.8 Theoretical dimensionless radial velocity distributions for increasing turbulent intensity 

parameter b. The results were obtained employing Eq. (2.19). 

 

Figure 3.9 Dimensionless axial velocity distributions for increasing turbulent intensity parameter 

b. The results were obtained employing Eq. (2.20). 

 

-4

-3

-2

-1

0

0 2 4 6

= 1.38

Re
v
= 4.80 x 10

4

b

u

x

= 1.00b
Re

v
< 103

-3

0

3

6

9

0 2 4 6

= 1.38

Re
v
= 4.80 x 10

4

b

h

x

= 1.00b
Re

v
< 10

3



44 
 

3.2 Time decay of turbulent vortices 
 
 

In chapter 2 (section 2.3) the general formulation for decaying vortices was given. Here the 

results will be analyzed and compared to observations (when available) starting with the velocity 

attenuation as a function of time or . 

The tangential velocity of the decaying vortex can be obtained from Eq. (2.18) and 

applying the variable transformations as outlined in section 2.3, 

    (3.3)
 

Theoretical profiles as a function of time are illustrated in Fig. (3.10) for (a) laminar vortex, and 

(b) for turbulent vortices. 

There are no reliable data to test the effectiveness of Eq. (3.3) in representing turbulent 

decaying vortices directly. Even for the laminar kind  there are only two trustworthy 

datasets that are shown in Figs (3.10) (a) and (b).  The vortex begins with a large peak velocity 

and as the core enlarges the maximum velocity reduces gradually with time. For large radii, all the 

temporal profiles of circulation tend to free-vortex value. 
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                                                                  (a) 
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(b) 

Figure 3.10. Tangential velocity profile distribution for different timestamps for laminar vortices 

b =1 (a) Meunier and Villermax (2003), (b) Bennet (1988). The continuous line represents Eq. 

(2.18). 

 

It is clear that in both cases, Eq. (3.3) represent fairly the physics of the phenomenon. 

The decay of a typical turbulent laboratory vortex is shown in Fig. 3.11. In contrast to the 

laminar decay the far field circulation does not tend to a constant value but rather decreases 

gradually. 
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Figure 3.11. Tangential velocity profile distribution for different timestamps for β =1.38. Present 

theory refers to Eq. (2.18). 

 

In order to calculate the maximum tangential velocity over time, the following simple 

procedure should be followed. Considering Eq. (2.18) and applying variable transformations as 

outlined in section 2.3 the tangential velocity for the time decaying vortex is obtained, 

    (3.4)
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Taking the partial derivative of , given by Eq. (3.4), with respect to  and setting it to zero 

will provide the core radius  as a function of dimensionless time. After considerable algebra we 

obtain, 

          (3.5) 

The same results will be obtained for a Lamb-Oseen laminar vortex. The only difference is in the 

viscosity term . For the decaying laminar vortex the kinematic viscosity 

will be  while for the turbulent  (note that ). 

Inserting  from Eq. (3.3) into (3.2), the temporal change of the maximum tangential 

velocity, is obtained, 

        (3.6) 

Once again the same relationship will be obtained for a Lamb-Oseen laminar vortex. Detailed 

derivations for Eqs. (3.5) and (3.6), can be found in Appendix B. 

The core expansion and the decay of the maximum velocity for different laminar and 

turbulent vortices are given in Fig. 3.13.  
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Figure 3.12. Core expansion and maximum velocity decrease over time (or age history ) 

for various laminar and turbulent decaying vortices. The theory refers to Eq. (3.4) for and Eq. 

(3.5) for . 

 

Considering the experimental difficulties associated with temporal event, especially with 

helicopter rotor blades where the vortex central line is curved, the agreement is indeed 

reasonable. As time progresses the maximum velocity decreases and the vortex core expands. The 

vortex Reynolds number, defined as  remains the same because the decrease in 

velocity is counterbalanced by augmentation of the core size. Thus, here we conjecture that if a 

vortex starts turbulent it will remain turbulent throughout the decaying process. 
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3.3 Time decay of turbulent vortices of aircrafts 
 
 

The wake vortex decay in commercial transport aircrafts is important for the assessment of 

the hazardous conditions. The dimensional velocity profile can be obtained from Eq. (3.4), 

      (3.7) 

Figs. (3.13) and (3.14) shows the predicted reduction of the velocity for two aircraft B-757 

and MD-11.  

Vortex half-life is defined, as the time required for the maximum tangential velocity to 

become half of its initial value. The root of the following equation will provide this information,  

      (3.7) 

The half time for the two aircraft is given in Figs. (3.14) and (3.15). Based on these results one 

sees that the half-life (when the maximum velocity becomes half of its initial value) of the wake 

vortex of the smaller B-757 is less than the larger plane MD-11. The last is qualitatively consistent 

of what it is expected. 
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Figure 3.13. Tangential velocity decay for a Boeing B-757. Present theory refers to the 

dimensional version of Eq. (2.18). 

 

Figure 3.14. Tangential velocity decay for a McDonald Douglas MD-11. Present theory refers to 

the dimensional version of Eq. (2.18). 
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Figure 3.15. Tangential velocity profile decay for a large aircraft compared to enhanced viscosity 

Lamb-Oseens model. Present theory refers to Eq. (2.18) while the Lab-Oseen refers to the same 

equation with b = 1. 

Previously, the determination of the vortex circulation at large radius was deemed to be a 

defining factor in assessing the hazard of commercial transport aircraft. It was thought that the 

equation that relates the initial circulation strength at large radius ( ), the wingspan, the mass 

of the aircraft and velocity was considered a good measure to determine the threat. On the other 

hand, there are some serious drawbacks in this approach. First of all the previous owes its existence 
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This is true for laminar vortices see Fig. 3.16, but for the turbulent kind, as Figs. 3.17 and 3.18 

show, it is definitely not the case. 

 

Figure 3.16. The dimensionless circulation  with the dimensionless radius for laminar 

case. 
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Figure 3.17.  Vortex circulation decay for a Boeing B-757 aircraft. Present theory refers to the 

dimensional tangential velocity, multiplied by 2 times the radius. 
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Figure 3.18. Vortex circulation decay for a McDonald Douglas MD-11 aircraft. Present theory 

refers to Eq. (3.8). 
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       (3.8) 
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for example in the model of Burnham-Hallock (1982). A better approach in establishing a model 

for the hazard will emerge if the circulation is replaced by the tangential velocity. The destabilizing 

force-rolling moment will be obtained if we integrate the square of the tangential velocity over the 

wingspan of the following aircraft. 

 

 

 

Figure 3.19 Burnham and Hallock (2013) circulation decay for different times (t =24s, t =38s, 
and t=54s) with radius. 
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Conclusions 
 
 

Based on the n-family of vortices (Vatistas et al. (1991)), a new generalized model, which 

describes both laminar and turbulent vortices, was constructed. Founded on the variable 

transformation of Vatistas and Aboelkassem (2006), via the Boltzmann’s (1894) variable that 

combines space and time, the model was also expanded to include the time decay phase. An 

empirical formula that correlated the turbulent intensity parameter with the effective vortex 

Reynolds number was constructed. 

The newly developed simple model, applicable to both laminar and turbulent, steady and 

decaying vortices was presented and discussed. The tangential velocity profile was accepted by 

induction. Based on continuity and Navier-Stokes equations the radial and axial velocity 

components were then obtained solving for the azimuthal momentum and continuity equations 

respectively. Comparisons of the new model of the tangential velocity profile with various 

experimental measurements for laminar and turbulent vortex were made and found to correlate 

fairly well. 

The LSE method employed to the several experimental data, furnished the turbulent intensity 

parameter as a function of the effective Reynolds number. Then an empirical equation was 

developed to relate the coherent of these two properties. This simplified the procedure of 

representing the turbulent vortex characteristics as it now allows researchers to approximate the 

tangential, axial and radial component using only three parameters: the effective Reynolds number, 

the core radius and the maximum tangential velocity. 

Following the variable transformation of Vatistas and Aboelkassem (2006), the steady 

turbulent vortices were transformed into the corresponding time decaying version. The 
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applicability of the time decaying model was gaged by comparing the results to numerous cases 

of actual vortices with high turbulent intensity. In addition, aircraft wake and helicopter blade tip-

vortices, which are turbulent, were compared to the new model’s predictions and found to relate 

well. The circulation profiles that are widely used in aviation today to define the hazard threshold 

of the aircraft spacing system in large airports were found to be insufficient in representing the real 

case as the assumed flattening of the curve for large radial distances, applicable to laminar cases, 

does not apply in the case of turbulent vortices. Consequently, the radius of a specific number 

times the core, to represent the circulation at “infinity”, proposed by Squire (1965) and Iversen 

(1976) and followed by numerous other models like Burnham and Hallock (1982) Proctor (2000) 

should be re-evaluated. Therefore, future work should focus on the correlation of vortex hazard 

threshold on the tangential velocity instead of its circulation signature. 
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Future work 
 
 

There are several areas in which the determination of safe separation distance of aircrafts 

could be improved. 

The wake hazard threshold can be defined as the wind loading, that a specific following 

aircraft, can overcome the rolling moment. The most hazardous situation is associated with 

induced rolling moments that can exceed the stability performance characteristics of the 

succeeding aircraft. The wingspan of the encountering airplane plays a primary role in the aircraft’s 

ability to overcome the hazard. Furthermore, the counter-control of the following aircraft is 

effective only in cases where the wingspan of the following aircraft extends beyond the rotational 

flow field of the wake vortex. In a case similar to the mentioned before, a simplistic approach to 

define the dangerous threshold lies on the calculation of the wind load that the vortex up-wash and 

down-wash apply on the aircraft. If the wing is assumed to a flat plate with drag coefficient Cd  

(normal to the flow, say equal to 1.9) then the drag force can be expressed as: 

 
 

 

From the free body diagram shown in Fig 3.20 assuming that the center of gravity passes 

through the center roll axis of the fuselage, the encountered rolling moment will be, 
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If this value is larger than the maximum moment for stability, then the aircraft will not recover. 

Of course the human factor (pilot) must also be entered into the calculations as well as 

meteorological data. 

 

 

 

Figure 3.20. Schematic of the assumed following smaller aircraft hazardous encounter. 

 

On the experimental side, reliable full-scale data using modern methods and techniques to 

characterize the tangential velocity radial profile as a function of time must be collected. This is 
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especially true for the case of very large planes such as the Boing B-747 and the Airbus A-380 

where the present data are either not reliable (B-747) or nonexistent (A-380). 

 

Future, full-scale computational fluid dynamics solution of an entire aircraft could furnish 

the required details of wing tip vortices. The present simple approach could be useful in the 

validation of the results. 
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From the tangential momentum we have: 
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If we take  then we obtain: 
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where   

 

r-momentum 

 

          (c) 

 

 

Equations (a), (b), and (c) are analogous to those that have produced several steady solutions. 
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