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Ex = Acost(ωt− βz)

A
ω
β

(ωt˘βz)

vp =
dz

dt
=

ω

β

ω + δω ω − δω

Ex1 = Acos[(ω + δω)t− (β + δβ)z]

Ex2 = Acos[(ω − δω)t− (β − δβ)z]
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N2 N2 < N1
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Y (z) = z−1Y (z) + U(z)− z−1V (z) -%./

.0



V (z) = Y (z) + E(z) = z−1Y (z) + U(z)− z−1V (z) + E(z)

= U(z) + E(z)− z−1(V (z)− Y (z))

= U(z) + E(z)− z−1E(z)

= U(z) + (1− z−1)E(z)

V (z) = STF (z)U(z) +NTF (z)E(z)

z−1

ej2πf

|NTF (ej2πf )|2= 2[sin(πF )]2

� |NTF (ej2πf )|2≈ (2πf)2

fs

ΔΣ

v e

y

−Δ/2 Δ/2

σ2
e = Δ2/12



Se(f) = 2σ2
e = 2/3

v

σ2
q =

∫ 1/(2·OSR)

0

[2πf ]2Se(f)df =
π2

9(OSR)3

σ2
u = M2/2

SQNR =
σ2
u

σ2
q

=
9M2(OSR)3

2π2

fB =

9 MHz, Fs = 491.52 MHz, OSR = 16



fS fB

N > M R×N R

> N

V (z) = E(z) +
1

1− z−1

(
− z−1V (z) +

1

1− z−1
(−z−1V (z) + U(z))

)
=

(1− z−1)2E(z)− [(1− z−1)z−1)z−1]V (z) + U(z)
(1− z−1)2

V (z) = U(z) + (1− z−1)2E(z)

(1 − z−1)2
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|NTF (ej2πf )|4= 2[sin(πF )]4 ≈ (2πf)4, forf � 1 � !"
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σ2
q ≈

∫ 1/(2·OSR)

0

(2πf)4 · 2σ2
edf =

π4σ2
e

5(OSR)5
� &"
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q
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V (z) = U(z) + (1− z−1)2E(z)

V (z) = STF (z)U(z) +NTF (z)E(z)

STF (z) = 1

NTF (z) = (1− z−1)2 = H(z)

maxω

∣∣H(ejω)
∣∣ < 1.5
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NTF1 = NTF2 = (1− z−1)2

V = z−2U + 2(1− z−1)4E2
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2
+ Q̃j

2
)∑N

j=1[(Ij − Ĩj)2 + (Qj − Q̃j)2]
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Qj

Ĩj

Q̃j

w

v

e = w − v e
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ΔΣ

Fs 12GHz

BWtotal 40− 60MHz

f0 1.94

f1 1.95

f2 1.96

f3 1.98

α −0.25

β2 −20 ps2/km

10

3

λ 1550

−10,−20,−30
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fB 15.36MHz

fmax 9MHz

Fsample 30.72MHz

Fs 491.52MHz (12GHz)

BWtotal 120MHz

−0.28 dB/km

40 km

2.620 dBm

−50 dB

λ 1546.3 nm

VDC 12.0 V

Vbias 4.0 V

−10 dBm (0.5 Vpp)

≈ −60 dBm
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H(f) = |H(f)|e−jα(f)

≈ 1W
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All-digital radio-transmitter
Analytic signal, complex waveform, discrete-time

Fourier and Hilbert transform (part 1)
Olivier Cotte, Student, IEEE

Abstract—Linear Time Invariant (LTI) systems perform only
four (4) operations on a signal: copying, scaling, delaying, adding.
The output of an LTI system therefore is always a linear
combination of delayed copies of the input signals. From he
property of time invariance, the system insensitive to the time
origin; that is the response to a linear combination of inputs is
the same linear combination of the individual responses. More
specifically, if the input is shifted in time by some amount, then
the output is simply shifted by the same amount. In addition,
if the system inputs can be decomposed as a linear combination
of some basic inputs and the system response is known for each
of the basic inputs, then the response can be constructed as the
same linear combination of the responses to each of the basic
inputs. Using this principle, it is possible to cascade individual
transformation on a signal and expect the output of the system
to be the sum of those transformations applied on the signal, if
the system exhibit a linear behaviour.

Index Terms—All-digital radio-transmitter, baseband signal
processing, convolution, Fourier Integral, Hilbert transform,
LTE, MATLAB, single-sideband modulation

I. INTRODUCTION

When an analogue signal is sampled, or quantized in time,
we obtain a discrete-time signal. The widely used term digital
signal implies that both time and amplitude are quantized. A
signal represented by a sequence of binary numbers separated
by a known (usually constant) time interval, can be converted
into a continuous signal by presenting the sequence to a
digital-to-analogue converter (D/A). Error in D/A conversion
arise from amplitude and time quantization. The number of
bits and the conversion rate must be chosen to suit the
application.

Fig. 1. Discrete-time sampled signals

O. Cotte was with the Department of Electrical and Computer Engi-
neering, Concordia University, Montréal, QC, H3G 1M8 Canada Email:
o_cotte@encs.concordia.ca.

Manuscript received XX XX, 2018; revised XX XX, 2019.

The signals that we encounter in practice are analogue
signals. By using digital signal processing, one can turn a
personnal computer into a signal processor. Systems using
DSP can be developed using software running on a general-
purpose computer. The fact that theses system now solely
operates on additions and multiplications make then extremely
stable of their operating conditions, i.e sampling frequency,
components mismatch, temperature, reproducibility and so on.

Fig. 2. Discrete-time sampled signals

In a discrete time system, any linear combination of delayed
copies of a complex sinusoid may be expressed as

y(n) =

N∑
i=1

gix(n− di)

=
N∑
i=1

gie
j[ω(n−di)T ]

=
N∑
i=1

gie
jωnT e−jωdiT

= x(n)

N∑
i=1

gie
−jωdiT

where gi is the ith weighting factor, di is the ith delay. The
“carrier term” x(n) = ejωnT can be factored out to obtain.
Since every signal can be expressed as a linear combination of
complex sinusoids, this analysis can be applied to any signal
by expanding the signal into its weighted sum of complex
sinusoids. More specifically, if the input is shifted in time by
some amount, then the output is simply shifted by the same
amount [1].

Fig. 3. Delayed discrete-time sampled signals
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A. Convolution sum

The convolution is one of the most important concepts in
electrical engineering, since it can be used to determine the
output signal of a linear time invariant system for a given
input signal with knowledge of the system’s unit impulse
response, h[n]. More specifically, one can compute its response
(y[n]) to any input (x[n]) by a convolution sum (y[n] =
x[n]∗h[n] = h[n]∗x[n]). The Discrete-Time Fourier transform
and convolution can be related according to

x(n) ∗ y(n) ⇔ X(ejω) · Y (ejω)

x(n) · y(n) ⇔ 1

2π

π∫
−π

X(ejθ)Y (ej(ω−θ))dθ = X(ejω) ∗ Y (ejω)

Now, if a linear, time-invariant continous system is stimulated
by an impulse, its response is known as the impulse
response function. This functions, h(t), is taken as a primary
characterising function of the system. The output, y(t), of
such a system is related to the input, x(t) by the convolution
integral, x(t) ∗ h(t). The convolution theorem also states that
convolution in time domain corresponds to multiplication in
frequency domain and vice versa [3].

The integral of the convolution between two functions is
the area represented by the overlap of the two functions. The
convolution of the functions f and g is the area under f & g
(expressed as f ∗ g). Hence: f ∗ g is the convolution of the
function f(t) and g(t). The order can be shift since the product
of convolution is a linear operator.

Fig. 4. Convolution product (f ∗ g)(t) of two continuous-time function

The operation of discrete time convolution is defined such
that it performs this function for infinite length discrete time
signals and systems. The operation of discrete time circular
convolution is defined such that it performs this function
for finite length and periodic discrete time signals. In each

case, the output of the system is the convolution or circular
convolution of the input signal with the unit impulse response.

Fig. 5. Convolution of a discrete-time signal, x(t), and its impulse response,
h(t)

Modern computer doesn’t compute the continuous integral,
but it does for discrete-time convolution, which is a sum of
products at each time step. When you increase dτ in the
continuous-time integral, you get more points in each signal
vector, in its discrete-time counterpart, which increases the
sum at each time step.

y(n) =

min(n,L−1)∑
m=max(0,n−M)

x(m)h(n−m) (1)

B. Convolution theorem

Let f(t) and g(t) be two functions of t. The convolution of
f(t) and g(t) is also a function of t, denotes by (f ∗ g)(t) and
is defined by the relation

(f ∗ g)(t) =
∫ ∞

−∞
f(t− x)g(x)dx (2)

If f(t) and g(t) are causal functions then their convolution is
defined by∫ ∞

−∞
f(t−x)u(t−x)g(x)u(x)dx =

∫ t

0

f(t−x)g(x)dx (3)

because of the properties of the step function (u(t - x) = 0 if
x > t and u(x) = 0 if x < 0). The convolution is obtained
by sliding one of the functions (reversed) past the other and
integrating the point-by-point product of the functions over the
whole real line. One reason for requiring such a function is
to find the response of a linear system to an input u(t) when
the system’s response to a unit impulse (at time zero) which
is the transfer function of the system h(t)

Fig. 6. Lowpass filter impulse response h(t)
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Let f(t) and g(t be causal functions with Laplace transform
F(s) and G(s) respectively. The convolution theorem gives the
inverse Laplace transform of a product of two transformed
functions,

L−1[F (s)G(s)] = (f ∗ g)(t) (4)

or equivalently

L[(f ∗ g)(t)] = F (s)G(s) (5)

Refering to 15, the convolution theorem states that under
suitable conditions the Fourier transform of a convolution is
the point-wise product of Fourier transforms. If F denotes the
Fourier transform operator, F{f} and F{g} are the Fourier
transforms f and g, respectively. Then

F{f ∗ g} = F{f} · F{g} (6)

In other words, convolution in one domain (e.g., time domain)
equals point-wise multiplication in the other domain (e.g.,
frequency domain). By applying the inverse Fourier transform
F−1,

(f ∗ g) = F−1{F{f} · F{g}} (7)

and,
(f · g) = F−1{F{f} ∗ F{g}} (8)

C. Sampling theorem

Given the analogue signal xC(t) it is always possible to
obtain the digital signal x(n). However, the reserve process
is not always true; that is, xC(t) uniquely specifies x(n); but
x(n) does not necessarily uniquely specify xC(t). In practice it
is generally desired to have a unique correspondence between
x(n) and xC(t) and the conditions under which this uniqueness
holds is given by the well-known sampling theorem:

If a continous signal xC(t) has bandlimited Fourier
transform XC(jΩ), that is |XC(jΩ) = 0| for
|Ω|≥ 2πFC , then xC(t) can be uniquely recon-
structed without error from equally space samples
xC(nT ), − ∞ < n < ∞, if F ≥ 2FC , where
F = 1/T is the sampling frequency [4].

D. Fourier integral

Let the Fourier transform of f(x) be denoted by F[f(x)]. The
definition of such an operation

F (ω) = F [f(x)] ≡
∫ ∞

−∞
f(x)eiωxdx (9)

Let F−1 be the inverse Fourier transform, which recovers the
original function f(x) from F (ω)

f(x) = F−1[F (ω)] ≡ 1

2π

∫ ∞

−∞
F (ω)e−iωxdx (10)

Not too many integrals can be inverse. Therefore the rela-
tionships such as 9 and 10 are rather special and have wide
application in solving partial differential equations (PDEs).

E. Laplace transform and inverse transform

The Laplace transform is often used to transform a function
of time, f(t) for t > 0. It is defined as

L[f(t)] =
∫ ∞

0

f(t)e−stdt ≡ f̃(s) (11)

What does matter for Laplace transforms is the integration
ranges only over a semi-infinite interval, 0 < t < 1. We do
not consider what happens before t = 0. In fact, we need to
take f(t) = 0 for t < 0.

Functions which are zero for t < 0 are called one-sided
functions. For one-sided f(t), we see that the Laplace transform
of Eq. 11 is the same as the Fourier transform of Eq. 9 if we
replace x by t and ω by is. That is, from

F (is) =

∫ ∞

−∞
f(t)e−stdt =

∫ ∞

0

f(t)e−stdt ≡ f̃(s) (12)

Since the Laplace transform is essentially the same as the
Fourier transform, we can use the Fourier inverse transform
(13.9) to recover f(t) from its Laplace transform f̃(s). Let

f(t) = L−1[f̃(s)] (13)

Then the operation L−1, giving the inverse Laplace transform,
must be defined by

f(t) =
1

2iπ

∫ i∞

−i∞
f̃(s)estds (14)

This is because

F−1[F (ω)] ≡ 1

2π

∫ ∞

−∞
F (ω)e−iωtdω =

1

2iπ

∫ i∞

−i∞
f̃(s)estds

(15)
through the change from ω to is. Hence, tables of Laplace
transforms and inverse transforms can be used. The purpose
here is to point out the connection between Fourier and
Laplace transform, and the origin of both in Fourier series.

F. Discrete Fourier transform and inverse

The discrete Fourier transform (DFT) is a tool to obtain the
representation of a signal in terms of a set of harmonically
related discrete sinusoids.

• When excited with a sinusoidal signal, the output of a
stable LTI system is a sinusoid of the same frequency as
that of the input

• The input and output are related only by a complex con-
stant, representing the amount of scaling of the amplitude
and change in the phase shift of the input signal

• A signal is completely characterized either by the
M-time-domain samples or by the corresponding N-
frequency coefficients.

An arbitrary signal is represented as a sum of sinusoids and the
sum of the responses of a system to all the individual sinusoids
is the response to the arbitrary signal. A band-limited periodic
time-domain sequence x(n), with period N, can be represented



JOURNAL OF XX, VOL. X, NO. X, XX 20XX 4

in terms of a summation of a set of N-harmonically related
complex sinusoids with coefficients X(k) as

x(n) =

N−1∑
k=0

X(k)ei
2π
N nk, n = 0, 1, ..., N − 1 (16)

In order to evaluate a specific coefficient X(k) in terms of x(n),

X(k) =
1

N

N−1∑
k=0

x(n)e−i 2π
N nk (17)

The DFT transforms an M point arbitrary time-domain se-
quence vector x(n) into a set of N frequency coefficients
vector X(k). The N-coefficients are the representation of
the given time-domain sequence in the frequency domain.
These coefficients represent the magnitudes and phases (or the
amplitudes of cosine and sine components) of a set of har-
monically related sinusoidal sequences whose superposition
summation yields the time-domain sequence they represent
[5]. The constant factor 1

N is usually suppressed and the N-

Fig. 7. Sample sine wave DFT

point DFT of the sequence x(n) is defined as

X(k) =

N−1∑
k=0

x(n)Wnk
N , k = 0, 1, ..., N − 1 (18)

where WN = e−i 2π
N . Inserting the constant 1

N in 18, we get
the N-point IDFT of the frequency coefficients X(k) as

x(n) =
1

N

N−1∑
k=0

X(k)W−nk
N , n = 0, 1, ..., N − 1 (19)

The inverse discrete Fourier transform (IDFT) operation is
summing over the responses at all frequency samples for de-
termining each time-domain sample. The IDFT transforms the
N-frequency coefficients back into the original set of M time-
domain samples by the process of superposition summation of
the sinusoids represented by the N frequency coefficients.

Fig. 8. N-point DFT of the sequence x(n) = cos(2πft)

Referring to Figure 8, there is not enough information in
the original 64-points to obtain a well behaved curve. Using
a longer DFT does nothing to help this problem. Even though
the original 256-points contain more information, the greater
number of samples in the spectrum dilutes the information
by the same factor. Longer DFTs provide better frequency
resolution, but the same noise level.

Sinusoids are orthogonal at different frequencies if their du-
rations are infinite. For length N sampled sinusoidal segments,
orthogonality holds for the harmonics of the sampling rate
divided by N, that is for frequencies

fk = k
fs
N

, k = 0, 1, 2, 3, ..., N − 1

These are the only frequencies that have a whole number
of periods in N samples. The complex sinusoids vector sk
corresponding to the frequencies vector fk are

sk(n) � ejωknT , ωk � k
2π

N
fs, k = 0, 1, 2, ..., N − 1
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These sinusoids are generated by the N-roots of unity in the
complex planes, so called since

[ejωkT ]N = [ejk2π/N ]N = ejk2π = 1

The sampled sinusoids corresponding to the N roots of unity
are given by (ejωkT )n = ej2πkn/N , and are used by the
DFT. Taking successively higher integer powers of the root
ejωkT on the unit circle, generates samples of the kth DFT
sinusoid. Since each sinusoid is of a different frequency and
each is a harmonic of the sampling rate divided by N , the
DFT sinusoids are orthogonal.

II. CONCLUSION

The approach to Fourier transform presented here uses the
complex Fourier transform, by which a waveform, real or
complex, is expressed as a sum or integral of complex ex-
ponentials [see 9], which are elementary complex waveforms.
The elementary complex waveform e−i2πft can be represented
as the pair of real waveforms cos(2πft) and −sin(2πft))
in two channels. We note that by using complex waveforms,
meaning is given to the idea of negative frequency. Compared
with the positive frequency form, this corresponds to an
inversion of the waveform in the second channel. In signal
processing, it is convenient to use the analytic signal, which
is the complex waveform corresponding to the real waveform
that is present, as received, for example, from a radio or radar
antenna or sonar sensor. Thus if the waveform is expressed as
a(t) = A(t)cos[2πf0t+ f(t)], that is, a carrier at intermediate
frequency (IF) or radio frequency (RF) f0 , with amplitude
A(t) and phase f(t) , which may be time-varying, in the general
case, then we form the complex form

a(t) = A(t)e−j[2πf0t+f(t)]

=
A(t)

2
cos[2πf0t+ f(t)] + j

A(t)

2
sin[2πf0t+ f(t)]

The second member of this pair is obtained from the first
by a Hilbert transform, which in effect performs a wideband
-90-degree phase shift. (Thus all cosine components in the
signal, whatever their frequencies, become sines, and sines
become -cosines.) The spectrum is not necessarily symmetrical
in general.
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Fig. 9. Hilbert translation - 5 MHz
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All-digital radio-transmitter
Digital up-conversion

using Nyquist FIR filter (part 2)
Olivier Cotte, Student, IEEE

Abstract—When an analogue signal is sampled, or quantized
in time, we obtain a discrete-time signal. The widely used term
digital signal implies that both time and amplitude are quantized.
We use the term digital filtering although dealing with the
discrete-time analysis. Digital filters are more straightforward to
prototype than their analogue counterpart. Also, steep frequency
response and massive decimation/interpolation ratio are only
possible in the digital domain thanks to the facts that computer
arithmetic is not affected by temperature or components values
mismatch. There is two type of digital filters: Finite impulse
response (FIR) and Infinite impulse response (IIR) filter.

Index Terms—All-digital transmitter, baseband signal
processing, convolution, digitized radio-over-fiber,
digital interpolator, MATLAB, 5G.

I. INTRODUCTION

T
HE general difference equation of a digital filter is written
as

Y (z)
(
1 +

M∑
m=1

amz−m
)
= X(z)

N∑
k=0

akz
−k (1)

where a0 = 1 by convention. At time nT, the output value is
computed from the current input and a linear combination off
past inputs and outputs. Taking the z-transform of 1 term by
term, we obtain where X(z) and Y(z) are z-transforms of the
input and output sequences respectively. From 2 we define the
discrete-time transfer function as

H(z) =
Y (z)

X(z)
=

∑N
k=0 akz

−k(
1 +

∑M
m=1 amz−m

) (2)

which is a rational polynomial in z−1. This function is valid
for zero initial conditions. The above z-transformation of the
differential equation producing the transfer function H(s). We
can also write for the output

Y (z) = H(z)X(z) (3)

and the output sequence y(n) is then obtained using the inverse
z-transform. The discrete-time response for this input is then
the inverse z-transform of H(z). Two methods of z-transform
inversion, one by long division and another using partial
fraction expansion.

O. Cotte was with the Department of Electrical and Computer Engi-
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A. Frequency response estimate

The frequency response of digital filters is a periodic
function. Hence, particularly for the non-recursive filters on
can express its frequency response in terms of Fourier series.
The frequency response is a complex function of ω. Thus, it
is convenient to represent it in terms of its magnitude,

H(ejω) = |H(ejω)|ejθ(ω) (4)

where

|H(ejω)|=
√

Re2[H(ejω)] + Im2[H(ejω)] (5)

and

θ(ω) = tan−1

[
Im[H(ejω)]

Re[H(ejω)]

]
(6)

The group delay is a measure of time delay of a signal as a
function of frequency (the dispersion of the signal) as it passes
through the filter. non-dispersive filters have the property that
the group delay τ(ω) is a constant (fixed delay) over the
frequency range of interest. The group delay τ(ω) is defined
as

τ(ω) = −dθ(ω)
dω

(7)

Fig. 1. Sample delay

Fig. 2. Group delay
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Let the input x(n) be the samples of a complex exponential
x(n) = exp(jnωT ). The output, in steady-state, will also be
of the same form, but with a complex factor, i.e. y(n) =
F (ω)exp(jnωT ), since the system is linear. Substituting these
function for x(n),y(n) into the difference equation 2 we obtain

ejnωTF (ω) = F (ω)(1 + a1e
−jωT + ...+ aMe−jMωT )

= ejnωT (b0 + b1e
−jωT + ...+ bNe−jNωT )

Therefore, F (ω) is given by

F (ω) =

∑N
k=0 ake

−jkωT

1 +
∑M

m=1 ame−jmωT
(8)

Hence, we conclude that the frequency response is

F (ω) = H(z = ejωT ) (9)

It is seen that |H(ω)| is a periodic function of ω. However,
the filter characteristic is specified in the frequency range 0
≤ ω ≤ ωs/2 i.e. up to half the sampling frequency, where ωs

is the sampling frequency.

Fig. 3. Frequency response estimate over half the normalized sampling
frequency

B. Nonrecursive filter

The nonrecursive filter has finite memory, and can have can
have excellent linear phase characteristic, however this filter
requires a large number of terms to obtain a relatively sharp
cutoff. When used to realise sharp cutoff frequency reponses,
may require several hundred coefficients. Programs execution
time for nonrecursive filters can be considerably reduced using
FFT techniques. The transfer function for a nonrecursive filter
is

H(z−1) =

N∑
k=0

bkz
−1 (10)

and the corresponding difference equation is

y(n) =
N∑

k=0

bkx(n− k) (11)

The coefficients bk are the impulse responses of a nonrecursive
filter, which can be established, by inspection of a nonrecursive
filter structure. This means we can replace bk by h(k) where

h(k) denotes the impulse response, and hence the transfer
function is written as

H(z−1) =

N∑
k=0

h(k)z−1 (12)

Fig. 4. Basic digital filter prototype

Another important property is obtained by examining the
frequency response H(ω) = H(z = ejωT ) which is given by

H(ω) =

2N∑
k=0

h(n)e−jkωT

= h(0) + h(1)e−jωT + ...+ h(N)e−jNωT

... +h(2N − 2)e−j(2N−2)ωT + h(2N)e−j2NωT .

Extracting the middle term, we have

H(ω) = e−jNωT [h(0)ejNωT + ...+ h(N)

... +h(2N − 2)e−j(N−2)ωT + h(2N)e−jNωT .

The function within the square bracket can be made a real
function of ωT for the following cases:

h(0) = h(2N), h(1) = h(2N−1), h(2) = h(2N−2), h(N) = 0
(13)

In the case of a symmetrical impulse response, we have

H(ω) = e−jNωT [h[N ] +

N−1∑
k=0

h(n)cos(N − n)ωT (14)

In both cases the phase is a linear function of frequency
(constant delay) and independent of filter coefficients. The
amplitude response is a cosine and sine function respectively,
and it can be ajusted by a choice of coefficients h(n).

H(ω) =

∞∑
k=−∞

h(k)e−jkωT (15)

where

H(ω) =
1

ωs

∫ ωs/2

k=−ωs/2

H(ω)e−jkωT (16)

If we set z = ejkωT , 16 gives

H(z−1) =

N∑
k=0

h(k)z−1 (17)

which is 12, i.e. the nonrecursive filter transfer function. It
is usually assumed that H(ω) has an idealised frequency
response. The solution for h(k) contains then an infinite
number of terms due to infinitely sharp (discontinuous) cutoff
of the ideal H(ω). To make the solutions practically realisable
we have to truncate h(k) to a finite length sequence.



JOURNAL OF XX, VOL. X, NO. X, XX 20XX 3

This in turn causes a spread of the frequency reponse into
the stop band. The ideal lowpass frequency reponse with cutoff
frequency ωc within ωs/2 range is

h(k) =
ωcT

π

sin(k − λ)ωcT

(k − λ)ωcT
(18)

This is an infinite length sequence of (sinx)/x type centered at
λ, which is the filter delay. To make it realisable we truncate
the series to N, introducing a filter delay of λ = (N − 1)/2,
we obtain realisable finite impulse response. The impulse
response h(k) is always symmetrical around λ. If λ is an
integer, then the total number of coefficients is odd, but if
λ is a noninteger, then the total number of coefficients is even.

For FFT applications, the number of coefficients must be
2N , which is always even [4].

To improve the frequency response of a truncated time series
one can use a number of window functions which modify the
impulse reponse h(n) in a prescribed way. We consider briefly
two typical cases known as the generalised Hamming and
Kaiser window functions. The generalised Hamming window
function is given by

wH(k) =

{
α+ (1− α)cos(kπ/N), |k|< N

0, |k|> N
(19)

where 0 ≤ α ≤ 1. If α = 0.54 the window is called a Hamming
window, and is α = 0.50 it is called Hanning. This functions
is symmetrical around the value of wH(0). The coefficients
are then used to multiply the weights of h(k), sample-vise.

C. Finite impulse response (FIR) filter
The first one is the causal discrete-time FIR filter of order

N who’s output is a weighted sum of its most recent input.
The discrete-time convolution sum represents this operation.
The impulse response is finite because there is no feedback
in the FIR. A lack of feedback guarantees that the impulse
response will be limited, hence the guaranteed stability of this
kind of filter.

Fig. 5. FIR filter block diagram

In analogue systems, an alternative to differential equation
relationship between input and output is the convolution
integral. Similarly, in discrete-time systems an alternative to
the difference equations is the convolution summation given
by

y[n] =
N∑

k=0

h[k]x[n−k] = h[0]x[n]+...+h[N ]x[n−N ] (20)

In many applications the FIR filter is designed to have linear
phase. Consequently, the impulse response is symmetric and
satisfies the relation

h(k) = h(N − 1− k) (21)

This property can be utilized to reduce the number of multi-
plications in the direct-form structure by a factor of approx-
imately 2. When N is even, the application of the symmetry
property leads to

y(n) =

N/2−1∑
k=0

h(k)[x(n− k) + x(n− (N − 1− k))] (22)

The vector hk holds the impulse response of the filter and
the delayed input signal samples are stored in xn. At each
sample instance, the vector xn−k is shifted, discarding the
oldest sample and saving the most recent. The summation
computation is re-executed for the current output sample, yn.
This equation is the discrete-time convolution, the counterpart
to the product of convolution integral.

y(t) =

∫ +∞

−∞
h(τ)x(t− τ)dτ =

∫ +∞

−∞
h(t− τ)x(τ)dτ (23)

D. FIR interpolators

Consider a factor-of-L interpolator consisting of an up-
sampler and an FIR filter of the impulse response h[n] as
indicated in Figure 4.4. The low-rate signal x[n] is up-sampled
by L and then filtered by the antiimaging FIR filter. the
multiplication operations precede the sampling rate increase.
Let us observe the input to the filter, signal v[m]. This signal
is the result of the up-sampling operation performed on the
input signal x[n],

v[m] =

{
x[m/L], m = 0,±L,±2L, ...

0, otherwise
(24)

Here, we see that only every Lth input sample to the filter
is non-zero valued. Therefore, in the conventional FIR filter
structure L–1 out of L input samples are multiplied with
the filter coefficients without contributing to the values of
the output samples. Since there is no need to multiply the
filter coefficients by the zero-valued samples, we can perform
multiplications at the sampling rate of the input signal, and
then up-sample-by-L the multiplied signals.

Fig. 6. Model for sampling rate conversion by a factor L/M

The up-sampled samples come to the adders and thus
arrive to the chain of adders and delays. This implementation
structure reduces the number of multiplications per output
sample from N (the filter length) to N/L. The number of
multiplications per output sample can be further reduced.
Namely, for interpolation with linear-phase FIR filters, we



JOURNAL OF XX, VOL. X, NO. X, XX 20XX 4

can exploit the inherent coefficient symmetry and decrease
the number of multiplications by 2 as already shown in the
case of decimation.

E. Halfband interpolation filter

The halfband filter divides the baseband of the signal into
two equal subbands. In the linear-phase halfband filter, half
of the constants are zero-valued making the implementation
very attractive. The non-zero coefficients exhibit symmetry
property. The value of the central coefficient is 0.5, and there-
fore, this coefficient can be implemented with a binary shift.
The efficiency of implementation, which can be achieved,
is illustrated here through a factor-of-2 interpolator and the
linear-phase halfband filter of 21 (N = 11).

Fig. 7. Half band filter impulse

Fig. 8. Half band filter magnitude and phase response

The half-band symmetric filter has a natural application
in interpolators with sampling rate changes of 2. For
such systems, the 2-to-1 reduction in computation is quite
significant. A second philosophy in the design of multistage
structures ability to implement higher or decimators and
interpolator-band filters. These filters are based on the
symmetrical FIR that are unconditionally stable. It would
seems half the filter coefficients are exactly zero. Hence the
number of multiplications in implementing such filters is half
of that needed for symmetrical FIR designs and one-fourth
of that needed for arbitrary FIR designs. [1]. The halfband
filter is appropriate only for sampling rate changes of 2 to 1.
The idea here is to use many stages to implement a massive
change in sampling rates and to use simple linear-phase FIR
filters when possible. One reason for this is that FIR filters
can be designed to have linear phase. A significant reduction
in computation can be achieved by realizing an interpolator

with a large interpolation ratio in stages. The large the overall
interpolation ratio, the higher the saving that can be achieved
over that of a single stage [1].

The filter designed by this technique is optimal in the sense
that the peak (weighted) approximation error in the frequency
domain over the frequency range of interest is minimized.
A significant advantage of a linear-phase halfband filter is
the efficient implementation. The number of non-zero-valued
coefficients is nearly half of the filter length. The non-zero
coefficients exhibit symmetry property.

F. Zero phase digital filtering

Zero phase digital filtering is perfmed by forward-backward
filtering, i.e., filter, reverse the signal, filter again and then
reverse again as summurize by Fig. 9, as a comparaison to
minimum-phase filtering which only forward filtering. If x[n]
is the input sequence and h[n] is the filter’s impulse response,
then the first filter pass is

X(ejω)H(ejω)

with X(ejω) and H(ejω) the Fourier transforms of x[n] and
h[n], respectivly. Time reversal corresponds to replacing ω by
−ω in the frequency domain, so after time-reversal we get

X(e−jω)H(e−jω)

. The second filter pass corresponds to another multiplication
with H(ejω)

X(ej−ω)H(ejω)H(e−jω)

which after time-reversal finally gives for the spectrum of the
output signal

Y (ejω) = X(ejω)H(ejω)H(e−jω) = X(e−jω)|H(ejω)|2

because for real-valued filter coefficients we have H(e−jω) =
H∗(ejω). the output spectrum is obtained by filtering with a
filter with frequency response |H(ejω)|2 which is purely real-
valued, i.e. its phase is zero and consequently there are no
phase distortions.

Fig. 9. Zero phase digital filtering

Y (ejω) = H(ejω)H∗(ejω)X∗(ejω)
= |H(ejω)|2X∗(ejω)
= |H(ejω)|2X(ejω)

Heff = |H(ejω)|2
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II. CONCLUSION

A significant distinction between the FIR and IIR systems
is that FIR design can achieve linear phase responses (i.e.,
constant group delay) and thus the envelopes of the time
waveforms of the signals being interpolated are preserved.
With IIR designs, exact linear phase responses are not
possible, and therefore waveform envelopes are not kept.
In contrast, if IIR filters are used, each output must be
individually calculated, even if it that output will be discarded
(so the feedback will be incorporated into the filter). They
also have desireable numeric properties. In practice, all DSP
filters must be implemented using finite-precision arithmetic,
that is, a limited number of bits. The use of finite-precision
arithmetic in IIR filters can cause significant problems due
to the use of feedback, but FIR filters without feedback can
usually be implemented using fewer bits, and the designer
has fewer practical problems to solve related to non-ideal
arithmetic [2].

Nonetheless, compared to IIR filters, FIR filters sometimes
have the disadvantage that they require more memory and
calculation (higher order) to achieve a given filter response
characteristic. FIR filters have good quantization properties
(i.e., round-off noise can be made small, coefficients can be
rounded to reasonable word-lengths for most practical designs.
FIR filters are always stables. No limit cycles occur with FIR
filters. A huge advantage over their IIR counterpart is that they
can easily be designed to have a linear phase [3].
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All-digital radio-transmitter
Single side-band modulation

via Hilbert transformer (part 3)
Olivier Cotte, Student, IEEE

Abstract—In general, it is simpler and faster to model a system
at complex baseband. However, there are some circumstances
where it is preferable to model the system at real passband. It
is then necessary to also model baseband modulators and de-
modulators with frequency up-conversion and down-conversion
to simulate passband communication systems. An example of this
is when an optical field travel a non-linear dispersive channel,
and causes interference in the band of interest.

Index Terms—All-digital transmitter, baseband signal
processing, convolution, Hilbert transform, LTE, MATLAB,
single-sideband modulation

I. INTRODUCTION

A
COMPLEX analogue signal x(t) is formed by the signal
pair {xR(t), xI(t)}, where both xR(t) and xI(t) are the

ordinary real signals. The relationship between these signals
is given by

x(t) = xR(t) + jxI(t)

A complex discrete (or digital) signal x(n) is defined in a
similar manner:

x(n) = xR(n) + jxI(n)

AM Single Sideband (AM-SSB) is more bandwidth-efficient
than AM Double Sideband (AM-DSB) methods, consuming
only the bandwidth required to send the message. There are
two methods of generating SSB signals: one using using a
Hilbert transformer. Let’s consider sending the message
x(t) − jy(t). We’ll modulate it with ejωct and take the real
part before sending it off [1].

A. Conjugate symmetry (Hermitian)

A complex sinusoid ejωt consists of one frequency ω. A real
sinusoid sin(ωt) consists of two frequencies ω and −ω. Every
real signal, therefore, consists of an equal contribution of
positive and negative frequency components. If X(ω) denotes
the spectrum of the real signal x(t), then X∗(ω) is conjugate
symmetric (Hermitian), implying

|X∗(−ω)| = |X(ω)| (1)

and
∠X∗(−ω) = −∠X(ω) (2)
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It is preferable to use complex sinusoid when doing signal
processing. Negative frequencies in a real signal may be
filtered to produce an analytic signal, a signal which has no
negative frequency components using an Hilbert transformer.

Fig. 1. Approximate Hilbert Transformer

B. Analytic signals

The real sinusoid x(t) = A cos(ωt + φ) can be converted
to an analytic signal, by generating a phase quadrature com-
ponent,

y(t) = A sin(ωt+ φ) (3)

to serve as the imaginary part. Consider the positive and
negative frequency components of a real sinusoid at frequency
ω0:

x+ � ejω0t

x− � e−jω0t

Apply a phase shift of −π/2 radians to the positive-frequency
component,

y+ = e−jπ/2ejω0t = −jejω0t

and a phase shift of π/2 to the negative-frequency component,

y− = ejπ/2e−jω0t = je−jω0t

Form a new complex signal by adding them together:

z+(t) � x+(t) + jy+(t) = ejω0t − j2ejω0t = 2ejω0t

z−(t) � x−(t) + jy−(t) = e−jω0t + j2e−jω0t = 0
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One important characteristic of the analytic signal is that
its spectral content lies in the positive Nyquist interval. This
is because if we shift the imaginary part of our analytic
(complex) signal by 90 degrees (+j) and add it to the real
part, the negative frequencies will cancel while the positive
frequencies will add. This results in a signal with no negative
frequencies. Also, the magnitude of the frequency component
in the complex signal is twice the magnitude of the frequency
component in the real signal. This is similar to a one-sided
spectrum, which contains the total signal power in the positive
frequencies.

C. Hilbert transform filters

For more complicated signals (which are the sum of si-
nusoids), the Hilbert transform may be used to shift each
sinusoidal component by a quarter cycle. When a real signal
x(t) and its Hilbert transform y(t) = Ht{x} are used to form
a new complex signal

z(t) = x(t) + jy(t)

the signal z(t) is the (complex) analytic signal corresponding
to the real signal x(t). Given the modulated signal

x(t) = A(t) cos(ωt)

use the Hilbert transform to generate the analytic signal

z(t) ≈ A(t)ejωt

and then take the absolute value (real part)

A(t) = |z(t)| = Re[z(t)]

D. Double side-band modulation (DSB)

The double side-band (DSB) modulation consists of two
frequency-shifted copies of a modulated signal on either side
of a carrier frequency. More precisely this is referred to as a
DSB suppressed carrier, and is defined as

f [n] = m[n]cos(2πf0n/fs) (4)

where m[n] is usually referred to as the message signal and
f0 is the carrier frequency. As shown in the equation above,
DSB modulation consists of multiplying the message signal
m[n] by the carrier cos(2 ∗ pi ∗ f0 ∗ n/fs), therefore, we can
use the modulation theorem of Fourier transforms to calculate
the transform of f[n]

F (f) =
1

2
[M(f − f0) +M(f + f0)] (5)

E. Single side-band modulation (SSB) via the Hilbert trans-
form

Single side-band modulation (SSB) modulation is similar
to DSB modulation, but instead of using the whole spectrum
it uses a filter to select either the lower or upper side-band.
SSB modulation requires the shifting of the message signal to
another center frequency without creating pairs of frequency
components X(f - f0) and X(f + f0) as in the case of the
DSB modulation, i.e., avoiding the need to filter either the
upper or lower sideband. This can be done by using a Hilbert
Transformer.

F. Ideal Hilbert transform (HT)

The utility of the Hilbert transform is to create an analytic
signal (no negative frequencies) from a complex baseband
signal (symmetrical around the 0 Hz frequency). The Hilbert
transform of a signal g(t) is defined as the convolution of g(t)
with the signal −1/πt [2].

H[g(t)] = g(t)∗− 1

πt
= − 1

π

∞∫
−∞

g(τ)

t− τ
dτ = − 1

π

∞∫
−∞

g(t− τ)

τ
dτ

(6)
It is possible to remove the negative component of a signal

g(t) using this transform. This operation is useful when the
necessity of shifting a baseband signal arises. By multiplying
a complex baseband signal by a complex exponential of
frequency ωo in the time-domain, we successfully translate
its Fourier frequency spectrum by ωo.

e+jωonx(n) ⇔ X(ej(ω−ωo)) (7)

Unfortunately, since our complex signal is symmetric around
the 0 Hz frequency, all the negatives components are also
shifted by ωo, an undesirable effect. To eliminate them, we
use the Hilbert transform, as a mean to discard the negative
frequency component and only keep the desired shifted posi-
tive spectrum.

G. Discrete-time Hilbert Transform

The Hilbert transform (H transform) of the given function
is defined with

H{f(t)} = − 1

π

∫ +∞

−∞
f(τ)

dτ

τ − t
= − 1

πt
∗ f(t) (8)

The Hilbert transform can be interpreted from this relation
as a convolution between f(t) and −(1/πt). If we denote the
Fourier transform of f(t) by F (jω),

F{f(t)} =

∫ +∞

−∞
f(t)e−jωtdt = F (jω) (9)

and if we use

F
{
− 1

πt

}
= j sgn ω (10)

then we obtain for the Fourier transform of the Hilbert
transform the following relation:

F{H{f(t)}} = sgn ωF (jω) (11)

The function j sgn ω is defined as

sgn ω =

⎧⎪⎨⎪⎩
−1, if ω < 0

0, if ω = 0

+1, if ω > 0.

(12)

sm(t) = A(t)cos[2πfct+ φ(t)] = Re[s(t)ej2πfct] (13)

where the complex envelope is defined as

s(t) = A(t)ejφ(t) (14)
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where A(t) represent the amplitude and φ(t) the phase. In
computer simulations, the discrete complex envelope is used.

Consider equal space sampling of s(t) at instants t0 to
produce

sk = s(kt0) = A(kt0)e
jφ(kt0), k = 0, 1, 2, ... (15)

If mi[n] is the Hilbert Transform of mr[n], then:

mc[n] = mr[n] + jmi[n] (16)

is a complex signal known as the analytic signal. The diagram
below shows the generation of an analytic signal by means
of the ideal Hilbert Transform.

Fig. 2. Generation of an analytic signal by means of the ideal Hilbert
transform

H. Efficient implementation of SSB modulation

The SSB modulated signal, f[n] can be written as

f [n] = Re[mc[n]e
j2πnf0/fs] (17)

where mc[n] is the analytic signal defined as

mc = m[n] + jm̃[n] (18)

Expanding that equation and taking the real part we get

f [n] = [m[n]cos(j2πf0n/fs)− m̃[n]sin(j2πf0n/fs)] (19)

which results in a single side-band, upper side-band (SSBU).
Similarly, we can define the single side-band, lower side-band
(SSBL) by

f [n] = [m[n]cos(j2πf0n/fs) + m̃[n]sin(j2πf0n/fs)] (20)

Fig. 3. Single sideband, upper sideband

The SSBU equation above suggests a more efficient way
of implementing SSB. Rather than performing the complex
multiplication of mc[n] with ej2πnf0/fs and then throwing
away the imaginary part, we can compute only the quantities
we need by implementing SSBU as shown below.

I. Spectral shifter

The Spectral Shifter shifts (translates) the spectral content
of a signal by modulating the analytic signal formed from
the signal whose spectrum we want to shift.

Using the message signal m[n] defined above we’ll create
an analytic signal by employing the Hilbert Transform, which
will then be modulated to the desired center frequency. The
scheme is shown in the diagram below.

Fig. 4. Spectral shifter

Using this method of spectral shifting will ensure that the
power of our signal is shifted to the frequency of interest while
maintaining a real-valued signal in the end.

Fig. 5. Hilbert transformer output

Fig. 6. Spectral shifter output
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Fig. 7. Hilbert transform modulated message and message signal

Fig. 8. Baseband signal

Fig. 9. Baseband signal at IF using a spectral shifter

Fig. 10. Single side-band, upper side-band (SSBU) modulation

II. CONCLUSION

At this point we can modulate the analytic signal to shift the
spectral content to another center frequency without producing
frequency component pairs and maintain a real-valued signal.
To modulate to the carrier frequency f0, we’ll multiply the
analytic signal by a complex exponential. As shown in the
plot above our signal has been modulated to a new center
frequency of f0 without creating the frequency pairs, i.e., it
resulted in upper sideband. If we compare the spectral plot
above with that of the DSB modulation we can see that the
Spectral Shifter accomplished the SSB modulation.
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All-digital radio-transmitter
LTE OFDM transmitter

by 256-QAM modulation (part 4)
Olivier Cotte, Student, IEEE

Abstract—When an analogue signal is sampled, or quantized
in time, we obtain a discrete-time signal. The widely used term
digital signal implies that both time and amplitude are quantized.
We use the term digital filtering although dealing with the
discrete-time analysis. Digital filters are more straightforward to
prototype than their analogue counterpart. Also, steep frequency
response and massive decimation/interpolation ratio are only
possible in the digital domain thanks to the facts that computer
arithmetic is not affected by temperature or components values
mismatch. There is two type of digital filters: Finite impulse
response (FIR) and Infinite impulse response (IIR) filter.

Index Terms—All-digital transmitter, baseband signal
processing, convolution, digitized radio-over-fiber, OFDM,
256-QAM, digital interpolator, MATLAB, 5G.

I. INTRODUCTION

A
MODULATION format that can offer much higher
single-channel capacity and flexibility in dispersion and

nonlinear impairment mitigation is the employment of multi-
carrier multiplexing (MCM). When these sub-carrier chan-
nels are orthogonal, hence the term orthogonal frequency-
division multiple access (OFDM) is used. Our motivation
in the introduction of OFDM is due to its potential as an
ultrahigh capacity channel for the next generation Ethernet,
the optical Internet. OFDM is a combination of multiplexing
and modulation. The data signal is first split into independent
subsets and then modulated with independent sub-carriers.
These sub-channels are then multiplexed for OFDM signals.
OFDM is thus a special case of FDM but instead of one
stream, it is a combination of several small streams into one
bundle. A schematic signal flow diagram of a MCM is shown
in 1. Data streams are mapped into a two-dimensional signal
point from a point signal constellation such as QAM [1].

Fig. 1. OFDM transmitter diagram

In OFDM, the serial data sequence, with a symbol
period of Ts and a symbol rate of 1/Ts is split up into

O. Cotte was with the Department of Electrical and Computer Engi-
neering, Concordia University, Montréal, QC, H3G 1M8 Canada Email:
o_cotte@encs.concordia.ca.

Manuscript received XX XX, 2018; revised XX XX, 2019.

N-parallel sub-streams (sub-channels). The OFDM symbol,
shown in 1, is generated under software processing as follows:
input Quadrature Amplitude Modulation (QAM) symbols are
zero-padded to obtain input samples for inverse fast Fourier
transform (IFFT). These sequences can be generated from
an arbitrary waveform generator. The multiplexed channels
are combined and converted to time domain using the IFFT
module and then converted to the analog version via the two
digital-to-analog converters. These orthogonal data sequences
are then used to modulate I and Q optical waveguide sections
of the electro-optical modulator to generate the orthogonal
channels in the optical domain.

One of the biggest advantages of an OFDM modem is the
ability to convert dispersive broadband channels into parallel
narrowband subchannels, thus significantly simplifying qual-
ization at the receiver end. Two difficulties arise when a signal
is trasmitted over fiber. The first is envelope fading, which
attenuates the signal strengh in an unpredictable way. The
other is dispersion, which altes the original signal waveform
in both time and frequency domains.

A. Broadband transmission

To carry more information in a given time window,
frequency-division multiplexing (FDM) can be utilized. In
particular, K information-bearing symbols, s0, ..., sK−1 can
be modulated onto K different subchannels using different
complex exponential wk(t) = ej2πkt/N as follows,

x(t) =

K−1∑
k=0

skwk(t), t ∈ [τmax, T ] (1)

To guard against the ISI, a cyclic-perjix (CP) of duration a t
least τmax, can be employed at the transmitter. The output
is only subject to a scalar multiplication on each of the
information symbols within the observation windows,

y(t) =

K−1∑
k=0

H(ej2πkt/N )skwk(t) (2)

The effect of the channel is a scaling on each subchannel.
Since the scalar ambiguity can be removed with channel
estimation, it can be argued that the FDM is ’immune’ to
the time-dispersion effect and thus has an advantage over
single-carrier modulation with a linear equalizer.
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While the CP in FDM reduces the multipath channel effect
to a scalar on each subchannel, it is unclear whether the signals
across different subchannels will interfere to each other. For
two waveforms to be orthogonal within [0, TI], they must
fulfill the orthogonality constraint:∫ T

0

w1(t)w
∗
2(t)dt = 0 (3)

The minimum tone separation is thus 1/T hertz. Therefore,
as long as wk(t) is placed 1/T hertz apart, there will be no
inter-subchannel interference in FDM. The FDM that satisfies
such frequency spacing requirement is therefore referred to
as OFDM. Each tone in OFDM is referred to as a subcarrier.

Assume there are K (usually power of 2) subcarriers in the
system, and the time-domain sampling rate is N/T = 1/Ts, N
= K hertz. Further assume that the channel delay spread is L
(LTs,= τmax) samples. Let xn, hn, and yn be the sampled
input, channel, and output, respectively; it is clear that they
are related by a linear convolution:

yn = xn ∗ hn (4)

Now let Y (k), X(k), and H(k) be the K-point Discrete
Fourier transforms (DFTs) of the output, input, and channel,
respectively, within the observation window.

Y (k) = X(k)H(k), k = 0, ...,K − 1 (5)

As a result, the OFDM modem can be elegently implemented
in discrete-time using fast algorithms such as the Fast Fourier
transform (FFT). Signals modulated on different subcarriers
can be perfectly separated after the FFT operation at the
receiver.

1) OFDM realization: At the transmitter, a block of
information-bearing symbols are first serial-to-parallel
converted onto K subcarriers. The orthogonal waveform
modulation is carried out using an inverse FFT and a parallel-
tc+serial converter. Following the converter, the last L points
are appended to the beginning of the sequence as the cyclic
prefix. The resulting samples are then shaped and transmitted.
Each transmmited block is referred to as an OFDM symbol.

Considering an OFDM system with N subcarriers and a
time-domain sampling rate 1/Ts. Now let us examine the
modem operations mathematically. Denote

s(n) = [s0(n)s1(n)...sp−1(n)]
T (6)

as the nth block of data to be transmitted. The number of
subcarriers used, P, may be less or equal to the number of total
available subcarriers, K : P ≤ K. The OFDM modulation is
implemented by applying an IDFT operator to the data stream
s(n). Using matrix representation, the resulting N-point time
domain signal is given by

x(n) = [x0(n)x1(n)...xN−1]
T = Wps(n) (7)

where WP is an N x P submatrix of the IDFT matrix W.
The columns of WP correspond to the subcarriers that are
modulated with data. For DFT-based OFDM, a cyclic prefix is

added to the multiplexed output of the IDFT to form an OFDM
symbol, before it is transmitted through a fading channel.
Because of 5, the receiver output for the nth block within
the demodulation window is given by

y(n) = [y0(n)y1(n) . . . yN−1(n)]
T

= WPHs(n)

= WP

⎡⎢⎣H(1) 0
. . .

0 H(P )

⎤⎥⎦ s(n)

where H(i), i = 1,...,N is DFT of the channel response. In
other words, each subchannel, with a scalar ambiguity, can be
recovered by applying a DFT to Y(k):

WH
P y(n) = H[s1(n)...sP (n)]

T (8)

2) OFDM system model: Mathematically, the OFDM signal
is expressed as a sum of the prototype pulses shifted in the time
and frequency directions and multiplied by the data symbols.
In continuous-time notation, the k-th OFDM symbol is written
[2]

sRF,k(t−kT ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Re

[
w(t− kT )

∑N/2
i=−N/2 xi,ke

j2π

(
fc+

i
TFFT

)
(t−kT )

]
kT − Twin − Tguard ≤ t ≤ kT + TFFT + Twin

0,
(9)

A complete list of symbols is given here:
T Symbol length; time between two consecutive OFDM sym-

bols;
TFFT FFT time; effective part of the OFDM symbol;
Tguard GI; duration of the cyclic prefix;
Twin Window interval; duration of windowed prefix/postfix

for spectral shaping;
fc Center frequency of the occupied frequency spectrum;
F = 1/TFFT Frequency spacing between adjacent SCs;
N FFT length; number of FFT points;
k Index on transmitted symbol;
i Index on sub-carrier; i ∈

˘N/2, ˘N/2 + 1, . . . ˘1, 0, 1, . . .N/2˘1;
xi,k Signal constellation point; complex data, pilot, null

symbol modulated on the i-th subcarrier of the k-th
OFDM symbol;

w(t): The transmitter pulse shape defined as

w(t) =

⎧⎪⎨⎪⎩
1
2 [1− cosπ(t+ Twin + Tguard)/Twin],−Twin − Tguard ≤ t ≤
1, Tguard ≤ t ≤ TFFT

1
2 [1− cosπ(t− TFFT )/Twin], TFFT ≤ t ≤ TFFT + Twin

(10)
Finally, a continuous sequence of transmitted OFDM symbols
is expressed as

sRF (t) =

∞∑
k=−∞

sRF,k(t− kT ) (11)

The simulated spectrum of such an OFDM signal is shown in
Figure 2.
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B. Lowpass equivalent transmitted signal

From 9 to 11, the complex equivalent lowpass signal trans-
mitted can be directly given. The complex envelope of the
OFDM signal is written [2]

s(t) =

∞∑
−∞

sk(t− kT ) (12)

with

sk(t−kT ) =

⎧⎪⎨⎪⎩
w(t− kT )

∑N/2−1
i=−N/2 xi,ke

j2π i
TFFT

(t−kT )

kT − Twin − Tguard ≤ t ≤ kT + TFFT + Twin

0
(13)

Fig. 2. Triple band 20 MHz LTE waveform (+0 dB) at -80 dBm, power
spectrum estimate

Fig. 3. Triple band 20 MHz LTE waveform (+0 dB) at -80 dBm, message
signal

Fig. 4. Triple band 20 MHz LTE waveform (+0 dB) at -80 dBm, constellation
diagram

Fig. 5. Triple band 20 MHz LTE waveform (+0 dB) at -80 dBm, channel
magnitude per subcarrier per OFDM symbols

Fig. 6. Adjacent channel leakage ratio
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Fig. 7. Evolved Universal Terrestrial Radio Access ratio of the filtered mean
power centred on the assigned E-UTRA channel frequency to the filtered
mean power centred on and adjacent(s) UTRA channel frequency

II. CONCLUSION

OFDM is a form of multicarrier modulation that transmits
broadband data over parallel narrowband streams. The superi-
ority of OFDM over single-carrier based modems can be better
understood by the salient features of OFDM are highlighted
as follows:
• Advantages:
◦ High spectral efficiency
◦ Simple implementation: the use of FFT and IFFT in

OFDM reduces the modem complexity
◦ OFDM is robust against frequency selective fading and

interference.
• Disadvantages:
◦ Its tightly packed subcarriers give rise to increased

sensitivity with respect to carrier frequency errors and
interchannel interference (ICI).

◦ The high peak to average power ratio (PAPR) imposes
stringent requirements on the ADC and DAC, and more
importantly, on the linearity of the power amplifier
(PA).
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All-digital radio-transmitter
Direct Digital Frequency Synthesizer

on Digilent Atlys Spartan-6 FPGA (part 5)
Olivier Cotte, Student, IEEE

Abstract—Direct-digital-frequency synthesis (DDFS) is a tech-
nique for using digital data processing blocks as a means to
generate a frequency and phase tunable output signal referenced
to a fixed-frequency precision clock source. The interest in DDFS
rise from the fact that in the digital communication system, it is
often necessary to generate multiples frequency from a reference
source. Quantization noise, aliasing and filtering are issues which
affect DDFS since the data stream at its output is actually
a discrete-time signal. Many telecommunication applications
require such a high-speed switching, fine-tuning and superior
quality signal source for their components. The key lies in exploit-
ing the phenomenal success of CMOS technology scaling for high-
level integration. Direct digital frequency synthesizer highlight
the practical design considerations and technical innovations of
FPGA.

Index Terms—All-digital transmitter, baseband signal, digital
signal processing, DDS, DDFS, direct digital synthesis, FPGA,
MATLAB

I. INTRODUCTION

A
TYPICAL DDFS relies on an accumulator to recursively
sum the digital input tuning word at the rate of the sample

clock. This produces a time series of digital words at the output
of the accumulator that increases linearly until the accumulator
rolls over [1].

Fig. 1. Phase accumulator based DDFS [Vankka and Halonen, 2001]

The maximum frequency the DDFS can generate is
given by the uniform sampling theorem (Nyquist):

Fmax = (2N−1 − 1)Fclock/2
N ≈ Fclock/2 (1)

The closer

Fout ≈ Fclock/2
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The more distorted and jittery the output wave, the harder the
analog reconstruction using a lowpass filter.

A. CORDIC algorithm

The COordinate Rotation DIgital Computer (CORDIC) al-
gorithm will be used to generate a large number of signals
iteratively without resorting to multiplications [2]. This archi-
tecture is interesting at the FPGA since the floating integer
multiplication takes several cycles and requires an floating
point unit (FPU), which represents a significant amount of
resources. The fixed-point multiplication is less expensive, but
requires that you double the size of the data bus (if both
operands have the same width). The least significant bits can
be rejected. The results is then valid on the same number of
bits as the operands, a non-optimal use of FPGA resources
[3].

xi+1 = xi −m · yi · 2−i (2)

yi+1 = yi + xi · 2−i (3)

zi+1 = xi −m · yi · e−i (4)

e−i = atan 2−i (5)

Rotation mode :

di = −1 if zi < 0,+1 otherwise

Vectoring mode :

di = +1 if yi < 0,−1 otherwise

The CORDIC is based on an iterative algorithm that uses
only addition and arithmetic shifting to compute trigonometric
and irrational functions with a precision defined by the width
of the results in number of bits. Generally, from 24 bits for
digital radio applications is sufficient. In our case the function
generator bus will be 34 bits to be the same width as the FIR
filter bank of the digital interpolators.
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Fig. 2. CORDIC iteration step [1959. Volder]

The attractiveness of CORDIC also comes from the fact
that division and multiplication operations can be performed
using only arithmetic shifting and additions [4]. This result
is very important since a circuit implementing a CORDIC
can perform operations on complex functions at a very high
frequency.

Our attention was directly focused on curves of the form of
a hyperbolic secant [5], which describe the general shape of
an optical soliton, a time domaine waveform that is unaffected
by dispersion and non-linear effects when traveling optic fiber.
A variety of others irrationals function can also be derived as
follow [6]:

tan(α) =
sin(α)

cos(α)
(6)

tanh(α) =
sinh(α)

cosh(α)
(7)

exp(α) = sinh(α) + cosh(α) (8)

ln(α) = atanh[y/x] where x = α+ 1 and y = α− 1 (9)

(α)1/2 = (x2 − y2)1/2 where x = α+1/4 and y = α− 1/4
(10)

In rotation mode, setting x0 = 1/An, y0 = 0, z0 = θ:

xn = An[x0 cos(z0)− y0 sin(z0)] = cos(θ) (11)

yn = An[y0 cos(z0) + x0 sin(z0)] = sin(θ) (12)

zn = 0 (13)

In vectoring mode, setting x0 = x, y0 = y, z0 = 0:

xn = An(x
2
n + y2n)

1/2 = An‖(x0, y0)‖ (14)

yn = 0 (15)

zn = z0 + atan
( yn
xn

)
= ∠(x, y) (16)

Where

An =

n∏
i=1

(1 + 2−2i) (17)

B. Extended CORDIC algorithm

By slighty modifying the original CORDIC algorithm, we
can now compute hyperbolic function. They are however
limited to a specific range of convergence that the number
of iterations of our algorithms dictated. Higher the number of
iterations will increase the relative error, but if the iteration
count is too low, the range of convergence will be to small
to have any significant results [7]. From experience, M =
4 yield acceptable results and a wide range of convergenge
(x ∈ [−9.65581, 9.65581]):
For i ≤ 0:

xi+1 = xi + δi · (1− 2i−2) · yi (18)

yi+1 = yi + δi · (1− 2i−2) · xi (19)

zi+1 = zi − δi · atanh(1− 2i−2) (20)

For i > 0:
xi+1 = xi + δi · yi · 2−i (21)

yi+1 = yi + δi · xi · atanh(2−1) (22)

zi+1 = yi − δi · atanh(2−1) (23)

Rotation : δi = −1 if zi < 0, + 1, otherwise
Vectoring : δi = −1 if xiyi ≥ 0, + 1, otherwise

Where

An =
[ 0∏
i=−M

(1− (1− 2i−2)2)1/2
][ N∏

i=1

(1− 2−2i)
]

(24)

In rotation mode, setting x0 = 1/An, y0 = 0, z0 = θ:

xn = An[x0cosh(z0) + y0sinh(z0)] = cosh(θ) (25)

yn = An[y0cosh(z0) + x0sinh(z0)] = sinh(θ) (26)

zn = 0 (27)

‖z0‖ ≤ θmax (28)

Where

θmax =

0∑
i=−M

atanh(1− 2i−2) (29)

For M = 4:

θmax = 9.65581
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C. CORDIC linear functions

This configuration allows the usage of the multiplication
and division capability of the CORDIC, only by adding and
arthmetic shifting a delay pipeline of samples [8]:

xi+1 = xi − 0 · yi · δi · 2−i = xi (30)

yi+1 = yi + xi + δi · 2−i (31)

zi+1 = zi − δi · 2−i (32)

In rotation mode, setting x0 = x, y0 = 0, z0 = z:

xn = x0 (33)

yn = x0z0 (34)

zn = 0 (35)

In vectoring mode, setting x0 = x, y0 = −y, z0 = 0:

xn = x0 (36)

yn = 0 (37)

zn = y0/x0 (38)

D. All-digital optical soliton pulse generation

Under certain circumstances, the effects of self-phase mod-
ulation (SPM) and group delay dispersion (GDD) on a pulse in
a laser resonator can essentially cancel each other. The pulse
must be unchirped and have a sech2 temporal shape [9]:

P (t) = Pp sech2

(
t

τ

)
=

Pp

cosh2
(

t
τ

) (39)

Fig. 3. On-board scope, Digital PCM signal

Fig. 4. Digital logic

Fig. 5. Spartan-6 FPGA layout

Fig. 6. Digital hyperbolic secant squared output power spectrum estimate

II. CONCLUSION

The results are basic, but we still manage to compute carrier
wave with a circuit operating at nearly 500 MHz (491.52
MHz), since we use on the one hand FPGA components
specialized in high density DSP calculation (DSP48A) on
Spartan-6 FPGA and on the other by only using additions
and shifting. The net results is that we can synthesize, and
combine, two digital unit amplitude sine wave (one cosine and
one sine), of arbirary frequency. Theoritically, the maximum
frequency can’t exceed Fmax = 245.76 MHz, but realisticly,
Fmax ≈ Fsample/3 = 163.84 MHz.
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Fig. 7. VHDL simulation

Fig. 8. Digital Sech2 (top), using MATLAB (bottom)
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Booting Linux
from the Digilent Atlys FPGA
on-board SPI Flash memory

Olivier Cotte, Student, IEEE

Abstract—The dominant architecture in the PC market, the
Intel IA-32, belongs to the Complex Instruction Set Computer
(CISC) design. The motivation for designing such complex
instruction sets is to provide an instruction set that closely
supports the operations and data structures used by Higher-
Level Languages (HLLs). However, the side effects of this design
effort are far too serious to ignore. For these and other reasons,
in the early 1980s designers started looking at simple ISAs.
Because these ISAs tend to produce instruction sets with far
fewer instructions, they coined the term Reduced Instruction Set
Computer (RISC). The MicroBlaze microprocessor used during
this experiment is a 32-bit RISC processor.

Index Terms—Linux kernel, FPGA, bitstream, MMU,
MicroBlaze, Digilent Atlys, Spartan-6, SPI Flash, RS-232

I. INTRODUCTION

T
HIS short review propose a FPGA linux boot image target
to the spartan-6 digilent atlys board SPI flash. Upon

loading it on memory, when the board is power on, linux boot
automatically from the flash and place itself at the addresss
0x48000000 in the DDR2 RAM.

A. Xilinx Microblaze microprocessor

In order for a program to run on the FPGA, we need a pro-
cessor to execute the instruction of its binary representation.
The Digilent Atlys native processor is the Microblaze Soft
processor.

• 32-bit Reduced Instruction Set Computer (RISC);
• Instruction/Data Cache;
• Floating Point unit (FPU);
• Memory Management Unit (MMU);
• Linux development on low-end system (xlnx-linux);
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Fig. 1. Microblaze 32-bit Harvard RISC architecture (Xilinx Inc.)

The Microblaze is part of the Xilinx License part of its
product, there are no royalties to pay and can integrate with
peripherals like

• Gigabit Ethernet;
• PCI express;
• UART16550;
• SPI;
• I2C;
• GPIO;
• Memory controllers including DDR2, DDR3, DDR,

SDRAM, SRAM and Flash memories;

In Fig. 1, the Ethernet peripheral, the UART for the I/O of the
keyboard and the screen through a terminal and a SPI Serial
Flash controller to download the operating system binary from
an external memory.

B. Compiling the kernel

The .dts file needs to be compile into a .dtb, which is
the input binary to the operating system. It consist of the
description of our embedded prototyping board and all its
peripheral connected to the Microblze processor. In that way
the operating system know what device are present, and map
them to the correct drive. The complete system consists of a
low-end Microblaze microprocessor target to communications
applications. Tailoring its parameter for our specific FPGA
(spartan-6) and the main memory is located in the DDR2
(0x48000000).
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Fig. 2. SPI Flash booting output through RS232

Fig. 3. Kernel parameters

II. CONCLUSION

The flash device storage as follow:
• downloat.bit (0x000000-0x16B000);
• simpleImage.xilinx (0x16B000-0xF00000);

This short glimpse offer: a simulate Linux kernel target to a
FPGA on QEMU and a configured FPGA , configure onboard
SPI Flash boot and configure the software running on it (linux
binary).

Fig. 4. Device-tree
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Fig. 5. QEMU booting the kernel


