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ABSTRACT

On the computation of p-adic theta functions
arising from the Hurwitz quaternions

[sabella Negrini

The aim of this thesis is to give an efficient method to compute a certain theta function
©(a,b; z), up to a given p-adic precision n. The function O(a,b; z) arises from the Hurwitz
quaternions and is meromorphic on the upper-half plane. We will first discuss a "naive”
method to compute O(a, b; z) and, by counting Hurwitz quaternions of a given norm, we will
show that this method is not efficient. We will then develop some recursive relations for the
Hurwitz quaterions, which will be the fundamental tool to describe a more efficient way to
compute O(a, b; z).
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1 Introduction

Theta functions have been studied in general by Gerritzen and van der Put in [GvdP80]
and [vdP92]. In this thesis, we are interested in a particular Theta function O(a,b;z) on
the p-adic upper-half plane H,. This function is defined as a certain infinite product whose
factors depend on Mobius transformations given by Hurwitz quaternions on #H,. To define
O(a, b; z), it will be necessary to study the structure of #,. In particular, the correspondence
between the Bruhat-Tits tree 7 and H, will be fundamental to prove the convergence and
meromorphicity of O(a,b; z), because knowing how the elements of PGL3(Q,) (and hence
the quaternions) act on 7 will give us information on how M&bius transformations move the
points of H,.

Our final goal is to compute O(a,b;z) to a given number of p-adic digits. The most
intuitive method to approximate O(a, b; z) is probably to multiply as many factors of the
infinite product as possible. To do this, we will need to define a filtration of the group I'
on which the infinite product is indexed. Then we will be able to approximate O(a,b; z)
by finite products ©,(a, b; z) with an increasing number of factors. However, this method
is not efficient, because the number of operations to do grows exponentially in the desired
precision. To see this, we will need to count the Hurwitz quaternions of a given norm. This
will be done using the Theta function 6 associated to the lattice of Hurwitz quaternions
(using the same techniques that are used to prove Jacobi’s four-square theorem with modular
forms).

To overcome this problem, we will find a recursive formula for ©,,(a, b; z). In this case, the
number of operations involved grows polynomially in the desired precision, so applying this
formula is better than multiplying all the factors defining ©,,(a, b; z). To write the formula,
we will first need to understand how to write recursively the Hurwitz quaternions of norm
p", which will be done by studying the factorizations of such quaternions.

This thesis represents a preparatory study for the author’s PhD work, during which the
function ©(a, b; z) should be actually computed (implementing the algorithms in Sage) and
these topics will be studied in more depth.

The thesis is organized as follows:

In Chapter 2, we will study the Hurwitz quaternions and find the recursive relations
needed to compute O(a,b; z) efficiently. These relations have been checked for some small
primes p and n using Sage. (The function _find_ elements_in_order of the Sage package
BTQuotients by Franc and Masdeu is used in our code).

In Chapter 3, we recall some properties of Theta functions associated to lattices, we
show that the function 0 is a weight two modular form of level I'y(4) and we use its Fourier
expansion to count the Hurwitz quaternions of given norm.

In Chapter 4 we study the p-adic upper-half plane, with particular emphasis on its cover
by affinoids. We also introduce the Bruhat-Tits tree and sketch the construction of the
reduction map from H, to the tree.



In Chapter 5, we finally define the function ©(a,b;z), we show its convergence and
meromorphicity, and we compare the two methods to compute it.



2 Hurwitz Quaternions

In this chapter we study the Hurwitz quaternions, which will be used in Chapter 5 to define
the theta function ©(a,b;z). In particular, our aim is to state some recursive relations for
the Hurwitz quaternions. This relations will be used at the end of Chapter 5 in order to find
an efficient method of computing O(a, b; 2).

2.1 Factorization

Every Hurwitz quaternion can be written as product of irreducible quaternions, but the
factorization is not unique. In this section we show how different factorizations of the
same quaternion are related to each other. Knowing when two factorizations give the same
quaternion will be a fundamental tool in the next two sections. The main references for this
section are [CP12] and [CS05].

Definition 2.1.1. Let B = Q+ Qi 4+ Qj + Qk be the algebra of Hamilton quaternions. The
conjugate q of a quaternion ¢ = a+bi+cj+dk is defined as ¢ = a —bi —cj —dk. The norm
and the trace of q are

Nm(q) =qi=d*+V+F+d*> and Tr(q) =q+q=2a.

Moreover, if AC R, we write A={a|a€c A}.
It is easy to see that ¢1¢z = @21 and Nm(qi1q2) = Nm(q1)Nm(ge).
From now on, we will work in the ring R of Hurwitz quaternions, that is:

i
R:Z{i’j’k’wl

2

Proposition 2.1.1. R is the ring of all Hamilton quaternions whose coordinates are either
all integers or all half-integers, that is:

R:{cH—bz'—l—cj—l—dk

1
a,b,c,d e Z  or a,b,c,d€Z+§}.

Proof. An element of R is of the form

o l+i+j+k\ d dy . ay . d
a+bz+cy+d(#)—§+(a+§)z+(c+§)]+(b+§)k‘,

so we see that its coordinates in the basis { 1,4, j, k } are all integers if d is even, while they
are all half-integers if d is odd.
O



Proposition 2.1.2. The units of R are given by

tl4it+j+k
szz{jﬂﬁi@jgﬁth ') }.

2

As a group, R* is isomorphic to the tetrahedral binary group, that is a central extension of
Ay by a group of order 2

Proof. Tt is easy to see that if ¢ € R then Nm(q) € Z>o. Indeed, if we let ¢ = a + bi + cj +
d (W), then:

& N (2a + d)? N (2b + d)? N (2c + d)?
4 4 4 4

~ Aa®+ 0+ A+ &P+ ab + ac+ ad)
= 1 ,

Nm(q) =

From this and the fact that the norm is multiplicative we have that ¢ € R is a unit if and
only if Nm(q) = 1. Clearly, the only ¢ € R with Nm(q) = 1 and integer coordinates in the
basis { 1,1, j, k } are +1, i, =7, £k. Then, since the only way to write 1 as a sum of squares
of four half-integers is 1 = % + }1 + }l + i, we have that the only ¢ € R with Nm(q) = 1 and
integer coordinates in the basis { 1,4, j, k } are % Now, the center of R* is the group
C = {£1}. If we denote by G the quotient

G:F,

then the sequence
1-C—-R"—-G—1

is exact, so R* is a central extension of G by C. We want to show that G is isomorphic to
Ay. By Sylow theorems, G has either one or four Sylow 3-subgroups. Moreover, it’s easy to
see that G has eight elements of order three, so we see that G has four Sylow 3-subgroups.
Then, G acts on the set of its Sylow 3-subgroups by conjugation, so we have a map

f — S4.
For any Sylow 3-subgroup P, we have
Stabg<P) = P,

so the kernel of f is the intersection of all Sylow 3-subgroups, hence f is injective and G
is isomorphic to a subgroup of S;. But the only subgroup of order 12 of Sj is Ay, so G is
isomorphic to Ajy. m

We now introduce the notion of primitive quaternion, which will be used repeatedly in
Section 2.2.



Definition 2.1.2. If a Hurwitz quaternion q is of the form q = nq' for some n € 7Z, we
write n|q. We say that q is primitive if it cannot be written as ¢ = nq’ with n € Z.

The following lemma will be used to prove results about the factorization of quaternions.

Lemma 2.1.1. Let Q, P, B € R with Nm(P) = p and p|QPB but pt QP, then p|PB.

Proof. Consider the right ideal I = PR+ BR. Then it must be I = aR for some o € R and
we see that o cannot be a unit, because otherwise we would have

1 = Pa+ Bb for some a,b € R,

but this implies )
QP =QPPa+ QPBD,

so p|@QP, which is not possible. But then, since P € I and Nm(P) = p, we have Nm(a) = p
(by the multiplicativity of the norm) and so a = Pe for some unit e. This tells us that
B = Pw for some w € R, hence pw = PPw = PB, so p|PB. ]

Remark 2.1.1. In the same way, we can prove that if p|QPB but p t PB, then p|QP. To
prove it we use the same argument used in the proof of Lemma 2.1.1, but we consider the left
ideal I = RP 4+ RQ = Ro, and we multiply by PB on the right the equation 1 = aP + bQ
to show that « is not a unit. The rest of the proof is analogous to what we have seen above.

Theorem 2.1.1. If q is a primitive Hurwitz quaternion and Nm(q) = p1...p, is a fixed
factorization of Nm(q) as product of prime numbers, then q can be written as ¢ = Py ... P,,
where P; € R are such that Nm(P;) = p; fori=1,...n.

Proof. We proceed by induction on n. The case n = 1 is clear. Now we assume that the
statement holds for n — 1 and show it holds also for n. Consider Nm(q) = p; ...p, and the
left ideal I = Rq + Rp,. Then I must be principal I = RP, and since p, € I, we have
Nm(P)|p2. But Nm(P) # p?, otherwise we would have P = p,e for some unit €, but then
Pnlq, which is not possible because ¢ is primitive. Moreover, Nm(P) # 1, otherwise it would
be 1 = aq + bp,, for some a,b € R, so by ag = 1 — bp,, we would have that p, 1 Nm(q), a
contradiction. So we see that Nm(P) = p,. Now let P, := P, clearly we have ¢ = ¢'P,
for some ¢ € R (because ¢ € I). But ¢ is primitive and, by induction hypothesis, it has
a factorization ¢ = Py ... P,_1, where P; € R are such that Nm(P;) = p;. So we see that
g = P, ... P, and the proof is complete. O



Theorem 2.1.2. The factors in Theorem 2.1.1 are unique up to multiplication by units, i.e.
ifg=P,...P, and g = P]... P! are two factorizations of the same quaternion q, then there
are some units €y . ..€,_1 such that:

Pll = P1€I1

P2/ = €1P262_1

P/ P -1
n—1 €n—2ln—1€,_1

P, = Enflpn.

Proof. We proceed by induction on n. The case n = 1 is trivial. Now we assume that the
statement holds for n — 1 and prove it for n. If ¢ = P,... P, and ¢ = P|... P are two
factorizations of ¢ where Nm(FP;) = p;, then:

P,...P,P,=P]...P P,

S0: B
ol (P Py y) By P,

which implies p,|P’,P, (by Lemma 2.1.1 and the fact that ¢ is primitive). Hence, since
Nm(P,) = Nm(P!) = p,, we have:

P'P, = ep, = P, P,

for some unit €, so P, = e¢P, and P,... P, 1P, = P/...P,_eP,. Now we can use the
induction hypothesis on Py ... P,_y = P/ ... P,_ € to see that :

P} = Pt
PQI = €1P2€2_1
/ —
Pn_1€ = En,QPnfl.

So it suffices to let €,_1 := € to have P! | = ¢, 9P, _1¢,,', and P! = ¢,_1P,. This completes
the proof. O

Now we study the factorization of a non-primitive quaternion g. For our purposes, we
can restrict aur attention to the case where the norm of ¢ is the power of a prime number.

Definition 2.1.3. A quaternion q is said to be p-pure if ¢ = p" fore some prime number p
and some integer n > 1.

Proposition 2.1.3. If q is a non-primitive, p-pure quaternion and a factorization for q is
q=Py...P,, then p|P,_1P; for some i with 2 <1i < n.

Proof. 1f p| P,,_1 Pn the statement holds. Otherwise, let i be an integer such that pt P;... P,
but i|P;_1P;...P,. Clearly, i > 2 since q is non-primitive. Then by Remark 2.1.1 we can
conclude that p|P,_1 P;. O



The next lemma will be used in the following section.

Lemma 2.1.2. If q is a non-primitive, p-pure quaternion of norm p", then there is a fac-
torization ¢ = Py ... P, such that p|P,_1P,.

Proof. We proceed by induction on n. If n=1, then ¢ must be primitive, so we start with
n = 2, in which case the statement is clear. So now we assume that the statement holds for
n—1 and prove it for n. We can assume p{ P» ... P, (otherwise the thesis would immediately
follow by induction hypothesis). So by Lemma 2.1.1 we have p|P; P, (because p|q). This
means that P, P, = pe = P, P,e for some unit €, thus P, = Pie. So we have:

q = P1P2P3...Pn

= P1P16P3...Pn
= PP P,...P, (where Pj=¢ePs)
= P,P'P;...P,.
But p\Pgng ... B,, so the thesis follows by induction hypothesis. H

Corollary 2.1.1. In the same hypothesis of lemma 2.1.2, we can assume P, 1P, = p if
n > 2.

Proof. Since Nm(F;) = p and p|P,_1P,, we have P,_; P, = ep for some unit €, so by letting
P!, = P,_s¢, we get a new factorization ¢ = P/ ... P) with P, P, = p. O

Remark 2.1.2. In the same hypothesis of Lemma 2.1.2, we can prove that there is a fac-
torization ¢ = Py ... P, with p| P, P> and furthermore we can assume P, P, = p if n > 2. The
proofs are analogous to the ones of Lemma 2.1.2 and Corollary 2.1.1.

We saw that the factorization of a primitive quaternion ¢ is unique up to multiplication
by units. Things are a bit more complicated if ¢ is not primitive, i.e. if ¢ = p*q¢’ with ¢
primitive, because we have also to take into account the fact that p can be factored in many
ways. For example p = PP, = P,P,. Following [CP12] and [CS05], we call this process
recombination.

Definition 2.1.4. If p is a prime number such that p|q and Py, Py are quaternions such that
Nm(P) = Nm(P) = p, then we call recombination the process of substituting p = P, P,
with p = Py Py in the factorization of q.

Theorem 2.1.3. The factorization of a non-primitive quaternion q with Nm(q) = p™ is
unique up to recombinations and multiplication by units (in the sense of Theorem 2.1.2).



Proof. We proceed by induction on n. We start from n = 2 (if n = 1 then ¢ is primitive).
If Nm(q) = p?, then ¢ = pe for some unit €. Let ¢ = PP, and ¢ = P|Pj be two different
factorizations of ¢q. Then:

q = PPy = P Pe
== P1P2:P1/P1/€,

so P, = Pje and P2’:]51,e. But then
q:P1p1€:P1,P1,€

is a recombination. Now let n > 2 and ¢ = P,...P,_1P, = P|...P,_,P/ be two fac-
torizations of ¢. By Corollary 2.1.1 we can assume P, 1P, = p and P, P/ = p (be-
cause passing to this form requires only multiplication by units and recombinations). So
P ...P,_y= P ...P _, and these two factorizations differ only by multiplication by units
and recombinations (by induction hypothesis). Then, since p = P, 1P, = P, P is a
recombination, the thesis follows. O

2.2 Counting quaternions

In this section we count the primitive and non-primitive quaternions of norm p™ and their
factorizations. Knowing how many of these quaternions there are is useful to test the recur-
sive relations that we will find in the next section. Moreover, the counting methods we use
are in the same spirit of the proofs of these relations. From the rest of the section, p will
denote an odd prime number and we will use the notation: Q; = {q € R | Nm(q) = p’ }.

Definition 2.2.1. Let q, ¢ € Q1 and let € be a unit. Then we write ¢ ~ ¢' if ¢ = ¢’ and
q~q ifqg=de

Lemma 2.2.1. There are 24(1 + p+ - -+ + p") Hurwitz quaternions of norm p™ and p + 1
representatives for ~ (and ~). So Qp is the disjoint union of p+ 1 equivalence classes with
24 elements each.

Proof. The quaternions of norm m are as many as all the ways to write m as a sum of four
squares of integers or half-integers. We will see in Chapter 3 that there are > djm.2d d ways
of doing this (where the sum is taken over positive d). So the quaternions of norm p" are
24(1+p+---+p"). To prove the second statement, we see that () has 24(p + 1) elements,
divided in equivalence classes of ~ (or ~). But each class of ~ is given by { eq | € is a unit },
where ¢ is a representative for the class. So clearly we have 24 elements in each class. We
proceed in the same way for ~ . O]

From now on, we will use the notation 7" = {r;,; i=1...p+ 1} to denote the set of

repreentatives for ~ and T to denote the set of representatives of ~. Moreover, C, and C’q
will denote the equivalence classes of ¢ with respect to ~ and ~, respectively.



Remark 2.2.1. We have that T = {7; | r; € T }. Indeed
C,,={er;|eisauit}, and Cr = {7 |y isaunit }.

Furthermore:

C.,

k3

{7€| € is a unit }

{ﬂ-e‘l‘e isaunit}
= {7p|p is a unit }
Cﬂ'v

and different equivalence classes remain disjoint when we take the conjugate.

We start by counting the primitive and non-primitive elements in (), before doing it for
Q.. We know that @Qy has 24(1 + p + p?) elements ¢ with factorization ¢ = q1qo where
Nm(q1) = Nm(q) = p. Clearly, there are (24(1 + p))? of these factorizations. Since
(24(1 +p))? > 24(1 + p + p?), we see that the factorization is not unique.

Proposition 2.2.1. There are 24p(1 + p) primitive elements in Qs , each of which has
24 factorizations. There are 24 non-primitive elements in QQo, each of which has 24(1 + p)
factorizations.

Proof. A non-primitive quaternion ¢ of norm p? is necessarily of the form ¢ = pe = ep for
some unit €. So we see that the non-primitive quaternions of norm p? are 24. Then, p can
be written as p = r7 in 24(1 + p) ways (as many as the quaternions r € R).

We now count the factorizations ¢ = ¢1¢» giving distinct primitive quaternions. A priori,
q1 should be chosen in @)y, but it is enough to choose it in T. Indeed, if ¢; = qi€, then the
factorizations q1qo and ¢} (¢ 'g) give the same quaternion. Moreover, if ¢; and ¢, are not
equivalent with respect to ~, it will be q1¢2 # ¢} ¢, for every ¢a, ¢b. So we have p+ 1 choices
for ¢;. Once that ¢ is fixed, we see that ¢ can be any element of Q; \ C%l (it cannot be

in Cj, because otherwise ¢ would not be primitive). So there are 24p choices for g, hence
there are 24p(p + 1) choices for ¢;¢s.

Finally, given a primitive quaternion g € ()2, we see that it has 24 factorizations, by
Theorem 2.1.2 and the fact that we can write

7= qq = (qe) (e ¢)

in 24 ways (as many as the units of R).

Remark 2.2.2. The second part of the proof above is useful to understand the factorization
and the same argument will be used below. Anyway, we could have proven the statement also
in the following way: we know that there are 24(1 + p + p?) elements in @, 24 of which are

9



non-primitive. So the primitive ones must be 24(1 + p+p?) — 24 = 24p(1 + p). Furthermore,
the number of all factorizations of the form q;qo is 24%(1 + p)?, while the number of the
factorizations giving non-primitive quaternions is 24?(1+p). So the number of factorizations
giving primitive quaternions must be

24%(1 + p)? — 24%(1 + p) = 24%p(1 + p).

(We are counting also factorizations giving the same quaternion). But, since the non-
primitive quaternions are 24p(1+ p), each of them must have (24*p(1+p))/(24p(1+p)) = 24
factorizations.

Proposition 2.2.2. Ifn > 1, there are 24(p+ 1)p"~! primitive quaternions of norm p™ and
each of them has 24"~ factorizations.

Proof. As in the proof of Proposition 2.2.1, we count the factorizations ¢, ... ¢, giving din-
stinct primitive quaternions q. We proceed by induction on n. The case n = 1 is clear
and the case n = 2 has been done above. We assume that the statement holds for n — 1,
so we have 24(p + 1)p"~2 choices for ¢;...¢n—1 in ¢ = (q1...Gn_1)qn- Once that q;... ¢,
is fixed, ¢, can be any element of T', except for the representative of Cj, , (otherwise ¢ is
not primitive). This means that there are p ways of choosing g, so there are 24(p + 1)p"*
factorizations ¢ = ¢ . .., giving dinstinct quaternions. The second part of the statement
follows from Theorem 2.1.2, in particular from the equality

4192 - - - qn—1Gn = (CI1€1)(€1_1€2€2) e (E;EQC]nflenfl)(e;Lil%l)-

Proposition 2.2.3. Ifn > 2, there are 24(1 +p+...p"2) non-primitive quaternions. The
total number of factorizations giving non-primitive quaternions of norm p™ is

247 ((n 1)+ (Z)p”_Q +ot 1) .

Proof. We showed that there are 24(1 4+ p + --- + p™) quaternions of norm p", of which
24(p™ + p" 1) are primitive, so the number of non-primitive ones is

24(1+p+---+p") =24 " +p" ) =241 +p+...p"?).

There are 24™(p + 1)" factorizations of the form ¢ = (q; ... ¢,-1)¢,. From Proposition 2.2.2,
we have that 24"7124(p + 1)p"~! of them give primitive quaternions. So we have

n
24™(p + 1)" — 24™(p + 1)p"~* = 24" ((n —1p"t+ <2)p”_2 N 1>
factorizations left. (We are counting also factorizations giving the same quaternion). O

10



Remark 2.2.3. The folowing reasoning provides an extra check for the formula giving the
number of non-primitive factorizations and is also useful to understand the structure of
quaternion factorization. We can obtain a factorization ¢ ... ¢,_1¢, from ¢; ... qg,_1 multi-
plying by ¢,. Proceeding by induction, we assume the statement holds for n — 1 (We have
already done the case n = 2). We have two cases.
1. q1...q,_1 1s primitive.
There are 24" !(p + 1)p"~2 primitive factorizations ¢ = ¢ ...¢,_; and, since it must
be ¢, = @n_1€ for some unit €, we have 24 choices for ¢,. So finally the number of
factorizations ¢ = qi . .. ¢,_1¢, where ¢ = qj ... q,_1 is non-primitive is 24" (p + 1)p" 2.
2. q1...GQn-1 1S non-primitive.

By induction hypothesis, we have 24"~1((n—2)p" =2+ ("gl)pn’?’ +---+1) factorizations
giving a non-primitive quaternion ¢ = ¢ . ..q,. Since ¢ is non-primitive, ¢, can be any
of the 24(p+1) elements of Q1. So the number of factorizations ¢ = ¢ . .. ¢,_1¢, where
q=4qi...Q,_1 1S non-primitive is

24" [(n — 2"+ <(n ; 1) +(n— 2)) P4 (Z)p"3 ot 1} :
since (") + (";")) = (5)-

Adding the numbers we get in these two cases, we have:

— 24" :(n— Dp™™ + ((ng 1) +(n— 1)) P+ (g)p”_3+---+ 1}
S (ED SN (CUR YN

[ n n

which is the right number.

2.3 Recursive relations

In this section, we describe how to obtain (), recursively. In particular, let Q?" and Q" P"
be respectively the set of primitive and non-primitive quaternions in @),,. We will see how

to derive QF" and Q" P from Q¥ , and Q.7 "".

We start with the non-primitive quaternions. Clearly we have

gonfpr _ Q?lwnfpr _ (Z)

The elements of Q5" " are necessarily of the form ¢ = pe where € is a unit; the elements
of Q3°""" are necessarily of the form ¢ = pg; where Nm(q;) = p; the elements of Q"""
can be of the form ¢ = p?e where ¢ is a unit, or of the form ¢ = pg, where Nm(qy) = p?, and

so on. We can summarize this in the table below (we use the notation Nm(g;) = p' in the

table).

11



Nm =p" Elements of Q)" ~P"
P’ pe
P’ pq
p’ p’e  pge
p° P’a pys
p° p’e P2 P
P’ e pPas pgs
p® pte  DPeo p*as pge

From the table we see that, if n > 4, then
Qnm " ={pg|qe@y" FU{pg| ey}
So if we compute Q5" " and Q3°""", then we can find Q" P recursively.

We now consider the primitive quaternions; if n = 0, 1, then all quaternions of norm p"
are primitive. The cases n = 2 and n > 2 are treated in the propositions below.

Proposition 2.3.1. We have

s ={agrlgeQureT\(p+1){pe|eisaunit},
where { qr | g € Q1,7 € T } and (p+ 1) { pe | eis aunit } are multisets.
Proof. Let A={qr|q€ Q,r € R}, then we have:

p+1

A= ULarilae @)
=1

p+1p+l
= UU{ailaec}

i=1j=1

p+1p+1

= UU{erjri | €is aunit }.

i=1j=1

Call A;; = { er;r; | eis aunit } and call r; the representative of the class of 7;. Moreover, let
Ai={qrilqe i}

Then, j # 1if and only if all the elements in A;; are primitive. Furthermore, all the
elements in A;; are dinstinct and A4;; N Ay = 0 if A;; and Ay have primitive elements.
(This follows by Theorem 2.1.2 if ¢ # 4/, and it is clear otherwise). We also have that each
primitive quaternion g;q of Q9 belongs to A, because q1q2 = q1(€r;) = (q1€)(r;) if g2 € C,,.
All this means that A contains each primitive quaternion of norm p?, without repetitions.

We now show that A contains also the set { pe | € is a unit } with p+1 repetitions. Indeed,
if j =1, then A;; = {pe|eisaunit} and, since T has p + 1 elements, A contains p + 1
repetitions of this set. ]

12



Remark 2.3.1. We have

{grlgeQureT}|=(p+1)24(p+1),

and
l(p+1){pe|eisaunit}|=24(p+ 1),

SO

HagrlqgeQi,reT}\ (p+1){pe|eisaunit} =|QY]

Proposition 2.3.2. Ifn > 3, then Q" is given by

Q’”—{qTIqEQn wreTI\p{pg|qe@y,},
where{qr|q€ b T ET}andp{pq’qEQﬁZQ}are multisets.

Proof. Let A = {qr ‘ geQRY |, reR }, then we have:

p+1
A = U{qn qeEQ }
p+1p+1
= JU{aila=a g 0@y, qur €C, )
i=1j=1

Let A;; = { qri | 4=q1-. . qn1, ¢ € QY 1, go_1 € C,, } and call r; the representative of the
class of 7;. Then:

A

—_ or . .
ij = { qi...Qn—2€T;T; ’ qi...Qn—2€r; € Q,_1, €15 aunit } .

IsziweseethatAij:{ ze QM 2,Z—(]1 G g,qnzézc;n} Indeed, g1 ... qn1

is primitive, so it must be ¢, o # §,_1 = ;¢ *. Since |T| = p + 1, we have that A contains
p times the set {pq | qge @y, }

If j # 1 all the elements in A;; are primitive. Using exactly the same argument as
in the prof of Proposition 2.3.1, we see that A contains all the elements in Q?", with no
repetitions. O

Remark 2.3.2. We have
[{ar|ge@,reT}|={@+1)24(p+1)p"

and
p{pq|qe @, }|=p24(p+1)p"?,

SO

{ar|ae@ ,reT}\p{pa|qecQi,}|=1QY]
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3 Theta functions associated to lattices

The aim of this chapter is to find the number of Hurwitz quaternions with norm m, for any
positive integer m. This is exactly the number of ways in which m can be written as a sum
of four squares of integers or half-integers. This number is the m-th Fourier coefficient of the
theta function Op associated to the ring of Hurwitz Quaternions R, seen as a Z-lattice in
B. We will prove that this function is an element of the space of weight two modular forms
of level I'g(4), denoted by Ms(I'g(4)), and we will find its coefficients by giving a basis for
Ms(To(4))

3.1 The function O3

In this section, we define and study the function O, after recalling some properties about
lattices. In particular, our goal for this section is to show that O is an element of My (Ig(4)).

Definition 3.1.1. Let L = Zv, ® --- ® Zv, be a lattice in R™. Then the dual of L is
Lr={veR"|(v,w) €Z, Ywe L}, where (,) denotes the inner product in R™.

Remark 3.1.1. This definition can be applied to our case. Indeed we have B = Q* as
Q-module and R = Z* as Z-module via the identification

.:B—Q*—>R?
1+—(1,0,0,0)
i~ (0,1,0,0)
j+—(0,0,1,0)
ki (0,0,0,1).

Moreover R, being an order, is a lattice in B, so t(R) is a lattice in R%. We can also define
an inner product on B as:

<,>BIBXB—)@
(a +bi+cj+dk,a+ Bi+vj + 0k)p = aa + bf + ¢y + db,

and clearly (q1,q2) = (t(q1), t(q2)).

Proposition 3.1.1. Let L = Zv, & - - - & Zv, be a lattice in R™. Then L* is a lattice in R™.
In particular we have L* = Zwy @ - - - & Zw,, where wy ...w, is the dual basis of vy ... vy,
1.€. <wi,vj):(5i- VZ,]:17’L

14



Proof. We first prove Zw, & - - - ® Zw,, C L*. Let

n n
E a;,w; and E bv;,
i=1 j=1

be respectively in Zw, & - - - & Zw,, and Zv, & - - - & Zv,. Then,

n

<zn: a;Wy, zn:bzvz> = Z aibjéij €7,
j=1

i=1 ij=1

so Zwq P - -+ & Zw, C L*. Now, let u be an element of L*. Then we can write:

n
u = E cw;, ¢ €R.
i=1

Hence
n

<U,’Uj> = Z ciéij = Cj c Z,

i.j=1

and so L* C Zw, @ - - - ® Zw,,. O

Proposition 3.1.2. The dual lattice of R is
R =224 (-14+0)Z+ (—1+j)Z+ (-1 4+ k)Z.

Proof. Via the identification in Remark 3.1.1, the basis { 1,7, k, % } in B corresponds
to the basis in R?* given my the columns of the matrix

000 1/2
0 1/2
0 1/2
1 1/2

o O =
O = O

So the dual basis is given by the columns of

-1 -1 -1 2
ma |1 0 0 o0
(M) = 0 10 0}’
O 0o 1 0
which give the basis {2, =144, —1+j, =1+ k } in B. O

Definition 3.1.2. A lattice L in R™ is integral if L C L*.

We see that the lattice R* is integral because its elements have integer coordinates.
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Definition 3.1.3. Let L = Zvi @ - - - B Zv,, be a lattice in R™ and let M be the matriz whose
columns are given by the vectors vy ...v,. The determinant of L is det(L) = |det(M)].

Remark 3.1.2. We have that det(L) is equal to the volume of the region R"/L. Moreover,
det(L*) = 1/det(L). Indeed with the notation of the above definition, a basis for £* is given
by the columns of (MT)™!, so

det(L) = |det(MT)™)| = 1/det(L).

Lemma 3.1.1. Let L be a lattice in R™, m a positive integer and

re(m)=#{veLl]|(v,v)=m}.

> re(m)g™

m=0

Then the series

converges absolutely if |q| < 1.

Proof. We will show that r:(m) < Cm™? for a positive constant C. The thesis then follows
from the ratio test. Indeed, there is a finite number of elements of £ with norm less then 1,
SO we can write

#LN{veR" | {(v,v)<1})<C
for some C > 0. But then
re(m) < #(LN{veR"| (v, )2 <m'2}) < Cm™?,
because rz(m) = #(LN{v e R™ | (v,0)/2 =m!/? }). O

Lemma 3.1.2. The series

) )
rg(m)e%”m and Z e (m>€77rzm/27

m=0 m=0
converge uniformly on compact subsets of H = P'(C) —PY(Q), the complex upper-half plane.

Proof. For the first series we have

0o N 00
Z rl;(m)e%”m - Z ra(m)e%rhm < Z ra(m)efQﬂ'Im(T)m’
m=0 m=0 m=N-+1

which, if N — oo, goes to zero uniformly in 7 on compact subsets of H. (Because, on a
compact, Im(7) > e for some € > 0). For the second series, we have

N 00

—mim/2T —mim/2T amIm(7)/2|7|?
Zrﬁ(m)e /2 _ Zrﬁ(m)e 2| < Z 7 (m)e™m™mO2IE
m=0 m=0 m=N-+1
and this goes to zero if N — oo, because on compacts Im(7) = —Im(71) < —e for some
e > 0. O]
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We are now ready to define the theta function of a lattice.

Definition 3.1.4. The theta function associated to a lattice L in R™ is defined as

o0

0c(r) = 3 re(m)g™, g =

m=0

where T is an element of the complex upper-half plane H.

The above definition makes sense because |¢| < 1 if Im(7) > 0, so if 7 € H. We now
consider the theta function associated to the lattice R. Our goal is to find rg(m). We now
show that Og(7) is a weight two modular form of level I'y(4). For this purpose, it will be
useful to know that we can write our function in the form

GR(7—> _ Z 627ri7'(v,'u).

vER
since (v,v) € Z for each v € R.

Proposition 3.1.3. Let f be a rapidly decreasing smooth function on R"™ and let f be its
Fourier transform. Let L be a lattice in R™. Then

S ) =1 3 T,

where v is the volume of R™/L.

Proof. See [Ser12]. O

Lemma 3.1.3. Let ¢ > 0 be a constant and let f(z) = =@ . Then

Fly) = (x/c)2e W)/
where x, y € R".
Proof. Let x = (z1,...,2,) and y = (y1,...,Yn), then we have
fly) = fla)e 2w v dng

R
n 2 iy
_ e—(cZ].:1 a:j+27rzz]yj)dnx
Rn

n
_ H/e—(cx§+27rixjyj)dx
R

j=1
= e / (Ve +min; VAR g

j=1 R

ol
—7'l'2<’y7 y)/C —/ _t2d .
e | | e idt
j=1 Ve Jr ’

— (W/C)n/ze_ﬂ-2<yvy>/c.
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Lemma 3.1.4. Let L be a lattice in R™ such that (z, z) € Z and (y, y) € Z for each x € L
andy € L*. Then
Oc(7) = (i/27)"2detL*0 - (—1/47).

Proof. Let ¢ = —2miT. If 7 = i with a > 0, we can apply Lemma 3.1.3 to the function
f =@ 2) and we get

~

f(y) _ (_1/22-7_>n/267r<y,y>/2i7' _ (Z-/Q,]_)n/26—i7r<y, y>/27'

By Proposition 3.1.3, we have
Z 627Ti7—(x,x) — detL* Z (Z-/2T)n/2€7iﬂ—<y’ y)/2‘r7
zel xeL*

that is
0c(1) = (i/27)"2det L0, (—1/47) if T = ai, a > 0.

So we only need to show that

Z 627ri7'(x,a:) and Z €_i7r<y’y>/27

zeLl TzEL*

are analytic in 7 and the statement will follow by analytic continuation. But by hypothesis
(y, y) and (z, x) are integers, so

00
§ :62mfr(m,x) — E :Tﬁ(m)e%rm-,

zeLl m=0
and -
Z e—iﬂ(y, yy/2r _ Z " (m)e—ﬂim/%"
reL* m=0
which are analytic in 7 € H by Lemma 3.1.2. O

Lemma 3.1.5. Let h be a positive integer such that h'/?L* is integral, then
6’5* (T + h) = 95* (7')
Proof. We have

Op-(r+ h) = Z 2T+ wl? _ Z p2mi(m)wl* _ O (1)

weL* weL*

since |h'/?w| = h|w|? and hY/2L* is integral. O
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Lemma 3.1.6. Let h be a positive integer such that h'/?L* is integral, then
Oc(7/(4hT + 1)) = (4h1 + 1)"20,(7).
Proof. Let t = —(4hT +1)/47 = —h — 1/47. Then
Oc(T/(AhT + 1)) = 0p(—1/4t)
= (2t/i)"2detL 0, (t)
(2t /i) det L*0 - (—1/47)
= (2t/i)"detL* (27 i) (detL*) 10, (T)
(—4t7)"20,(7)
(4h7 +1)"20,(7).

We will need the following theorem, taken from [DS05]

Theorem 3.1.1. Let I' be a congruence subgroup of SLy(Z) of level N, and let qy = e*™7/N

for = € H. Suppose that the function f : H — C is holomorphic and weight-k invariant
under T'. Suppose also that, in the Fourier expansion f(1) =Y " a,q%, we have

la,| < Cn"™  for some positive constants C and r.

Then f € My(T).

Theorem 3.1.2. The function Or(7) is an element of My(T'o(4)), the space of weight two
modular forms of level T'y(4).

Proof. All the above lemmas can be applied to 0z(7) because R* is integral and (x, =) € Z
for each z € R. We see that 0z(7) is holomorphic by Lemma 3.1.2 and it is bounded at
+i00. Moreover,

Op(T +1) = 0p(7) and Ox(7/(47 4+ 1)) = (47 + 1)*0x(1),

where we have applied Lemma 3.1.6 with & = 1 and n = 4. This means that 0(7) is weakly
modular of weight two for the matrices

11 10
1) e ()

hence it is weakly modular of weight two for every matrix in I'o(4). (Indeed, these two
matrices generate I'g(4), see [DS05]). Then, we can apply Theorem 3.1.1 because

7) = arr(k/4)g"t, q=e

where ¢, = 1 if £ =0 (mod 4) and ¢, = 0 otherwise. O
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3.2 Computing the numbers rz(m)

The aim of this section is to get the m-th Fourier coefficient of O (7). We will use several facts,
mainly from [DS05], to find the Fourier expansion of the elements of a basis for My (I'(4)).
Finally, we will find the coordinates of fz(7) in this basis.

Definition 3.2.1. Let k be an even positive integer. We denote by Gy (1) the weight k

FEisenstein series 1
JIUED 3) prt

cEZ dEZ/C

where Z!, = 7Z — {0} and Z|, = Z otherwise.

One can show that G(7) converges absolutely if £ > 2 and G»(7) converges conditionally
(See [Ser12] or [DSO05]). Moreover,

Gr(1) = 2¢(k) + 2(5{:2?’)” > ora(n)gh, o)=Y d. (k)= %
" n=1 dn n=1

d>0

where ¢ = €*™7. (For the proof, see [Ser12] or [DS05]).

Definition 3.2.2. Let N > 0 be an integer. We denote by G n(7) the function

G27N(T) = GQ(T) — NGQ(NT)

Proposition 3.2.1. The functions Ga2(7) and Ga4(7) have the following Fourier expan-

S10MS:
2 00
GZ’Q(T):T 1—|—24 E E d q

n=1 \djn, 2d
and
Gou(r) = —7* 1—}—82 Z dlq" |,
n=1 \d|n, 4d

2miT

where d > 0 and ¢ = ¢

Proof. We have seen above that
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SO

w2 = w2 -
Gaa(1) = 3~ 8’ Z o1(n)q" —2 <€ — 87 Z 01 (n)q2n>
n=1 n=1

= T8 Y (o)~ 20 ()™

2 o0
_ _%_w; o)~ Y d] |

dln, 2|d

e}

= —%2—8772 Zd q"

n=1 \d|n, 2/d

2 > .
= - 1+24) | ) d]g

n=1 \d|n, 2(d

The other statement is proved analogously. O

Theorem 3.2.1. The functions Goa(T) and Gaa(7) are in Ms(I'o(4)) and they are also
linearly independent.

Proof. We have o1(n) < n?, so Gos(7) and Ga4(7) converge uniformly on compact subsets
of H. (The proof is analogous to what we did for 0z (7)). One can also prove that Goa(T)
and Go4(7) are weight-2 invariant under I'g(4) (See [DSO05]). So we can apply Theorem
3.1.1 as we did for Oz(7). We now show that the two functions are linearly independent.
If they were dependent, we see by looking at the first Fourier coefficients that it would be
Ga4(T) = 3G22(7). But then, by looking at the Fourier coefficients for n = 1, we would have
24 = 8, so they are independent. O

In the following theorem and lemmas, I' will denote a congruence subgroup of SLy(Z),
g will be the genus of X (I'), €5, the number of cusps, €s the number of elliptic points with
period 2, €3 the number of elliptic points with period 3.

Theorem 3.2.2. If k is an even integer, then

k=1)(g—D+Ele+ Eles+bee if b>2,
dim(M(T)) =<1 ifk=0,
0 if k<O.

Proof. See [DS05]. O

The following two lemmas are taken from [DS05].

21



Lemma 3.2.1. The number of elliptic points for T'o(N) is

w1+ (51) ifarn,

62(F0(N)) = {0 if 4|N,

where (—1/p) is £1 if p= £1 (mod 4) and is 0 if p =2 and

w1+ (32) if9fN.

e3(Lo(IV)) = {0 if 9IN,

where (—=3/p) is £1 if p = £1 (mod 3) and is 0 if p = 3.

Lemma 3.2.2. The number of cusps of T'o(N) is

exe(To(N)) = d(ged(d, N/d)),

dN

where d > 0 and ¢ is the Fuler totient function.
The following proposition can be found in [Shi71].

Lemma 3.2.3. Let I be a subgroup of SLy(Z) of index d, and let €5 and €3 be the numbers
of I'"-inequivalent elliptic points of order 2,3, respectively. Furthermore, let €., be the number
of I"-inequivalent cusps. Then the genus g of X (I') is given by

d €& € €
142 _2_8_ foo
9=t T T3

We are now ready to find the cardinality of IT',,.

Proposition 3.2.2. We have
rr(m) =24 Z d,
where d > 0.

Proof. We have
[SLo(Z) : To(N)] = N [ [(1+1/p),

p|N

hence we see from the above lemmas and from Theorem 3.2.2 that

dim(Msy(T'o(4))) = 2,
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so Ga2(7) and Go4(7) are a basis for My(I'y(4)). Then, it is easy to check that rz(0) =1
and rg(1) = 24. So we have

937’ = OéGQQ(’T) + BGQA(T),

where ,
a(=5-) +B(-7%) =1
a(—24%) + B(—8n?) = 24.
The solutions for the system are o = —3/72, 3 = 0. Hence
OrT = (—3/7%)Gaa(T),
and the statement follows. n

23



4 The p-adic upper half plane and the Bruhat-Tits tree

Let p be a prime, we will denote by H,, the p-adic upper half plane, which (as a set) is defined
as

Hy = PI(CP) - P1<@p)a

where C,, is the p-adic completion of an algebraic closure of Q. In this chapter we will study
a covering of H, by affinoids subsets, we will introduce the Bruhat-Tits tree and study its
relation to H,,.

4.1 Affinoids and annuli

In Chapter 5 we will introduce the notion of rigid-analytic function on H,,, which will some-
how be analougous to the notion of holomorphic function and, to define it, we need to cover
H, with suitable subsets. At first, we could think about the p-adic balls (as an analogue of
the usual balls in C). However, this would not be a good choice, because the p-adic balls are
either disjoint or contained in one another (so, defining the notion of holomorphic function
on the p-adic balls, we would not be able to use the analytic continuation principle, because
the identity theorem for holomorphic functions would fail). In this section we will find a
suitable covering of H, by affinoids. Our main references are [DT08] and [Dar04].

Let v, and | |, be the p-adic valuation and the p-adic absolute value (normalized so that
Ipl, = 1/p). We will use the notation

T = [70,71]7

to denote points of H,. We can always choose 7y, 7 such that they are both integral and
at least one of them is a unit (this choice is unique up to multiplication by units). Such
homogeneous coordinates are called unimodular coordinates. From now on, we will always
assume that the points of H,, are written in unimodular coordinates.

Definition 4.1.1. We write
[70,71] = [10,71]  (mod p")

if 7o = 74 (mod p™) and T = 7| (mod p™).

Let B
red : P(C,) — P'(F,)

be the reduction modulo the maximal ideal of the ring of integers of C,. Defining

A = red ' (P'(F,) — P\(F,)),
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we have A C H, because red(P'(Q,)) C P (F,). So

A = H,—{7eH,| |7[,>1, and |7 — 5|, <1lfors=0,....p—1}
= {7€eH,| |7, <1, and |7 —s|, > 1fors=0,...,p—1 }.

The set A, which can be imagined as a sphere with p + 1 holes, is called standard affinoid.
Now, consider the sets

W, = { T € PY(C,)

1

—<|7’—S|<1} s=0,...,p—1,
b

We = {7€PC) | 1<|r|<p}.

These sets are all contained in H,, because |7| € p? if 7 € Q, and 7 # 0. They are called
annult and W is called standard annulus. We will now construct general affinoids.

Definition 4.1.2. Let r > 0 and ¢ = [co, 1] in P*(C,). We define the closed ball of center
c and radius v as

B(C,'I") = {T = [To,Tl] c ]P1<(Cp) ‘ Up(ToCl —T1C0) Z T },
and the open ball of center ¢ and radius r as

B (c,r) = {7 =[r,m] € PH(C}) | vy(0c1 — T1o) > 7 } .

Lemma 4.1.1. Let r > 0. If ¢ = [a, 1] with v,(a) > 0, then

B(e,r) = { T = [10,71] € P}(C,)

If ¢ = [1,b] with v,(b) > 0, then

B(e,r) = { T = [r9,71] € PY(C))

vp(:—;—b)zr}.

Proof. If 71 is an unit, then v, (:—(1) — a) = v,(19 — Ta), so in this case the first statement is

clear. Otherwise, if v,(7) > 0, we have
Uy <E - a) = —u,(7) <0 and w,(10 — ma) = v,(1) =0,
1

so the conditions

.
Uy (—0 — a) >r and v,(19 —ma) >
1

are both false. Thse second statement is proven analogously. O]
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Remark 4.1.1. The result of the previous lemma holds also if we consider B~ (¢, r) insetad

of B(c,r).

Lemma 4.1.2. Let ¢ = [cg, 1], ¢ = [}, )] and let n be a positive integer. The following
statements are equivalent:

1. B(e,n) N B(d,r) # 0
2. [60761] = /L[Cé)vcll] (mOdpn)7
where [ is a unit in Z,.

Proof. Let 7 = [19,71] € B(c,n) N B(¢',r). Without loss of generality, we can assume
vp(70) = 0. Then we have

Up<06017'0 — 66007—1> Z Up(ClTO — COT1> Z n,
and
vp(coci o — cocym) > vp(ciT0 — 1) > M.

So, using the fact that v,(a 4+ 3) > min{v,(a), v,(5)}, we have
vp(cher — cocy) > .

(Where we substituted o = ¢{c1m0 — ¢y, S = cocymo — cocym and then we divided byT).
So we see that the matrix

Ch C1

o A

is singular modulo p" and the second statement holds. Now assume that [co, ¢1] and [cf, ¢}]
are multiples modulo p™. This means that there is a non-zero vector 7y, 71| such that

Ch C1 To\ _ C()T[)+Cl7'1 _ 0 n
(66 c’1> (7‘1) N <c{)70 —I—c’17‘1) - (0> (mod p").

Then [—71, 7] is in B(e,n) N B(d,r). O

Definition 4.1.3. Let n be a positive integer and R, a set of representatives for P'(Q,)
modulo p". We define the sets Q,, and ), as

0, :=P'(C,) — | J Blen),

CERn

and

Q, =PYC,) - |J B (e;n—1).
CERn

The sets Q) are called affinoids.
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From the above definition and from Lemma 4.1.2, we see that €2, C €2,,; and that
U,>1 €20 = H,,. Moreover, we notice that the interior of the regions

Q, — Q-

n

is given by

J (B (e.n—1) = B(c,n)),

cERn

which is the union of open annuli.

Lemma 4.1.3. Let [19,71] € PY(C,) and let b € C, such that v,(b) > 0. Assume that
v,(b) < n, where n is a positive integer. Then the following conditions are equivalent.

1ovy(2=b)<n
2. vp(2 =) <n—2u,(b)
Proof. 1f v,(19) > 0 and v,(71) = 0, then

T1 1

— —b) =v,(— 0 d
vp(TO ) Up(TO)< , an
T0 1
Up(T—l — 5) = —Up(b) <0,

so conditions I. and 2. are both satisfied. Assume now that v,(m) > 0 and v,(79) = 0. If

v,(b) < vp(71) then
Up(E —b) = v,(b) <m,

To
so 1. holds. Moreover

B2 = ) = =1(1) < <0, 0) < ~,(8) + .=, 0),

so also 2. holds. If v,(b) > v,(71) then

vp(E —b) = v,(11) < v,(b) < n, and

To
T 1
UP(T_? - Z) = —up(b) <n —2uy,(b),

so both conditions 1. and 2. hold. Finally, if v,(b) = v,(71), then

1 To 1 T0 1
Up<7__0 —b) = vp(1) + vp(b) + Up(;l - g) = 2u,(b) + Up(T_l - 5)’
so 1. holds if and only if 2. holds. [
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Proposition 4.1.1. Let {a;}"3" be a set of representatives for Z,/p"Z, and {bi}g-’;l*l be
a set of representatives for pZ,/p"Z, where we choose by = 0. Then ), is defined by the
mequalities

To T0 1 T0

— —a;) <n, — — =) < n—2u,(b)), > —n,
vp(ﬁ a;) <n 7110(7_1 bj) n — 2v,(b;) Up(ﬁ) n
and Q2 is defined by the inequalities
T0 T0 1 T0
— —a;) <n-—1, — — —)<n—1-=2u,(b;), —)>1—n,
Up(ﬁ a;) <n Up(Tl bj) n Up(b;) Up(ﬁ) n

where T € PY(C,).
Proof. The statements follow from the definitions of €2,, and 2, and from Lemma 4.1.3. O

From the above construction we see that €27 is the standard affinoid and €2, — €27 is the
union of the annuli W,, and W, with s =0, ..., p—1. So affinoids are constructed by cutting
off open balls centered at points of P*(Q,). We also see that two affinoids €, and ©,,_, are
"glued” through the annuli

B~ (¢,n —1) — B(c,n), where c € R,,.

Indeed, given an affinoid €2, we ”shrink” its holes (including the hole at infinity) by ”thick-
ening” it with the open region €2, — €2,/. Then, we construct €2, , by filling all the holes
centered in points of R, and cutting off open balls centered at the points of R,.1. In the
next section, we will se another way to think this construction.

4.2 The Bruhat-Tits tree

In this section we will introduce the Bruhat-Tits tree, which can be viewed as the skeleton
of the p-adic upper half plane. The main references for this section are [DT08] and [Ser80].

Definition 4.2.1. A lattice L in @12, is a free, rank two Z,-module given by L = (e, ez),
where { e1, e } is a basis for QZQ). Two such lattices L and L' are called homothetic if L' = zL
for some constant z € Q,.

Clearly, being homothetic is an equivalence relation; we will denote by [L] the class of
all lattices which are homothetic to L. Given two lattices L and L', we want to define the
notion of distance between [L] and [L']. By the invariant factor theorem, we can find a
basis { ey, es } for L and integers a, b such that {p“el,pbeg } is a basis for L'. The distance
between [L] and [L'] is then defined as

d([L], [L]) = [a = b].
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This definition does not depend on the choice of the representatives for the homothety classes.
Indeed, if 2, 2" are elemnts of Q,, then

zL = (zeq, zey),

and

JL = (prder, 2 en) = (p F zen p" S ze).

So we have
d([zL), [Z'L']) = la+c— (b+¢c)| = |a—1b],

/
where ¢ = v,(%).

Remark 4.2.1. We have
d([L],[L']) =1 & there are representatives L' C L such that [(L/L") =1,

where [(L/L’) denotes the lenght of a Jordan-Holder sequence for L/L'.

Lemma 4.2.1. If L and L' are two lattices in Q,, the following conditions are equivalent:
1. L' C L and L' is mazimal in [L'] with this property,
2. L'CLand L' ¢ pL,
3. L' C L and L/L" has only one generator.

Proof. If we assume 1 then 2 follows. Indeed, if it was L' C pL, then %L’ C L,which
contradicts the maximality of L'.

We now show that 2 implies 1.Let { ej,es } and {pael,pbeg} be bases for L and L/,
respectively. Then a and b are positive because L’ is contained in L. Moreover, since
L' ¢ pL, either a = 0 or b = 0. We can assume without loss of generality that a = 0. Then,
if there was a L” in [L] such that L' C L” C L, it would be

b+c

L" = (p°er, p’*eq).

But then ¢ > 0 (because L” C L), and it cannot be ¢ > 0 (because otherwise L' C pL). So
c=0and L' = L'
Then, condition & also follows fron 2, because we have just seen that 2 implies that L’
is of the form { pe;,es }, where b > 0 and { ey, €5 } is a basis for L. So L/L' = Z,/p"Z,.
Finally, if we assume that condition 8 holds we will have L' = (p®e;, p®ey) with a,b > 0.
So

L)L = (Zp/p"Zy,) ® (Zp/pbzp)'

But L/L' has only one generator, so either « = 0 or b = 0, so L' ¢ pL and condition 2 is
also satisfied. O
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Remark 4.2.2. If L is given, then for each class [L'| we have an unique representative L”
satisfying the conditions of Lemma 4.2.1. Indeed, if { e, €5 } and { per, pley } are bases for
L and L', we take L = p~min{a:b} 1/,

Definition 4.2.2. The Bruhat-Tits tree for PGL(Q,) is the graph T whose vertices are the
homotethy classes of lattices in QZQ), where two vertices are joined by an edge if they correspond
to classes [L] and [L'] with

pLC L' C L.

We denote by V(T) and E(T) the vertices and edges of T, respectively.
We see that the relation above is symmetrical, so 7 is an unordered graph.

Theorem 4.2.1. The Bruhat-Tits tree T for PGL(Q,) is a tree.

Proof. To show that T is connected, consider two vertices [L] and [L'], where L and L’ are
representatives satisfying L' C L and L' ¢ pL (it is possible to pick such representatives
because of Remark 4.2.2). Consider a Jordan-Hélder sequence for L/L/

L/:LnCLn,1C"'CLO:L.

Then d(L;—1,L;) = 1 by Remark 4.2.1, so we have a path connecting [L] and [L']. So T
is connected. We now prove that 7 is a tree. For this purpose, we consider a sequence
without backtracking [Lo], ..., [L,] and we show that [Lg] # [L,]. We can assume that the
representatives are such that L,y C L; and I(L;/L;y1) = 1. If we show that L, ¢ Lo,
then we will have [Ly] # [L,]. We proceed by induction on n. The case n = 0 is clear.
Assume now that L, ; ¢ pLg. Since pL, o # L, (because we are assuming we have no
backtracking), we have
Ln—l - Ln + an—Qu

so L,_1 = L, (mod pLy) and the thesis follows by induction hypothesis. O

Proposition 4.2.1. Let Ly be a lattice in Qf). The vertices of T at distance n from a vertex
[Lo] are in bijection with points of PX(Z,/p"Z,).

Proof. By Remark 4.2.2 each vertex of 7 has a unique representative L such that L C Ly
and Lo/L = Z,/p"Z,, where n = d([L], [Lo]). Moreover, L/p"Ly is a direct factor of rank
one for the free Z,/p"Z,-module of rank two Ly /p"Ly. Viceversa, if

Lo/p" Lo = My & My = (Zp/anP)Qa
then for each direct factor M; we have
Mi = Zp/p”Zp and Mz = L/an(),

with p"Lg C L C Ly. So we see that the vertices of 7 at distance n from [Lg] are in
bijection with direct factors of Ly/p"™ Ly of rank one, but these are in bijection with points
of PX(Z,/p"Z,). O
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Corollary 4.2.1. The Bruhat-Tits tree is p + 1-reqular.
Proof. Let [Ly] be a vertex of 7. Then, by proposition 4.2.1, the vertices at distance one
from [Lo] are in bijection with points of P*(Z,/pZ,), so there are p + 1 of them. O

If e is an oriented edge running from the vertex v to the vertex w, we write

and we denote by € the oriented edge such that
s(e) =v, t(e)=w.

If we see Qi as space of column vectors, then we can associate to each lattice L the
matrix M; whose columns are the vectors of a basis for L. Then we can define an action
of PGLy(Q,) on T by g¢[L] = [gL], where ¢ €PGL2(Q,). This action is well defined and
preserves adjacency, so it gives an action on 7 by graph automorphisms. From now on, we
will use the notation vy = [Zi] and v, = (2 6) vg. We will refer to vy as privileged vertex.
Moreover, we will denote by ey the edge running from vy to v; and we will call it the privileged
edge.

Definition 4.2.3. We will denote

Go — PGL2 (Zp),

Gy = { <i Z) € PGLy(Q,) ’p\c }

Proposition 4.2.2. The stabilizers in PGL2(Q),) for vy and ey are

and

StaprLQ(Qp) (UO> = GO

and
StaprLz(Qp) (60) = (.

As a consequence, we have the PGLy(Q))-equivariant bijections
¢ : GLQ(QP>/G0 — V(T)

and

1/1 : GLQ(@p)/Gl — E(T)
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Proof. If v €GLy(Q,), then v fixes vy if and only if y[Z2] = [Z2], i. e., if and only if
v €GLy(Z,). Since we are considering homothety classes of lattices, this tells us that

StaprLQ(Qp) (UQ) = PGL, (Zp).

Then,
StaprLZ(Qp)(eo) = StabPGLz(Qp)(UO) N StabPGLz(Qp)<U1)
Gon ((58) Go(58) )
— Gl.
Defining ¢(7) = yuvo and ¥ (7y) = ~yeo, the second statement follows. O

Definition 4.2.4. Let P = ([Lo|, [L1],...) and P'([L;],[L}],...) be infinite paths without
backtracking in T. If P and P’ differ only by a finite number of vertices, we say that they

are equivalent and we write
P~ P.

An equivalence class for ~ of such sequences is called an end of T. The set of all ends is

denoted by Ends(T).

We can put a topology on Ends(7) by taking as a basis the sets
Ule) = { [P] € Bnds(T) | P = ([Lo], [La]...) }.

where e is an oriented edge running from [Lg] to [L;]. Moreover, the group PGLy(Q,) acts
on PY(C,) by Mobius transformations (see Section 5.1 for the definition of the action).

Proposition 4.2.3. There is a PGLy(Q,)-equivariant homeomorphism from Ends(T) to
PH(Qp)-

Proof. We can identify Ends(7) with the set of all infinite paths starting from the vertex
vg. Then, by Proposition 4.2.1 we have that the vertices at distance n from vy are identified
with the lines of Z2/p"Z>. By reducing modulo p one of these lines (which correspond to a
vertex v), we get a line in Zg / p”_lZi (which corresponds to a vertex w adjacent to v). Thus
we see that the points of T give us an inverse system and, as sets

Ends(T) = lim P! (2,,/"Z,) = P\(Z,) = P'(Q).

For the rest of the proof see [DT08]. O
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4.3 The reduction map

It can be proved that there is a PGLy(Q),)-equivariant map from the p-adic upper half plane
to the Bruhat-Tits tree such that the affinoids {2, constructed in Section 4.1 are the inverse
image of subtrees of 7 made up of edges and vertices at distance at most n — 1 from the

standard vertex vy. In this section we will sketch the construction of such a map, mainly
following [DTO08].

Definition 4.3.1. A norm on Q is a function n : Q) — R U {oo} such that, for any
z,y € Q2 and a € Q,, we have:

1. n(z) =00 iff v =0,

2. n(azx) = v,(a) + n(z),

3. n(x +y) > min{n(z),n(y)}, where equality holds if v,(x) # v,(y).
Two such norms n and n' are said to be equivalent if n —n’ = ¢ for some ¢ € R.

To every point of the tree 7 we can associate an equivalence class of norms. In particular,
if v = [L] is a vertice and { e, ey } is a basis forthe lattice L, we construct a norm in

the following way: given an an element z of Qi, we can write it in the basis { ej,es } as
x = aey + bep. Then we define a norm ny; as:

nizy(2) = min { vy(a),v,(0) }
This definition does not depend on the basis that we choose for the lattice L, indeed:
min { v,(a),v,(b) } = —min{ h€Z | p'z € L }.

If z = (1—1t)[L]+t[L] is a point of an edge between the vertices [L] and [L'], then we can
find a basis { e1, ey } for [L] such that { ej, pes } is a basis for [L']. Writing = = ae; + bes,
we can define a norm n, by:

n.(z) = min { v,(a),v,(b) —t }.

If ny(x) = nipq(e), then n, = ny(z), otherwise n, = ny — ¢, so n, does not depend on
the bases for L and L’. One can also check that if we choose different representatives for the
homothethy classes of [L] and [L'], we get norms equivalent to nj;) and n..

Proposition 4.3.1. There is a bijection between the points of the Bruhat-Tits tree and the
equivalence classes of morms on @]2)

Proof. (Sketch). We have seen above that we can associate classes of equivalences of norms
to points of 7. We show how to get a point of 7 from an equivalence class of norms C. One
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can check that these two constructions give a bijection. We can take a representative n € C'
such that n(z) = 0 for some z € Q2. Let

I'={zeQ|n(x)>0}.

L' is a lattice in (@12,. Indeed if [ is an element of L', by condition 2. in Definition 4.3.1 we can
find another element !’ € L' such that [ and I’ are not multiples, so the Z,-module L’ has at
least two generators. By Nakayama’s lemma we conclude then that the generators are two.
Moreover, they are clearly independent over Z,, and so also over Q,. Now, let R be a set of
representatives for P*(L'/pL’); then n(R) C[0,1). Moreover if z € Q2 we can write

x = pmz’ forsomem € Z and 2’ € L,

= p"(ur+ pw),

where r € R,u € Zy and w € L'. So n(x) = m + n(r) and, if n(r) = 0 for each element
of R, then we see that n is the norm nj) associated to the vertex [L] of T. It can be
shown that this is still true if one takes a different representative for C. Now we consider
the case in which n(r) > 0 for some r € R. If there is another element r’ in R, then r and
r’ are not multiples, because if for example " = yr for some y € Z,, then xy cannot have
positive valuation (otherwise n(r’) > 1), but y cannot be a unit either (because otherwise
r and 7’ would not be dinstinct representatives). So r and 7’ span L', but this implies that
every element of L' has strictly positive norm, a contradiction (because we are assuning that
there is an element x of norm zero). We conclude that there is an unique r in R such that
n(r) > 0. Let L =L +r/pand let t =1 —n(r). One can check that in this case the norm n
is the same as the norm n, associated to the point z = (1 — ¢)[L] + t[L'] of the edge between
[L] and [L’] and that this is true regardless of of the choice of the lattices representing the
homothety classes. O]

Given a point z = [z,y| in H,,, we can define a norm on QZQ) as

n. ((Z)) = v, (ax + by).

Clearly, n, satisfies conditions 2. and 3. in the definition of norm. Moreover, we have
vp(ax +by) =0 ar+by=0<a=>b=0,

where the last implication follows from the fact that [z,y] is in H, = P}(C,) — P}(Q,).
Indeed, if for example a # 0, then

z=—(b/a)y,
so [x,y] = [—(b/a),1] € P1(Q,), a contradiction. So n, is a norm. We see that if we take a
different representative for the point z, we will obtain a norm which is equivalent to n,. By
Proposition 4.3.1 we see that there is a map

red: H, — T,

called reduction map.
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Proposition 4.3.2. The reduction map is PGLy(Q,)-equivariant and the inverse images of
the privileged vertex and edge are

red " (vy) = A,

and
red_l(eo) =W,

where A and Wy are the standard affinoid and annulus defined in section 4.1.

Proof. See [DT08]. O

Let 7, be the subset of 7 made up of all the vertices and edges at distance at most n —1
from the standard vertex vy. It can be shown that the affinoids €2, constructed in Section
4.1 are given by
Q- =red H(Ty).

n

So we see that we can imagine the p-adic upper-half plane as a ”"tubular neighbourhood”
containing the Bruhat-Tits tree and the affinoids €2, as ”tubular neighbourhoods” of 7.
With this image in mind, we have another way to see that the ends of the tree correspond
to P1(Q,). Indeed, we can label the vertices at distance n from vy with representatives for
P'(Q,) modulo p", so we see that each end gives us a p-adic number (or co), written as a
series. Alternatively, we can also label vertices at distance n from vy with representatives of
Z/p"7Z and see each end as a sequence in the inverse limit we used in the proof of Proposition
4.2.3.

Now that we have the reduction map we can also see that, given an edge e, the sets
U(e) defined at the end of Section 4.2 are in correspondence with balls of P*(Q,). Indeed, if
Y. =red }(U(e)) and X, is the closure of 3, in P!(C,), then

U, =% NPYQ,)

is a ball in P'(Q,). Moreover, note that

Uel_lUé:]P)l(@p)a |_| Ue:Pl(Qp)v

where v is any vertex of T.

We conclude this chapter with the definition of standard affinoid and standard annulus
attached to an edge of the Bruhat-Tits tree.

Definition 4.3.2. Let e be an edge of T between the vertices vy and vy. The sets

Jel={e}

and
[6] = { €, V1, V2 }
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are called respectively open edge and closed edge attached to e. The sets
A = red ™ ([e])

and

Wi :=red " (Je])

are called the standard affinoid and thestandard annulus attached to e respectively.

We note that A is given by two PGLy(Q),)-translates of the standard affinoid A, ” glued”
along the annulus ;.
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5 The theta function O(a,b; 2)

In this chapter we will define the theta function ©(a,b;z) and we will prove that it is
convergent and meromorphic on H,. We end the chapter with a discussion of a possible
method to compute this function.

5.1 The definition

In this section we recall some notions about Hurwitz quaternions and define the theta func-
tion. We conclude the section with a useful lemma about distance between vertices in the
Bruhat-Tits tree.

Recall that in Chapter 2 we denoted by B the algebra of Hamilton quaternions and by
R the ring of Hurwitz quaternions, in particular

L +iditk
B=Q+Qi+Qj+Qk and R=7 zgk%

Definition 5.1.1. We will denote by R[1/pl]{ the ring

R[1/ply ={~v € R[1/p|]| Nm(y)=1}.

Lemma 5.1.1. Let p # 2 be a prime number. Then —1 is a square in Q, if and only if
p=1 (modulo 4).

Proof. First of all we note that if there is an « € Q, such that a? = 1, then 2v,(a) = 0,
S0 a € Z,. If such an « exists, then we have a solution of the equation z* + 1 = 0 in F,,.
Viceversa, if there is a 8 € F,, such that 32+ 1 = 0, then 28 # 0 in F,, so by Hensel’s lemma
we have a solution of 22 +1 =0 in Z,. So —1 is a square in Q, if and only if the equation
z? + 1 = 0 has solution in F,, which is equivalent to

-1
)
p
and this is equivalent to p = 1 (modulo 4). O

Let p be a prime such that p = 1 (modulo 4). Then we can define a map ¢ : B — M(Q))

by
1|—>10 H040 .|_>0—1 I s 0 —«o
01) @ 0 —a)’ 7 1 0)° —a 0 )
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where o denotes the square root of —1 in @,. The matrices above satisfy the same multi-
plication table as 1,1, j, k. Moreover, they form a basis for M5(Q,), so we can conclude that
B ® Q, = My(Q,). In general, our map will be given by

) ) a+ba —c—da
a+bi+cj+dk — (c—da a—ba)’

and it is easy to check that the norm of quaternions maps to the determinant of matrices,
so R[1/p]{" is mapped into a subset of SLy(Q,). From now on, we will use the notation

[=u(R[1/pl;) € SLa(Qp).

We can define an action of the group I' on #H,,. Let 7 = [z,y] € H, and v = (?}) € I, then
we set

VT = [qr +ry, sz + ty].
Equivalently, if we identify [z, y] with z/y, then 7 gives us the M6bius transformation

qr + 71
T = .
i sT+t

Definition 5.1.2. Let a and b be points of H,. The theta function ©(a,b; z) is defined as

O(a,b; z) = H

vyel

z—a

2 —b’

where z € H,.
The following lemma will be useful to prove that theta converges and is meromorphic.

Lemma 5.1.2. Let v €PGLy(Q,). Then the distance between the standard vertex vy and
the vertex yvyg = [L] of the Bruhat-Tits tree is

d(Uo, ’71}0) - 2m7
where L is the lattice spanned by the columns of v and m is the minimum integer such that
p™L C Zf,.

Proof. By the elementary divisor theorem we can find a basis { e1, e } for ZIQJ and integers

a,b such that { pleq, ples } is a basis for p™L. Moreover, by the minimality of m, p™L is
the unique representative of the class [L] such that p™L C L and p™L is maximal with this
property. But this means that the distance d(vo,yvo) is the size of the quotient Z2/p™L, so

d(vo,yvo) = |Z2/p"L|
= a+b
= Up(papb)
= vp(det(Mymy)),
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where My, is the matrix whose columns are p®e; and p’es. The last equality holds because
the standard basis of @12) is also a basis for Zz and the matrix associated to this basis is
the identity matrix, which has determinat one, and so also the matrix whose columns are
e1, €2 has determinant one (because a base change does not affect the determinant). Now
the thesis follows because
o (det(Myn)) = 2m -+ v,(det(7)
= 2m.

5.2 Convergence and meromorphicity

In order to prove that ©(a, b; z) is convergent and meromrphic, we will introduce a filtration
Iyclhyc.--cl', C...

for the group I'. This is useful because it allows us to index the infinite product defining
O(a,b;z). To prove the meromorphicity of O(a,b;z), we will adapt for our purposes the
methods in [GvdP80]. Note that a possible filtration for the group I is defined in [GvdP80].
However, we will define the sets I',, following [FM14], because such a choice for the filtration
of " will allow us to use Lemma 5.1.2, which will be useful to prove the convergence and
meromorphicity of O(a, b; z).

Definition 5.2.1. Letn > 0 and recall that we defined v as the map such that t(R[1/p]y) =T.

Then we set
pn

We have T',, C T',,;1 because we can write z/p" = (pz)/p™*'. Moreover, given a v € T,
we can always " clear the denominators” of its coefficients by multiplying by a suitable power

of p, hence
r=|JTI.,

n>0

x € R and Nm(m):p2n}.

and the minimum n such that v € I',, is the exponent of the smallest power of p such that
p"v has integer coefficients.

Definition 5.2.2. Let n > 0, we set

Ifn>1, we set

and P,(a,b;z) = H Sy



Proposition 5.2.1. The function ©(a,b; z) converges for any a,b, z in the standard affinoid
A.

Proof. We have that
(a,b; 2) H@ (a,b; 2)

n>1

We will show that each factor of the product defining ®,(a,b; z) tends to one as n tends to
infinity. Let + be an element of [' and let n be the minimum integer such that

x
v=1 <—) , with Nm(z) = p*.
pn
Then, by Lemma 5.1.2, the distance between the standard vertex vy and the vertex gv is

d(vg, gug) = 2n. Moreover
z—na  z—ga

z2—b  z—gb’
because v and g give the same Mobius transformation. Since a, b, z are all in the standard
affinoid A, we have

gaagb e 2n 1 - U B~ y? 2n — 1)
YyER2n—1

1

where R,,_1 is a set of representatives for ]P’I(Qp) modulo p?*~!. In particular there is a

representative ¢y € Ro,_1 such that
gaagb S Bi(ﬂ? 2n — 1)7

that is, both ga and gb lie in the "hole” corresponding to the vertex gvy, because both a and
b are in A. But then

lga — gbl, < (1/p)** 1.
Now if we assume |z — gb|, > 1 the thesis follows, because

z—ga:1+gb—ga
z—gb z—gb

and

gb—ga
z—qgb »
So it remains to prove that |z — gb|, > 1. This follows from the fact that z € A but gb & A,
so either |[gb —t|, <1 fort=0...p—1 or |gb|, > 1. In the first case we have

< |ga — gbl, < (1/p)*"".

2 gbly = maxd]z — tly, |t — g0l }
= |Z_t|p217

while in the second case

2 = gbl, = max{|z,, |gblp}
= |gbl, > 1.
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Proposition 5.2.2. The function ©(a,b; z) converges for any a,b, z in H,.

Proof. In the general case, a,b and z could lie on the preimage of any closed edge via the
reduction map. If e, and e, are edges such that a € red™'(e,) and b € red*(ep), let v and
w be vertices such that v € [e,] and w € [e;]. Given a matrix v € I', throughout this proof
we will denote by g the matrix ¢(z), where

v=1 (ﬁ) , with Nm(z) = p*",
pTL

and n is minimum with this property. The action of PGLy(Q,) on T preserves the distance
between vertices, so we see that we can always find a suitable n such that the distances
d(vg, gv) and d(vg, gw) are as big as we want (because d(vg, v) and d(vg, w) are fixed by the
action of g, while d(vg, gvg) = 2n can be as big as we need). This, together with the fact
that d(v,w) = d(gv, gw), tells us that for any integer k& we can find n such that, if v € T',,,
then gv and gw are far enough from the standard vertex vy and we have

ga,gb & Qg and ga,gb€ B (y,2k — 1),

for some y € Rox_1. So for almost all v € " we have

lga — gbl, < (1/p)*".

Now note that z lies at a fixed distance from vy, while we said above that d(vg, gw) can be
as big as we want. So we conclude that there is an integer m such that, if v € I, for n big
enough, then

gbe B (y,2m —1) and z¢& B (y,2m — 1),

for some y € Ra,—1. Let mg be the minimum m with this property, then
|2 = gbl, > (1/p)*™ "
We conclude that given an integer k we have

gb—ga
z—gb

< (1/p)*rm),
p

for almost all v € I'. Consequently

ET9Y 1 itk — oo

p

z—gb

Definition 5.2.3. A C,-valued function f on H, is said to be rigid-analytic if, for each
edge e of T, the restriction of f to the affinoid Ay is a uniform limit, with respect to the
sup norm, of rational functions on P*(C,) having poles outside A.
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Definition 5.2.4. A C,-valued function f on H, is said to be meromorphic if its restric-
(Z)

tion to any affinoid Ay is the quotient ¥ of two analytic functions g(z), h(z) where the

denominator s non-trivial.

Proposition 5.2.3. The function ©(a,b; z) is meromorphic on H,, with zeroes at the points
{~va |~ €T} and poles at the points { yvb |y €T }.

Proof. Fix an integer n. Then there is an integer N such that va,vb & 2, if v € T, for

7> N. Let
k
H@Zabz
i=N

Then f; is analytic on €2, and
Jer1 — fr = (q)k:—H - 1)fk~

oo biz) = [ =2

Recall that

Vel —Tk_1 = "}/b
and ;
z—vazl_i_g —ga7
z—b z—gb

where, for each v € I'y, — I'y_1, the matrix ¢ is defined as «(z) if
x .
Y=1 <E) , with Nm(z) = p**.
For any point z € 2,, we have
|2 — gbl, > (1/p)",
because vb & €2, if v € I';, for i > N. Then, since |gb — gal, tends to zero if v,(det(g)) tends

to infinity, we have
P41 — 1o, — 0.

This means that the sequence {f} converges uniformly on 2,, towards an analytic function
f*(z). But since

(a,b; 2) H<I> (a,b; 2)
we have
N-1
O(a,b;2) = f*(2) [ ®ila,b; 2).
i=1

As this converges independently of n, we get a meromorphic function on H,. Moreover, the
function ©(a, b; z) can have no poles outside of { b | v € I' }, because f*(z) has no pole on

Q,. As
zZ—va Hz—'yb_
I : =1
verz_vb yer 2T

we conclude that ©(a,b; z) has no zeroes outside { ya | v € I' }, because ©(b, a; z) has no
poles outside { ya |y € T }. O
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5.3 On the computation of ©(a,b; z)

The most "naive” way of computing ©(a, b; z) is probably to approximate it with
@n - H CI)Z'(CL, ba Z)
i=0

for growing values of n. However, this method is not efficient. Indeed, to compute ®,,(a, b; 2)
we need to compute the set I',, — I',,_1, and this is like computing the set

{z€R|Nm(z)=p™}.
From Chapter 3, we know that the cardinality of this set is
24(1+p+ -+ p°).

As this cardinality grows exponentially in p, computing &, (a,b;z) by multiplying all its
factors is not efficient. In this section we want to show how the recursive relations for Hurwitz
quaternions that we found in Chapter 2 could lead to a more efficient way of computing

O©(a,b; 2).

Lemma 5.3.1. Let n > 1. Then

1

Du(a,biz)=c ] 7y z—a

1 J
z—0b
'Yern_rnfl ,y

where ¢ is a constant in C,.

Proof. If v = (27}), then

z—va sb+t zsa+z2t—qa—r
z2—b  sa+t zsb+at—qb—r1’

while
Yy lz2—a tz—r+4asz—aq

v lz—b  tz—r+bsz—bqg

sb+t
c= ]I .
'Yern*rnfl sa +

the thesis follows. O

So if we take

Definition 5.3.1. Ifn > 0 we set

o[
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and

:C —pr
(o (2) ez ).

where QP and Q1" 7P" are respectively the sets of primitive and non-primitive quaternions
of norm p™ that we defined in Section 2.3. Moreover, we set

O (a, by z) = | | - 7@7
yery” z=b
and, ifn > 1,
non—pr — Z—na
O (a,b;2) =1, DT (a,b;z) = | | .
0 (CL, ’Z) ) n (a7 ,Z) P _7b
vepzon—pr

We want to use the relations that we found in Section 2.3 to write 2" and " ~P"
recursively. This will give us ®,,, because of course

—_ HPr . dnon—pr
®, = P . pronT

Proposition 5.3.1. If n > 2, then
O = ORI D
Proof. We saw in Section 2.3 that, if n > 2, then
o " ={pg|qe @ }U{pg| @ 5},
Let A= {u(pq) | ¢ € Q575" } and B = { t(pg) | g € Q3,5 }, then

non—pr Z—a Z—na
(I)n P (a’7 b? Z) = H z— b . - b
YEA v YeEB v

= O (a,b;2) - D" (a,b; 2),

because the matrices ¢(q) and ¢(pq) give the same M&bius transformation. O

The above proposition enables us to calculate ®°"~P" recursively. The following lemma
will be used to prove a similar relation for ®2".

Lemma 5.3.2. Ifn > 2, then the multiset
{qTﬂ“j | ri,r; €T,q € Qg
15 equal to the multiset

p{p’alqae @ U+ 1){pe|qec@h_,} UQL,

where T is a set of representatives for the equivalence relation ~ defined in Section 2.2.
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Proof. The statement is proven using repeatedly Proposition 2.3.2, in particular
{qrﬂ“j ‘ ri,r; €T, q € Qb _ 2} AU B,
where A= {qr; | r; € T,q € Q4,_, } and B =p{ pgr; | r;€T,qe Qb _5}. But now
A=Q5hU{pg|qae@y 5},

while
B=p{pg|lqe Qs o} up’{p’q|qec@b _,}.

Remark 5.3.1. The same result would follow if, instead of multiplying on the right by
elements of T, we multiplied on the left by elements of 7.

We are now ready to write ®P" recursively.

Proposition 5.3.2. Ifn > 2, we have

Hi,j 5 (a, b; gflgjlz)

O (a,b;2) = c
w(a,bi2) = ¢ g o T (0 b )

where c is a constant in C, and the matrices g; (or g;) are defined as
gi=1u(ry), 1€ T.
Proof. Let us denote by A, B and C' the multisets

A=c({Palac @ _s}), B=u(p+1){pa]ac@f >}

and C' = ¢ (Q%,). Then, by Lemma 5.3.1 and Remark 5.3.1 we have
H(D L) Hvlz—a Hylz—a v lz—a
no1(9; g = ¢ = ’ = ’ = )
! J 76Avlz—b 763712—17 76071Z_b

for some constant ¢ in C,. But this is like saying

ch (a,b:.07 g7 2) = e(@8y(a, b5 2)) (B (a, by 2) P10 (a, b 2),

so the thesis follows. O
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From the propositions above we see that, if n > 2, up to a multiplicative constant
®,, (a,b; z) is equal to

Hz’,j CI)g;l(av b; 9;19;12)
(PY" 1 (a,b; 2))P (P4 (a, b; 2))P

2 " q)zinl_pr(a'a ba 2)7

where g;, g; are the images via ¢ of representatives for the relation ~. So we see that in order to
compute ©,, up to a multiplicative constant we only need to compute ®§' (a, b; z), PY" (a, b; 2)
and the set of representatives T (which has cardinality p + 1). To compute O (a,b; 2)
and ®}"(a, b; ), we need the sets [y and T';, which have cardinality 24 and 24(1 + p + p?),
respectively. Finding the sets 'y and I'y requires finding the Hurwitz quaternions of norm
1 and p?®. One way to do this is looking for all the ways to write 1 and p* as sum of
four squares of integers or half integers; otherwise, we can also use the function find
elements_in_order written by Franc and Masdeu in the Sage package BTQuotients (see
[ST15]). If we have Ty and 'y, we can compute ®} (a,b;z) and @' (a,b; z) as functions
of z for fixed @ and b. Then we can compose by the Mdbius transformations given by the
matrices gi_lgj_1 and use the formula above to calculate ®,(a, b; z) (as a function of z) up to a
multiplicative constant. Applying the formula involves just multiplying and dividing rational
fractions, or raising them to the power p or p?>. Thus we see that this method of computing
©,(a,b; z) is much more efficient than the one described at the beginning of this section.
Indeed, with the first method the number of operations at every step grew exponentially in
n, while with this second method the number of operations grows polynomially in n.
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