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Abstract

Multivariate Robust Vector-Valued Range Value-at-Risk
Lu Cao

In a multivariate setting, the dependence between random variables has to be accounted for
modeling purposes. Various of multivariate risk measures have been developed, including
bivariate lower and upper orthant Value-at-Risk (VaR) and Tail Value-at-Risk (TVaR). The
robustness of their estimators has to be discussed with the help of sensitivity functions, since

risk measures are estimated from data.

In this thesis, several univariate risk measures and their multivariate extensions are pre-
sented. In particular, we are interested in developing the bivariate version of a robust risk
measure called Range Value-at-Risk (RVaR). Examples with different copulas, such as the
Archimedean copula, are provided. Also, properties such as translation invariance, positive
homogeneity and monotonicity are examined. Consistent empirical estimators are also pre-
sented along with the simulation. Moreover, the sensitivity functions of the bivariate VaR,
TVaR and RVaR are obtained, which confirms the robustness of bivariate VaR and RVaR

as expected.
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1. INTRODUCTION

Volatility and risks of financial markets have recently increased significantly with the glob-
alization of economy and financial innovation. For companies, risk management is crucial
to their success. Entities are interested in risk measures in order to allocate capital and

maintain solvency.

Different univariate risk measures have been proposed in the literature. Consider a random
loss variable X on a probability space (2, F,P) with its cumulative distribution function
(cdf) Fx. The term Value-at-Risk (VaR) found its way through the G-30 report published
in July 1993 see [14] for details. It is the loss in market value that can only be exceeded
with a probability of at most 1 — « where « often takes value 0.95 or 0.99. However, Artzner
et al. (1999) show that VaR is not a coherent risk measure and it does not provide any
information about the tail of the distribution, suggesting two specific risk measures called Tail
Conditional Expectation (TCE) and Worst Conditional Expectation (WCE). TCE evaluates
the average value of VaR over all confidence levels greater than o while WCE is the expected
loss under the condition that the set of worst events occurs. An alternative risk measure
called Conditional Value-at-Risk (CVaR) is used to optimize portfolios by Rockafellar and
Uryasev (2000). Another remedy for the deficiencies of VaR is Expected Shortfall (ES)
proposed by Acerbi and Tasche (2002). WCE is closely related to TCE, but in general
does not coincide with it. For discrete random variables, the WCE could be greater than

the TCE. WCE is only useful in a theoretical setting since it requires the knowledge of
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the whole underlying probability space while TCE is easy to compute but not coherent for
discrete random variables. ES and CVaR are two different interpretations of the weighted
average between the VaR and losses exceeding VaR. ES is more precise than CVaR and
easier to compute, since it considers the effect of jump points. Specially, ES is continuous
and monotonic with respect to the significant level o. Although all these measures have been
widely studied, univariate risk measures are not enough for current financial markets since
financial risks are strongly interconnected and cannot only be managed individually or by

aggregation.

In reality, companies have to consider the dependence between risks so that they can get
the accurate capital allocation, and systemic and global risk evaluation. Systemic risk refers
to the risks imposed by interdependencies in a system. Univariate risk measures are un-
able to be used for heterogeneous classes of homogeneous risks. Therefore, multivariate risk
measures have been developed in the last decade. An extension of the Worst Conditional
Expectation (WCE) in Artzner et al. (1999) is called the Multivariate Worst Conditional
Expectation (MWCE), which is proposed by Jouini et al. (2004). In the same framework,
Bentahar (2006) introduces a quantile-based risk measure called vector-valued Tail Con-
ditional Expectation (TCE). Furthermore, Tahar and Lépinette (2012, 2014) propose the
Generalized Worst Conditional Expectation (GWCE).

Embrechts and Puccetti (2006), Nappo and Spizzichino (2009) and Prékopa (2012) use the
notion of quantile curves to define a multivariate risk measure called upper and lower orthant
VaR. Based on the same idea, Cossette et al. (2013) redefine the upper and lower orthant VaR
and propose the upper and lower orthant TVaR in Cossette et al. (2015). At the same time,
Cousin and Di Bernardino (2013) develop a vectorized version of the upper and lower orthant
VaR. Moreover, multivariate extensions of CTE and CoVaR are developed in Cousin and

Di Bernardino (2014, 2015). CoVaR represents VaR for a financial institution, conditional
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on the boundary of the a-level set, and measures a financial institution’s contribution to the
system’s risk. A drawback of multivariate VaR is that it represents the boundary of the a-
level set and no information above is provided, similarly to the univariate VaR. Furthermore,
relationships holding for univariate risk measures can be totally different in a multivariate
setting. Thus, in this thesis, we will compare and summarize the relationships between these

multivariate risk measures.

Most risk measures are defined as functions of the loss distribution which should be esti-
mated from data in applications. Cont et al. (2010) define risk measurement procedure
and analyze the robustness of different risk measures. They point out the conflict between
the subadditivity and robustness and propose a robust risk measure called weighted VaR
(WVaR). Bignozzi and Tsanakas (2016) also suggest to use the truncated version of TVaR
(or Range-Value-at-Risk (RVaR)) which is same as WVaR when the mean of the loss distri-
bution is infinite. We will develop the multivariate RVaR in this thesis, in order to provide

a new robust multivariate risk measure.



2. UNIVARIATE RISK MEASURES

2.1 Preliminaries

A risk measure p(X) for a univariate risk X corresponds to the required assets that have
to be maintained such that the financial position p(X) — X is acceptable for regulators.
Since there are several ways to define risk measures, an appropriate choice becomes crucial
for both regulators and entrepreneurs. Properties of coherent risk measures proposed by

Artzner et al. (1999) can be significant criteria.

Definition 2.1.1. For random wvariables X and Y, a risk measure p is a coherent risk

measure if it satisfies the following four axioms,
1. (Translation invariance) For all c € R, p(X 4 ¢) = p(X) + c.
2. (Positive homogeneity) If ¢ > 0, then p(cX) = cp(X).
3. (Monotonicity) For X <Y, then p(X) < p(Y).
4. (Subadditivity) p(X +Y) < p(X) + p(Y).

The interpretations of these axioms have been well documented in the literature (see, e.g.,
[2] for details). Translation invariance indicates that the addition of a certain amount of

losses increases the risk measure by the same amount. Positive homogeneity indicates that
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the risk measure is proportional to the size of risk. For example, if we measure the losses in
different currency units, the results will follow the same scale. Monotonicity indicates that
the portfolio which always has higher losses should have a higher risk measure. Subadditivity
indicates that the risk can be diversified by combining portfolios. Risk measures satistying

all these axioms are more reasonable and acceptable.

Moreover, since risk measures are estimated from historical data in practice, the robustness
of their estimators is a relevant question. Robust statistics can be defined as statistics that
are not unduly affected by outliers. To clarify this definition, consider a sample generated
from a log-normal distribution which is heavy-tailed. The occurrence of huge losses will
significantly shift up the sample average. Using sample average as the estimator of mean

would lead to large mean squared error (MSE). Therefore, it is not a robust statistic.

Now, consider a continuous random variable X with cdf F' € D where D is the convex set
of cdfs. Notice that a risk measure is distribution-based if p(X;) = p(X3) when Fx, = F,.
Hence, we use p(F) £ p(X) to represent the distribution-based risk measures. To quantify
the sensitivity of a risk measure to the change in the distribution, the sensitivity function is
used in this thesis. This method is used in Cont et al. (2010) and can be explained as the

one-sided directional derivative of the effective risk measure at I’ in the direction ¢,.

Definition 2.1.2. Consider p, a distribution-based risk measure of a continuous random
variable X with distribution function F € D. For e € [0,1), set F. = €0, + (1 — &)F such
that F. € D. 6, € D is the probability measure which gives mass 1 to {z}. The distribution
F. is differentiable at any x # z and has a jump point at the point x = z. The sensitivity

function is defined by

for any z € R such that the limit exist.
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Furthermore, for a robust statistic, the value of sensitivity function will not go to infinity
when z becomes arbitrarily large. In other word, the bounded sensitivity function makes

sure that the risk measure will not blow up when a small change happens.

2.2 Definitions and Properties

Value-at-Risk (VaR) introduced in the G-30 report published in July 1993 provides the lower
bound which covers the 100a% of the possible losses. In other words, it gives us the probable

maximum loss under a given significance level.

Definition 2.2.1. For a random variable X with cumulative distribution function (cdf) Fyx,

the Value-at-Risk at significance level o € (0,1) is given by

VaR,(X) =inf{x € R: Fx(x) > a}.

Note that for a continuous random variable X with strictly increasing cdf, VaR,(X) =

Fi'(a), is also called the a-quantile, where Fy! is the inverse function of cdf.

It is well known that VaR is not a coherent risk measure since it is not subadditive. More-
over, VaR fails to give any information beyond the level a. Therefore, risk measures which
quantify the magnitude of loss of the worst 100(1 — «)% cases are developed, such as the
Tail Conditional Expectation (TCE), the Worst Conditional Expectation (WCE), the Con-
ditional Value-at-Risk (CVaR) and the Expected Shortfall (ES).

Definition 2.2.2. For a random variable X on a probability space (2, F,P) with cdf Fx and
VaR,(X) defined in Definition 2.2.1, the Tail Conditional Expectation at significance level
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a € 10,1] is given by
TCE,(X) = E[X|X > VaRa(X)].

If X is a continuous random variable, TCE,(X) could be wrote into the following form,

1
TCEL(X) = TVaRy(X) = ﬁ / VaR,(X)du.

TCE proposed by Artzner et al. (1999) measures the average loss given that the loss is no
less than the 100a% of all possible cases. However, like VaR, it is not coherent since the
subadditivity can only be satisfied when the random variable is continuous. To figure out

this problem, the Worst Conditional Expectation is proposed in the same article.

Definition 2.2.3. For a random variable X on a probability space (Q, F,P) with cdf Fy,
the Worst Conditional Ezpectation at significance level a € [0, 1] is defined by

WCOEL(X) = sup { E[X]A]|P(A) > 1 — a, A € F}.

WCE is the maximum expected loss of at least 100(1 — «)% cases. Hence, it depends not
only on the distribution of X but also on the structure of the underlying probability space.
Thus, it seems hopeless to compute the value of it in practice, when the probability space
is infinite. Therefore, to find a coherent risk measure which is computable, Rockafellar and

Uryasev (2000) propose the CVaR.
Definition 2.2.4. For a random variable X on a probability space (0, F,P) with cdf Fy,
the Conditional Value-at-Risk at significance level o € [0, 1) is defined by

g
CVaR,(X) = inf{a—i— EX —d” ta € R}.

1l—«
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Note the number a is selected to minimize the value of CVaR. CVaR is defined without VaR
and it is subadditive, which makes this measure used to optimize portfolios. In addition, ES
is proposed by Acerbi and Tasche (2002), making some modifications on the definition of

TCE such that ES is subadditive when the distribution is discrete.

Definition 2.2.5. For a random variable X on a probability space (2, F,P) with edf Fx and
VaR,(X) defined as in Definition 2.2.1, the Expected Shortfall at significance level a € [0, 1)
15 defined by

1

—

ESu(X) = 7= {EIX 1 ixsvan,on)] + VaRa(X)[1 - a = P(X > VaRa(X))]}.

Acerbi and Tasche (2002) show that the ES is a coherent risk measure (see, e.g., [1] for
details) and discuss the relationships between the TCE, WCE, CVaR and ES, considering
that all of these risk measures are used to evaluate the same thing i.e. the expected losses
of the worst 100(1 — «)% cases. The differences in definitions lead to the differences in the

numerical results (see, section 2.4 for details) and properties.

Proposition 2.2.1. For a discrete random variable X, WCE,(X), TCEL(X), CVaR,(X)
and ES,(X) have the following relationships,

TCEL(X) < WCEL(X) < ES,(X) < CVaRa(X).

Proposition 2.2.2. For a continuous random variable X, WCE,(X), TCEL(X), CVaR.(X)
and ES,(X) have the following relationships,

TCEL(X) = WCEL(X) = ESo(X) = CVaRa(X).

Note that Proposition 2.2.1 and Proposition 2.2.2 are proved by Acerbi and Tasche (2002)

(see, e.g., [1] for details).
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In next section, we will discuss the robustness of the risk measures presented so far.

2.3 Robustness

Proposition 2.3.1. For a continuous random variable X with cdf F, the sensitivity function

of VaR,(X) is given by
—werey: ¢ < VaRa(X)
—f(Va}O?f(,(F)V 2> VaR,(X)
0, z=VaR,(X)

S(z) =

which is a bounded function. Thus, VaR is a robust risk measure.

Note, VaR,(F) £ VaR,(X) since VaR is a distribution-based risk measure. The way to
prove the Proposition 2.3.1 is presented by Cont et al. (2010). The basic idea is to measure
the effect of the small change at a point on the risk measures using the sensitivity function.

A bounded sensitivity function can be obtained for the robust risk measure.

Proof. Fix z € R and set F. = &5, + (1 — ¢)F such that [y = F, where ' € D and
the direction of change 0, € ID. The distribution F. is differentiable at any x # z with
F

€

/

() = (1 —¢)f(z) > 0 and has a jump (of size € € [0, 1)) at the point = 2. Hence,

FH(&), a<(l—e)F(z)
VaRa(F.) = F-' a) =4 F71(22), a>(1—e)F(z) +¢
z, otherwise.

Thus, the sensitivity function of VaR,(X) can be evaluated by
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F)— F
S(z) = lim LFalFe) ~ VaRalF) _ [iVaRa(Fe)}
e—0+ € de o
_%’ z < VaR.(X)
- m, z > VaR,(X)
0, 2 = VaRa(X).

Note that the sensitivity function of VaR,(X) is bounded by two horizontal lines and has
a jump point at z = VaR,(X). Consider a dataset with VaR,(X). Then, adding a value
smaller than VaR,(X) would decrease VaR,(X) and vice versa.

O]

Proposition 2.3.2. For a continuous random variable X, let p(X) = TCE,(X) = WCE,(X) =
CVaR,(X) = ES,(X). Then, the sensitivity function of p(X) is given by

VaRo(X) = p(X), =< VaRa(X)
z2—aVaRa(X) p(X), z>VaR,(X).

-«

S(z) =

Note, TCE,(X), WCEL(X), CVaR,(X) and ES,(X) have unbounded sensitivity func-

tions, which means they are not robust.

Proof. Let p(X) = TCE,(X) = WCE,(X) = ES,(X) = CVaR,(X), then the sensitivity
function of p(X) is given by



2. Univariate Risk Measures 11

5(2) = lim { 1 /al VaR,(F:) 6— VaRu(F)du}

_ 1 /al . {VaRu(FE)g—VaRu(F)} "

VaR,(X) — p(X), z<VaR.(X)

SO (), 2> VaR,(X).
Note that the sensitivity function of p(X) is a linear function of z. When the jump happens
on the right tail of the distribution, it goes to infinity. Therefore, TCE,(X), WCE,(X),
ES,(X) and CVaR,(X) are not robust. O

Since risk measures providing information on tails of distribution are not robust, Cont et al.

(2010) present the Range Value-at-Risk.

Definition 2.3.1. For a continuous random variable X with cdf Fx, the univariate Range
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Value-at-Risk at level range [ay, ] C [0,1] is defined by

1 o
RV ARy, 0,(X) = E[X|VaRa,(X) < X < VaR,,(X)] = / VaR,(X)du.

Qg — (g

o

Note that RVaR,, 4,(X) is not a coherent risk measure since it does not satisfy the subad-

ditivity. For as < 1, RVaR,, 4,(X) is always well bounded,

1 a2

Qg — Q1 Jo

RVaRa, o,(X) = VaR,(X)du

1 az
/ VaR,,(X)du = VaR,,(X).

T — a1 Sy,

Moreover, the robustness of RVaR can be proved in the same way as the one we used before.

Proposition 2.3.3. For a continuous random variable X with cdf F', RVaR is not sensitive
to the small change at any point x. In other word, its sensitivity function is bounded and

given by

( (1—c1)VaRa, (X)—(1—a2)VaRa,(X)
ag—a

— RVaR,, 0,(X), z<VaR, (X)

S(z) = ¢ Z=eVelfe, ()"0 aVele; () _ pyrgR. (X)), VaRe, (X) <z < VaRe,(X)

ag—aq

azVaRay (X)—a1VaRa, (X)
\ Qa2 —Q

— RVaR,, 0, (X), z>VaR,,(X)
which means RVaR is a robust risk measure.

Proof. The sensitivity function of RVaR,, ,(X) can be obtained as follows.
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$(2) = lim { 1 /” VaRu(F.) — VaR,(F) du}

e=0t (o — Qg Sy, 3

1 /az . {VaRu(Fe)—VaRu(F)} "

Qg — 1 J,, €0t €

_ ! /@2 [d%VaRu(FE)} du

Qa — g [e31 e=0

(

arar Jon L F 7 (152) ] Ly F(z) <

N oegioq f:f [d%F_l (1L—5)L;:0du’ F(Z) > Qg

(1—a1)VaRaq (X)—(1—a2)VaRa, (X)
as—ai

— RVaR,, 0,(X), z<VaR,, (X)

= ¢ Vol (-Urea)lVolte; () _ pygR, o0 (X)
Q2 —0 1,02 )

VaR,, (X) < z < VaR,,(X)

azVaRay (X)—a1VaRa, (X
\ Qa2 —0o]

) RVaRa, a,(X), 2> VaR,,(X).

]

This result shows that the sensitivity function of RV aR,, 4,(X) is linear in z over the interval
[VaR,,(X),VaR.,(X)] and constant over other intervals. It is bounded, which means RVaR

is a robust risk measure.
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2.4 Numerical Examples

In this section, the examples for discrete and continuous random variables are presented,
respectively. The results illustrate relationships between the risk measures we discussed in

the previous sections.

Example 2.4.1. Let X, which is the loss of a policy, be a discrete random variable with the
probability distribution as list in the following Table.

Tab. 2.1: Probability distribution of the discrete variable X

Q w1 Wy w3 Wy Ws
X 0 % 1 % 3

P(X =xz) 20% 30% 10% 30% 10%

Let o = 80%, then
3

VCLRobg(X) = 9 =15

can make sure that 80% of losses can be covered. Then,

2%03+3%01 75
2 =— =187

can be evaluated based on the value of VaRs(X).
WC Eps(X) can be calculated by maximizing the expectation of the events set which happens
with probability larger than 0.2. Therefore, the events set A = {ws,ws} will be selected after

comparing the results of different combinations. Then,

1%x0.14+3%0.1 _ 9
0.1+01

WCEOB (X) ==



2. Univariate Risk Measures 15

N[O

e .

CVaR,(X) = inf {a—l—EPff_aﬁ a € R}, in this case we choose a = VaRys(X) =

then

3 (3=2)x01 9

is the minima for any possible value of a.

ESo(X) = 1= {E[X1{x>var.(x)}] + VaRa(X)[1 — o — P(X > VaR,(X))]}, therefore

1 3 3
ESos(X) = T 08 {5 *0.3+3*%0.1+ 3 *(1—0.8— 0.4)} = 2.25.

The results show that TCE,(X) < WCEL(X) < ES,(X) < CVaR,(X), which coincides
with the Proposition 2.2.1.

Example 2.4.2. Consider a continuous random variable X with cdf F(z).

According to the Definition 2.2.2,
1

—

1
TCEL(X) = ; / VaR,(X)du

Furthermore, let A = {X > VaR,(X)} such that WCE, (X)) can be maximized. Then,

WCEL(X) = sup {E[X|A]|P(A) > 1 —a, A € F}
= E[X|X > VaRo(X)] = TCEL(X).

Moreover, when a = VaR,(X),

EX —a]"
1—«

=VaR,(X) +

CVaR,(X)=a+

E[X —VaR,(X)|"
1 -«
[z — VaR,(X)]dF(z)

11—«

/1 VaR,(X)du =TCE,(X).

= VaR.(X) + Jvama

1
Cl-a
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Finally,
1
ESQ<X) = m E[Xl{XZVaRa(X)}] + VCLRQ(X) []_ — o — P(X Z V(IRQ(X»]}

1 o

_ {/ vdF(x) + VaRo(X)[1 —a — (1 — a)]}

l -« VaRa(X)
1

= % VaR,(X)du =TCE(X).

-«

«

In conclusion, for a continuous random variable, TCE,(X) = WCE,(X) = ES,(X) =
CVaR,(X).LetY ~ N(p,0?)such that X = e¥ is a log-normal distributed random variable.

Then the cumulative distribution function of X is given by

F(x):d)(

where @ refers to the standard normal distribution.

Inx —p

) = VaR,(X) = e (@

g

TCEL(X) = WCOEL(X) = ESa(X) = CVaRa(X)

1 1
= / VaR,(X)du

11—«

1 L
= / 7 (Wt gy,
l—a/,

_ 61“_2; [® (0 — '(a))].

The result is obtained by using a change of variable of the form a = ®~!(u).

In the next example, simulation results are obtained to show the robustness of risk mea-
sures.

Example 2.4.3. To estimate risk measures mentioned in the Fxample 2.4.2, we generate
two data sets with sample size n = 100 from a log-normal distribution with the same mean
E(X) =100 and coefficients of variation CV(X) = \/Var(X)/E(X) taking values 1 and 2,
respectively. Then the parameters (u, o) for each groups are (4.2586, 0.8326) and (3.8005,
1.2686).
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Let X(1), X2), .-, X([na])» X(jna]+1)s ---» X (n) denote the data in the sample arranged in increas-
ing order. Then, for n large enough, the empirical estimator of VaR,(X) will be the statis-
tics X(naj+1)- The empirical estimator of p(X) = TCE,(X) = WCEL(X) = ES,(X) =

CVaR,(X) is given by
X([na]+1) + ...+ X(n)

Moreover, RV aR,, 4,(X) can be calculated as
1 VaRa,(X) 1 (n t—p)?
/ te” 202 dt
VaRa, (X) tV2mo?
etz

_ [@ (0= @7 () = @ (0 = 27 (a2)].,

Qg —

RVaR,, 0,(X) =

Qg —

where @ refers to the standard normal cumulative distribution function.

The empirical estimator of RVaR,, «,(X) is defined by

e ) = Kttt * o+ Koy
a2 [nas] — [naq] + 1

The simulation results are presented in the Table 2.2, with as = 0.99.

Tab. 2.2: RVaRa, a,(X) and p(X)

RVaRg, 0y(X)  BVaRg, 0, (X) p(X) A(X)

cv 1 2 1 2 1 2 1 2

ap =090 28791 388.61 242.03 314.68 326.75 494.83 269.87 396.46
ap =095 35177 520.70 301.45 498.97 416.66 706.73 331.65 592.96

The dependence of these risk measures on different significance levels is observed, risk mea-
sures are increasing with a;. Furthermore, Table 2.2 shows that RVaR,, «,(X) is more
robust than TCFE,(X), WCE,(X), ES,(X) and CVaR,(X) since large variance has a

smaller impact on this statistic.



3. MULTIVARIATE RISK MEASURES

We have reviewed several popular univariate risk measures and examined their properties
and robustness. Before discussing properties and robustness of some established multivariate
risk measures, we review copulas which are frequently used to model dependent random

variables.

3.1 Copulas

Definition 3.1.1. Let X = {X1, Xs,..., Xy} be a random vector with cdf F. Set U; =
Fy(x;) ~U[0,1], i =1,...,d. Then, the copula C : [0,1] = [0,1] of F is given by

C(ul,...,ud):P(Ul§u1,...,Ud§ud), UiE[O,l], 1=1,...,n.

This definition is proposed by Nelsen (1999). Moreover, for a random vector (Uy,...,Uy)
with cdf C, P(ay < Uy < by,...,aq < Uy < by) is non-negative. Furthermore, Sklar’s theo-
rem (see Sklar (1959)) states that any multivariate cumulative distibution function can be

expressed in terms of its marginal distributions and a copula.

Theorem 3.1.1. (Sklar’s Theorem) Let F be a d-dimensional distribution function with

marginal distributions F, ..., Fy, then there exists a copula C' such that

F(zy,...,xq) = C(Fi(21), ..., Fa(xg)).
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Note, if Fy, ..., Fy are continuous, then C s unique.

In this thesis we mainly discuss bivariate risk measures. Consider X; and X, with marginal

cdf’s F and F3, respectively. Then, we have
F((L’l,xg) = C(Fl(l’l), FQ(I‘Q))

For what follows, the survival copula is defined by

C(ul,UQ) = P(Ul > ul,Ug > UQ)
=1—-PU; < w)— P(Usy < ug) + P(Uy < up,Us < ug)

=1- Uy — Uy + C(Ul,UQ), (Ul,UQ) < [0, 1]2

Finally, we will evaluate the empirical estimators of bivariate risk measures in Chapter 4
with the empirical copula C,,. For a random sample (X3, Xp2), I = 1,...,n, C, is defined
by

1 n
Cn(ur,uz) = " Z L{F, 1 (Xin)Sur, Fo p(Xi2)<ua} s
=1

where F), ; represents the empirical cdf of X; = {Xy;,..., X, }, i = 1,2. Well known copulas

and families of copulas are defined as follow.

Fréchet Family

First, we consider a pair of independent random variables. If X; is independent of Xs,
then
F(x1,33) = Fi(z1)Fa(22),  (21,22) € R?,

or

H(Ul, UQ) = U1U9, (Ul, Ug) c [0, 1}2
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Also, one has the upper and lower Fréchet-Hoeffding bounds proposed in Fréchet (1951) and
Hoeffding (1940), respectively

M (uy,ug) = min(uq, ug), W (uy,us) = max(0,u; + ug — 1),

for (uy,us) € [0,1]%
Theorem 3.1.2. For an arbitrary bivariate copula C : [0,1]*> — [0,1] and any (uy,us) €
[0, 1]2,

W (uy,ug) < Clug,ug) < M(uy,uz).

Note M (uy,us) indicates that random variables are comonotonic (perfect positive depen-
dence) whereas W (uy,us) indicates that random variables are countermonotonic (perfect

negative dependence).

Archimedean Family

The Archimedean Family introduced by Nelsen (2006) is of the form
Clur, ug; 0) = 7 (9 (ur; 0) + ¥(u2:0):0),  (wr,uz) € [0,1]%, 0 €0,
where 1) is the generator function and satisfies following properties,
(1) $(0) = oo and (1) =0,
(2) ¥'(t) <0,
(3) ¢"(t) > 0.

Moreover, the parameter ¢ dictates the dependence between the random variables. Below
are presented some Archimedean copulas, most of which will be used throughout this the-

Sis.
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(1) Gumbel Copula
For 6 € [1,00), the Gumbel copula is given by

C(u17 2 9) = 67{[7 In(u1)]?+[— ln(uz)]e}% )

1
with the generator 1 (¢;0) = (—1In (¢))? and the inverse generator 1~ (t;0) = e~*”. Specially,

for 0 = 1, we have

is the independent copula.

(2) Frank Copula
For 6 € (—00,0) U (0, 00), the Frank copula is defined by

1 —Ouy _ 1 —Ougy 1
Cur, ug;0) = —gln 1+ (e )(e )

e 0—1

with the generator 1(¢; ) = — In(“——=) and the inverse generator ¢! (t; §) = —sIn[l+ef(e? 1))

(2) Clayton Copula
For 6 € [—1,0) U (0, 00), we have the Clayton copula defined by

S

C(U,l,UQ;@) = (ul_‘9 + u2_9 - 1)_ )

with the generator 1(t:6) = L(¢7% — 1) and the inverse generator ¥ ~'(t;60) = (1 + 6t)~a.

1
0
Note, II(u1,us) is obtained if # = 0. Moreover, W (uy,us) and M (uy,us) are attained by

setting § = —1 and 6 — oo, respectively.

Figure 3.1 and Figure 3.2 show the dependence structure of variables with Gumbel, Frank
and Clayton copulas, respectively. Frank copula is relatively symmetric, whereas Gumbel

and Clayton copulas have stronger dependence in the right and left tails, respectively.
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Gumbel Copula

0 0.1 02 03 04 05 06 07 08 09 1

Fig. 3.1: Gumbel and Frank Copulas with dependent parameters § =2 and 6 = 5
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Clayton Copula

Fig. 3.2: Clayton Copula with dependent parameters 6 = 2

3.2 Bivariate VaR and TVaR

First, let us introduce the bivariate orthant based VaR proposed by Embrechts and Puccetl:
(2006).

Definition 3.2.1. Let X = (X1, X3) be a random vector with joint cdf Fx and joint suvivial
function (sf) Fx. At significance level o € [0, 1], the bivariate lower orthant VaR is defined
by

VaR, (X) = 0{z c R?*: Fx(z) > a}, (eq. 3.1)

and bivariate upper orthant VaR s defined by

VaRy(X) =0{x € R*: Fx(z) <1—a}. (eq. 3.2)
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Note, in a bivariate setting, the relationship between the cumulative distribution function
and the survival function, namely F(z) = 1— F(z), does not hold. For this reason, bivariate
VaR need to be defined as the lower and upper orthant VaR separately using either the cdf
or sf. In addition, 0 denotes the boundary of the set. To study the behavior of bivariate
orthant based VaR and get the bivariate extension of TVaR, Cossette et al. (2013, 2015)

rewrite Fq. 3.1 and Eq. 3.2.

Definition 3.2.2. Let X = (X1, X3) be a random vector with joint cdf Fx and joint sf Fx.

At significance level o € [0, 1], the bivariate lower orthant VaR is defined by

VaR, (X) = {(z1,VaR, , (X)), z1 > VaR,(X1)},

a,xl(

or

VaR,(X) = {(VaR, ,,(X),22),22 = VaRs(X2)},

and the bivariate upper orthant VaR is defined by
VaR,(X) = {(x1,VaRa ., (X)), 21 < VaR,(X1)},

or

VaR,(X) ={(VaRa,(X), x2), 22 < VaR,(X2)}.
Fori,j=1,2 (i #7),

M .X) = VCLRFXTN(%) ()(JLXVZ S CL’Z) s €T; Z VaRa(Xi)

a,xi(

and

V(lRa@i(.X) = VCLRQ—FXZ_(%) (X]‘XZ Z (L’Z) s Z; S VCLRQ(XZ‘).

1_FX1- ()

Example 3.2.1. Consider the random vector (X1, Xs) with joint cdf is defined with a Gumbel

copula with dependent parameter 0 = 1.5 and marginals X1 ~ Weibull (2, 50) and Xy ~
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Weibull (2, 150). Then, we get VaRy o5 ,,(X) on Figure 3.8 and VaRyg9., (X) on Figure
3.4. Let u,, (respectively u,,) and l,, (respectively l,,) denote the essential upper and lower

support of Xy (respectively X,). Note,
M@,%,m(x) C [VaRo.95(X1), us | X [VaRyos5(X2), ts,],

and

V(lR(),gg’xl (.X) C [lzl, VaRo.gg(Xl)] X [lmQ, VaRO.gg(XQ)].

Also, Figure 3.8 and Figure 3.4 show the convezity of the curve which has been studied in

Cossette et al. (2013).
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Fig. 3.3: Lower orthant VaR at level 0.95
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Proposition 3.2.1. Let X = (X1, X3) be a continuous random vector. Let ¢y and ¢y be real
functions defined on the supports of X1 and Xs, respectively.

1. (Translation invariance) For all ¢ = (c1,¢2) € R? and i,j = 1,2, i # j, then

VaR,, .. (X+¢)=VaR,, (X) +c,

o, ;+Cj
VaRa g 1c,( X+ ¢) = VaR, ., (X) + ¢;.

2. (Positive homogeneity) For all ¢ = (c1,¢2) € RY and i,j = 1,2, i # j, then

VaR (eX) = aVaR, . (X), VaRqc;e;(eX) = ciVaRy ., (X).

Q,Ci T

3. (Negative transformations) For all ¢ = (c1,co) € R® and i,j = 1,2, i # j, then

M (CX) - Civalea,xj (X)7 vaRa,ijj(CX) = Cim1—a7xj (X)

In general,
(1) For increasing functions ¢y and ¢o, 1,5 = 1,2, 1 # 7,
VaR, 4 2)(0(X)) = ¢:i(VaR, , (X)),
VaRes,:)(0(X)) = ¢:i(VaRa, (X)).
(2) For decreasing functions ¢1 and ¢o, 0,5 = 1,2, 1 # j,
VaR, ;0 (6(X)) = 6,(VaR, o0, (X)).

ma,(bj(l'j) (¢<X)) = sz (mlfa,xj ('X>)
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4. (Monotonicity) Let X = (X1, X5) and X' = (X, X}) be two pairs of risks with joint
cdf’s Fx and Fx respectively. X is said to be more concordant than X', denoted

X < X, if Fx(z) < Fx/(x) for all x € R®. Then,

VaR, (X') < VaR, (X), VaR,(X) < VaR,(X').

Proof. The proof of Proposition 3.2.1 is presented in Cossette et al. (2013). O

Definition 3.2.3. Let X = (X1, X3) be a random vector with joint cdf Fx and joint suvivial
function (sf) Fx. At significance level o € [0,1], the bivariate lower orthant TVaR is given
by

TVaR,(X) = {(z;,TVaR, . (X)) ,z; > VaR.(X;),i = 1,2},

and bivariate upper orthant TVaR is given by

TVaR,(X) = {(azi,TVaRa,zi(X)) yr; < VaR,(X;),1=1,2}.

Note that for 7,7 = 1,2 (i # j),

TVCEROC,IZ_ (X) = E[XJ|XJ > V(IRO[’:CZ,(X), X,L < IZ]

1 Fx,; (@)
== X)d
Ry —al, Vel

and

TVaRa.,(X) = E[X;|X; > VaRa. (X), X; > ;]

1 T
= / VaR,.,(X)dv.

Cl-«

Example 3.2.2. Consider the same random wvector defined in Example 3.2.1 with signifi-
cance level a = 0.99. TVaR, o9 ,,(X) (respectively TV aRo.g9., (X)) is obtained based on the
Definition 3.2.3. For comparison, we also plot VaRy o, (X) (respectively VaRg.g9 ., (X)) on
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Figure 8.5 and Figure 3.6. Note that TV aR g, (X) (respectively TV aRo.g9., (X)) goes to
TVaRyg9(X2) when X approaches to u,, (respectively l,,). These results are obtained using

the numerical integration tools in Matlab.
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Fig. 3.5: Lower orthant VaR and TVaR at level 0.99
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X, ~ Weibull (2, 150)
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Proposition 3.2.2. Let X = (X3, Xs) be a continuous random vector.

1. (Translation invariance) For all ¢ = (c¢1,c2) € R? and i,j = 1,2, i # j, then

TVaR (X+¢)=1VaR, , (X)+ ¢,

,Tj+Cj
TVaRaz;1e;( X+ ¢) =TVaR, ., (X) +¢;.
2. (Positive homogeneity) For all ¢ = (c1,¢2) € R and i,j = 1,2, i # j, then

TVaR X) =c1VaR,, (X), TVaRy o, (€eX) = ¢ TVaR, ., (X).

Q,Cj T (C

3. (Monotonicity) Let X = (X1, X3) and X' = (X1, X}) be two pairs of risks with joint
cdf Fx and Fx respectively. If X <., X, then

TVaR,(X) < TVaR,(X), TVaRa(X) < TVaR.(X).
Proof. The proof of Proposition 3.2.2 can be found in Cossette et al. (2015). O

Jouini et al. (2004), Bentahar (2006) and Tahar and Lépinette (2012, 2014) extend the
multivariate WCE and TCE. Furthermore, Cousin and Di Bernardino (2013, 2014, 2015)

propose a series of multivariate risk measures developed from a different aspect.

Definition 3.2.4. Let X = (X1, Xs) denote a bivariate random vector on the probability
space (2, F,P). For « € [0,1], the vector-valued Worst Conditional Ezpectation at level « is
defined by

WCE,(X) = {z e R*: Elz— X|A] = 0,VA € F such that P(A) >1—a}.

Definition 3.2.5. Let X = (X;, X3) denote a bivariate random vector on the probability

space (Q, F,P). For a € [0,1], the vector-valued Tail Conditional Expectation at level o is
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defined by
TCE,(X)={zeR*: Elz— X|X € Al = 0,VA € Q.(X)},

where Qu(X) ={ACR?*: P(X€ A)>1—al.

Note that the vector-valued WCE,(X) and TCE,(X) are the natural extension of their

real-valued versions. Therefore, they share similar properties.

Definition 3.2.6. Let X = (X, X3) denote a bivariate random vector on the probability
space (Q, F,P). For o € [0,1], the Generalized Worst Conditional Ezxpectation at level o is
defined by

GWCEL(X) = | JWCOE.L(X),

where random variables X on (Q,]:", ]f”) having the same distribulion as X.
Proposition 3.2.3. Let X = (X1, Xy) denote a bivariate random vector on the probability
space (2, F,P) having a continuous probability density. Then

WCFEL(X) = TCEL(X) = GWCE,(X).

The proof of this Proposition is presented in [4].

Definition 3.2.7. Let X = (X3, Xs) denote a bivariate random vector on the probability
space (Q, F,P) with joint cdf Fx and joint sf Fx. The multivariate lower-orthant VaR* at
level a € [0, 1] is defined by

VaR(X) = E[X|Fx(X) = al,
and the multivariate upper-orthant VaR* is defined by

VaR,(X) = E[X|Fx(X) =1—al.
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Definition 3.2.8. Let X = (X;, X3) denote a bivariate random vector on the probability
space (0, F,P) with joint cdf Fx and joint sf Fx. The multivariate lower-orthant Conditional
Tail Expectation at level o € [0, 1] is defined by

CTE (X) = FE[X|Fx(X) > qa],
and the multivariate upper-orthant Conditional Tail Expectation is defined by
CTE,(X) = E[X|Fx(X)<1-aq].

Definition 3.2.9. Let X = (X;, Xs) denote a bivariate random vector on the probability
space (Q, F,P) with joint cdf Fx and joint sf Fx. For a significant level o € [0,1], the

multivariate lower-orthant CoVaR is defined by
CoVaR, ,(X) = VaRu(X|Fx(X) = a),
and the multivariate upper-orthant CoVaR is defined by
CoVaR,.,(X) = VaR,(X|Fx(X)=1-a),
where w = {wy,wq} is the significance level vector of marginal risk with w; € [0, 1].

Note that similar properties mentioned in the Proposition 3.2.1 also hold for the multivariate

upper and lower orthant VaR, CTE and CoVaR (see, e.g., [9], [10], [11] for details).

3.3 Bivariate Lower Orthant RVaR

In the following part of this chapter, we will propose a new multivariate risk measure called
bivariate lower and upper orthant RVaR based on the results in Cossette et al. (2013, 2015).
Its properties, such as translation invariance, positive homogeneity and monotonicity, will

be discussed.
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Definition 3.3.1. Consider a continuous random vector X = (X1, X3) on the probability
space (2, F,P). Bivariate lower orthant RVaR at level range [ay, as] C [0, 1] is given by

RVaR,, .,(X) = ((r1, BVaR (X)), (BVaR,,, 4, z,(X), 22)),

a1,002,T1

where

RVaR (X) = E[XJH/GR (X) S Xj S V(IROQ(X]'),XZ‘ S l’i],

o1,002,%4 a1,

Mal,VaRaz(Xj)(X) < < VaROéz(Xi)a i, =1, 2(2 7é ])

This definition is based on the univariate RVaR and bivariate lower orthant VaR. As we
can see, RVaR,, .,(X) is the expectation of a random variable X given that it belongs to
the interval [VaR,, (X),VaR.,(X)]. Hence, we start from bounding the X in the rectangle
area

VaR,,(X;),VaR.,(X;)] X [VaR., (X;), VaR,,(X;)].

Considering the effect of the random variable X; on X;, VaR,

2 (X) and VaR,,, . (X) are

Q2,T;
applied. However, only VaR, . (X) could lie in the above area, which has been shown in
Example 3.2.1. Therefore, we require VaR,, , (X) < X; < VaR,,(X;) to make sure that the

lower bound at level oy can be achieved and the upper bound at level oy will not be exceeded.

The next result shows that RVaR (X) has a similar expression as TVaR,, , (X) which

a],002,Tq

can be expressed as the integration of VaR,, , (X).

Proposition 3.3.1. For a continuous random vector X = (X1, Xs) with joint cdf F(xy,z5)

and marginal cdf’s Fx,(21) and Fx,(x2), RVaR,,, ,,.,(X) can be restated as
1 F(x;,VaRaq (X;))
RVaR X) = VaR, .. (X)d
—a’al,ag,xi( ) F(Ii,vaRQQ(Xj)) o /al Lu,xl( ) u,
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Mal,VaRaz(Xj)(X) <z < VaROQ(Xi)a Z?] = 1a Q(Z 7& j)

Proof.

RVCLRQIQ%M(X) = E[XﬂVaRawi(X) S Xj S VCLROQ(X]'),XZ' S ZL’I]
_ / e z;dFx, (1)

- F($i,V(lRa2 (XJ)) 31
VaR, .. (X) Fx,(z:) - Fx, (=)

_ Fx, (&) /V%w
~ F(x,VaR.,(X;)) — «

-TdeXi (.17])
VaR,, , (X)

Note, we have

VaR, , (X) =

—_—,T;

e (I 2.
Then, using u = Fy,(z;) = P(X; < z;|X; < ),
x; (VaRa, (X5))

FX .Z'l
F(x;, \/CLR@2 - Fx.

al/FX xz

VaRey (P, @)y,
= Fy d
F(mz,VaRa2 /a X ( . )du

RVaR, . . (X)=

a1,02,T5

X, (VaRay (X;)Fx, (7))

Z VaR, , (X)du

F(x;,VaRa, (X;))

VaR, , (X)du.

—U,T;

F(:z:z, VaRa2 — o /
— /

- F (i, VCLRQ2

]

Example 3.3.1. Consider the random vector X = (X1, Xy) defined in Example 3.2.1. Let

the confidence level range be oy = 0.95 and ay = 0.99. Then, we get bivariate lower orthant

RVaR in Figure 3.7 and Figure 8.8. For comparison, we plot VaR, s, (X) on the same

graph.
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Fig. 3.7: Lower orthant VaR at level 0.95 and RVaR at level range [0.95,0.99] for fixed values of X
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Fig. 3.8: Lower orthant VaR at level 0.95 and RVaR at level range [0.95,0.99] for fixed values of Xs

The shape of the lower orthant RVaR curve is shown in Figure 3.7 and Figure 3.8. One

can observe that RVaR X) converges to the univariate RVaR when z; (i = 1,2)

041704273375(

approaches infinity. Also, when x; gets close to VaR,, (X;), RVaR
VCZRa2 (X]>

(X) approaches

1,002,T5
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3.4 Bivariate Upper Orthant RVaR
Definition 3.4.1. Consider a continuous random vector X = (X1, Xs) on the probability
space (2, F,P). Bivariate upper orthant RVaR at level range oy, an] C [0, 1] is given by
RV&RO&,O@(X) = ((1’1, RV@RQLOQ,M (X))v (RV@ROLLGQ,M(X)? x2))’

where

RVaR,, 0,2,(X) = E[X;|VaR,, (X;) < X; <VaRa, ., (X), X; >z,

for
VaRal (X’L> S X S VaRag,VaR(,l(Xj)(X)u Z7j = 17 2(2 # .])

Similarly as for the lower orthant RVaR we can define the bivariate upper orthant RVaR.
We consider the impact of the random variable X; on X, and require that VaR,, (X;) <
X; < VaR,,,,(X) to make sure that the upper level ay can be achieved and the lower level
a1 will not be exceeded. Note, here we only modify the upper bound of the interval since

only the curve VaR,, ,,(X) could lie in the bounded area
VaR., (Xi),VaRa,(X;)] X [VaRa, (X;), VaR,,(X;)].

The following result provides the expression of RVaR,, a,.,(X) in the form of the integra-
tion of VaR, ., (X).

Proposition 3.4.1. Consider X = (X1, X») with joint sf F(xy,x2) and marginal sf’s
Fx,(x2) and Fx,(x3), respectively. Then, RVaRa, oy, (X) can be expressed by

. 1 az .
RVaR, o e (X) = _ VaR, . (X)dv,
@B 0.0, X) a2—<1—F<xi,VaRm<Xj>>>/1 Bt (X)dv

—F(z4,VaRa, (X))

for
VaRal(Xi) S X S VaRag,VaRal(Xj)(X)a Z)] = 1a 2(2 7é j)
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Proof. We have that

RvaRoq,ozg,zi (X) = E[Xj|V(lRa1 (XJ) S Xj S VCLROQ’%. (X), Xz Z ZL‘Z]
I

_ F(z;,VaRa, (X;)) 1—ao
Valta (X;) 1-Fx, (&)  1-Fx, (i)

- FXZ- (IL‘Z) VaRay,z,(X) IF
B F(ZL’Z, VCLRal(Xj)) — 14 ay /VaRal(Xj) Lj Xi(xj)'

Note, one has

VCLROW;%. (X) = VCLR&—FXZ_(%-) ()(j|)(Z Z .TZ)

1_FX'L' ()

Then, using v = Fx,(v;) = P(X; < 2;]|X; > 2;),

ag—Fx, (z4)

—_— 1-— FXZ(LL'Z) 1-Fx, (z;) 1
RVCLRCM,O!Q,IIH (X) :F(x VaR (X)) 1t O / in(VGRa1<Xj)> FX} (U)dU
) ap \<Nj B = A Ch

- 1 /1a2 por = Pl

F(xia VaRoq(Xj)) -1+ —Fx,(VaRa, (X;)) Xt — Fxl(%)

1 /O‘2 .
_ _ VaR,,, (X)dv.
(L~ Flay, VaBay (5))) N rovar, o X)

]

Example 3.4.1. According Proposition 3.4.1, one gets the curve of RVaRa, oy (X) and
RV aR,, 0y2,(X) in Figure 3.9 and Figure 3.10, respectively. For comparison, we plot the
curve of the upper orthant VaR in the same graph.
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Fig. 3.9: Upper orthant VaR at level 0.99 and RVaR at level range [0.95,0.99] for fixed values of X;
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Fig. 3.10: Upper orthant VaR at level 0.99 and RVaR at level range [0.95,0.99] for fixed values of
Xo

Figure 3.9 and Figure 3.10 show the shape of the upper orthant RVaR curve. RVaRq, ay.,(X)
converges to RV aRg50.99(X;) when z; (i = 1,2) gets close to lower support of X;. Also,
when z; approaches VaR,,(X;), RVaRa, a,..,(X) approaches VaR,, (X;). As a result, the
curves of bivariate RVaR are bounded by the curves of univariate VaR, which is similar to

the univariate RVaR.
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3.5 Properties of Bivariate RVaR

Proposition 3.5.1. Let X = (X1, X5) be a continuous random vector.

1. (Translation invariance) For all ¢ = (c1,¢c2) € R? and i,j = 1,2, i # j, then

RVaR (X+c)=RVaR X) +a,

a1,02,%5+C;j 041,(127%‘(

RVaRa, ayzjte;( X+ €) = RVaRy, a0, (X) + ¢

2. (Positive homogeneity) For all ¢ = (c1,¢2) € RE and i,j = 1,2, i # j, then

RVaR cX) =cRVaR X),

al,ocg,c_jw]-( ochozg,xj(

RvaRal,ag,Cj:cj (CX) = CiRV@Rm,OQ,Zj (X>

3. (Monotonicity) Let X = (X1, Xs) and X' = (X7, X}) be two pairs of risks with joint
cdf’s Fx and Fx respectively. If X <., X, then

RVaR,, .,(X) < RVaR,, ,,(X),

RVaRg, 0,(X) < RVaR4, o, (X').

Proof. Here we need to use the properties of bivariate VaR in Proposition 3.2.1 to proof the
above results.

For Translation invariance,
fi(ﬂijy‘/aRaQ(Xi)) VaR,, . (X + ¢)du
F(xzj,VaR., (X)) — aq

fi(xj,VaRa2(Xi)) VaR,, (X) + csdu
F(x;,VaRa,(X;)) — o
fi(xj,VaRQQ(Xi)) VaR,, (X)du

F(x% VaRaQ (Xl)) -
=RVaR X) + .

—Rva’Ral,ag,mJ-—l—cj (X + C) =

+Ci

al,ag,xj(
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For Positive Homogeneity,

JrlenVelioaGD R - (eX)du
F(zj,VaR., (X)) — oq
JlenVelioa@D yaR, (X)du

F($j7 VaRO@ (XZ)> — Q1
C,L' fF(Ij,VaRQQ(Xi)) Mu@j (X)du

RVaR (eX) =

— o ,(2,C5 T

a1

F(xja VaRDQ (Xl)) —Qq

1,002, 5

Using the same way, we could get similar results for upper orthant RVaR.

Moreover, if X <., X', then VaR, , (X') < VaR, , (X). According to the Definition 3.3.1,

we have

RVakR (X) = ElX;|VaR,, . (X) < X; < VaRa,(X;), Xi < i,

1,002,T5 —Q1,%4

RVaR (X) = BE[Xj|[VaR,, ..(X) < Xj < VaRa,(X}), X < af],

a1,02,T;
and X, X’ have same marginal cdfs. Hence, the expectation over the interval [ay, a] will

following the same pattern, say
RVaR,, .,(X') < RVaR,, ,,(X).

Also, since
F(X)=1-F(X;) — F(X3) + F(X),
Fo(X') =1 - F(X1) = F(X2) + Fo(X),
then Fi(X) < F(X'). Thus, VaR,.,(X) < VaR,.,(X'). Again, for the same reason, we

can conclude that

RVaRy, 0,(X) < RVaR,, 0,(X).
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Consider the random vectors X,;, Xy and X which denote the monotonic, inverse mono-

tonic and independent vector, respectively. They have following relationship
XW =co XH =co XM)
which means according to the Proposition 3.5.1, we have

RVaR,, ..(Xux) < RVaR,, . (Xu) < RVaR,, ., (Xw),

aq,0 (

and

RV aRa, ap(Xi) < BV aRa, .0y (X11) < BV aRa, . (Xar)-

Example 3.5.1. Consider a bivariate random vector (X1, Xs) which is either comonotonic,
counter-conomotonic or independent. We obtain the lower orthant RVaR based on the Propo-

sition 8.3.1. Fori,j=1,2 (i #j),

1 o Py, (i)
BVl o0 (Xnt) = asFx, (x;) — oy /a VGRW (Xj)du,
l 1 Fxli(wi)
RVaR,, ., ..(Xu)= m /a1 VaR,(X;)du,
and
1 Fx, (z:)+az—1
RVl o (X0) = 5o | VaR, g ey (X;)du

If the random vector above is defined with exponential marginal cdfs, i.e. X; ~ Exp()\;), then

we get the following results.
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RVGE,, .. (Xn) = (;) — (Al (Fx.(2:) — asFx. () In(1 — a)
— x ay)In Fri(@i) —n e ) — «
(P (o) = ) (L2920 () = )] ).
RV (X) = o (Ai (1= F,(a)) In(1 = Fi(s:)
— (I —a)n(l—a)+ (Fx,(2;) — o) >»
RVaR, . . (Xu) = ! L1 Z )
—aahaz,xi( W) —(FXZ-<J7Z') oy — 1) — )\_z ( _a2> Il( _a2)

— (FXZ(I1> — Oél) In (FXl(xz) - 061> + (FXl(xz) + Qg — 1-— Oél)

Proposition 3.5.2. Let X = (X3, X3) be a pair of random variables with cdf Fx and

marginal distributions Fx, and Fx,. Assume that Fx is continuous and strictly increas-

ing. Then, fori,j =1,2 and i # j,

lim RVaR,. . (X) = VaR,,(X;),
xi_)Mal,VaRaz(Xj)(X) —ahaQ’xl( ) 2< J>
~lim RV aR,, 0p,(X) = VaR,, (X;).
z;—VaRay VaRa, (Xj)(X)
Moreover,
x}gilz —RvaRal,ag,xi(X) = RV@ROZLO&Q (Xj)7
Jim RVaRo, aa,n,(X) = BV aRo, 00(X,),

where u,, (orl,) represents the upper (or lower) support of the rv. X;.

Proof. One has that

lim VaR

zi—Vaky ) vaRra, (X;) (X)

X) =VaR,,(X;).

al,xi(
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Thus, integrating this constant on the interval [aq, F(x;, VaR,,(X;))] results in VaR,,(X;).
Similarly, we can prove that when z; approaches the upper bound VaR%VaRal(Xj)(X),

RV aR,, o, (X) will approaches VaR,, (X;). Furthermore, we have that

lim VaR, , (X)=VaR,(X;).

:ci—>uzi

Combined with F(uy,, VaR.,(X;)) = aq, we get the result that

1 a2
lim RVaR, . . (X)= / VaR,(X;)du = RVaR,, o,(X;).
Ti U, L Qo — (X a1 ’
Similarly, we can prove the limit of RVaR,, a,.4,(X) is also RVaR,, o, (X;). O

Now, we consider the behavior of aggregate risks defined as follows:

- (2)-% ()

where S7 and S5 denote the aggregate amount of claims for two different business class re-

spectively. X; and Y; represent the risks within each class, where ¢ = 1,...,n, such that

Si=>,X;and So =>" Y,

Unlike univariate TVaR, the univariate RVaR does not satisfy the subadditivity. Hence, it
seems impossible to prove that the bivariate RVaR is subadditive. However, if we suppose
that (Xi,...,X,) (respectively (Y1,...,Y,)) is comonotonic, the following results can be

obtained.

Proposition 3.5.3. Let (Xi,...,X,,) (respectively (Y1,...,Y,)) be comonotonic with cdf’s
Fx,,...,Fx, (respectively Gy,,...,Gy,). The dependence structure between (Xi,...,X,)
and (Y1,...,Y,) is unknown. Then,

RVaR, . (8) =) RVaR, ., . (X;Y),

i=1
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RVaR, ., (8) =Y RVaR, . (XY,

i=1

and

RV@RQ17QQ7SI (S) = Z RVG/ROQ,O&QJ?Z' (Xla E)ﬂ

i=1

RVaRa, 0,,5,(8) = Y RVaRa, 0,4, (X., V).
i=1
Proof. Define Fg'(u) = Y7 Fyl'(u) and Fg'(u) = Y0 Gyl(u). If (X1,.... X,) (re-
spectively (Y1,...,Y,)) is comonotonic, then there exists a uniform random variable U;

(respectively Us) such that Sy = Fg'(Uy) (respectively Sy = Fg'(Us)). Hence,

F(s1 VaRa2 (52)) _
g fal( 'VaR, s, (F5H(U)), FoH(Us)) du
F(sq, VaRQQ(Sg)) — o
faFl(81,VaRa2(52)) Fgll (VCLRu Py (Ula U2)> du
F(Sl, VaRa2(SQ)) —
_i Oi(zl VaRa,(Y:)) Va/Ru,yi (F)?il(Uﬂa G;/Zl(U2>) du
F(mi, VaR,,(Y;)) — oy
n F(:Jcl VaRa2

RVaR

041702,52(

I "VaR,, (Xi,Y)) du
Z xza VaRag (K)) — 0

=ZMM,&2,%(X“YZ-).

=1

Other equations in the Proposition 3.5.3 can be proved in the same way. O

In conclusion, the bivariate RVaR has similar properties to the bivariate VaR and TVaR,
such as translation invariance, positive homogeneity and monotonicity. Furthermore, it
has an advantage over bivariate VaR and TVaR. Compared to bivariate VaR, bivariate
TVaR and RVaR provide essential information about the tail of the distribution. Moreover,
TVaR,, (X) and TVaR,,,(X) will go to infinity when X; approaches VaR,(X;) whereas
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the bivariate RVaR is bounded in the area [VaR,, (X;), VaRa,(X;)]|X[VaRa, (X;), VaRa,(X;)].
This measure could be useful for insurance companies that must set aside capital for risks
that are sent to a reinsurer after having reached a certain level. Assume that the insurance
company transfers the risks to the reinsurer when the total losses exceed the VaR at level as.
To be considered solvent, the insurance company need to measure the risks with truncated

data. In this case, multivariate RVaR could be helpful.

Next, we will propose the empirical estimator of bivariate RVaR with numerical examples.

The robustness of multivariate risk measures will be checked.



4. EMPIRICAL ESTIMATORS AND ROBUSTNESS OF RVAR

4.1 Empirical Estimator for Bivariate RVaR

Definition 4.1.1. Consider a series of observations X = (X1, Xo) with X; = (14, .., Tni),
i = 1,2. Additionally, we have & = (xp,x2) € R3, I = 1,...,n. Denote F, and F,;,
the empirical cdf’s (ecdf) for X and X;, respectively. We define the estimator for the lower
orthant RV aR, for a fired X;, by
fa};'n(xi,VaRaz(Xj)) VaR", (X)du

Fo(z;,VaR,,(X;)) — aq

Fp(x;,VaRa, (X;))—a1
m

RVaR

Q1,002,T5

(X) =

For m € N large enough, let s = and up = oy + ks, then the above

expression can be simplified into

m VaR, .. (X)-s
" X _ U, T
Mal,az,xi( ) ; Fn(ZL‘i, VaRaz (XJ)) -
& VaR: L (X)
=) T

i

1
where VaRy , (X) =inf {z; € Ry : F,,,(7;) > u} is the empirical lower orthant VaR given
X; and I, ,, the ecdf of X given the same X;.

Note, VaR,, , (X) is the smallest value of X; given X; such that F,, is larger than u. Simi-

larly, we define the empirical estimator of upper orthant RVaR as follows.
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Definition 4.1.2. Consider a series of observations X = (X1, Xo) with X; = (14, .., Tni),
i = 1,2. Additionally, we have x, = (z;1,z12) € R, I =1,...,n. Denote F, and F,;, the
empirical sf’s (esf) for X and X;, respectively. For a fized X;, the estimator for the lower
orthant RV aR s defined by

n 17Fn(x¢,VaRa (X
RVaR., ., ..(X) = P ’
a Oél,a%zl( ) Qg — (1 — Fn(fﬂz, VaRoq (X])))

2 , VaR, . (X)du

For m € N large enough. Let s = aa= (1= Fn(@iVaRay (X)) g vp = 1= F, (i, VaRa, (X;))+ks,

m

then the above expression can be simplified into

——n " VaR, . (X)-s
RVaR X) = et
¢ al,awji( ) kz:; ag — (1 = Fy(rs, VaR,, (X])))
& VaR, , (X)
-

i

1

where VaRZM(X) = inf{z; e Ry : F,,;,(x;) <1—w} is the empirical upper orthant VaR
given X; and F, .. the esf of X given the same X;.

The following proposition, based on the proof of the consistency of bivariate VaR in Cousin
and Di Bernardino (2013), shows the consistency of the bivariate RVaR in Hausdorff distance.
For a € (0,1) and 7,{ > 0, consider the ball

E=B({xeR%:|F(z)—a|l<r}]).

Denote m" = infep || (VF)x || as the infimum of the Euclidean norm of the gradient vector
and My = supycp || (HF)x || as the matrix norm of the Hessian matrix evaluated at x for

a twice differentiable F'(z1,xs).
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Proposition 4.1.1. Let [a1, as] C (0,1) and F(x1,x3) be twice differentiable on R?. Assume
there exists r,( > 0 such that m¥ > 0 and My < oo. Assume for each n, F, is continuous

with probability one (wpl) and

| F—F, | “ o.
n—oo

And let F,,; be the consistent estimator of F;, we have

RVaR" . (X) % RVaR

a2,T;
1,002,%4 n %)

(X).

a1,002,T5

Proof. According to the theorem 2.1 in Beck (2015), we have

VaR"

Uy Tq

(X) % VaR,, (X).

n—o0
for any u € (0,1). From the assumption, one has

wpl
Fn,i — Fz

n—aoo

Then,

1; u & [al,Fn(xi,VaR%(Xj))]
1[041,Fn(:c1;,VaRa (X))] (’LL) = ‘
2 0, otherwise

wpl 1, ue [O[l,F(ZL'Z‘,VCLRaQ(Xj))]
—

nee L0, otherwise

=1 [, F(2:,VaRa, (X;))] (w).

As a result, it can be seen that

Mz,zz (X)l [ath(Ii,VaRag (XJ))] <U> w_pl) Mu,xl (X>1 [al,F(xi,VaRa2 (X]))] (U)
Fn(l’z‘, VaRa2 (X])) — Qg n—7>oo F(CL’Z, VaRaQ (X])) -
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Therefore, by the dominated convergence theorem,

lim RVaR" (X> =1 Mz,xi(x)l[a1,Fn($i,VaRa2(Xj))](U)
nl_)rgo —aal,az,xi — n1—>r£lo Fn(l'l, V&Raz (Xj>> — O
_ / Mu,mi(x)l[ahF(%vV@RcQ (X7))] (U) U
= F(z;,VaR,,(X;)) —aq
fF(xi,VaRQQ(Xj)) VaR (X)du

o

F(QJZ‘, VCLRQQ(X]‘» —
— RVaR (X).

du

a1,002,%5

Note, the consistency of upper orthant RVaR could be proved in the same way. O

Next, we will check the robustness of the estimator of bivariate VaR, TVaR and RVaR.
Since all of them are distribution-based risk measures, the sensitivity function can be used

to quantify the robustness.

4.2 Robustness of Multivariate Risk Measures

Proposition 4.2.1. For a pair of continuous random variables X with joint cdf F(xy,z5)

and marginals Fix,(x1) and Fx,(x2), the sensitivity function of VaR,, . (X) is given by

_ Fx,(zi)—a
2N VaR, , (X)
S(z) = a 2> VaR,, (X)

fa; [L‘LRQ,IZ,(X)]FXi (i)’

0, otherwise

which is bounded. Thus, VaR, , (X) is a robust risk measure.
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Proof. Let F,,(z;) = P(X; < z;|X; < x;) be the conditional distribution of X, knowing X,
i,7=1,2 (i # j). For any fixed x; and € € [0,1), set F.,,(x;) = €0, + (1 —e)Fy,(z;). The
distribution F,,, is differentiable at any z; # z with F_, (z;) = (1 — €)fs,(z;) > 0 and has
a jump at the point x; = z.
We have that

VaR, , (X)=VaR__o (X;|X; <ux;).

T Fx, @)

Then,

VaR, . (F... :F;;( a )
Voltos Fen) = Fen \ )

-1 a a
= F-1 <a/in(xi)—£)’ a__ > (1 . €)in(2) Te

T4 1—¢ in (xl)

7 otherwise.

Y

As a consquence, the sensitivity function of VaR,, . (X) can be evaluated by

VaR,, , (F..) — VaR, , (Fy,
$(2) = lim VaR,, (Fe,) = VaR,,, (Fr)

e—0t £

[ d
= |—VaR,, (F.a,
_dg a a7xi( & L)} —o
( — FXi(Ii)—a
foVaR, . Q@ © S VaR, . (X)
= fa; [VaRa,zi (X)]sz (1)’ z > Ma’xi (X)
| O z=VaR,, (X).

The result shows that VaR,, , (X) has a bounded sensitivity function for any fixed x;, which
means it is a robust statistic. Note that this conclusion coincides with the one associated

with the univariate VaR. O

Proposition 4.2.2. For a pair of continuous random variables X with joint cdf F(xy,x5)

and marginals Fx, (x1) and Fx,(x2), the sensitivity function of RV alRy o5 o 99 .,(X) is given by
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(in(Ii)_al)Mal'zi;{);l(in(xl)_ﬁ)vaROQ(Xj) - 7RvaRa1,a27m(X)7 z < HVGR 1,11(X)
S(Z) — ZFXz (zi)*ale,zi (;(_);I(F)Q (%‘)*ﬁ)vaRaz (Xj) — RVaR 17&2’%(X)’ Mahwi(x) S » S VG/ROQ (Xj)
BVaRa,(Xj)—a1VaR, ,‘,Ei(X)
: ]5_;1 ! - Mal,az,zi(x)v z> VaROtz (XJ)

which is a bounded function. Thus, RVaR (X) is robust.

a],002,Tq

Proof. The sensitivity function of

1 B
RVaR,, .,..(X)= 5 a / VaR, . (X)du,
—a o,

where 8 = F(z;,VaR.,(X;)) is given by

1 (7. VaR,, (Fon)—VaR,, (F,
S(z) _ / hm a u,:(:Z( 5 z) a , Z( z):| du

6 — a1 Jo, _5—>0Jr g

1 /ﬂ [ d
= —VaR, , (F.., du
6_0/1 o _d€ u,a:l( P ) o
(1 B _ Fx;(zi)—u

67&1 a1 fm [Mu,zi(x)]FXi(Ii)dU7 z < Ma’xi <X)

1 F(xi,2) “
B—au {f()q fo; [Muml(x)]Fxl(%) du

B Fx;(zi)—u '
L e v (X>]Fxl-<zi>d“}’ VaR,;,(X) < z < VaFa,(X;)

i

L_ (P . du, z > VaR,, (X))

B-ar Jar f, [VaR, . (X)|Fx, ()
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(Fx, (x:)—on)VaR,, , (X)~(Fx,(x:)~B)VaRa,(X;

B—an ) - Mal,ag,zz (X)7 z < Mal,zi (X)
_ ZFX1 (zz)falMal,zi (;(j;l(FXz (mz>7g)vaR0t2 (X7) _ RV(I/RQLO(Z,M (X). V(IR . (X) S P S V(J/Raz (XJ)
BVGRaz (XJ ;77aiyﬂn1 N (X) _ Mal’az,ml (){)7 2> VCZROQ (Xj)

Furthermore, the sensitivity function of TVaR, , (X) can be obtained, when 8 = Fx, (z;).

Then,
VaR,, ,.(X) =TVaR, .. (X),z < VaR, , (X)
S(z) =
2Fx;(zi)—aVaR, . (X)
X et —TVaR,, (X),z > VaR, . (X).

Obviously, it is linear in z, which implies that TVaR,, , (X) is not a robust statistic, which

also coincides with univariate TVaR. O

Proposition 4.2.3. For a pair of continuous random variables X with joint sf F(x1,x,)

and marginals Fx,(z1) and Fx,(x2), the sensitivity function of VaR, ., (X) is given by

_ -« Y

S(2) = _ a—Fx(@) s
(2) [0 o s e S VaR,..,(X)
0 2= VaRau,(X).

The bounded sensitivity function implies VaR, ., (X) is a robust risk measure.

Proof. Let Fy,(z;) = P(X; < x;|X; > ;) be the conditional distribution of X; given
X; > x;, 1,7 =1,2. For any fixed x; and € € [0,1), set F.z,(x;) = ¢€d, + (1 —e)Fy,(x;). Fegz,

is differentiable at any x; # z with F_ (z;) = (1 — &) fs,(z;) > 0 and has a jump at the

point x; = z.
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Then, given that VaR,,(X) = VaRa-ry @) (X;]|X; > ;), we have

1=Fx, ()

L (o — Fx,(z;)
Vv Raac- Fei" = F, _1 1 Fy ()
a » z( ) l) &L (1—FXZ(:E7,))

;

1 a—Fx, (z;) a—Fx, (v;)
B (it ) Ty < 1= 9)Fs(2)

afFXi(zi)
o1 [ TFx, G © —Fx, (1) .
P! <§—5>7 % > (1—e)F5,(2) + &

7, otherwise.

\

Hence, the sensitivity function of VaR, ,,(X) can be obtained by

VaROé,l‘z‘(FE,fi) - VaRa,xi(Fji)

S(z) = lim
e—0t €
LV aRy i (Fos)
= |7z Valiag, T
| de AIAT ST o
p
_ _ 11—« [ (X
fz; [VaRO‘ﬂ"”i(X)](l_FXi(xi))’ z < VaRayxl( )
= a*FXi(Ii) -
fa; [m‘lei(X)](l—in ()’ 2> VaRag, (X)
[ O 2 = VaRa.,(X).

Like VaR,, ,.(X), VaR,.,(X) also has a bounded sensitivity function, which means it is
robust. And differences in results is because that bivariate lower and upper orthat RVaR are

evaluated using cdf and sf, respectively.

]

Proposition 4.2.4. For a pair of continuous random variables X with joint sf F(x1,xo)

and marginals Fx,(x1) and Fx,(x2), the sensitivity function of RV aRa, ay.,(X) is given by
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e R S50 — RV Ry, ., (X). 2 < VaRa, (X))
S(Z) — Z<1*FX1(W))*(ﬂ*FX,,;(ﬂci))‘;;lf;l(Xj)*(lffw)maz,wxx) _ RVaRal,ag,m;,(X)a VaRal( ) S S Rag Tl(X)
(a2—Fx, (2i))VaRay o, (X)—(B—Fx;,(xi))VaRa, (X;) RVaR (X) »>VaR (X)
az,ﬁ a1,02,T; I Q2,T; .
The bounded function provides that RV aRa, ay..,(X) is robust.
Proof. The sensitivity function of
- 1 @2
RVaos i (X) = = [ VR (X)de,
Qg — B
where 3 =1 — F(x;,VaR,,(X;)) is given by
/ li VaRU,CCi<FE7ii> — VaRv,il?i(Ffi) dv
Oég ﬂ s—>0Jr €
SR, (R d
= —VaR, .. (F. 5. v
a2 _ /6 dé‘ V,Tq E,T; o
(1o - dv 2z < VaR,, (X;)
ax—3 JpB fii[mv ; X)](l Fx,(x)) ’ a1 J
1 1-F(z4,2) v—Fx; (@) dv
az—B | JB fa; [VaRyz;(X)|(1—Fx, (x:))
+ [ For [VaRuo, ( Xﬁ(l Fx, (21) dv}’ VaRa,(X;) £ 2 < VaRayq,(X)
v— Fx( z) T =Y
| w8 PR e 2> Valaye(X)
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(lfﬁ)V(LRal (Xj)7(17()'2)V(1R<,2‘;(,1

- X)  RVaRa, a0 (X), 2 < VaRa, (X;)

— Z(I*FXI(-'LY))*W*FXZ(-Tz))V(LRaI(Xy)*<1*(¥2)m02,1:1(x> _ mﬂ o (X) V(IRa (Xj) < o< V(LRa . (X)
Y 1,02,T4 ) Y 1 —_ — 2,T4

az—f3

(a2 7FXZ, (ml))V(LR(Q“,l (X)*(ﬁ*in (:))VaRaqy (X;
az—p3

) RVaRa, ay0,(X), 2> VaRa, ., (X).

Furthermore, the sensitivity function of TVaR, ,,(X) can be obtained, when § = a and

as = 1. Then,

VaR, ., (X) —=TVaR, .,(X),z < VaR, ., (X)
S(z) =

z(lfFXi (xi))f(afFXi (:):%))m%ach (X
11—«

) TVaR, . (X), 2 > VaRaa, (X).

The sensitivity function of TVaR, ., (X) is similar to the one of TVaR,, , (X) because they
have similar definitions. Therefore, TV aR, ,,(X) is not robust. O

4.3 Simulation

To estimate RV aR g5..99(X) and RVaRog50.99(X), we begin with a study of VaR, g;(X)
and VaRyg(X). In particular, simulations are ran each with the sample size of n = 1000
and n = 4000, respectively. Marginally, the random variables are distributed with X; ~
Weibull (2, 50) and X, ~ Weibull (2, 150). The dependence is represented by a Gumbel
copula with 8 = 1.5. The results of the simulation are presented in Figure 4.1 and Figure

4.2.
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Fig. 4.1: Empirical estimator of the lower orthant VaR at level 0.95
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Fig. 4.2: Empirical estimator of the upper orthant VaR at level 0.99

Notice that the choice of the sample size n is useful in order to find the estimation results of
the bivariate lower and upper orthant VaR. Higher value of n is more likely that we can get
the closer points to the theoretical inversion of cdf. The estimates of RV aRy g5 99(X) and
RV aR.950.00(X) with n = 4000 are presented in Figure 4.3 and Figure 4.4, respectively. For
comparison, the curve with solid triangle represents the result with m = 100 and the dark

circle represents the result with m = 250.
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Fig. 4.3: Empirical estimator of the lower orthant RVaR at level range [0.95,0.99]
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Fig. 4.4: Empirical estimator of the upper orthant RVaR at level range [0.95,0.99]

As can be seen, the differences between the theoretical values and their empirical estima-
tions are extremely small. This could be explained by the robustness and the consistency
of the empirical estimators of bivariate VaR and RVaR. The choice of m is important for
the average part of the equation. Higher value of m leads to the better estimator. Also, the
sample size is large enough, since 4% (of n = 4000) data will be used. In addition, RVaR
is estimated with a truncated dataset, which could reduce the impact of huge values. As a

result, the estimations of lower and upper orthant VaR and RVaR are quite accurate.

To end this chapter, we use an example to illustrate the effect of the dependence between

the random variables on the shape of the bivariate RVaR curves. Consider the random
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vector (X7, Xy) jointed by a Gumbel copula with dependent parameters § = 1.4, § = 1.5
and 6 = 1.6, respectively. With marginals X; ~ Gamma (2, 0.1) and Xy ~ Gamma (1,
0.05), we get the theoretical values and estimators of RVaR g5 .99 ., (X) on Figure 4.5 and
RVaRyg50.99, (X) on Figure 4.6.
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Fig. 4.5: Empirical estimator of the lower orthant RVaR at level range [0.95,0.99] with dependent
parameters 6 = 1.4, 0 =1.5and 0 = 1.6
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Fig. 4.6: Empirical estimator of the upper orthant RVaR at level range [0.95,0.99] with dependent
parameters § = 1.4, 0 = 1.5 and 6 = 1.6

Both Figure 4.5 and Figure 4.6 illustrate that the theoretical curves of bivariate RVaR with
different marginals have similar characters. They are bounded by values of the univariate
VaR and converge to the univariate RVaR. Moreover, the convexity of the curves are related
to the dependent parameter of the copula. 6 has a larger effect on RV aR 95,099, (X) than
on RVaR g5.99.,(X). The curve with larger 6 is more convex. Also, larger 0 results in a

lower curve of RV aRy g5 .99, (X) and a higher curve of RV alR.950.99..,(X).
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We review various types of univariate risk measures, including the VaR, TCE, WCE, CVaR,
ES and RVaR, and discuss the relationship between them in the discrete and continuous
settings, respectively. Robustness of risk measures is accounted since risk measures are
usually estimated from historical data. Under the assumption that the random variable
has a continuous cumulative distribution function, the sensitivity functions of univariate
risk measures which are used to quantify the impact of a small perturbation of the cdf are

evaluated. The results show that univariate VaR and RVaR are robust risk measures.

While our focus here is on multivariate risk measures, the method of sensitivity functions
can be extended for distribution-based multivariate risk measures. Sensitivity functions are
obtained for the bivariate lower and upper orthant VaR and TVaR proposed by Cossette
et al. (2013, 2015). Bivariate lower and upper orthant VaR is robust, whereas TVaR is not.
This result is similar to the one for univariate VaR and TVaR, which motivates the investi-
gation of the bivariate RVaR. Moreover, bivariate lower and upper orthant RVaR have nice
properties such as translation invariance, positive homogeneity and monotonicity. Specially,
subadditivity can be satisfied for aggregated risks if each risk class is monotonic. Numerical

examples with different copula families are provided with graphical representations.

Finally, the empirical estimators of the bivariate lower and upper orthant RVaR are pro-

posed. The robustness and consistency of such estimators are confirmed. Furthermore, the
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simulations illustrate that empirical estimators yield accurate results. Also, bivariate RVaR
might be applied into capital allocation. For example, lower orthant RVaR can be used
when the loss distribution has a heavy tail. For example, if a random vector X = (X7, X5)
is distributed with marginal distributions which have infinite means, then TVaR,(X;) and
TVaR,(Xs) are infinite. As a result, the allocation couple of bivariate TVaR based on ap-
proaches provided in Cossette et al. (2015) cannot always be calculated whereas bivariate
RVaR always admits a solution, since univariate and bivariate RVaR are always bounded.

Further studies can be developed from these aspects.
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