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ABSTRACT

Computing the average root number of a one-parameter family of elliptic curves defined over Q

Takovos Jake Chinis

The root number w of an elliptic curve defined over QQ has an intrinsic definition as an infinite product of local
root numbers w,,, over all places p of Q, with w, = =1 for all p and such that w, = 1 for all but finitely-many p. By
considering a one-parameter family of elliptic curves defined over QQ, we might ask ourselves if there is any bias in the
distribution (or parity) of the root numbers at each specialization.

From the work of Helfgott in his Ph.D. thesis, we know (at least conjecturally) that the average root number of an
elliptic curve defined over Q(T) is zero as soon as there is a place of multiplicative reduction over Q(7) other than
—deg.

In this paper, we are concerned with elliptic curves defined over Q(7') with no place of multiplicative reduction
over Q(T), except possibly at — deg. More precisely, we use the work of Helfgott to compute the average root number

of an explicit family of elliptic curves defined over Q and show that this family is “parity-biased” infinitely-often.
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Chapter 1

Introduction

Let E be an elliptic curve defined over Q. For every prime p, let Ep denote the reduction of E modulo p and set
ap :=p+1-— #Ep (F,), where #E‘p(]Fp) denotes the number of IF;,-points on Ep. The L-series associated to E is
defined by the Euler product

L(s,B):= ] O =ap™)" J] @ —app™ +p" )",
p prime p prime
plA pfA
where A is the discriminant of E. It is well known that the product defining L(s, F') converges and gives rise to an
analytic function, provided R(s) > 2, which follows from Hasse’s bound: |a,| < 2,/p; we refer the reader to [Sil09].

The Modularity Theorem [Wil95] tells us that much more is true; namely,
A(s, E) := N (27)*T(s)L(s, E),
has an analytic continuation to the entire complex plane and satisfies the functional equation
A(s, E) =wA(2 — s, E),

for some w = wg = +1, where Ng = NE/Q is the conductor of E and where T'(s) := fooo t5—1e~t dt is the Gamma
function. We call w the root number of E.

In this paper, we use the techniques developed by Rizzo [Riz03] and generalized by Helfgott [Hel09] to compute
the average root number of an explicit family of elliptic curves defined over Q. To do so, we implement the methods
outlined in [BDD16].

By a family of elliptic curves defined over Q, we mean an elliptic curve defined over Q(T'); equivalently, it is a

one-parameter family of elliptic curves given by a Weierstrass equation
F:y? =23 +ay(T)2? + ay(T)x + ag(T),

for some a3 (T'), a4(T), a(T) € Z[T). For every t € Z, we let F(t) denote the specialization of F at ¢ and note that
F(t) defines an elliptic curve for all but finitely-many ¢. Moreover, the map which sends F to F(t) is injective for all



but finitely-many ¢ (Silverman’s Specialization Theorem, [Sil83]). From here, we let

) the root number of F(¢) if F(¢) is an elliptic curve,
EF =
0 otherwise,

and define the average root number of F over Z by

. 1
Avy(ex) = %gr;oﬁ Z ex(t),
[t|<T

provided the limit exists.
In [Hel09], Helfgott showed (conditionally, and unconditionally in some cases) that Avz(cx) = 0 whenever F
has a place of multiplicative reduction over Q(T") other than — deg. In order to make the statement precise, we first

state the following conjectures:

Conjecture 1.0.1 (Chowla’s Conjecture). Let P be a squarefree polynomial with integer coefficients. Then,

1
lim > AP(n)) =0,

N —oc0
n<N

where \(n) := [, (—=1)"»") is Liouville’s function and where v,(n) denotes the p-adic valuation of n.

pln
Remark 1.0.1. By “Strong Chowla’s Conjecture” for a polynomial P, we mean that Chowla’s Conjecture holds for
P(ax +b) forall a,b € Z,a # 0.

Conjecture 1.0.2 (Squarefree Sieve Conjecture). Let P be a squarefree polynomial with integer coefficients. Then,

1
lim —#{1 <n <N :3primep> VN s.t. p?|P(n)} = 0.
N—oco N

Proposition 1.0.1 ([Hel09]). Ler F be a family of elliptic curves defined over Q. Let Mx(T') and Bx(T') be the
polynomials defined by

Mp(T):= [[ @(T), BT := ][ Qu.D),
v mult. v quite bad

v#—deg v#—deg

where the products are over all places v of Q(T) for which F has multiplicative reduction over Q(T) and quite bad '
reduction over Q(T), respectively, and where Q,,(T) is the polynomial associated to v. Then, for all but finitely-many
teZ,

er(t) = sgn(goc (MAM= (D) [T 90(0),

p prime
where g is a polynomial, sgn(gu(t)) denotes the sign of goo at t, and g, : Q, — {£1} are functions satisfying:
e g, are locally constant outside a finite set of points;

e for all but finitely-many primes p, g,(7) = 1 whenever v,(Br(T)) < 2.

1 is a place of quite bad reduction if no quadratic twist of F has good reduction at v.



Moreover, if F has at least one place of multiplicative reduction over Q(T') other than — deg, and if the Squarefree
Sieve Conjecture holds for Br(T') and Strong Chowla’s Conjecture holds for My (T'), then Avz(cxr) = 0.

On the other hand, if F has no place of multiplicative reduction over Q(T), except possibly at — deg, and if the
Squarefree Sieve Conjecture holds for Bx(T), then

c_+c
Avz(er) = —— ] / gp(t)dt,
ZP

p prime
where dt denotes the usual p-adic measure and where ¢y = lim,_, 1 oo g0 (goo (T)).

Remark 1.0.2. The above theorem is conditional on the Squarefree Sieve Conjecture as well as on Chowla’s Conjec-
ture, which are known to hold in some cases,; namely, Chowla’s Conjecture is known to hold for polynomials of degree
1, whereas the Squarefree Sieve Conjecture is known to hold for polynomials whose irreducible factors have degree
less than or equal to 3 [Hel0O4].

There has been little work dealing with the case where F has no place of multiplicative reduction over Q(7'), except
possibly at — deg. In [Riz03], Rizzo showed that Washington’s family [Was87] W : y? = 23 +tz? — (t +3)x + 1 has
ew(t) = —1forall t € Z (so that Avy(eyy) is trivially non-zero) and he also gave an example of a family of elliptic
curves whose j-invariant is not constant and whose average root number is not equal to -1, 0. There are other such
isolated examples, see [BDD16] for a more thorough survey.

In [BDD16], the authors attempted to give a more systematic approach to describing families of elliptic curves
defined over Q whose average root number is not zero: they classified all such “potentially parity-biased” families

whose factors, in the parameter 7', have degree less than or equal to 2. More precisely,

Definition 1.0.1. Let F be an elliptic curve defined over Q(T), let jx(T) denote the j-invariant of F, and let rx
denote the rank of F over Q(T). Then,

e F is potentially-parity biased over 7 if F has no place of multiplicative reduction over Q(T), except possibly
at — deg.

o F is parity-biased over 7 if Avy(cx) exists and is non-zero.
o F is non-isotrivial if j=(T') is non-constant; otherwise, F is isotrivial.
o F has excess rank if Avy(cr) exists and Avy(er) = —(—1)"F

Remark 1.0.3. As the authors in [BDDI16] remark, there are many examples of isotrivial families. For example,
quadratic twists of a fixed elliptic curve E : y* = 23 4+ ax2® + ay4x + ag defined over Q by a polynomial d(T) € Z[T),
EAT) . d(T)y2 =23 4 a22? + aux + ag, a; € Z,i = 2,4, 6. Furthermore, we have the following implications:

Excess Rank = Parity-Biased % Potentially Parity-Biased.

Conyj.

In Theorems 7 and 8 of [BDD16], the authors show that there are essentially 6 different classes of non-isotrivial,

potentially parity-biased families of elliptic curves defined over Q whose coefficients, in the parameter 7', have degree



less than or equal to 2; namely,

Fs(t) 1 y* = 2 + 3ta® + 3sx + st, with s € Z_o;
Gu(t) : wy? = 2° + 3ta® + 3tz + t*, with w € Zo;

RN

w(t) rwy? =2 + (82 — Tt + 3)2? — 3(2t — V) + (t + 1), withw € Zz;
(t) :wy® = 2 +t(t — T)a* — 6t(t — 6)x + 2t(5t — 27), with w € Z_0;

o

Tmw(t) 1 wy? = 2® + 3t2% — 3mtx + m?, with m, w € Z;
Lo so(t) : wy? = 2® 4+ 3(2 + v)2? + 3sz + s(t* +v), withv € Z, s,w € Zy.

The authors then compute the average root number for two subfamilies of F,
W,(t) 1 y* = 2% + ta? — a(t + 3a)z + a®, with a € Z,
Vo(t) 1 y? = 2® + 3ta® + 3atz + a*t, with a € Z,

highlighting the key ideas in implementing Helfgott’s and Rizzo’s work (see also the “Sketch of the proof of Theorem

6” on pages 6-9 in [BDD16], where the authors give a general overview on the correct way to proceed).
Remark 1.0.4. Note that W, (t) = F _35442 (12t + 18a) and V, (t) = F 142 (4t — 2a).
In this paper, we complement the work of [BDD16] by computing Avz(e £, ); that is, we prove the following:

Theorem 1.0.1. Let F; denote the family of elliptic curves defined over Q whose specializations are given by the

Weierstrass equation
Fs(t) 1 y? = 2® + 3ta® + 3sx + st, with s € Zy.
Then, Avy(er,) exists with

AVZ(€]:5) = — H E]:d(p),

p prime

where the Er, (p) are given by Propositions 3.2.1, 3.3.1, and 3.4.1, forp > 5, p = 3, and p = 2, respectively. In
particular, F s is parity biased over 7 iff s £ 1, 3,5 (mod 8).

1.1 Applications

In this section, we present some areas of mathematics where average root numbers play a role. We only briefly discuss

the results here, leaving the rest to the imagination.

1.1.1 One-level density functions of elliptic surfaces

As mentioned in [BDD16], the average root numbers of elliptic surfaces defined over QQ appear naturally in the study
of elliptic curves and their associated L-functions. They show in upcoming work that the one-level density function



of an elliptic surface F, denoted by Wr, is equal to

1+ (—1)”‘_ AVZ(E]:)
2

1-— (—1)77: AVZ(S}‘)
2

Wx(r) = rFdo(T) + Wsoeven) (T) + Ws0(0dd) (T),

where 7z is the rank of F over Q(T'), do is the Dirac measure at 0, and Wsoeven) (resp. Wso(oda)) is the one-level
density function of the special orthogonal group of even size (resp. odd size). For more on one-level densities and

applications of Helfgott’s work, see [Mil04].

1.1.2 Constructing families of elliptic curves with elevated rank

Assuming the Birch-Swinnerton-Dyer Conjecture, Silverman’s Specialization Theorem [Sil83] tells us that

rank(F(1)(Q)) > 7 + 5(1— ex(t)(~1)"7)

for all but finitely-many ¢ € Q; in particular, the average root number of F provides a lower bound for the rank of each
specialization. In [CCHO5], the authors use this lower bound to construct families of elliptic curves with elevated rank;
that is, to construct families of elliptic curves for which r £ is strictly less than rank(F (¢)(Q)) for all but finitely-many
t.

Remark 1.1.1. Without assuming BSD, Silverman’s Specialization Theorem tells us that r < rank(F (¢t)(Q)) for all
but finitely-many t € Q.

1.1.3 Generalizing the congruent number problem

Given an angle 5 < 6 < , a squarefree integer n is called 0-congruent if there exists a triangle whose largest angle
is 0, whose sides are all rational, and whose area is n. In [Rol11], the author gives an elliptic curve criterion for when
a given integer is 6-congruent, he then uses the work of Helfgott [Hel09] to prove some density results concerning

f-congruent numbers.

1.2 Overview of this thesis

In this section, we provide a general overview of the work contained herein. Once again, our goal is to combine the
work of Helfgott [Hel09] and Rizzo [Riz03], and then use the methods outlined in [BDD16], to compute the average
root number of an explicit family of elliptic curves defined over Q.

The main tool in proving Theorem 1.0.1 is the work of Helfgott; namely,

Proposition 1.2.1 ([Hel09], Proposition 7.7). Let S be a finite set of places of Q, including the place at infinity. For
every place v € S, let g, : Q,, — C be a bounded function that is locally constant almost everywhere. For every
primep & S, let hy, : Q, — C be a function that is locally constant almost everywhere and such that |h,(x)| < 1 for
all z. Let B(x) € Z[z] be a non-zero polynomial and assume that hy,(x) = 1 whenever v,(B(z)) < 2. Let

W(n) = H 9v(n) H hp(n).

ves pgS



If the Squarefree Sieve Conjecture holds for B(x), then

Avy (W) = =1 +C+H/ gp(z dzH/h

peS pES
where ¢+ = limy, 4o Joo (z) and where Avz (W) := limy 00 ﬁ Z\nISN W(n).

Remark 1.2.1. (i) When we say that a function is locally constant almost everywhere, we mean that it is locally
constant outside a finite set of points. Recall further that a function f from topological space X into a set'Y is locally
constant if for every x € X there exists a neighbourhood U about x such that f is constant on U.

(ii) We use v to represent a place of Q that is either finite or infinite, so that Q,, = Q,, is the field of p-adic numbers
if v = pis a (finite) prime and Q,, = R if v = oo is the prime/place at infinity. The products indexed by p are over
finite primes, under the respective conditions.

(iii) Note that a function f : R — C that is locally constant almost everywhere (that is, outside a finite set of
points) is a step function with finitely-many discontinuities; in particular, g () is constant for all x sufficiently large

(sufficiently large and negative, respectively).

In order to use Proposition 1.2.1, our first goal is to write € #(¢) as an infinite product: this is accomplished by

writing the root number of F(t) as a product of local root numbers w(t),

- H wp(t)
p prime
Remark 1.2.2. Alternatively, one may define the root number w of an elliptic curve E [/ Q to be the infinite product
of local root numbers (independently of the functional equation associated to L(s, E)). The local root numbers are
themselves defined by representations of the Weil-Deligne group of Q,, (with we = —1 for all elliptic curves defined
over R); we refer the reader to [Del73] and [Tat79].

Sadly, the local root numbers do not, in general, satisfy the hypotheses of Proposition 1.2.1 (see section 1.2 of
[Hel09]). In order to rectify this, we then express € #(¢) as a product of modified local root numbers w}(t),

er(t) = —wi(t) T[] wy(o)
p prime
with w (t) satisfying the hypotheses of Proposition 1.2.1; our choice of w(t) is a natural one (see Remark 3.1.2). At
this point, computing the average root number of F amounts to computing the p-adic integrals fZ 5 (t)dt, which we
break into three sections (for p > 5,p = 3, p = 2), and we have that

Avy(er) H /

p prime
as our choice of w_(t) is equal to 1 for all but finitely-many ¢ € Z.

Remark 1.2.3. In all that follows, the letter p will denote a (finite) prime and products over p are understood to be
over all (finite) primes. In the case where a product involves the added “prime/place at infinity,” we will make this
explicit by writing the product over p < oo. As usual, Z, denotes the ring of p-adic integers and for all n € Z,,
vp(n) denotes the p-adic valuation of n. We use the identification Z — Z,, freely and set n, := np~*(") for all
n € Z, \{0}.



Chapter 2

Background on root numbers and p-adic

integrals

In this chapter, we attempt to give as much background as possible on root numbers of elliptic curves and the basics

of p-adic integration; we confine ourselves to what is needed for this thesis.

2.1 Root numbers: a history

In this section, we give a brief survey on root numbers of elliptic curves defined over QQ, beginning with the work of
Deligne [Del73] and ending with the work of Rizzo [Riz03].

The root number w of an elliptic curve E defined over Q has an intrinsic definition as an infinite product of local
root numbers w,, over all (finite) primes of Q and the prime at infinity p = oo. In particular, w, = =£1 for all primes p

with w, = 1 for all but finitely-many p, so that the expression

w = H Wy,
p<oo
is well-defined.
Defining local root numbers is quite a process; we mention the bare minimum here and refer back to the work of
Deligne [Del73] and Tate [Tat79]. So, let E' be an elliptic curve defined over Q and let p be a prime (either finite or

infinite). The local root number w,, of F at p is defined by

8(0}371), P, dx)
le(0 s s da)|’

Wy 1=

where 1) is any non-trivial, unitary character on Q,,, dx is any Haar measure on Q,,, cr’E7p is some representation of the
Weil-Deligne group of Q,,, and s(ag’p, 1, dz) is the corresponding e-factor as in [Del73] and [Tat79].

There are several classical results related to computing w,, for various p and for various £/ Q. For example, it is
well-known that w,, = —1 for all E/R, and that wp = 1 whenever F has good reduction at p; see [Roh93] for a
complete exposition of well-known results, or [Con94] for a more concise exposition.

In [Roh93], Rohrlich computed w,, for all p > 5 and for all E/ Q. For p = 2, 3, Rohrlich was only able to compute



wy, in the case where E has bad, potentially good reduction at p, with E abelian at p, j # 0, 1728. Unfortunately,
Rohrlich’s work for p = 2, 3 is not effective for computations, in the sense that his results are not explicit: for p = 2, 3,
his work relies on finding a totally ramified cyclic extension K of @, and a nontrivial character x on (@; such that p
has order [K : Q,], with p trivial on the norm group N/ g, (K™). From there, he shows that w;, = p(—1).

Connell [Con94] improved upon the work of Rohrlich in the case where E has bad, potentially good reduction at
p = 2,3, with E abelian at p, j # 0, 1728, by making Rohrlich’s results explicit: Connell gave formulas for ws, w3 in
terms of the covariants ¢y, ¢g, A, and the invariant j associated to F.

For j = 0, 1728, the local root numbers of F were computed by Birch-Stephens [BS66] and Liverance [Liv95].

Halberstadt [Hal98] then completed the study of local root numbers of elliptic curves defined over Q by considering
the remaining cases at p = 2, 3. Again, the results are not effective for computations (at least when one considers a
parametrized family of elliptic curves) as the work of Halberstadt gives values for ws, ws which depend upon the
coefficients of a minimal Weierstrass equation for E.

Rizzo [Riz03] brought the study of local root numbers full circle by revisiting the work of Halberstadt and removing
the minimality condition for the Weierstrass equation defining F, thereby providing explicit formulas for the local root

numbers of all elliptic curves defined over Q and for all p. For these reasons, we use [Riz03] for our computations.

Remark 2.1.1. As the authors in [BDDI16] remark, there are the following misprints in [Riz03]: in Table II, the line
corresponding to (a,b,c) = (> 5,6,9) should read ci + 2 # 3ca.4 (mod 9); in Table III, the second line should read
(a,b,c) = (0,0, > 0) and the Kodaira symbol at (a,b,c) = (2,3,1) should read I3.

2.2 p-adic analysis

In this section, we mention the basics of p-adic integration for complex-valued functions. All that follows is essentially
an exercise in general measure theory, we use [Roy10] as a general reference.

We begin our study of p-adic analysis by “constructing” the Haar measure (i = [itaar ON Zy,. For all a € Z, and
alln € N, define p,(a + p" Z,) := p~™; we extend i, to all compact-open subsets of Z,, by additivity, noting that
all compact-open subsets of Z,, can be written as the disjoint union of a finite number of sets of the form a + p" Z,,.

From here, we define the outer-measure ji;; induced by p,, by setting 1 () = 0 and by defining
*(O) := inf Og),
1p(0) (On) ; 1p(Ok)

for all O C Z,,, where the infimum is taken over all countable sets of compact-open subsets of Z,, whose union covers

O. Now, let M denote the o-algebra of (i,-measurable sets of Z,; that is,
M ={0 CZ,: 3(A) = pi(A()O) + i (A()O°) forall A C Z,}.

Finally, we let 1t = i,y denote the restriction of ,u; on the Borel o-algebra of subsets of Z,, B C M;ie., p= u;gl 8

We are now in a position to define p-adic integrals of the simplest kind, pun intended. Let X € 55 and let f be a
complex-valued function on X. Suppose further that f can be written as a finite linear combination of characteristic
functions of pairwise disjoint, Borel subsets of X, say f = Y .-, ¢;xo,, for some ¢; € C,O; C X. The integral of f



over X with respect to y is then defined by

[ @) =3 o).
X i=1

Remark 2.2.1. We often write [ f(x)dx in place of [ f(x)u(x).

2.2.1 p-uniformly locally constant multiplicative functions and their p-adic integrals

In our work, we deal with functions Rizzo calls p-uniformly locally constant multiplicative functions. We will see
that these functions are locally constant everywhere, except possibly at 0, which is what we need in order to apply

Proposition 1.2.1.

Definition 2.2.1 ([Riz03], p.11). A function f : Z, — R is a p-uniformly locally constant multiplicative function
if there exists a positive integer 1 such that the value of f at x € Z,, is completely determined by v,(x) and z, :=

xp~*»®) (mod p"). We call n) a uniformity constant of f

Remark 2.2.2. Note that uniformity constants are not unique: if the value of f at x is determined by v,(x) and

xp, (mod p), then it is certainly determined by vy (x) and x,, (mod ") for any ' > .

From the definition above, it should be clear that all p-uniformly locally constant multiplicative functions are
locally constant on p°®Z,, := {x € Z, : vp(x) = e} for all e > 0. To see this, let  be a uniformity constant of f,

partition p© Z,, into p"1(p — 1) disjoint balls of radius p°*7,

P L, = U pilag+aip+ -+ ay_1p" ) +p 7,

and note that f is constant on each ball. From here, it is easy to see that

— _ f(dp°)
Ry R CEED Y-

de(Z [p" Z)*

We extend the above expression to all of Z,, by writing

oo

S / GG

f(t)dt =
Zp e=0

provided the sum converges absolutely.



Chapter 3

The family ./ ; and its average root number

In all that follows, we concern ourselves with the Weierstrass equation
Fo(t) i y? = 2 4+ 3ta® + 3sx + st, s € Z,5 # 0,
for which we have

ca(t) = 2032(12 — s),

ce(t) = —2033t(t? — 5),

A(t) = —26335(t* — 5)?,
9693

i = 2502 - ).

S

We prove the following:
Theorem 3.0.1. Let

t) the root number of Fs(t) if Fs(t) is an elliptic curve,
EF, =
0 otherwise.

Then,

. 1
Avz(er,) = lim o > er(t)
|t <T

= - H Er, (p),

p prime

where the Ex_(p) are given by Propositions 3.2.1, 3.3.1, and 3.4.1, forp > 5, p = 3, and p = 2, respectively; in
particular, F s is parity biased over Z iff s Z 1,3,5 (mod 8).

10



3.1 Finding local root numbers for the family

We begin by using tables I, II, and III of [Riz03] to find the local root numbers wy,(t) of (). From there, we choose
appropriate w;;(t) so that

er.(t) == T we(®) = —wi(®) T w;),

p prime p prime

with wy; (¢) satisfying the hypotheses of Proposition 1.2.1.
The local root numbers of F(t) for p > 5 are presented below. For p = 2, 3, similar calculations ensue, but we

only present the final results in Appendix A.
Proposition 3.1.1. Forp > 5,
o if 0 < 2u,(t) < vp(s), then

- (%) if up(t) is even,
71) if vp(t) is odd;

o if0 <uw,(s) < 2vy(t), then

- if vp(s) is even,
(’72) if vp(s) is odd;
o if 0 < 2u,(t) = vp(s), then

(%) ifvp(t) + vp(t2 — s) = 1 (mod 2),
wp(t) = (%) ifvp(t) + vp(t? — s) = 2,4 (mod 6),
1 ifvp(t) + vp(t2 — 5) = 0 (mod 6).

Remark 3.1.1. (5> represents the Legendre symbol.

Proof. In order to find wy,(¢), it suffices to find the smallest triplet of non-negative integers (a, b, ¢) such that

a (mod 4),
vp(ce(t)) = b (mod 6),
vp(A(t)) = ¢ (mod 12).

Given such a triplet, we merely locate the corresponding value of wy,(¢) in Table I of [Riz03]. For the sake of simplicity,
we write v (ca, cg, A) for the triplet (v (ca(t)), vp(cs(t)), vp(A(t))) and

(a7 b7 C) ~ (a/7 b/7cl)7

for non-negative integers a, b, ¢, if a = a’ + 4k,b = b’ + 6k, and ¢ = ¢’ + 12k, for some k € Z.
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Forp > 5,
vp(ca, c, ) = (vp(t7 = 5), v (t) + 1t = 5),wp(5) + 205 (t = 5)).
From here, we consider three cases:
o If 0 < 2u,(t) < vy(s), then v, (t? — 5) = min(2v,(t), v,(s)) = 2v,(t); in particular,
vp(ca, e, A) = (20p(t), 31 (1), vp(s) + 4vp(1))-
Writing v, (t) = 2k + X, for some k € Z>o, A € {0,1}, we have that
vp(ca, ce, A) ~ (2X, 3\, vp(s) — 4k + 4N).
Since v, (s) > 2up(t) = 4k + 2,
vp(cq, ce, A) ~ (2X,3X,> 6X).
Looking into Table I of [Riz03],

_(70617_”17((36)) ifA =0,

P
(—71) A =1,

Moreover, —cgp~7#(%6) = 2633¢(12 — s)p~3» () as v, (cg) = 3v,(t). If we let t, = tp~»(), then

wpy(t) =

(—CGP_V”(CG)) _ (3%(1% - Sp‘%“)))
p p
- ()(5)
S \p p '
Finally, the assumption that 2v,(t) < v,(s) implies sp~2"»(*) is divisible by p; and so,
2 —2u, 2
(o™ (G2,
p p
which is the desired result.
o If 0 < 1,(s) < 2u,(t), then v, (t? — 5) = min(2v,(t), vp(s)) = v, (s); in particular,
vp(ca; co, B) = (vp(s), vp(s) + vp(t), 3vp(s)).
Writing v, (s) = 4k + A, for some k € Z>o, A € {0,1, 2, 3}, we have that

vp(cq,ce, A) ~ (A vp(t) — 2k + A, 3N).

Vp(C4,Cﬁ,A) ~ ()\, > g)\73/\)

12



Looking into Table I of [Riz03], we have that

Vp(5>

ifA=0,2,

—1
wy(t) = 7)
;ﬁ) ifA=1,3,
p

as claimed.

o If 0 < 2v,(t) = v,(s), then

vp(ca, c6, A) = (vp(1% = 5), 0p(t) + v, (12 = 5), vp(s) + 2(vy(1* = 5))
= (vp(t* = ), 0p(t) +vp(t* — 5),2(vp(t) + vy (t* — 5)).

Writing v, (t) + v, (t? — s) = 6k + A, for some k € Zxo, X € {0,1,2,3,4,5},
vp(cq, ce, A) ~ (2k + X — v,(t), A, 2)0).
Since v, (t? — s) > min(2v,(t),v,(s)) = 2v,(t), 6k + X = v,(t) + v,(t2 — s) > 3v,(¢); in particular,

2
Up(c4a Ce, A) ~ (2 §>‘7 )‘a 2)‘)

Looking into Table I of [Riz03],

(%) ifA=1,3,5,
wy(t) = (iﬂ if A =24,
1 ifA=0,

which is the desired result.

So far, we have written the root number of F4(t) as a product of local root numbers

€F, (t) = H U)p(t),
p prime
with w,(t) given by Proposition 3.1.1 for p > 5 and ws(¢), w2 (t) given by Propositions A.0.1, A.0.2 in Appendix A,
respectively. Our next goal is to modify the local root numbers in order to apply Proposition 1.2.1 (this is accomplished

in the following lemma).

”p(tz_s)
Lemma 3.1.1. Forp > 5, let wy(t) = wpy(?) (_—1) , with wy,(t) as in Proposition 3.1.1. For p = 2,3, and for
S

P
the prime at infinity, let w3 (t), w5 (t), wi (t) € {£1} be defined by

wi(t) = (t2 — 8)ows(t) (mod 4),
wi(t) = (=)~ 8),
wl () = sgn(t? — s),

o0
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where ws(t), w3(t) are given by Propositions A.0.2, A.0.1, respectively. Then,

E]:S H wp H U} (1)

p prime p prime

Remark 3.1.2. The choice of w, (t) is a natural one, more or less. We begin by assuming p > 5, p t s, and
plA(t) = —2633s(t? — s)2, so that v,(t*> — s) > 0 (if p t A, then wy,(t) = 1 and this does not pose a problem in
applying Proposition 1.2.1; similarly, the assumption that p 1 6s throws away a finite number of primes, which will
belong to the set S in Proposition 1.2.1). We have two cases to consider: vy(t) = vp(s) = 0 and v,(t) > vp(s) = 0.
In the first case,

(71) ifvp(t? — s) = 1 (mod 2),
wp(t) =1 (52) ifvp(t? = 5) = 2,4 (mod 6),
1 ifv,(t? — s) = 0 (mod 6),

whereas, w,(t) = 1 in the second case. Taking

)

wp =)

we see that w};(t) = 1 whenever p { 6s and v, (t> — s) < 1. The choices of w3 (t), w}(t), w, (t) are then made so that
Equation 1 holds. Combining this remark together with Lemma 3.1.1 allows us to apply Proposition 1.2.1.

Proof. For p odd, (%) = p (mod 4), so that

T wo-T0 ()" 7 I wo

p#2,3 p#2,3 p#2,3

= I »“ 2 ] wp(®) (mod4)

P#2,3 P#2,3

= (*1)”3@275) Hpup(tzfs) H wp(t) (mod 4)

pF£2 p#2,3

= (=18 = s)a| T] wylt

p#2,3

(t2—s)

thus,

t) IT wp®)=— T wo(®)

p prime p prime

O

Applying Proposition 1.2.1 with S = {p : p { 65} J{oo}, g = w};, hp = w};, and B(z) = 2 — s, we have that
Avi(er) =- ][] / wi(t)dt,

as w’_(t) = 1 for all but finitely-many integers t.
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Remark 3.1.3. Recall that the Squarefree Sieve Conjecture (Conjecture 1.0.2) holds for all polynomials whose irre-

2

ducible factors are of degree < 3 [Hel04]. Since we are applying Proposition 1.2.1 with B(x) = x* — s, our results

are unconditional.

The next few sections are devoted to computing the p-adic integrals fz )dt forp > 5,p=3,and p = 2,
respectively.
3.2 Computing fZ t)dt for p > 5
During the calculations involved in computing fZ )dt for p > 5, we will need to deal with integrals of the form

/ vp(t) =128 lat,

vp(t2—8)=vp(s)+k

for k € Z>; this is accomplished in the following lemma,

Lemma 3.2.1. Fork € Z>o, let S, == {t € Zy, : 1,(t) = V”Q(S) vp(t2 — s) = vp(s) + k}. Then, Sy, has measure

0 if vp(s) is odd,
pi'{;*)lﬂ (%") =—landk =0,
_p=3 e ) — =

pu(Sk) = p“”T(S)H ( p ) =landk =0, ifyp(s) is even.
0 if (2) =-landk =1,
p”i(&ijk)ﬂ if(%’)—landk‘>1

Proof. We assume that v,(s) is even; otherwise, Sy, = () and there is nothing to prove. Let x, denote the characteristic
function of Sy. For t € Zy, xx(t) = 1iff vp(t) = VPT(S) and 2 € s, + Pk Z,. Point is, X is a p-uniformly locally

constant multiplicative function with uniformity constant = k£ + 1. Hence,

1(Sk) ::/ ()= 2L 1dt

vp (82 —8)=vp(s)+k

1 vp(s)
=—5— Y. xldp 7).
P

b e jp 2y

We begin with the case k£ = 0 and treat the other cases separately.
For k = 0, Xo(dpypéé)) = 1iff d> # s, (mod p). If s, is not a square modulo p, then all d € (Z /pZ)*

possess the preceding quality; on the other hand, if s, is a square modulo p, exactly two d € (Z /pZ)* are such that

d* = s, (mod p). Therefore,

p—1 T S
T 1 1f(p>7 1,

1(So) =497~
e i (%) =1
pT-H P

Now, suppose that k € Nand let S} := {t € Z, : vp(t) = ”"T(S), vp(t? — s) > vp(s) + k}. Since Sk = S; \ Sy,
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with p1(S} 1) < 00, u(Sk) = u(Sy) — p( Sy 1). Moreover, if we let x; denote the characteristic function of S, then

XJ. is a p-uniformly locally constant multiplicative function with uniformity constant 7 = k. Therefore,

“ 1 v, 2l
M(Sk): vp(5) E Xk(dp 2 )7
+k
p 2 de(Z /p* 7)*

vp(s)

with x} (dp~=

) = 1iff d> = s, (mod p¥). Since an integer a relatively prime to p is a square modulo p iff a is a

square modulo p" for every n € N, we have that

0 if (;) -1,
Sy) = )
1(Si) L(QS)HC if %P) =1;

D 2

and so,
0 if (7) -1
1(Sk) = p(Sy) — p(Sky1) = 2(p—1) i (Lp) 1

as claimed. O

We are now in a position to prove the following:

Proposition 3.2.1. Forp > 5,

vp(s
2 1 . .
7) 1),/1)2(7;)“ l‘pr(S) 15 even,

%) Vp(ls)+1 l'fl/p(S) is odd,
2

1) et ifvp(s) =3,4,5,6,

1—p 2 ifv,(s) =2 (mod4),
oy [ s =2y
P+l —2a-2 . P

1—p otherwise,

(
(
0 ifvp(s) =0,1,2,
(
(

0 if vp(s) is odd,

) )
+ (%)%ﬁ lf(%?) =landp=1(mod3), ifv,(s) iseven,
I s ) 0 ()

where a = LV’J(Z)_QJ and j € {0,2} such that v,(s) = j (mod 4) (for v,(s) even).
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Remark 3.2.1. In the case where v,(s) = 0, such a hideous expression reduces to something quite nice; namely,

o(3) -
/Z wi(t)dt = ¢ |1 ifp =1 (mod 3), lf(?p) =1.

(P’+1) P
1—4w%17+1ﬂm lf’p:2(m0d3),

—

Proof. By Proposition 3.1.1,

/ w(t)dt = / w()dt + / w ()t + / wi(t)dt
Z 0<2v,(t)<vp(s) 0<vp(s)<2vp(t) 0<vp (5)=2v,(t)

- (St )dt+ (i)dt
T Jo<2u, (H)<vp(s) P 0<20, () <vp(s) \ p
(t) fvp ()

vp(t 2{vp

1

n fo<yp (s)<2vp(t) (7
2

fo<u,, (8)<2vp(t) (5)

+Z/O§Vp(s):2l/p(t) w;(t)dt’
K07y (122 5) =y (5) b

) dt if v, (s) is even,
dt if v, (s) is odd,

where the infinite sum is simply a partition of fo <
—=7P
the third line is the most difficult to deal with.

(5)=20, (t) W ( )dt. We consider each line separately, noting that

We begin by partitioning the first two integrals as a sum over all ¢t € Z, with v,(t) = 2k and v,(t) = 2k + 1,

Aszu,,(t)@p(s)_(%)dt: 2 /up@) o )dt

respectively, to obtain

2lvp(t) 0<k< )
3 1 d
- Y Qs 2 )
0<k< el de(Z /pL)*

and

-1 -1
/og2up<t><up<s> (?)dt_ > /Vp(t)_%+1 (?)dt

2tv, () 05k<%

- ¥ (%)u({t €7y y(t) = 2k + 1).

vy (s)—2
O§k<1’f

In the first case, foggyp(t)@p(s) — (3757”) dt = 0: simply note that there are exactly prl squares and qu non-squares
2vp(t)
modulo p; i.e.,

de(Z /pZ)*
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In the second case, u({t € Z, : vp(t) =2k + 1}) = p%w, so that

1 “Iyp—1
/<2V,,(t)<up(5) (7)dt - Z (?) p2h+2

24vp (1) 0<k< 22

—1\p-1 —2\k
-(3)5 X en
0<k<i2)2

Now, it is merely a matter of simplifying the geometric sum, taking into account the range of k: if v,(s) = 0,1,2,

then the sum is empty and the integral vanishes; if v/,(s) = 3,4, 5, 6, then the only contribution comes from k = 0, so

that the integral is equal to (%) pp_21 ; for the remaining cases, let a = LMJ and note that

<_1)p_1 Z (p*2)k:(_1)p_1 I 1—p 2@ if v,(s) = 2 (mod 4),

p/ P < ()2 p/ p* 1-p% |1_ p~22=2  otherwise.
We have the following:
0 ifvp(s) =0,1,2,
;1)”;1 if 1,(s) = 3,4, 5,6,
/ w(t)dt = ( p/op (%)
0< 20, (£)<vp(s) 1—p 2o if v,(s) = 2 (mod 4),

r(<vr (;1)# p n(s) =2( ) if v, (s) > 7.

p ) ptl —2a-2 : P
1-p otherwise,

For the integral over {t € Z,, : 0 < v,(s) < 2v,(t)}, a quick calculation yields:

J (5
/ 'w;(t)dt = 0<wp(s)<2wp(t)
<y () <20y (1) Sy ay<any oy (2)dt if v, (s) is odd,

Vp()

dt if vp(s)is even,

-1 2 1 . .
(? 1/:,,(75)“ if Vp(S) 1S even,
p 2

(2) =ter if 1, () is odd.
P 2

Finally, for the integral over {t € Z,, : 0 < 2u,(t) = v,(s)}, we assume v, (s) is even (otherwise, the domain of

integration is empty and there is nothing to prove) and we have the following:
/ t)dt = Z /0<2u,,(t) v (s) wy (t)dt,
0§2Vp(t):Vp(5) k=0 vp 152_g Y=vp(s)+k
where, in this case,
k+1 i
1) if ke =1- 220 (mod 2),
k
)(;1) if £ = —22() (mod 2), 0 (mod 3)
g k= _3vn(s)
) if k = —=2* (mod 6).
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Moreover,

oo

Z/Ogup(s):%/p(t) w;(t)dt
K07, (12 "5 =, (5) +

= Z (%)Hlu(Sk) + Z (_?3) (_?)k/i(sk) + Z (%)kM(Sk%

kzl—&'PT(s) (mod 2) kz#p(s) (mod 2) kz#‘:’(s) (mod 6)
k#0 (mod 3)
with £(S)) as in Lemma 3.2.1. If we let j € {0, 2} be such that v, (s) = j (mod 4), this becomes

(1>é< >ooous+ > (i§>““%)+' 3 ,45@),

k=1—% (mod 2) k=% (mod 2) k=% (mod 6)
0

1 .
Uf(s) if k=0,
10

in particular,

. —1\% p—1
/ wptydt = (—) 2 —,
0<vp(s)=2vp(t) p pTJrl

as the only contribution comes from p(Sp). The case where (%”) = +1 requires more work. We begin by recalling

that

23 ifk=0
(Sk) pup’l(S) ! ’
HOK) =

2 ifk>1.

vp(s)
pPT+k+1

By separating p(Sp) from pu(Sy) for k > 1, we obtain

/ w ()t
0<vp(s)=2vp(t)

_ (plf (u(Slé) T ul(Sy) + (%3) (MSQ - MS%”)

where

Z”(S%Jr%) 7ZM(SGI€+%) = Z p(Sk)-

k=0 k=0 k=1 (mod 2)
k

=1
3_'5(2) (mod 3)
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Fork > 1, u(Sk) = 2(’)771)“ and it is easy to see that

vp(s) |
3tk

/ w ()t
0<vp(s)=2vp(t)

-G’ (““1%) +aisy)+ () (“<S;> - u(Sw)

20p — 1) 1 1 IV |
er"pT(s)“ (pl'5(p2—1)+p32j(p6—1)+(p)<p'§(p2—1) p32](p6—1)>>>

If p = 1 (mod 3), then ( 3) = 1 and we get that

P

—1 2(p—1) p§+p1‘§>

7
wit)dt=(—)" w(Sy_i)+p(S;) + —— .
/Ogyp(s)=2up(t) p() < p ) < ( ! 2) ( 2) p#*‘l p(p2 - 1)

Upon further simplification,

. —1\3% p—1
0<wy (8)=2v,(t) p o+l

On the other hand, for p = 2 (mod 3), (’7‘5) = —1; in particular,

Ak 2(p—1) (pt —p'~* 2
wy(t)dt = (— ) | p(S_z) +2u(Ssi) — pu(S;) + — + :
/osz(s>=2up<t) o <p) < (F1-y)# 2u(5y) = (S p Pt \ P2 =1)  pF(pt - 1)

Simplifying once again,

-1\: 1 , s P IR+
/ wpt)dt = (=) o (P @+ ) -4 2 T R
0<up (5)=2v, (t) P/ oyt (p+1(p*+p*+1)

which is the desired result.

To complete our proof, it suffices to sum our results, recalling that

/ w;;(t)dt:</ +/ +/ >w;(t)dt.
Z 0<2v,(t)<vp(s) 0<vp(s)<2vp(t) 0<vp(s)=2vp(t)

D

3.3 Computing [, w;(t)dt

We begin by recalling that w3 (t) = (—1)"3(’52*5)1113 (t), with w3 (t) given by Proposition A.0.1 in Appendix A. From
here, we consider the usual cases: 0 < v3(s) < 2v3(t),0 < 2v5(t) < v3(s),0 < 2u3(t) = v3(s).
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331 0 <uws(s) < 2us(t)

If 0 < v3(s) < 2u3(t), then v3(t? — s) = v3(s) and wi(t) = (—1)"3(ws(t). Since ws(t) depends only on v3(t)

and t3 (mod 3) (and possibly on v3(s) and s3), w3(t) is a 3-uniformly locally constant multiplicative function with
uniformity constant = 1. Therefore,

1
w*(t)dt = (—1)”3(5) - lU3(d . 36)
‘/0§V3(S)<2V3(t) 3 Z e+l Z

o> ¥als) de(Z /37)*

and it is not hard to show that

1 . _
oN if v3(s) = 0 (mod 2),
/ ws (t)dt = %j)(f;) ifv3(s) =1 (mod 4),
0<vs(s)<2v3(t)
o ifvs(s) =3 (mod 4),
3 2

where X3 is the non-principal character modulo 3.

332 0 <2u3(t) <ws(s)

If 0 < 2u3(t) < v3(s), then v3(t? — s) = 2w3(t) and w3(t) = ws(t). Once again, ws(t) is a 3-uniformly
locally constant multiplicative function with uniformity constant 7 = 1. We begin by partitioning the integral
f0<21/3(t)<1/3(s) w3 (t)dt according to the cases in Proposition A.0.1:

/ wi (1) dt
0<2w3(t)<vs(s)

- [’3(3)—2113(75):1 ws(t)at + //3(5)—21/3 t)=2 ws(t)dt + /’3(5)—2u3(t)23 ws(t)dt
2|vs(t) 2Jvs(t) 2|v3(t)

- /"3<s>—2u3<t>=1 W)+ [ oy W3 DAL+ /’3(3)—2V3(t)=3 ws(t)dt + /V3<s>—2u3<t>z4 ws (1),
s (t) 23 (t) Avs (t) 23 (t)

From Proposition A.0.1,

/Vg(s)—zyg(t)zz ws(t)dt, /Vg(S)—Ql/g(t)=2 ws(t)dt, /Vg(s)—21/3(t)24 ws(t)dt =0,

2|va(t) 2tv3(t) 2tva(t)
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whereas

— ifvs(s) =1 (mod 4) and v5(s) > 1,
ER

A() a5 (=1 W3 (H)dE =

2)vs(t) 0 otherwise,
1 31—2|.%J .
-2 1 (mm - 3) if vs(s) > 3,
//3(5)—2u3(t)23 ws(t)dt = Z 3W+1 o s
2|3 (t) 3<k<ws(s) 0 otherwise,

2:(53) if 1y (s) = 3 (mod 4) and v5(s) > 3,

wy(t)dt = { 37 T
v3(s)—2v3(t)=1 .
2fvs(t) 0 otherwise,

/3(5 o, (t) 3 ws (t)dt =

2hvs () 0 otherwise,

—— ifvs(s) =1 (mod4) and v3(s) > 5,
352

where j € {0,1,2,3} such that v3(s) = j (mod 4) and where x5 is the non-principal character modulo 3.
Summing the individual contributions,

0 ifuvz(s) =0,

2 ifvz(s) =1,

0 if uz(s) =2,

/ wia—{ ot
0<2v3(t)<vs(s) 3 if v3(s) =4,

0 if v3(s)
1 1214 8 .
i\ Zmer —3) + ] miEr 1fvs(s)
372 37 2

2xs(s3)
3v3(s>+1 if v3(s)
2

0 (mod 2),
1

(mod4), if ys(s) > 5,

3 (mod 4),
where j € {0,1,2,3} such that v3(s) = j (mod 4) and where X3 is the non-principal character modulo 3.

333 0 <2u3(t) =ws(s)

For 0 < 2u3(t) = v3(s), we write v3(t? — s) = v3(s) + k with k > 0, so that

* _ k
/ wi(t)dt = (1) / o< ()—ra(s) W)L
2vs(t)=vs(s) k=0 1/3(152—5’):D3(S)+k‘

By splitting the contributions from k = 0, k # 0 (mod 3), and k£ = 0 (mod 3)(k # 0), we write

/ wi()dt
2u3(t)=v3(s)

_ _1\k _1\k
7%32%@):»3@)”3@)”1“ >, (1 / ORI O S Co Vil SRR I OL 2

vs(t2—s)=vs(s) kEOk(%d 3) vg(t2—s)=vs(s)+k k#0 (mod 3) vs(t2—s)=vs(s)+k
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Notice that if 2v3(t) = v3(s), then v3(t? — s) = v3(s) + k iff t2 — s3 € 3% Z3; in other words, v3(t? — s) = v3(s) + k
iff

t3 # s3 (mod 3) itk =0,

t2 = s3 (mod 3F), # s3 (mod 3F*1) if k > 1.

Since w3 (t) = (—1 ”S(tz_s)wg t) and since ws(t) depends only on t3 t2 — s3)3 (mod 9) (and possibly on s3 and
3 3

v3(s)), we have that

1 va(s)
/ 0<2us(t)=vs(s) W3 (D)EE = 37 2 > ws(d-3727).
Ug(tQ—s):VS(s)J,»k‘ de(Z /3k+2 z)*
d?=s3 (mod 3%)
d?*#s3 (mod 3F+1)
We consider two cases: s3 = 1 (mod 3) and s3 = 2 (mod 3).

In the case where s3 = 2 (mod 3), s3 is not a square modulo 3; in particular,

Z w3(d.3”37(”):0

de(z /352 7y~
d?=ss (mod 3%)
d?#s3 (mod 3FF1)

for all k > 1 (as the sums are empty). Therefore, if s3 = 2 (mod 3),

1 v3(s)
wy(t)dt = ———— ws(d-3727)
/2u3<t>=u3(s> 37442 2

2

de(z /32 Z)*
d?#2 (mod 3)
1 v3(s)
= e .. Z wg(d3 2 )
3 2 +2 2 *
de(Z /3% Z)

v3(s)

In this case, ws(d - 372 ) = 1iff s3d # 2,4 (mod 9). Since s3 is invertible modulo 9, as d varies over (Z /9Z)*, so

does s3d; i.e.,

Z wg(d?)y%(q) =2
de(Z /3% 7)*

with
/ (#)dt = ———— if 55 = 2 (mod 3)
w3 = Vi < S3 = .
205(t)=va(s) 3757 42

In the case where s3 = 1 (mod 3), let :t\/§3 denote the square roots of s3 in Z3. Since s3 is a square modulo
3, there exist exactly two d in (Z /3K Z)* = (Zs /3% Z3)* such that d®> = s3 (mod 3%) (namely, +/s, + 3% Zj).
Each such solution lifts in exactly three ways to solutions of 2% = s3 (mod 3%) in (Z /3*+1 Z)*; namely, +(1/s5 +
a - 3F) + 31 Z3 with o € {0,1,2}. The condition that 22 # s3 (mod 3¥*1) tells us to throw away two of our
solutions (those corresponding to a = 0). From here, we lift our solutions to (Z /3*+2 Z)* by writing +(ys5 +a-
3k 4+ - 3F+1) + 3842 75 with 8 € {0, 1,2}. By working with the isomorphism (Z /3*+2 Z)* = (Z3 /3¥+2 Z3)* and

choosing an appropriate representative for d, we have that there are exactly 12 solutions to d € (Z /3¥*2 Z)* such that
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d? = s3 (mod 3%), # s3 (mod 3*+1); namely,
d:i(\/§3+a'3k+ﬁ'3k+l)+3k+2Z3,

with a € {1,2}, 8 € {0, 1,2}. Now, the value of ws(d - 31157()) depends only on the value of d(d? — s3)3 modulo 9,
with d as above (in the case where k¥ = 0 (mod 3), the value of w3(d - 3%(5)) depends only on d(d? — s3)3 modulo
3). But, if d = (/55 + a- 38 + 8- 3¥+1) - 3842 75 then, for k > 1,

+2s3(a 4+ 38) (mod 9) if kK =0 (mod 3),

d(d2 — 53)3 =
+2s3a (mod 3) if £ £ 0 (mod 3).
From here, it is easy to see that
1 va(e) 0 if k # 0 (mod 3),
3488 k42 Z ws(d-37%7) = —_ 4 otherwise
de(z /3"t 7)" 32 ks ’

d?=s3 (mod 3%)
d?#s3 (mod 3F+1)

whenever k > 1. When k& = 0,
0205 (1)=vs(s) 3
V3(t2—5)2V3(S)
as the sum
S ws(d-3)
de(Z /97)*

d?#s3 (mod 3)

is empty (simply note that d> = 1 (mod 3) for all d € (Z /9 Z)*). Putting all of this together,

4 -1 1
/2”3(t)_”3(5) ’ kzo%q:od 3) 395 k2 T gty
k0
that is,
ZIOWS if s3 = 2 (mod 3),
« 3 + if v3(s) = 0 (mod 2),
/0<2 (t)=vs( )wB(t)dt: = i@ﬂ if s3 =1 (mod 3),
<2v3(t)=v3(s 378
0 if v3(s) = 1 (mod 2).
Hence,



Proposition 3.3.1.

i fvs(s) =0 (mod 2),
372

/wg(t)dt: 226() jry(s) = 1 (mod 4),
Zs 372

ﬁ ifvs(s) = 3 (mod 4),
& 2

v ifus(s) > 5,

)

0
2
3
0
2(x3(s3)—3)
9 -2
3
0 ifvs(s) =0 (mod 2),
i(gis(igsi - 3) + wﬁ ifvs(s) =1 (mod 4)
37 2
;ﬁ ifvs(s) =3 (mod 4)
2
2 L
75(%) if s3 =2 (mod 3),
Ut ifva(s) = 0 (mod 2),
+ 7 Ee if s3 =1 (mod 3),
0 ifvs(s) =1 (mod 2),

where j € {0,1,2,3} such that v3(s) = j (mod 4) and where X3 is the non-principal character modulo 3.

3.4 Computing [, w;(t)dt

We begin by recalling that wj(t) € {£1} with wi(t) = (#* — s)ow2(t) (mod 4). We consider the usual cases:

0 < wa(s) < 2v2(t),0 < 2ua(t) < va(s), and 0 < 2us(t) = va(s).

341 0 < wu(s) < 2s(t)

If 0 < va(s) < 2ua(t), then vo(t2 — s) = vo(s) and 2v5(t) = va(s) + k, for some k > 1; in particular,

(t? — §)g = (12 — 5)272(®)

=t§~2k—52

so (mod4) ifk=1,
—s9 (mod 4) ifk > 2.

Therefore,

/ Wi (t)dt = / wa ()t -
2us(t)—va(s)=k 2us(t)—va(s)=k

25
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—X4(82)

ifk =1,
if k> 2,



where x4 is the non-principal character modulo 4.

Since wo(t) depends only on vo(t) and ty (mod 4) (and possibly on »(s) and s3), we have that w(t) is a 2-
uniformly locally constant multiplicative function with uniformity constant n = 2; i.e.,

1 va(s)+k
2va(t)—va(s)=k 277 Y e@any-

Putting all of this together,

0o .

-y (), Wa(t)dt if 15(s) = 0 (mod 2),
/ wy(t)dt = Xa(s2) - Bt =2t . .
0<va(s)<2v2(t) ny(t):uz(;)+1 ’UJQ(t)dt — Zk:l ny(t): 1/2(;)+1 Tk wg(t)dt if VQ(S) =1 (mod 2),

where Y4 is the non-principal character modulo 4 and with fu2( t=e wo(t)dt as above.

From here, a tedious, but straightforward, computation yields:

0 if 2(s) =0 (mod 2),

wy(t)dt =9 2=t |1 ifsy =1,7(mod8),
/ogyz(s)<2u2(t) % . if 5(s) = 1 (mod 2).
2T —1 ifsy =35 (mod8),

342 0 <2w(t) < was)
If 0 < 2u5(t) < va(s), then va(t2 — s) = 2us(t) and va(s) = 2v5(t) + k, for some k > 1; in particular,
(t = 5)2 = (2 — 527220
=12 — 528

—1(mod4) ifk=1,
1(mod4) ifk>2.

Therefore,

-1 ifk=1,
/ ws (t)dt = / wa(t)dt -
va(s)—2va(t)=Fk va(s)—2v2(t)=k 1 if k> 2.

Since ws(t) depends only on v»(¢) and t2 (mod 8) (and possibly on v5(s) and s3), wa(t) is a 2-uniformly locally
constant multiplicative function with uniformity constant = 3; that is,

1 vo(s)—k
wot)dt = ——— > wy(d-27 7 ),
/VQ(S)—bz(t)—k 9 5= 43 de(Z /87)
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with

/ wi(t)dt
0<2v5(t)<v2(s)

= — //2(5)72112(0:1 wg(t)dt + [/2(3)*21/2(1‘/):2 ’wg(t)dt + //2(3)721/2(15):3 ’lUQ(t)dt

2|va(t) 2|va(t) 2|va(t)

+ /12(5)_2112(15):4 w2 (t)dt + //2(3)—21/2 (t)=>5 w2 (t)dt + //2(5)-21/2(1&):6 U}Q(t)dt + //2(5)—21}2&)27 (1] (t)dt

2|v2(t) 2|v2(t) 2|v2(2) 2|v2(t)

- /%(s)—qu(t):l wa(t)d + /Vz(s>—2u2(t):2 wa(f)di + /V2<s>—2uz<t>:3 wa(t)dt + /uz<s)—2uz<t>z4 wa(t)dt,

Uva(t) 24w (1) v (t) 2hva (t)

where we partitioned the integral according to the cases in Proposition A.0.2. From Proposition A.0.2, it is also easy

to see that
l2(3)—2V2(t)=1 wa(t)dt, l2(3)—2V2(t)=3 wa(t)dt, ﬁ2($)—2V2(t)=5 wa(t)dt,
2|va(t) 2|va(t) 2|va(t)
/Ixs)fww:l w2t /’2(5)*21’2(0:2 wa(t)dt //2@,2,,2@)24 wa(t)dt =0,
2t (1) 2{v2(t) 2fva(t)
whereas

1 ifsy =1 (mod4),
—2 if s = 3 (mod 4),

if vo(s) = 2 (mod 4) and v5(s) > 2,

va(s) 4q ’

’wg(t)dt = 2 2

va(s)—2v2(t)=2

2r2() otherwise,
/ a8 A~ ifva(s) =0 (mod 4) and v(s) > 4,
wao(t dt = 22
e )2\1/221/(27;(t) ! 0 otherwise,
1 . _
—— ifva(s) =1 (mod 4) and v5(s) > 5,
/ (8) 2 (ty=s W2(D)AE = 4 2 E
2|vy (2; 0 otherwise,
1 < 2 72” > . ( )
-2 3| =, 1 if 1Z01¢ Z 7,
/ (8)—2v2( t)>7 (t)dt = Z va(s)=k 4 o = 2
2|va(t) 7<k<va(s) I 0 otherwise
k=vs(s) (mod 4) ’
72(?3()833 if v5(s) =1 (mod 4) and v5(s) > 5,
Jaemroa ettt = 4 5
2vy (2t 0 otherwise.
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Summing the individual contributions,

/ wi ()t
0<2v,(t)<va(s)

0 if v5(s) =0,

0 ifa(s) =1,
1 if s, =1 (mod 4),

i ’ ( ) if 15(s) = 2,

—2 if s = 3 (mod 4),

0 if va(s) =3,
% ifva(s) =4,
_ 17XZ(52) if o (s) = 5,
1 ifsp =1 (mod4), .
i ) if va(s) =6,
—2 if so =3 (mod 4),
1 if 2(s) =0 (mod 4),
_ 1 — xa(s2) if 15(s) =1 (mod 4),
1 92l 7711 1 . .
il o= 1)+ o7 L if sy =1 (mod 4), if v9(s) > 7,
3 (22(2)1“ ) 2P 4 2 ( ) if vo(s) =2 (mod 4), 2(s)
S if s, =3 (mod 4),
0 if v2(s) = 3 (mod 4),

where j € {0,1,2,3} such that v5(s) = j (mod 4) and where x4 is the non-principal character modulo 4.

343 0 <2w(t) =a(s)

To deal with the case where 0 < 2u5(t) = va(s), we first write

wi(t)dt = / (B (sy | W2(D)AL,
/OSQVz(t)=V2(S) ,;) ek

with w3 (t) € {£1} such that
wi(t) = (12 — s)awo(t) (mod 4),

where ws (t) is given by Proposition A.0.2 in Appendix A.
Since w3 (t) depends only on v (t), ta (mod 8), and (> — s)2 (mod 8), we have that

% 1 va(s)
2at)=vae) L2 = Y. (@ = s)ywa(d-277),

va(s)
2 \_ 272 +h+3 k+3 rpy*
vo (t°—s)=va(s)+k de(Z /2 Z)
d?=s5 (mod 2*)
d?#sy (mod 2FT1)
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where the / indicates that we take (d? — s2)5 in {4-1} such that (d* — s2)3 = (d? — s2)5 (mod 4); hence,

o0
1 va(s)
=5 —o— S (@ —s)yua(d- 2%, @)
/O<2u2(t)_u2(s) ? 202 +o+3 222

k=0 2 de(z /283 7y~
d?=s; (mod 2F)
d?#ss (mod 2FT1)

From here, we consider various cases:

(1) s = 3 (mod 4): Let d € (Z/2*+3Z)* and suppose that d> = s, (mod 2%), with k& > 2. Then, d*> =
s2 (mod 4). Under the assumption that s = 3 (mod 4), we have that > = 3 (mod 4), a contradiction, as all

d € (Z /2%+3 Z)* have squares equivalent to 1 modulo 4; and so, the sums

va(s)
Y (@ s)huwa(d-27)
de(z /283 7)*
d?=s5 (mod 2%)
d?#so (mod 2FT1)

are empty for all k > 2. Similarly, there are no d € (Z /87Z)* with d*> # 1 (mod 2), so that the above sum is
also empty for k& = 0. On the other hand, all d € (Z /16 Z)* are such that d> = 1 (mod 2), % 3 (mod 4); that is,

S (@ =sa)hwa(d-272 )= Y (d® = sp)pwa(d -2
de(Z /16 Z)* de(Z /16 Z)*
d?>=s5 (mod 2)
d?#ss (mod 4)

va(s) va(s)
2 2

).

It now follows that the only contribution to Equation 2, when so = 3 (mod 4), comes from k& = 1; in other

words,

va(s)

1
wi(t)dt = ——— (d% — s9)hwa(d-272 ).
/OSQVQ(t)—I/Q(S) 2( ) 2%7“& Z 2

de(Z /16 Z)*

By considering (d? — s3)s for s, = 3,7,11, 15 (mod 16) and as d varies over (Z /16 Z)*, we get that

0 if s = 3 (mod 8),
-1 . _ .
Z10] if s =7 (mod 16),  if 1(s) = 0 (mod 4),
/ wit)ydt=4{ |22 )=0(
0<2us (£)=va(s) 752@+ if s5 = 15 (mod 16),
272 !
0 if v5(s) = 2 (mod 4).

(2) s2 = 5 (mod 8): Similarly to the case above, let d € (Z /253 Z)* and suppose that d*> = s, (mod 2%), with
k > 3. Then, d?> = s, (mod 8). Under the assumption that s, = 5 (mod 8), we have that d> = 5 (mod 8), a

contradiction, as all d € (Z /2¥+3 Z)* have squares equivalent to 1 modulo 8. So, the sums

vo (s)
> (@ —sabws(d- 27
de(z /283 7)*
d?=s, (mod 2F)
d?#ss (mod 2FT1)

are empty for all k > 3. Similarly, there are no d € (Z /87Z)* (resp. (Z /16 Z)*) with d*> # 1 (mod 2) (resp.
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3)

d?> = 1 (mod 2),# 1 (mod 4)), so that the above sums are also empty for & = 0,1. On the other hand, all
d € (Z /327)* are such that d*> = 1 (mod 4), # 5 (mod 8); that is,

S @ —sywa(d 2% ) = Y (@ = sa)hwa(d 2757,

de(Z /327)* de(Z /327)*
d?=ss (mod 4)
d?#s5 (mod 8)

It now follows that the only contribution to Equation 2, when sy = 5 (mod 8), comes from k& = 2; i.e.,

1
wy(t)dt = —— (d* — s2)pwa(d - 2
/0<2uz<t>—uz(s> 9% +5 de(Z%:zZ)*

va(s)

2)_

By considering (d? — s3)s for s, = 5,13 (mod 16), d € (Z /32 Z)*, it is also not hard to show that

0 if v5(s) = 0 (mod 4),
/ wi(tydt = [~y ifs2 =5 (mod 16),
0<2v (t)=r2(s) 2 21 if v3(s) = 2 (mod 4).
SET if so = 13 (mod 16),
s2 = 1 (mod 8): In the case where s; = 1 (mod 8), we apply a less barbaric approach to computing

Jo<2us (1= (s) W3 (t)dL. Firstly, notice that there are no d € (Z /283 7)* such that d*> = 1 (mod 2%) #
1 (mod 25+1) for k = 0,1, 2; that is,

00
1 vo(s)
U)*(t)dt: _ (dQ—Sg)/wg(d-Q A )
/0<2V2(t)—u2(s) ? Z r2(8) 4 gy Z 2

k=3 27 de(z /2443 z)*
d?=sy (mod 2%)
d?#ss (mod 2FT1)

Our next goal is to characterize all d € (Z /283 Z)* such that d> = sy (mod 2¥),# s, (mod 2¢*1), for
k > 3. We begin by noting that all integers congruent to 1 modulo 8 admit a square root in Zy (this follows

from Hensel’s Lemma). So, let +,/s2 denote the square roots of s, in Zs and consider

d=d(ar,a2) = (/2 + 2" T 1+ a1 -2+ ap - 2% + a3 - 2%)) + 283 7, 3)
€ (Z2 /2" L) = (2 /2" 2", )

where o; € {0,1},3 = 1,2,3. Then, d?> = s (mod 2¥), # s, (mod 2¥+1). Moreover,

2(1+201) + /52(1 + 201 +4a) (mod 8) if k = 3,

(d* = s2)2 = { 4+ /55(1 + 201 + 4az) (mod 8) if k=4,

Remark 3.4.1. The reason we label d above as d(aq, o) will become apparent. Essentially, we only care for
the values of d, (d*> — s3)2 modulo 8, so that the value of g is irrelevant in our calculations: from Proposition

A.0.2, wa(t) is completely determined by vo(t) and ta, (t3 — s2)2 (mod 8).

What’s important to note is that the value of (d?> — s3), depends only on «;. Furthermore, the values of
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(d* —s9)4 at iy = 0 and o; = 1 are negatives of one another! We claim further that Equation 3 characterizes all
d € (Z /2F+3 Z)* such that d? = s (mod 2%), # s (mod 2¥+1): this follows from a simple counting argument.
First note that there are exactly four d € (Z /2* Z)* such that d?> = s, (mod 2¥), each of which lifts in exactly
two ways to d € (Z /2*+1 Z)* such that d> = s, (mod 2¥). Of these eight solutions, exactly four satisfy d? =
s9 (mod 2F+1); that is, there are exactly four d € (Z /2*+1 Z)* such that d® = sy (mod 2%), % s (mod 28+1),
each of which lifts in exactly four ways to d € (Z /283 Z)* such that d> = sy (mod 2¥), # s5 (mod 2% +1).

By the preceding remarks, we may write

vo (s)
> (@ —shua(d-27)
de(z /283 7)*
d?=s, (mod 2%)
d?#ss (mod 2FT1)

as

va() 2(2) vy (s)

(2xk=3(k) + /52) <( 2(d(0,0) - 272 ) + wa(—d(0,0) - 272 ) + wy(d(0,1) - 272

vo (s) vy (s vo(s)
2 )+w2(d(1,1) 2(s) ) 22

) wa(—d(1,0) -

—(wg(d(l,O) :

A case by case analysis then shows that, for s = 1 (mod 8),

0 if 2(s) = 0 (mod 4),
/ w3 (t)dt = . )
0<2u2 (t)=v2(s) NICw if 2(s) =2 (mod 4).
22
For the sake of completeness, we say a few more words. We deal with the case where v2(s) = 0 (mod 4), the
case where v2(s) = 2 (mod 4) being eerily similar. Firstly, recall that k£ > 3.
If £ = 0,2,3,4 (mod 6),k # 2,3, then wo(d - 2°%~) = 1iff d = (d? — s2)» (mod 4); in particular,
wa(d - 2 2( >) + wa(—d -2 =2 )) = 0 for all d. Therefore, the sums over k = 0,2,3,4 (mod 6), k # 2, 3,4 are
all equal to 0.

Ifk = 1,5 (mod 6), k # 1,5, then wo(d - 2”25‘”) = —1 for all d; in this case,

) ) ) va(s)

wa(d(0,0) - 272 ) + wa(—d(0,0) - 272 ) + wa(d(0,1) - 272 ) + wa(—d(0,1) - 272)
va(s) o2(8) va(s) 216}

= wy(d(1,0) - 2%7) + wa(—d(1,0) - 2%7)) + wa(d(1,1) - 2°%7) + wa(—d(1,1) - 2°%7).

Again, the sums over k = 1,5 (mod 6), k # 1,5, are equal to 0.

For k = 3, wa(d - 2 =3 )) = 1iff d = 1 (mod 4) and d(d*> — s2) = 5,7 (mod 8) or d = 3 (mod 4) and
d(d? — s3)2 = 3,5 (mod 8). Since d = +,/55 (mod 4) and since

6y/53+1 ifay =0,ay =0,
652 +5 ifa; =0,00 =1,
6y/s2+3 ifa;=1a=0;
652+ 7 ifog =1,ap =1,

d(d* — s5)y =+
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it is easy to see that the sum at k = 3 is also 0.

va(s)

Similarly, for the sum at k = 5, wa(d - 272 ) = 1iff d(d? — s3)2 = 1,3,7 (mod 8). In this case,

1 ifag =0,a0 =0,
5 ifag =0,a0 =1,
d(d? — s5)s = + ! ?

3 ifOél = 1,0(2 ZO,

7 iqu:l,OéQ:l;
in particular, the sum at k = 5is 0.

To summarize this subsection,

0 if 5(s) = 1 (mod 2),
0 if s =1,3,5 (mod 8),
1 . o )
zIoN if 55 =7 (mod 16), if v2(s) = 0 (mod 4),
) “atrry ifs =15 (mod 16).
0§2V2(t):V2 (9) O if So = 3 (mod 4)7
b s =1 (mod8),
2 . if v5(s) = 2 (mod 4).
IO if s =5 (mod 16),
SEE if so = 13 (mod 16),

Combining the results of the previous three subsections,
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Proposition 3.4.1.

ifva(s)
ifva(s) =

(mod 4),
(mod 4),

Il
— o

ifva(s) = 2 (mod 4),

ifva(s) = 3 (mod 4),.

/ wi (b dt
Za
0 ifva(s) =0 (mod 2),
=94 9t ]l ifso =1,7 (mod8),
% ifva(s) =1 (mod 2),
272 -1 ifsy = 3,5 (mod ),
0
0
1 )1 if so =1 (mod 4),
Yl =2 ifse =3 (mod 4),
0
1
1
1—xa(s2)
I 1
L if so =1 (mod 4),
] 2 if so = 3 (mod 4),
1
1= xa(s2)
1 22(7411 1 + 1 1 . _ J4
5\ ;29 RZIOE 1 ifs2=1(mod4),
_71 if s2 = 3 (mod 4),
0
0 if va(s) =1 (mod 2),
0 if s =1,3,5 (mod 8),
2,/%751)“ if s2 =7 (mod 16), ifva(s) = 0 (mod 4),
N —2L+ if s5 = 15 (mod 16),
0 if s2 = 3 (mod 4),
,,2%1)” if s =1 (mod 8),
272 . —
. ifva(s) =2 (mod 4),
27:/27@” if s2 =5 (mod 16),
QV%%)H if so = 13 (mod 16),

ifI/Q(S) :Oa
l:fUQ(S) = 17
ifva(s) =2,
lfVQ(S) :3a
ifVQ(S) :45
if va(s) =5,
lfVQ(S) :67
ifva(s) =2 7,

where j € {0,1,2,3} such that vo(s) = j (mod 4) and where x4 is the non-principal character modulo 4.
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Appendix A

Local root numbers of F(t) at p = 2, 3

Recall that
Fo(t) i y? = 2 4+ 3ta® + 3sx + st, s € Z,5s # 0,
with

ca(t) = 2032(12 — s),

co(t) = —2033t(t? — s),

A(t) = —26335(t? — 5)?,
9693

j) = 2w ).

S

Proposition A.0.1. The local root number of F 4(t) at p = 3 is given by:
o if0 < ws3(s) < 2us3(t), then

o ifvs(s) =0 (mod 4), then
x ifvs(t) = ”37“) + 1, then ws(t) = 1iff ts = 1 (mod 3);
x ifus(t) > V3T(S) + 1, then ws(t) = 1;

o ifvs(s) =1 (mod 4), then
* ifus(t) = ”37(5) + 1, then ws(t) = 1iff s3 = 1 (mod 3);
s ifvs(t) > 2 1L thenws(t) = —1;

o ifvs(s) =2 (mod 4), then

x ifus(t) = V32(S) + 1, then ws(t) = 1 iff t3 # s3 (mod 3);
* ifvs(t) > VST(S) + 1, then ws(t) = 1;
o ifvs(s) = 3 (mod 4), then ws(t) = 1;

o if0 < 2us3(t) < v3(s), then

o ifvs(t) = 0 (mod 2), then
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* ifvz(s) —2u3(t) = 1, then ws(t) = 1;
x ifvz(s) — 2u3(t) = 2, then wz(t) = 1iff ts = s3 (mod 3);
x ifvs(s) — 2uvs(t) > 3, then ws(t) = —1;

o ifvs(t) =1 (mod 2), then

(
(

* ifvg(s) —2u3(t) = 1, then ws(t) = 1 iff s3 = 1 (mod 3);
* ifvz(s) — 2u3(t) = 2, then ws(t) = 1 iff ts = 2 (mod 3);
x ifvs(s) — 2us(t) = 3, then ws(t) = 1;

x if vz(s) — 2u3(t) > 4, then ws(t) = 1 iff t3 = 2 (mod 3);

o if0 < 2ws3(t) = v3(s), then

o ifvs(s) =0 (mod 4), then
% ifvs(t? — s) = v3(s), then ws(t) = 1 iff s3 = 2 (mod 3) and szt3 % 2,4 (mod 9);
* ifvs(t? —s) —v3(s) = 0 (mod 6), v3(t2 — s) # v3(s), then w3 (t) = 1ifft3(t3 —s3)3 # 7,8 (mod 9);
* ifvs(t? — s) —v3(s) = 1,2 (mod 6), then w3(t) = 1 ifft3(t3 — s3)3 = 1 (mod 3);
* ifv3(t? — s) — v3(s) = 3 (mod 6), then ws(t) = 1 iff t3(t3 — s3)3 £ 1,2 (mod 9);
* ifv3(t? — s) — v3(s) = 4,5 (mod 6), then ws(t) = 1 iff t3(t3 — s3)3 = 2 (mod 3);
o ifvs(s) =2 (mod 4), then
* ifvz(t? — s) = v3(s), then w3 (t) = 1 iff s3 = 2 (mod 3) and s3t3 # 2,4 (mod 9);
% ifvs(t? —s) —wv3(s) = 0 (mod 6), v3(t> — s) # v3(s), then ws(t) = 1ifftz(t3 —s3)3 # 1,2 (mod 9);
* ifv3(t? — s) — v3(s) = 1,2 (mod 6), then ws(t) = 1 iff t3(t3 — s3)3 = 2 (mod 3);
* ifvs(t? — s) — v3(s) = 3 (mod 6), then w3(t) = 1 iff t3(t3 — s3)3 £ 7,8 (mod 9);
* ifv3(t? — s) — v3(s) = 4,5 (mod 6), then ws(t) = 1 iff t3(t3 — s3)3 = 1 (mod 3).

Proposition A.0.2. The local root number of F4(t) at p = 2 is given by:
o if 0 <wy(s) < 2uy(t), then

o ifva(s) =0 (mod 4), then
* ifva(t) — ”22(5) =1, then wa(t) = 1 iff s2 = 3 (mod 4) or so = 1,13 (mod 16) and to = 3 (mod 4)
or ss = 5,9 (mod 16) and to = 1 (mod 4);
x ifva(t) — 20 = 2 thenwy(t) = 1 iff s5 = 5,9 (mod 16);
 ifu(t) — VQT“) > 3, then wo(t) = 1iff s = 1,13 (mod 16);
o ifuve(s) =1 (mod 4), then
* if vo(t) — Vz(s) = 1, then wy(t) = 1 iff so = 1,3 (mod 8) and to = 3 (mod 4) or s, = 5,7 (mod 8)
andts =1 (mod 4);
* if va(t) — VQT(g) > 1, then wa(t) = 1 iff so = 5,7 (mod 8);
o if va(s) =2 (mod 4), then

* ifva(t) — ”2(5) =1, then wy(t) = 1 iff so =1 (mod 4) or s5 = 3,7 (mod 16) and t2 = 1 (mod 4) or
so =11,15 (mod 16) and ty = 3 (mod 4);
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*

ifva(t) — Y212 = 2 then wy(t) = 1iff s2 = 7,11 (mod 16);

x ifva(t) — 2 > 3 then wa(t) = 1iff so = 3,15 (mod 16);
o ifuva(s) = 3 (mod 4), then

*

x if vo(t) — VQQ(S) = 1, then wy(t) = 1 iff so = 1,7 (mod 8) and to = 1 (mod 4) or s = 3,5 (mod 8)
and to = 3 (mod 4);
ifva(t) — VZT(S) > 1, then wa(t) = 1iff so = 1,3 (mod 8);

o if0 < 2us(t) < va(s), then

o if va(t) is even, then

*

*

*

*

ifva(s) — 2ua(t) = 1, then wo(t) = 1 iff s2 = 1 (mod 4) and to = 1,7 (mod 8) or so = 3 (mod 4)
and ts = 1,3 (mod 8);

ifva(s) — 2uo(t) = 2, then wo(t) = 1 iff so = 1 (mod 8) and to = 3,5, 7 (mod 8) or so =5 (mod 8)
and ty = 1,3,7 (mod 8);

if va(s) — 2ua(t) = 3, then wo(t) = 1 iff so
and ty = 1,3 (mod 8);

ifva(s) — 2ua(t) = 4, then wa(t) = 1 iff ta = 1 (mod 4) or s3 = 1 (mod 4) and to = 3 (mod 8) or
sg =3 (mod 4) and to = 7 (mod 8);

ifva(s) — 2u5(t) = 5, then wa(t) = 1 iff ta = 1 (mod 4) or to = 7 (mod 8);
ifva(s) — 2v9(t) = 6, then wa(t) = 1 iff to = 3 (mod 4);
ifva(s) — 2v9(t) > 7, then wa(t) = 1 iff to = 7 (mod 8);

1 (mod 4) and t2 = 3,5 (mod 8) or s = 3 (mod 4)

| \/

o ifva(t) is odd, then

% i

*

*

*

ifva(s) — 2ua(t) = 1, then wa(t) = 1 iff ta = $a, 52 + 2 (mod 8);
ifva(s) — 2ua(t) = 2, then wo(t) = 1 iff ta = so (mod 4);
ifva(s) — 2ua(t) = 3, then wa(t) = 1 iff s2 = 3 (mod 4);

ifva(s) — 2uva(t) > 4, then wa(t) = 1iff t2 = 3 (mod 4).

o if0 < 2u5(t) = va(8), then

o ifva(s) =0 (mod 4), then

*

*

ifva(t? — s) — va(s) = 0 (mod 6), then wa(t) = 1 iff ta = (t2 — )2 (mod 4);

ifvo(t? — 8) — 1a(s) = 1, then wo(t) = 1 iff ta = 1 (mod 4) and to(t> — s)o = 1,7 (mod 8) or
to = 3 (mod 4) and to(t* — s)a = 5,7 (mod 8);

ifva(t? — s) — va(s) = 1 (mod 6) and va(t* — s) — va(s) > 1, then wa(t) = —1;

ifva(t? — 5) — va(s) = 2, then wo(t) = 1 iff ty = 3 (mod 4);

ifva(t?—s)—1a(s) = 2 (mod 6) and v (t? —s)—1(s) > 2, thenwa(t) = 1 iffta = (t*—5s)2 (mod 4);
if vo(t? — 8) — 1a(s) = 3, then wo(t) = 1 iffta = 1 (mod 4) and to(t* — s)s = 5,7 (mod 8) or
ty = 3 (mod 4) and t5(t* — s)2 = 3,5 (mod 8);

ifva(t?—s)—1a(s) = 3 (mod 6) and v (t* —s)—1a(s) > 3, thenwa(t) = L iffta = (t*—s)2 (mod 4);
ifva(t? — s) — va(s) = 4 (mod 6), then wa(t) = 1iffta = (2 — s)2 (mod 4);
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x ifva(t? — s) — va(s) =5, then wa(t) = 1iffta(t? — s)2 = 1,3, 7 (mod 8);
x if ug(t? — 8) — 1a(s) =5 (mod 6) and vo(t? — s) — va(s) > 5, then wo(t) = —1.
o ifva(s) =2 (mod 4), then

* ifva(t? — s) — va(s) = 0 (mod 6), then wa(t) = 1 iffta = (12 — )2 (mod 4);

* if va(t? — 8) — va(s) = 1, then wo(t) = 1 iffta = 3 (mod 8) or to = 1 (mod 8) and (t* — s)y =
1,5 (mod 8) or ty = 5 (mod 8) and (t* — s)3 = 3,7 (mod 8);

* ifvg(t?—s)—1a(s) = 1 (mod 6) and v (12 —5) —va(s) > 1, thenwo(t) = 1iffty = (t>—s)o (mod 4);

% if ua(t? — 8) — 1va(s) = 2, then wa(t) = 1 iffta = (t?> — 8)o = 1 (mod 4) or ty = 7 (mod 8) and
(t2 — 8)2 = 1 (mod 4);

* ifva(t? — s) — va(s) = 2 (mod 6) and v2(t? — s) — va(s) > 2, then wa(t) = —1;

* ifva(t? — 8) — 1a(s) = 3, then wa(t) = 1 iff (t2 — 2)2 = 3 (mod 4);

% ifva(t?—s)—1a(s) = 3 (mod 6) and vo(t? —s)—1a(s) > 3, then wa(t) = 1iffta = (t2—5s)2 (mod 4);

x if vo(t? — 8) — va(s) = 4, then wa(t) = 1iffta = 1 (mod 4) and t2(t*> — s)2 = 3,5,7 (mod 8) or
to = 3 (mod 4) and t5(t? — 5)y = 1,3,7 (mod 8);

* if un(t? — 8) — va(s) = 4 (mod 6) and v5 (12 — 5) — vo(s) > 4, then wo(t) =

* ifva(t? — s) — va(s) =5 (mod 6), then wa(t) = 1iff ta = (t2 — s)2 (mod 4).
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