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ABSTRACT
On the Upper Bound of Petty’s Conjecture in 3 Dimensions

Emilie Cyrenne

Among the various important aspects within the theory of convex geometry is that
of the field of affine isoperimetric inequalities. Our focus deals with validating the
upper bound of Petty’s conjecture relating the volume of a convex body and that of
its associated projection body. We begin our study by providing some background
properties pertaining to convexity as seen through the lens of Minkowski theory.
We then show that Petty’s conjecture holds true in a certain class of 3-dimensional
non-affine deformations of simplices. More precisely, we prove that any simplex in
R3 attains the upper bound in comparison to any deformation of a simplex by a
Minkowski sum with a small line segment. As part of our theoretical analysis, we
make use of mixed volumes and Maclaurin series expansion in order to simplify the
targeted functionals. Finally, we provide an example validating what is known in
the literature as the reverse and direct Petty projection inequality. In all cases,
Mathematica is used extensively as our means of visualizing the plots of our selected

convex bodies and corresponding projection bodies.

il



Acknowledgments

Dr. Stancu has played an indispensable role in my journey as a graduate student,
and more particularly, in the preparation of my thesis. Her keen interest in analytic
geometry, coupled with her devotion to thorough work, has served both as a source
of inspiration and motivation. Aspiring to achieve the same goal, Dr. Stancu and
I worked as a team. Our many interactions - both face-to-face meetings and email
correspondence - have played an invaluable contribution to my work. Her commitment
to excellence has fostered a challenging yet gratifying work dynamic. Ultimately, the
strong bond we have developed has categorically enriched my academic experience. I

will forever be thankful to her.

v



Contents

1 Introduction and Preliminaries 1
1.1 Introduction . . . . . . . .. ... 1

1.2 Convexity and Convex Sets . . . . . . . . . . .. ... ... ..... 3
1.2.1 Some Properties of Convex Sets . . . . . ... ... ... ... 4

1.3 Convex Bodies . . . . . . . . . ... 6
1.3.1 Some Properties of Polarity . . . ... .. ... ... ... ... 7

1.4 Projection Bodies . . . . . . . ... 8

2 Calculations/Analysis of Calculations 11
2.1 Calculations for K = T, where T' = right tetrahedron in R®* . . . . . 12

2.2 Calculations for K =T + I}y o€, where T" = right tetrahedron in R3. 17
2.3 Calculations for K' =T + I;1_ 1 1€, where T" = right tetrahedron in
IVERRVERRVES
R 24
2.4 Analysis of Calculations . . . . . . .. ... .. ... ... ... . 37

2.4.1 Analysis of P3(K) for K = T + Ijp;,€ with various values of

€€ (0,1] oo 38
2.4.2  Analysis of P3(K) for K =T + I[% 1 1€ with various values
3'V3’V3
of e (0,1] . . .. 38
3 Theoretical Approach to Simplices 40

3.1 Mixed Volumes . . . . . . . . . 40



3.1.1

Properties of Mixed Volumes [1] . . . . . .. ... ... ....

3.2 Theoretical Breakdown . . . . . . . . . ...

3.2.1
3.2.2
3.2.3
3.24

The linear approximation of Vols(T'+¢€-1) . . . . ... .. ..

The linear approximation of Vols(II(T'+¢€-1)) . . . . . . . ..

How are new faces formed when adding a direction to 77 . . .

How do we define U in 1K =1IT 4+€-U? . . . . .. ... ..

4 Insight on Petty’s Projection Inequality for Polar Bodies

4.1 Petty’s Projection Inequality . . . . . . . .. ... ... .. .. ....

4.2 Validation of Petty’s Projection Inequality and its Reverse [14] . . . .

4.2.1

Bibliography

Example: we consider P = conv(T U [2,2,2]) C R?, P is the

convex hull of the union of a simplex and a line segment of

length 2+/3]

vi

57
57
59

29

76



Chapter 1

Introduction and Preliminaries

1.1 Introduction

Among the various branches of convex geometry, the study of inequalities is promi-
nent. As well as being of independent interest, many of these inequalities have been
applied to various mathematical contexts such as ordinary and partial differential
equations, functional analysis, linear programming, etc. Often, convexity is naturally
necessary when seeking the existence and uniqueness of extremal values. The isoperi-
metric problem, whose aim is to determine a geometric figure having maximal area
for a given perimeter, is one such example.

In this paper, we examine more closely the field of affine isoperimetric inequali-
ties, in which functionals associated to convex bodies remain invariant (unchanged)
under affine transformations [10]. Of particular interest is the relationship relating
the volume of a convex body (compact, convex set with non-empty interior) and that
of its projection body. A ratio of these two volumes, raised at appropriate powers
such that the ratio is invariant under scaling, is the subject of two outstanding con-
jectures in convex geometry. The study of projection bodies came about in the early

1900s by Minkowski, who showed that for every convex body K C X, there exists



a corresponding unique centrally symmetric (symmetric with respect to the origin)
convex body IIK, denoted as the projection body of K [10]. A first conjecture was

due to Petty who claimed that:

Vol,(TIK) _ w}_,
> 1.1
Vol,,(K)»=1 = wr—2 (11)

with equality if and only if K is an ellipsoid [11]. Here, K denotes an arbitrary convex
body in R™ , Vol,(-) the n-dimensional volume and w,, the n-dimensional volume of
the n-dimensional unit ball [3].

In other words, Petty conjectured that the functional

Vol (IIK)

Po(K) = W (1.2)

is minimal for ellipsoids. There has been much research done on proposing an upper
bound for P,. Schneider conjectured that, for centrally symmetric convex bodies,
2" is an upper bound [13]. Brannen disproved Schneider’s claim by establishing
counterexamples for n > 3 and instead, proposed that for all n-dimensional convex
bodies K, the value % is an upper bound, which is the value that the above
functional reaches for simplices [3]. Both conjectured extreme values for this Petty
functional are referred to as Petty’s conjecture. We focus on calculating the value of
P, for 3-dimensional affine images of simplices and specific non-affine deformations
of simplices defined using a Minkowski sum of segments. We validate that the upper
bound of Petty’s conjecture holds true in the class of deformations of this type.

On a more theoretical basis, we want to show in general that the upper bound
of Petty’s conjecture is true for any deformation of a simplex by a Minkoswki sum
with a segment. This involves some background on mixed volumes and their related
properties, among which is the linearity of mixed volumes.

Finally, we state what is known in the literature as Petty’s projection inequality



involving the volume of a convex body and that of the polar of its associated projection

body. Petty’s projection inequality states that:

Vol (K)Vol,,(IIK )* < ( “n )n (1.3)

Wn—1

with equality if and only if K is an ellipsoid. The inequality shows that the minimal
value of this new functional, Q,(K) = Vol ' (K)Vol, (IIK)*, is reached for simplices
- this is known as the Zhang projection inequality [14] or the reverse Petty inequality.
Petty himself proved that the maximum of @), is attained only for ellipsoids. We
provide an example validating the reverse and the direct Petty projection inequality
for the union of a simplex and a line segment of arbitrary length. In addition, we
comment on the duality of the two functionals, Vol,(ILK) and Vol,(IIK)*. Petty’s
projection inequality for polar bodies was first introduced because the original prob-
lem, that pertaining to the conjectured bounds of P,, was too hard to prove.

The present paper is divided as follows. Chapter 1 is an introduction to the theory
of convexity and projection bodies. In Chapter 2, we present our results, validating
Petty’s conjecture, and elaborate on our calculations. Chapter 3 provides a theoretical
approach to how certain deformations of simplices do not hinder Petty’s conjecture.

We conclude with some insight on Petty’s projection inequality for polar bodies.

1.2 Convexity and Convex Sets

Before embarking on our journey of projection bodies, we must first elaborate on
what is meant by convexity and convex sets. Convex geometry is a specific branch
in geometry pertaining to the study of convex sets. Among numerous other ad-
vantages, convexity facilitates optimization problems by efficiently identifying the
feasible region and ensuring an optimal solution. Furthermore, convexity allows for

results obtained in lower-dimensional space to have equal reasoning and application



in infinite-dimensional theory.

A subset C' of a vector space X over R is called convex if the line segment joining
any two points in C' also lies in C| i.e.,

C C X, Cisconvex if C' # () and Vz,y € C and VA € [0,1],=x+ (1 — Ny € C.

The set {Ax+ (1 —A)y : 0 < X <1} is a closed line segment connecting the end-
points x and y. In this way, a convex combination is defined as a linear combination
of points having non-negative coefficients that sum to one. The above definition ap-
plies to any Euclidean space R"™. The simplest examples of nonempty convex sets are
singletons, intervals and the entire space R". Interestingly, convexity intertwines with
the notion of means. For example, any convex combination satisfying Ax + (1 — \)y
with A € (0,1) is the weighted arithmetic mean of x and y. Likewise, the weighted

geometric mean of x and y pertains to the concavity (negative convexity) of functions.

1.2.1 Some Properties of Convex Sets

a. Arithmetic summation and multiplication by reals preserve convexity: if C' is
a convex set in X and Ay, ..., \p € [0,1] such that 3% A, = 1, then the set

MCL+ ..+ MO = {Zle Nvicx; €Cli=1,...,k,k>2,k € N} is convex.

Proof by induction: For k = 2, the set {\jx1 + A\ozy : 1,29 € C'} is convex since
C is convex. Assume that the set {Zle Nvicx; €Cri=1,...,k,k>2,k € N}
is convex. We will show it is convex for k = k + 1. Let xy, ..., x441 be arbitrary
points in C, and let Ay, ..., Ag11 be real non-negative numbers with Zfill A= 1.

Then /\1+—|—/\k = 1_)\k+1~ If /\k-i-l = 1, then )\1ZE1+...+/\k+1ZEk+1 = Lk+1 c C

(all Xos = 0,0 = 1,...,k). If \gyy # 1, then —20— 4 A2 4 4 e —

1=Ak41 1=Ag41 1=Ak41

1. By the hypothesis of induction ,Zk iz, € C. Since 741 € C (and

i=1 T=Appq

by definition of convexity), we have (1 — \gi1) Zk — g 4 N1 Zrsr € C.

i=1 T Apes

Then (1 — )\k+1)< Az oy Aowe oy M) + Mr12pr1 € C. Cancelling

1=Ak41 1=Ak11 1=Ak11

the necessary terms, we get ijll Aix; € C.



b. Images of convex sets under affine maps are convex: if ¢ : X — X is an affine
mapping and C' C X is convex, then ¢(C) = {¢(x) = Lx + v : L is a linear

operator, x € X,v € X is fixed} C X is also convex.

Proof: Let z,y € C. Then ¢(x), ¢(y) € ¢(C). The convexity of C' implies that
Az + (1 — Ny € C VA € [0,1]. Since ¢ is affine, then ¢(Az + (1 — N)y) =
Ap(z) + (1 — N)p(y) € ¢(C). Thus, ¢(C) is convex.

c. Convex sets are closed under arbitrary intersections: if {K,} ., is an arbitrary

collection of convex sets, then their intersection K:= Nyeca K, is also convex.

Proof: Let {K,}, .4 be a family of convex sets, and let K = NaecaK,. Then
Va,y € K, we have z,y € K,,Va € A (and all y’s are convex by assumption).
Hence, Vao € A and A € [0,1],\x + (1 — Ny € K,. Thus Az + (1 — \)y € K,

implying that K is convex.

Definition 1.2.1. Let A be an arbitrary set of X. Then the convex hull of A, denoted

by conv(A), is the set of all convexr combinations of A. In other words,

conv(A) = {Z)\le :Vm > 2.V, € A |\ € [0,1] with Z)‘i = 1}.

i=1 i=1

Equivalently, conv(A) is the intersection of all convex sets containing A. According
to our third property of convex sets, the convex hull of a set is necessarily convex
- indeed, conv(A) is the smallest convex set containing A. For example, the convex
hull of a set of finite vertices in R™ is called a polytope. If {x; , ..., x,.1} is a set
of (n+ 1)-points in R™ such that x; - z; , Vi > j, is a linearly independent set, then
conv ({zy , ..., Tpy1}) is called a simplex. Simplices in R are simply line segments.

In R?, simplices are triangles. In R3, simplices are tetrahedra. The trend continues.

Definition 1.2.2. Let A, B be conver sets of R". The Minkowski sum of A and B,

denoted as A+ B={z€R": z=x+y, for somex € A andy € B}.



1.3 Convex Bodies

At the heart of the geometric theory of convex sets lies the space of convex bodies,
which are defined in n-dimensional Euclidean space as compact, convex sets with
non-empty interior. The class of convex bodies is closed under Minkowski addition.

Convex bodies are uniquely characterized by their support functions.

Definition 1.3.1. We call hy : S"' = R, hg(z) =sup{z-y:y € K} the support
function of K, where S"' = {x € R" : ||z|| = 1} is the (n — 1)-dimensional unit

sphere in R™.

The support function of a convex body K, containing the origin in its interior, in a
direction wu is the orthogonal distance from the supporting hyperplanes of K of normal
u to the origin. At every point on the boundary of a convex body, there exists at
least one hyperplane such that the convex body lies in one of the two closed halfspaces
defined by this supporting hyperplane. From this definition, any convex body is the
intersection of closed halfspaces containing K that have supporting hyperplanes as
boundaries. At any given point on the boundary, the supporting hyperplane is not
unique as there exists points where the boundary is not smooth, i.e., supporting
hyperplanes passing through vertices (corner points) are not unique. It is known that
every convex body has a unique support function with respect to the origin and that
any convex body K is completely determined by its support function.

Within the theory of convexity lies an important subtopic known as duality, a no-
tion interchangeable with that of polarity. In broad terms, duality is mostly used in
functional analysis, whereas polarity is commonly applied by geometers. A direct in-
terplay between functional analysis and geometry is established when studying norms.

For any norm ||-||, the dual norm is the norm ||-||* = sup, ﬁ = Sup|jy =1 ( - Y).

Definition 1.3.2. Let K be a conver body in R™ with 0 € int(K). We define the

polar of K the set K* ={y e R":x-y < 1,Vz € K}.

6



We remark that the polar of the unit ball with respect to any norm is the unit
ball with respect to the corresponding dual normed space. We come back to duality
in the last section - for now, we focus on polarity and some of its properties.

The properties of K are equally reflected in those of K*. To start with, we
note that if K is a convex body containing the origin in its interior, then K™ is
also a convex body with 0 € Int(K*). If P is a polytope in R" such that P =
ﬂle{x € R" : z-n; < 1}, as any polytope may be expressed as an intersection
of a finite number of halfspaces, then P* = conv{n;}, i = 1,...,k, where each n;
is a unit vector in R”. The size and shape of the polar body tend to be inverted
to that of the original set. For example, the polar of a 3-dimensional cube is an
octahedron - 6 faces and 8 vertices for the original set correspond to 8 faces and 6
vertices for the polar. In R?, a long rectangle extended over the z-axis with vertices
at (500, 3), (=100, 1), (500, —1), (—100, —1) has a taller, compressed diamond as its
polar, with corners at (—155,0), (555 ,0) and (0,42). This shows that the polar of a
polytope is highly dependent on the choice of the origin. We also note that polars of
simplices are simplices.

A key aspect pertaining to polarity is that K* is always convex, regardless of

whether or not K is itself convex.

1.3.1 Some Properties of Polarity

a. If K is a convex set, then K\** = K.

Proof: We need to prove K C K** and K** C K
Recall that 0 (the zero vector in R") € K C R", while
Kr={yeR":2-y<1, Vr € K} and
K*={zeR":z-y<1, Yye K*}.

Case 1: K C K**



Let 2y € K, z( is an arbitrary point in K. Then zy -y < 1, Vy € K*, thus
xo € K™

Case 2: K* C K

Assume there exists zg € K™\ K, (z9 € K**, but 2y ¢ K.) Since zy ¢ K, then
by the Hahn-Banach Separation Theorem, there exists a separating hyperplane
for zp and K. By definition, there is a vector n € R™ such that 2y -n > 1 and
z-n <1, Vz € K. This means n € K*. However, this contradicts that z5-n > 1

(because zg € K**). Therefore, our assumption was wrong and K** C K.

Note: K need not be convex; K* is always convex. Thus, the first case always

holds.

b. Polarity reverses set inclusion: if K1 C Ky = Ky* C Ki*

Proof: Let y € Ky*. Then, by definition, z -y < 1, Vo € K,. This implies that

x-y <1, Ve K (since K1 C Ks.) Thus y € K;*.

c. If P is symmetric with respect to the origin, then so is P*.

Proof: Let P be a convex body symmetric with respect to the origin. Then
r€P=x¢€—-P. Now Pr={yeR":2-y<1, Vo€ P}. If y € P*, then

r-y<l1l, VxeP. Sincexe —-P,z-y<1, Vre —-P=ye—P"

1.4 Projection Bodies

The study of projection bodies and their polars is of rather recent investigation. The
reason for their emergence is mainly due to their connectedness to several areas of
mathematics, the most common being geometric tomography, a field gathering infor-
mation pertaining to a geometric object based on data obtained from its sections or
projections [5]. We are concerned with projections of convex bodies and the signifi-

cant role they play in the branch of geometric inequalities. Knowledge extracted from



the projections allows for the determination of the original body. For example, if the
convex body is centrally symmetric, then the size of its projections, up to translation,
suffices in tracing back the body [7]. In lay terms, the word projection refers to a
shadow projected orthogonally onto a line or planar surface.

For every convex body K, there exists a corresponding centered convex body called
the projection body of K, denoted as IIK. As for all convex bodies, projection bodies

are defined explicitly by their support functions. The latter is defined as follows:

Definition 1.4.1. /3] If K is a convex body in R™, then the support function of its
projection body 11K is hng(u) = Vol,—1(K,u), where Vol,_1(K,u) is the (n — 1)-
dimensional volume of the projection of K onto a hyperplane passing through the

origin orthogonal to the unit vector u € S* 1.

In other words, the support function of IIK in the direction of u is the (n — 1)-
dimensional volume (area if K € R?) of the projection of K onto a hyperplane

of normal u. By the Cauchy projection formula, we have that Vol, (K, u) =

1

3 Jon1 [ - v| du(K, v), where du(K, v) is the surface area measure of K at the point

on the surface of K with outward-unit normal vector v in R™ [4]. Thus, a symmetric
convex body IIK is the projection body of K if its support function is defined as
above.

To our great advantage, if K is a polytope, its surface area is concentrated on a
finite number of unitary directions (the outward-normals to the (n — 1)-dimensional
faces), therefore, as we will see, the above formula simplifies.

Put simply, following Brannen’s reasoning for calculating the projection body 11K
of a polytope [3], we analyze the area and outward-unit normal vector correspond-
ing to each top dimensional face of the convex body. Then, according to Brannen,
projection bodies are finite sums of segments, and generally, for any convex body K,
they are limits of finite sums of segments. Each outward-unit normal vector has an

associated opposite vector - the line segment connecting the endpoints, multiplied by



the area of each face, is called an “area segment”. For a polytope K, the pairwise
Minkowski sum of all area segments of K gives us the resulting projection body. To
obtain the volume of the projection body, we calculate the sum of the absolute value
of the determinant whose column vectors are precisely twice one of the endpoints
(positive or negative) pertaining to each area segment. We provide our exact calcu-
lations in the following chapter, starting with the explicit calculations concerning the
volume of projection bodies for non-affine transformations of the right tetrahedron in
R3 = conv ((0,0,0), (1,0,0), (0,1,0), (0,0, 1)).

Finally, it is important to note that the optimization problem we consider, namely
Petty’s conjecture, is affine invariant in the sense that P,(K) = P,(AK), where
A = L + z is any affine transformation of R™ onto itself with linear part L whose
determinant is non-zero. Thus, the value of the functional P, for any simplex is
equivalent to its value on the right tetrahedron, which is why we may consider it
as our reference simplex. Later in our analysis, we will also use this invariance to
consider the simplex regular.

A first step towards understanding the affine invariance lies upon the property
that II(K + z) = IIK, Vx € R". In other words, as the projection body of K is
formed by the size of the projections of K, no translation of K will change the size

of the projections of K, hence the shape of IIK remains unchanged. The second

Voln (1K) ¢

ingredient is the invariance under scaling of the functional P, (K) = Vol ()T

K is multiplied by any scaling factor, then the resulting projection body of K will
expand/contract by the same scaling factor at the power (n — 1) as the surface area
of K determines ITK. Thus, the latter ratio defining P,(K’) does not change in the
presence of a scaling factor.

For more details pertaining to the previous sections, we refer the reader to [6] and

12].

10



Chapter 2

Calculations/Analysis of

Calculations

In this chapter, we present the projection body of the right tetrahedron in R3, its
volume, as well as the projection bodies and corresponding volumes of two unit non-
affine transformations of the right tetrahedron. Finally, we draw conclusions as to
the validation of Petty’s projection inequality in R3.

The following essential fact will be used for the construction of each projection

body:

Lemma 2.0.1. /4] If K is a polytope in R? such that uy, ..., uy, m > 4, are the unit
outer normals to the faces of K whose areas are, correspondingly, ai,...,a,, then
the projection body of K is the Minkowski sum of the segments of direction u; and

length equal to area a;,

K = 5[—u1,u1]+...+—m[—um,um]. (2.1)

11



2.1 Calculations for K =T, where T' = right tetra-
hedron in R?
Let K = conv({0,0,0},{1,0,0},{0,1,0},{0,0,1}).

Two different views for the plot of K

Using Mathematica, we present two views of K, using the command

K = ConvexHullMesh[{0,0,0},{1,0,0},{0,1,0},{0,0,1}]

(a) View 1 (b) View 2

Figure 2.1: Two different views for the right tetrahedron in R3

Furthermore, we compute the areas of the faces of K in order to apply the previous
lemma. These calculations were initially done using Mathematica - we reproduce here

the syntax.

Faces of K

a. Right triangle 1
b. Right triangle 2
c. Right triangle 3

d. Equilateral triangle

12



We denote by: u; the outward-unit normal vector with respect to face i, a; the

area of face i, a;u; the area segment corresponding to face i.
e Right triangle 1: vertices are (0,0,0), (0, 1,0), (0,0, 1)

(0,0,0) — (0,0,1) = (0,0, 1)
(0,0,0) — (0,1,0) = (0, —1,0)
(0,0, —1) x (0,~1,0) = (~1,0,0)
(=1,0,0)][ =1

a1 = 5|l(=1,0,0)|] = 3

u = (~1,0,0)

—uy = (1,0,0)

a1 (u1) = (50,0) ;a1 (—ur) = (3,0,0)
e Right triangle 2: vertices are (0,0, 0), (1,0,0), (0,0, 1)

(0,0,0) — (0,0,1) = (0,0, —1)
(0,0,0) — (1,0,0) = (—1,0,0)
(0,0,—1) x (—1,0,0) = (0, 1,0)
10, 1,0)]| =1

az = 5[[{0,1,0)|| = 3

us = (0,1,0)

— uy = (0, —1,0)

a2 (u2) = <07 %7 0> y @2 (_U’Z) - <07 %17 0>
e Right triangle 3: vertices are (0,0,0), (1,0,0), (0,1, 0)

(0,0,0) — (1,0,0) = (—1,0,0)
(0,0,0) — (0,1,0) = (0, —1,0)
(—1,0,0) x (0,—1,0) = (0,0,1)
10,0, )| =1

13



az = 5/1(0,0, )| = 3
us = <0,0,1>
— U3 = <0,0,—1>

as (ud) = <Oa 07 %> ;as (—U3) - <07 Oa _?1
e Equilateral triangle: vertices are (1,0,0), (0,1,0),(0,0,1)

(1,0,0) — (0,0,1) = (1,0, —1)
(1,0,0) — (0,1,0) = (1,—1,0)
(1,0,—1) x (1,—1,0) = (—1,—1,—1)

Q
Ny
—~
I
Ny
SN—
I
N
N
ol
~
Q
Ny
—~
|
I
Ny
~—
|
7~
[N
N
N[
~

For the simplicity of the calculations, we consider

21K = ay[—uy, ur] + ...+ G [~ Uy, U], (2.2)

thus
211K = [—alul, alul] + [—CZQUQ, (IQUQ] + [—CL3U3, a;;u;»,] + [—a4u4, a4u4] .
2K = [(3,0,0),(50,0)] + [(0,5,0),(0, 3,0)] + [{0,0,5),¢0,0,3)]

123055 3)]

= 2IIK, as well as its rescaling I1K, is the convex hull of, at most, 2* = 16

possible vectors.

14



2IIK = conv({1,0,0},{0,—-1,-1},{1,0,1},{0,-1,0},{1,1,0},{0,0,—1},{0,0,0},
{1,1,1},{-1,-1,-1},{0,0,1},{-1,-1,0},{0,1,0},{—1,0,—1},{0,1,1},{—1,0,0}).
Plot of 211K

ConvexHullMesh[{1,0,0}, {0, —1,—1},{1,0,1},{0, —1,0}, {1, 1,0},{0,0, —1}, {0, 0,0},

{1,1,1},{-1,-1,-1},{0,0,1},{-1,—1,0},{0,1,0},{—1,0, -1}, {0, 1,1}, {—1,0,0}]

Figure 2.2: Plot of 2IIK for K = right tetrahedron in R3

We calculate the volume of 211K using Brannen’s formula [4] as follows:

Vol(2ITK) = |wy, we, ws| + |wy, we, wy| + |w1, w3, wy| + |wa, w3, wy|

wy =2-a;1(u) = (—1,0,0)

wy =2 - ag (uz) = (0,1,0)

w3 =2 -as (u3z) = (0,0,1)

wy =2 a4 (uy) = (—1,-1,-1)

15



L w17w27w3|
-1 0 0
=-1
0 01
° |w17w27w4|

-1 0 0
tf o 1 0 |=1
-1 -1 -1

° w17w37w4|

-1 0 0
t 0 0 1 =-1
-1 -1 -1

L4 |w27 ws, w4|

Therefore, we get that Vol(2IIK) =1+ 1+ 1+ 1 =4 and Vol(IIK) = 4/2% =

-1

N[ =

Now, Vol(K) = 2t = 22 = 1,

Thus, Petty’s functional for the right tetrahedron in R?, and consequently for any

tetrahedron in R3, due to its invariance under linear transformations, is:

Vol(lIK) _ 5 _ 18

_2 _
Wi = G

16



2.2 Calculations for K = T'+1jy ¢, where T = right
tetrahedron in R3

In this subsection, we consider a deformation of the right simplex T" by taking its
Minkowski sum with a segment of length € in the direction of the vector (0,1,0). We
reproduce the calculations performed with Mathematica to illustrate the convex poly-
tope, to calculate its volume and, further, to analyze the effect of this transformation
on the projection body of the deformed simplex.

K = T+, ,0€ = conv({1,0,0},{0,0,1},{1,¢ 0},{0, 14+¢,0},{0,¢, 1}, {0,¢, 0}, {0,0,0}).

Plot of K if e =1

K = ConvexHullMesh[{1, 0,0}, {0,0, 1}, {1,1,0},{0,2,0},{0,1, 1}, {0, 1,0}, {0,0, 0}]

Figure 2.3: Plot of K =T + I 1,0 in R3

17



PlotofKife:%

K = ConvexHullMesh[{1,0,0},{0,0,1}, {1, %,0}, {0, 2,0},{0,%,1},{0,%,0},{0,0,0}]

)9

399 ’ 9 )9

Figure 2.4: Plot of K =T + Ijg1 g in R’

Faces of K

a. Right triangle

b. Equilateral triangle

o

. Rectangle

d. Trapezoid 1

@

. Trapezoid 2

We denote by: u; the outward-unit normal vector with respect to face i, a; the

area of face 7, a;u; the area segment corresponding to face <.

18



e Right triangle: vertices are (0,0,0), (1,0,0), (0,0,1)

(0,0,0) — (0,0,1) = (0,0, —1)

(0,0,0) — (1,0,0) = (—1,0,0)

(0,0,—1) x (—1,0,0) = (0, 1,0)

10, 1,0)[| = 1

a; = 5/[{0, 1,0)|| = 3

u; = (0,1,0)

—u; = (0,—1,0)

ar (uy) = < 7270> ay ( <07 2 >

e Equilateral triangle: vertices are (0,¢,1),(0,1+¢,0),(1,¢,0)

(1,6,0) — (0,¢,1) = (
(1,¢,0) — (0,1 +¢,0) = (1,-1,0)
(1,0,—1) x (1, —1,0) = (—1,-1, —1)

1,0,—1)

Q
[\o}
—~
<
[\o}
~—
I
o
N
|
~
<
[\o}
—~
[
~
[}
~—
I
P
N |+
N[ =
N |+
~

e Rectangle: vertices are (0,0,1),(0,¢,1),(1,¢,0),(1,0,0)

(1,0,0) — (0,0,1) = (1,0, 1)
(1,0,0) — (1,¢,0) = (0, —¢, 0)
(1,0,—1) x (0, —¢,0) = (—¢,0, —€)

[(—€,0,—e)|| = v/2¢
= length - width = V2¢
us = (52,0, 5%)

19



— Uz = <\/T§70a\/75>

as (U3) = <_€7 Oa _€> ;a3 (—Ug) = <E7 07 €>
e Trapezoid 1: vertices are (0,0,0),(0,1+¢€,0),(1,¢,0),(1,0,0)

(0,¢,0) — (1,€,0) = (—1,0,0)
(0,€,0) — (0,1 +¢,0) = (0,—1,0)
(=1,0,0) x (0,—1,0) = (0,0, 1)

10,0, D] =1

(g = (B—gb)h _ ((1+e%+s)~1 _ %+ €
uy = (0,0, 1)

—uy = (0,0,—1)

ay (ug) = <O, 0, % + e> ray (—uy) = <0, 0, _71 — e>

e Trapezoid 2: vertices are (0,0, 1),(0,¢,1),(0,1+¢,0),(0,0,0)
(0,6,0) — (0,¢,1) = (0,0, —1)
(0,6,0) — (0,1 +¢,0) = (0,—1,0)

<0,0,—1> X <0,—1,0> = <—1,0,0>
||<_170v0>|| =1

as = (B;b)h _ ((1+e;+6)-1 _ % +e
us = (~1,0,0)
— Uy = <1,0,0>

as (uS) = <%1 -6 07 0> ;a5 (—'LL5) = <% T € 07 O>
2HK = [—alul, alul] + [—CLQUQ, CLQUQ] + [—CL3U3, CL3U3] + [—CL4U4, CL4U4] + [—CL5U5, CL5U5] .

201K = [(0.54.0).(0.3.0)] + [(3.5.3) (55 )] +[(€.0.9) . (~e.0.~)
+ (0,0, 5t —€),(0,0,5+€)] + [(5 +€0,0),(F —€0,0)] .

20



= 2[IK (and IIK) is the convex hull of, at most, 2° = 32 possible vectors.

211K = conv({142¢,0,0},{0,0,0}, {14+2¢,0, 1+2¢},{0,0, 1+2¢},{1,0, —2¢}, {—2¢, 0, —2¢},
(226,0,1},{1,0,1}, {2¢, =1, =1}, {1, =1, 1}, {2¢, 1, 2¢}, {1, — 1, 2¢},
0,-1,~1-2¢}, {—1-2¢, —1, —1-2¢}, {0, 1,0}, {~1—2¢, — 1,0}, {1+2¢, 1,0}, {0, 1,0},
(1426,1,142¢}, {0, 1, 142¢}, {1,1, —2¢}, {—2¢, 1, —2¢}, {—2¢, 1,1}, {1, 1,1}, {2¢,0, -1},
(21,0, -1}, {2¢,0,2¢}, {=1,0,2¢},{0,0, —1—2¢}, {—1—2¢,0, —1—2¢}, {—1—2¢,0,0})

(a) 20K for K =T + Ijp 1 g (b) 21K for K =T + Iy 1 )

Figure 2.5: Two different plots of 2IIK in R?

We calculate the volume of 211K using again Brannen’s formula [4] as follows:
VOIRIIK) = 37 cicjopen Wi wj, wi| = |wi, wa, ws| + [wi, wa, wy| + |w1, we, ws| +

|w1, w3, wa| + wy, ws, ws| + (w1, wa, ws| + w2, w3, Wy| + |wa, W, w5| + |wW2, w3, wWs| +

|w37w47w5|
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L |w17w27w3|

0 1 0
Det -1 =1 =1 =0
—2¢ 0 —2¢

L4 ’wlaw27w4‘

0 1 0
Det -1 -1 =1 =14 2e¢
0 0 14 2

° |w17w27w5|

0 1 0
Det -1 -1 -1 =1+ 2¢
—1—-2¢ 0 0

L4 ’wlaw37w4‘

0 1 0
Det —2% 0 —2¢ = 2¢(1 + 2¢)

0 0 1+2¢

o |w17w37w5|

0 1 0
Det —2% 0 —2¢ | =2¢(1+ 2¢)

—1—-2¢ 0 O

L4 w17w47w5‘

0 1 0
Det 0 0 1+ 2¢ =—(1+ 25)2
—1—-2¢ 0 0

22



® W2, W3, w4|

-1 -1 -1
Det —2¢ 0 —92¢ = —2€<1 + 26)
0 0 1+ 2¢
L4 |w27w37w5|
—1 -1 -1
Det — 9% 0 —2 | =—2e(1+2¢)
—1—-2 0 0

L4 U)Q,UJ4,U)5‘
—1 —1 -1
Det 0 0 1+2¢ | =(1+2¢)?
—1— 2¢
L4 w3,w4,w5|

—2€ 0 —2e
Det 0 0 1+2 | =0
-1 — 2¢

0 0

Thus, Vol(2I1K) is expressed as a function of € in the following way :
Simplify[0 4+ (1 + 2¢) 4+ (1 + 2¢€) + 2e(1 + 2¢) + 2¢(1 + 2€) + (1 + 2€)* + 2¢(1 + 2¢) +
(1+ 2€)% + 2¢(1 + 2¢) + 0] = 4(1 + 5¢ + 6¢2)

Now the convex body K may be decomposed as a triangular prism at the base

of a right tetrahedron. We can therefore express the volume of K as the sum of the

volumes of the triangular prism and the right tetrahedron.
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ab-h 1
Vol(K) = ay - h + =—
oK) = a, 3 2

Consequently, for K = T + Ijg1,0€, we have the following expression as Petty’s

functional:
VOl(IIK) 5 (14 5€e+6€%)  18(1+ 2e)

Vol(K)2 (s +1)°  (1+3e)

(2.3)

2.3 Calculations for K =T + I[L 11

L 16 where T =
V3VEVA

w
w

right tetrahedron in R?

The deformation of the right simplex is taken here in the direction of the vector
(1,1,1) (normalized) by a Minkowski sum with a segment of length e. We repeat the
corresponding calculations of the projection body and its volume to see the effect of
this deformation on the value of Petty’s functional.

K=T+11+ 1 1€=conv ({O, 0,0},{1,0,0},{0,1,0},{0,0,1}, {\/%, T b

V3'V3'V3

I+5 5 shinltgshisaitg))
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Plot of K if e=1

1

2

b

K = ConvexHullMesh[{0, 0,0}, {1,0,0}, {0, 1,0}, {0,0, 1}, {%, %, %}, {1+

al-

L
\/57

S

1 1 1 1 1 1
i+ mahin w3l

Figure 2.6: Plot of K =T + I[} 3] in R3
373

S
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Plot ofKifezé

K = ConvexHullMesh[{0, 0,0}, {1,0,0}, {0,1,0},{0,0, 1}, {ﬁ, 2%/3’ ﬁ}, {1+ﬁ, 2—\1/5, ﬁ},

1 1 1 1 1 1
e ltarmah iz as !t + sl

Figure 2.7: Plot of K’ =T + I Lt
2v/372/372V3

1 1]inR3

Faces of K

a. Right triangle 1

b. Right triangle 2

c. Right triangle 3

d. Equilateral triangle
e. Rectangle 1

f. Rectangle 2

g. Rectangle 3

26



We denote by: u; the outward-unit normal vector with respect to face i, a; the

area of face i, a;u; the area segment corresponding to face i.
e Right triangle 1: vertices are (0,0,1),(1,0,0),(0,0,0)

(0,0,0) — (0,0, 1) = (0,0, 1)
(0,0,0) — (1,0,0) = (~1,0,0)
(0,0,—1) x (—1,0,0) = (0,1,0)
10, 1,0)[| = 1

a1 = 3|[(0,1,0)[| = 3

uy = (0,1,0)

—uy = (0,—1,0)

ai (ul) = <Oa %7 0> ;a1 (—U1> = <07 _717 0>
e Right triangle 2: vertices are (1,0,0),(0,1,0),(0,0,0)

(0,0,0) — (1,0,0) = (~1,0,0)
(0,0,0) — (0,1,0) = (0, —1,0)
(~1,0,0) x (0, ~1,0) = (0,0,1)
1€0,0, D] =1

az = 5(0,0, )| = 3

us = (0,0,1)

—uy = (0,0, 1)

5) (u2) = <07 07 %> ;a2 (_u2) = <07 07 %1
e Right triangle 3: vertices are (0,0,1),(0,1,0),(0,0,0)

(0,0,0) — (0,0,1) = (0,0, —1)
(0,0,0) — (0,1,0) = (0, —1,0)
(0,0,—1) x (0, —1,0) = (—1,0,0)
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1(=1,0,0)[| = 1
az = 5[[(-=1,0,0)|| = 3
— (~1,0,0)
~us = (1,0,0)
az (uz) = (3£,0,0) ;a3 (—us) = (3,0,0)

e Equilateral triangle: vertices are (1+

(=1,1,0) x (—1,0,1) = (1,1,1)
(L, L, 1] =3
a = 3|1(1,1,1)] = 4

(1,0,0) — (0,0,1) = (1,0, —1)

(%7%71+%)_

(1,0,—1) x 77— 7\/5)75>

(070’ 1) - <L37 \/Lga L3>

V3
€ —2€ € 2¢ 2
(5, =2, =) (ﬁ) +(

= length - Wldth = \/_6

Us = <%a%é7§>
— Us = <7_67T677T6>
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e Rectangle 2: vertices are (1,0,0),(0,1,0), (1 + <

S
5
@

-
3
@

(5. 1+ 5,25) —(0,1,0) =

(0,1,0) — (1,0,0) = (—1,1,0)

ug = <_e{’%6’\§6>
— Ug = <T67%7%6>

_(0’0’1>: <L € L)

(
(0,1,0)—(0,0 1) <0,1, 1>
<L= v, > X <0717_1> = <_2€7L 7 >

2K = [—ayuy, ayug| + [—agug, asug] + [—agus, agus) + [—aguy, aguy] + [—asus, asus) +

[—ague, agus) + [—arur, azuq]
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= 2I1K (and I1K) is the convex hull of, at most, 27 = 128 possible vectors.

Due to the lengthy Mathematica code used to illustrate the plot of 2I1K, we omit

the code and instead, simply provide the following respective plots:

Figure 2.8: Plot of 2IIK for K =T + I[ ] in R3

1
V3’

Sl

)

Sl

Figure 2.9: Plot of 2I1K for K =T+I[; R, in R3
2v372v372V3

S
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Once more, we calculate the volume of 2ITK using Brannen’s formula [4] as follows:

Vol(IIK) = Zl§i<j</€§n |w;, w;, wy

(
(uz) =

ws =2 a3 (uz) = (—1,0,0)

wy =2 a4 (ug) = (—1,-1,-1)

ws = 2- a5 (us) = (%5, 5, 2%)

wy =2 ag (us) = (5, > )

wr =2-ar (u7) = (75, 75 75)

0 1 0

Det o 0 1 :\2/%
2 —de 2
V3 V3 V3

L |w17w27w6|
0 1 0

Det [ 0 0 1 |=7F
—2% -2 dc
V3 V3 V3

31



0 1

Det 0 0
—4e  2¢
V3 V3

° |w17w37w5|

0 1

Det —-1 0
2¢ —4e

V3 V3

L4 ’wlaw37w6‘

0 1

Det -1 0
=2 —2¢
V3 V3

° |w17 ws, w7|

0 1
Det —-1 0
—de 2
V3 V3B

L4 ’wla Wy, ’U)5‘

0 1
Det -1 =1

Sm
w(‘h
Sl

Wk

o
Sl

Sl»&
w (o)

o
Sl

o
Sl
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L |w17 Wy, w6|

0 1
Det -1 =1

—2€ —2€

V3 V3

L4 ’wla Wy, U)7‘

0 1
Det -1 =1
—de 2
V3 V3

L |w17w57w6|

0 1
Det | 2¢ -t
© NG
7267_26
NG

L4 ’wl,UJ57U)7‘

w

0 1
2¢ —4e
Det % F
—de 2
V3 V3
o |w17 We, w7|
0 1
—2¢  —2¢
Det = =
—4e 2e
V3 V3

%l'p Slw
wl™ ™

N N
Sy S

%lw Sl%
wl™ ™

= 2\/5(—:

= 2\/36

= —4¢?

= —4¢?

= —4¢?
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0 0

Det -1 0
2¢ —4e

V3 V3

L4 ’w27 ws, w6‘

0 0
Det -1 0

—2¢

V3

L4 |w27 ws, w7|

0 0

Det -1 0
—4e  2¢
V3 V3

L4 ’w27 Wy, U)g,‘

0 0
Det -1 -1
2 —de
V3 V3

|
%|g>

o
Sl

Sl%
w (o)

o
Sl

N
Sl

N}
Sl



L |7,U2, Ws, w6|

0 0
2¢ —4e
Det 2 =x
—2e —2e
NEEVE]

L4 ’w27 Ws, U)7‘

S

%lg Slw
wl™ ™

Slw Slyp Slm %lw
wl™ ™ wl™ ™

N
Sl

N}
Sl

N—— N o N—— N—— N—— N——

= —4¢?

= —4¢?

= —4¢?

= 2\/§e

= 2v/3¢
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® W3, Ws, w6|

-1 0

2¢ —4
Det x

—2e —2

NEEVE]

L ]wg,wg,,wﬂ

-1 0
2¢ —4e
Det % A
—te 2
V3 V3

m

&l

S Sy
0 L o)
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Slw Slyp Slw %lw
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Sl% glw
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o |/LU5, We, w7|

Slw
w o

Det =

&

|

>~ )

m m
s sl o)
@™ QY W%

Sy SlE SR
wl™  wll™

S|

Thus, Vol(2I1K) is expressed as a function of € in the following way :
2¢ 4e
Slmpllfy[1+1+f+f+f+1+\[+f f+0+2\/_6+2\/—6+46 +4e% +

4 + 14 25 4+ 25+ 2o 4+ 2v/3e + 0+ 2v/3e + 4¢® + 4% + 4€® + 2v/3¢ + 2V/3e + 0 +
4€% + 4€% + 4e? 4 1262 + 12¢2 + 12€% + 0] = 4 + 20v/3€ + T2¢€°

Now, K may be expressed as the union of a triangular prism and the right tetra-

hedron. Thus, Vol (K) = a; - h+ ¢.

We conclude that, for K =T + 1 [ L1 ]e, we have the following expression as

3

S
s

Petty’s functional:

Vol (TIK) 2 +3v3e+9e%  18(V/3 + 6¢)

(Vol (K))? (%_i_\/?%)z C (V349)

2.4 Analysis of Calculations

Using the results shown above, we validate that Petty’s functional P, (K) < %,
where n = 3, T is the right tetrahedron and K is a non-affine transformation of 7" of

the form K =T + o€, € in (0,1], and o is a segment of unit length.
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2.4.1 Analysis of P3(K) for K =T+ Iy, gj¢ with various values

of € € (0, 1]
Let
Vols (1K) (1 + 2e)
P(K)=————2 =18 . 2.4
3(K) Volg(K)?2 (1+ 3¢) (24)
€ 0.1 0.25 0.5 0.75 1
Py(K) 16.62 16.55 14.40 13.85 13.50

Table 2.1: P3(K) for various values of € € (0, 1]

We can write: Py(e) = 185159 = 18 [H2=¢] — 18 [1 — (5;) €]

Letting f(e) = 15, and € — 0, we approximate P3(K) using the second degree
MacLaurin series expansion as follows: f(e) ~ f(0) + f/(0)e + %62,

_ 3
f/(E) - _(1+3e)2 )

f//(E) = (14:36)3 )
= f(e) =~ 1 — 3¢+ 18¢%,

Thus, Py(€) ~ 181 — (1 — 3¢ + 18¢%) €] = 18 [1 — € + 3¢* — 18¢€7].

2.4.2 Analysis of P3(K) for K =T + I[%’%’%]e with various
values of € € (0, 1]
Let
Py(K) — Vol (ITK) _ 18(\/§+ 6e) 25)

~ Vol3(K)? (V3 +9¢)
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€ 0.1 0.25 0.5 0.75 1
P3(K) 15.95 14.61 13.67 13.23 12.97

Table 2.2: P3(K) for various values of € € (0, 1]

We can write: Py(e) = 18[@132] ~ 18 [%} — 18 [1— (ﬁi%)e} -

3 —
181 - (St ) o] = 181 - (5507 o

B

Letting g(e) = F\/\g/&’ and ¢ — 0, we approximate P;(K’) using the second degree
g//(o) 2

MacLaurin series expansion as follows: g(e) ~ g(0) + ¢'(0)e + 5~ €”,

/ _ 9
9(6)——m’

g”(E) = (1f§\\/[§6)3 )

= g(€) = V3 — 9¢ + 27V/3€%.

Thus, P3(e) ~ 18 [1 — (V3 — 9e 4+ 27v/3€?) €] = 18 [1 — v/3e + 9% — 27V/3€%).

Letting f(e) =1 81;3 and g(e) = 18 %, we see that f(e) > g(e), Ve € (0,1].

Hence, we conclude with the following proposition:

Proposition 2.4.1. The right tetrahedron T is a local maximizer of the functional

P,.(K) along the 1-parameter family of convex bodies K =T + eo, with small € > 0.
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Chapter 3

Theoretical Approach to Simplices

We know that for any polyhedra K other than a simplex, or any convex body for
that matter, there exists a simplex T, K # T, and a direction o such that T +
co C K, and likewise, II(T" + eo) C IIK. We want to show theoretically that
Vol,,(ITK)Vol,,(K)'~" < Vol,, (IIT)Vol,,(T)' ™", where K is a deformation of a simplex
in a direction of a vector (thus not an affine transformation) and 7' is any polyhedra,
as a first step toward showing the latter inequality for any convex body K. Knowledge
on mixed volumes is required in providing the underlying theory behind the above

set inclusions.

3.1 Mixed Volumes

The theory of mixed volumes owes much of its development to A.D. Aleksandrov,
Minkowski, Hadwiger and many other well-known mathematicians [1]. Mixed volumes
reflect a mutual measure of size associated to various convex bodies, dependent upon
the shape of the bodies, and the relative orientation they have with one another
[8]. Key inequalities emanating from mixed volume theory reflect only partly their
importance in the general scheme of convexity. Among other applications, mixed

volumes bridge the gap between algebraic and convex geometry, and are essential
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ingredients to various topics, namely combinatorics and probability theory [1].
Much of the underlying framework behind the theory of mixed volumes dates back
to Minkowski, who stated that the volume of a linear combination ) " | «; P; of convex
bodies P; C R™ is a homogeneous polynomial of degree n, where a; > 0 and summa-
tion here refers to the Minkowski sum, as defined earlier. The coefficients of this poly-
nomial expansion are precisely the mixed volumes. More explicitly, if Py, ..., P,, C R"

are convex bodies (for example, polytopes in R™), and a4, ..., @, > 0 are real numbers,

then Vol,, (a1 Py + ... + @ Pr) =D g Qi ey V™ (P, ..., P; ). The coefficient

n

V®) (P, ..., P;) of the monomial a;, - - - ay, is called the mixed volume of P, ..., P;,
[1].

In R? for example, Voly (a1 P, + asPy) = a2V ® (P, P) + aqa VP (P, Py) +
a1V (Py, Py) + a?V @ (Py, Py) . Now, V@ (P, P) = V) (P, P,) since mixed
volumes are symmetric in any of their entries, and V® (P;, P;) = Voly (P;). There-
fore, Voly (a1 P, + aia Py) = a12Voly (P)) + 20,05V ) (Py, Py) + a®Voly (P,) . For sim-
plicity, we have kept above the notation of volume Voly(.) for the area of compact

sets in R2.

Definition 3.1.1. Let Py, ..., P, C R" be compact polytopes. The n-mixed volume of
Py, ..., P, is defined as the following:
1
VW (P, ... P) ="~ > hp, (uW)VO D (P (), ..., Py_y(u)) (3.1)
n w€Norm(P1,...,Pp)
where hp, (u) is the support function with respect to face P; having outer normal vector
u, Norm(P,) denotes the set of outer normals to the (n — 1)-dimensional faces of

Py, ..., P,, and P;(u) is the top-dimensional face of P; of outer unit normal vector w.

For example, in R, we define VM (P) = Vi(P) = b — a (equal to the length of
the interval P). In R? the mixed volume is simply the “mixed area”. We have

V@ (P, P) = 3 2 ucNorm(P1) hp, V) (Py(u)). The support function hp, is precisely
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the perpendicular distance from the origin to the line passing through a vertex of P,

parallel to the appropriate side of P;.

3.1.1 Properties of Mixed Volumes [1]

a. Symmetric in any of its entries:

VO (P, ..., Py, P) = VW™ (P, ..., P, Py_1);

b. Translation invariant:

VO (P, .. ,P)=V"™ (P 4+, P, .., P,), Vo € R

¢. Monotonic with respect to set inclusion:

If P, C Py, then V™ (P, P, ..., P,) < V(® (}51, Py, ., Pn>;

d. Non-negative:

Ve (P, ..., P,) > 0;

e. Positively homogeneous in each argument:

Va>0: VW (aP,...,P,) =aV®™ (P, ..., P,);

f. Additive in each argument with respect to Minkowski addition:

VO (aPy + 8Py, P, ..., P) = aV™ (P, Py, ..., P,) + BV (P, Py, ..., P);

g. V(P ..., P) = Vol,(P).

3.2 Theoretical Breakdown

Our objective in this section is to show that Petty’s conjecture holds in 3 dimensions
for any deformation of a simplex by the Minkowski sum with a segment, that is,

not only for the directions validated in Chapter 2. Concretely, we want to show the
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following for n = 3:
F(K) = Vol,(IIK)Vol,(K)'"™™ < F(T) = Vol,(IIT)Vol,,(T)*™" (3.2)

where K is the Minkowski sum of T, the right tetrahedron in R3, and a line segment
of arbitrary small length and direction.
Let us denote K =T +¢€- I, where I = 3 [—u;,uj] such that u; is the direction of I
and € > 0 is small.

Based on our previous results, we already have Volz(ITT)Vol3(T)~2 = 18. Thus,

it remains to show:
Volg(II(T" + € - I))Vols(T + € - [)*2 < 18. (3.3)

3.2.1 The linear approximation of Vol3(T +¢- 1)
We begin by expressing Vol;(T + ¢ - I) using mixed volumes.

By definition, we have: Vols (a, Py + aoPy) = Zi’iwgzl i, i, VO (P Py Py =
VO (P, Py, P)+aya00, V) (P, Py, P 401200V (P, Pr, Py)+aia0?V®) (P Py, Py)+
0012V E) (Py, P, P)) 40220 V) (Py, Py, Py)+anaianV® (Py, P, Py) 4V E) (P, Py, Py).

Letting ay = 1,a0 = ¢, P, = T, and P, = I, and using properties of mixed
volumes, we get:

Vols(T +¢-I) = VT, T,T) + eVO(T, I,T) + eV (T, T, I) + EVO(T, I, T) +
VO (LT, T)+VO (I, I, T)+EVE (I, T, 1)+VE (1,1, 1) = Volg(T)+3eVE (T, T, I)+
32VE(T, I, 1) + $Vol(I).

Since [ is an arbitrary segment in R, Vols(I) = 0. Furthermore, the term V&) (T, I, 1)
is negligible (when ¢ — 0, ¢ becomes significantly small). Thus, what we want to
focus on is : Voly(T +¢-I) ~ Voly(T) + 3¢V (T, T, 1) + O (%) = L +3eVO(T, T, 1) +
O (e?).

43



Use of the second degree MacLaurin series expansion

We use the second degree MacLaurin series expansion to approximate

. -2 fd 1 ~ 1 .
VOIB (T —+ € I) Volz (T+e1)2 [%+36V(3)(T,T,I)]2
Letting f(e) = L 5, and e close to 0, we have:

[L+3ev®) (T,T,1)]

f(e) & f(0) + f/(0)e + L5Ple?

f(0) = e =36
6
/ — _ 6V ) (T,T.1) Y _ _6V(3)(T,T,I) _ (3)
/e (%+36V(3)(T,T,I))3,f () (L)’ 1296VENT, T 1)
(3) 2 (3) 2
fi(e) = UDITD) L pogg) — 20 <fT;TI) — 69984 (VO(T, T, 1))*.
s

(2+3evON(T,T,0))

Thus, Vols(T + € - 1)™2 & 36 — 1296V (T, T, T) 4 34992¢2 (VE(T, T, I))* =
216Voly(T) — 1296€V 3 (T, T, T) + 34992¢ (VO(T, T, I)).

3.2.2 The linear approximation of Vol3(II(T + ¢ I))
The Projection Body of a Polytope

Let us start with the definition of the projection body of a polytope in R? [4]. While
the general definition of the projection body of a convex body in R3 applies, we can
deduce a simplified form of the definition in the case of a polytope. To present it

here, we need to establish first some notation:
a. P : polytope in R?;
b. F;:facesof P,i=1,...,n
c. u; : outward unit normal vector to the face Fj;

d. a; : area of face Fj;
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e. [—a;u;, a;u;] : area segment of P corresponding to the i-th face of length a;

parallel to u; with midpoint at the origin.

Then, by definition, 2IIK = " | [—a;u;, a;u;] is the Minkowski sum of n area

segments and thus the convex hull of, at most, 2" vectors.

Example 1: K =T, the right tetrahedron in R3.

In this case, T has 4 faces and, thus,

= 20T = 3 | [~aus, a;u5) is the Minkowski sum of 4 area segments and thus the
convex hull of, at most, 2* = 16 vectors. More precisely,

= 20T = [(3,0,0),(50,0)] + [(0,5,0), (0, 3,0)] + [{0,0,5),¢0,0,3)]

11 1\ /=1 -1 -1
+[(z 2255
Example 2: K =T + I ¢, a deformation of the right tetrahedron in R®.

In this case, Ijo g is parallel to u;. Thus [ is perpendicular to the face F}.

Here, we add to T a line segment of length e in the positive y-direction. As seen in
Chapter 2, K has 5 faces.

= MK = Y7, [~a;u;, a;u;] = convex hull of, at most, 2° = 32 vectors.

= 201K = [(0,5,0),(0,3,00] + [(1.5,2) (31, 3 3] +[(6.0,0), (—€,0, ]
+(0,0,5 - )0, o,§+e>}+[<%+e,0,0>,<%—e,o,o>}=[<or;,o> (0,3,0)] +
71>] [{€,0,€), {(—€,0,—€)] + (1 +2¢) [(0,0,5),(0,0,5)] +
0,0)].

= 2[1K = 21T - [<0 0 3):$0,0,3)] = [(3,0,0),(F0,0)] +[{e, 0,€) , (=€, 0, =) +
(14 2€) [(0,0,52),(0,0,2)] + (14 2¢) [(£,0,0),(5,0,0)] .

= 2I1K = 2[IT+[(¢,0,€) , (—¢,0, —€)]+2¢ [(0,0, 5 ), (0,0, £)]+2¢ [(3,0,0) , (5,0,0)] .
= 21K = 2IIT + [(¢,0,€) , (—€,0, —€)| + [(0,0, —€) , (0,0, €)] + [(¢,0,0) , (—¢,0,0)].

45



Let U be the (degenerate) parallelepiped formed by the Minkowski sum of the

vectors {(1,0,1),(0,0,1),(1,0,0)}, or equivalently,
U = conv({2,0,0},{2,0,2}, {0,0,0}, {0,0,2},{0,0, =2}, {—2,0, =2}, {—2,0,0}),

Then, 2IIK =2I1T 4+ €¢- U.

The plot of U viewed with Mathematica using the command ListPoint-

Plot3D.

Figure 3.1: Plot of U

To evaluate the volume of the projection body of K, we use mixed volumes and
obtain: Volz(2IIK) = 23Vol3(IIK) = 23Vol3(IIT +¢-U) = 23[VOIIT, 1T, 1T) +
VO (IIT, U, IT)+eVSIIT, T, U)+2VEO (T, U, U)4eVE (U, TIT, IIT)+e2V 3 (U, U, 11T ) +
EVO(U T, U)+eVO (U, U,U)| = 23 [Volg(IIT)+3eVE (LT, 1T, U)+3e2V ) (T, U, U)+
eVoly(U)] = 2°[1+3eVE(TIT, 1T, U) + 362VE(IIT, U, U) + 8v/2¢.

The coefficients of €2 and € are negligible when ¢ is close to zero. We thus conclude

that Vol3(IIK) ~ 1 + 3¢VO(IT, 1T, U).
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Example 3: K =T+ I;1 1 1€, a deformation of the right tetrahedron in

1
V333

w
w

R3.

Here, I+ 1 1, is the segment added to T', parallel to uy. Thus I is perpendicular
VEVERNE

to the face Fj.

In this case, we add to T a factor of \/ig in the (1, 1, 1)-direction. As seen in Chapter

2, this produces a polyhedron K with 7 faces. Consequently,

= 21K = 31, [~a;u;, au;] = convex hull of, at most, 27 = 128 vectors

= 2[K = [(0,5,0),(0,5,0)] + [(0,0,5),(0,0,5)] + [(3.,0.0) . (5},0,0)]
330G F I F B 3) (o Fow) v F) (F 5 5]

(553 (Fmwm)

=2k =T+ (%5, 2%.%) (5% %)+ [(552%) (5% %) +

(55 @) (F o)

Let U be the parallelepiped formed by the Minkowski sum of the vectors

o™

| —|
S
g
w

1 -2 1 11 -2y /=2 1 1
U 7wk ismm B (5w wh
We can immediately see that U is degenerate because its volume (given via the de-

terminant of the three vectors) is zero. To conclude,

w

_ 2 2 = — 4 2 4 =2 =2 2 -4 2
U= COHV({777§77§}7{7§7 V3’ } {O O 0} { _’75}7{777§77§}’{7§’7§77§}7

{7 7 vab):
and 2IIK = 21IT 4+ €- U.
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The plot of U, the parallelepiped, with Mathematica using the command

ListPointPlot3D

T/

Figure 3.2: Plot of U

Volume of U:

We calculate Det = 0 and conclude that all three vectors lie in the

B gt S

—2

Sl Sk Sl
Sl She Sl

l

same plane (coplanar vectors).

As above, we get: Vol3(2[1K) = 23Vol3(IIK) = 23Voly(IIT+e-U) = 23[VE (T, 1T, 1IT)+
eVOIIT, U, IT)+eVO (LT, 1T, U)+V O (IIT, U, U)+eVE (U, IT, IT)+2V O (U, U, 11T )+
EVO(U T, U)+eVE(U, U, U)| = 23 [Volg(IIT)+3e VS (IIT, 11T, U)+32V S (11T, U, U )+
Vol (U)] = 2°[3+3e VO (IIT, IIT, U) + 32V (11T, U, U) + *Voly(U)],

and the term V@)(IIT, U, U) becomes negligible as ¢ is close to 0.

Similarly, we obtain Vol3(IIK) ~ & + 3¢V®/(IIT, 11T, U).
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3.2.3 How are new faces formed when adding a direction to
T?

Let us consider K =T + I|_1 €.

We will present two different views for the plot of K.

Using Mathematica, we present two views of K for € = 1, using the command

K = ConvexHullMesh[{0,0,0},{1,0,0},{0,1,0},{0,0,1},{-1,0,0},{-1,0,1},{-1,1,0}]

o

(a) View 1 (b) View 2

Figure 3.3: Two different views for K =T + [—1,0,0] in R3

When we add to 7" a segment of € length [ in the form of either [+1,0,0], [0, £1, 0]
or [0,0,£1], then K = T + € - I will have at most 7 faces such that two faces are
degenerate, by which we mean that they lie in the same plane. Thus, in these cases,
we count a total of 5 non-degenerate faces. This situation only happens when some
of the normals of K are the same as those to T" whose faces meeting at the origin are
two-by-two perpendicular to each other along the axes of coordinates.

We consider a segment of unit length I = [a,b,c| such that Va? + b+ 2 = 1,
and at least two of a,b or ¢ # 0. Then K = T + ¢ - I will always be composed of
3 of the original faces of T, 3 rectangles and an equilateral triangle whose vertices
are dependent on a,b and c¢. The new faces are derived from, at most, the edges of

T, and together with the translation of the faces of T', we obtain at most 7 faces for
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K =T +e-1. By definition, II(T'+¢€- I) will be the Minkowski sum of at most 7 area
vectors.

To see this, recall that, for any polyhedron K, its projection polyhedron, 11K, is
the Minkowski sum of segments whose direction is normal to a corresponding face of
K and length equal to the area of that face. As seen in Chapter 2, for K =T +¢€- 1,
some faces of K have the same normals as T', while others are new faces with new
normals. However, we note that the faces of K having the same normals as T may
not have the same area as those of 7'. For example, in K =T +[0,1,0] - €, two faces
whose normals are the same as those of T have areas larger than the corresponding

faces of T.

Normals/Areas of the faces of K =T

Face 1: u; = (1,0,0), a; = %
Face 2: up = (0,1,0), ay = %
Face 3: uz = (0,0, 1), ag = %

Face 4: uy = \%,\%,ﬁ»m:

Normals/Areas of the faces of K =T + I}

S
5
S~

37
Face 1: u; = (0,1,0), a1 =
Face 2: uy = (0,0,1), ay =

1
2
1
2
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Face 3: uz = (1,0,0), ag = %

Face 4: uy = <\/L§,\/L§7\/L§>7 ay = \/75
Face 5: us = <\/T€7 = \/?5> as = /2¢
Face 6: ug = <%6,%67T\/5> ag = /2
Face T: ug = <%é’\/?6>\/?6> a7 = V2e.

3.2.4 How do we define U in lIK =1IT +¢-U?

Essentially, U is the Minkowski sum of the leftover segments, those which are added
to the segments forming II7T. Be definition, U is a zonotope, which is precisely a set

of points resulting from the Minkowski sum of segments.

a. For K =T + Ijp1,0€, we have:

MK — 20T + <[<1,0, 1),(—1,0,—1)] + [{0,0, —1), (0,0, 1)] +
(1,0,0),(~1,0,0)] ) - ¢
= U = 3([{1,0,1), {~1,0,=1)] + [(0,0, 1), (0,0,1)] + [(1,0,0), (~1,0,0)])

= U is the Minkowski sum of three segments having length equal to v/2, two
of which are normals to the associated faces of T'. U is composed of three seg-
ments, each of which is perpendicular to I:

(0,1,0) - (1,0,1) =0

(0,1,0)-(0,0,1) =0

(0,1,0) - (1,0,0) = 0.

b. FOI"K:T-F][%%%
3°V37V/3



_ 1 -1 2 -1
- U= 5([<73’7577§>’<
2 -1 1\ /-2 1 1
V3 VBTVB/O\VB V3 VB
= U is the Minkowski sum of three segments having length equal to v/2, none

of which are normals to the associated faces of T'. U is composed of three

segments, each of which is perpendicular to I:

Back to our objective

We want to show: Vol3(II(T +¢€-1)) - Vol3(T +¢-1)"% <18

We have:

Voly(TI(T + € - 1)) = Voly(TIIT) + 3¢ VE(IIT, T, U) = 3 + 3¢VE(IIT, 11T, U)
Vols(T 4 € - 1)~ = 216Vol3(T) — 1296eV® (T, T, I) = 36 — 1296¢VE (T, T, I)

Thus, we can show that (L + 3eV® (11T, IIT, U)) . (36 —1206eVE(T, T, I)) <18
or, equivalently,
18 — 648¢V3(T, T, I) 4 108V (IIT, 11T, U) — 38882V ) (IIT, 1T, U)V (T, T, 1) <

18.

As € is close to 0, the term —3888¢2VG)(IIT, IIT, U)V (T, T, I) is negligible, thus it
suffices to show that: 18 — 648¢V 3 (T, T, I) 4+ 108¢VE (T, 11T, U) < 18

& —648¢VE(T, T, 1) + 108¢VE (T, TIT, U) < 0

& 108e V(T T, U) — 648V (T, T,1) < 0
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& 108¢ (VO(IT,IT,U) — 6VE(T,T,1)) <0

& VOIT,O7T,U) —6VE(T, T, 1) <0.
By definition, we have:
VOMT,OT,U) =

- % ZueNorm(HT,HT) hU (U)V(2) (HT(U)7 HT(U)> = % ZueNorm(HT) hU(u> ’ A(HT<U>)7

and

VO(T, T, 1) = 5 3 exomerry hi @)V (T (), T(w) = § X enom(r) hi(w) - AT ().

&)

We want to show that the inequality holds to imply that T is a local maximizer

The unit normals to the faces of T are: (1,0,0),(0,1,0),(0,0,1), <\/L§,

al-
-

of Petty’s functional under the given transformations.

We assume that A € SL(n) is a special linear transformation with det(A) = 1
such that A transforms 7T into a regular tetrahedron with the same volume as the

right tetrahedron, thus Vol(T') = . It is known that, in that case, IIT" is the rhombic

6].

Given that all projection bodies are centrally symmetric, regardless of the original

—~ =

dodecahedron (12 faces) with Vol(IIT") =

N[ =

convex body, we apply to II7" the special case (for n = 3) of the reverse isoperimetric

inequality for centrally symmetric convex bodies [2]:

(Area(IIT))? < (Area(C))?
(Vol(IIT))2 — (Vol(C))2’

where C' is a unit cube in R
Since (Area(IIT))? = (12 - Area(F(IIT)))3, where F(IIT) denotes a face of IIT,
(Area(C))? = (2-ap+pp-h)?>=(2-1+4-1) =63,
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(Vol(TIT))? = (3)* = 1,

(Vol(C))? =12 = 1,

we get: 4(12 - Area(F(IIT)))? < 63 <

(12 Area(F(IIT)))* < & & 12 Area(F(IIT)) < 5.

Therefore, we have: Area(F(IIT)) < % - L =27
23

Note that we may obtain the exact value of the area of a face of IIT" using the

surface area formula of the rhombic dodecahedron:

Area(IIT) = 8v2 - €2, (3.4)

where e = side length of IIT" (e may be obtained from the volume formula of the

rhombic dodecahedron, Vol(ITT') = 182 . &3, knowing that Vol(IIT) is 1).

1

: 1 _ (16v3 e
e, b= (18) ¢ = e = (1) = 0.545562.

Wi

Thus, Area(IIT) = 8v/2 (16 f> ~ 3.367386.
Finally we get : Area(F (IIT)) ~ 230135 ~ (0.280616.

Now, the volume of the regular tetrahedron may be expressed as a function of its
side length as follows: Vol(T') = ¢ \/, where [ is the side length of T". Since Vol(T') = ¢,
we have: {3 = \/2 = [ = 25. This means that the length of each of the three vectors
generating U is 2 . Then, the Minkowski sum of each of the vectors generating U
forms a regular hexagon whose side length is 26. The hexagon can be circumscribed
to a disk of radius 2. Thus, the support function of U is at most the support function
of the disk, equal to its radius r = 25 and this in, at most, 6 directions. Hence we get:

hy(u) < 26 in, at most, 6 directions. These cannot be all normal directions to the
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faces of IIT" due the dihedral angle of the rhombic dodecahedron which is %’r Since [
is orthogonal to U, two faces of IIT" are parallel to U and therefore will not contribute
to the mixed volume V&) (IIT,IIT,U) because hy in the I-direction is zero. Thus,
hy(u) < 26 in at most 1 direction of a face of IIT, and in the other nine directions of
its faces we have that hy(u) < 26 | cos(3) |= % =27,

The four vectors that are normal to the faces of T' are uniformly distributed.
The direction of vertices and faces can be interchanged. Consider « to be the angle

between the normal planes to the faces of T. Then it is known that the angle «

(dihedral angle) is: o = cos™ (—3) .

If I is any unit segment, it will be close to at least two of the vectors that are nor-

mal to the faces of T' because there is no room to put it further than that (this is true

1 1

for all vectors). Therefore, I makes an angle  smaller than ;o = 3 cos ™! (—%) for at

least two of the faces of T. However, cos(f) > cos (30) = (3 cos™" (—31)) since the

1 1

. . . . . 1 1 1
cosine function is decreasing in the first quadrant = 5 cos(a) > 5 cos (5 cos (—g) .

Thus, using trigonometry and by definition of the support function, there are at

least two faces of T with direction u such that hy(u) > 3 (cos (3cos™ (—3))) =

1 Jcos (m— 4 (cos™' (=3))) | =1~ \/ig (by symmetry of the cosine function).

Thus, hy(u) > 3 -

S
[
=[S

Putting everything together, we get:
SVEIIT,NT,U) = 3 enomur) b (u) - AT (w)) < (25 + 27 - 9) - 0.280616 ~
1.732394.
Now 3VONT, T, 1) = 37, cxommr i (u) - A( - A(T(u)), where it is
1 2 1
known that Area(F(T))) = ¥3 .2 = ¥3. (26> =v3.23

=
=
v
[\]
%

(
= 3VON(T,T,1) > 233 . 25 =2



& —3VO(T,T,1) < — (2?)
= VO(IIT, T, U) — 6VO(T, T, 1) ~ L - 1.732394 — 2 (2%5) ~ —0.052496.

In conclusion, we have proved the following theorem:

Theorem 3.2.1. Let T be any tetrahedron in R3. Then, for any unit segment I C R3

centred at the origin and any small € > 0, we have that

Po(T + ¢I) < P,(T). (3.5)
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Chapter 4

Insight on Petty’s Projection

Inequality for Polar Bodies

4.1 Petty’s Projection Inequality

Broadly speaking, inequalities are synonymous to relationships. The scope of geo-
metric inequalities encompasses several analogies in relation to the inequalities them-
selves, many of which are unsurprisingly interconnected. Among other parallels,
Petty’s projection inequality is one such example, in that it is equivalent to Busemann-
Petty centroid inequality and is a strengthened form of the classical isoperimetric
inequality [9], [14]. Petty’s projection inequality is of fundamental importance in the
framework of affine isoperimetric inequalities. Petty’s projection inequality relating
the volume of a convex body K and that of its polar projection body states the fol-
lowing: Vol,,(K)" Vol (ITK)* < <ﬁ) " with equality < K is an ellipsoid. Both
Lutwak and Zhang provide generalizations and consequences of Petty’s result, yet
with different approaches - Lutwak makes use of mixed volumes and projection mea-

sures (brightness, girth, width functions) [9], whereas Zhang incorporates compact

domains to strengthen Petty’s original inequality [15].
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Advances in the literature show that Petty’s projection inequality has been ap-
plied to, and is a consequence of, various affine isoperimetric inequalities in the hope
of obtaining more powerful results within the area of Minkowski geometry. It is shown
by Petty that affinely equivalent convex bodies give rise to affinely equivalent pro-
jection bodies. From this point of view, the two functionals, Vol, (ILK)Vol, (K)*"
and Vol (K)" 'Vol,(IIK)*, are affine invariants. Zhang generalizes from these re-
sults an affine invariant Sobolev inequality that is stronger than the classical Sobolev
inequality [15]. Furthermore, an application to stochastic geometry is founded by
Petty’s projection inequality via Schneider. The incentive to develop Petty’s projec-
tion inequality for polar bodies was due to the difficulty in proving the upper bound
of Petty’s conjecture. By introducing the concept of polarity, it became possible to
simplify and derive existing inequalities into some where conclusions are more easily
drawn and the implications are similar. In this regard, variations of interesting re-

sults, new proofs and conjectures emerged naturally.

Although duality generally entails a direct equivalence, the one existing between
Vol,,(ITK)* and Vol,,(IIK) is not a direct relation; rather, it is merely a similarity.
We have seen that (ILK)* may be represented as the intersection of the halfspaces
whose normals are precisely the vertices of IIK. In this way, we will validate both
Petty’s projection inequality and the lower bound introduced by Zhang [14]. In brief,
among bodies of given volume, the polar projection bodies have maximal volume for
ellipsoids and minimal volume for simplices, whereas ordinary projection bodies are

conjectured to have maximal volume for simplices and minimal volume for ellipsoids.
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4.2 Validation of Petty’s Projection Inequality and

its Reverse [14]

4.2.1 Example: we consider P = conv(T U [2,2,2]) C R?, P is
the convex hull of the union of a simplex and a line

segment of length 21/3]

P = conv(T' U [2,2,2])

Two different views for the plot of P

Using Mathematica, we present two views of P with the command

P = ConvexHullMesh[{0,0,0},{1,0,0},{0,1,0},{0,0,1},{2,2,2}]

(a) View 1 (b) View 2

Figure 4.1: Two different views for the plot of P in R3

Thus P is a polytope with six two-dimensional faces (all triangles).

Using Mathematica, we calculate the volume of P with the command

Vols(P) = Volume[ConvexHullMesh[{0,0,0},{1,0,0},{0,1,0},{0,0,1},{2,2,2}]] =1
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Breakdown for the faces of P:
a. Right triangle formed by the points: (0,0,1), (1,0,0), (0,0,0);
b. Right triangle formed by the points: (1,0,0), (0,1,0), (0,0,0);
c. Right triangle formed by the points: (0,0,1), (0,1,0), (0,0,0);
d. Isosceles triangle formed by the points: (0,0,1), (0,1,0), (2,2,2);
e. Isosceles triangle formed by the points: (0,0,1), (1,0,0), (2,2,2);

f. Isosceles triangle formed by the points: (1,0,0), (0,1,0), (2,2,2).

Calculations for IIP:

We denote by: u; the outward-unit normal vector with respect to face i, a; the area
of face i, and a;u; the area segment corresponding to face i. Using this notation, we

will analyze each of the faces of P.
e Right triangle with vertices (0,0,1), (1,0,0), (0,0,0)

(0,0,0) — (0,0,1) = (0,0, —1)
(0,0,0) — (1,0,0) = (—1,0,0)
(0,0,—1) x (—1,0,0) = (0,1,0)
10, 1,0)|| =1

ar = 5[[(0,1,0)]| = 3

u = (0,1,0)

—uy = (0,—1,0)

a1 (u1) = (0,3,0) ;a1 (—uy) = (0,—3,0).
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e Right triangle with vertices (1,0,0), (0, 1,0), (0,0, 0)

(0,0,0) — (1,0,0) = (—1,0,0)

(0,0,0) — (0,1,0) = (0, —1,0)
(~1,0,0) x (0,—1,0) = (0,0, 1)
10,0, )] =1

az = 5[[(0,0,1)|| = 3

s = (0,0, 1)

—us = (0,0,—1)

ag (uz) = (0,0, 5); as (—uz) = (0,0, 3

e Right triangle with vertices (0,0, 1), (0, 1,0), (0,0, 0)

(0,0,0) — (0,0,1) = (0,0, —1)
(0,0,0) — (0,1,0) = (0, —1,0)

(0,0,—1) x (0, —1,0) = (—1,0,0)
I(=1,0,0)]| =1

az = 3]|(~1,0,0)[| =

ug = (—1,0,0)

—uz = (1,0,0)

az (uz) = (3£,0,0) ;a3 (—uz) = (3,0,0).

e Isosceles triangle with vertices (0,0, 1), (0,1,0), (2,2, 2)

(2,2,2) — (0,0,1) = (2,2,1)

) —
(2,2,2) — (0,1,0) = (2,1,2)

(2,2,1) x (2,1,2) = (3, -2, —2)

103, =2, =2)]| = /3 + (=22 + (=22 = VI +4 + 4= V1T
as = 3[1(3,-2,-2)|| = 3V17

3,-2,-2)

Uy —%(
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—Ug = \/%*7<_37 27 2>

Qaq <U4) = <%7 _17 _1>7 Q4 (—'LL4) = <%37 17 1>
e Isosceles triangle with vertices (0,0, 1), (1,0,0), (2,2, 2)

(2,2,2) -

(2,2,2) -

(2,2,1) x <1,2,2>:<2,—3,2>

102, -3,2)|| = /22 + (-3)2 + 22 = VAT 9+ 4 = VIT
—mz—&mn=%¢ﬁ

(2,-3,2)

(0,0,1) = (2,2,1)
(1,0,0) = (1,2,2)

us = -
— Uy = \/—1—7<—2,3, —2>

as (us) = <1, _73, 1> sas (—us) = <—1, %, —1> )
e Isosceles triangle with vertices (1,0,0),(0,1,0),(2,2,2)

(2,2,2) — (1,0,0) = (1,2,2)

(2,2,2) — (0,1,0) = (2,1,2)

(1,2,2) x (2,1,2) = (2,2, —3)

12,2, -3)|| = /22 + 22 + (=3)2 =VA+ 4+ 9= V1T
as = 3|1(2,2, =3)|| = 3V17

(2,2, —3)

_ 1
U6 = 17

—ug = =(-2,-2,3)

a6( ) <1717 2 >7 6(_u6):<_1>_17%>'
Thus, by the definition of the projection body of a polytope, we have

2P = [—ajuy, ayuq] + [—agus, asus] + [—asus, agug] + [—aquy, aguy] + [—asus, asus] +

[_a6U67 %’Uﬁ]-
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= 1P = [(0,5,0). (0,3, 0)] + [(0.0,5) . (0,0, )] +

4 |: 4 )
(G 52) (02 )+ 150 G 3l + [<%1a%17%>,<%,%fr3>} ~

Alternatively, we describe IIP as the convex hull of, at most, 26 = 64 possible

vectors.

IIP =conv({1,1,-2},{1,1,52}  {i,1,-2} {5, 1,32} {1,1, -2} {1,132},

»5 2043554 {00,57}.{0,0,0}, {50, 5} . {5.0,0} . {F 5.5},

{(#. 70007 71 .{0. 5.0} {52 -1} {725} {1211 {-1.2. 7},
o150 s L s s L (B e {2 05
(2L {0 A e {2 {20 {25 -1 {255 )

T e S PR T SR A P R A B B Rt AP o SR E P e I8
{15 ,1} {z50: e300 5 2 {2 ) (=251 {1, 2,11 {5, 5,0},
3235:105:05.{0.3.5}.{3.0,0} . {5,0.5}.{0,0.3} {5 5.3} {F 7.2},
{25317 2 {7 L3 {5 12 {1 -L3) {1 -1.2)),

This allows us to visualize the projection body IIP using Mathematica.
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Figure 4.2: Plot of 1P for P =T U[2,2,2] C R3

Calculations for (ITP)*

Knowing that (ILP)* may be represented as the intersection of the halfspaces whose
normals are precisely the vectors whose convex hull forms I1P, we use Mathematica
to obtain the plot and volume of (IIP)*. In what follows, for each of the vectors,

vertices of [IP, we find the halfspace corresponding to (I1P)*.

Lo =(1,1,-2)
Jog]]? =12+ 17 + (—2)* =6

(z—3)+w—3)—-2:+3) <0 a+y<l+2z

3. vy =(:1,-2)
losl> = (3)* + 12+ (=2 =j+1+4=
%(x_%)+(y—zll)—2(z+%)304:)33+2y<2+4z
4

4
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10.

11.

12.

1
<x—%)+%(y—%ﬁ)—2(z+%>§O<:>2x+y§2+4z.
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13.

14.

15.

16.

17.

18.

19.

20.

Ui6 = <07 %170>
[[vis *i
1
—%(y+§> <0e24y>0.
vir = (5,2, —1)

—(x—l—%)—i—?(y—%)—(z—l—%)SO(:)Zygl—l—x—f—z.

Voo = <—1,2,%1>
1 _ 21
lvpo> = (12 + 22+ (F)? =1+4+ ;=7
’ iy dy <2+ 22 + 2.
_<x+¥11)+2<y_2—21)—5(z+%> <04y <
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21.

22.

23.

24.

25.

26.

27.

28.

Vg = <_27 17 ]->
Joas||? = (—=2)* + 12+ 1 =6

—2(x+3)+(y—3)+(z—3) <0 y+z<1+22.
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29.

30.

31.

32.

33.

34.

35.

36.

_I_
=
-+
—_
|
N

v = (2,55, 5)
Il = (4 (5 (= § 4 +1 = ¥
3 1 1
Se-n) d(vrd) (v a) 0oty



37.

38.

39.

40.

41.

42.

43.

44.

V37 = <2,—1,—1>
lsr]|> =22 4+ (=12 + (=12 =4+1+1=6

2(r—2) = (y+1) - (c+1) <0 22w <1t+y+z

vgs = (2,—1,5)

2
loss|® = 2% + (-1 + (F) =4+ 1+ 1 =%
1
2<‘T 21>—<y+zll>—%(z4rﬁ> <04 <2+42y+=z
4 4 1

2
3 1
%<x_§>_<y+§i)—%<z+§ <0&3r<2+2y+ 2.



45.

46.

47.

48.

49.

50.

51.

52.

ol = (22 4 (<22 412 =1 144 1=2

1
%(x—f—l)—2<y+fj)+(z—%>50@x+2z§2+4y,

4

g = (1,-2,1)
oas|? =12+ (=22 + 12 =1+4+1=6

(=3 -2W+3)+ (-3 <0ez+2<1+2.



53.

54.

99.

96.

57.

58.

59.

60.



61. v = (5, —1,2)
loarl* = () + (=1)* + 2 = §+ 1+4 =3

2
1
-1 (x+%) <y+ 21)+2(z—ﬁ> <0 d:<2+z+2
4

4

62. vgy = (—1,—1,3)

72

el = (1 + (-1
(o4 ) - (v+5)

63. Vg3 — <—1, —1,2>
lvesl|? = (—1)2+ (=1)2+22=14+1+4=6

— e+ -w+H+2(:-2)<0e2z2<1+a+y.

We use the following input in Mathematica to generate the plot of (ILP)* for

—1<z,y,2<1:

RegionPlot3D[z+y < 1422 && x+y < 1432 && v+2y < 2442 && v+2y < 243z
&&2r+y <2442 && 20+ y<2+432&&r+y<2+4+42&&r+y<2+4+3z&&
242>20&&2424+2>20&&242>0&&24+2x+y+2>0&&24+2+y > 0&&
24y+2>20&&2+y > 0&&dy <2+24+22&&dy <2+2+2&& 2y <l4z+2
&&dy <2420 +2&&3y<2+1+2:&&3y<2+z+2&&3y<l+z+z&&
By <2424+ 2&&2y+2<2+4+3x&&2(-14+y+2) <3z &&2y+2<2+4x
&& y+2<14+20&& y+2<2432x&& y+22<2+4+3zx && y+ 2 <2+ 4z &&
Y+22 <244 && dr <2+ y+22 &&dr <2+ y+ 2 && 3x <2+ y+ 22 &&
Br<2+4y+2&&2r <14+y+2&&dr <2+4+2y+2&& 32 <2(1+y+2) &&
3r <24 2y+ 2 && 2x+ 2 < 24 3y && x+z§1+gy&&x+z§2+3y&&
r+22 <243y &&r+2<24+4y && r+22z <244y && 2x+ 2 <2+ 4y &&
r+2<14+2y&&r+y<2&&ar+y+:2:<2&&y<2&&ky+2:<2&& <2
&& v+ 2<2&& 2<2&&32<2+r+y&&42<2+04+y&&32<2+2x+y

&& 42 <24 2x+y && 32 <2+ x+4+2y && 42 <2+ 2+ 2y && %zg 1+x+y &&
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2z2<14+z+y{zr,-1,1},{y,—1,1}, {2, —1,1}]

Figure 4.3: Plot of (IIP)* for P =T U [2,2,2] C R?

We use the following input in Mathematica to calculate the volume of (ILP)* for

—1§xvya2§1:

Vols(IIP)* = Nlntegrate[Boole[z +y < 142z && x4y < 1+ 22 && v +2y < 2+4z
&& v4+2y <2432&&20+y <2+42&&2r+y <243z && x4y <2+4z2 &&
T4y <2432&&2+2>0&&2+2+2>0&&2+2>0&&2+x+y+2>0&&
24204y >0&&24+y+22>0&&24+y>0&& 4y <2+a+22&& 4y <2+ax+=2
&& 22y <14+ 2&& 4y <242x+2&&3y<2+2+4+22&&3y<2+4+zx+ 2z &&
Sy <l+a+2&&3y<2+20+2&&2y+2<2+32&&2(-1+y+2) <3z
&&22y+2<244zx &&ky+z<1+2x && y+2<2+3x && y+ 22z <243z &&
y+2 <244 && y+22 <24+4dx && dr <2+ y+ 22 && 4 <2+ y+ 2 &&
3r <24 y+22&& 3 <2+y+2&& 20 <1+y+2z&& 42 <2+42y+ 2z &&
3 <2(1+y+2) && 32 <2+2y+2&&20+2 <243y && z+2 <1+ 3y &&
r+2<243y&&kr+22 <243y && r+2 <244y && v+ 2z <2+ 4y &&

20+ 2 <244y &&r+2<1+2Y&&r+y<2&&r+y+2<2&&y<2&&
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Y+2<2&&r<2&&r+2<2&& 2<28&&32<24+x+y&&dz<2+x+y
&& 32 <2420+ y && 42 <2420+ y && 32 <24+ 2+ 2y && 42 <24+ 2+ 2y
&& 22 <14+a+y&&22:<1+z+y],{z,—-1,1},{y,—1,1},{z, —1,1}]

= 0.863472.

Validation of Petty’s projection inequality for P =T U [2,2,2] C R?:

It is known that for any convex body P in R?, the following inequality holds:

V(P)"lV(IIP)* < ( o )” (4.1)

with equality if and only if P is an ellipsoid [9].
In our example, we have a convex polytope P whose volume V(P) =1= V(P)*=1
and V(IIP)* = 0.863472.

Therefore, since

4

Wy, = w3 = volume of unit ball in R? = 3

U
Wy_1 = wy = volume (area) of unit ball in R3 = ;

4 3
~1-0863472 < (17) = 4 ~2.3704

Validation of the reverse of Petty’s projection inequality for P = T U
2,2,2] C R3:

It is known that for any convex body P in R?, the following inequality holds

V(P)"'V(IIP)* > 4.2
prvey 2 20 (42)

with equality if and only if P is a simplex [14].
In R3, we must thus have the upper bound: V(P)?V (IIP)* > % = 277(%)2 =10 -

20~ 0.740741.

Inspecting the inequality for our specific example, we have V(P) = 1 = V(P)? = 1;
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and V (ITP)* = 0.863472.
= V(P)2V(IIP)* = 0.863472 > 2.

While the latest validations do not produce a new result, they illustrate the possibil-
ities available with Mathematica to work with polar and projection bodies. We think
that the calculations in this direction may also lead to new ideas on attacking the

conjectured inequality.
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