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Abstract  

Development of paper -based hygro -mechanical systems for liquid 

characterization  

 

Angel Perez -Cruz,  Ph. D.  

Concordia U niversity, 2017  

 

Over the past few years , paper -based microfluidics systems have been 

extensively applied to perform different analytical tasks including dete ction  

and quantification of  the  specific  analyte. Few works have reported the use 

of paper as  a st ructural  element to develop both sensors and actuators. 

These devices are extremely useful as they are inexpensive, easy to 

fabricate, disposable and portable. However, other features of paper that 

can be applied to develop new sensing principles  have not been explored . 

Paper  is a hygroscopic material that enables the generation of motion by 

hygromorphism.  

In this work, paper -based hygro -mechanical systems  (PB-HMS)  for 

liquid characterization  are developed . The configuration of the developed 

PB-HMS is form ed by the interaction of a paper -based cantilever beam  and 

a liquid droplet . The paper -based cantilever beam acts as a hygroscopic 

sensitive  element, while the liquid droplet trigger s the bending response of 

the PB -HMS. These systems do not require an y ext ernal  source of energy 

to stimulate  the sensing element (i.e. electric or magnetic field) as  their  

interaction with  the liquid droplet activates the motion . 
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In addition , different gaps in  the knowledge found in the literature were 

addressed  to  develop th e PB-HMS . They are described as follows. First, an 

imbibition model based on Richardsõ equation is developed in this thesis to 

predict liquid imbibition in complex paper -based networks. Second, a 

dimensionless stress - imbibition model including three main n onlinearities  

(imbi bition, swelling and softening) is developed  in this work . Third, the 

influences of such nonlinearities on the characteristic  hygro -mechanical 

bending response of paper -based beams  are studied . Fourth, the design of 

the PB -HMS is perform ed in order to  extract information from  the systems 

using  their dynamic response. Finally, a  method to quantify the dynamic 

performance of the PB-HMS  in order to  characterize liquid is developed . 
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Chapter 1  Introduction  

This  chapter provides an introductory overview of the 

evolution of paper -based devices from silicon -based 

microsystems to the curre nt state of paper -based  systems . 

Then, the rationale  of this research is described  based on the 

current state -of-art related to paper -based systems . The main 

contribution of this research is to develop a paper -based 

sensor based  on hygro -mechanical detecti on for 

characterization of bio -fluids.  Four main areas of knowledge 

involve in this research are identified: cantilever biosensors, 

hygro -mechanical systems, paper -based microfluidic and 

imbibition of porous media. A  literature review regarding 

the se areas  is presented  in order to  define the particular 

objectives of the research . Finally, this thesis is divided  into 

six chapters, which  content is outlined  in the last section of 

this chapter . 
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1.1  From M icrosystems  to  paper - based systems   

Micro systems have revol utionized several markets developing miniature 

devices for several applications. Among the subcategories of microsystems 

are MEMS (Micro -electromechanical systems), bio -MEMS, microfluidic s, 

and microelectronics. Several studies  have been conducted to devel op 

microdevices  such as micro -actuators, lab -on -a-chip, micro -antennas , and 

micro -sensors. Perhaps the most common examples of the impact of 

microsystems are the mobile  communication  and the automotive markets . 

Microsystem technologie s have been consolidat ed in these  markets over 

the past few years [1] . The development of smart devices in both areas ha s 

been possible due to the availability of small and robust sensors and 

actuators. Sma rt devices are also found  in other areas of development 

such as radio frequency  [2 -5] , energy harvesting  [6 -10]  and health care  

[11 -13]  applications . According to a recent market research  report by 

Technavio , the compound annual growth r ate  will be 25% for microsystem  

market in healthcare [14] . 

Nowadays, health care market demands reliable and low cost  devices,  

which must perform quick  and  accurate analysis . In this regard, the huge 

challenge for scientist s is to improve or to develop new devices for real -

time  biomedical assays . These devices must be suitable for larg e-scale 

production . Finding the  appropriate designs, which allow  easy fabrication  

of microsystems  without compromising their  performance, is still a 

challenge in the research community.  Recently, micro -  and nano -
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mechanical  biosensors have become powerful t ools in different areas such 

as biological studies, health science research, drug discovery and clinical 

diagnosis [15] . 

 In particular, m icrocantilever  sensors,  as the one developed for  atomic 

force microscopy  (AMF) [16] , have become one of the most important type s 

of mechanical biosensors, since they exhibit  remarkable features  such as 

high sensitivity, low cost as well as  multiple  and free - label  detection [17, 

18] . M icrocantilever  biosensors  can be operated  under static or dynamic  

mode . In static mode, th e microcantilever bends due  to  change  in  the 

surface stress,  while in the dynamic mode  these microstructures  oscillate 

at resonance to detect frequency shifts due to the added mass of specific 

targets.  

According to Calleja et al. [18]  these type s of biosensors can be 

classified accordi ng to their functionality as (i) detection or concentration 

measurement of a particular analyte in solution; (ii) measurement of a 

specific property of the analyte for either classification or identification; or 

(iii) observation, characterization or analy sis of a specific biological 

process.  Microcantilever biosensors have partially solved issues regarding 

the study of diverse types of bioanalytes . However, there are still some 

drawbacks to overcome in order to  significantly potentiate their 

capabilities . There are issues regarding their sensitivity as well as 

detection limit in natural environments, usually liquids (i.e. buffers and 

serums). In this kind of media , the performance  of the  microcantilever  
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biosensors  is extremely limited  due to the  strong effe ct of the  

hydrodynamic forces  in the surrounding media.  

In addition , many applications as in the biological field required 

disposal sensors to avoid cross contamination . Therefore, the need of 

devices that can be both affordable and disposable has also be en another 

concern in the design of microsystems. In the last decade , MEMS have 

evolved from silicon -based  devices (Silicon, Silicon Nitride , and Silicon 

Dioxide) to a diversity of alternative materials. The most common example s 

of these materials  are poly mers such as polydimethylsiloxane  (PDMS), 

which has been extensively used  to develop m icro sensors  [19 -22] , 

microactuators [23 -25]  and microfluidic devices  (Lab -on -a-chip)  [26, 27] . 

Other polymer -based microsystems  have been reported using SU8  [28] , 

polyimide  [29] , parylene  C [30]  and polyvinyl chloride  [31] . Th ese materials 

have simplified the fabrication process of microsystems ; however, one the 

main drawback s of these polymers is that they are not biodegradable.  

As paper is made  of cellulose that is a biopolymer, it has acquired 

special attention for many research  groups  in the microsystems 

community. In the past decade, serval paper -based sensors and actuators 

have emerged as an alternative to perform ing  same tasks as microsystems. 

Ki m  et al . [32, 33]  introduced the c oncept of electro -active paper actuators 

(EAPad) at  the beginning of the 2000s. This system consist s of a piece of 

paper sandwiched between two compliant electrodes. The bending 

response of this paper -based structures depends on the characteristics of 

the electric potential applied to the electrodes, magnitude , and frequency.  



5  

 

Later , Lee [34]  pr esented the first urine -activated paper -based battery  

in 2005. In his work, Lee focused on the need to develop simple devices 

that may produce energy without complex processes of fabrication as those 

found in microsystems. This device was cap able of genera ting  electrical 

energy based on chemical reactions induced by the bio - fluid. Two years 

later, Whitesides and co -workers from Harvard University introduced  the 

concept of paper -based microfluidic systems [35] . They presented a device 

to perform multiple  analytical assays in  a single piece of paper by 

selectively patter n ing  channels.  

Thus, from a general point of view  all of these devices can be considered 

as paper -based systems. These paper -based devices exhibit several 

advantages with respect to  their counterparts microsystems  made of 

silicon and/or  polymer. The ir principal advantages are:  

i.  Paper  is inexpensive, and the most important , it is readily 

available in several types.  

ii.  The fabrication methods of these devices are simple. In fact, they 

involve  conventional technologies that have been already applied  

to paper products (i.e. screen, inkjet and laser printing).  

iii.  They are extremely portable since their size is small, usually in 

the range of millimeters.  

iv.  The volume of the sample and the analyte that are required to 

perform an analytical assay is small, usually in the microliter  

range.  
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v.  The flow in these devices is self -driven by capillary action , and no 

exter nal hardware is needed.  

vi.  They are highly disposable;  therefore,  any  biological waste can be 

simply  dispose d by incineration of the device.  

1.2  Rationale  

Nowadays, almost one decade after the first work related to 

electroactive paper actuators was published , the knowledge regarding 

paper -based systems is still in infancy. Figure 1.1 shows the number of 

papers published per year regarding paper -based systems. In past years 

paper -based microfluidic devices have been extensively studied. In the past 

four years  mo re than 400 publications have been published in the open 

literature. There is a clear  tendency to maintain its growth  in the 

upcoming years. The first patent on paper -based microfluidic systems has 

been grant ed to Whitesides õ research group in 2014. In contrast, 

electroactive paper actuators and paper -based batteries have not received 

the same attention in past years. Only 172 and 125 research papers have 

been published  since 2011 on electroactive papers and paper -based 

batteries, respectively. Moreover, it  can be seen that the number of 

publications per year regarding the paper -based microfluidics devices is 

still increasing compared to the other two areas .  
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Figure  1 .1  Numbe r  of publications per year of pape r -based 

microsystems. Source: citation reports Thompson 

Routers 1.  

Up to date, only few works have been published  in the literature 

regarding paper -based mechanical devices. Liu et al. [36]  presented a force 

sensor fabricated using paper as  a substrate . They fabricated carbon 

resistors on a cantilever beam by screen printing method [37] . They named 

their device as a MEMS sensor due to the similarities with those 

                                        
1 http://apps.webofknowledge.com/  
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microcantilever sensors made of silicon. Nevertheless, the cantilever size 

(~cm) is quite large compared to those at the micro -scale. An extension of 

this work was presented by Ren et al. [38] . They simplified the fabrication 

proc ess by directly writing graphite resistors using a pencil. In addition , 

paper -based magnetic actuators have been presented by  Liu et al. [39]  and 

Ding et al. [40] . These actuators were magnetized  by impregnating the 

paper substrate  with a ferrofluid. Cheng et al. [41]  developed an 

electrostatic paper -based actuator using  in ject  printing technology. 

Finally, Fraiwan et al. [42]  developed a paper -based cantilever sensor. The 

cantilever beam was fabricated by spin co ating a strain sensitive polymer 

on paper.  

The main characteristics of these devices are summarized  in Table 1.1 

It can be seen  that both paper -based sensors and actuators promise an 

excellent alternative for several applications such as mechanical 

characterization of soft materials [36] , microfluidics valves [39] , vol atile 

compounds detection [42]  and robotics [41] . All of these works used a 

cantilever beam st ructure as either sensing or actuation element. All these 

devices work in the static domain,  except for the electrostatic actuator in 

[41]  that  was tested  in both static and dynamic mode. According to Liu et 

al. [36]  this type of devices are restricted to work in the quasistatic mode 

due to the softness of paper. However, this softness feature of paper also 

brings certain  advantages  such as  large deflection  responses that can be 

easily detected and/or  measure d even with  a bare  eye [42] .  
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Most of these works have used either chromatography or printer paper 

to develop their devices. The first is a standard laboratory degree paper 

that provides  a high  degree of consistency in mechanical properties. On 

the other hand, printer paper is highly available at  a very  low price 

(approximately 100 letter -sized sheets per  Canadian dollar). A discussion 

of the influence of types of paper have been presented  in [40]  for the 

development of magnetic actuators. Th e authors concluded that papers 

with more ferrofluid retention capacity, such as tissue and wipe papers, 

are more suitable to develop this type of paper -based actuators.  

The detection or actuation principle applied in research works 

presented in Table 1.1  represent well known techniques such as magnetic 

and electrostatic principles. For sensing purposes , both piezoresistive and 

polymer swelling methods have been applied . It is interesting to note that 

in all of these devices  paper plays only a structural r ole. A 

sensing/actuation element has to be included  in  the paper structure in 

order to  achieve the specific task. In this regard, piezoresistor s, electrodes 

or active layers have to be deposited  on paper . Ano ther type  of paper -based 

devices may be develope d by combining paper features with alternative  
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Table 1 .1  Summary of the paper -based mechanical devices reported in the open literature.  

References  Application  Substrate  Principle  
Sensing/actuation 

element  

L iu et al .  [36]  Sensor  
Chromatography 

paper  
Piezoelectric  

detection  
Carbon resistors  

Ren et al. [38]  Sensor  Printer paper  
Piezoelectric  

detection  
Carbon resistors  

Fraiwan et al .  [42]  Sensor  
Chromatography 

paper  
Polymer 
swelling  

Polymer active layer  

Liu et al .  [39]  Actuator  
Chromatography  

paper  
Magnetic  Ferrofluid  

Ding et al .  [40]  Actuator  

Tissue paper, 
cleanroom wiper, filter 

paper, printer paper 
newspaper  

Magnetic  Ferrofluid  

Cheng et al .  [41]  Actuator  Printer paper  Electrostatic  

Electrodes made of 
carbon nanotube 

ink  



11  |  

sensing /actuation principles. Paper -based mechanical devices represent a 

niche of opportunity to fulfil the n eeds of specific sensing and actuation 

applications.  

From a physical point of view , paper offers unique features that 

facilitate the development of paper -based systems.  Paper -based 

microfluidic devices have taken advantage of the ability of paper to 

transp ort liquids and the chemical compatibility to launch several 

microfluidic applications [43, 44] . However, paper  has other properties 

that can also be  exploited to extend the functionality of paper -based 

systems. On e of the characteristic of paper that has not been fully 

explored  is the hygro -mechanical actuation. In nature, several actuation 

systems found in  plants are based  on the differential swelling on their 

walls due to the daily change of humidity in the surro unding environment, 

known as hygroscopic motion  [45 -47] . These movements include bending, 

twisting and coiling  [45] . Some studies have been carried out  to study 

hygroscopic motio n in pine cones  [48] , geraniaceae plants  [49] , and 

salaginella lepidophylla  [50] . Since paper is made  of natural highly 

hygroscopic fibers (i.e. cellulose), it is an excellent option for developing 

paper -based hygro -mechanical devices  for either actuation or sensing 

purposes . 

 The h ygro -mechanical  motion of paper has been studied  as a physica l  

phenomenon. Several investigations have been conducted to study the 

bending response of hygroscopic she ets due to changes of relative  

humidity [51 -55] . The moisture transport in this type of environment has 
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been modeled  as molecular diffusion [56, 57] . The motion of this type of 

structures has to be controlled  by modifying the relative humidity of the 

environment. Such a task requires an external hardware to produce 

moistu re gradients that allow the motion of the paper -based structures. 

This need of external driving elements represents a limitation to develop  

portable sensing and/or  actuation devices.  

 

Figure 1 .2  Hygro -bendi ng response of a paper  strip a) along the 

cross direction CD b) parallel to the MD c) longer 

dimension is oblique to the MD .  Reproduced from Ref. 

[58]  with permission from The Royal Society of 

Chemistry.  

Recently, the curling response of surface treated paper due to its 

interaction with water has been reported  [58, 59] . The main difference of 

these works is the moisture source. Here, the motion is produced by the 

imbibition of water into  the  paper  rather than the relative humidity change 

in the environment. In these two works a piece  of tracing paper was laid  on 
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a water bath; then, a transient bending response is generated  as the water 

penetrates the paper along its thickness. I mbibition  into paper  dominates 

the hygro -mechanical response of the paper -based structure . However, two 

inherent phenomena related to the water imbibition into the struct ure  

have a fundamental  role in the bending response [60] . First, the fibers of 

paper swell as their moisture content increases, namely hygroexpansive 

strain . Second, an apparent relaxation of the bending stiffness occurs as 

the moisture content in the fibers increases.  

When placing a paper beam on  a water surface , its initial moisture 

content is modified. Thus, a gradie nt of moisture is formed  from high 

content at the contact of the paper beam with water to low content at the 

opposite surface. This gradient of moisture induces a differential of 

hygroexpansive strain  that yields to a transient bending state (see Figure 

2). The final bending state is achieved  when the moisture transport 

reach es its steady state equilibrium. These investigations have shown the 

feasibility to produce a motion of paper using water, namely hygro -motion. 

Reyssat et al. [59]  and Douezan et al. [58]  present a comprehensive 

explanation of this phenomenon by introduci ng physical models. They 

showed that t he curling response is dominant along the cross direction as 

depicted in Figure 1.2a -c. Nevertheless, their models are not cap able of 

predict ing  the bending response of the paper -based structures due to the 

lack of deep understanding o f the phenomena involve d in this problem. In 

order to  develop paper -based hygro -mechanical systems a deeper  

understanding of such phenomena is needed.  
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The main purpose of this research is to extend the current knowledge of 

paper -based sys tems. Particularly, the main contribution of this research 

is to develop a paper -based hygro -mechanical sensor for characterization 

of liquids . Compared to the paper -based mechanical devices summarized 

in Table 1.1 the proposed sensor has several advantage s. In this type of 

sensor , paper acts not only as a substrate but also as an active element for 

generation of motion. Thus, no external sensing or actuation element is 

needed. In addition , the hygro -motion is generated by a small droplet of 

the fluid to be tested . Then, no external hardware such as electric supplies 

or magnets is  needed. These features in addition  to  those stated in section 

1.1 are extremely important for performing portable liquid characterization  

tests.  

1.3  Literature  review  

The knowledge re lated to  the  paper -based hygro -mechanical sensor  can 

be described in the intersection of four areas as illustrated  in Fig . 1.3. As 

th is  type of sensors h as not been reported up to date, the region where 

these four areas , shown in Fig. 1.3,  intersect remain s unexplored. Thus, it 

is important to review the works that have been conducted  in these four 

areas in order to  develop su ch hygro -mechanical sensor .  
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Figure 1 .3  Areas of knowledge involve d  in  the proposed  paper -based 

hygro -mechanical sensor .  

1.3.1  Cantilever sensors  

In dynamic mode (resonant -mode), microcantilever  sensors  oscillate at 

their resonance frequency and act as microbalances.  This mode can 

provide high sensitivity and less time response compare to the  static mode. 

Here, t he cantilever surface is typically functionalized  with coatings that 

can promote adhesion of target molecules  [61] . When the analyte is 

trapped on the selective layer the resonance frequency shifts 

proportionally to the added mass.  Here, measurements of frequency shifts 

are crucial, since this added mass could ch ange due to different factors 

(i.e.  living matter growing). The dynamic method has been widely applied  

to  biological measurement, whe re  the  native  environment is liquid media  

[62] . However, in this environment  the mass sensitivity of microcantilever 

sensors is severely reduced by  the inertial and  damping effects  [63 -65] .  
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A good alternative to overcome the hydrodynamic forces when 

characterizing liquid by means of  microcantilever beams is to excite the 

microcantilever beams at alternative modes of vibration. It has been 

established  in different  works that driving microcantilever  beams  at high 

out -of-plane  [66] , lateral  [67]  and torsional  [68]  modes  can significantly 

reduce the  hydrodynamic force effects. However, driving the 

microcantilever beams at these alternative modes represents a technical 

challenge due to the amount of energy required and the spurio us vibration 

induced by the motion of the liquid [69] . In this light, some researches 

have applied diverse driving methods of excitation such as magnetic [70] , 

thermal [71]  and Lorentz force actuation [65]  to excite microcantilever 

beams immersed in liquids. However, most of these techniques require 

complex hardware that limits the portability of the sensing platfor m.  

Another solution to overcome the hydrodynamic force when sensing bio -

fluids was presented by Burg et al. [72]  from Massachusetts  Institute of 

Technology. This innovation  consists  on introducing the liquid sample 

inside the microcantilever beam instead of immersing the beam in the 

liquid. This novel design consist s of a microcantilever beam with a u -

shaped microchannel inside. The resonance frequency is continuously 

monito red  as a sample is passed thought this path. Thus, the  weight of 

biomolecules, single  cells  and single nanoparticles  in the fluid can be 

determined  by the shift in  the resonance frequency. In another similar 

example, Wang et al. [73, 74]  proposed a design that includes a 

microcavity with  micropillar arrays to increase  the sensitivity of the 
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antigen -antibody reaction. This  microcantilever design has been applied  

for the  detection of multiple liver cancer biomarkers. The results reported 

for the authors represented a considerable impr ovement of the sensitivity 

compa re to conventional microcantilever designs. Nevertheless, the main 

limitation of these designs lies in  their complex fabrication process.  

Other researches have focused on the migration from microcantilever  

sensors under dynamic mode to cantilever sensors in the millimeter scale, 

known as milicantilever. Among them, only piezoresistive milicantilever 

sensors, which were developed  by Mutharasan and coworkers a t Drexel 

University , have been successfully applied as biosensors [75] . The research 

group reported a method to measur e DNA hybridization at femtomolar 

concentrations in human serum using milicantilever beams [76] . This 

method has been applied by the authors to develop  DNA -based 

milicantilever sensors rather than the conventional antibody -antigen 

methods. This type of configuration offers several advantages such as clear 

identification of several pathogens along with a simple readout hardware. 

For instance, using this p latform the authors have been able to detect 

E.coli  0157:H7  in proteins background [77] . In another example, Listeria 

monocytogenes in milk have been detected using the same method [78] . 

Finally, another interesting alternate use of cantilever beams in static 

mode for biosensing applications is to favorably use the solid ðliquid 

surface tension produced by molecular interactions, known as capillary 

force. Among the main advantages is the large deflection response, which 

can be easily detected by optical read -outs compared to those very small 
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deflections in the surface stress sensors. For instance, Jeetender  et al. [79]  

achieved the identification of enzymatic reactions by measuring the quasi -

static deflection of a microcantilever. In another case, Yin  et al . [80]  

develop ed a microcantilever based sensor for bio detecti on  using  ligand -

receptor protein interaction using capillary interactions. However, one 

major limitation in these works is the limited  understanding of the 

capillary interactions  with the cantilever beam. This  drawback  represents  

a major limitation  to explo re the capabilities of these  methods.  

1.3.2  Hygro -mechanical  systems  

Besides the conventional attractive and repulsive forces (i.e. 

electrostatic and magnetic fields),  the swelling differential  has been applied  

for generating motion in microsystems. The most suitable example of 

similar behavior is the bilayer thermostat, in which the resultant bending 

state is due to the difference in  the thermal strain due to a temperature 

variation. Recently, bending re sponse due to swelling of soft materials has 

been applied not only for actuation [81]  but also for detection purposes 

[82] . The most common example s are hydrogels. The swelling/deswelling of 

hydrogels can be controlled  by changing environmental parameters such 

as temperature, pH, electrical field, and concentration of specific ions [81, 

82] . Another example is  the liquid crystals elastomers that swell due to 

temperature changes and light [83, 84] . 

In recent years, some devices that transform mois ture into motion have 

been developed , namely bilayer hygro -mechanical devices. Th ese devices  
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are formed  by two layers similar to  those form ed in plants [45, 48 -50] . The 

one that is sensitive to moisture is known as  active, while the other is 

known as passive. Le Duigou and Castro [55]  used unidirectional flax fiber 

tape embedded in polypropylene film as active  layer. Yao et al. [54]  

developed a graphene oxide/silicon microbridge by spin coating graphene 

onto the silicon structure. Cheng et al. [85]  develop ed a 

graphene/ graphene oxide bilayer cantilever beam . The bilayer is made by 

selectively removing graphene oxide on the graphene fiber using a laser 

beam. Ganser et al. [86]  developed a mesoporous silica/silicon 

microcantilever bilayer actuator activated by moisture source. In all these 

cases the moisture source is obtained  by variat ions of the relative  humidly 

in the environment. It is interesting to note that up to date th ese type of 

hygro -mechanical systems have  been only applied to develop humidity 

sensors [54] . 

Several studies have been conducted to investigate  the bending 

response of multilayer hygro -mechanical devices. Rafsanjani et al. [50]  

carried out a study on the curling response of the resurrection plant 

Salaginella lepidophylla . The authors characterized the bend ing response 

of a stem as a bilayer beam with constant cross section area. They 

presented a comparison of the Timoshenko bilayer model and a finite 

element model that accounts for large deflections. Their results suggested 

that the Timoshenko theory provid es a reasonable approximation of the 

bending curvature for moderate hygroexpansive strains less than 20%.  
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In another study, Gendron et  al. [57]  performed a theoretical study of 

the hygro -mechanical deformation of a three layered cardboard. The 

mechanical response was evaluated using von Karman nonlinear strain 

displacement relationship. They presented the bending response of the 

cardboard for different moisture changes. Though  both studies were 

focused  on the mechanical response , the  authors did not discuss the 

moisture transport in the system . Latter, Dano and Bourque [56]   

presented a multilayer model for the deformation of paper and card board. 

The mechanical part is similar to  that proposed by Gendron et  al. [57] ; 

however, a diffusion moisture transport model was considered  in this 

work. This type of moisture transport has been applied on  different 

researches to model moistu re transport under a gradient of relativity 

humidity.  

 Recently, hygro -mechanical system s driven by capillary imbibition of 

bilayer  and single structures have gain ed special attention within the 

research community. Reyssat et al. [48]  studied the bending response of a 

paper -polymer bilayer cantilever beam due to  imbibition of water into the 

paper. The fixed end was exposed  to water; then, the imbibition of water 

induces the hygroexpansive strain on the active paper layer. The authors 

applied Timoshenko and Washburn -Lucas [87, 88]  theory to model the 

mechanical and imbibition responses, respectively. In another work, Lee et 

al. [60]  stud ied the bending and buckling response of wet strips of filter 

paper. They modeled the out -of-plane deformation assuming one -

dimensional infiltration of water along the horizontal direction. However , 
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as it can be discussed  later  this type of infiltration mo dels are limited to 

simple geometries as those rectangular shapes studied by the authors.  

In another work, Reyssat et al.  [59]  and Douezan et al. [58]  studied the 

curling response of a strip of tracing paper in contact with water using a 

one dimensional approach. Douezan et al. [58]  modeled the mechanical 

response of the problem using Timoshenko bilayer theory. In this work, the 

water transport into the paper strip started by assuming Lucas -Washburn 

th eory. Then the active layer was considered as wet without taking into 

account the gradient of water content within its thickness. The model 

presented by the authors is only valid in the vicinity of the maximum 

bending curvature. On the other hand, Reyssat et al. [59]  presented a 

discussion of the water transport into the paper strip started by initially 

assuming Lucas -Washburn theory. Then, they suggested that molecular 

diffusion drove the water p enetration into the paper strip . However, no 

detail on the theory behind this kind of phenomena was provided by the 

authors. The model developed in this work present s good agreement for 

long term curvature response. The omission on the water transport theo ry 

in  the  paper -based  network makes  it  difficult to develop an accurate 

prediction of the hygro -mechanical response of  the  paper -based  structure.  

1.3.3  Paper -based microfluidics  

In the last decade  paper -based microfluidic analytical devices have 

emerged as attra ctive options in different areas including medical 

diagnosis, food safety  and environmental monitoring. Here, analytical 
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assays can be performed  without the need for  external pumps as the flow 

is driven by capillary imbibition . Whitesides and co -workers  [35]  developed 

a paper -based microfluidic device by pattering channels using a polymer 

through photolithography. One example of these devices is presented  in 

Fig . 1.4, whose inlet is connected  to different test zones. Each detection 

zone has to be chem ically modified to enable a specific reaction with the 

substance to be detected. The chemical detection can be carried out by 

different methods such as colorimetry, electrochemical, nanoparticle -

based, fluorescence, chemiluminescence and electrochemilumine scence 

[89] .  

    

Figure 1 .4  Paper -based microfluidics systems patterned with 

photor esist . Reproduced from Ref.  [35]  with permission 

from John Wiley and Sons .  
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Several reviews have summarized the works done related to these 

devices [43, 90] . Other reviews have  been  focused on particular subjects 

su ch as diagnostic tests for biosensing  [89, 91] , and as well as  detection 

[92, 93]  and fabrication [94, 95]  techniques. In 2012 Li et al. [90]  

presented a review of  the c urrent status and future trends  of paper -based 

microfluidics. The authors conclude that further research related to 

capillary imbibition into paper samples will be necessary to tune the 

control of capillary flow.  

Up to date  only few theoretical work s have been conducted to 

investigate capillary imbibition into paper -based devices. Some authors 

have proposed the idea of migrating  from the conventional rectangular 

channels to different geometries to control the capillary flow  without 

adding external ha rdware. Fu et al. [96]  provided simple design rules for 

controlling the delivery time using rectangular channels with a sudden 

width expansion. Here the reactant delivery can be tuned by positioning 

the width expansion at a specific location along the length of the channel.   

In another work, Elizalde et al. [97]  developed a theoretical solution to  

the inverse i mbibition problem on a channel with variable width. This 

solution to the inverse problem is important as it is possible to determine 

the cross section needed to achieve either a specific flow velocity or mass 

transport rate. Nevertheless, both woks were pe rformed  using  equivalent 

models. Thus, a general frame work that provides a better understanding 

of the transport in th is  ty pe of paper -based networks is needed to achieve 

new design rules.  
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Figure 1 .5  Mix ing using filter paper. Reproduced from Ref.  [98]  with 

permission from Elsevier .  

Moreover, alterna tive applications of paper -based microfluidics  using  

two -dimensional domains have been presented  in the literature such as 

mixers [98] . In this work, t he authors  experimentally study the mixing 

process on filter pape r. It can be seen  in Fig. 1.5 a that it was possible to 

perform the mixing task using rectangular channels. However, the authors 

suggested that it was difficult to control the mixing rate and est imate the 

diffusion area. They proposed a redistribution of the diffusion area by 

means of  circular perforations  to tune the mixing rate, Fig. 1.5 b. Thus, it 

suggested that alternative geometries may be important to tune and/or  

enhance the design of paper -based microfluidic devices. However , one of 

the main challenges for  develop ing  paper -based systems is to understand 

the liquid transport within the paper sample of both conventional and non -

conventional geometries.  
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1.3.4  Imbibition models in porous media  

The flo w driven by capillary action in porous media is known as 

imbibition and is the principal mechanism of transport in porous paper -

like materials. This type of transport is dominated  by both the liquid and 

the porous media properties. The liquid imbibition in  the media can be 

studied  at both micro -  and macro -scale. In the micro -scale, also known as 

pore - level transport [99 -102] , the connectivity of the pore structure has to 

be determined  in order to  solve the problem. This study provides an 

accurate solution of the problem; however, it represents a challenging task 

due to the complexity of the porous structure. One of the most recognized 

techniques to simulate the transport at the micro -scale is the lattice -

Boltzmann me thod [103] . On  the  other hand , a macroscopic representation 

of the porous media provid es a reduced model to characterize the capillary 

flow. In this case the properties of the imbibition problem are represented 

as an average of the one at the microscopic level. Such models enable the 

development of either numerical or analytical solutions t o describe the 

imbibition dynamics.     

The macroscopic models for liquid infiltration in porous materials can 

be divided  into two main categories: capillarity and soil -based models. The 

first one, which is based  on the Washburn -Lucas [87, 88]  theory, assess 

the one dimensional imbibition in porous media. In this kind of models, 

the imbibition can be represented  as a bunch of capillaries tubes  of 

different diameter which can be reduced into a single equivalent tube . In 
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general, the governing equation of the capillary tube models can be derived  

by combining the Hagen -Poiseuille and Laplace -Young equations.  The 

second type are  the soil -based models, which are obtained  by the 

combination of the governing equations for fluid motion ( Navier ðStokes ) 

and mass conservation law. In particular, assuming a laminar flow and 

neglecting the inertia forces the solution becomes the well -known 

Richardsõ equation [104] . Both models offer  different features to model 

imbibition in porous media.  

 

Figure 1 .6  Imbibition in a rectangular porous material using a) 

Lucas -Washburn and b) Richardsõ models.  

Another important issue reg ar ding paper -based systems is the gradient 

fluid content distribution during imbibition. This feature plays an 

important role in th e study of the hygro -mechanical bending response 

where the evaluation of moisture gradients is needed to establish the 

hygroexpansive strain.  Fig. 1.6  depicts this difference between both 

capillary and Richardsõs models to evaluate the imbibition on a rectangular 
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porous domain. On one side, Richardsõ models, can  predict the content 

distribution of liquid within the porous media ȇ(z,t) using its volumetric 

content form. In contrast, capillaries analytical models lead  to the solution 

of the wet front h as a function of the time. In this particular case a 

discrete boundary between the saturated and unsaturated zone is 

considered. In  other words, the media is considered  as a binary state 

either wet or non -wet zone.  

1.4  Objectives and thesis outline  

It can be concluded  from the literature review that there are few gaps in 

the knowledge that have to be addressed  in order to  develop  the pro posed  

paper -based hygro -mechanical systems. First, a better understanding of 

the fluid imbibition into paper -based structures is needed  in order to  

develop future applications. Currently, Lucas -Washburn  (LW) theory has 

been applied to describe the liquid i mbibition into paper networks. 

However, this model is limited to liquid transport in one dimension and 

constant cross section areas as that in a circular capillary tube. Second, a 

better understanding of the hygro -mechanical response of paper under the 

inf luence of water is needed. Currently  models are not accurate when 

predicting  the whole time bending response. Third, a paper -based 

cantilever beam has to be designed  such that will overcome some issues of 

the current micro -  and mili -cantilever sensors for characterization of 

liquids s uch as low disposability, complex hardware , and high costs.  
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Thus the particular objectives of these research are:  

¶ To develop a general model based on Richardsõ equation to predict 

liquid imbibition in complex networks.  

¶ To dev elop a general model the hygro -mechanical bending 

response of paper -based structures that will overcome the 

drawbacks of the previous models presented in the open 

literature.  

¶ To design and fabricate a PB-HMS  with an easy activation method 

and  simple  hardwa re.   

¶ To derive a method for characterization of fluids using paper -

based cantilever beams.  

 The accomplishment of these particular objectives as well as the 

conclusions of the preset research are described  in six chapters organized 

and summarized as follo ws:  

1.4.1  Chapter 1  

This chapter provides an introductory overview of the evolution of 

paper -based devices from silicon -based microsystems to the current state 

of paper -based  systems. Then, the rationale  of this research is described  

based on the current state -of-art related to paper -based systems . The main 

contribution of this research is to develop a paper -based sensor based  on 

hygro -mechanical detection for characterization of bio - fluids.  Four main 
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areas of knowledge involve d in this research are identified: cantilever 

biosensors, hygro -mechanical systems, paper -based microfluidic and 

imbibition of porous media. A  literature review regarding the se areas  is 

presented  in order to  define the particular objectives of the research . 

Finally, this thesis is divided  into six chapters, whose  content s are  

outlined  in the following section s. 

1.4.2  Chapter  2  

One of the main gaps in the knowledge related to paper -based systems 

is a lack  of understanding in capillary imbibition in two -dimensional 

domains. This represents  a limita tion to develop ing  improved  design of 

these devices. I n this chapter , the two -dimensional imbibition into paper -

based networks using Richardsõ equation is studied . Evaluation of 

advancing wetting front of  different geometries is  investigated using the 

prop osed model. The solution of the  derived  nonlinear partial differential 

equation is carried  out numerically. The numerical results are 

experimentally validated using chromatography paper . Measurements of 

the imbibition were carried out by image processing. The proposed model 

represents an excellent tool for developing new design rules to control the 

delivery time of reagents in paper -based microfluidic devices.  



30  |  

1.4.3  Chapter 3  

In this chapter, a description of the hygro -mechanical motion induced 

by hygromorphism as well as the phenomena involve d in the problem are 

describe d. Then, the constitutive equations of the problem are discussed to 

develop a one -dimension al  stress - imbibition model. In such a model three 

nonlinearity sources are considered. A dimensionless f ormulation is 

developed to provide a means to identify the major influences that have a 

considerable effect on the typical hygro -mechanical bending response of 

paper -based beams. The analytical solution of the linear problem, which is 

based  on LW theory, i s presented with the aim to provide a reference for 

understanding the hygro -mechanical bending response. It is suggested  

that the analysis of the bending response not only including the curvature 

but also the whole bending strain state. The proposed model can be 

applied to describe the bending strain state of the paper -based beams 

under different influences.  

1.4.4  Chapter  4  

Previous formulations [58, 59]  account only for one nonlinearity source 

related to the softening e ffect due to an increment on the moisture content 

in the paper. In this chapter , the nonlinear influences on the hygro -

mechanical bending response of paper -based beams are studied . In order 

to  analyze such influences, the material nonlinearities are descri bed  by 

means of  three functions that are dependent on three dimensionless 
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parameters as described in chapter 3. The influences on both bending 

state and total strain distribution are studied to provide a better 

understanding of the phenomenon. The analytic al solution of the linear 

problem is presented with the aim to provide a reference for comparing the 

aforesaid nonlinear effects. Finally, the proposed formulation is applied to 

describe the bending response of the experimental results presented in 

[58].  

1.4.5  Chapter 5  

The hygro -mechanical response of paper has been studied only as a 

physical phenomenon. Thus, the main concern in this chapter is to take 

advantage of the hygro -mechanical response of paper to develop paper -

based sensors for physical characterizat ion of aqueous solutions. The 

feasibility to characterize these solutions by means of  the dynamic bending 

response of paper is studied  in this chapter. A new sensing principle using 

a paper -based cantilever sensors is proposed . It is suggested  that the 

cha racteristic hygro -mechanical bending response of paper -based beams 

may provide crucial information about the tested liquid. A cantilever -

droplet design is proposed  as the sensing element. The hygro -mechanical 

bending response of different aqueous solutions  containing methanol, 

hydrogen peroxide, glycerol, and sucrose are tested  experimentally. The 

experimental results show the feasibility of the proposed sensing element 

by comparing their phase portrait (bending velocity against acceleration). 

It is expecte d that the final application of these hygro -mechanical sensors 
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may lead to the characterization of bio -fluids, the identification of hazards 

liquids and the estimation of concentrations in aqueous solutions.   

1.4.6  Chapter 6   

In  the  previous  chapter  it was fou n d that certain liquids yield an  

atypical  hygro -mechanical bending response by analyzing their phase 

portrait. However, such an analysis does not provide a means to quantify 

the performance of the hygro -mechanical response. In this chapter  a 

method to quant ify the performance of the hygro -mechanical response in 

order to  characterize liquid is proposed. The bending response is 

approximated using a transfer function model that determine an 

equivalent system. Such an equivalent system is defined  as òhygro-

mecha nical systemõ, and it can be applied to characterize the tested liquid. 

The hygro -mechanical system exhibit a similar response to their 

counterpart micro -electro -mechanical systems: however, they have a very 

low frequency response. The results show the fea sibility to characterize 

binary aqueous solution s using the proposed method. In addition , the 

analysis of the hygro -mechanical systems allows the identification of 

liquids. The proposed method promises a good alternative to perform ing  

characterization and/ or  identification of liquids at a very low cost 

compared to other commercial equipment such as refractometers and near 

infrared spectrometers.  
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1.4.7  Chapter 7  

This chapter presents the conclusion of this research as well as the 

suggested future work. The general  conclusions of this thesis are stated  in 

the first section of this chapter. The second section summarized the 

particular contributions of the conducted research and present ed the 

suggested future work.  
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Chapter 2  Two - dimensional  imbibi t ion into 

paper - based network s 

One of the main gap s in the knowledge related to paper -

based systems is  a lack  of understanding in capillary 

imbibition in two -dimensional domains. This represents  a 

limitation to develop ing  improved  design of these devices. I n 

this chapter , the two -dime nsional imbibition into paper -based 

networks using Richardsõ equation is studied . Evaluation of 

advancing wetting front of  different geometries is  investigated 

using the proposed model. The solution of the  derived  

nonlinear partial differential equation is  carried  out 

numerically. The numerical results are experimentally 

validated using chromatography paper . Measurements of the 

imbibition w ere carried out by image  processing. The 

proposed model represents an excellent tool for developing 

new design rules to  control the delivery time of reagents in 

paper -based microfluidic devices.  
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2.1  Imbibition  

Capillary imbibition is perhaps one of the most interesting physic al 

phenomenon . Several products that use capillary imbibition as a working 

principle are present in o u r daily life. Among the m  are di apers , wipes, 

coffee filters and in kje t printers.  In microfluidics, this phenomen on  has 

been applied to develop self -driving flows on paper -based devices. Here, 

analytical a ssays can be performed  without the need for  external  pumps. 

Only a few designs methodologies have been proposed to potentiate  the 

performance of such devices. One of the reasons for this drawback is  the 

lack of understanding regarding the capillary imbibition into two -

dimensional  networks. Thus, it expected  the providing a model that 

predicts the capillary imbibition into two -dimensional  designs may 

contribute  to  the  development  of new improved designs.  

 

Figure 2 .1  Schematic representation of capillary imbibit ion into a 

cylindrical pore.  
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Imbibition, also known as capillary  rise or wicking, is defined as the 

suction of a liquid into a porous media due to the negative capillary 

pressure generated at the liquid ðair inter faces [105] . The wetting of the 

solid surfaces by the  invading liq uid produces a gradient in the surface 

energy of the solid phase generating the so -called capillary pressure. The 

simplest example of this phenomenon is found  in glass capillaries  as that 

depicted in Fig.  2.1. According to  [105] , the capillary pressure at the 

interface of both f luids is the difference in  the  non -wetting pressure ( ὖ ) 

and the wetting pressure ( ὖ), expressed as:  

ὖ ὖ ὖ (2.1) 

At the molecular  level , the attraction of molecules in the liquid medium 

and the adhesion of such molecules to th ose in the solid medium generates  

capillary forces at the solid - liquid interface, also known as surface tension 

(‎). Hence, the force balance of this components lea ds to the well -known 

Young ñLaplace equation for capilla ry pressure in a capillary.  

ὖ
ς‎ὧέί—

ὶ
 

(2.2) 

where — represents the contact angle at the solid - liquid interface known as 

meniscus.  
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Figure 2 .2  Representation of macro -models for  imbibition into 

porous media: capillary based and Richardõs models.  

In general, imbibition can be described  as a complex phenomenon due 

to the random distribution of the porous media. The imbibition in 

hygroscopic materials like paper is a result of the combination of both 

means of transport ,  through the voids and within the fibers. Thus, 

modeling  this phenomen on  at the microstructure level represents a 

challenging task. In this regard, macro -models, which transform these 

porous networks into a simple hom ogenous media, have been applied in 

different fields such as textile and paper industry to predict capillary 

imbibition. Fig . 2.2 presents the schematic representation of two macro -

models, capillary based and Richardsõ. In capillary based models the 

porous  media is represented as a capillary tube with an equivalent radius 

r. In contrast, Richardsõ models represent the equivalent media as the 
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same geometry as the problem to be analyzed. Both model s will be studied  

in the following sections.  

2.2  Capillary Model  

Lucas [88]  and Washburn [87]  presented an analytical solution for the 

capillary  rise in a circular tube neglecting the hydrostatic pressure and the 

inertia term, known as Lucas -Washburn theory (L W). Almost one hundred 

years after  Lucas and Washburn presented their solution, Zhmud et al. 

[106]  presented a long time asymptotic analytical solution for the problem 

including hydrostatic pressure b ut neglecting the inertial term. Hamraoui 

and Nylander [107]  provide an analytical approach that compensate s the 

error on the asymptotic solution in [ 4 ] by introducing a retardation 

coefficient. Fries and Dreyer [108]  present an analytical solution  based on 

the Lambert function; however, the inertia term was also neglected  in their 

solution.  

In some cases , it has been shown  that the inertial term cannot be 

neglected  under specific conditions. Masoodi et al. [109]  and Nia and 

Jessen [110]  provided a general formulation for the capillary rise ( h c) in a 

single circular tube. The governing equation is presented  in Eq. (2.3). The 

driving forces , in this case,  can be classified as (I) capillary pressu re, (II) 

viscous pressure loss, (III) hydrostatic pressure and (IV) inertia term.  

Although, the imbibition in a single capillary tube may seem simple, its 

governing equation involve highly nonlinear terms  [109, 110 ].  
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From this formulation , simple reductions can be mad e by neglecting 

driving forces ac cording to the application to be studied. For instance, in 

paper -based microfluidics devices the hydrostatic pressure a nd the inertia 

term in Eq. 2.3  can be neglected ; then, LW equation an d its solution can 

be obtained  as Eq. 2.4 and Eq. 2.5, respectively.  This solution of this 

equation has been extensively applied  to model lateral imbibition in paper -

based microfluidic devices  [110] . 
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Capillary models provide a simple way to develop analytical expre ssions 

for the imbibition into porous media under different scenarios. Several 

analytical solutions have been presented in the literature considering 

capillary tubes of same circular cross section area [106 -108, 110 , 111] . 

Other variants of these simple models have been proposed . For instance, 

Reyssat et al. [112]  developed an analytical model for imbibition on a 

bilayer of packed beads with different permeabilities . The authors extended 

their work to study imbibition into a material with a permeability gradient 

as a function  of the length dom ain. Cai et al. [113, 114]  developed an 
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analytical model assuming tortuous capillaries with different cross section 

shapes rather than the conventional circular ones. In another example, 

Masoodi et al. [115]  performed numerical simulations of imbibition in 

paper - like porous media considering the swelling of the media.  

Some authors have studied other effect s such as r oug hness of the 

capillary wall [116, 117] , boundary conditions [118]  and contact angle 

[119, 120] . From a design point of view  capillary models represent a simple 

and accurate tool to model one dimensional problems  in paper -based 

microfluidic systems. In these applications  the evaluation of the wet front 

is the main concern. However, the limitations of this model to predic t the 

capillary imbibition into two -dimensional  paper -based networks have not 

been well established .  

In this regard, different attempts to describe the transport on  two -

dimensional porous media have been conducted in past years using 

capillary models. The  geometries analyzed in the li terature are presented 

in Fig  2. 3.  Medina et al. [121]  develop a model for triangular imbibition 

into paper . Reyssat et al . [122]  studied th e imbibition in geometries with 

axial shapes, namely conical as well as parabolic and power - law -shaped 

channels. In another work, Mendez et al. [123]  developed a frame work to 

model the imbibition in porous membranes of al ternative geometries, see 

Fig. 2.3c. The authors reduced the problem to analyze a simple geometry 

form by discretization the geometry into a rectangle and a circul ar section.  
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Figure 2 .3  Imbibition into 2D porous networks. Different geometries 

analyzed in  the  literature . The liquid penetration into the 

network is represented  in blue.    
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In addition , Xiao et al. [124]  analyzed a radial flow of Fig . 2.3d  by 

mea ns of  a source like  solution . Finally, Fu et al. [96]  studied the 

transport on rectangular channels with a sudden width expansion. The 

authors calculated the imbibition by discretizing the domain into 

rectangular subdomains.  All of the previous capillary models provide good  

agreement with the experimental for the  geometries summarized in Fig 2 .3 

However, the limitations of capillary models for the case of complex 

geometries, i.e. nonsymmetrical design and perforations, were not 

discussed by the authors. Moreover, the authors  limited the analysis to 

simplified geometries , which can be easily reduced  into lateral problems. 

From a design point of view , this represents a major drawback to 

developed new designs that may enhance the performance of these devices.  

2.3  Richardsõ based model  

Soil -based models based on Richardsõ equation have been extensively 

studied  for unsaturated and saturated flows in both swelling [125, 126]  

and no -swelling [127, 128]  soils. Several analytical solutions have been 

developed  for semi - infinite domains under different boundary conditions in 

one dimension space [129 -131] . However, these models lead to  a highly 

nonlinear partial differ ential equations which are difficult to solve 

analytically. In this light, several numerical solutions have been developed 

to solve this type of equations. Among the most relevant are  the  finite  

difference and finite element methods [132 -134] . 
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A two -dimension  model  that can predict the two -dimensional  capillary 

imbibition is needed  for the analysis and/or  design of paper -based 

networks. Richardõs model [104]  for porous media is applied  to  develop a 

general framework to describe the flow  in two dimension paper -based 

networks. The capabilities of Richardõs equation to model two -dimensional  

imbibition ha ve not received particular  attention as in soil  mechanics the 

media is usually represented  as a simplified geometry (i.e. rectangles). 

Richardõs equation for two-dimensional imbi bi tion is represented  in Eq. 

2.6. For detail on the development of Richardõs equation  please refer to 

Appendix B.  
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(2.6) 

A good approximation of both diffusivity  Ὀ•  and conductivity  ὑ•  

functions can be made  by applying the Broo ks -Corey model that is well 

known for modeling water penetration in soils [135] . Under this 

assumption , the diff usivity and  the conductivity functions are defined  in 

this model  as 

Ὀ• Ὀ•  (2.7) 

ὑ• ὑ•  (2.8) 

Considering that the hydrostatic pressure dominates the effect of the 

der ivative of the conductivity on  the vertical coordinate , its contribution to 
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Eq. 2.6  is  small enough that can be neglected . The s imilar  assumption has 

been made  in capillar y models, where the gravitational effects are 

neglected  [2-6]. Thus, Eq. (2.6 ) can be simplified as:  

‬•

‬ὸ

‬

‬ὼ
Ὀ•

‬•

‬ὼ

‬

‬ώ
Ὀ•

‬•

‬ώ
 (2.9) 

2.4  Methods and materials  

The paper -based networks studied in this chapter were fabricated using 

chromatography paper  (Whatman ® grade 3MM ). The geometries of the 

analyzed configurations were designed  and cut  out  using a conve n tional  

electronic paper cutter (S ilhouette  Curio®). Observations of the capillary 

imbibition were performed using distilled  water.  All the experiments were 

conducted  at a room temperature of 24°C with  a relative humidity of 50%.  

The physical properties of water are s ummarized  in Table 1. Capillary 

imbibition was recorded using a digital micros cope (Celestron®). Then, 

image  processing of the frames was done  to  enhance the display and to 

measure the wetting front. Finally, numerical solutions of Eq. (2.15) were  

carried out  using the fine element partial differential equation (PDE) solver 

of COMSOL Multiphysics®.  

The developed Richardsõ based model requires three parameters to solve 

any imbibition problem. The vol umetric content at saturation ( •s) has to be 

estimated first. Water content at saturation of the paper sample was 

experimentally determined  as 0.84 by estimating the volume of water using 
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a weight scale and its density. In contrast, the diffusivity and the exponent 

n are more complex t o assess. According to soils theory , the diffusivity of 

the porous media depends on the liquid properties and the exponent n  

depends on the type of  soil. Therefore, it is expected  that these parameters 

can be determined using capillary imbibition measureme nts.   

Table 2 .1  Physical properties of water [136]   

Property  Value  

Density ” 997.0 [Kg/m3]  

Viscosity ‘ 
0.890 x 10 -3 

[Kg/m·s]  

Surface 
tension  ‎ 

0.0720 [N/m]  

 

In order to  test the developed Richardsõ based model , a set of networks 

with different geometries are analyzed . This group  is divided  into two main 

groups: conventional and complex geometries. The first group includes 

simple symmetrical configurations, whereas the second set consider s 

designs whose geometries incorporate asymmetrical shapes and 

perforations. The study of t hese configurations is presented  in the 

following sections.  
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Figure 2 .4  Schematic representation of conventional two -

dimensional paper -based networks a) case I, b) case II, c) 

case III, and d) case IV.  

2.5  Imbibition into two dimensional geometries  

The schematic representation of the networks investigat ed in this 

section  is provided  in Fig. 2.4 . As previously stated a rectangular 

configuration, which is defined  as case I, is the simplest two -dimensional  

con figuration (Fi g. 2.4 a). One o f the main advantages of these type s of 

geometry is that can be modeled using LW theory with a good accuracy. 

Here, the edge form by nodes I and IV is exposed  to a water reservoir ; such  

a condition is represented  as a D irichlet  boundary condition  (• •). The 

remaining edges are in contact with air and it can be assumed that there 

is not flow through them. Thus these edges can be assumed as a non -flux 
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Neumann boundary condition.  Fig.  2.3b shows case II, whose geometry is 

form by a sudden expansion of the width at node II and III from 6 mm to 

18 mm. This case has been studied in [96] . The boundary conditions of 

this case are similar to case I  

The equivalent diffusivity (D0) and the exponent n  can be determined 

experimentally using the configurations presen ted in Fig.  2.3. Different 

values of D0 were e stimated  for a given value of n  using experimental 

measurements of the imbibition along the center line AAõ. These values of 

D0 were determined  by minimizing the root mean square error (RMSE) of 

the experimental measurements comp ared to the numerical solut ion of Eq. 

(2.15). Table 2.2 shows the respective RMSE for the capillary imbibition in 

cases I, II, and III using different values of n . It can be seen  that the 

capillary imbibition along the line AAõ can be modeled using different 

values of n  with a reaso nable RMSE.  

Table 2 .2  RMSE and maximum relative errors of imbibition  along 

the center line for various  values of n .   

n  

Case I  Case II  

RMS maximum  RMS maximum  

2  4.0%  8.9%  6.7%  14.4%  

4  3.7%  9.1%  4.5%  10.4%  

6  3.8%  9.0%  3.6%  8.5%  

8  3.7%  9.1%  3.5%  7.9%  
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Figure 2 .5  Numerical results of the volumetric water content 

distribution for different values of n of the case I a) along 

AAõ and b) two -dimensional  domain .  

Although Table 2.2 suggested that using different values of n yields to a 

good agreement whit the experimental results, it is interesting to look at 

the effect of the exponent n . Fig. 2.5  shows the volumetric water content 

gradient of the case I, whose advancing wetting from is h c = 34mm , using 

different values of n . It can be seen  that the water  content tends to become 

homogenous  as n  increases . This result suggest s that when increasing n, 

the liquid content profile will tend to the binary state (wet/dr y) assumption 

of the LW theory. It is also inter est ing to note that the solution of n=0 

yields to the same water content distribution solution using molecular 

diffusion theory (Fickõs law) Thus, Richardsõ based model allows the 

estimation of both the liqui d volumetric distribution and the advancing 
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wetting front in the paper sample. In this chapter  only the advancing 

wetting front will be analyzed  as the volumetric liquid content is not of 

interest in paper -based microfluidic devices. However, the volumetri c 

distribution within the paper sample will be studied in the next chapter to 

describe the hygro -mechanical response of paper.  

In contrast, when looking at the two dimensional imbibition of the case 

II  the influence of n becomes significant . Here, low  valu es of n  yield high  

errors on the advancing wet front prediction when accounting for the 

sudden wi dth  expansion  of this network. The value of n  used in this work 

was determined  as 6 for two reasons. First, similar errors as the case I can 

be achieved using this value of n . Second, it was found  that the reduction 

of the RMS is only 0.1% when increasing n  from 6 to 8 is low . Third, the 

solution of the nonlinear PDE using higher values of requires more 

computational effort.  
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Figure 2 .6  Advancing wetting front due to imbibition of a) case I, b) 

case II, c) case III, and d) case IV . Comparison between 

numeri cal solution (using n=6 ) and experimental 

measurements. Dotted lines in b), c) and d) are the 

solution to  the  case I.  
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It can be seen  in Fig.  2.6 that the experimental measure ments of the 

wetting front for c ase I are in good agreement with the numerical solution 

of the Richardsõ model along line AAõ. In addition , it should be mention ed 

that the  numerical solution  of Eq. 10 yields to the same solution found 

using the LW theory. These type s of similarities between capillaries and 

soil based models have been reported  elsewhere [137 -139] . Thus, these 

results suggest that Richa rdõs equation can be suitable for modeling 

imbibition into paper -based devices. Furthermore, the results of the Case I 

presented in Fig.  2.6 verify that the hydrostatic pressure does not play a 

significant role  on the capillary imbibition , and it can be ne glected .  

As previously found by Fu et al. [96]  the geometry of case II exhibit  a 

slower capillary flow compare d to Case I. The numerical prediction is in 

agreement with the experim ental results as shown in Fig. 2.6 b. The results 

show that the first rectangular section ( h c<25mm) obey the LW theory. 

Hence, a reduction of the capillary  imbibition velocity due to the width 

expansion is prese nted  as illustrated in Fig.  2.6 b. In addition , the 

experimental measurements of the advancing wetting front of the C ase II 

follow the same trend as the num erical predictions, see Fig.  2.6 c. However, 

t here is a discrepancy after the wet front passes the cutout. This 

discrepancy may be due to several influences such as the inner corner 

effects of the cutouts. Finally, the numerical solution of the case IV also 

exhibit s a good agreement with the experimen tal measurement of the 

advancing wet front as can be seen in Figure 3d. In a ll the cases presented 
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in Fig.  2.6  the RMS and maximum relative errors do not exceed 4% and 

9%, respectively.  

 

Figure 2 .7  Time laps e of the capillary imbibition of the case II. Gray 

scale images are pictures of the experimental results ,  and 

blue images represent numerical solutions.  

Letõs now look at the imbibition into the whole two -dimensional domain 

of the cases pre sented in F ig.  2 .3 . Figs.  2.7 -2.9  present the time lapse 

comparison between the numerical solution of the two -dimensional  

imbibition and the experimental resul t s of case II, III  and IV . It is 

interesting to note that the results predicted by the model are very close to 

th e experimental results, which represen ts one of the main contribution  of 
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the proposed model.  As it was expected , the wet front at the macro - level in 

the rectangular segment ( h c<25mm) is a straight line as the width of the 

channel is constant from the wetti ng edge to the width expansion. It 

should be emphasized  that at the micro - level  the advancing wet front is  a 

meniscus rather than a straight line. Here, the flow velocity component 

along axis x is constant, while the y  component decreases as the wet front 

advances along the length of the channel. In order to  tune the flow 

velocity , both components can be modified  by adjusting the geometry.  

The time lapse of capillary imbibition for case II is presented  in Fig.  2.7. 

The numerical predictions of the capillary  imbibition in the two -

dimensional  domain are in good agreement with the experimental 

measurements. Nu merical results of case II show  a different behavior 

comp ared to the design I in concordance with  the  experimental  observation 

by Fu et al. [96] . Here, both x and y  components of the velocity are 

modified  due to the sudden expansion of the width. The proposed model 

can be applied to estimate the wet ting  profile not only alon g the line A -Aõ 

(shown in Fig. 2.4 ) but also in the whole two -dimensional  domain 

comp ared to the equivalent resistance  model developed by Fu et al. [96] . 

This capability  represents  an interesting feature that enables to enhance 

the design of paper -based microfluidic devices.  
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Figure 2 .8  Time lapse of the capillary imbibition of case IV. 

Grayscale images are pictures of the experimental 

results ,  and blue images represent numerical solutions.  

The  numerical and experimental results of the case III are  presented  in 

Fig.  2.8.  In this case , the triangular perforation induces a particular 

imbibition profile due to both width expansion and perforation. First, the 

triangular i mbibition induces a radial flow  (~12 0s) yielding to an inverted 

sharp wetting profile ( ~180s). This particular response of the wetting 

profile is experimentally va lidated as illustrated in Fig.  2.8. The 

incorporation of perforations into the paper -based network could be an 

excellent  alternative for develop ing  new designs rules. For instance, rules 

to control the reagent transport for applications such as mixers or 

chromatography assays.  
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Figure 2 .9  Time lapse of the capillary imbibitio n of the case II. Gray 

scale  images are experimental results,  and blue images 

represent numerical solutions.  

Finally, the time lapse imbibition of case IV is presented  in Fig.  2.9. 

Like  previous cases, the numerical solution is in good agreement with the 

experimental measurements. Hence, it is suggested  that the proposed 

model can also be applied  to model imbibition in asymmetrical domains.  

In this case the asymmetrical expansion of the width induces an elliptical 

wetting front aft er the width expansion ( Figs.  2.9 b and 2.9 c) compare d to 

the circular wet front in symmetrical shapes in case II.  In addition , it can 

be seen  In Fig.  2.9 c that the downward imbibition on the right side 

induces an asymmetrical wet front.  
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Figure 2 .10  Advancing wet area due to imbibition of a) case I, b) case 

II, c) case III, and d) case IV . Comparison between 

numeri cal solution (using n=6 ) and experimental 

measurements. Dotted lines in b), c) and d) are the 

solution to  the case I.  



57  |  

In order to  further evaluate the accuracy of the proposed model  the 

wetting area during imbibition of all the cases is estimated. The wetting 

area as a function of the root square of time of c ases I - IV is presented  in 

Fig.  2.10. The experimental measureme nts of the wetting area are in good 

agreement with respect to  the numerical predictions for the cases I, II and 

IV. The RMS and maximum relative errors for these cases do not exceed 

5.4% and 8.9%, respectively. However, for the case III  these errors are 

hi gher as can be seen in Figure 2.10c. The RMS and maximum relative 

error of this case are 9.3% and 13.5%, respectively.   

2.6  Summary  

Richardõs equation can be applied  to model the capillary imbibition in 

two -dimensional  paper -based networks. This model requir es only three 

parameter s, which can be easily determin ed experimentally. The 

characterization of Do and n  can be conducted  by using simple geometries 

such as rectangular channels. Comp ared to capillary based models 

Richardõs equation is capable to  predict the capillary imbibition in 

networks that includes complex geometries. It is expected  that this 

approach can be applied  to developed new design rules for controlling the 

flow in paper -based microfluidics devices. Richardõs based model 

represents an excelle nt  alternative tool to model the hygro -mechanical 

response of paper as its solution enables  the estimation of the water 

content distribution along the thickness of the paper sample.  
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Although only five configurations  were studied  in this chapter, 

Richardõs based model can be applied to perform analyses of different 

geometries that may be of interest in paper -based systems. For instance 

combination of asymmetrical shapes with perforations. Moreover , 

topological optimization can be carried out  using the propos ed model. 

Perhaps one of the main drawbacks of the proposed model is that it 

requires numerical solution. However, nowadays computational tools allow  

the solution  of this types of problems within few seconds.  

It should be noted  that the paper -based designs  analyzed in this 

chapter were cut  out . However, two -dimensional  paper -based devices 

fabricated by others methods (i.e. waxing and photolithography) can also 

be studied using the proposed model. Finally , the errors found in previous 

cases may be reduced  by  taking into consideration other effects such as 

anisotropic imbibition and swelling of fibers.  
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Chapter 3  Hygro - mechanical b ending 

response of paper  

In this chapter, a description of the hygro -mechanical 

motion induced by hygromorphism  as well as the phenomena 

invo lved in the problem are discussed . Then, the constitutive 

equations of the problem are introduced  to develop a one -

dimension al  stress -imbibition model. In the  model  three 

nonlinear ity sources  are considered. A dimensionless 

formu lation is developed to prov ide the  means to identify the 

major  influences that have a considerable effect on the typical  

hygro -mechanical bending response of paper -based beams. 

The analytical solution of the linear problem, which is based  

on LW theory, is presented with the scope to  providing  a 

reference for understanding the hygro -mechanical bending 

response. It is suggested  that the analysis of the bending 

response not only requires  the curvature but the whole 

bending strain state. The proposed model can be applied to 

describe the bending strain state of the paper -based beams 

under different influences.  
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3.1  Hygro - mechanical  response  of paper -based 

beams  

In order to  describe the h ygro -mechanical bending of paper -based 

beams  it is necessary to provide the following definitions:  

¶ òHygrosco py is the ability of a substance to attract and hold water 

molecules from the surrounding environment  [140] ó. Hence, a 

material manifest ing h ygroscopy  is commonly known as 

hygroscopic material.  

¶ òHygromorphism  is the ability of an object to change shape in 

response to humidity or moisture  [141] ó.  

Plants are the most common exa mple of natural hygroscopic materials 

exhibiting hygromorphism. They take advantage of this property to 

generate motion of their  branches, steams or leafs for different purposes 

such as self -protection and seed spreading. As used  from now on , the term 

òhyg ro -mechanical response ó refers to these motion induced by 

hygromorphism, which can be classified  as bending, twisting and cooling. 

In this work , only the hygro -mechanical bending response will be studied .  

3.1.1  Hygro -mechanical bending  response  

The h ygro -mechan ical  bending response  of paper, a hygroscopic 

material, has received particular  attention over the past years. Several 
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works have been conducted to describe the position or curvature 

responses with respect to  the time of hygro -mechanical bilayer beams. 

How ever, less attention ha s been pointed out to single layer  paper -based 

beams. Douezan  et al.  [58]  and Reyssat and Mahadevan [59 ] introduced 

the study of the hygro -mechanical bending response of a single layer paper 

beam. They also provided an explanation of the occurring phenomena 

during the bending response.  

 

Figure 3 .1  Microscope  cross section image of a piece of 

chromat ography  paper experiencing hygroexpansive  

strain along its thickness . Comparison of  a) dry paper 

and b)  wet paper .   

 Imbibition into a strip  of paper yields to a modification of its initial 

volumetric moisture con tent. This transient redistribution of the moisture 

induces two inherent  phenomena , which play fundamental  role s in the 

characteristic  bending response. First, the fibers of paper swell as their 

moisture content increases [142, 143] , namely hygroexpansive  strain. It 

has been suggested  that swelling take s place as the water molecules br eak  

and replace interchain bonds in cellulose [144] . As an example Fig. 3.1 

shows the hygroexpansive  strain of dry and wet chromatography paper. In 

this case , the  hygroexpansive  strain of 0.17 is measured  along the 
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thickness of the paper . Second,  an apparent reduction  in  the Y oung 

modulus of paper occurs  as the moisture content in the fibers rises [60] . 

Th is  effect  is due to the interaction of cellulose chains  and water, which 

acts as a  plasticizer that  reduces the Youngõs modulus  [145] . Thus, the 

bending elasticity of paper decreases as the water content raises along the 

thickness of the paper . Fig. 3.2 shows the softening effect on a piece of 

tracing paper, where a piece of wet paper collapse due to its  own  weight  

(Fig. 3.2b) . In contrast, the dry  paper remains unaffected as its weight 

does not have a huge influence on it  (Fig. 3.2a) . Therefore, the specific 

combination of these phenomena determines the characteristic  bending 

response of any hygro -mechanical motion . It is important to remark that 

both swelling and softening effects are only presented  if and only if water 

penetration into the paper structure occurs.  

 

 

Figure 3 .2  Softening effect on a ) dry and b) wet  p ieces of t rac ing  

paper   
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In addition, other phenomena may also influence the hygro -mechanical 

response of paper elasto -capillary. The elasto -capillary effect is  expected to 

be small as  the elasto -capillary length is one order of magnitude higher 

than the we tting lengt h formed [146] . Moreover, in the hygro -mechanical 

bending response of paper elasto -capillary  acts as a small restoring force 

rather than a generating force as in the case of other phenomena [146] . 

Thus, it is suggested that the principal influen ces on  the hygro -mechanical 

bending response are the s welling of fibers and imbibition . These two 

phenomena are necessary to trigger the hygro -mechanical bending 

response. In contrast, other effects such as elasto -capillary and s oftening  

effect due to plas ticization  only have  an  influence  on the apparent 

elasticity of the problem . According to the scale of the problem , it is 

suggested that the s oftening  effect would dominate the elasticity of the 

problem.  

3.1.2  Hygro -mechanical  bending state  

The schematic repres entation of the hygro -mechanical bending state is 

presented  in Fig. 3.3. Let us consider a paper -based beam of initial  length 

l  with an initial homogenous moisture  distribution along the thickness 

(axis z), see Fig. 3.3a. When exposing one side of the beam  (z=0) to water  

the  volumetric moisture content increases uni form ly  along z.  Thus, a 

gradient extension of l  like that depicted in Fig. 3.3b is formed  from  a high 

expansion  at the bottom of the paper beam (z=0) to a low swelling  at the 

upper surface (z=h).  As a consequence , the beam will bend to compensate 
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the differential of hygroexpansive strain and to minimize the bending 

strain energy as seen in  Fig. 3.3c. The hygroexpansive strain can be 

defined as the normal  strain of l  at a given position along  z as:  

‐ ᾀ
ɝὰᾀ

ὰ
 

(3.1) 

where ɝὰ is the extension produced by the hygroscopic swelling of 

paper.  Similarly, the bending strain can be expressed as:  

‐ ᾀ
ɝὰᾀ

ὰ
 

(3.2) 

 

Figure 3 .3  Schematic represe nt ation  of the hygro -mechani cal  

bending state.   

3.2  Constitutive equations  

The hygro -mechanical bending response can be divided  into four 

physical phenomena occurring at the same time. Fig. 3.4 shows the block 

diagram of the multiphysics  problem. The solution of the problem can be 

found  as follows:  
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1.  First, the moisture distribution ȕ is determined  by means of  the 

imbibition theory.  

2.  Then, the hygroexpansive strain ‐ and the relaxation of the 

Young modulus of elasticity E, which are  function of the moisture 

content, can be evaluated . 

3.  Finally, the bending strain state is determine d using  the 

continuum mechanic of solids theory.  

In the following subsections , the constitutive equations applied to 

describe imbibition and bending response are presented.   

 

Imbibition

Relaxation

Hygroexpansive 
strain

Plane stress
•(ὼ,ώ)  

Ὁὼ,ώ 

‐Ὤὼ,ώ 

 

όὼ,ώ 

ὺὼ,ώ 

 

Figure 3 .4  Block diagram of the imbibition -bending coupled 

problem.  

3.2.1  Imbibition   

Let us start by defining the model for the water transport in to a paper -

based beam . Authors in [58]  claim that LW law for porous media can be 

applied to describe the water transport in tracing paper. It is well known  

that LW has been implement ed to describe lateral transport in low -density  
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papers such as chr omatography and filter papers  [89]  as previously 

described in chapter 2 . However, a detail explanation of the transport  

theory is not discussed  by t he authors. For instance, L W theory yields to a 

discrete solution of the wet front as a function of the time. Such an 

assumption represents a  significant drawback as b oth the hygroexpansive 

strain  and Y oung modulus relaxation depend  on the water content 

distribution across  the thickness.  

On the other hand , authors in [59]  suggested that the molecular 

diffusion  theory may be applied  to describe the transport phenomena due 

to the fact that  treated papers such as tracing paper have high density . 

They claim that capillary imbibition cannot be applied to model the water 

transport within the paper . The authors  argue that t he  change  of surface 

tension will induce a significant modification  in the bending response. In 

their work , a simple experiment was conducted to verify this hypothesis. 

The authors found that the bending responses of paper under the 

influence of wate r and water -surfactant were similar. However, the authors 

neglected the fact that the time response of capillary imbibition is 

dominated by  the permeability of the media , which depends on the ratio of 

the surface tension and the viscosity. By adding surfac tant not only the 

surface tension is modified but also the viscosity; then, the ratio between 

both properties has to be determined in order to discard capillary 

imbibition as the transport phenomenon. The lack of understanding 

regarding the water transport  within paper in previous  works represents 
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an important drawback in the  study  of the hygro -mechanical response of 

paper.  

 

Figure 3 .5  Comparison of 500X SEM images of a) tracing paper and 

b) fi lter paper. Ba rs scale represents 100 ȋm  

The volumetric water content is related to the porosity of the material, 

which can be defined  as the ratio of the pore  volume of paper and the total 

volume of paper [144] . The visual comparison of  filter  and  tracing paper 

using scanning electron microscopy (SEM) is ilustrated  in Fig. 3.5. It 

appears that the porosi ty of tracing paper is lower compare d to that of the 

filter paper, which has larger voids among its fibers. However, one need s to 

account for the voids within the fibers as well since there is also water 

transport taking place through these micro - /nano -  por es. Thus, despite 

the level of compactness of tracing paper as previously considered in [59]  

let us define paper as a porous material obeying Richardõs equation for 

imbibition:  

‬•

‬ὸ

‬

‬ὼ
Ὀ•

‬•

‬ὼ

‬

‬ᾀ
Ὀ•
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‬ᾀ

‬ὑ•
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(3.3) 
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where the  moisture content  in a continuum ( •) region depends on 

moisture diffusivity and the conductivity functions of the medium, Ὀ•  

and ὑ• , respectively.  The initial  moisture volumetric content  is •ᾀȟπ =0 

and the wetting boundary condition is  saturated moisture ( • •). It 

should be noted that the diffusivity  and the conductivity are function s of 

the mois ture content . Analyzing Eq. 3.3 it can be seen that a significant 

contribution of ὑ•  will y ield a nonhomogeneous moisture profile along 

ᾀ which would not concord with the straight final bending state observed in 

[58, 59] . Thus, it is suggested that the conductivity effect is extremely 

small compare d to that of the diffusivity. In  other works, the gravity effects 

are small enough to be neglected. Then, the moisture transport along the 

thick ness of the paper  can be expressed as presented in Eq. (3.4).  
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(3.4) 

As the water imbibition it is strongly dominated by the capillary 

pressure in the vertical direction, the problem can be reduced  to the water 

imbibition into a thin rectangular section, similar to that described in 

chapter 2. In this  case, the one dimension form of the Richardõs equation 

is accurate enough to predict the imbibition. Thus, the one -dimension 

Richardõs equation for unsaturated porous finite media in the  water  

content form is applied [147] .  
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The moisture diffusivity can be expressed  as  

Ὀ• ὈὪ
ρ
• (3.6) 

where  f 1 represents the characteristic function of the moisture 

diffusivity, and D0 the  moisture diffusivity constant. Under Richards 

equation framework a good approximation of the diffusivity can be made 

by using the Brooks -Corey soil model as previously reported in [135] . 

Unde r this assumption , the diffusivity is described in this model as  

Ὢ• •ὲὼȟώ 
(3.7)  

 

Figure 3 .6  f 1(ȕ) as a fu nc tion  of the normalized volumetric water 

content for various values of the exponent n .   

The power term n  dictates the dynamic response of the water transport, 

which is related to the moisture distribution along the thickness. Hence, it 
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is expected  that a modification of the diffusion response due to the 

nonlinear diffusivity may have a significant effect on the curvature 

response of paper. It is impor tant to establish that Ὀ is an equivalent 

diffusivity function that is not related to the molecular diffusivity. The plot 

of f 1  for different values of n  is presented in Fig. 3.6.  

3.2.2  Hygroexpansive  strain  

The hygroexpansive strain can be expressed  as a function of the 

hygroexp ansive strain at saturation ‐  and the characteristic function f 2: 

‐ • ‐ Ὢ
ς
• 

(3.8) 

It has been suggested  that the hygroexpansive strain is linearly 

proportional to the moisture content [144] , in such a case f 2 = •. Models 

in [58, 59]  assumme t his condition for the actuation strain in paper. 

However, a simple empirical expresion for f 2 can be defiened as:  

Ὢ• •ὴὼȟώ (3.9) 

In this case, other possible scenarios rather than the linear one may be 

explored . As shown in Fig. 3.7 . The  cases in wich the hygroexpansive 

strain responds  faster ( p=0.25) and slower ( p=4) to the moisture content 

compare d to the linear case can be examine d us ing Eq. 3.9.  
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Figure 3 .7  f 2(ȕ)  as a fu nc tion  of the n ormalized volumetric water 

content for different values of  the exponent  p .   

3.2.3  Relaxation  

Au thors in [59]  defined an empirical  function to account for the 

relaxation of the wet paper. They suggeste d that such relaxation may be 

described  as:  

Ὁ• Ὁ Ὡ ȟ  
(3.10)  

where  ‍ can be defined as a relaxation constant and Ὁ Ὠὶώ as Young 

modulus of elasticity for dry paper. However, this function  would not 

match  the experimental results in [60] . In this regard another empirical 

function  to take into consideration the relaxation of the Young modulus of 

elasticity is proposed. This expression is proposed based on the 

experimental results observed in [60]  

Ὁ• Ὁ Ὢ
σ
• (3.11)  
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where the function f 3 can be defined  as:  

Ὢ•
ρ

ά ρ ά Ὡ‍•ᾀȟὸ
 

(3.12)  

where m represents the ratio between wet and dry Young modulus of 

elasticity.  The shape of f3  for re laxation  of the Young  modulus of elasticity 

ra nging from 0 to 4 orders of ma gnitude  is presented  in Fig. 3.8.  

 

Figure 3 .8  f 3(ȕ) as a fu nc tion  of the normalized volumetric water  

content for various values of m and ‍=2 .   

3.2.4  Plan e stress  

Paper mechanics can be analyzed  at three levels: macro, meso - and 

micro -scale [148] . In the former, the paper fibers are represented  as a set 

of layers form ed by a bunch of microfibers. Each layer has a specific 

microfiber orientation and a different content of cellulose, hemicellulose , 

and lignin. In the meso -scale , fibers are assumed  as equivalent elastic 

cells that form a porous matrix. Finally, at the macro scale, paper is 

assumed as a solid material with equivalent  mechanical properties such as 
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Young  modulus and P ois sonõs ratio. Further on , paper mechanics  is 

studied at the macro - level as reported in previous works [57 -60, 149] . 

Figure 3.9 shows the stress state of an infinitesimal element acting on a 

piece of paper.  In this configuration , the thickness is parallel  to the axis  

z.  

 

Figure 3 .9  Schematic representation of stresses acting on an 

infinitesimal element of a piece of paper.  

.  

Figure 3 .10  Schematic representat ion of plane stresses.  

In the case of slender beams the stress state can be reduced  to a plane 

stress problem where  „ „ „ „ „ π . Thus, the two 

dimensional plane stress can be represented as depicted in Fig. 3.1 0. 
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Paper can be assumed as an orthotropic material [148]  obeying  the 

following strain -stress relationships:  
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3.3  Reduced model  

The bending problem can be described  as a slender  beam under the 

influence of a hygroexpansive strain input . The Euler -Bernoulli beam 

theory for small deformations, in which the strain components ‐  and ‐  

can be neglected yielding to a pure bending state represented in Fig. 3.11, 

can be applied. In this case Eq. 3.13 reduced to the one dimension form  

‐
ρ

Ὁ
„  

(3.14) 

In pure bending , the str ai n  distribution along the thickn ess of the 

paper -based beam is considered  as linear. As it can be seen in Fig.  3.11 

t he reference plane is set at z=0, and the neutral plane is defined  as that 

in which the bending strain is zero. Moreover, R(t) represents the radius of 

curvature at the re ference plane at a given time. The bending angle at any 

point can be expressed  as a function of the radius of curvature and the 

deformed length at any point of z:  

ὸ‮
ὰ ɝὰᾀȟὸ

Ὑὸ ᾀ
 

(3.15)  
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Figure 3 .11  Schematic representation of pure bending state of a 

paper beam experiencing hygroexpansive strain 

actuation.   

At the neutral axis the bending angl e can be expressed as : 

ὸ‮
ὰ

Ὑὸ ᾀ ὸ
ὰ‖ ὸ 

(3.16)  

where ‖ is the curvature at the neutral axis. Combining Eqs. 3.15 and 

3.16 the following relationship is found:  

ɝὰᾀȟὸ

ὰ
‖ Ὑὸ ᾀ ρ 

(3.17)  

The left -hand  side expression is nothing but the bending strain defined 

in Eq. 3.2. Thus the distribution of the bending strain along the z-axis  can 

be expressed as:  
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‐ ᾀȟὸ  ‐ ὸ ‖ ὸᾀ (3.18)  

 Where  ‐ ὸ is the bending strain at the reference level ( z=0 ) and is 

defined as:  

 ‐ ὸ ‖ ὸ ‖ ὸϳ ρ (3.19)  

Here, ‖ ὸ stands for the curvature at the refer ence plane which is 

different f r om that at the neutral axis. Finally the neutral axis as a 

function of time can be represented as:  

ᾀ ὸ
ρ

‖ ὸ

ρ

‖ ὸ
 

(3.20)  

Hence, the total strain Ὡᾀȟὸ can be represented by the difference 

between the bending and hygroexpansive strain as  

‐ᾀȟὸ ‐ ᾀȟὸ ‐ ᾀȟὸ 
(3.21)  

The stress „ᾀȟὸ  can be calculated using Eq. 3.9, 3.12 and 3.14 as:  

„ᾀȟὸ ὉὪ•ᾀȟὸ ‐ ὸ ‖ ὸᾀ ‐ Ὢ•ᾀȟὸ  
(3.22)  

Finally, given the fact that the beam is not subject to any external load 

the force and moment equilibrium yields to Eqs. 3.23a -b. The curvature at 

any time ‖ ὸ can be therefore evaluated by solving Eqs. 3.5 and 3.23a -b.  
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„ᾀȟὸὨᾀ π 
(3.23a)  

„ᾀȟὸᾀὨᾀπ 
(3.23b)  

3.3.1  Dimensionless  formulation  

In order to synthesize  the analysis of the  problem  a dimensionless 

formulation is presented in this section. In this light, the  following 

dimensionless parameters are introduced  

ᾀӶ
ᾀ

Ὤ
 

(3.24 a) 

‰
•

•
 

(3.24b)  

ὸӶ
ὸ

†
 

(3.24c)  

‖Ӷ
‖

–
 

(3.24 d) 

where  † is the time -scale  of the problem [s] and – represents the gain of 

the curvature [mm -1]. By balancing the time derivative with the diffusivity 

term  in Eq. 3.5 the time -scale can be represented as  

†
Ὤ

Ὀ•
 

(3.25)  

Similarly, the gain of the curvature can be obtained  as 



78  |  

–
‐

Ὤ
 

(3.26)  

which denotes the ratio  between the maximum hygro expansive strain 

(‐ ) and  the thickness ( h ). Thus, the nondimensionalzed problem can be 

expressed as  

‬‰

‬ὸӶ

‬

‬ᾀ
‰
‬‰

‬ᾀ
 

(3.27a)  

with the initial condition,  

‰ᾀȟπ π 
(3.27b)  

moreover,  the  boundary conditions  

‰πȟὸӶ ρ 
(3.27c)  

‰
‬‰

‬ᾀᾀ
π 

(3.27d)  

subject  to  

Ὢ
σ
‰ ᾀȟὸӶ ‐ӶὸӶ ‖ὸӶᾀ Ὢ

ς
‰ ᾀȟὸӶ  Ὠᾀ π 

(3.2 8a) 

Ὢ
σ
‰ ᾀȟὸӶ ‐ӶὸӶ ‖ὸӶᾀ Ὢ

ς
‰ ᾀȟὸӶ ᾀ Ὠᾀ π 

(3.28b)  
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If the moisture distribution ‰ ᾀȟὸӶ is known the solution of Eqs. 3.12 

and 3.15 can be expressed as a linear system as that described in  [150]  for 

bending response of multilayer beams:  

 
ὥ ὥ
ὥ ὥ  

  ‐ӶὸӶ

‖ӶὸӶ
  

ὦ 
ὦ
  

(3.29)  

Thus, the solution of the bending  state  at any ti me ὸӶ is given by:  

‖ӶὸӶ ὥρρὦς ὥρςὦρȾ ὥρρὥςς ὥρς
ς  (3.30)  

‐ӶὸӶ ὥρςὦς ὦρὥςςȾ ὥρρὥςς ὥρς
ς  (3.31)  

where the elements ὥ and ὦ of the linear system are defined as follows:  

ὥ Ὢ
σ
• Ὠᾀ (3.32a)  

ὥ Ὢ
σ
•ᾀ Ὠᾀ (3.32b)  

ὥ Ὢ
ς
• ᾀὨᾀ (3.32c ) 

ὦ Ὢ•Ὢ• Ὠᾀ (3.32d ) 

ὦ Ὢ
σ
•Ὢ

ς
• ᾀὨᾀ (3.32e ) 

3.3.2  Bending response  

The linear  solution using LW theory is analyzed in this section t o 

provide one  useful  reference  to  examine the hygro -mechanical bending 

response . In this case , there is neither moisture diffusivity nor relaxatio n 

of the Y oung modulus of elasticity. In add ition , the hygroexpansive strain 

is found to be linearly proportional to the volumetric water content. Table 

3.1 summarizes the equivalent functions f i  that described  this scenario.  
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Table 3 .1  Equivalent functi ons f i  for LW case  

Ὢ•  Ὢ•  Ὢ•  

0 ‰ᾀӶȟὸӶ 1  

In this particular case, a discrete boundary between the saturated and 

unsaturated zone is considered . Such boundary condition was observed in 

the experiments carried out with chromato graphy paper in  the  previous  

chapter. In other words, the media is seen  as a binary state either wet or 

non -wet zone. This problem represent s a bilayer beam with hygroexpansive 

strain acting on the bottom layer as discussed in [58] . In this case, the 

moisture distribution can be represented  as:  

•ᾀӶȟὸӶ
ρȟ ᾀӶὸӶ ᾀύὸӶ

πȟ ᾀӶὸӶ ᾀύὸӶ
 (3.33)  

where  

ᾀӶὸӶ ЍὸӶ   
(3.34)  

The solution of Eq. 3.32 yields to ὥ =1 ὥ =1/2 ὥ =1/3: thus, the 

dimensionless curvature and the strain can be expressed as:  

‖ӶὸӶ ρς •ᾀӶȟὸӶᾀӶ ὨᾀӶ
ρ

ς
•ᾀӶȟὸӶὨᾀӶ  

(3.35)  

‐ӶὸӶ ρς
ρ

ς
•ᾀӶȟὸӶᾀӶ ὨᾀӶ

ρ

σ
•ᾀӶȟὸӶὨᾀӶ  

(3.36)  

The solution of this case is:  

‖ӶὸӶ  φᾀύρ ᾀύὸӶ (3.37)  
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‐ӶὸӶ ᾀύὸӶτ ᾀύὸӶ (3.38)  

Using the above  expressions one can examine the characteristic  hygro -

mechanical bending response with respect to  time. Fig. 3.12 shows the 

curvature response as a function of th e dimensionless time. As it is 

expected the bending curvature rises  from a zero at p1 until  a maximum 

point at p3;  then , the curvature star t s to decrease to p5. The authors of 

[58, 59]  focused their analysis only  on  the curvature, which is relatively 

easy to measure. However, to know the comple te bending state one ha s to 

look at the bending  strain as well. For instance, the  two points  p2 and  p4 in 

Fig. 3.12a have the same bending curvature , but different bending str ain 

at the bottom level  as can be seen in Figure 3.12b. Thus, any combination 

of both   ‖ and ‐Ӷ determines a unique bending sta te  during the time response.  

  

 

Figure 3 .12  Pure bending response  of a paper beam undergoing  

hygroexpansive strain actuation  a) curvature b) bending 

strain at z=0 .  

Thus, it is suggested  that a bending state analysis including both 

curvature and strain can provide a better understanding of the hygro -
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mechanical response compar ed to previous discussions presented in [58, 

59] . In this regard, a bending state plot is suggested to describe the 

bending state cycle. Such a plot is presented in Fig. 3.13 , which  shows the 

bending state of the f ive points p i  in Fig. 3.12 a-b.  

 

Figure 3 .13  Hygro -mechanical bending state cycle of a paper beam 

due to  hygroexpansive strain actuation.  

Using the proposed bending state plot is possible to obtain the stra in 

distribution in the  paper beam. For instance, let us consider the point p2 

(‖Ӷ=1, ‐Ӷ=4/3 ) in Fig. 3.13. The curvature (‖Ӷ) provides  us information 

regarding the slope of the bending strain distribution  as can be seen in 

Fig. 3.15 b. However, it not possible to evaluate the bending strain 

distribution along the thickness of  the beam without knowing one point 

with in the linear distribution. In this light, the bending strain at the 

reference level ( ‐Ӷ) complete s the necessary information to evaluate the 

bending strain distribution. Moreover, the total strain can be evalu ated 

once the bending strain is assessed using Eq. 3.21. The estimation  of the 
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total strain distribution at p2  is illustrated in Fig. 3.14 a. Here, it can be 

seen that the beam experiences a compression -tension -compression (CTC) 

state from bottom to top  wit h two neutral axe s. Hence, it is suggested the 

analysis of the total strain distribution may contribute to the 

characterization of the hygro -mechanical bending response.  

 

Figure 3 .14  Strain state distributi on at p 2  a) total strain, b)  bending 

strain, and c) hygroexpansive strain.   

The total strain distribution of the points depicted in the bending state 

plot (Fig. 3.13) is presented in Fig. 3.15. The physical meaning of th is  

distribution  can be summarized as  follows:  

¶ At p1  the total  strain is initially zero along the thickness of the 

paper -based beam. The beam does not experience either  actuation 

strain nor bending strain ;  

¶ Then, the beam starts to bend until p2, where the total strain at 

the bottom surface of  the beam is zero. In other words, the bottom 

layer does not experience  neither tension nor compression;  
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Figure 3 .15  Total strain state distribution of a) p 1 , b) p 2 , c) 

p 3,  d) p 4 , and e) p 5 from bending sta te plot presented in Fig. 

3.13.  

¶ The maximum curvature is achieved  at p3. Here the bending 

strain energy is maximum  as this energy is proportional to the 

curvature ; 

¶ At p4 the bottom surface  experiences the total strain extension  

(1/3) , here upper surface  (z=1) of the beam  exhibits  neither  

tension nor compression ; 
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¶ Finally, at p5 the total  strain  goes back to zero when the 

hygroexpansive strain is homogenous along the thickness of the 

paper. Here, the beam experiences hygroexpansive growth  but not 

internal st resses.  

Thus , one alternative approach to analyz ing  the hygro -mechanical 

bending r esponse of paper -beams is to loo k at the pure ben di n g state cycle 

instead of the time responses. Similar  to  the  previous  example , other 

points can be analyzed  in the bending  state cycle plot. It is expected  that 

the individual  influences of the three phenomena involve d in the problem 

can be assessed by analy zing  the bending state cycle  instead of comparing 

the time responses. Such influences will be discussed  in next  the  chap ter.  

3.4  Summary   

An introduction to the hygro -mechanical response of paper -beams was 

d iscussed  in this chapter. The three phenomena occurring during the 

bending response were analized . A practical imbibition -beam model that 

describes the characteristic  bendi ng response was developed . The 

dimensionless formulation of the proposed model provide a simple means 

to assess the individual  influences of the three inherent  phenomena on the 

characteristic  bending response. The analysis of one example assuming LW 

imbibi tion was presented . A bending state cycle plot was proposed to 

analyze the hygro -mechanical bending response of paper -based beams. 
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The proposed model will be applied in next chapter to analyze the 

nonlinear influences on the bending state.  
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Chapter 4  Nonlinear  inf l uences on the  hygro -

mechanical  bending response of  

paper  

Previous  formulation s [58, 59]  account only for one 

nonlinearity source related to the softening effect due to an 

increment on the  moisture content  in the paper . In this  chapter  

the  nonlinear influences on  the  hygro -mechanical  bending 

response of paper -based  beams  are studied. In order to 

analyze such influences, the material n onlinear ities are 

described by means of three functions dependent on three 

dimension less  parameter s as described in chapter 3.  The 

influences on both bending state and total strain distribution 

are studied to provide a better understanding of the 

phenomenon. The analytical solution of the linear problem is 

presented with the aim to provi de a reference for comparing 

the a foresaid  nonlinear effects. Finally, the proposed 

formulation is applied to describe the bending response of the 

experimental results presented in [59] .  
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4.1  Nonlinearity sources  

It is evident that th e nonlinearity sources in the hygro -mechanical 

actuation of paper -based beams play a  major  role  in  the typical  bending 

response. According to Changizi [151]  the nonlinearity sources  in 

mechanical engineering  can be divided into those related to the geometry  

and material properties . Geometrical no nlinearity is due to the nonlinear 

strain -displacement relation ship, also known as  large deformation or finite 

strain. M aterial nonlinearities are related  to the nonlinear  response of 

certain materials to a given  physical input . In this chapter, the geomet rical 

and material nonlinear influences are investigated using the formulation 

developed in chapter 3. The material nonlinearities in hygro -mechanical 

bending response c an be represented using Eq. 3.6, 3.8 and 3.10 . Table 

4.1 presents the summary of the eq uivalent functions f  describing the 

different scenarios. The linear  case represents the linear  form of the 

imbibition problem, a linear hygroexpansive strain actuation and no 

relaxation occurring during the bending cycle. The analytical  linear 

solution of the problem is presented in next section in order to provide a 

reference to study the nonlinear effects. The solution of the nonlinear 

imbibition problem  (Eqs. 3.27a -d) is carried out numerically by means of 

the finite difference PDE solver of MatLab, whil e the solutio n of the 

mechanical problem (Eqs. 3.32a -e) was obtained  using numerical 

integration. Finally, the solution of nonlinear geometry problem was 
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performed using finite element software COMSOL. For more details about 

this solution refer to Appendix  B.  

Table 4 .1  Equivalent functions f i  for accounting for nonlinear 

influences  

Nonlinearity 
influence  

Ὢ•  Ὢ•  Ὢ•  

None  
(linear problem)  

ρ ‰ᾀӶȟὸӶ 1  

Imbibition  ‰ ᾀӶȟὸӶ ‰ᾀӶȟὸӶ 1  

Swelling  1  ‰ ᾀӶȟὸӶ 1  

Relaxation  1  ‰ᾀӶȟὸӶ 
ρ

ά ρ ά Ὡ ӶȟӶ
 

Imbibition, 
swelling and 

rel axation  
‰ ᾀӶȟὸӶ ‰ ᾀӶȟὸӶ 

ρ

ά ρ ά Ὡ ӶȟӶ
 

4.1.1  Linear problem  

When █ • ρ Richardõs equation is reduced to the linear form that can 

be solved using variable separation . In this case, the solution of the  

moisture content yields to [152]    

•ᾀӶȟὸӶ  ρ  
ς

‗Ὥ
 ίὭὲ‗ὭᾀӶ Ὡ

‗Ὥ
ςὸӶ

Њ

Ὥρ

 (4.1) 

where  

‗  
ςὭ ρ“

ς
 

(4.2) 

Thus , using Eq. 3.25 the dimensionless curvature can be expressed as  
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‖ӶὸӶ  ὥὩ Ӷ (4.3) 

 

where  

ὥ ρς
‗Ὥ ς ρὭ

‗Ὥ
 

(4.4 ) 

 

Likewise , the reference strain can be expressed as  

‐ӶὸӶ  ὦρὩ
‗Ὥ
ςὸӶ

Њ

Ὥρ

 
(4.5 ) 

with  

ὦὭ ρς

ς
σ‗Ὥ ρὭ

‗Ὥ
 

(4.6 ) 

 

Table 4 .2  First five values of ‗ȟὥ  and ὦ of Eqs. 4.2, 4.5 and 4.7  

Ὥ ‗  ὥ ὦ 

1  1/4  1.329  -0.146  

2  9/4  -0.770  -0.475  

3  49/4  -0.145  -0.105  

4  81/4  -0.117  -0.075  

5  121/4  -0.052  -0.036  

 

The solution of this problem points  to the  same solution considering 

molecular  diffusion problem presented  in [59] . The first  fifth values of 



91  |  

‗ȟὥ  and ὦ are presented in Table 4.2. The time responses of the 

curvature and bending strain at the reference level are presented in Fig 

4.1.  It can be seen that the analytical  solution is in good agreement with 

the numerical solution.  

 

Figure 4 .1  Hygro -mechanical bending response of a paper  beam  

considering  linear imbibition a) bending curvature and b) 

bending strain at referenc e level . Comparison among 

analytical, numerical and large deformation solutions.   
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Figure 4 .2  Hygro -mechanical bending state cycle using linear 

imbibit i on  theory . Comparison among analytical, 

numerical and large deformation solutions.   

 One advantage of the dimensionless formulation developed in chapter 3 

is that one can perform a simple  comparison of the solution of the problem 

u nder different scenarios with respect  to previous works [58, 59] . In this 

regard, the b ending state plot provides an easy  way to compare two 

scenarios. The bending state plot for the case of linear imbibition  is 

presented in Fig. 4.2. In th is  case, two main differences with respect to the 

LW model  are found. Such a solution is based on the Timoshenko bilayer 

problem [153]  and was presented in chapter 3 . Fi rst, it can be seen in Fig. 

4.2  that the maximum curvature using linear imbibition is  ‖Ӷ 0.96, which 

is  almost 50% lower compared to the LW theory  (‖Ӷ 1.5) . This effect has 

been previously reported in [152] .  Second, it is also interesting to look at 

the effect on the bending strain at the reference level. The results suggest 

that the bending strain at the reference level is always less that one during 
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the bending response. This implies that the extension of the bottom 

surface of the beam is always less than the hygroexpansion  during the 

whole bending cycle.  

 

Figure 4 .3  Error of the proposed model  assuming linear imbibit i on  

theory due to geometrical  nonlinearities. Absolute errors 

of both a) curvature  and b) bending stain at reference 

level are presented. The hygroexpansive strain actuations 

applied are 0.05, 0.1, 1.15 and 0.2.  

4.2  Nonlinear  geometry  

It has been suggested by Rafsanjani  et al. [50]  that the assumption of 

Euler -Bernoulli beam theory for the case of bilayer beams yields 

significant  errors when dealing with moderate large  strain actuation . For 

the linear imbibition case, the difference on the bending curvature and 



94  |  

strain referen ce under a hygroexpansive strain  actuation  of 0.15 is 

depicted in Fig. 4.1  and 4.2 . The absolute  error of both curvature and 

reference strain under strain actuation of 0.05, 0.10, 0.15 and 0.2 is 

presented in Fig. 4.3. It can be seen that the maximum absol ute error 

occurs near to the maximum curvature.  

Table 4 .3  Relative  error on curvature and bending strain reference 

due to nonlinear geometry.  

Hygroexpansive 
strain  

Curvature  
 

Bending strain  
reference  

RMSE  Maximum  RMSE  Maximum  

0.05  0.6%  1.3%  0.9%  1.7%  

0.1  1.3%  2.6%  1.8%  3.4%  

0.15  1.9%  3.8%  2.6%  5.1%  

0.2  2.5%  5% 3.4%  6.8%  

 

The effect on the nonlinear geometry on the bending state cycle can be 

summarized  in Table 4.3 . This table presents the correspondi ng root mean 

square and maximum absolute errors corresponding to  Fig. 4.3. It can be 

seen that the maximum relative error to predict the bending curvature 

increase from 1.3% to 5% w hen increasing the hygroexpansive  strain from 

0.05 to 0.2.  Hygroexpansive s trains  below 0.1 have been reported in [58, 

59] ; in this case, the maximum relative error of both curvat ure and strain 

reference are 2.6% and 3.4 %, respectively. Thus, it is important to 
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emphasize that the followin g discussion on the material nonlinearities 

using the proposed model is restricted to the case of moderate 

hygroexpansive strains actuation ( ‐ πȢρυ, whic h leads to an error lower 

than 5.1 % on both curvature and strain reference. As an example, the 

maximum bending curvature of a slender beam ( l/h =30) experiencing 

different hygroexpansive strains  is illustrated in Fig. 4.4 .  

 

 

Figure 4 .4  Illustration of the m aximum bendi ng curvature of a 

slender  beam exp eriencing hygroexpansive strain 

actuation of a) 0.05, b) 0.10, c) 0.15 and d) 0.20.  
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Figure 4 .5  Water content distribution along ᾀӶ assuming nonlinear 

imbibition using a) n  =0, b) n  =1/4, c) n  =1/2, d) n  =1, e) 

n  = 2 and f) n  =4 for different values of ὸӶ.  

4.3  Material  nonlinearities  

In order to further study the typical  bending response of paper -based 

beams, the nonlinearities rela ted to the three phenomena involve d in the 

problem are individually analyzed in this section. The effects of such 

influences are analyzed using both bending and total strain distribution. 

The first provides an easy  way to  study the geometry of the induced 
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bending state, whereas the former offers information regarding the internal 

strain state of the material.  

4.3.1  Imbibition    

In the case of nonlinear imbibition the exponent n  (refer to Table 4.1), 

which is related to the nonlinear water diffusivity, dictates t he behavior of 

the imbibition. Two major influences of n  on the dynamic imbibition can be 

appreciated in Fig. 4.5. First, it can be seen that the speed of the 

imbibition is reduced as n  increases. Hence, the time response of the 

bending state is extremely dependent on the value of n . For instance, when 

n=0 the homogenous distribution of the moisture is practically achieved at 

ὸӶ=1.27 (see Fig. 4.5 a). In contrast, at the same time  the uptake of moisture 

is around 70% when n=4. Second, it can be noted that the shape of the 

moisture profile is also severe ly influenced by n . It can be seen that the 

moisture profiles change from c onvex (Fig. 4.5a) to concave (Fig. 4.5 f) 

when increasing n . Therefore, it appears that the nonlinear imbibition has 

a strong effect on both the moisture speed of propagation  within the paper -

based beam  and the shape of the moisture profile .   

It is expected  that any material may be characterized by a specific value 

of n . Hence, the influence of the nonlinear imbibition on the bending 

response can be analyzed in  both time domain and the bending  state cycle.  

However, the time response of the problem is also in fluenced by the 

moisture diffusivity constant of the material ( D0).  Thus, an analysis of the 

time response does not provide a clear means to compare the nonlinear 
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imbibition influences. In this regard, the bending state plot is most 

suitable to examine the  response during the bending cycle .  

 

Figure 4 .6  Influence of the nonlinear imbibition on the hygro -

mechanical bending strain state cycle.  

As previously discussed in chapter 3 the bending state plot only 

pro vides a general overview of the geometry imposed by the  combination of 

both hygroexpansive and  the  total strain. The bending state cycle 

corresponding to the nonline ar imbibition cases illustrated in Fig. 4.5  are 

presented in Fig. 4.6 . It can be seen that the initial bending state during 

raising ( ‐Ӷ πȢυ remains unaffected to the nonlinear imbibition. After this 

region, both curvature and bending strain reference are magnified as n  

increases. It should be noted that as n  tends to high values the bending 

state response approaches the LW solution . In other words, using 

Richardsõs theory is it possible to predict the same bending states as those 
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found using molecular diffusion and capillary theory using n=0 and nƂÐ, 

respectively.  

Moreover, it can be no ted that there is a threshold at  which the 

ref erence bending str ain is higher than  the hygroexpansive strain  

actuation . This  point is illustrated as p2 in Fig. 4.6  for n = 2. This 

threshold is only presented for n >0.65 according to the numerical results. 

Fig. 4.6  shows that the m aximum curvature is m agnified f r om 0.965 to 1.5 

as n  increases. Thus, it appears that the nonlinear imbibition play s an 

important role in  the maximum ben ding energy that can be stored i n the 

beam, whic h is proportional to the square  of the bending curvature [146] .  

A further a nalysis of the nonlinear imbibition influence on the hygro -

mechanical bending response may be performed by studying the internal 

strain state of the beam. However, it should be mention ed that the 

measurement of the total strain distribution represents a te chnical  

challenge compare d to the assessment of the bending strain state. The 

distribution of the total strain for the case of the nonlinear imb ibition is 

presented in Fig. 4.7 . It is evident that these plots provide more 

information about the nonlinear ef fect compare d to the bending state.  

The results suggest that the nonlinear imbibition plays a  major  role in  

the total  strain distribution in both raising and decay zone. For the case of 

linear imbibition (Fig. 4.7 a), the paper beam experiences a compressi on -

tension -compression (CTC) state along the axis z during the whole bending 

cycle. This state is form ed by the contours lines  (Ȅ =0). It can be seen that 

the nonlinear imbibition has a strong influence on these contours. Fig. 
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4.7 a-c have only two neutral points, which do not experiences neither 

compression nor tension. However, as n  increases a state with three 

neutral points is i nduced, see Fig. 4.7 d-f. This yields  either a CTCT or  a 

TCTC state .  

In addition, the results suggest that the nonlinear imbibition also 

contributes to an amplification of the maximum total strain during 

bending cycle. The maximum total strain increases fr om 0.1925 to 0.3935 

when increasing n  from 0 to 2. That means that when n = 2 the maximum 

total strain during the bending cycle is amplified almost twice compare d to 

the case of the linear imbibition. For n  >16 the maximum total strain is 

more than 0.98. T his implies that when h aving  high values of n  the 

maximum total strain tends to be equal to the hygroexpansive strain 

actuation, which is in agreement with the case governed by the LW theory. 

Th is  amplification  of the total strain yields to an increment of  the internal 

strain energy, which explains the magnification of the maximum curvature 

in the bending state plot (Fig.4.6).  
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Figure 4 .7  Total strain distribution along ᾀӶ as a function of ὸӶ for the 

case of nonlinear imbibition. The nonlinear effect is 

studied by means of the exponent a) n=0, b) n=0.25, c) 

n=0.5, d) n=1, e) n=2, and f) n =4. Black lines represent  

contours at Ȅ =0. Zones T and C stand for regions 

experi encing tension and compression, respectively.   
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4.3.2  Softening  effect  

The relaxation of the Young modulus of elasticity is expected to have a 

contribution to  the characteristic  bending response. Such contribution can 

be stud ied  by varying  m, which is the Young  modulus ratio between of wet  

and dry  paper, see Table 4.1. This ratio provides similar information as in 

the case of the Timoshenkoõs bilayer theory [153] . It is well known that 

conventional metallic bilayer systems  have usually ratios no more than 

one order of magnitude, and its influence on the bend ing  response is 

minor. However , other bilayer systems such as silicon/PDMS have ratios 

up to  five orders of magnitude;  th en, the effect  of m  becomes more 

important.  In the case of wet  against the dry  paper, Y oung modulus ratios 

of two orders of magnitude have bee n reported in the literature [60] . In 

this section , the relaxation effect s considering values of m up to three 

order of  magnitude are  analyzed.  

The bend ing state corre sponding to the  nonlinear softening effect for 

the case of linear imb ibition is presented in Fig. 4.8 . The results suggest  

that the softening effect has a specific contribution to the bending state 

dia gram. It can be seen in Fig. 4.8  that the softening eff ect on the linear 

imbibition case has a strong  effect on the raising zone of the bending state 

plot . A reduction of the slope in the raising zone is induced by the 

softening e ffect as can be noted in Fig 4.8 . However, the relaxation has an 

almost impercept ible impact on the decay  zone. 
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 In addition, one main difference of the softening effect on both LW 

theory and linear imbibing is the effect on the maximum curvature. The 

maximum  curvature in the case of the LW case only experiences one shift 

on the strain  reference , but it al ways has a maximum value of 1.5 . 

However, for the case of the linear imbibition  the maximum  curvature  is 

reduced by 14% when decreasing m two orders of magnitude. This value 

remains practically invariant if m is further increased as ca n be seen in 

the in set presented in Fig. 4.8 .  It should be mention ed that the effect of 

the weight is not taken into consideration in this formulation. Here , is 

expected that the effect of the weight would become significant for high 

values of m.  Hence,  t he whole bending state diagra m may be different from 

that presented in Fig. 4.8 .  

 

Figure 4 .8  Influence of the nonlinear softening effect  on the hygro -

mechanical bending state cycle. Right -hand  side image 

re presents the magnification of the insert  i -iv .  
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The total strain distribution for the case of the nonlinear softening 

effect is presented in Fig. 4.9. It is evident that the nonlinear softening 

effect has a moderate influence on the neutral axis of the tota l strain when 

the Young modulus of elasticity of wet paper is half of that corresponding 

to dry paper ( m=1). However, when further reducing m the shape of the 

contours ( Ȅ=0) is substantially modified, see Fig. 4.9c - f. Despite this effect, 

the nonlinear softening effect does not induce any modification of the total 

strain state. Moreover, the total strain distribution has the same CTC state 

during the bending cycle for all  the cases presented in Fig. 4.9 a-f. It can 

also be  seen that the maximum curvature experiences a minor shift on 

time compare d to the effect of the nonlinear imbibition.  

Furthermore, the nonlinear softening effect has a major influence on 

the distribution  of the total strain in the rising zone. This effect is 

consistent with the bending state plot in Fig. 4.8. It can be seen in Fig. 

4.9c - f that the distribution of the total strain in the compression zone near 

to the reference level ( ᾀӶ π) is substantially amplified. In contrast, the 

gradient density of the total strain on the other two regions is reduced. 

This can be illustrated with the maximum values of the total strain in 

these zones when reducing m two orders of magnitude corresp onding to Fig 

4.9e. Such a reduction has been reported for filter paper in [60] . In this 

case, the maximum total strain in the tension zone is reduced 44.9%; 

whereas, the maximum negative total strain in the top compression zone is 

decreased 46.0% compared to the case in which m =1.  
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Figure 4 .9  Total strain distribution along ᾀӶ as a function of ὸӶ under 

the influen ce of nonlinear softening . The nonlinear effect 

is studied  by means of  a) m=0, b) m=0.5 , c) m=0.1 , d) 

m=0.05 , e) m=0.001 , and f) m=0.005 . The contours at Ȅ =0 

are represented as b lack  lines . Zones T and C stand for 

regions experiencing tension and compress ion, 

respectively.   
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4.3.3  Hygroexpansive strain  

Nonlinear swelling behavior paper i s the most difficult  to address  

nonlinearities to study  in this investigation . Compare d to the other 

nonlinear influences, nonlinear theories regarding swelling of paper as a 

fu nction of the volumetric water content have not been developed yet. For 

this reason swelling is often modeled as a linear phenomenon when 

dealing with hygroexpansive strain actuation [57 -59] . As previously 

discusse d in chapter 3 other different scenarios could  be studied by using 

a hypothetical  nonlinear hygroexpansive  strain actuation. Further , a 

function f 3 (see Table 4.1) is applied to study such two possible scenarios: 

faster and slower swelling response to mois ture content. Such cases can 

be represented using the exponent p . Here , p < 1 , p=1, p  > 1 stand for the 

faster, linear and slower swelling of paper, respectively.  

 

Figure 4 .10  Influence of the nonlinear  swe lling on the hygro -

mechanical bending state cycle.  
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The effect of the nonlinear swelling on the bending state cycle 

corresponding to the case of linear imbibition is presen ted in Fig. 4.10. It 

can be assumed  that the nonlinear swelling has a strong effect o n the 

maximum curvature of the bending strain state. It appears that fast 

swelling yields to an increment of 5.9% on the maximum  curvature with 

respect to the maximum curvature of the linear swelling ( p=1) when p = 

0.25. In contrast, the results suggest th at slow  swelling induces a 

reduction of the maximum curvature of 8.2% when p = 2. It can also  be 

seen in Fig. 4.10 that the nonlinear swelling effect modifies the slope of the 

decay  zone. In contrast, the slope of the raising  region appears to remain 

unaff ected by the nonlinear swelling. This effect implies that the nonlinear 

swelling only influences the shape of the bending curvature response near 

to the maximum curvature and the decay  zone.  

The nonlinear swelling effect on the total strain distribution is  

presented in Fig. 4.11. The results suggest that a fast swelling yields to a 

modification of both neutral axis and strain distribution similar to the case 

of nonlinear imbibition, see Fig. 4.11a -b. When reducing p  the shape of the 

contours ( Ȅ =0) induces a TCTC state after the maximum curvature occurs 

as can be seen in Fig. 4.11a. In contrast, it is suggested that a slow  

swelling (p > 1) only induced a slight  modification of the strain distribution 

similar to the case of nonlinear softening effect, see Fig  4.11d -e.  
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Figure 4 .11  Total strain distribution along ᾀӶ as a function of ὸӶ under 

the influence of nonlinear swelling. The nonlinear effect 

is studied by means of the exponent a) p=0.25, b) p=0.5, 

c) p=1, d) p=2, and e) p=4 . The contours at Ȅ =0 are 

represented as black lines. Zones T and C stand for 

regi ons experiencing tension and compression, 

respectively.   
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As it was expected the time at which the maximum curvature occurs is 

shifted backward  and forward, for the case of fast and slow swelling 

response, respectively. Compare d to the two previous cases, nonlinear  

swelling does not have a major effect on the maximum total strain. For the 

case of fast swelling response the maximum strain is amplified  8.2% 

compare d to the linear response ( p  =1) when p = 0.25,  while, a reduction of 

13.1% occurs when p = 4. Th ese results are consistent  with  the 

magnification and reduction of the maximum curvature in the bending 

state plot  presented  in Fig. 4.10.  

4.4  Characterization  of the bending  response  

The bending curvature response of the hygro -mechanical bending 

response can be represented by a set of five parameters: ȓ, Ȇ, n, m and p. 

The first two define the time and the amplification scales. Their  

dimensions are [s] and [mm -1], respectively. The last other three 

parameters, which are dimensionless, determine the bending state cycle 

and the total strain distribution o f the paper -based beam. The dependence 

of the physical phenomena occurring in the problem on these five 

parameters is  summarized in Table 4.3. This table  provides a simple 

means to predict the effect of one of the physical parameters on the 

curvature respo nse.  

It can be seen in Ta ble 4.4  that the imbibition has  a strong influence 

not only on the characteristic  bending response but also on the time and 
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amplification scales. For instance, by changing the thickness of the paper 

beam the response yields to the  same bending cycle but different 

amplitude and time scales, which is consistent  with the experimental  

observations in [59] . Such  behavior  is due to the fact that parameters that 

are influenced by the thickness h  are only the ampli fication gain and the 

time constant, while the parameters n , m and p  remaining  invariant to h . 

Swelling,  as an actuation strain source, has a signific ant  influence on the 

amplification curvatur e scale but no  impact on the time scale of the 

problem . Finally , the relaxation constant only influences  the bending state 

cycle as well as total strain distribution; but w ithout any effect on neither  

time nor curvature amplification scales.  

Table 4 .4  Dependence of the five necessary parameters to describe 

the hygro -mechanical response of paper - based beams.  

Phenomenon  † – ὲ ά ὴ 

Imbibition  ṉ ṉ ṉ 
  

Softening   
  

ṉ 
 

Swelling   ṉ  
 ṉ 

 

The proposed model bring s a practical means to characterize the 

bending curvature of paper -based beams. The curvature amplification can 

be determined by measuring the maximum hygroexpan sive strain 

actuation and the thickness of the beam. Both parameters can be easily 

obtained using different techniques such as optical methods. In the same 
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way, the ratio between the wet and dry  Young modulus of elasticity  (m) can 

be determined by performi ng tensile test s such as those conducted 

described in [60] . In contrast, the other three parameters are harder  to be  

estimated due to the lack of experimental methods regarding both 

imbibition and swelling.  However, these parameters  can be estimated by 

minimizing the error with respect to the  experimental results.  

4.4.1  Experimental validation  

In order to validate the performance of the proposed model the 

characterization of  the hygro -mechanical bending of a paper based beam 

studied in [59]  is presented. Consider swelling behavior as linear ( p  = 1); it  

is only necessary t o determine the four remaining parameter s to 

characterize the curvature. The ampl ification curvature can be evaluated 

by using the experimental values provided by the authors  in [59]  for both 

the maximum hygroexpansive strain (0.06 -0.1) and the thickness of the 

beam (91 ȋm). A good estimation of m can be adopted by the experimental 

results in [60] . Those  experiments showed a reduction of two orders of 

magnitude  of m. Thus, n  and  ȓ can  be obtained by minimizing the RMSE 

between the proposed model and the experimental results. Such evaluation 

was performed using the optimization toolbox of MatLab yielding to an  

RMSE  of 0.009 mm -1. The five parameters that describe the bending 

response of  the paper -based beam are  provided  in Table  4.5 . 
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Table 4 .5  Parameters used in the proposed model to describe the 

experimental results presented in [59] .  

Parameter  ὴ ά ὲ – † 

Value  1  10 - 2  1.13  1.52  mm  99.34 s  

 

 

Figure 4 .12  Comparison  of the curvature response using the proposed 

model including nonlinear imbibition with experimental 

results presented in [59] . The RMSE for the proposed 

model is 0.009 mm - 1 . In addition, the attempt  to match 

the experimental result with the model developed in [59] . 

The RMSE for this attempt is 0.120  mm - 1 .  

The comparison of the proposed  model and the experimental results in 

[59]  is presented in Fig. 4.12 . I t can be seen  that the proposed model 

considering the nonlinear imbibition, whose parameters are listed in Table 

4. 5, is in  good agreement with experimental results. Similarly, an attempt 

to match the experimental data  with the model governed by linear 

imbibiti on is also presented in Fig 4.12 . The results suggest that the 



113  |  

accuracy of the proposed model lies in the physical ass umptions of the 

nonlinear imbibition rather than the error minimization  process. The root 

mean square error of the bending curvature corresponding to Table 4.3 is 

0.009 mm -1.   

4.5  Summary   

A better understanding of the problem is achieved by taking into 

consid eration the nonlinear influences involved in the hygro -mechanical 

problem. Such influences were studied looking at both the bending state 

and the total strain distribution during the bending cycle. It was found 

that the nonlinear imbibition plays a crucial  role i n the bending response 

on both curvature and total strain distribution in the whole bending cycle. 

In contrast, it was found that the softening and swelling nonlinearities 

only influence a limited  zone of the bending cycle . The softening effect has 

a major influence in the raising  zone, while the nonlinear swelling effect is 

situated near to the maximum curvature and decay zone.     

The proposed dimensionless novel formulation presented in chapter 3 

provides a simple approach to characterize the hygr o-mechanical bending 

response of paper -based beams. The curvature response can be described 

by means of five parameters. The proposed formulation was tested by 

characterizing the bending response of a paper -based beam presented in 

[59] . The results reveal  a good agreement with experimental re sults 

reported in previous work . 



114  |  

 

Chapter 5  Paper - based hygro - mechanical 

systems  as sensing elements  

The hygro -mechanical response of paper has been studied 

only as a physical phenomenon. Thus, the main objective of  

this chapter consists of taking  advantage of the hygro -

mechanical response of paper to develop PB-HMS sensors for 

physical characterization of aqueous solutions. The feasibility 

to characterize these solutions by means of the dynamic 

bending re sponse of paper is studied in this chapter. A  new 

PB-HMS as a potential sensor  is proposed. It is suggested that 

the characteristic  bending response of the PB -HMS may 

provide crucial information about  certain properties of  the 

tested liquid.  The proposed  PB-HMS is formed using a  

cantilever -droplet design. The b ending response of different 

PB-HMS using different aqueous solutions containing 

methanol, hydrogen peroxide, glycerol,  and sucrose are 

experimentally  tested. The experimental results show the 

sensiti vity  of the proposed PB-HMS  by comparing the  phase 

portrait (bending velocity against acceleration)  of different 

liquids . It is expected that t he final  application of these  PB-

HMS may lead to the characterization of bio -fluids, the 

identification of hazard s liquids and the estimation of 

concentrations  in aqueous solutions.   
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5.1  PB-HMS design  

Authors in [58, 59]  focused on the theoretical study of the hygro -

mechanical response of tracing paper due to its interaction wi th water. 

They provide an explanation of this phenomenon from a physical point of 

view. However, this phenomenon can be exploited to characterize different 

aqueous solutions that are of extremely importance in different areas. For 

instance, determination o f alcohol or sugar content o f commercial 

beverages in  food  industry. In addition, this phenomenon can also be  

applied to characterize bio - fluids as they are water based (i.e. urine, 

saliva,  and blood). Another application may be the identification of 

forbi dd en liquids such as explosives at  safety checkpoints. Hence, it I 

suggested that paper -based hygro -mechanical (PB -HMS) systems could be 

developed to perform these tasks. Based on the analysis perform ed in 

chapter 4 it is expected that the  bending response  of PB-HMS  may be 

applied to  characterize liquids. The design of the PB-HMS for 

characterization of liquids is presented in the following subsections.  The  

design is divided into two stages: conceptual and physical.  

5.1.1  Conceptual design  

Characterization of liq uids can be performed by measuring their 

physical or chemical properties. In this regard, optical properties of liquids 

have been applied to perform characterization of fluids . For instance, 

infrared (IR) and ultraviolet (UV) spectrometers measure the abso rbance of 
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light to characterize one liquid. However,  these spectrometers make use of  

very specialized hardware yielding to high -cost  equipment. In another 

example, refractometers measure the refraction to evaluate the 

concentration of aqueous solutions suc h as sucrose content in beverages. 

The cost of this equipment  is lower than  the one of the  spectrometers due 

to the simplified hardware. However, these tools can be applied to estimate 

the concentration of a known solution but cannot be implemented  to 

perf orm iden tification of liquids. Thus, an interesting  challenge is to 

develop  a method to both characterize and identify liquids with a very low -

cost  of equipment . 

It is suggested that the characterization of liquids can be conducted by 

means of the hygro -mechanical bending response. As previously discussed 

in Chapter 4  the bending state truly depends on the concurrent 

phenomena : imbibition, swelling and softening effects . Such phenomena 

are related to the physical and geometrical properties of the paper -based 

beam. The physical properties could  be classified as those pertaining  to 

both paper and liquid. Although it is difficult  to assess the individual 

influence of each property, it is possible to characterize either paper or 

fluid using the bending response of PB -HMS. Liquid characterization  can 

be performed by using the same type of paper and geometry while using 

different liquids.  

 Let us consider that a given type of paper with a specific thickness is 

applied to develop a PB-HMS . Here, it is evident that t he only way to 

modify the dynamic bending response is by changing  the properties of the 
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liquid. In other words, the sensitivity of the hygro -mechanical bending 

response will truly depend on the liquid . Therefore, the characterization of 

polar liquids  can b e performed by means of the  characteristic  bending 

response  of the PB -HMS . It  is expected that the beam -liquid interaction 

yield s a unique response that may be applied to characterize the liquid. 

However, it is necessary to determine some features such as the beam -

liquid configuration and readout that simplify the operation of the paper -

based device. The rationale of these elements is presented in the following 

subsection.  

5.1.2  Physical design  

From a practical point of view, the beam -liquid interaction mechani sm 

applied in [58, 59] , positioning the paper -based beam on water, represents 

a major drawback as the measurement of the bending response requires 

sophisticated techniques due to the lack of alignment  between the b eam 

and the optical detector. In this regard, an alternative approach  to form  

the PB -HMS  is to deposit a small droplet of liquid on the surface of the 

beam [79] . In this case, a local variation of the water content  that 

selectively modifies the moisture content in the paper -based beam is 

achieved (see Fig. 5.1). This type of moisture source provides an easy way 

to  modify  the m oisture content by using a standard mechanical pipette.  

Another key property that will affect the output of the system are the 

boundary conditions of the paper -based beam, which become crucial  to 

reach a proper measurement of the bending response. In this  case,  a 
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cantilever beam configuration is set as it provides an easy way to  align the 

beam with the optical detector while enabling a large  deflection  response. 

Such large deflection response allows  easy measurement  of the bending 

response. Fig.  5.1 shows the schematic representation of the proposed 

configuration of the paper -based sensing element. In this case,  the droplet 

is positioned at the center of the beams length.  

 

Figure 5 .1  Proposed configuration o f the PB -HMS . The sen sing 

element is a paper -bases cantilever beam of length l  and 

thickness h . The bending response is trigger ed by a small 

droplet  that wets a portion b wet  of the cantilever length .  

An example of the proposed configuration is presented i n Fig. 5.2. Here, 

t he bending response of two paper -based microcantilever  beams due to 

their  interaction with a 1.5 ȋL droplet of distilled  water (1.5 x10 -6 k g) is 

illustrated . One microcantilever beam was fabricated along the machine 

direction (MD) of tra cing paper and the other one along its cross section 

(CD). It was previously found that the tracing paper on water swells up to 

8% in CD, while it does only 1% in MD [58] . For more detail  on the 

characterization of these directions on a rectangular sheet of paper please 
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refer to [144, 148] . After the droplet is deposited on the microcantilever 

surface, the CD microcantilever starts to swell non -homogeneously along 

the thickness producing a curvature in the local wet area. Then, a 

maximum curvature is reached at t å 70s. Although the droplet evaporates, 

the microcantilever beam can achieve  a steady  state curvature (t å 350s). 

In contrast, the MD microcantilever beam remains practically str aight as 

the droplet evaporates suggesting that the weight s of the droplet  and beam 

do not have a substantial influence on the bending response of the CD 

microcantilever . Thus, it is  suggest ed that the proposed PB -HMS offers a 

similar bending response as that analyzed in chapter 3 and 4.  

 

Figure 5 .2  Time lapse side view of paper -based  microcantilever beam 

experiencing hygro -expansion along both cross  (CD) and 

machine (MD) direction.  

5.2  Experimental section  

In order to study the dynamic response of the PB-HMS  two cantilever 

paper -based beams are fabricated  (C1 and C2). The cantilever beam C1 is 

made of tracing paper (Carson® as used in [58, 59] ) and the cantilever C2 

is made of standard  pad paper supplied  by  a local store. The cantilever 
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beams C1 are made using tracing paper as received, while the beams C2 

are filled by soaking the paper with an acrylic resin. This treatment is 

performed  to mimic the structure of tracing paper and to study  the effect 

of particular fluid on the filled resin. The dimensions of the beams are  

presented in Table 5.1.  

Table 5 .1  Propertie s of cantilever beams C1 and C2.  

Cantilever  Paper  
Length  
(mm)  

Width  
(mm)  

Thickness 
(ȋm) 

Treatment  

C1  Tracing  15  1  91  
Used as 
received  

C2  Pad 15  1  30  
Filled with 

acrylic resin  

 

5.2.1  Cantilever beams fabrication  

A set of cant ilever beams (length=15mm, width=1 m m) were fabricated. 

The fabrication procedure is extremely simple as it involves only o ne and 

two steps for the cases  C1 and C2, respectively. The main step  in  both 

cases is the cutting process. This process was performed using a 

commercial electronic pape r cutter (Silhouette Portrait®). This step  process 

requires only a few minutes (<5min) in order to fabricate  more than 100 

microcantilever beams. Fig. 5.3 shows the fabrication process of a 

cantilever beam made of tracing paper. In the case of C2,  the pad paper is 

previously filled with acrylic resin  using a permanent marker  ink.  
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Figure 5 .3  Fabrication process of the paper -based cantilever beams. 

a) A rectangular area is added to the cantilever beam for 

ho lding purposes. b) The design is implemented using 

CAD. c) The paper is placed on an electronic cutter. d) 

The paper -based elements are cut. f) A fabricated paper -

based cantilever beam is compared to the size of a one 

Canadian dollar coin.  

5.2.2  Experimental se tup  for measuring  the dynamic 

response of the PB -HMS  

All the experiments were carried out in a chamber at a room 

temperature at  24°C with a relative humidity of 50%. Figure 5.4a shows 

the experimental setup for the measurements carried out in this chapter.  

The paper -based cantilever beam is placed in a metallic holder as 

illustrated in Fig. 5.4b. Then, a digital microscope (Celestron®) is 

perpendicularly aligned to the cantilever holder to record the motion of the 
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cantilever beam  (Fig. 5.4c ). Finally, the w ater droplet is  deposited on the 

cantilever surface by usi ng a metered pipette (Figure 5. 4d). 

 

Figure 5 .4  Measurements of the hygro -mechanical bending response. 

a) Experimental setup and b) a detail of the c antilever 

h older. c) The  portable microscope and d) the mechanical 

pipette used to deposit the fluid droplet on the  surface of 

the cantilever beam .  

5.2.3  Read-out  of the bending response  

In order to extract the hygro -mechanical dynamic response of the 

system (droplet -cantilever),  a sequence of images was  acquired using the  

digital microscope (Fig. 5.4c). The  portable digital microscope was chosen 

as the read -out of the bending response since they offer specific  

advantages. They are highly available in several  versions and are highly 

portable as they are light weight . Here, it is important to mention that this 

setup can be only functional for those dynamic responses with low 



123  |  

 

frequency compared to the sampling rate  of the microscope. The digital 

microscope has a ma xim um sampling  rate of 30 frames per second (fps) at 

a resolution of 1280 x 960 pixels. The sampling recording rate selected for 

the case of C1 and C2 were 2 and 1 fps, respectively, with a resolution of 

2048 x 1536 pixels.  

5.2.4  Image  processing  

The hygro -mechanical bending response of the paper -based cantilever 

beams was characterized by measuring the ben ding angle Ǹ, which is 

proportional to the curvature of the wetted portion of the beam. Fig. 5.5 

illustrate s the steps involve d in the image  process ing method  to evaluate  

such a bending angle. The images were captured  using a black background 

to facili tate  the image  process. The set of acquired images corresponding to 

one bending cycle is  imported to ImageJ as a stack of pictures . In this 

case,  all the operations in the image  processing method are applied 

simultaneously to all images. These operatio ns perfo rmed in the image  

processing  method  can be summarized as follows:  

i)  The contrast of the images is  enhanced to enable an eas y 

detection of the cantilever beam.  

ii)  The format of the image is transformed  from grayscale  to binary.  

iii)  The clamp and the wetted area ar e subtracted from the images, 

such that two straight segments are clearly defined  
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iv)  The orientation of each  segment  is  measured using the òAnalyze 

particlesó plugin of ImageJ.  

v) Finally, the bending angle is evaluated as the difference of the 

orientation of both segments .  

 

Figure 5 .5  Image  processing method to evaluate the bending angle of 

the paper -based cantilever beam using ImageJ.  

g
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5.3  Dynamic performance  of the PB -HMS  

The measured bending angle response of C 1 and C2 due to their 

interaction with a 1.5 ȋL droplet of distilled  water is presented in Fig. 5.6a 

and 5.6b, respectively. The characteristic  bending response of both 

cantilever beams are similar to that found in [59]  and discuss ed in chapter 

3 and 4 for the case of paper -based beams placed on water. However, it 

can be seen that the steady state bending angle does not come back to the 

initial straight  configuration as reviewed in chapter 3 and 4. This effect 

may be due to the fact  that the mass of both beam and droplet became 

significant for the proposed cantilever beam configuration. These loads 

would play a major role in  the bending response as soon as the softening 

effect occurs . Both cantilever beams yield a similar bending ang le response  

suggesting that this phenomenon is not exclusively presented in tracing 

paper.  

In can be noted in Fig. 5.6a -b that the bending angle response o 

cantilever C1 has a slight deviation when performing several experiments 

(N=7). In contrast, the res ponse of the C2 has a  significant deviation. Such 

effect is reasonable due to the fact that C2 is made of pad paper that has a 

less consistent  quality than the  tracing paper. In addition, the result  may 

be influenced by the filling process. Although this d eviation in the bending 

angle  has been observed , it can be noted that the characteristic shape of 

the response appears to be unaffected. This effect suggested that such a 

deviation  is dominated by the maximum hygroexpansive strain actuation, 
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which only mod ifies the amplitude of the response  without affecting the 

shape of the bending state.  

 

 

Figure 5 .6  Dynamic response of paper -based cantilever beams C1 

and C2. Bending angle response of a) C1 and b) C2. c) 

and d) represent their first derivative with respect to 

time. Time sample recording is  2s and 1s for C1 and C2, 

respectively. In each case the number of experiments 

carried out was N=7.  

To further study the dynamic response of the paper -based cantilever 

beams the first  derivative of the bending angle with respect to  the time, 

namely bending velo city, is presented in Fig. 5.6 c-d. These velocities were 
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estimated from the bending angles measurements using the centered 

differentiation numerical method. It can be  noted that such bending 

velocities can be described as a single oscillation of a very  slow dynamic 

system. It can be seen in Fig. 5.6d that the bending velocity that the 

significant deviation presented in the bending angle is compensated . 

Hence, it can be  concluded that the deviation presented in Fig. 5.6b is 

mainly produced by the amplification effect of the hygroexpansive strain 

actuation rather that effects associated with  either imbibition or softening 

effect. Thus, it is suggested that to avoid deviat ions due to a variation  on 

the hygroexpansive strain actuation , the  bending velocity would represent 

a better choice to characterize the dynamic response of the paper -based 

beams.   

Moreover, the response of C2 is almost twice faster than the one of the 

C1 , which is consistent with the analyses performed in chapter 4. Since 

the thickness of C2 is smaller than that of C1, the imbibition speed 

increases. This increment on the time response induces a proliferation of 

the noise on the bending response. The prop agation of the noise in the 

response of C2 is slightly appreciated  in Fig 5. 6b, and more evident in Fig 

5.6d . Thus, it can be seen that the bending response behaves as any other 

dynamic system but at a very low frequency. Thus the main idea of the 

proposed  sensing principle is to extract information of liquids by means of 

the dynamic features of such similar  system. However, rather than using 

harmonic excitations at high frequencies (~kHz) as conventional dynamic 

microcantilever sensors, the novelty of this  sensor lies in the fact that only 
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one single response at very low frequency (~mHz) is needed to assess the 

measurement.  

5.3.1  Liquid sensitivity  

Another important aspect to be considered  is the sensitivity of the 

paper -based cantilever beam to different liquid s. The feasibly of developing 

PB-HMS sensors  depends on the ir  response  to different liquids .  In this 

regard, the dynamic response of C1 and C2 due to their interaction with 

distilled  water, water -methanol,  and water -hydrogen peroxide are 

presented in Fig 5.7 and 5.8. The binary solutions were prepared at a 

concentration of 20% (v/v) such that the water content  in both solutions  

remain s constant. The second derivative of the bending angle is  also 

presented in Fig 5.7 and 5.8 as they provide an extended mean s to 

evaluate the dynamics response. In Fig. 5.7 it  can be seen that C1 is 

sensitive  to the presence of methanol and hydrogen peroxide at the given 

concentration. The analysis of the response of both binary solutions can be 

performed by taking as reference  the response  of pure water, see Fig. 5.7a -

b.  

 On one hand , the dynamic responses of methanol solution appear  to 

experience  a delay in  the time response as can be seen in Fig 5.7c. This 

effect is more evident if one look s at the bending acceleration in  Fig . 5.7d. 

Here it can be seen that the time duration of the bending acceleration is 

longer  compared  to that of the water response. According to the analysis 

performed in chapter 4,  it is suggested that this effect on the time scale is 



129  |  

 

mainly  dominated by imb ibition. It is also remarkable that the amplitude 

of the acceleration is significantly  reduced compared  to the case of pure 

water. In this case, the reduction of the acceleration may be due to the 

other phenomena including softening and swelling .  

On the o ther hand, the effect on the time response of the hydrogen 

peroxide solution  when comparing with water  appears to be minor. It can 

be seen that the time duration of the bending acceleration is similar to  

both water (Fig. 5.7b) and water -hydrogen peroxide s olution (Fig. 5.7d). 

That means that the imbibition rate is only partially influenced by the 

addition of hydrogen peroxide. Moreover, the maximum amplitude of the 

bending velocity (Fig. 5.4b) for this case is higher compared  to that of 

water. In addition, hydrogen peroxide appears to induce an increment on 

the negative peak of the acceleration from -0.045 deg/s 2 to -0.066 deg/s 2 

when increasing the concentration of hydrogen peroxide from 0% to 20%. 

Therefore, it is suggested that th e cantilever beam C1 is s ensitive  to other 

liquids. The effect of the liquid on the paper -based cantilever beam can be 

associated with  the time response and amplitude of both signals bending 

angle and velocity.  

The dynamic response of the cantilever C2 due to its interaction with  

water, water -methanol and water -hydrogen peroxide is presented in Fig. 

5.8. It can be noted that the bending acceleration (Fig 5.8a -b) produced by 

water is similar to that corresponding to C1. Hence, it is suggested that 

the filling process of C2 has not a significant  influence on the 

characteristic  bending response.  
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Figure 5 .7  Dynamic response of paper -based cantilever beam C1 

under the influence of a -b) water, c -d) water -methanol 

and e - f) water -hydrogen peroxide. The bending velocity 

(Ǹõ) is presented i n  the left column, while  the bending 

acceleration (Ǹõõ) on the right column. Time sample 

recording is 2s,  and bars represent the standard 

deviation for N=7.  
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By adding methanol,  the bending response (Fig. 5. 8c -d) is modified in both 

time response and amplitude. This effect is notable in the bending 

acceleration of the water -methanol solution.  As in the case of C1,  the 

peaks of maximum and minimum acceleration (Fig. 5.8d) are reduced 

almost  to  half of those c orresponding to water (Fig. 5.8b). This implies that 

the three hygro -mechanical response of water -methanol has similar 

behavior for both types of cantilever beams C1 and C2.  

It can be seen that the response of C2 (Fig 5.8e -f) to the water -hydrogen 

peroxid e solution is different from the one found using C1 (Fig. 5.8e -f). 

This discrepancy can be assessed  when comparing the bending 

acceleration of the water -hydrogen peroxide solution with that of the 

water. Here, the bending acceleration has a reduction of th e amplitude and 

a significant increment on the time response compare d to pure water. 

While the bending acceleration of water (Fig. 5.8b) at the 30s  is practically  

equal to zero, the one corresponding to water -hydrogen peroxide (Fig. 5.8f) 

is ~ -0.05 deg/s 2.  In contrast, the time response of both water and water -

hydrogen peroxide are similar when using C1. This results may be related 

to the softening effect since  hydrogen peroxide is chemical ly  active and 

may degrade the acrylic resin filler in C2. Thus, it i s suggested that the 

hygro -mechanical bending response of the paper -based beams is sensitive 

to aqueous solutions.   
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Figure 5 .8  Dynamic response of paper -based cantilever beam C2 

under the influence of a -b ) water, c -d) water -methanol 

and e - f) water -hydrogen peroxide. The bending velocity 

(Ǹõ) is presented i n  the left column, while  the bending 

acceleration (Ǹõõ) on the right column. Time sample 

recording is 1s,  and bars represent the standard 

deviation for N =7.  
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5.4  Portrait signature  of PB - HMS  

As any other dynamic system,  an alternative approach to assessing  one 

influence is to look at the phase portrait. Hence, it is suggested that the 

evaluation of the effect  of any liquid in one aqueous solution may be 

synthes ized  in one phase portrait of the bending velocity and acceleration 

presented in Fig 5.7 and 5.8. These portraits may provide valuable  

information regarding the content of the binary solution. Fig. 5.9 -5.13 

show the phase portrait of the bending response o f the cantilever beams 

C1 and C2 under the interaction of distilled  water, water -methanol,  water -

hydrogen peroxide, water -glycerol, and water -sucrose.  

 

Figure 5 .9  Phase portrait of the dynamic response of t he cantilever 

beams a) C1 and b) C2 under the influence of water. The 

black line represents the phase portrait of the average  

response. Color points represent experimental 

measurements using N=7.  Sample recording is 2s and 1s 

for C1 and C2, respectively.  
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The phase portraits of water (see Fig. 5.9) reveal  that the dynamic 

bending response can be described as a single oscillation of a stable 

dynamic system. It is important to establish that as the bending velocity 

and acceleration were estimated numerically,  the portrait charts begin in 

2s and 4s for C1 and C2, respectively.  Both phase portraits (C1 and C2) 

exhibit similar shape as expected from the time responses in Fig. 5.7 and 

5.8. Hence, the presence of other liquid in a binary solution may be 

studied by  comparing is phase portrait to the one corresponding to pure 

water. The phase portraits of four different binary aqueous solutions are 

presented in the following subsections. The components of such solutions 

are methanol, hydrogen peroxide, glycerol,  and sucrose. The first three 

concentration s were made at 20% (v/v) and the former at 60g/L.  

5.4.1  Methanol  

The phase portraits of the water -methanol  solution are presented in Fig. 

5.10. It can be seen that the presence of methanol yields to phase portrait 

inside the  one corresponding to water. This indicates that the velocity and 

acceleration of the response of methanol are slower compare d to the 

response of water. The reduction of the amplitude of both bending velocity 

and acceleration is a result of the decrease  in  the imbibition rate. However, 

in both cases (C1 and C2) the shape of the portrait is very similar to the 

one of water. This implies that the combination of the swelling and 

softening effects of the water -methanol  solution are similar to the effects of 
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pur e water on both types of beams. In other wor ds, methanol is not 

significantly altering either softening or swelling phenomena.  

 

Figure 5 .10  Phase portrait of the dynamic response of the cantilever 

beams a) C1 and b) C2 under the influence of water -

methanol solution. The black line represents the phase 

portrait of the average response of water. Color points 

represent experimental measurements using N=7.Sample 

recording is 2s and 1s for C1 and C2, respectively .  

5.4.2  Hydrogen peroxide  

Fig. 5.11 presents the phase portraits of the water -hydrogen peroxide 

solution. Hydrogen peroxide is known as an active chemical  material that 

may react  with  different materials including living tissue. It is expected 

that its interact ion with the paper -based beams may produce  a different 

portrait shape. It can be seen in Fig. 5.11a that hydrogen peroxide 

produces a phase portrait outside the one corresponding to water for C1. 

In contrast,  the phase portrait of C2 is inside the referenc e portrait 
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(water). Moreover, the shape of the portrait of C1 is very similar to the one 

of water forming concentric lines. In contrast, the portrait of C2 does not 

form concentric lines with respect the water reference portrait. These 

results  suggest that  the softening effect of both cantilever beams are 

different as the hydrogen peroxide may structurally degrade each beam in 

a different mode.   

  

Figure 5 .11  Phase portrait  of the dynamic response of the can tilever 

beams a) C1 and b) C2 under the influence of water. The 

black line represents the phase portrait of water. Color 

points represent experimental measurements using N=7.  

Sample recording is 2s and 1s for C1 and C2, 

respectively.  

5.4.3  Glycerol  

The phase p ortraits of water -glycerol solutions are presented in Fig 

5.12. Such solution is expected to have specific effects on each beam (C2 

and C2) as glycerol is a hygroscopic substance. Glycerol holds water 

molecules; this effect reduces the evaporation rate. Su ch feature has been 
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applied to slow  the drying process on adhesives and glues [154] . Glycerol 

is often applied as a plasticizer in a variety of materials such as gaskets, 

paints,  and inks to add softness. It is expected that the combination of 

these two properties will lead to a specific phase portrait for each type of 

cant ilever.   

 

Figure 5 .12  Phase portrait of the dynamic response of the cantilever 

beams a) C1 and b) C2 under the influence of glycerol. 

The black line represents the phase portrait of water. 

Color points repr esent experimental measurements using 

N=7.  Sample recording is 2s and 1s for C1 and C2, 

respectively.  

It can be seen in Fig. 5.12a that the portrait phase of C1 is significantly 

smaller in amplitudes compare d to the water reference portrait. However, 

the shape of the phase portrait is different from  that corresponding to pure 

water. Here, the aspect ratio between the velocity and acceleration of the 

water -glycerol solution is outstretched along the velocity axis.  Hence, the 
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glycerol is affecting C1 in a d ifferent way that pure water does on at least 

one of the three phenomena involve d in the hygro -mechanical bending 

response. In contrast, the aspect ratio of the phase portrait associated 

with  C2 is similar to the one of the water reference portrait. Thus, glycerol 

does not significantly modify  the shape of the phase portrait of C2.  

 

Figure 5 .13  Phase portrait of the dynamic response of the cantilever 

beams a) C1 and b) C2 under the influence of sucrose. 

The black line represents the phase portrait of water. 

Color points represent experimental measurements using 

N=7.  Sample recording is 2s and 1s for C1 and C2, 

respectively.  

5.4.4  Sucrose  

Finally, the phase portraits of the water -sucrose solution are presented 

in F ig. 5.13. Similar to previous substances the response the portraits of 

both beams C1 and C2 are dissimilar. While the phase portrait of C1 

exhibits low sensitivity to the presence of sucrose, the phase portrait of C1 
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appears to be more sensitive  with respe ct to the water portrait .  Both 

portraits have similar shape compare d to the one of pure water, suggesting 

that the effect of the sucrose on softening and swelling are comparable to 

those of water. It is interesting to see that up to some extent all the pha se 

portraits are unique, and it is possible to identify the substances 

presented in the aqueous solution using either C1 or C2. However, more 

liquid must be tested to verify the uniqueness of their portraits, and 

eventually develop a database of such portr aits.  

5.5   Summary  

The applicability of PB-HMS  as a sensing e lement to characterize liquid 

i s discussed in this chapter. A PB-HMS  using a cantilever -droplet 

configuration  was proposed. It is interesting to remark that the excitation 

of the sensor is generate d by the interaction of the substrate and the polar 

liquid. In other words, no external power is needed to produce the bending 

response of the sensor. The experimental results using two types of paper -

based cantilever beams (C1 and C2) suggest that the pro posed PB -HMS are 

sensitive  to different aqueous binary solutions.  

The dynamic bending response  of the PB -HMS  may be applied to 

characterize and/or identify binary solutions by means of a phase portrait 

(velocity, acceleration). It was found that same liqu id may have different 

portrait shapes for a different  type of beams depending on their interaction 

with the beam. From the tested fluids,  it was found  t ha t  those containing 
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hydrogen peroxide and glycerol yield  various shapes  when using C1 and 

C2. In contra st, the aqueous solutions that enclose alcohol and sugar 

exhibit similar portrait shape when comparing to the water reference 

portrait but different amplitude scale. Thus it is expected that conditioning 

the paper -based beams with different fillers may enh ance the selectivity of 

the sensing element to be able to detect one specific substance. From the 

phase portraits,  it is suggested that using either C1 or C2 it is possible to 

identify the substance  in the binary solution. It might  also be  possible to 

quan tify the amount of the substance in the aqueous solution . A  

discussion on this matter will be presented in the next chapter.   

Besides  the well -known of advantages of paper -bass systems, low cost 

and highly disposable , one significant  advantage of the prop osed PB-HMS  

is the simplicity of the hardware involve d in the measurements. First, the 

bending response of the paper -based beam is recorded using a portable 

digital microscope. Other digital cameras including webcams or cell 

phones  may be adopted to simpli fy the hardware. Second, the bending 

response is obtained by processing the recor ded images. Although the 

image  processing was performed in open source software, a specialized 

software or smartphone application may be developed to integr ate both 

acquisitio n and image  processing  stages.  
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Chapter 6  Characterizat ion of l iquids by 

means of PB- HMS   

In  the  previous  chapter , it was found that certain liquids  in 

interaction with paper -based beams  yield an  atypical hygro -

mechanical bending response pointed out by  their phase portrait. 

However,  such analysis does not provide the  means to quantify the 

performance of the hygro -mechanical response. In this  chapter  a 

method to quantify the performance of the PB-HMS in order to 

characterize liquid s is proposed. The bending response of the PB -

HMS is approximated using a linear transfer function model that 

determine s an equivalent system. The  dynamic response of PB -HMS 

shows  a similar behavior of  their counterpart MEMS; however, it  

exhibit s a very low frequency response. The results sh ow the 

feasibility of this approach to characterize binary aqueous solution 

using the proposed method. In addition, the analysis of the hygro -

mechanical systems enables  the identif ication of liquids. The 

proposed method promises a good alternative to perfo rm ing  

characterization and/or identif ication of liquids at a very low cost 

compared to other commercial equipment such as refractometers 

and near infrared spectrometers.  
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6.1  Analogy  to high order linear systems  

I t is suggested that representation of the dynam ic  response of PB-HMS  

as an equivalent linear system may provide an alternative approach to 

quantitatively evaluate the effect of different liquids . In this regard, the 

interaction of the paper -based cantilever beam and the liquid droplet can 

be defined t hrough the dynamic response of PB-HMS . This approach  may 

be applied to developed sensors that use  similar well -known phenomena  

such as thermo -mechanical, electro -mechanical, and magneto -mechanical  

interactions .   

Looking at the bending response of PB-HMS presented in  the  previous  

chapter ( Fig. 5.8 ) it is not hard to determine that such responses are very 

similar to well -k n own dynamic systems (i.e. electromechanical systems). 

However, the response of the PB-HMS (beam -droplet) exhibit s a very low 

frequency. T aking as a reference the period of the single oscillation 

describing the bending acceleration presented in Fig. 5.8b, the frequency 

of the system may be estimate d as 33.3 mHz. Such a frequency is very low ; 

it  is two order s of magnitude lower compare d to ty pical mechanical 

systems such as bounce in vehicles and  in  the heart beating  in one adult.  

In the view to represent ing  the bending response of PB -HMS as 

equivalent linear system s, let us assume that the  response  ‚ (bending 

angle, velocity or acceleration)  can be described by means of one  ordinary  

linear  differen tial equation of n th  order under a step input  (u 0) as described 

in Eq. (5.1).  
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The coefficients of Eq. 5.1 can be easily obtained using experimental 

data  and  applying optimization algorit hms. The approximation of such 

coefficient was performed by means of the identification toolbox of 

MatLab®. The parameter setting to carry out the system identifi cation are 

summarized in table 6 .1.  

Table 6 .1  Parameter setting applied on the hygro -mechanical 

system identification.  

Parameter  Value  

Estimation  
Transfer function 

model  

Initial condition  Zero  

Initialization method  IV  

Search method  
Gradient search 

(grad)  

 

Table 6 .2 shows different attempts to fi t the experimental results of C2 

under the influence of water. The accuracy  of the approximation in this 

toolbox is measured by the òfitó, which is  the normalized root mean square 

error and is defined as:  
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5.2  

where Y represents the experimental amplitude of the bending 

acceleration, Y p stands for the  value of the output of the  transfer function , 

and ὣ denotes the mean value of the measured  signal. In the case of 

Вὣ ὣ π a perfect match of 100% i s found.  

Table 6 .2  Fits values of the different identified hygro -mechanical 

systems .  

Transfer 
function  

Number 
of poles  

Number 
of zeros  

fit  

H 1(s) 2  1  38.15  

H 2(s) 2  2  72.62  

H 3(s) 3  1  73.73  

H 4(s) 3  2  83.16  

H 5(s) 3  3  91.69  

H 6(s) 4  1  87.84  

H 7(s) 4  2  46.29  

H 8(s) 4  3  42.6  

H 9(s) 4  4  98.83  

 

From table 6 .2 it can be seen that the two best fits are obtained when 

using the H 5(s) and H 9(s) systems, which  fits are 91.69% and 98.83%, 

respectively. The comparison of both systems  responses with respect to the 

experimental bending acceleration is  presented in Fig. 6 .1. Fig. 6 .1a  

reveals that both systems provide good accuracy. The corresponding 
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absolute errors of both approx imations are presented in Fig. 6 .2b. Here, it  

is shown that these errors are well  distributed along the time span . 

 

Figure 6 .1  Comparison of the estimated transfer function H 5 (s) and  

H 9 (s) with the experimental acceleration of cantilever C2 

under the i nfluence of distil lated water. a) Time response 

signals  and b) absolute errors.   

Although H 9(s) provides the best fit it is suggested that H 5(s) should  be 

used  to model  the response of the PB -HMS  for two reasons. First, H 5(s) has 

onl y three poles, which m akes easier  the analyses of the hygro -mechanical 

system. Second, the transfer  function  H 5(s) provides a good approximation 

in the dominant part of the acceleration response ( t<30s), but exhibits 
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some  discrepancy near to 40s (see Fig. 6 .1a). However, this a pparent 

oscillation behavior of the acceleration appears to be irrelevant  as it may 

be due to noise rather than the dynamic response of the PB-HMS . This can 

be appreciated in Fig. 5.8 where the average of the bending acceleration 

measurements (N=7) compens ates such oscillation behavior.  Thus the 

generic structure of the  transfer function of the PB -HMS is de fined  as:  

Ὄί
ὄί ὄί ὄί ὄ

ί ὃί ὃί ὃ
 

5.3  

The PB-HMS  described by H 5(s) can be represented as one pair of 

complex eigenvalues (poles) and another one real. This  transfer function  

structure is in concordance  with the experimental data as one pair of 

complex  poles  is needed to describe their oscillatory behavior. Moreover, 

all the approximations p erformed in this chapter yield  the same transfer 

function structure. Thus, the conventional frequency analysis of l inear 

systems theory can be performed once the transfer function is estimated.      

6.2  Frequency analysis  

As in the case of  the  dynamic  response of MEMS [61] , PB-HMS can also 

be utilized  to analyze  liquid s. The most common way to investigate  the 

dynamic response of the hygro -mechanical sy stem is to analyz e the  Bode 

plot. The B ode plot of the e xperimental data shown in Fig. 6 .1, which 

includes magnitude an d phase, is presented in Fig. 6 .2. Here, it can be 

seen that the hygro -mechanical system exhibit a very low frequency 
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response (mHz) whic h is almost six orders of magnitude lower that of 

typical microcantilever sensors  (kHz) [15 5] . Perhaps the main parameter to 

characterize the performance of the hygro -mechanical system is to 

evaluate the resonance frequency ( fr ), which represents  the excitation 

frequency that maximized the gain of the system. This maximum gain is 

known as gain peak ( Gp) and is often expres sed in dB as presented in Fig. 

6 .2.  

 

Figure 6 .2  Bode plot of the identified hygro -mechanical system 

corresponding to Fig. 6.1 a) magnitude and b) phase. 

Both resonance and cross over frequencies are il lustrated 

along with their respective gains peak and margin.  
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Thus, an alternative approach to characterize the hygro -mechanical 

system is to evaluate the shift of fr  as the composition of the binary 

solution is modified. Such method  has been applied to characterize the 

performance of microcantilever beams sensors [61, 155] . In addition, one 

may also look at the Gp of the system in order to obtain further 

information about the performance of t he system. Furthermore, an other 

parameter  that describe s the performance of the system may also be  

applied to quantify the response of the system. In the next subsection , a 

description of the stability analysis is presented in order to investigate  the  

dyna mic response of PB -HMS .  

 

Figure 6 .3  Close loop configuration of the hygro -mechanical system 

under a proportional gain K .  U(s) and Y(s) stand for the 

step input and the virtual bending acceleration, 

respecti vely.  

6.2.1  Stability  

From Fig. 6 .1 it can be seen that the step input response produces a 

stable response of the hygro -mechanical system. However, it is possible to 

perform virtual experiments to the identified hygro -mechanical system to 

evaluate its performa nce. In other words, one may evaluate  several virtual 

bending acceleration s under different hypothetical scenarios. One of this 
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possible scenarios is the close loop configuration of the hygro -mechanical 

system, which is usually applied to co ntrol similar s ystems, see Fig 6 .3.  

Here, the stability of the system may be studied by means of the root locus 

of the system. Fig. 6 .4 shows the root locus plot corresponding to the 

hygro -mecha nical system presented in Fig. 6 .1. This plot shows the 

movement of the poles  of the system as the proportional gain K increases. 

Here, it can be seen that complex poles tend to move to the positive side of 

the real part, which is kwon as the instable zone. It was found that the 

hygro -mechanica l system identified using Fig. 6 .1 rem ains stable for 

K<6.72; and, any other higher gain would induce instability.  

 

Figure 6 .4  Root locus plot of the hygro -mechanical system presented 

in Fig. 6 .1.  

In order to illustrate the instability of the c lose loop hygro -mechanical 

system,  Fig. 6 .5 shows the step response in  the  time  domain of such a 

system under two different gains K=6 and K=7. It can be seen that the 
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virtual bending acceleration for K=6 is still stable, but when increasing to 

K=7  the syst em becomes instable.  

The stability study can be performed by means of the parameters 

extracted from the B ode plot known as gain margin ( Gm). According to 

Nagurka and Kurf ess [156] , the  gain margin is defined as òthe number of 

decibels by which the magnitude of the open loop frequency response falls 

short of unity when the phase angle is 180 ó. The frequency where the phase 

angle is 180 degrees is often known as  crossover f requency. The 

corresponding gain margin and crossover frequency of the hygro -

mechanical system under discussion are illustrated in the B ode plot 

presented in Fig 6 .2. Both parameters may be taken into consideration to 

quantify the performance of the hygro -mechanical system.  

 

Figure 6 .5  Virtual bending acceleration due to a step input of the 

close loop system exhibiting stable and instable behavior 

for K=6 and K=7, respectively.  
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6.3  Characterization of binary aq ueous solutions  

In order to assess the feasibility of the quantification of the dynamic 

response of PB -HMS  two different binary aqueous solutions are studied in 

this section. The first is made from  methanol at different concentrations 

10 %, 20 %, 30 %, and 4 0% (v/v).  The second solution is  form from sucrose 

at the following concentrations: 30 g/L, 60 g/L, 90 g/L, and 120 g/L. Both 

solutions were made using distill ed water and the experiments were 

carried out according to the description presented in chapter 5. Paper -

based cantilever beam C2 was chosen to perform the experiments since it 

provides a faster time response (~ 60s ) compare d to that of the cantilever 

C1 (~120s). All the hygro -mechanical systems corresponding to these 

aqueous solutions were estimated using the identification toolbox of 

MatLab using t he setting summarized in Table 6 .1.  

6.3.1  Resonance frequency  

 The simplest parameter to correlate the concentration of the aqueous 

solutions is the resonance frequency of the  hygro -mechanical system. This 

param eter has been extensively applied to characterize the performance of 

MEMS  such as cantilever beam s, bridges , and membranes. Fig. 6 .6  shows 

the correlation between the concentrations of both aqueous solutions  with 

respect to the resonance freq uency (fr ). Here, the standard deviation of the 

resonance frequency is  relatively high. As discussed in  chapter  5  this 

source of deviation may be due to the quality of  the  paper  and/or the 
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filling process of the acrylic resin. It can be seen  in Fig. 6 .6a that the 

resona nce frequency decreases as the methanol concentration increases. 

In contrast, the fr  of the sugar solutions exhibits a very low sensitivity to 

the increment of sucrose content. Thus, it is suggested that the fr  of the 

hygro -mechanical system would be not s uitable to estimate the 

concentration of the binary solution.  

 

Figure 6 .6  Characterization of water -methanol solutions by means of 

the resonance frequency a) methanol, and b) sucrose 

solutions (N=7).  
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6.3.2  Gain m argin  

In addition to the resonance frequency  the stability analysis may also 

be performed. The margin gain s of all the identified hygro -mechanical 

systems were  estimated. It was found that the sensitivity of the close loop 

hygro -mechanical system becomes m ore robust as the water content in the 

binary solution decreases. Although the stability study  does not represent 

any physical response of the hygro -mechanical system, this behavior is 

consistent with the fact that the motion of the system is triggered by 

water. In other words, less water content would lead  to a more stable 

hygro -mechanical system. Moreover, it was found that the relationship 

between the gain margin and the concentration of the solutions is almost 

linear.  

Fig. 6 .7a presents the gain margin  of the hygro -mechanical systems 

corresponding to the water -methanol solutions. The gain margin increases 

almost linearly with respect to the methanol  concentration.  A comparison 

wit h  the characterization of the methanol solutions by means of the 

refracti on index is presented in Fig. 6. 7b. The refraction indexes were 

measured with a digital refractometer  (DR 301 -95 , K ruess ®). This 

instrument is one of the most common equipment  to characterize aqueous 

solutions by  means of it refraction index. The gain marg in relationship 

with the methanol concentration is similar to that corresponding to the 

refraction index. Hence, it is suggested that this parameter may be applied 

to characterize the conce n t r ation of the water -methanol solutions.  
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Figure 6 .7  Characterization of water -methanol solutions by means of 

a) hygro -mechanical system using its gain margin (N=7) 

and  b) refraction index via a digital refractometer  (N=7) .   

The gain margin of the hygro -mechanical systems  corresponding to 

water -sucrose solutions and its comparison with the index refraction 

characte rization are presented in Fig. 6 .8. The gain margins of the sugar 

solutions exhibit a similar trend as the case of methanol solutions when 

increasing their conce ntration. However, the standard deviation of the gain 

margin measurements is  higher compare d to those obtain ed for methanol 

solutions. Furthermore, the margin gain appears to be sensitive to both 

aque ou s solutions (methanol and sucrose) compare d to the res onance 

frequency that showed good sensitivity to methanol solutions  only . 
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Figure 6 .8  Characterization of water - sucrose solutions by means of 

a) hygro -mechanical system using its gain margin (N=7) 

and  b) ref raction index via a conventional refractometer  

(N=7) .  

The sensitivity associated with  the characterization water -methanol and 

water -sucrose solutions using both gain margin and index refraction 

detection is presented in Table 6.3. As can also be  seen in Fi g 6.7 and 6 .8 

the hygro -mechanical system is more sensitive to the methanol solutions 

than to the sucrose solution within the concentration ranges. For these 

ranges  the sensitivity of methanol  solutions  is almost six times higher 

than that corresponding to  the sucrose  solutions . In contrast, for the case 

of the characterization using the index refraction both solutions exhibit  a 

similar  sensitivity for the given range of concentrations. It is expected that 

the sensitivity of sucrose solution may be increase d by modifying the type 

of paper and/or the filling polymer.  
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Table 6 .3  Sensitivity of tested binary aqueous solutions using both 

gain margin and index refraction by means of PB- HMS  

and refractometer, respecti vely.  

Aqueous 
solution  

PB-HMS  Refractometer  

Methanol  0.4425 dB/%  0.0002 nD/%  

Sucrose  0.0781 dB L/g  0.00015 nD L/g  

 

It can be seen in Fig. 6.7 and 6 .8 that the deviation of the gain margin 

(Gm) is extremely high compare d to that of the index refraction ( nD ). 

However, considering that the design of the paper -based cantilever beams 

can be enhanced it is expected that this drawback may be minimized. 

Despite the associated drawbacks on the prelaminar results such as high 

deviation and low sensitivity to sucro se solutions, it is expected that the 

measurement of the gain margin may be applied to characterize binary 

aqueous solutions.  

Moreover, the characterization of liquids by means of the hygro -

mechanical systems has some advantages  against conventional 

refrac tometers. First, the sample volume to perform the characterization is 

remarkably small.  The required volume to characterize a liquid using the 

hygro -mechanical detection is 1.5ɛL, three orders of magnitude smaller  to 

that necessary to measure the index refraction using digital  

refractometers.  Second, the hygro -mechanical characterization eliminates 

the cross contamination as the sensing elements are disposable. These 
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features ma y be of interest in biological applications, where the volume of 

biohazard analyte is  examined using small volumes, usually in the range 

of ɛL.  

6.4  Liquid identification  

Perhaps one of the most significant advantages of the proposed sensing 

method is that it provides a frequency spectrum rather than one single 

measurement value such as the refraction index using commercial 

refractometers. In this case one can describe the performance of the hygro -

mechanical system by using more than one variable. It is suggest ed that 

this property may be exploited to perform accurate identification of specific 

liquid s, which represents  one drawback of the commercial refractometers.  

In this section  the analysis of the dynamic performance of the hygro -

mechanical system with the aim to identify liquids is presented. To 

illustrate this principle  the identification of hydrogen peroxide is 

discussed. Detection of hydrogen peroxide is of interest is safety areas as 

it can be used to produce powerful liquids explosives in combination t o 

several combustible substance s [157] .  

6.4.1  Identification chart  

In chapter 5 it was shown that hydrogen per oxide yields to a different 

phase portrait compare d to other three substances (methanol, glycerol , 

and sucrose) when using the paper -based cantilever beam C2. This effect 
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was attributed to the corrosive interaction of hydrogen peroxide with the 

acrylic res in filler. Although the phase portrait indicate s a clear difference 

of the hydrogen peroxide portrait compa red to the other substance, it is 

not possible to estimate how different the portraits are. In this regard, 

both gain margin and  crossover frequency represent  good alternative s to 

quantify the discrepancy between hydrogen peroxide and the other three 

substances  in water solutions .  

 

Figure 6 .9  Identification chart (crossover frequency against gain 

margin ) of hydrogen peroxide aqueous solutions. 

Hydrogen peroxide (N=21) exhibit a different trend 

compare d  to the methanol, sucrose and glycerol solutions 

(N=70).  

One alternative to identify liquids is to look at the relationship between 

the crossover frequency  and the gain margin. The plot of this relationship 
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using the data from  the  previous  section (water -methanol and water -

sucrose solution) is presented in Fig. 6 .9. It can be seen that the all the 

points related to these aqueous solutions collapse in a singl e path. 

Moreover, the corresponding points of water -glycerol solutions (10% and 

20% v/v) follow a similar trend. In contrast, the results of the hydrogen 

peroxide solutions show  a different tendency. This behavior is consistent 

with the phase portrait anal ysis presented in chapter 5. Thus, it is 

suggested that such  plot can be used  as an identification chart.  

Based on the identification chart PB-HMS  can be classified into two 

categories according to their dynamic behavior: typical and abnormal. In 

the first  group are those substances that do not sever ely modify the 

dynamic response  of PB -HMS ; in this case, these substance s are methanol, 

sucrose, and glycerol. In the identification chart  all of these substances 

collapse in  a linear  path ( R2  = 0.877), which ca n be used as a r eference line 

(see Fig. 6 .10). In the second group are liquids that significantl y alter the 

dynamic performance  of the PB-HMS . The location of these liquids in the 

identification chart is distant from the reference line. For the tested liqu ids 

using paper -based cantilever beams C2 it was found that only hydrogen 

peroxide belongs to this category.  

Furthermore, the proposed identification chart allows the quantification 

of how different the abnormal hygro -mechanical systems are compared to 

th e typical ones. This task can be carried out by measuring the distance 

from the reference line to the characteristic point A ( fcA, GmA) of a 

particular hygro -mechanical system. The schematic representation of this  
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distance is presented in Fig. 6 .10. Consid ering that the reference line can 

be represented as:  

 

Ὃά τρȢψχρρȢυχρὪὧ 6 .4  

the distance d  can be estimated using Eq. 6 .5. Here, a negative and 

positive value of d  represent one point above and below the reference line, 

respectively.  

 

Figure 6 .10  Sematic representation of the distance from the reference 

line to a characteristic point A ( fc A , GmA ) of a given 

hygro -mechanical system.  

 












































































