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ABSTRACT

New Kernels For Density and Regression Estimation via Randomized Histogram

Ruhi Ruhi

In early 20’s, the first person to notice the link between Random Forests (RF)
and Kernel Methods, Leo Breiman (Breiman, 2000), pointed out that Random
Forests grown using independent and identically distributed random variables in
the tree construction is equivalent to kernels acting on true distribution. Later,
Scornet (Scornet, 2016b) defined Kernel based Random Forest (KeRF) estimates
and gave explicit expression for the kernels based on Centered RF and Uniform
RF. In this paper, we will study the general expression for the connection function
(kernel function) of an RF when splits/cuts are performed according to uniform
distribution and also according to any general distribution. We also establish the

consistency of KeRF estimates in both cases and their asymptotic normality.

Keywords: Random Forest, Kernel Methods, Consistency.
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1 Introduction

The Random Forest is one of the most popular and most powerful machine learning
algorithms. It is basically a trademark term used for an ensemble learning method
that consists of pooling together the estimates from many randomly generated
decision trees. A decision tree (for classification, regression etc.) is a sequentially
constructed partition of the space of input variable (co-variate) X. A tree estimate
is the average (for regression) or mode (for classification) of all Y-values (output)

that fall in the partition-cell containing a given input .

Breiman’s work on CART (Classification and Regression Trees), ensemble estima-
tor and Random Forest (RF) helped to bridge gap between statistics and com-
puter science, particularly in the field of Machine Learning. Random Forests are
exceptionally viable and progressively utilized measurable machine learning tech-
niques. They give remarkable performances in many applied situations for classi-
fication and regression problems as they run productively on extensive databases
and also they can deal with huge number of input variable without variable dele-
tion and have ability to deal with small sample sizes and high dimensional feature
spaces. The corresponding R package randomForest can be freely downloaded on

the CRAN website (http://www.cran.r-project.org/).

On the hypothetical side, the account of Random Forests are less indisputable
and, in spite of their widespread use, little is known about their mathematical

properties. However, recent studies have been done towards narrowing the gap
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between theory and practice, which includes that of Denil et al.(2013) (Denil,
Matheson, & Freitas, 2013), who proved the consistency of a particular online for-
est, Wager(2014) (Wager, 2014) and Mentch and Hooker(2015) (Mentch & Hooker,
2016), who studied the asymptotic normality and Scornet et al.(2015) (Scornet,

2016a) who proved its consistency under appropriate assumptions.

1.1 Framework

Most of the following material is based on the papers Random Forest guided tour
(Biau & Scornet, 2016) and Random Forest and Kernel Methods (Scornet, 2016b)

by Erwan Scornet and Gérard Biau.

1.1.1 Notations and definitions

As explained by Scornet and Biau (Biau & Scornet, 2016), the general structure of
Random Forest is non-parametric regression estimation. Assume a training sample
of size n, D = {(X1,Y1), ..., (X, Yy)} of independent random variables distributed
as independent prototype pair (X,Y’) where E[Y?] < oo. An input random vector
Xe X C RP is observed and the goal is to predict the square integrable random

response Y € R by estimating the regression function,

r(x) =E}Y | X =x].

The aim to use the data set D to construct an estimate r,, : X — R of the function

r. The regression function estimate r,, is (mean squared error) consistent if

E[r,(X) —7(X)]* = 0 as n — oo.



A random forest is a collection of M randomized regression trees (trees where
target variable can take continuous values). Let 7,(x,©;) be the predicted value
at point x for the j-th tree in the family, where ©1,0,,..,0©,,; are independent
random variables, distributed as generic random variable ©, independent of the
sample D (of sample size n). These random variables represent the randomization

procedure employed. The trees are combined to form the finite forest estimate

M

1
TM,n(Xv @17"7@M> = Mzrn(xa @]) (11>

j=1

By the law of large numbers, the finite forest estimate approaches to infinite forest
estimate (defining, 7o, (X) = limar—eoTmn(X, ©)):

V x € [0, 1]¢, almost surely as M — oo,
Toom(X) = Elr,(x,0)].

There are large variety of forests depending on how trees are grown and how the
random variable © influences the tree construction. A basic framework to assess
the theoretical properties of forests involves models in which partitions do not
depend on the training set D. An example is the Centred Random Forests(Biau
& Scornet, 2016), for which X = [0, 1]¢ and has properties as follows:

(i) Samples are drawn without replacement;

(ii) at each node of each individual tree, a coordinate is uniformly chosen in {1,...,
d} and,

(iii) a split is performed at the center of the node along the selected coordinate.
The operations (ii)(iii) are recursively repeated k times, where k € N is a parame-
ter. The algorithm stops when a binary tree with k levels is built, so that each tree
has exactly 2 leaves in the end. The final estimation at the point x is obtained by

taking the average of Y; corresponding to the X; in the cell of x. The parameter



k acts as a smoothing parameter that controls the size of the terminal node.
Another example is Uniform Forest, which is similar to Centred Forest except that
once a split direction is chosen, the splits are made uniformly on the side of the

cell, along the preselected co-ordinate (Arlot & Genuer, 2014).

1.2 Basics of Kernel and Kernel based Random

Forest(KeRF)

One way to break down the complexity of Random Forests is to express forest

estimate as a kernel estimate, i.e., estimate r,, which takes the form

_ Z:'L:l Y;'Kn(Xh X)
Z:'L:l Kﬂ(Xia X) ’

7n(X)

where {(X;,Y;);1 < i < n} is the training set, (K,); is the k-th kernel functions
of the sequence of kernels ; n € N is parameter to be determined.

Note that the K, doesn’t necessarily belongs to Nadaraya-Watson kernels family
(Nadaraya, 1964) (Watson, 1964), which satisfy a translation-invariant homoge-
neous property of the form Kj,(x,z) = K ((x — z)/h) for some smoothing pa-
rameter A > 0. The analysis of kernel is more complex, depending on the type of

forest under investigation.

1.2.1 Kernel based Random Forests (KeRF)

For all x € [0, 1]¢, we know (finite) random forest estimates satisfy
M n

1 Yilx,ca,(x,0;)

(X041, 04) = — 23 Xi€An(66;) 1.2
(X, O1 M) M; (; N,.(x,0,) (1.2)
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where A, (x,0,) is the cell containing x, determined by the random variable ©;

and data set D and,
@ ) - Z ]lXiEAn(X,@]')
i=1

is the number of data points in A, (x,©;) (Scornet, 2016b).

This equation (1.2) is true in particular for non-adaptive forests (i.e., forests built
independently of data) as the quantity of observations in each cell cannot be
controlled. For example, given two cases with N} (x,0;) > N2(x,©,) then by
equation (1.2), 73,,(x,01,...,0u) < 73,,(x,01,...,0)). Thus cells containing
smaller number of data points tends to have greater estimate than those with
larger number of data points.

To solve this problem, Kernel based random forest(KeRF) estimates were defined,

which takes the form:

M n
Zj:l Dict Yilxiea,(x,0;)
M
Zj:l N,(x,0;)

T (X, 01, ...,00) = (1.3)

To study more about KeRF, Scornet (Scornet, 2016b) proved a proposition for
another form of KeRF estimates.

Proposition: Almost surely, for all x € [0, 1]¢,

Yoy YK (x,X5)
> i Kun(x,X;5)

7’\“/M7n(X, @1, ceey @M) =

where

KMn X Z M Z]lzeA (%,9;) (15)

Ky, 1s connection function of the M finite forest.
(K is a relative frequency of the set A,, containing x.)

Next,



Defining infinite KeRF estimates r,, as
’Foo,n = limM—)oo?M,n<X7 @17 ) @M)

A proposition for infinite forest estimate (i.e., when number of trees M tends to
infinity) was proved by Scornet (Scornet, 2016b).
Note that the infinite random forests are said to be discrete (or continuous), if its

corresponding connection function K, is piece-wise constant (or continuous).

Proposition: Consider an infinite discrete or continuous forest. Then, almost

surely, for all x,z € [0, 1]%,
limpr—oo Knrn(Xx,2) = K, (%, 2),

where

K,(x,z) = Pglz € A,(x,0)]

K, is called the connection function of infinite random forest. Thus, for all x&
[0, 1),

~ o Z?:l Y;Kn(}g Xl)
Too,n(X) — Z;.Lzl Kn<X, Xj) 9

(1.6)
Thus, infinite KeRF estimates are kernel estimates with kernel function equal to
K,.

The denominator of KeRF estimate can be adjusted to obtain a density estimator

as we shall see in Chapter 2 and Chapter 3.

1.2.2 Uniform KeRF

Uniform Random Forests were first studied by Biau et al.(Biau, Devroye, & Lugosi,

2008). In Uniform RF, the splits are drawn uniformly on the cell edges with no
6



prior on split location.

Using notation K}:f to denote the connection function of uniform random forest

of level k.

Scornet (Scornet, 2016b) obtained an explicit expression K;C‘f for connection func-

tion for infinite uniform random forest as follows,
Proposition: For k € N and for all x € [0,1]%,

KS0x)= Y /ﬁvk ( ) x H (1—xm i HT;M) (L.7)

kiyka; Sy k=

1 (=In xm)? —0.

with convention ) =,

The figure below represents the functions fi, fo,andfs in two dimensions defined

by:
fr :[0,1] x [0,1] — [0, 1]
. 11
2= () 177 (012 (Gog) 1),
where |z —x| = (|21 — 21 |,...,| 24 — a |)-
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Scornet(Scornet, 2016b) also proved the expression of connection function K} (x, z)

for level £ = 1,2 that has the form:

K, 2)=1—|z—x|

K;f(;uz):l—\z—x\—l—]z—x!ln(lix), (1.8)

for x,z € [0,1].

But for levels k > 2, the general expression of K ;jf couldn’t be derived. So, to
overcome this difficulty, he replaced (x,z) — K;(0,| z — x |) which is simpler
way to build an invariant-by-translation version of uniform kernel K;ff and the

infinite uniform KeRF estimate, denoted by ’Fg,jn takes the form-

_ Z:‘L:I YiKIZf(O’ | Xi —X |)
S K0, X —x )

ol (%)

00,n

Later, the theorem below (Scornet, 2016b) was proved to find consistency of infinite

uniform KeRF estimates.

Theorem 1.1. Assuming

Y=r(X)+e

where € is a centred Gaussian noise, independent of X, with finite variance 0% <
00. Moreover, X is uniformly distributed on [0,1]% and r is Lipschitz of order 1.
Then, providing k — oo and n/2F — oo, there exists a constant Cy > 0 such that

for all n > 1 and for all x € [0,1]¢,

00,n

2
E{?“f (z) — r(m)} < Oy~ (64341092 (54n)2.



1.2.2.1 Drawbacks of Scornet’s general expression of connection func-

tion Kzf of Uniform Random Forest

According to Scornet in his paper Random Forests and Kernel Methods(Scornet,
2016b), the general expression for connection function K,:ff (x,2);k > 2 of uni-
form random forest is difficult to obtain. However, by using the method of order
statistics, the general expression can be obtained by alternate partitioning scheme,

which is shown in Chapter 2 of this thesis.

Also, the expression obtained in equation (1.8) by Scornet (Scornet, 2016b) has a

corrected form,
K (x,2)=1—|z—z|+|2z—z| In(2(1—=x)), forz <z (1.9)

which is also proved in Chapter 2.

1.3 Outline of thesis

The main objective of this paper is to find the explicit expression of kernel estimate
for simplified randomization models, often called purely random forests. In this
model, the domain of the explanatory variable x is partitioned m times using a
random sample of size n, independent of the data D, from a distribution supported
on the domain of z. Note that m = m, depends on n, the size of the data.
We consider both uniform as well as non-uniform partitioning distributions. We
establish consistency, expansions for bias and variance and asymptotic normality
of the resulting estimators.

We denote the expression for the kernel for uniform partitioning as KY(z, z) and

for non-uniform partitioning as K¢ (x, z), where m is the number of splits.



We show in Chapter 2 that the expression for the kernel for uniform partitioning
is
for z,z € [0,1]

KYV(z,2)=(1—|z—a|)™

A similar expression for the kernel can be obtained in the multivariate case; the
expression is of the form:

for x,z € [0, 1]*
d

K9 (x,z) = [[(1— | 2z — 2 )™
i=1
The proof for multivariate case is straightforward and is not discussed in this
thesis.
The rest of the thesis is organized as follows:
Chapter 2 is devoted to the results on kernel estimates for uniform partitioning and
their asymptotic behavior. In Chapter 3, kernel estimates for general partitioning

are presented along with their asymptotic properties and simulations are presented

in Chapter 4.

10



2 Uniform Random Forest

In this chapter, we first obtain (Sec. 2.1) the correct expression for the uniform
random forest kernel considered by Scornet (Scornet, 2016b) when the partition
size is 4. As explained in Chapter 1, this kernel is not very convenient to work
with, hence we do not pursue this approach. Instead, we derive the kernel for the
alternative partitioning scheme proposed in Chapter 1 (Sec. 1.3: purely random
forest). The rest of the chapter is devoted to studying properties of the resulting

estimators.

2.1 Connection function for Scornet’s random

forest
Consider an interval [0,1] and let z, z € [0,1].

Let a point (say) u; be drawn uniformly on (0,1), which partitions the interval

[0,1] in 2 intervals : (0,u1) and (ug,1).

The expression of kernel K}’ ! , already proved by Scornet (Scornet, 2016b), has
form
KY(,2)=1-|z—=
11



Now, another point is drawn uniformly from one of the two sub-intervals and split
is made at that point. This 2nd uniform split will be either in (0,u;) interval, if
x,z € (0, uy),creating 2 new intervals (0,ujus) and (uyusg, uq) or in the interval (uy,

1), if z, 2z € [uy, 1], creating intervals (u1,uy + (1 — uy)ug) and (ug + (1 — u1)ug, 1).

T ] ]
0 uluz ul ulH1l-ulju2 1

For any two points x and z in (0,1) (assuming w.l.o.g., x < z ),

Probability that 2 and z are in same cell after 2 splits is K f (z,2),

K (2, 2) = P(max(x, z) < uyug) + P(min(z, 2) > uyug, maz(z, 2) < uy)

+ P(min(x, z) > uy,maz(x, z) < ug + (1 —uy)us)
+ P(min(x,z) > uy + (1 — uq)uz)
= P(z < wjug) + Pz > wjug, z < uy) + P(x > uy, z < up + (1 — uy)usg)
+ Pz > uy + (1 — uy)us)
= P(In(z) < Inuy + Inug) + P(lnx > lnuy + Inug, Inz < lnuy)
+ P(in(l —z) <In(l —uy),In(1 —2) > In(1 —uy) + In(1 — uy))
+ P(in(l —z) <In(l —uy) + In(1 — ug))

[We know u ~ unif(0,1) = —In(u) ~ exp(1)

(putting — lnu; =T; and — In(1l —w;) =150 = 1,2)]

1

K3 (z,2) = P(Ty + Ty < —Inz) + P(Ty + Ty > —Inz, Ty < —Inz)
+ P(Ty < —In(1 —x), Ty + 15 > —In(1 — 2)) + P(Ty + T3 < —In(1l —x))
= P(Sy < —In(z)) + P(Sy > —Inx, S, < —Inz)
+ P(ST < —=In(l —x),8; > —In(l — 2)) + P(S; < —In(1 — z))
where S; =T, + .. + T; and

SE=Tr+ . +T7
12



Also, we know that the random process {N(¢); t > 0} such that
N(t) = max{n: S, <t} where S, =T+ ..+ T, ; T; ~ exp(N)
is a Poisson Process with rate \.

K3 = P(N(=In(z)) > 2) + P(N(=In(z)) = 1, N(=Inz) — N(=Inz) = 0)
+ P(N(=In(l1—2))=1,N(=In(l — 2)) = N(=In(1 —z)) = 0) + P(N(=In(1 — x)) > 2)

[ where N(t) ~ Pois(t) and N(t1) — N(t2) ~ Pois(ty — t2)]

| {eznz(_mz)l}{em_mz(_lm + lnz)o}]

. Z (1o zm—mw]

+

(5 - ] ()]
o)
+ :<1 - ﬁ(;io le—u_x))j — (=In(1 = ))" = (=In(1 - x>)1>]

=2(e7™ — 1+ 1Inz) —alnz — (1 — 2).n(1 —x) + (1 — ) (e_l”(l_m) —1+in(1—x))
=1—z+zlnz—zlnz— (1 —=2)In(1 —z)+ 2+ (1 — 2)ln(l — x)

=1—(z—2)+ (z—2)lnz+ (2 — x)in(l — z)
Hence,
K (z,2)=1—|z—z|+|z—z|In(z01—-2z) ;forz<z

13



This expression for k = 2 is the corrected form of the expression proved by Erwan

Scornet (Scornet, 2016b).

For k£ = 3 or more, the general expression of the connection function K;‘f (x,2z) is

difficult to obtain. So this method is not convenient for higher splits.

In the next section, we consider the partitioning scheme of a purely random forest.
Recall that in this scheme a sample of size n of uniformly distributed points is
used to create a partition of the interval [0,1]. We denote the resulting kernel by

KY(x, z) and corresponding estimate by 7, (z).

2.2 Expression for Kernel by method of order

statistics

Observing KY(z, z) is the probability that z and z are connected in (infinite)
random forest after m splits, the function KY characterizes the shape of the cells

in the infinite forest.

Theorem 2.1. Let m € N and consider a uniform random forest of level m. Then,
for all z, z € [0,1],

KY(x,2)=(1— |z —2))™

Proof. w.l.o.g., assume = < z.

Let m points be drawn independently from uniform distribution on (0,1) and let
splits be made at those points for partitioning.

Assuming their order statistics to be

Uy < U@y <UB) < .. < Um)-

Let uj) < x < z < u(jy1) for some j € {1,2,.., m}

14



We know that joint pdf of two order statistics, such that 1 <7< j < m is

m)!
fom(@aw,zg) = (i—D!(j—i—1)(m

[1‘7(=”70<i))]i_1

X [F(x)) = Fz@) L= Fleg)]™ ™ flew) f(eg),

—00 < X)) < Ty < OO

Now, Considering

P(z & z €j-th cell) = P(uy) < x,2 < ugy)

/ / f”(]) U(j4+1) U(J +1))du du(J-H

:/0 / G-DIG+1— ; i 7 mit o)™

X [F(ug41y) — F(u (]))]j+1 T = Fugn)]™ 7 (ugy) f(ugan)
/ / ] —1l(m —j —1)! ( ) (1 = ugen) ™ dugydug

1
_ o
- 1).(m —j—1)! /0 uy) dug / (1 — @)™ dug

_ m! ((U(j))j (L= ugey)™ z)
G=Dim—j7-=DI\ J | m—j ;
m! . .
=07 (1 — Z)m_j
jt(m = j)!

We know, KY(x,z) = P( x,z € same cell).

P(x, z lies in same cell) = Z G 1)7; i ) (1—2z)"
Jj—Dl(m —j)!

j=1
=(x+1-2)"

K (@,2) = (1= |z —a])"

Alternative proof:

15



w.l.o.g., assume x < z.
Let m points be drawn independently from uniform distribution on (0,1) and let
splits be made at those points for partitioning. Let split point be denoted by w.

Then,

P(z, z lies in same cell after m splits) = (Plu € (0,2) U (z, 1)])™

== [z =)™

2.3 Asymptotic behavior of r,(x)

We know that the estimate takes the form,

_ Z?:l }{LKT[{L(Z‘?XZ)
a z?:lK%(x7Xi) '

7n(T)

As proved in Theorem 2.1,

KY(2, X)) = (1 — |z — Xu|)™

So,
Nalw) 230 Vi~ o= X,)"
Dn(z) T n (= o= X

ro(T) = (2.1)

where N,(z) = 2 > Yi(1 — |z — X3[)™ and D, (x) = = > (1 — |z — X;|)™.
i=1 i=1
As we shall see below , the denominator D,,(x) converges to 2 f(z). Therefore, the
Dy ()

D, (x) can be modified to make it a density estimator (say) F},(z) which is =5=.

2.3.1 Consistency and Asymptotic Normality of r,(z)

In this section, we explore large-sample properties of our estimator. To accomplish

this objective, we require some assumptions mentioned below:

16



Assumptions (A1l):

e f(x) & r(x) are at least twice differentiable.

e m=m, — 00 asn— oo and
0.
n

(In other words, m — 0 but at slower rate than n=')

Theorem 2.2. Assume (A1) holds. For x € [0, 1],

Let Ny(x) = 2> Yi(1 — |v — X;|)™ be a uniform kernel regression estimator and
z—l

Dy(z) =2 2(1 — |z — X;|)™ be a uniform kernel density estimator.

Then,the fo llowmg convergence in probability holds:

Nolo) (2 i1~ e - X))

i=

Pl (20— fo-xp) I

i=1

Proof. : We will first consider E[D,,(x)] of equation (2.2),

EM%@H=E(%§3O—M—Xmm)

i=1

—m/ (1— | s )" f(x —s)ds ; puttingz —u=s

2

= [ @%ﬂWP@%&N@+5WW+0@ﬂ%
—(1—=x)

(using Taylor series expansions for f(z — s))

:m[;erwp@w@mm+§ﬂw+0@ﬂm
+ m/or(l —5)™ [f(x) —sf'(z) + S;f”(x) + 0(53)} ds

17



— m”l —f(2) (2 Cgmtl (1 - x)mH)

n mlﬂ f(z) (x<1 )y (1 — x)me)

! (m + 17)T(Lm +2) () ((1 — )™t xm+2)

m 1 T (2.3)
R / ; )((1 — )%™ 22 (1 - a:)m“)
g Szm n 2)f”(ac) (xm+2(1 —x)+x(l - x)m+2)

m

+ (m 1) (m + 2)(m +3) () (2 — 2™ — (1 — x)m+3>.

Takingm — o0 ,as0 <z <1 & 0<(l—2)<1
= 2™ — 0and (1 —2)™ — 0
Hence,

E[Dn(2)] = 2f(x)

Next,

Taking E[N,(x)] of equation (2.2),

BN ()] = B( Vi~ e = X))

=mEY,(1- |z — X1 |)™)

—m// (I— |z —u|)™f(u,v)dudv
:m/ (I—|z—u|)™ /v (v | w) v) (u)du ; putting x —u = s
0
—_—

m/zx§.|sv7uﬁ%;@w
mon [ e = s = i o [0y e =) ta = s
o[ s+ G o)
[rm — sr'(2) + %r”(a:) + 0(53)] ds

—l—m/ (1—5) [ —sf'(z) + %zf”(a:) + O(sf”)} [T(x) —s7'(z) + %T”(x) +0(s*) |ds
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m (2.4)
~ma @) (i'f (1—2)™ 4 (1 — )%™ )
- e @) (21 = 7 (1= 0a?)
T A Dm+2)(m+3) (f(2)r(z))” (2 (1= x)m+3>

Taking m — oo,
asl<zr<1l&0<(l—-2)<1

— 2™ — 0and (1 —2)™ — 0

E[Nn(2)] = 2f(2)r(x)

Hence,

Further, we will show the consistency of our estimate.

For that we will prove Var[N,(z)] — 0 and Var[D,(z)] — 0.

n

(50—l —xim)

i=1

ar(1— |z = X3 )™

<
S
3

Var|D,(x)] =

[\

3|S 3|§ 3|§ 3|3

=

mE(1 | 2~ X, [~ (mE(1~ | =~ X, )"Y]

m/ (1= [ = u )" f(a)du = —(mE(1— | o = X, ")

sl = s - ~(mE(1~ |7~ X, |)"Y]

S
\

19



m/uzl+s ( —qﬁw+fﬂ@yum§0@

won [0 9 (10 = 50+ 500+ O ) s

— —(mE(1— |~ X; ")

m

n

m
2m +1

f@)(2 =" — (1 —a)™)

s @) (1= 2" (L)
T em+ 17)T(LZm 1 2)
- 2(2nT+ 1)]“/(:’5)<5”2(1 — )2 (1 — )22
2m+ 1;r(L2m 1 2)

f/<33')((1 o x>2m+2 - x2m+2)

F'(@)((1 = 2)2™ 2 4 (1 — 2)**?)

T emr e+ 2)2m+ 3)f”<‘”)(2 — " — (1 — @)t

- —(mB(1— | 7~ X; [")?

From assumption (A1),
m — o0 asn — oo and = — 0
asl<zr<1l&0<(l—2)<1

— 2™ — 0and (1 —2)™ — 0

Thus,
Var[D,(z)] = 0
Now,
Var[N,(z Var( Z (1—l]z— X)) )

= (M- 2 - X))

= [ mB(E(1 |2 = X0 ) — BRI 2= X))

20



m m// (1= | & —u |)*f(u, v)dudv — —{mE( (1= |z =X )™}

J/

-~

A

m// (1= | & — u )2 f(vlu) f(u)dudv — A

% m/(lm)(l— E |)2mf(m—s)(/v f(v|x—s)dv)ds—A

—C(z—s)

[ defne: / v F(yl)dy = ((2)

m [ ( (=15 P75 =)l = 5)ds = 4

% m /1@(1— s ])2m (f(a:) —sf'(x) + S;f”(x) + 0(83))

2

EC”(Z/L’) + (9(33)) ds — A

. (c@:) — s'(@) +

" [m /‘il—@(l o (f(m) —sf/() + S S (@) + (9(33))

< (€)= 500 + 5¢"0) + 0L ) s

b [[0= (10 = o)+ S0 + 0

< ()= s¢0) + 50+ O ) s - 4

prl D (UON GO CRE e RO
2mm+ 1(f($)C($))/(ZL"(1 — )2 (1 — z)2? )

f mrDEn sy @@ (= ey =2t

g F@C@) (1= 2P =221 = )P
~ am i DEm Ty @@ (= )2t (1 - 2™

* (2m+1)(2m+ 2)(2m + 3)

21
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From assumption (A1),

m — o0 asn — oo and 7 — 0
asl<zr<1&0<(l—2)<1
— 2™ = 0and (1 —2)™ — 0
Thus,

Var[N,(z)] = 0

which implies that N,,(x) — E[N,,(xz)] — 0 in probability and
D, (xz) — E[D,(x)] — 0 in probability.
Thus,

ro(x) = ()

in probability hence, is consistent. O]

Next, we study the asymptotic normality of our regression estimator N, (z) and

density estimator D, (z).

Theorem 2.3. Let m € N be number of splits and n be the sample size.

Assuming (A1) holds, we have

n [ Na(z) = E(No(2)) —>N< 0) (/(=)C(x) flz)r(x) >
"\ Dulx) = E(Da(x))

where ((x) = E[Y? | X = z].

Proof. Consider
™ (E[Nn(:r)] — 2f(ac)r(ac)) and \/g(E[Dn(x)] - 2f(l‘))

22



Recall equation (2.4)

2 (B0 - 2@ o))
— S @) (2 - 2 = (1))
+ mTjL : (f(:z:)r(:x))’(x(l — )™t (1 - :U)a:m“)
t o @) (-2 = an2)
S ) (#2021 et

 (m+1)(m+2)

(@) (o1 =0y = (1 21m)

m

T T DL m I (f(x)r(x))" (2 g (1 - x>m+3) B 2f(x)r(x)]

Taking m — oo,
asl<zr<1l&0<(l—-2)<1
— 2™ — 0and (1 —2)™ — 0
This implies,

n

L (E[Nn(x)] —9 f(x)r(x)) —0

m

Similarly, Recall equation (2.3)

%(E[Dn(m)]—Qf(a:)): ST @) (2 - (1)
+m—|—1 (I)(m(l )™t (1 :z:)me)

T nmiy’

- mlﬂf”;ﬁ) . ((1 — )%™ 2?(1 - x)m+1)

S T S (a;m+2(1 — ) +2(l- x)m+2)

m

T @) (2= = () 2f<x>]

(m+1)(m+2)(m+3

23



Taking m — oo,
asl<zr<l&0<(l—2)<1

— 2" —0and (1 —2)" — 0

\/g(]E[Dn(x)] - 2f(w)> —0

This implies,

Consider,

P raw) = () ) = o 2 (2]
() = (5

_ \/E No(z) — E(No(x)) _ E(NVo(2)) [Dn(x) = E(Dn(2))] | E(NVa(2)) r(z)
m Dy(x) E(Dy(z)) Dy(x) E(Dy(z))
(2.5)

Next, we define

Cov[N,(x), Dy( Cov( ZY (1—|z—X;)™ Z(l— |z — X \)m)

J=1

chov (L= o= X", (1= | = = X, ™)

:—Zcov (1 —lz=X)™ (1 =]z — Xu)™)

—jl

—l——Zcov (1—]z—X)™ (1= |z — X; |)™) (as X!s are ii.d)
i#]

-~

=0

m2

= —|BEMi(l= [z = X)) —EM (1= |z = X3 )ME(1= |z = X, )"
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_m //0(1_ 2 — u ) f (u, v)dudv — E(Vi(1= | 2 — X1 [)™E(I= | 2 — X, \)m]

/(1_ |z —u ])2m</vf(v | u)dv)f(u)du —EYi(1- |z — X, )E(Q- |z — X, y)m]

| S ——
=r(u)

== /0 1=z —u ) f(w)r(u)du — E(Yi(1- |2 - X; )™E(1- |z — X, Dm]

/ 1_@(1— s D™ f (@ — $)r(e — s)ds — E(Hi(1— | 2 — X, [)E(— | = — X, r>m]
(putting z — u = s)
_ [/_O(H)@ +5)2m (f(:c) —sf'(x) + ff”(w) + 0(83))
< (v - o)+ f (0 +0() )as— [ 15 () - 570+ 50 + 0
o)

ds —EYi(1— |z — X3 )™E(1— |z — X, )™

== Qmm+ f(@)r(@)(2 = 2 = (1= 2
(@) (1 — ) — ()]

+ G (@) 10 =) e

Y (1~ P 4

C@2m+ 17)7sz 2) (f(@)r(2))" [z(l — 2)*™ 2 + (1 — z)2®™"?

+ - (F@)r @) 2 = 27+ — (1 = 2

(2m +1)(2m+2)(2m + 3)

1
= —(mEM (1= |z =X, ") (mEQ- [z — X1 ])™)
Letting m — oo
— 015 = —Cov[N,(z), Du(2)] — flz)r(x)
m
Thus, by Cramér-Wold device the joint convergence stated in theorem 2.3 follows.

Let 2, ~ N (0, 011), the limiting distribution of regression estimate N, (z) and

25



Zy ~ N (0, 092), the limiting distribution of density estimate D, ().

Then, by Central Limit Theorem,

Thus, applying Slutsky’s Theorem to equation (2.5),

%(rn(x) - r(x)) = (gﬁ}) B 27;“(2) Zg)

since Dy (x) — 2f(x) , Na(x) = 2f(2)r(x) and 55258 — r(z).

Thus,
%( ) N(O P 4;2 72t 4;(2)")
(o 4f2a(c 7 24;2{(? )
N (0, b 6w )
:N(o VarY|X—a:)
and
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3 Kernel for General partitioning distri-

bution

Recall that in Chapter 2, m points are drawn uniformly on (0,1) and splits are made
at those points. In this chapter, m points are drawn from a general distribution
G(+) and splits are performed at those points. We will study the expression for the
connection function and show that the corresponding estimate r,(x) is consistent

for r(z). We denote the resulting kernel by K¢ (x, 2).

3.1 Expression for the connection function K%(z, 2)

We know that K%(z, z) is the probability that # and z are connected in random

forests after m splits.

Theorem 3.1. Let m € N. Then, for any two points x and z, the connection

function of a finite forest of level m takes the form:
Ko(w,2) = (1- | G(z) = G(z) )™
where G(-) is the distribution function of split points.

Proof. Let m points be chosen from any distribution with c.d.f. G(z) and splits

(yi;;1=1,2,.,m) are made at these m points.
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Take order statistics of splits to be

Yo) S Y1) S Y©)-- < Yom)

where y;) ~ general distribution function G' with density g.
w.l.o.g., Assuming z < z.

Let z, 2 € [yu), y+1)] for some 4,

N

P,z € i cell) = Py <7 < 2 < ya) = Py < 2, 2 < yeo)

/ / gY()Y(m) (Y (i+1))dy(i)dy(i+1)

m‘ i—1

X [G(ya+1) — Glye)™ 1L = Glyas)™ " 9(Way)-9Wes)) Ay dyis)

m)

= e (Cwe) ey [ (= Gl gty i

J/

NV Vv

m! 4 '
= — A 1 _ m—i
o (@) (L GE)
P(z, z lies in same cell after m splits) = E ﬁ (G@))(1 — G(2))™

= (1 =G(2) +G()"

Kp(z,2) = (1 - |G(2) — G(x))™

Alternative proof:
w.l.o.g., assume = < z.
Let m points be chosen from any distribution with c.d.f. G(z) and splits are made

at these m points. Denoting split point by y.
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Then,

P(z, z lies in same cell after m splits) = (P[y € (—oo,z) U (z,00)])™

= (1= [G(z) = G(x))™

3.2 Asymptotic behavior of r,(x)

In the above section, we find that the connection function has the form:
Ko(z,2) = (1 - 1G(x) = G(=))™

Therefore, the estimate becomes:

oy o M) B Vil = |Gl) — GO
o) Dy(z) 237" (1—|G(z)—GX))™ (3.1)

(2

where N, (z) = ™ ;y;a _|G(2) — G(X:))™ and
Dy(a) = 2 3-(1= |6(a) = GX))™
f(2)

As we shall see below, the denominator D, (x) converges to 2.t Therefore,

the D, (x) can be modified to make it a density estimator (say) F,(z) which is

%g(x)Dn(x)

3.2.1 Consistency and Asymptotic Normality of r,(z)

In this section, we investigate large-sample properties of our estimator. For this,

we need the assumptions (A1), mentioned in the Chapter 2.

Theorem 3.2. Assume (A1) holds and m € N is number of splits and n be sample

size.
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Let Ny(x) = 23 Yi(1 — |G(z) — G(X5)|)™, the kernel regression estimator and

=1

Dy(z) =" Z(l —|G(x) — G(X;)|)™, the kernel density estimator
where G(-) is the distribution function of split points with density g.

Then, the following convergence in probability holds:

Y - |G@) - G )
Tn(z) = gngxg = ( = ) — ?Ei)) =r(x) (3.2)
W (2ra-le@ -exr)

=1

Proof. We will first consider E[D,,(z)] of equation (3.2),

E[D, ()] = E(% > (- I6) - G(Xi)l)m)

=mE(1l — |G(x) — G(u)])™

—m [ (1= 16() - G f(w)du

. LG s
/1 oot IV @G =

Putting s = G(z) — G(u) = u =G (G(x) — s)

o —1
du = Soram—a 98

Let ms =t = mds=dt

e " FGTHG @) = )
‘/mww( m) dG () Ly

Letting m — oo
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Hence,

(3.3)

Next,

Taking E[N,,(z)] of equation 3.2,

B[N, (x)] = E(% > K- 16() - G(Xz->|>m)

= mE(Y1(1 — |G(z) — G(X1))™)

—m// (1— |G (@) — Gw))™ f (u, v)dudy

:m/_ool—|G$ — Gu) )" (/vf(v[u)dv)f(u)du

J/

—~—
=r(u)

—m [~ (1= 16) - G @i
Putting G(z) — G(u) = s = u = G 1 (G(z) — 5)

= du = ds

L H(ENEE) - GG — )
- /w(w»“ 51 (G (G — 1)) !
Y(Ga) — L))

O\ (G (Gw) — )G
B /—m(l—G’(ar;) (1 ) 9(GHG(x) - %))

[Letting ms = t]

m

Taking m — oo

E[N,(z)] —> /_ ¥ ef (zgggm) ” 2f;aél7“)(m>
e E[N,(z)] 2f(x()r)(x)
ED, ()] z@ "W
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Further, we will show the consistency of our estimate.

For that we will consider Var[N, (z)] — 0 and Var[D,(z)] — 0.

n

i=1

_ m%vam ~1G(@) - G))™

B %2 {]E(l —|G(z) — G(u)|)2m — (E(1 — |G(z) — G(U)Dm)ﬂ

_m {m /2(1 — |G(z) = G(u) [)*™ f(u)du — %(mE(l —1G(@) - G(”)Dm>2]

n

[Putting Gz)-Gu)=s=u=GYG(x) —s) =du=
) —s))
s)

=2 /_ji(@)( s L= )ds—%(mE<1—|G<x>—G<X1>\>m)Q]

HG
"G
[ (-2 R B oo

[\

_A

(putting ms = t)

Let m — oo, then,

From assumption (Al),
m — 00 as n — oo and = — 0.

Hence,

Var[D,(z)] =0
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_ m{[wu— 6(0) - GO - (B - 166) - G >)]
=2 [ [ 166 - 6 1 oty
- (mB i~ 16) - G<X1>|>m>)2}

- %[m | a-166) - oy ( / v2f(UIU)dv) Fw)du

[ J/

=((u)

- L(mE0i0 - 60 - e |

om0 FE(GE) — )G (G ~ )
n [ /-(1-(;(9;))(1 s 9(G7H(G(z) — ) I
- L(mEmi - 60 - e |

dt

J/

n /G@ ) (i |t|)2’”f<G‘1(G§) ~ L)(GNG() - £)

From assumption (A1),
m — o0 asn — oo and 2 — 0
Hence,

Var[N,(z)] =0

which implies that N, (z) — E[N,(z)] — 0 in probability and
D, (z) — E[D,,(x)] — 0 in probability.
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Thus,

ro(x) = r(2)

in probability hence, is consistent.

In this paper, we do not investigate the above result for non-absolute continuous

distribution G(-).
Now, we state the asymptotic normality of our density and regression estimator.

Theorem 3.3. Let m € N be number of splits and n be sample size.
Assuming (A1) holds. Consider any distribution function G(-) with density func-

tion g(+), then

N,(z) — E(N,(x 0 f(@)¢(z)  f(z)r(z)
E ( ) ( ( )) N N2 ( : g(z) g(x)
m z)r(z x

na-mmn) ) e g

where ((z) = E[Y?| X = z].

Now, similar to Chapter 2 it follows that

n Var[Y|X = z]g(x)
E<T"($) — 7"(3:)) — N(O, 7@ )

3.3 Finding the order of the bias
Considering Var|[D,(z)] from Section 3.2.1, i.e.,

i=1

L () AR B oo i-cvnr)]

n —-m(1-G



Consider the integral

_ [T (YT HGTHG () — )
a /m(lG(z)) (1 m) g(GYG(x) — 1)) dt. (3.4)

As the bias only depends on the function f, to find the order of the bias, we consider

Fe (6w - 1)) = FEH G (Lot G @) = ho)

(6 - L) - 16l
— [1(Ga) = LR (G + GGl — - | = i)
t 1 ¢

——H(G(@) + 5 H(Gla) — -+

Now, from equation (3.4), the integral will approach

mG(z) (1 - %)Qm (gh'(a(g;)) L p(G(x)) + - )
I— / m(1-G(z)) . <G_1(G(x) B %>> dt

and hence, the optimum order of m will be (by equating leading terms of variance
and squared bias)
@:i — n=m>or m=n'3
n
Special case:
If G(z) =1 (ie., symmetric G centred at z)

then the integral (3.4) will become:
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Therefore, optimum order will be:

m 1
—=— = n=m’ orm=n?
n m

So, the optimal choices are :

n—L — m=n ;when G(z)=1/2
m_ 1 — md=n : otherwise
n m

The kernel regression and density estimator, for G(z) = 1/2, thus becomes

ZY1—]G zm—u/z— Gl = X))

n n

D) = = 3 (1= |Gla) = GX))™ = = 3 (1= [1/2= Gz = X))"

i=1 =1

36



4 Simulation Experiments

In order to illustrate mathematical results from previous sections, we perform some
simulations with R. We try to compare the true densities and estimated densities

for uniform and non-uniform case for different values of m (number of splits).

4.1 Density Estimation

e Uniform Kernel Density Estimation

For this simulation, we consider the estimator:

n

D) = A- =3 (1~ o= Xi|)"

=1

where A = : is the multiplicative factor to make the density estimator

DO =

consistent.
To estimate a uniform kernel, we assume X ~ Beta(3,10) to be the true

distribution with density function,

D(3)T(10
where B(3,10) = %
We show the estimate for different values of m (number of splits) in figures

below:
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m= 20 (fig.4.1) , 32 (fig.4.2), 39 (fig.4.3)

Uniform Density Estimator for m=20

35
1

— True Density
---- Estimated Density

30

Density

15

10

0.0

FI1GURE 4.1: Uniform Kernel Density Estimate for m = 20

Uniform Density Estimator for m=32

35
|

— True Density
---- Estimated Density

30
1

Density
15 20 25

10

05
|

FIGURE 4.2: Uniform Kernel Density Estimate for m = 32
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Uniform Density Estimator for m=39

35

— True Density
-- Estimated Density

Density
05 10 15 20 25 o
1 1

00
|

FI1GURE 4.3: Uniform Kernel Density Estimate for m = 39

From the plots above, it can be observed that as the value of m increases, the
estimated density gives a good fit of the true density as expected. However,
for m > 39, the estimated density tends to exceed the bounds of the true

density.

Non-Uniform Kernel Density Estimation
To estimate a non-uniform kernel, we assume X ~ Laplace(0,1) to be the

true distribution with density function



— Centred Non-Uniform Density Estimation
Here G(z)= 3 (i.e., symmetric G centred at z) and we consider the

estimator:

n
m

Do) = A4- 231 - [1/2 - Gla— X))

=1

where A = % g(x) is multiplicative factor to make the estimator consis-
tent.
We show the estimate for different values of m (number of splits) in

figures below:

m=1>5 (fig.4.4), 8 (fig.4.5), 15 (fig.4.6).

Non-Uniform Centered Density Estimator for m=5

05

— True Density
-- Estimated Density

Density

FIGURE 4.4: Centred Non-Uniform Density Estimate for m =5
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Non-Uniform Centered Density Estimator for m=8

o
g
—— Trus Density
---- Estimated Density
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FIGURE 4.5: Centred Non-Uniform Density Estimate for m = 8

Non-Uniform Centered Density Estimator for m=15

o
g
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---- Estimated Density
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o
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w
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[«
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[
o
g

FIGURE 4.6: Centred Non-Uniform Density Estimate for m = 15
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From the plots above, it can be observed that the estimated density
takes the curvature of the true density, but clearly, it does not provide

a good fit as m increases.

— Non-Centred Non-Uniform Density Estimation

Here, we consider the estimator:

n
m

Duw) = A+ 231~ Gla) = G

i=1

where A = £g(z) is multiplicative factor to make the estimator consis-
tent.

We show the estimate for different values of m (number of splits) in
figures below:

m= 5 (fig.4.7), 10 (fig.4.8), 15 (fig.4.9)

Non-Uniform Non-Centered Density Estimator for m=5

05
|

— True Density
-- Estimated Density

04

03
1

Density

0.1

F1cURE 4.7: Non-Centred Non-Uniform Density Estimate for m = 5
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Non-Uniform Non-Centered Density Estimator for m=10
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F1GURE 4.8: Non-Centred Non-Uniform Density Estimate for m = 10

Non-Uniform Non-Centered Density Estimator for m=15

o
g
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---- Estimated Density
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g

FI1GURE 4.9: Non-Centred Non-Uniform Density Estimate for m = 15
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From the plots above, it can be observed that as we increase the value of

m, the estimated density gives a good fit of the true density as expected.

4.2 Regression Estimation

Consider the regression model
Y; = r(X;) + 0.075¢;  where, ¢; ~ N(0,1)
r(+) is the true distribution.

e Uniform Kernel Regression Estimation

Here, we consider the uniform regression estimator
m n
N, (z) = — ZYi(l — |z — Xi|)™
i=1

We assume X ~ Beta(3,10) to be the true distribution with density function

where B(3,10) = FEG0.

We show the estimate for different values of m (number of splits) in figures
below:

m= 15 (fig.4.10), 30 (fig.4.11), 39 (fig.4.12)
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Regression Estimator for m=15
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FIGURE 4.10: Uniform Kernel Regression Estimate for m = 15
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FIGURE 4.11: Uniform Kernel Regression Estimate for m = 30
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Regression Estimator for m=39
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FIGURE 4.12: Uniform Kernel Regression Estimate for m = 39

From the plots above, it can be observed that the estimated regression ap-
proaches the bounds of the true function. However, it does not provide a

good fit.

e Non-Uniform Kernel Regression Estimation
To estimate a non-uniform kernel, we assume X ~ Laplace(0,1) to be the

true distribution with density function

1 ial
g(x)zae , 00 < T <00
and distribution function
o) %e”" ifxz<0
X =
1— %e” ifxz>0
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— Centred Non-Uniform Regression Estimation
Here G(z)= 3 (i.e., symmetric G centred at z) and we consider the

regression estimator
m m
Na(w) = 23 Vil = [1/2 = Gl — X))
i=1

We show the estimate for different values of m (number of splits) in

figures below:

m=5 (fig.4.13), 20 (fig.4.14), n'/® (fig.4.15)

Non-Uniform Centered Regression Estimator for m=5
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F1GURE 4.13: Centred Non-Uniform Regression Estimate for m =5
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Non-Uniform Centered Regression Estimator for m:
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FIGURE 4.14: Centred Non-Uniform Regression Estimate for m = 20
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FIGURE 4.15: Centred Non-Uniform Regression Estimate for m = n!/®
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From the plots above, it can be observed that the estimated regression tries
to fit the true function but there is a problem of over-fitting, as it tends to

pass through every point. Hence, it does not provide a good fit.

— Non-Centred Non-Uniform Regression Estimation

Here, we consider the regression estimator:
m m
Nuf2) = — > Yi(1—|G(z) - G(X)))
i=1

We show the estimate for different values of m (number of splits) in
figures below:

m= 2 (fig.4.16), 5 (fig.4.17), n'/? (fig.4.18)
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F1GURE 4.16: Non-Centred Non-Uniform Regression Estimate for m = 2
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Non-Uniform Non-Centered Regression Estimator for m
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F1GURE 4.17: Non-Centred Non-Uniform Regression Estimate for m =5
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FIGURE 4.18: Non-Centred Non-Uniform Regression Estimate for m = n!/3
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From the plots above, it can be observed that the estimated regression tries to fit
the true function but there is a problem of over-fitting, as it tends to pass through

every point. Hence, it does not provide a good fit.
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D Conclusion and Future work

In this paper, we sought to define a new estimators for both density and regression
kernels. Scornet (Scornet, 2016b) had an expression for kernel K/ which only had
simple representation for level £ = 1,2. However, when levels were greater than
2, the expression became extremely complicated to compute. We used different
partitioning scheme to find the general expression for the both uniform and non-
uniform kernels and from that we had a density and regression estimators.

We studied the consistency and asymptotic normality of the estimators and finally
used simulation to evaluate the performance of the estimators.

In Chapter 4, we realized that the new density estimators provide good fit to the
true function but depends heavily on m, the number of splits, whiles the new
regression estimators did not provide a good fit to the true function.

In future, research can be done on:

e developing procedure for the optimal data-based choice of m, and
e extending the results to directional data.

e investigating if theorem 3.2 holds for non-absolute continuous distribution

G.

52



References

Arlot, S., & Genuer, R. (2014). Analysis of purely random forests bias. arXiv
preprint arXiv:1407.3939.

Biau, G., Devroye, L., & Lugosi, G. (2008). Consistency of random forests and
other averaging classifiers. Journal of Machine Learning Research, 9(Sep),
2015-2033.

Biau, G., & Scornet, E. (2016). A random forest guided tour. Test, 25(2),
197-227.

Breiman, L. (2000). Some infinity theory for predictor ensembles (Tech. Rep.).
Technical Report 579, Statistics Dept. UCB.

Denil, M., Matheson, D., & Freitas, N. (2013). Consistency of online random
forests. In International conference on machine learning (pp. 1256-1264).

Mentch, L., & Hooker, G. (2016). Quantifying uncertainty in random forests via
confidence intervals and hypothesis tests. The Journal of Machine Learning
Research, 17(1), 841-881.

Nadaraya, E. A. (1964). On estimating regression. Theory of Probability & Its
Applications, 9(1), 141-142.

Scornet, E. (2016a). On the asymptotics of random forests. Journal of Multivariate
Analysis, 146, T2-83.

Scornet, E. (2016b). Random forests and kernel methods. IEEE Transactions on
Information Theory, 62(3), 1485-1500.

Wager, S. (2014). Asymptotic theory for random forests. arXiv preprint
arXiw:1405.0352.

Watson, G. S. (1964). Smooth regression analysis. Sankhya: The Indian Journal

of Statistics, Series A, 359-372.

53



A R Codes

A.1 Uniform density estimator

e For m=20

set.seed(16)
n=500
x=sort (runif (n))
#true den.

fx= dbeta(x,3,10)

rx=function(v,m,xi){
b=beta(3,10)
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(m/ (2#n))*sum((1-abs(v[i]-xi)) "m)
}

return(a)

xi = rbeta(n,3,10)

v = sort(rbeta(n,3,10))
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vx = rx(v,m=20,xi)

plot(x,fx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Uniform Density Estimator for m=20")
lines(v,vx,col="Red", 1lty=3,lwd=2)
legend(0.6,3.4,1legend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

e For m=32

set.seed(16)
n=500

x=sort (runif (n))
#true den.

fx= dbeta(x,3,10)

rx=function(v,m,xi){
b=beta(3,10)
a = rep(0,length(v))
for(i in 1:(length(v))){
ali]=(m/(2*n))*sum((1-abs(v[i]-xi)) "m)
}

return(a)

xi = rbeta(n,3,10)
v = sort(rbeta(n,3,10))

vx = rx(v,m=32,x1i)
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plot(x,fx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Uniform Density Estimator for m=32")
lines(v,vx,col="Red", 1lty=3,lwd=2)
legend(0.6,3.4,1legend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

o For m=39

set.seed(16)
n=500

x=sort (runif(n))
#true den.

fx= dbeta(x,3,10)

rx=function(v,m,xi){
b=beta(3,10)
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(m/(2*n))*sum((1-abs(v[i]-xi)) "m)
}

return(a)

xi = rbeta(n,3,10)
v = sort(rbeta(n,3,10))

vx = rx(v,m=39,x1i)
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plot(x,fx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Uniform Density Estimator for m=39")
lines(v,vx,col="Red", 1lty=3,lwd=2)
legend(0.6,3.4,1legend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

A.2 Non-Uniform Density Estimator

A.2.1 Centered Density Estimator
e m=5

set.seed(16)
n=500
library(rmutil)
#true density
x=sort (rnorm(n))

gx= dlaplace(x)

rx=function(v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(dlaplace(v[i])/2)*(m/n)*sum((1-abs(0.5-pnorm(v[il-xi))) "m)
}

return(a)
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xi = rnorm(n)
v = sort(rlaplace(n))

vx = rx(v,m=5,x1i)

plot(x,gx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Non-Uniform Centered Density Estimator for m=5")
lines(v,vx,col="Red", 1lty=3,1lwd=2)
legend(1.2,0.5,1egend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

m=_8

set.seed(16)
n=500
library(rmutil)
#true density
x=sort (rnorm(n))

gx= dlaplace(x)

rx=function(v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(dlaplace(v[i])/2)*(m/n)*sum((1-abs(0.5-pnorm(v[i]-xi))) "m)
}

return(a)
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xi = rnorm(n)
v = sort(rlaplace(n))

vx = rx(v,m=8,x1i)

plot(x,gx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Non-Uniform Centered Density Estimator for m=8")
lines(v,vx,col="Red", 1lty=3,1lwd=2)
legend(1.2,0.5,1egend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

m= 15

set.seed(16)
n=500
library(rmutil)
#true density
x=sort (rnorm(n))

gx= dlaplace(x)

rx=function(v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(dlaplace(v[i])/2)*(m/n)*sum((1-abs(0.5-pnorm(v[i]-xi))) "m)
}

return(a)
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xi = rnorm(n)
v = sort(rlaplace(n))

vx = rx(v,m=15,x1i)

plot(x,gx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Non-Uniform Centered Density Estimator for m=15")
lines(v,vx,col="Red", 1lty=3,1lwd=2)
legend(1.2,0.5,1egend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

A.2.2 Non-Centered Density Estimator

e m— 25

set.seed(16)
n=500
library(rmutil)
#true density
x=sort (rnorm(n))

gx= dlaplace(x)

rx=function(v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
ali]l=(dlaplace(v[i])/2)*(m/n)*sum((1-abs(plaplace(v[i])-pnorm(xi))) "m)
}

return(a)
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xi = rnorm(n)

v = sort(rlaplace(n))

vx = rx(v,m=5,xi)

plot(x,gx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Non-Uniform Non-Centered Density Estimator for m=5")
lines(v,vx,col="Red", 1lty=3,1lwd=2)

legend(1.3,0.5,1egend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

m= 10

set.seed(16)
n=500
library(rmutil)
#true density
x=sort (rnorm(n))

gx= dlaplace(x)

rx=function(v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(dlaplace(v[i])/2)*(m/n)*sum((1-abs (plaplace(v[i])-pnorm(xi))) m)
}

return(a)
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xi = rnorm(n)

v = sort(rlaplace(n))

vx = rx(v,m=10,x1i)

plot(x,gx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Non-Uniform Non-Centered Density Estimator for m=10")
lines(v,vx,col="Red", 1lty=3,1lwd=2)

legend(1.3,0.5,1legend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

m= 15

set.seed(16)
n=500
library(rmutil)
#true density
x=sort (rnorm(n))

gx= dlaplace(x)

rx=function(v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
ali]=(dlaplace(v[i])/2)*(m/n)*sum((1-abs(plaplace(v[i])-pnorm(xi))) "m)
}

return(a)

xi = rnorm(n)
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v = sort(rlaplace(n))

vx = rx(v,m=15,xi)

plot(x,gx,type = ’1’,col= "blue",lwd=2,ylab = "Density",

main = "Non-Uniform Non-Centered Density Estimator for m=15")
lines(v,vx,col="Red", 1lty=3,lwd=2)

legend(1.3,0.5,1egend = c("True Density","Estimated Density"),

col = c(’Blue’,"red"),lty=1:2)

A.3 Uniform Regression Estimator

e m= 15

set.seed (1)

n=500

x=sort (runif (n))

#true density

fx= dbeta(x,3,10)

x1=sort(rbeta(n,3,10))

yi=fx+(0.075)*rnorm(n)

rx=function(y,v,m,xi){
#b=beta(3,10)
a = rep(0,length(v))
for(i in 1:(length(v))){

alil=(15-(1/(b*n))) /n)*sum(y[i]*(1-abs(v[i]-xi)) "m)

b

return(a)

63



xi = rbeta(n,3,10)
v = sort(rbeta(n,3,10))

vx = rx(y=yi,v,m=15,xi)

plot(v,vx,type = "1", col=’red’, lwd=2,xlab="x", ylab =
’Regression Density’,

main = "Regression Estimator for m=15") #estimated regression
lines(x,fx, lwd=2, col=’Blue’, 1lty=2) #True regrssion function
points(x,yi, col=’black’, pch=20) #Scattered
legend(0.37,3.4,1legend = c("Estimated Regression Function",
"True Regression Function"

,"Scattered Plot"),col = c(’red’,"blue","black"),lty=c(1,2,3))

m= 30

set.seed (1)
n=100
x=sort (runif (n))
#true density
fx= dbeta(x,3,10)
x1=sort(rbeta(n,3,10))
yi=fx+(0.075)*rnorm(n)
rx=function(y,v,m,xi){
b=beta(3,10)
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=((15-(1/(b*n)))/n)*sum(y[i]*(1-abs (v[i]-xi)) "m)
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3

return(a)

xi = rbeta(n,3,10)
v = sort(rbeta(n,3,10))

vx = rx(y=yi,v,m=30,xi)

plot(v,vx,type = "1", col=’red’, lwd=2, ylab = ’Regression Density’,
main = "Regression Estimator for m=30") #estimated regression
lines(x,fx, lwd=2, col=’Blue’, 1lty=2) #True regression function
points(x,yi, col=’black’, pch=20) #Scattered plot
legend(0.37,3.4,1legend = c("Estimated Regression Function",

"True Regression Function","Scattered Plot"),

col = c(’red’,"blue","black"),lty=1:2:3)

m=39

set.seed (1)
n=100
x=sort (runif(n))
#true density
fx= dbeta(x,3,10)
x1l=sort(rbeta(n,3,10))
yi=fx+(0.075) *rnorm(n)
rx=function(y,v,m,xi){
b=beta(3,10)
a = rep(0,length(v))
for(i in 1:(length(v))){
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ali]=((15-(1/(b*n)))/n)*sum(y [i]* (1-abs(v[i]-xi)) "m)
b
return(a)
+
xi = rbeta(n,3,10)
v = sort(rbeta(n,3,10))

vx = rx(y=yi,v,m=39,xi)

plot(v,vx,type = "1", col=’red’, lwd=2, ylab = ’Regression Density’,
main = "Regression Estimator for m=39") #estimated regression
lines(x,fx, lwd=2, col=’Blue’, 1lty=2) #True regression function
points(x,yi, col=’black’, pch=20) #Scattered plot
legend(0.37,3.4,1legend = c("Estimated Regression Function",

"True Regression Function","Scattered Plot"),

col = c(’red’,"blue","black"),lty=1:2:3)

A.4 Non-Uniform Regression Estimator

A.4.1 Centered Regression Estimator
e m=>

set.seed(7)
n=500

x=sort (rnorm(n))
#true density
fx= dlaplace(x)

yi=fx+(0.075) *rnorm(n)
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rx=function(y,v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(m/(2*n))*sum(y [i]*(1-abs (0.5-pnorm(v[i]l-xi))) "m)
}

return(a)

xi = rnorm(n)
v = sort(rlaplace(n))

vx = rx(y=yi,v,m=5,xi)

plot(x,fx,type = "1", col=’red’, lwd=2,xlab="x", ylab =

’Regression Density’,

main = "Non-Uniform Centered Regression Estimator for m=5")

#True regression

lines(v,vx, lwd=2, col=’Blue’, lty=2) #Estimated regression function

points(x,yi, col=’black’, pch=20) #Scattered

legend(0.383,0.51,1legend = c("True Regression Function",
"Estimated Regression Function","Scattered Plot"),

col = c(’red’,"blue","black"),lty=c(1,2,3))

m=20

set.seed(7)
n=500
x=sort (rnorm(n))
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#true density
fx= dlaplace(x)

yi=fx+(0.075) *rnorm(n)

rx=function(y,v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(m/(2%n))*sum(y [i]* (1-abs (0.5-pnorm(v[il-xi))) “m)
}

return(a)

xi = rnorm(n)
v = sort(rlaplace(n))

vx = rx(y=yi,v,m=20,xi)

plot(x,fx,type = "1", col=’red’, lwd=2,xlab="x", ylab =

’Regression Density’,

main = "Non-Uniform Centered Regression Estimator for m=20")

#True regression

lines(v,vx, lwd=2, col=’Blue’, lty=2) #Estimated regression function

points(x,yi, col=’black’, pch=20) #Scattered

legend(0.383,0.51,1legend = c("True Regression Function",
"Estimated Regression Function","Scattered Plot"),

col = c(’red’,"blue","black"),lty=c(1,2,3))

e m=n'/’
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library(rmutil)
set.seed(7)

n=500

x=sort (rnorm(n))

#true density

fx= dlaplace(x)

# xl=sort(rbeta(n,3,10))

yi=fx+(0.075) *rnorm(n)

rx=function(y,v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(m/ (2*n))*sum(y[i]*(1-abs(0.5-pnorm(v[i]l-xi))) "m)
}

return(a)

xi = rnorm(n)
v = sort(rlaplace(n))

vx = rx(y=yi,v,m=(n"(1/5)),xi)

plot(x,fx,type = "1", col=’red’, lwd=2,xlab="x", ylab =
’Regression Density’,
main = "Non-Uniform Centered Regression Estimator for m=n~1/5")
#True regression
lines(v,vx, lwd=2, col=’Blue’, lty=2) #Estimated regrssion function

points(x,yi, col=’black’, pch=20) #Scattered
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legend(0.28,0.51,1egend = c("True Regression Function",
"Estimated Regression Function","Scattered Plot"),

col = c(’red’,"blue","black"),1lty=c(1,2,3))

A.4.2 Non-Centered Regression Estimator

e m=—2

set.seed(7)
n=500

x=sort (rnorm(n))
#true density
fx= dlaplace(x)

yi=fx+(0.075) *rnorm(n)

rx=function(y,v,m,xi){
a = rep(0,length(v))
for(i in 1:(length(v))){
alil=(m/(1.8%n))*sum(y[i]*(1-abs(plaplace(v[i])-pnorm(xi))) "m)
}

return(a)

xi = rnorm(n)
v = sort(rlaplace(n))
vx = rx(y=yi,v,m=2,xi)

plot(x,fx,type = "1", col=’red’, lwd=2,xlab="x", ylab =
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’Regression Density’,

main = "Non-Uniform Non-Centered Regression Estimator for m=2")
#True regression

lines(v,vx, lwd=2, col=’Blue’, lty=2) #estimated regression function
points(x,yi, col=’black’, pch=20) #Scattered

legend(0.4,0.51,1legend = c("True Regression Function",

"Estimated Regression Function","Scattered Plot"),

col =c(’red’,"blue","black"),lty=c(1,2,3))

m=>

set.seed(7)
n=500

x=sort (rnorm(n))
#true density
fx= dlaplace(x)

yi=fx+(0.075) *rnorm(n)

rx=function(y,v,m,xi){

a = rep(0,length(v))

for(i in 1:(length(v))){
ali]l=(m/(1.8%n))*sum(y[i]*(1-abs(plaplace(v[i])-pnorm(xi))) “m)
+

return(a)

b

xi = rnorm(n)
v = sort(rlaplace(n))
vx = rx(y=yi,v,m=5,xi)
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plot(x,fx,type = "1", col=’red’, lwd=2,xlab="x", ylab =

’Regression Density’,

main = "Non-Uniform Non-Centered Regression Estimator for m=5")
#True regression

lines(v,vx, lwd=2, col=’Blue’, lty=2) #estimated regression function
points(x,yi, col=’black’, pch=20) #Scattered

legend(0.4,0.51,1legend = c("True Regression Function",

"Estimated Regression Function","Scattered Plot"),

col = c(’red’,"blue","black"),lty=c(1,2,3))

m=n'/3

set.seed(7)
n=500

x=sort (rnorm(n))
#true density

fx= dlaplace(x)

yi=fx+(0.075) *rnorm(n)

rx=function(y,v,m,xi){

a = rep(0,length(v))

for(i in 1:(length(v))){

alil=(m/ (2#n))*sum(y [i]*(1-abs(plaplace(v[i])-pnorm(xi))) "m)
b

return(a)

b

72



xi = rnorm(n)
v = sort(rlaplace(n))

vx = rx(y=yi,v,m=(n"(1/3)),xi)

plot(x,fx,type = "1", col=’red’, lwd=2,xlab="x", ylab =

’Regression Density’,

main = "Non-Uniform Non-Centered Regression Estimator for m=n~1/3")
#True regression

lines(v,vx, lwd=2, col=’Blue’, lty=2) #estimated regrssion function
points(x,yi, col=’black’, pch=20) #Scattered
legend(0.34,0.51,1egend = c("True Regression Function",

"Estimated Regression Function","Scattered Plot"),

col =c(’red’,"blue","black"),lty=c(1,2,3))
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