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ABSTRACT

Vibration Analysis of ThicknessTapered Laminated CompositeSquare PlatesBased on
Ritz Method

Babak Arab

Thicknesstapered laminated composite plates provide stiffreasdmasstailoring design
capabilitiessuch thathey are widely used in aerospacelaaions including space structures. In
the present workthe free and forced vibration response of symmetric liyetinicknesstapered
laminated compositsquareplates are consideredith a variety of taper configurations and
boundary conditionsSinceexactandclosedform solutiors for the natural frequencieandmode
shapesf the platescould not be obtainedrbém the correspondingcomplex partial differential
equatiors in space and time coordinates, the Ritz method in conjunction with the Classical
Laminated Plate Theory (CLPT) and thise First-order Shear Deformation Theory (FSDT) is
used to obtain the syst e méd-plamabesdingaviaton.Shei f f ne s
natural frequencies and mode shapes are deternfiftedward theforced vibration responde
harmonic loading®f the plates are determinedby usingthe assumed modes methasing the
mass and stiffness matricabbng withthe correspondingatural frequencies and mode shapes
obtained fromthe free vibration analysisSeveral distributed line loads are considered for the
forced vibration analysis of the plates with and without damplingn, he demonstratioof
solution accuracys performedby comparing the results obtained in fiaed forced vibration
analysis, with the solutions availabte literatureand the solution based on therfite Element
Method using ANSYS®. Moreover, hybrid @niform thick i taperi uniform thin) laminated
composite platearestudied forthe effects of taper length ataperangle on the amplitud®f the

maximum deflectioaof theseplates.
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Chapter 1:

Introduction

1.1  Vibration analysis

Vibration is a mechanical phenomenon in which oscillatory motions of bodies with
associated forces occur about equilibrium points. In general, vibrations are undesired as they are
responsible fowasting energy, creating noise gmabr performance of mechaal, structurabnd
mechatronic systemdJnfortunately, hey are capablef creating devastating effects dhe
efficiency and/or operating lifetime of the machic@mponents and structurégibration may
cause fatigue, the most common failure mechammsmechanical structures, and in some cases
lead to catastroph failure. Therefore, developing efficient metlodor eliminating this

phenomenon has always beemaorresearch interest.

1.2 Freevibration

Free vibratioranalysigs a weltknown topic ané key component itheanalysis oforced
vibratiors. In addition, another reason behind the importance of the free vibration analysis is
avoid resonancekree vibration is a phenomenon in which a mechanical system is setionm
by initial displacement and/or velocity the absence of any external forcés. this kind of
oscillations, the total energgindconsequently, the amplitude of vibration stays the sathere
is no dampingln practice, amplitude eventually desagway to zeralue to thedissipation of

energy (dampingffect).

The term free vibration, also known as natural vibration, is always associated with natural
frequency, the frequency with which a free vibrating system oscillates. A system may have several
natural frequencies while the system is allowed to vibrate solely with one natural frequency at a
time. The lowest natural frequency of an oscillatory system is called fundamental frequency which
is usually the most important onethreanalysis. For any natural frequentlyereexists a normal
mode or mode shape, pattern of motion in which all parts of the system mwitle the same

frequency.



1.3 Forced vibration

In contrast to free vibration which, once started, is left alone, forceatibroccus when
a systems continuously driven by external stimulus. This external excitation can be a periodic
and steadystate, a transient or a random input. In general, two types of forced vibration,
deterministic and nedeterministic referred tosarandom, are defined deterministicvibration
is the one that can be characterized precisely, whereas a random vibration is merely analyzed
statistically. An example of deterministic vibration tisat due toan applied load varying
sinusoiddl called larmonic loading. Harmonic excitation is often encountered in engineering
systems. It isalsocommonly produced by the unbalanceratating machineryA phenomenon
called resonance occurs in a systefmmew the frequency of dynamic periodic load and the
frequency of free vibration of theystemcoincide. Specifically, resonance occurs when the
frequency of the applied foramincides withone of the natural frequencies of the driven system.
In this coincidene periodic excitation optimally transfetbeenergyto thesystenso thatthe
amplitudewith which the system vibratescreasesgradually until the system is damaged
Obvious e@amples of forced vibration include thébration of thefloor of a factory due to the
running heavy machineries or thiration of a building during an earthquake.

14 Ritz M ethod

Differential equatioro r i gi nat i ng f r govermihgawibratingdystemara w a n d
the key componesin solving a vibration problem. Howevetepending on the problem, solving
the governingdifferential equations ad mechanical system can be a complicated task or in some
cases, the exact analytical solution for the equations is not availaigita thetaper configuration
of the laminated composite plates, the coefficients ofjthwerningpartial differential equations
are expected to be functi®of w (the direction of the tapeguch that solving thdifferential
equationss quite complicated if nampossible Therefore, numerical methods of analysis provide
the alternative methadfor finding the solutions. The Ritz method referred to as classical
variational method, one of the most powerful of existing techniques for the approximate analytical
and numerical solution of functional equations, offers the alternative method to overcome the

problem and typicallyras beemsed in the literature.



Lord Rayleigh was an English Physicist, published his renownedifidwory of Sound
in 1877 .He explained the calculation method to deterntiredundamental natural frequency of a
continuous system such as strings, bars, beams, membranes asith plistéook. The principle
of Ra yrmethodgstbésed on assuming the mode shape and equatimgitimum potential

and kinetic energies in a cycle of motjdef.[1].

In 1908, Walter Ritz usethe principle of multiple admissible displacement functions to
determine the frequencies and mode shapes of any structural member. He demonstrated his method
by determining the natural frequency of a completely free square plate. Consequently, Rayleigh
used the same principle in his book and another publication. After a while, many researchers used
thismethods ome cal |l ing it t hétedORa ytiRe ihgeld hie®l[fh @aach d ot

TheRitz method has gained popularitytive last few decades to accurately determine the
natural frequencies and mode shapes of vibration of continuous systems, especially if the exact
solution is not available. This nietd beame more applicable after the discovery of digital
computer. The success of this method in a boundary value problem or in an eigenvalue problem
depends on accurately assuming the solution in the form of series of approximate displacement
functions vhich must satisfy the geometric boundary conditiétes.[1].

In the present study, the Ritz method is used to solve the eigenvalue problem of a tapered

composite platén natural vibration investigation

1.5 Compositematerials

A composite materiatonsists of an assemblage of two or more materials of different
naturesand allovs us to obtain a material of which the set of performance characteristics such as
high strength and high modulus to weight rgtimorrosion resistance, thermal propertiesgiee
life and wear resistance and increased tolerance to damage is greater than that of the components
taken separatelyRefs.[2] and[3]. Fiberreinforced composites (FRC) are lightweighaterials
and provide sufficient strength foarryingloadings.Therefore, in spite of high cost, they are used
in aerospace components such as wings and fuselages. Weight reduction by use of tapered

compositdaminatedn helicopter blades that rotatgth high angular velocity (tip velocity of 200



m/s), results in les fuel consumptionand consequentlyin longer operational range for the

helicopter.

Carbon fiber is one of the most important Rggrformance fibers for military and
aerospace applications. Higlrength carbon fiber came out of the development |atroeatin
JapanEngland, and the United States in the late 1960s. The initial fibers were very expensive
(more than 400 to 500 dollars per pound) which limited their applications tevhigh military
aerospace and space systems. The results of ealgryndomposite development programs can
be seen today in systems fielded by each of the military services. For example, more than 350 parts
of the F22 Raptor, accounting for 25 percent of the structural weight, are capmiy
composites. But in the egrll970s, continuous processes were developed and the cost declined
steadily over the next decade. The Air Force Materials Laboratory took the lead in U.S.
governmentsponsored material development and hardware demonstration. By the late 1970s,
composite meerials were used in the production of primary structures for military aircraft and
missiles. These applications were followed by selective use in commercial aircraft. For 20 years,
between 1969 and 1989, the carbon fiber industry had phenomenal tectalotogicess and
doubledigit annual growth in aerospace and defense industries, with additional use in sports
equipment and some limited use in automotive and industrial applications. This growth attracted
many large international companies into the ingusthe vision was that continued growth in
military and commercial aircraft use would be followed by a very large industrial market by the
year 2000 Ref.[3].

1.6  Taperedlaminates

Due to outstanding mechanical properties, composite materialscaly used in industry
and they come in various shapes and structures depending on the requirérhentapered
composite plates are popular in #exospacadustry and are used in manufacturing the structures
such as rotor blades of helicopters ocuft wings. Thickness reduction in tapered composites
can be implemented by therminationof plies at different locations providing the tapered plate
with customizeestiffness property which is an absent capability in uniform lamin&tesnitial
applcation of tapered laminated composites dates back tel880s when commercial and



military sectors demanded, elasticatiystomizable components with higher weight to stiffness
ratio, Refs.[4], [5] and[6].

1.7 Literature survey

In this section a comprehensive literature survey is presented on the impatiadies
carried outon the free and forced vibration response of uniformtaiénesstapered laminated
compositeplatesin some cases beanasid the application of the Ritz method in tapex@thposite
plates. Before composite material is revealemnmogeneoumaterials wer¢he main subjects for
researchex to focus on, and engineers to build complex structwéisen composites were
introduced, de to uniqgue mechanical properties, a lot afigs were completed dhe material.
The works that have been dame composite materials are mainly confined to uniform platels
there has been Bmited amount of literature orhe vibration analysis othicknesstapered
laminated compositglates,in spite oftheir applicability.

1.7.1 Freevibration

There are lots of work done on natural vibration of uniform rectangular composite beams
and plates using different approaches. In addition, some studies have been conducted on tapered
composite beams and platéghis subsection is dedicated to a revieWtbeseworks

By usingstochastidRayleighRitz approachVenini andMariani, Ref.[7], studied thdree
vibrationsof uncertain composite plates. Ganesan and ZabjhR#& [8] analyzed the natural
vibration response and buckling of unifemidth and tiicknesstapered composite beams made
of NCT-301 GraphiteEpoxy laminas using both conventional and advanced finite element
methods based on CLPT and FSDT. Berthd®aif.[2], has found theexact solutions for the free
vibrations of uniformaminated compositplates.Reddy Ref.[9], Berthelot Ref.[2], and Jones
Ref.[10], have found the exact solutions for the free vibrations of uniform laminated composite
beamsWhitney, Ref.[11], analyzed the effect of boundary conditions on vibratiohuniform
unsymmetrically laminated rectangular plates. Using Ritz mettmidsaand BaharluRef.[12],
developed a method for analysis of free vibration and buckling of uniform laminated composite
plates with arbitrary boundary conditioidatural frequencies and buckling stresses of uniform
crossply laminated composite plates were investigated by Matgireef.[13], considering the

5



effects of thickness change, shear deformation and rotary inertia. Wu andRefigt4], by a
higherorder theory of plate deformation, determined the natural frequencies and buckling loads
of uniform laminated compositegies. Ganesan and NaBief.[15], based on FSDT, developed

a general finite element formulation to study the natural vibration of laminated composite beams.

Bertard , Ref.[16], presented an analysis waryingthickness thin rectangular plate with
two opposite edges simply supported and general boundary conditions betwednethevo
edges. The boundary conditions at these two edges may be quite general. For is@sppmaily
orthotropic laminated plates, the derived solution method is capable of yielding highly accurate

results with very smattomputational effort.

Malekzadeh Ref.[17], has carried outargeamplitudefree vibrationanalysis of tapered
Mindlin rectangular platesiade of isotropic materials anaith elastically restrained against
rotation edges using differentigiadrature metid (DQM), and took advantage of direct iterative
method to solve the nonlineaigenvaluesystem of equations. The paper presents a parametric

study onlinearly and bilinearly varying thickness plates.

An improved Fourier series method has been presénytZthanget al, Ref.[18], for the
free vibration analysis of the moderately thick uniform laminated composite rectangular plate with
nortuniform boundary conditions. Under the framework, the displacement and rotation functions
are generally sought, regardless of boundary conditionspectral form, as a double Fourier
cosine series and three supplementary functions. All the series expansion coefficients are treated
as the generalized coordinates and determined using the Ritz method. The authors claim that the
method is capable tbe applied universally to a wide spectrum of plate vibration problems
involving different boundary conditions, varying material, and geometric properties while no

modification is required for the basic functions.

Houmat Ref. [19], studied thefree vibrationof variable stiffness laminated
compositerectangular platesn the basis ahreedimensionaklasticity theorycombined with
thep-version of thdinite element methad Results are obtained for frequencies, modal
displacements, and modal stresses of symmetricamirdymmetric laminatewith various
boundary conditionsThe frequencies predicted by the equivatnglelayerclassical plate

theoryandfirstorder shear deformation thealgow deviation from thredimensional solutions.


https://www.sciencedirect.com/science/article/pii/S0022460X96900462#!
https://www.sciencedirect.com/science/article/pii/S0022460X96900462#!
https://www.sciencedirect.com/science/article/pii/S0020740316310669?via%3Dihub#!
https://www.sciencedirect.com/science/article/pii/S0263822318300850#!

1.7.2 Forcedvibration

There are a lot of works done on free vibrations of plates and beams made of isotropic
material or composite. However, studies on forced vibration oformifbeams and plates,
particularly tapered ones, are remarkably less in numbers and many of them are toFimés

Element Analysis.

Babu et al, Ref. [20], have investigated the free and forced transverse vibration
characteristics of a tapered laminated thick composite plate due to harmonic excitation using finite
element method based on Feoster Shear Deformation Theory for three types of taper
configurdions considering rotary inertia effedfhe study has been validated by experimental
measurements and available literatltftakher Ref.[21], investigated free and forced vibration
of uniformwidth thicknesgapered laminated composite beams using Rigthod by both

conventionabnd advanced finite element formulations.

Reddy Ref.[9], derived an analytical solution for uniform composite plates subjected to
transversdoadings with all simply supported edges based on Classical Laminated Plate fheory.i

the method, transverse excitation is expanddeburierseries.

KumarGuptaet al, Ref.[22], presente@nalysis of forcedibrations of noFhomogeneous
rectangular plate with linearyarying thickness subjected to a uniformly distributed harmonic
lateral load based on Classical Laminated Plate Theory. Thiearongeneity of the plate material

is assumed to occur duetteelinearly-changing density.

Babu et al Ref [23], also investigated the dynamic properties of three different
configurations of the thickness tapered laminated composite plate with different boundary
conditions using Finite Element Method based on Classical Laminated Plate Theory (CLPT) and
studied dynand response of free and forced vibration due to harmonic loading. Results obtained
from computations have been compared with that of literature and experimental measurements in
order to validate the studyhe experimental measurements have been perforonedHFF and
CFCF platesThe paper shows that dynamic properties of a composite plate could be tailored by

dropping the plies.



Darabi and GanesaRef.[24], investigated thedynamic instability of internalhthickness
taperedaminated composite plateskgected to harmonic iplane loading based on ndinear
vibration analysis. The considered thaonlinear von Karman strains associated with large
deflections and curvaturesnd examinedhie nonlinear dynamic stability characteristics of
symmetric crosply laminates with different taper configuratiohs.the paper, @omprehensive
parametric studyas beercarried out to examine and compare the effects of the taper angles,
magnitudes of both tensile and compressivplame loadsindaspect ratios ot tapered plate
including lengthto-width and lengtkito-averagethickness ratios on the instability regions and the

parametric resonance particularly the stesidye vibrations amplitude

Seraj and GanesaRef.[25], has conducted theydamic instability analysis of doubly
tapered cantilever composite beams rotating with periodic rotational vefocityutof-plane
bending (flap), implane bending (lag) and axial vibratioAscomprehensive parametric stulays
been crried outto investigatethe effects of taper configurations and various system parameters
including mean rotational velocity, hub radius, dottlleering angles and stacking sequences, on

the dynamic instability characteristics of the composite beam.

1.8  Objectives of thethesis

The dynamic responsé thicknesstapered laminated composite plates is concerned within the

present thesis. The main objectives of the present study are the following:

1. Toinvestigate the free vibration response of thickit@gsred laminated composggquare
plates usindghe Ritz method, based on Classical Laminated Plate Theory (CLPT) anabfelest
Shear Deformation Theory (FSDT) andstadythe effecs of taper angd, taperconfigurationand

boundary conditionsn the fundamental frequencies of the laminates.

2. To investigate the forced vibration response of undamped and damped thickezss
laminated compositequareplates usingssumednodesmethod andnodalandysis approactand
to studythe effecs of taper angletaperconfigurationandboundary conditions on the transverse

deflection amplitude of the plate.



3. To studythe free and forced vibratioresponseof laminated composite hybrid square
plates using theofmulations developed for the thickndapered laminated composite square

plates.

1.9 Layout of the thesis

The present chapter provides a brief introduction and literature survey on free and forced

vibrations of thicknestaperedaminated compositglates.

In chapter 2, free vibration dhicknesstaperedlaminated compositplates using Ritz
method based on Classical Laminated Plate Theory (CLPT) anebfest Shear Deformation
Theory (FSDT) is analyzedror demonstration he obtainedresults arecomparedwith that of
available literaturend theexact solutiorfor the uniform laminateThen, the layer reduction test
is conducted to compare thendamental frequency of thkicknesstapered laminated composite
plates with theeorresponding uniform thick and thin ones. A parametric study on laminate length,
taper angle and laminate configurations for different boundary conditions is done and the obtained

data based on CLPT and FSDT are displayed in the tables and comparedraplise

In chapter 3, forced vibration othicknesstaperedlaminated compositeplates is
investigated based amssume modesmethod and Multi Degree of Freedom SystéMDOF)
modelusing the natural frequencies, mode shagedmass and stiffness matricdetermined in
chapter 2. Then, the numerical results are validated using available literature asuselyabe
exactclosedform solution for the uniformaminatewith all edges simply supportedhe layer
reduction test similar to thgerformed inchapter 2is conducted othe transverse deflection of
the taperedplates. The deflection of the thicknesstaperedlaminated compositplates due to
applied line loads arplotted by the correspondig graphs for differentaperconfigurationsand

boundary conditions.

In chapter 4the free vibration analysis carried out on thlaminated composite hybrid
square plates and based on that, freed vibrationresponse othe hybrid laminateslue to

transverse excitatiols investigated and the obtained results are analyzed and discussed.



Chapter Sorovidesan overall conclusion dhe present worlknd some recommendations

for thefuture worls.
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Chapter 2:

Freevibration analysisof tapered composite plates

2.1 Introduction

Due to outstanding mechanical propertieanpositelaminates are increasinglysel in
industryand they come in various shapes and structiepsending orthe requirementsTapered
composite plateare popularn aerospace industryg. in the structures such as rotor blades of
helicopters or aircraft wingsvheren the thickness is gradually decreasedanlsthe tip,tapered
compositeplates are used hicknessreductionin tapered composites can lmeplementedby
termination of plies at different locatiomsoviding the taperedplate with customized stiffness

propertywhich isan absentapabilityin uniformlaminates.

ClassicalLaminatedPl at e t heory known as CLPT ishased
commonly ued to model plate behavidrhe iatio of the inplane elastic modulus to the transverse
shear modulus is large for composite plates and CLPT neglecting the transverdefsiegtion
is adequate for the analysif the thin plates. However, forinvestigation ofthick and
moderatelythick plates CLPT is unable tooutputa satisfyingresult therefore,more advanced
theoriessuch ag-irstorderShearDeformationTheory(FSDT)developed by Reissner (1945) and
Mindlin (1951)can be used tperform the analysisSincethis theoryconsiders the transverse

shear stresset is capable to produce more accurate results in comparison with CLPT.

In this chapterfree vibrationanalysisof taperedaminatedcomposite plates wittifferent
configurations and boundary conditions is considebeded on CLPT and FSDBince exact
closedform solution cannot be obtainewin the complex partial differential equation, the Ritz
method is used to obtain the syséemass and stiffness rmeesandthen natural frequencigior
out-of-plane bending vibratiofBased on the theorigbestress and strain distributions determined
in terms of fiber and taper angles are used to calckila¢tic and strain energeAfterward the
natural fregencies and corresponding mode shapesobatainedby solving the eigenvalue
problemobtainedusing theRitz methodThen theobtained resulls compared withthatavailable

in literatureandwith Finite Elementnalysis(ANSYS®) solution A flayerreduction te®is also
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carried outfor concrete validation antb observe théundamental frequency changeth the

increase in taper angle

2.2  Taper configurations

In this sectionfour tapered compositaminated fate configurationsare describean
which analysigs carried outthroughout thehesis Similar taper configurations are commonly
used in industry andave beemstudied in literaturg3], [23], [34]. To provide avisualperception,

these configurationareshown inFigure 21.

ConfigurationA ConfigurationB

ConfigurationC ConfigurationD

A Z

X
y =

Figure 2.1 Taperconfiguratiors and the global coordinate system

12



The tapered laminatedquareplates are consideredvith laminate configuration of
Mwn and M wTm atthe left and right endsrespectively,and to bemade of resin and
unidirectional NCT301 GraphiteEpoxy material with ply thickness ofp ¢ up T m. The
lengths of the laminates are dependent on the taper &aogleachtaperconfiguration thestudy

is carried out for different taper angles and boundangditionsthat arentroduced and explained

in furthersections

2.3 Stress andstrain transformations

Transformation otoordinatesystems is a common problem in mechanics of materials
Here, the formulatioior transformation of coordinate systeand the derivatiororresponding
to strains and stressese performedaccording toRefs. [2] and ] as a requirement for the

vibration analysis

The Y'Y ‘Ycoordinate systens consideregccording to the righhand rulelf the axis

aboutwhich rotation occurBy an arbitraryanglel is called, then,the direction cosines for the

new (rotatedyoordinate system’Y Y 'Y with respect tdhe coordinate systemY'Y Y, are:

Y Y Y
Y |AT OYh'Y  Qéf AT Bh'Y m Al Oy OEf
Y| AT Owhy Tt AT Gh'Y 0 AT OYh'Y Tt
Y| AT OYh'Yy OEf AT Gh'Y AT Oh'Y  wéf

Table 21 Direction cosines for rotatioaboutaxis'Y

TheFigure 22 shows the rotation of coordinate systei'Y Y about axisY by an

arbitraryanglel andthenew (otated coordinate systemY Y ‘Y.

13



"
L

R. R

Figure 2.2 Rotation of a coordinate systerhautan axis

Consider ararbitrary layerQfrom the tapered configurations shown Bygure 21. The
local coordinate systempeagieigeassumed on the lay& with Geearis directed along the fiber
orientation andiee@erpendicular to the surface of the layer as shoviAigare 23. By taperangle
« , theglobal coordinate system wi§ rotated counterclockwisabout thewaxis to establish the

coordinate systenuazade and in turn, caaeeis rotated byfiber orientation angle —
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counterclockwiseaboutthe geaxis to correspond to local coordinate systemaasice &agure 23

illustratesthe coordinate systenos ) Gz

Z -
A

Figure 2.3 Global and local coordinate systems

Transformation of stresses frahe @ waoordinate system to thesaseeoordinate system

is performed using transformation matriyY . In additionto Y , this explanation corresponds
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to strain transformatin matrix Y

in the same wayn equatios (2.1) and(2.2), thestresgsand

strainsin thew wandoazagaeoordinate systemaeconrected usingransformation matrice§Y

and Y

o
r PT
et
rt

1
-
[1a
1
1
1€
1
1
& ¢
W
1
lld‘
1
1
L,

(W

CO €

m-

Q‘
m-

cO €

o fs!

a caa
a ca a
3 cE &
oo a €
a € a &
s ag
ag L
ag
L ad
ad .
ad
a ad
a a a
3 €&
) a €
ca & P
[o§> as
S g
aa aaq
S aé

16

caa

ca a

Q-
m-

Q‘
m-

ag

Q‘
Q-

ad

ae

ae

ad

aa

caa

ca o p

Q-
m-

ad

ag 1
€

aa 1

(2.1)



In equationg2.1) and(2.2), the elements within the transformation matricesdaection

cosines for the ardinate system® wandaaeagegivenby Table 22. Depending on the axis about

which rotation occurs, direction cosines areaseording tolable 21.

() W a
GEe a8 Wé 4 a T o OE{
cEe 4 T 4 p G 7
el & OE{ g€ €  WE ¢

Table 22 Direction cosinegorresponding to taper angte

Theequationg2.1) and(2.2) are expressdin compact form.
” "Y ” (2'3)
- Y - (2.4)

The direction cosines in terms-ef areexpressedn a similar mannebetweerthe oazaiee

andosea@iceaordinate systemand the corresponding transformation matraeswritten.
” "Y ” (2.5)
- Y- (2.6)
In the local coordinate systetm & & , the stiffness 6 and compliance™Y matrices

of aunidirectional ply considered astransverselyjisotropic material, according fef. [2], are
expressedt is noted thato Y
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oy 1]
L) 1l
) - o o 1
L 0 0 0 Tt Tt T 0l
] 1
o . . [l
L1 0 0 0 Tt Tt Tt 0
6 U i (2.7)
L 0 0 Il
1] Tt TU TU EE— Tt Tt |’|
] S 1
] 1
1om 11 11 i 0 T 1
] 1
] 1
u T Tt Tt Tt Tt 6 U
Y Y Y T T T -
oy 1]
] ]
(. N N ]
U Y Y Y Tt Tt .
] (1
] ]
iy Y Y T T T
'y U 0 (29
] (1
1y T T T ¢Y Y T 18]
] (1
] ]
11 m T T T Y T
L) (1
] (1
u Tt T T T T Y U

Considering equationg.7) and (2.8), according toRef. [2], the elements within the

transformation matrices aas follows.
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Y Pg (2.9)

Y t jo (2.10)
Yo Pg (2.12)

Y t joO (2.12)
Yo Py (2.13)

Within a coordinate system, the strains and stresses are connected dhjfritess or
compliancematrices in thetressstrain equationf-or thew wandw & coordinate systems the

stressstrain relatios areexpressed.

. 6 - (2.14)

, 5 - (2.15)

In local coordinate syste w & when fibersof theQ layer are oriented along the
axis the layer, according t&ef. [2] with fine approximation, is assumed as a transversely
isotropic material with stiffnes®® and compliance™ matrices describeldy equation(2.7)
and(2.8), respectivelyln the global coordinate systeinw thestiffness matrixé of the layerQ
with the fibers unparalldb thewaxis is obtained in terms ad and angles and—, using the
equationg2.3) to (2.6) as well as equatior(.14) and(2.15).

5 Y Y & Y Y (2.16)

In equation(2.16), thestiffness matrixd® in the global coordinate systamcalculatedn
terms ofangless and— as well as6 , which isthestiffness matrix in local coordinate system
@ W & containing the mechanical properties of the transverselyisotropic material
(NCT-301 GraphiteEpoxy) ply 'Q
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Mechanical properties of the unidirectionaly pnade of NCT-301 GraphiteEpoxy
(considered ashe transverseljisotropic material) and resin the isotropic material)obtained

experimentallyaregivenby Ref.[26].

Mechanical Properties of Unidirectional NCT-301 Graphite-Epoxy Ply

O pp@ 0OA| O odoX0A f myy

: : p T yEr
O xBBYUVOA| O c®ucOA T ™ip Y

Mechanical Properties ofEpoxy Resin

0 pdroTOA I T X

Table 23 Mechanicalproperties of NCI301 Graphite-Epoxy ply and resif26]

Thesubscripts 12 and 3 inTable 23 correspond ta , ® andd , respectively, in local

coordinate systerm w a .

2.4  CLPT and FSDT

Natural frequenciesf the tapereglatesare obtainedising the Ritz methothased on
ClassicalLaminatedPlate Theory (CLPT)andFirst-orderShearDeformationTheory (FSDT)In
order to apply the Ritz methahd to determine theaturalfrequendes the stiffness and mass
matrices are obtained from the calculation of displacements, strains and stresses expressed based
onCLPT and FSDT

Displacementbased on FSDarewritten as followsaccording to Ref. [2]

6 ahuhaho 6 oo o o d (217)
0 ahuhahd 0 oy o afuo (218
0 afuhomd 0 o (2.19
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where, 6, U and 0 are displacements i wandd directions, respectively andd , 0
and U are displacemesbf the point ofthetransverse normal on the midplaie 1.+ and

» are rotations of the transverse norratthe midplaneand left subscriptOstand for FSDT.

Considering the pure bending condition,6 0 T fromequationg2.17) to (2.19), it is
expressedhat:

0 e+« a (2.20)

U * Q (2.22)

0 0 (2.22

Equationg2.20) to (2.22) arefor displacemerstbased on FSDTormulationconsidering
the pure bending conditioBtrains aralirectly obtainedrom equatiors (2.20) to (2.22) asfollows.

- T (223
i T—l; Tr_wo‘ (2.24)

r TTZ Trl;)b TT.wTT.m‘:" (2.29)
r TT l; TTO@ . Tuw (2.26)
: TTC; TT")CO . TT”w (2.27)

Equationq2.23) to (2.27) arefor strairs based on FSDT formulati@onsideringhe pure
bending conditionln a similar manner, displacements are written based on CLPT and the strains
are derivedSince CLPT neglecthetransverse shear strajns 1 T, considering the pure

bending conditionstrain equation$2.23) to (2.27) anddisplacement equatior{.20) to (2.22)
for CLPT are simplifiedas follows
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1o, (2.28)

6 &
ot
0 4 (2.29
T w
O 0 (2.30)
! 0
- — 4 (231
Tw '
R R (232)
Tw i
v . (2.33)

Equations(2.28) - (2.33) arefor displacemens and strairs based onCLPT formulation
considering the pure hding conditiorand left superscrigi standgfor CLPT. In order to facilitate
the calculatiors of strain and kinetic eneigs, equationg2.20) to (2.27) based orFSDT and
equationg2.28) to (2.33) based orCLPT, are written inthe form of multiplication of matrices

using the joint matrix i .Equatiors (2.34) to (2.38) representhese matrices iadetailed form.
m T M T T T T T T T T
W nmT T MM M M T § M M T (2.34)
m T MM T T T P M T MM T T
m 1T T T T T T T a T T
W m T T T T T T T T T QT (2.35)
m 1T T T T T T T L1 a
O T M T M M OTM T T T T T
@ mT T T a mOTM M M M T T T (2.36)
m T M T T M p M T T T T
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11
11
11
§]

(2.37)

© A 434 4 A
A4 4 3 3 <
4 32 4 A
4 © 3 3 4
4 32 4 A
A4 3 3 @ 3
4 4 3 3 43

© A 3 4 43
4 © 3 3 4
4 4 3 3 43
4 4 3 3 43

=

o T o T o o To 1o o ST ol @

(2.39)

The left subscriptOand left superscriptd indicate the FSD®based and CLPbased
formulatiors. In relations similar teequation(2.38) which is written for FSDT and CLPT at the
same timen combired form the left subscripiOand left superscrifi aresimultaneouslyresent
for all the correspondingiotatiors meaning that for CLP-based calculation®nly the notation
with left superscripb, and for FSDTbased calculationsnly the notation with the left subscript
"Ois consideredWhen notations are usespecifically for either CLPT or FSDTonly the

corresponding letter is used. It is noted that in Clb@$ed formulatione and ¢ areconsidered
zerofor i sothatinstead of « and e« ,notationss ande are considered in th@esent

thesis Equations(2.20) to (2.33) are expresseih closed matrix formusing equation$2.34) to
(2.38).

o @ i (239
- @ i (2.40)
o & i (242
- ) i (242
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0, 0

O
(@]
C
c-
O

1
O

1

1

where, 0

6 0 0OQand - 6- - T

O
.O)

. Equations(2.39) to (2.42)

arewritten in the following form.

o o (2.43)

- ) i (244

The explanation given for i in equation(2.38), also corresporgko notatiors @

and & used inequatiors (2.43) and(2.44) respectively @ and & are used in further

sections for the computation of strain and kinetic energies.

The elements of stiffness matrix a@culatedby substitutingengineering constants from

Table 23 into equation(2.16). Then,using stresstrain relationshiphe stresses are determined

, 6 6 o6 6 o6 o6 . -
v v %, 6 6 6 6 6 v o
I Y |? . . . Y O I I A
” (0] (0] o (6] o - -
L SO - (2.45)
el 1y 10 o (o] (o] (0] O i v
vt g 6 08 6 6 6 nE
vt @ @y 6 6 6 6 o ou @

In CLPT and FSDTthe out-of-plane normal stress is assuntedesmall and negligible
compared to other stresemponentsin addition CLPT implements further assumptions and
neglects the owf-planesheas. By imposing these assumptionise reduced stiffness matris
computedand substitutedin stressstrain equation(2.45). Calculationby which the reduced
stiffness matrixis derivedis availablein Ref. [5] as well asn AppendixA.1 in compact form

Reduced stiffness matrix in CLHJased formulation is expressast

(2.46)

C1Cr C

C1C CR

C1C21 C
1

Equation(2.46) is written in compact form.
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) 5 ; (2.47)

Reduced stiffness matrix in FSEBased formulation is expressast

, o 06 o0 o 0 . -
: : Y ~ ~ o ok T l l ) >
R T A
s u1- 't I I U U 9 9 l;) I’I © |[) 't (2 '48)
|’|1T o l ” 0 0 O 0 0 |”| |"|r [}
vt @ Up 0 0 0 0 o0 vu o
Equation(2.48) is written in compact form.
i §) - (249

” v - (250

Since resin is an isotropic material, there is no need for the calculation corresponding to
transformation of coordinate systeribe stiffness matrix for resin is identicaldnw @ wa and
@ W a coordinate systems and independent of anglasd— Therefore, theeduced stiffness
matrix based ofCLPT andFSDT are obtainedrom the 6by-6 materialstiffness matrixusing the
same calculation performed for the pliggpendix A.1), and the corresponding engineering

constants are available Trable 23.

Displacements, strainsnd streses represented by equatior{2.43), (2.44) and (2.50),
respectivelyareessentiatomponentsn energ calculationin thenext sectionFunctionsb , ¢
ande introduced in displacement equatid@sl7) to (2.19), are expressed the form of series

as part of the RayleigRitz formulation.

For the CLPThasedormulation the transverse displaceméntis written inthe form of

series as follows.

25



0 0 ® WO (251)

For the FSD¥based formulation, the transverse displacemerand functions ande
therotations of the transverse nornaathe midplane about axesandwrespectivelyare written

in theform of series as follows.

0 5 & (252)
. 5 O & (253
. 5 O O (2.54)

Thefunctions® A T @ areadmissible functiondeterminedy consideringhe geometric
boundary condition®f the plate For different boundary conditions considered in the present

study, thecorresponding admissible functions aresentedn a latersection
2.5  Strain and kinetic energies

2.5.1 Derivations

The stresses and strains key component$or strain energyalculationandthe density
of the material is the essential factor in kinetic energy comput&@iomparing to CLPTin the

calculation of strain energy based on FSDT, two extra terms correspondunepfeplane shears

are taken into accouniotations “Yand Y correspond to strain energy based on CLPT and

FSDT, respectively, and the same explanation correspondseticlenergy “Yand “Y
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*yg e B T o Y (2.55)

*yg -, - . 1t 1t 1t e (@59

% g , - Qw (2.57)
~, P
Y c " - Qw (258
Equatiors (2.57) and(2.58) are expressed as follows.
w, P i~
Y c " - Qw (259
Substitutingequation(2.50) in equation(2.59):
T p T ’ ’
Y c ) - - Qw (2.60)

The kinetic energyof a laminate”Y -] a "6 0 0 Qwb, 0 and0 are

displacement functions i@ wandd directions respectively) is consideradcording to Ref. [2]
and isexpressed in matrix fornmia similar manngperformed for the strain enerfiyr CLPT and
FSDT.

Yo "0 0 Qw (2.62)
Matrix form is superior in terms of computational efficiency aeduce any possibility of
computational errorgor CLPT and FSD Iderivatives okinetic and strain energies are calculated

at the same time in matrix foroonsidering ptaton Y 1 Y16 and Y ' Y16
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whered can be anyne of theparameters of the series givendmyuationg2.51) to (2.54). The

same explanation corresponds to matrices , -Hand iHiConsidering equation&.60)
and(2.61):
Y g 0 -H - o - -HR (262
Y % "6 6 6 0 Qo (263

Y g -0 - - 0 - QW (2.64)
Y E} 0 0 o] o] Qw (2.65)
The terms -HI O - and o 0 on the righthandsides of equationg2.64)

and(2.65) arescalars as thefpllow scalar values of "Yand “Yon the lefthandsides. In addition,

this noteis also realized from the sizef the matrices. Therefore, considering thaerms

-HU O - and O 0 arescalas, they are equain value totheir corresponding
transpose.
- 0 - -0 - (2.66)
0 0 0 0 (2.67)

Equationg(2.66) and(2.67) aresubstitued in equation§2.64) and(2.65), respectively.
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(2.69)

(2.69)

Equationq2.44) and(2.43) aresubstitutedn equationg2.68) and(2.69) , respectively.

YT " ® ) i Qw

(2.70)

271

(272

(273

Integratng throughthe laminate thicknes¥)w, matrices containing functions ofare

taken intoaccountwithin the integralso thatmatrices & and & ,0 as well as scaldr

participate intheintegration asheintegrands.

Using notations, ¢J and ¢ , equationg2.74) and(2.75) arerewritten.
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% iU & [ Q6 (2.76)

Y i o Qb (2.77)
oJ &) 0 & Q& (2.79)
g "® ®» Qd (2.79

Considering equation(2.76) to (2.79), the derivationareexpressed in the following form.

0 iH i Qb (2.80)

h

where i represents term ¢ or @l , and term O ;. represents “Yor Y
when equatin (2.80) is considered for derivatives of strainkinetic energies, respectivelifter

computation of matrices @ and @ , derivatives of kinetic and strain energies with respect

to parameter® ,0 and0 for FSDT, and0  for CLPT, are obtainedising equation
(2.80).

2.5.2 Matrices 45 and L,

Any nonzero elements off and ¢ , aredenotedby’Y andyY , respectivelywhere
¢ phcho. The matrix ¢J contairstheelements of extensional stiffné¥s , bendingextension

coupling’Y andbending stiffnessr

Y 0 & Qa (2.81)

30



v "d Q4 (2.82)

Since the tapeconfiguratiors described within the framework of the present study are

symmetric, it is argued that for even values of 'Y and 'Y are zero and for odd values
3 T ) 3 ) X (:}
Y G 0 & Q& ¢ 0 = (283

« (2.84)
€

Termsd anda  represent the upper and lower surfaceQofayer.’Q is thenumber

of layers at the left end of the tapered configurations describédgoye 21. Completingthe

mathematical operations, equatid@s883) and(2.84) are written as follows.
Y 0 & a (2.85)

a & (2.86)

2.6 Stiffness andmass matrices

By substitutingequationg2.85) and(2.86) in equation(2.80), thederivatives of strain and

kinetic energes with respect to parameted ,0 ando for FSDT, andd  for CLPT,
are obtained The final resuls are presentedhere in the open form andhe corresponding

mathematial operations are available AppendixA.2.
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It is noted thatfor CLPT-based formulation 7Y T Yre o, Y

T Y10 and for FSDTbhased formulation 7Y T 1o o, Y T 1o |

~.

Y T Mre LY royro Y I Y16 and 7Y T 'Y1o

For CLPTbasedormulation:

Y ® ©®© Qu ® © Qw

0y cy
&y ~
8 Y O O Qw ® & Quw
&y ~
Ty ﬁ " ”"n \ [3Y " ,ﬁ, "
Y A Y 0o 0 Qw o w Quwo (2.87)
&y ~
A~ Y @ O Quw 0 0 Qu
Y o
L, T Y O Qo d O Q
o o
Y O ®& Qw O O Qw_
oy o
~ X
Y 1 o Y O & Qo O © Q o’g 0 (2.88)
: &
X Y O & Qo O ® Qw
o o
If rotatory inertia is neglected, theguation(2.88) becomes
Y 1 Y O O Qo O O Qwo (2.89)

For FSDT-based formulation:
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o Y O ©® Qo ® ® Qo

19y oy,
19y &0
1l Y O ® Qo ® ® Qw

| & 0]

ll ”n ”n 3, Y 13 13 3, )
Ll Y 0o 0w Qw w w Qwo
Ll

L]

Y O O Qn ® ® Qwo
u

% Y @ @ Qw ® ®w Quwo
|

Iy
.= Y & @& Quw @ ® Qw _
“n’(P o
T R o
“r’y Y 0 o Qw 0w w Qwao
1y &
' Y ® O Qw ® ® Qw
110 (04
ll v ”n ”n ’, \ 3} 13} ’, ’
T Y 0 0o Qw 0w Qwﬁ“
U & &0
t Y O N Qo H O Qo
U & o
o — Y @ 0o Qw ®w ® Qwo
R
[
. Y ® ® Qo ® ® Qwx
o2 o,
L Y &0
Ny Y O ® Qo ® ® Qw
o o
[ g
Il — Y @& ® Qo & & Qw _
11 &P o
ll r,y ”n ”n A} A} " 'ﬁ“
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Y 1 Y @ ® Qw o ® Qwd QO (2993

Y 1 Y O O Quw ® ©® Qo Q0 (2.949)

Y 1 Y O ® Qo ® © Quwd Qo (2.95
If rotatory inertia is neglected, thefiY Y 1t and equatiorf2.93) becomes
Y 1 Y O ® Qw O ® Qwd QO (2.96)

It is noted that théiber orientation of all the layensithin thetapeedplatesarett orw 1
meaning thain-plane norma and shears are decoupl&therefore, in equation(2.90) to (2.92)
as well asin equation(2.87), those terms originetg from normaishear coupling within the

reduced stiffness matricesuch a®d and0 in reduced stiffness matriior CLPT, have been

eliminated.

2.7 Rayleigh-Ritz formulation

Considering Y  in equation(2.87) for fixed values ofd andz, theindexes@ndCare

counted upo the upper bound othe summation&andu. Therefore there aréO 0O number of

termsthat arewritten intheform of a row matrix multipliedy a column matrix 0 containing

‘O Onumber ofparametersy) . By repeatinghe operation for all possible values @f and¢,

there are producé® Unumber of row matricesritten one beneath the next one formargatrix

with size of O Oby O u.
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This O 0by O 0O matrix producedfrom Y is calledas thestiffness matrix ands
denotedby U . In a similar mannefor “Y , a matrix with the same size is formaddis

calledas themassmatrix denotecoy 0 .

For the casef FSDT,instead of onethereexistthreeparametersthat ared ,0 and

o ,for 'Y , Y and 7Y as presented iaquatiors (2.90) to (2.92). Writing the row
matrices for all the three as before, they are three times greater in ramdbere multiplied by

the column matrix 0 with size ofc'O 0 by 1 contairing elements o6 ,0 ando

Writing for all possible values of and¢, for Y , Y and Y  there are produced

0’0 Uvnumber of row matricewith size of 1lby O Uwritten one beneath the next dieeming

a matrixwith size ofa'O 0by c'O 0. Asa resultthe number ofelementghatexist withinmass
0 and stiffness 0 matricess nine times greater than theequivalentsn CLPT-based

formulation

Considering *Y “Y  in CLPT-based formulation, it is expresthat
0 0 1 0 0 (2.97)

For theFSDT-based formulation

Y Y (2.98)
TY "Y (2 99)
y “y (2.100

0 0 70 0 (2.102)
Equationg(2.97) and(2.101), result in:

35



6 1 0 b m (2.102

Terms O and 0 for CLPT-based and FSDIbased formulation, have been written

in the combined form of 6 andthe same explanation correspondsto and 0 . In order

to obtainthe non-trivial solution

QQo v 0 LS (2103

By solving the eigenvalue problem in which and the column matrix 0 are

eigenvalues and eigenvectonespectively the natural frequenciesand modeshapesare
determinedThesquare root othesmallest eigenvalue teefundamental frequen@nd the mode
shapes arebtainedby substitutingthe eigenvectors in transverse displacenmsguationg2.51)
and(2.52).

In the case oFSDT, when rotatory inertia from which terivi emerges irequdion
(2.88), is neglectedequationg2.98) to (2.100) become:

8% 0% (2.104)
8% T (2.105)
Y Tt (2.106)

In this casemassmatrix is no longer inverble. Consideringequatiors (2.90) to (2.92) in

matrix form as well asquationg2.104) to (2.106), it is writtenthat:

Y . o . o 0 o (2.107)
8% . o . o 0 o (2108
8% . o . o 0 o (2.109
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From equation (2.108) and(2.109), the column matrice® and 0  are obtainedn

terms of 0 and bysubstitutingthemin equation(2.107), the followingrelationis obtained
(AppendixA.3).
Y 0 o) (2.110
where,
0
(2.111)
l’) . . l’) . . . . "Y(‘) ‘l
!Y(‘) ‘l ° ° ° P e P ° . P L,) L,) (2113

Then,theeigenvalugroblemcan be establisheathdby solving itthe solution is obtained

2.8  Boundary conditions

The natural frequencies are obtained for the tapered compuais for different
boundary conditionsi-or CLPT and FSDTin equatios (2.51) to (2.54), admissiblefunctions
O @ and® w of the seriesare selectedin a manner thasatisfes the geometricboundary
conditions.In this sectio, the following geometricboundaryconditionsandthe corresponding
functions considered for the study are introduftedClassical Laminated Plate Theory (CLPT)
and Firstorder Shear Deformation Theory (FSDT)is noted that CCFF boundary conditin
only considered foCLPT.

1. All edges simply supporteg6SSS)
2. All edges clampe(CCCC)

3. Clamped at two adjaceatigeswith other two freéd CCFF) The damped edges correspond
tow mandw Tlines and free edgedrrespond taw 0 andw 0 lines.It is noted that the

@ Tmandw 0 linescorrespond to the thick and mhsides of the tapered laminatesspectively.
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The SSSS, CCCC and CCFF boundary conditions are givehalie 24 and the
correspondingdmissible functiongregivenin Tables 2.5 2.7 usingRefs.[2], [5], [27] and 2§].

S
All edges simply supported (SSSS) . .
1. S X
W T W T
0 WMAT A = 0 MAT A =
w 0 w 0
y
=
All edges clamped (CCCCQC) . .
2. c x
W Tt . T ) w n ~ T l,)
) m Al T ) m Al . T
w 0 w w 0 h
y
Clamped at two adjacent edges with other two free f
(CCFF) C F
3. c x
QU . Qv Qv . QU
© 0 g MAlAg Ml @b o AL A T

Table 24 Boundary conditions fathe plates
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Table 27 Appropriate series for CFF

Imposing the boundary conditiorsf CCCC and CCFF given idable 24 on the
corresponding admissible functiogiven inTable 26 for CCCC andrable 27 for CCFF, results
in equations(2.113 and (2.114) for CCCC and equation@.115 and (2.116) for CCFF.By
solvingequationg2.113 to (2.116), _ and’ aredeterminedand have beegiven inRef.[2], up
to"Q 1. In Table 26 for CCCCandTable 27 for CCFF,_ and’ have been giveop to'Q
Since_ and’ are passed into hyperbolic functioimsprder to obtain sufficiently accurate results,
several decimal places are considered and giv@alde 26 andTable 27. In the present study,
for equatiors (2.51) to (2.54), ‘Gandv are increased to 13 in order to obtain sufficient number of
natural fequencies required in the next chapter. Thereforand’ are obtained up t® p dy
solving equation$2.113) and(2.114) for CCCC and equatior(2.115 and(2.116) for CCFE

For the CCCC boundary condition:

P!

AT OAT QE »p (2.113

= (2114

I={lo.
O >
I~ O

ml T

A |
B E
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For CCFF boundary condition:

A

O

Al QE »p (2.115

I
O

6 Al
OE1 O

|
E

IO

E
= (2.116)

Considering théayperbolic functionsn CCCC and CCFFighaccuracyof _ and’ are required
depending on the integer vafi®and U consideredn equatios (2.50) and (2.51). The higher

integer values ofandurequire more accucy in valuesobtained for_ and/ .

2.9 Software limitation

In this study,the calculationsare performedin MATLAB®. To the knowledge and
experience of th presentauthor, tle software is designed with high capability in numerical
computationsaccording to predetermed aims. Howeverthe softwareis not capablein
mathematial and symbolic calculationsas it is in numerical calculations. Therefore,
computationally complex integralsombination ofiyperboli¢ polynomial(coming from bending
stiffness elementsyand trigonometricfunctions which are presentas the integrandsn
equationg2.87) to (2.96), cannotbe passed into the softwaiiéherefore, in order to copg with
this problem, one may use a software such as MAPfdE symbolic computationdesides.

Nevertheless, the solution of the integrahensolvedis extensive ant still difficult to apply.

In the present thesis, thsymbolic calculation problem is solved by converting the
integrand including hyperbolic polynomial and trigonometricfunctions into respective
fully -polynomial functios using Taylor series Fully-polynomial functions arsimple for the
software(MATLAB ®) to processBy this approach, no other software is needed while the result
is obtained whout complications in a few secon(@e.for'O 0 ¥). It is noted that the order of
the Taylor series is increased to 20@260when the fluctuation of the original function is severe
(for smaller laminate lengthsnd the order of 160 or evensome cases 110, is sufficient for less

fluctuating functions
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2.10 Validation

Experimental measurement is a reliable way of validation. However, the related test
facilities and financial support are required. In addition, considering the symmetric configuration
of the tapered laminates in the present thesis, the production of the symmetric tapered plates is
complicated and expensive. Therefore, for demonstration, the formulation developed in the present
chapter is applied to a uniform laminated composite pladetlaeobtained numerical result for
fundamental frequency of the uniform plate is compared with that of the exact solution. In addition,
since various software packages@mmonlyused in numerous literature for validation purposes,
the obtained resulissing the Ritz methotbr the tapered configuratiorsse compared with that

of the FEM obtained usingNSYS®. Furthermore, the layer reduction test is carried out.

2.10.1 Uniform composite plate

By solving the eigenvalue problem given lBguation(2.103) for taperconfiguratiors
consideringadmissible functions selected based on boundary conditionsyilir@dion analysis
for thetapeed platess completedFordemonstrationthe developetbrmulationhas beemapplied
to a uniform laminate usindatagiven inRef.[29] and the numerical resultgerein agreenent
with that of the article.

In addition,the exact solutioravailable for natural frequencies tbie uniform laminats

with all simply supporteédgesijs used for comparisan theexamplebelow.

Example: Obtain the fundamental frequency ofguare plate witlsidelength of 0.35 m
and configuration of I wm made of unidirectional NCT-301 GraphiteEpoxy material
(mechanical propertiewere given in Table 23) with ply thickness ofp ¢ v p T m, simply

supported at all edges

Solution: For a uniform laminatehe condition of pure bending simplifies the equilibrium

equations leading to the followiregjuation of motiomerived fromRef.[2].

1o v oy 0 oo
T © Y et o

Y Qo (2.117)
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Y 0 Y

Term " Qafudd is thetransverse loadingppliedonto the laminate which is set to zero for

thefree vibrationanalysis

0 0 0
T - Y T w

Y Te T o T

(2.118)

Equation (2.118 has beensolved in Ref. [2] and P] and thesolution for natural

frequencies for a uniform square plgtat issimply supported at all edges is

T % Y Q ¢Y ¢Y QY 71 (2119

In order to obtain the fundamental frequency, the valdes Care set to 1.

i P . : : :

S 212
T, Y Y QY Y ( 0
Considering equation(2.120), the value obtained forthe fundamental frequency is

o 0 W oy Qwhichis thesameas the one calculated the present worksingthe Ritz method.

2.10.2 Solution using Finite Element Method (FEM)

Numerical results from calculations worked out by using the Ritz method in the present
chapter, are compared with that of the FEM obtained usMgYS® for the tapered laminated
composite square platg¢3(d. Details about the finite element solution are available in Ref. [30]
and are reproduced in Appendix Bhe finite element solution has been obtained using the
four-nodeelement SHELL 181 i\NSYS® and converged meshes of 2808 and 195 elements have
beenobtained for the plates side lengtl0.8594 m and 0.17188 m, respectively
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Fundamental Frequency » iy

Ritz Method Finite Element Ritz Method Finite Element
(CLPT) Method[30] (CLPT) Method[30]

Configuration
Boundary
Condition

Table 28 Comparison between Finite Element Method Ritd MethodSolutions

Consideringrable 28, it can be seen that thalues for the fundamental frequésof the
tapered configurationfor the given lengths and boundary conditiooistained using FEM and

Ritz method, are igopodagreement
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2.10.3 Layer reduction test

In this subsection,in order to compare the fundamental frequesof the uniform and
tapered platewith SSSS boundary conditipa computational investigation called hereinttzes
flayer reduction tesétis implemented

Threeidenticaluniform laminatel plates are consideredwvith configuration of T w T
made ofunidirectionaINCT-301 GraphiteEpoxy materialmechanical propertieseregivenin
Table 23) with ply thickness andidelength ofp ¢ v p T m and TBW LV W, respectively
(Figure 24). The two laminates on the left and right sides with same length as that of the middle

laminate, have been displayedly in partdue to insufficient horizontal space.

During the 12-steppediayer reduction testshownby Figures 2.4 2.16 two plies, one
from the tophalf and the other from the bottamalf of the laminatén the middlgeare dropped and
replaced with resin such thie thickness of the left side stays the same wihgleof the right end
is reduced and smalltaper anglés reveakdatthefirst stepso thathe plates considered ashe
taperedaminate(Figure 25). Ascan be seen, in eadlewstepof the tesfor the middle laminate
(taperedaminate) the thickness of the left end stays the same wthid¢ of the right end is
decreasedndconsidering the fixed length of the lamin&@s1p v wg, the taper agle increases
such that at the last step of the tést the middlelaminateshown byFigure 216) thetaper angle
is equal tp . Note that during th8layer reductionteét t he | engt hs for all

and equal to8W v wroas described before.

At each step during the i2eppediayer reduction tesf one ply fromhe tophalf and the
other from the bottorhalf of the rightsidelaminateis removed and no dropped pleagreplaced
with the resin. Therefore, the laminate stays uniform during the test while the thickness is
decreased at each step so that it is called the thin laminate. (The laroma&te rightside are
shown byFigures 2.4 2.16)

The laminate on the lefside with the configuration and properties described at the
beginning of thesubsection remains intact throughout the testd the thickness stays the same
sothat it is called the thick laminatgThe laminate on the left side are shown by
Figures2.4-2.16
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At the end ofthe 12-steppedflayer reduction tesf the middle plate corresponds to
configurationA while theconfiguration of thehick laminatestaysthe sames 1 w 1T , and the

thin laminatebecomest w 1T .

Figure 24 Identical laminategonsideredor layer reduction tesfno plydrop-off)

Figure 2.7 Step 3:6 plies droppeeff
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Figure 2.11 Step 7:14 plies droppeebff

Figure 2.12 Step 8:16 plies droppeebff
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Figure 213 Step 9:18 plies droppeebff

Figure 2.15 Step 1122 plies droppeabff

Figure 2.16 Step 1224 plies droppeebff

The numerical results obtained for the fundamental fregegotthe thick, tapered and
thin laminatesat each step of the temte calculated using the developed formulatiysolving
the egenvalue problem given by equati?2.103), the fundamental frequencies are obtained and

displayedn Table 29.
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Fundamental Frequeny » =By of the plate
B.C: SSSS 4 8 i

Number of CLPT FSDT

ReducedLayers

Tapered Tapered

16850 16218

16456 15857

15648 15115

0
2
4 16056 15490
6
8

15233 14730

10 14802 14330

12 14362 13920

14 13893 13482

16 13418 13036

18 12891 12539

20 12366 12043

22 11744 11453

24 11145 10880

Table 29 Fundamental frequency valuts the laminategrom layer reduction test

In Table 29, for the CLPT, the fundamental frequencies for the thick and thin laminates
are calculated using the exact solution and that of the tapered laminate are calculated using the
Ritz method. Whenamplies are reduced from the platés obtained fundamental frequencies for

theleft (thick), middleandright (thin) platesobtained based on different approaglaes equal.

It is grasped fronTable 29 that by increasing the number of removed plies from the
tapered laminate, the fundamental frequency of the plate is decreased. This explanation
corresponds to the thin laminate as well, however, this decline in fundamental frequency value for

the thin plate is remarkable in comparison with that of the tagea¢el The results for the thick
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laminate stay the same as it remains intact througheut2kstepped tesDuring the 12stepped
test, the fundamental frequency of the tapered laminate is numerically lower than that of the thick

laminate and higher than that of the thin laminate.

Comparing the numerical valuésathave been obtaindaased on CLPT and FSDT, the
FSDT-based resudtarelower than hat of CLPT at any single step of the tesh order to obtain
the difference between the FSibasedand CLPT-basedfundamental frequenciefor each
laminate at each step given Bgble 29, the fundamental frequencie$ thelaminates based on
FSDT, are deducted from that of CLPT andrémsultsareshownin Table 210.

Fundamental Frequency Difference in»- =y

B.C: SSSS | 8 1

Number of

Reduced Layers Thick Tapered

0 632 632

632 599

632 566

632 533

632 503

632 472

632 442

632 411
632 382

632 352

632 323

632 291

632 265

Table 210 Difference betweetine fundamental frequenciebtained basedn CLPT and FSDT
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Considering the fixed length of the laminates throughout the layer reduction test, by
removing the plies from the tapered and thin laminaaéseach step of the test, the
lengthto-thickness ratiogradually increases such that theumerical difference between
CLPT-basedand FSDT-basedundamental frequenciesedecreased~or thethin laminate, this

decline is considerable compared to that of the tapered laminate.

Figure 217 has been illustrated using data fr@able 29 showing the trend by which the

fundamental frequencies for the plates change when the pligeaaieallydroppedoff.
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Figure 2.17 Thevariation of fundamental frequencied the thick, thin and tapered laminate:
with increase of dropped layef€LPT and FSDT)

The graph shows that the decrease for the thin plate is faster compared to the tapered
laminateregardless of the thear¥he linethatcorrespondto the FSDT is well below thELPT
line showing that the fundamental frequencies obtaineddoarsd-SDT fornulation, are lower
than that of CLPTThis decrease in numerical difference between Ch&3edandFSDT-based
resuts for the tapered and thin laminates is also obsenvdedgure 217. Thevertical distance

between the CLPAndFSDT lines corresponding to the tapered laminate, is gradually decreased
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by removing the plies. Tdexplanatioralsocorrespondto the thin laminatas the resultsbtained

from the two theories almost coincide at the last step of the test.
2.11 Number of terms of the shape function and the accuracy dhe calculation

The shape function is expressedhrform of series in equatiof2.51) using admissible
functions and the summations count the integer valu&ed Qup tothe upper boundof ‘Gand
0. Increasing thealues of “Gandy, increases the size of mass and stiffness mateicéghenatural
frequencie®btained by solvingquation(2.103) are more accuratén this section, thanfluence
of the values foiCand U on the accuracy with which the natural frequencies are compisted
investigatedIn addition,some notifications are given in order to avoid any probable calculation

error caused by inappropriate selectioffGahdu.

Configuration B with length of T@x p & corresponding to taper angtd T® is
considered. The natural frequencies of the plate calculated considering© 0 v in
equation(2.51) and the computation is repeated for different valt@sOand 0 (O 0
xfudp pp @ Then, the natural frequencies obtainedch time based on specific values'@nd
U, aresorted in ascending ordandare plottedn Figure 218, Figure 219 and Figure 220 for
SSSS, CCCC and CCFF boundary conditioaspectively.
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Figure 2.19Influenceof | and Jvalues omatural frequencycalculation(configuration B, CCCC)

53



8 ‘ '
77 IaJZS
o I,J:7
6_—777 I:J=9
‘ 5——77’ I?lel
T 1,J=13
A 4 ‘
S 3 /
1 3 _.,__,_.,_‘,_, *:__:,//n,..-..« I

12 24 36 48 60 72 84 96 108 120 132 144 156 168

Ordinal Number of ©

Figure 2.20Influenceof | and Jvalues omatural frequencycalculation configuration B, CCFF)

Consider thesurvescorresponding tfO 0 xandO U0 wfor SSSplateas the first
and secondurves According to the secormrve the first 75% of the obtained natural frequencies
reported bythe firstcurveare almost accurate while for the rest, the accuracy gradually decreases
and thecurves divergeso that the last 15% of tfieequencie®btainedbased orlO 0 X are not
reliable. The curvescorresponding to the higher values foand0d 'O 0 p pp o corfirm the
starting point of the errorTherefore, it can be concluded thhae first 75% of the natural

frequencies obtained based@n 0 X are reliable.

In a similar manneasexplained fofO 0 ¥, this explanation corresponds™® 0
andO 0 p pTherefore, it can be concluded tta last 15%f thefrequencies obtained based

on a fixed@ndy, (at least up to 11) are not reliable.

The starting point of the errdor CCFF plate is almost theame ashat of SSSSand is
equal to 75%while that of the CCC@lateis 65%.In order to avoid any miscalculation caused by

this inaccuracy, two suggestions are offered.
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Suggestion 11n order to obtain accurate values of natural frequenciesjpper bound
values for "“Cand v are selectedhigher tharwhatis required such that the frequencies within the
accurate range are sufficiently numerous. ThereXmyudingthe inaccurate frequencies, the rest
of the values are accurate and are sufficiemumberas the upper bound valuet"Candv are
high. Besides, for eigenvectors, values corresponding to reserved frequencies are retained and the
restare excludedFurthermore, for each set of eigenvectors, values corresponding to the last terms
of the shape function are omitted such that the matrix of the eigenvectors remains square. By this
approach, eigenvalues and eigenvectors derived from Ritz method are filtered and reliable values

are put into further use in forced vibration analysis.

Suggestbn 2: For the forced vibration analysis, using higitder of‘Cand 0 ensures that
accurate frequencies play the important role in the deflection function while inaccurate ones
correspond to sufficiently weak terms. Therefore, by testing different valu@rido until when
the numerical result converges, the solut®madereliable. By this approach, the complications

caused by the previous suggestion is avoided.

In the present studgpnsidering suggestion 2, the calculations have been perfarased
on0 U p and the derived mass and stiffness matrices as sveijan values and eigenvectors
are used in the next chapter for the forced vibration analysis.

It can be observed from Figures 2:1820 that the natural frequency values calculated by
the Ritz method for the tapered configurations, are over estimatedyaincreasing the number
of terms considered for the out of plane displacement functi@gumation(2.51), this error is

reduced.

2.12 Numerical results and discussion

After demonstrationthe developefbrmulationbased on CLPT and FSDAFeapplied to
study tapered plates ofriouslengtrs, with four taperconfiguratiors, andwith three different
boundary conditionsThe obtainedesultsfor each case, includingigenvaluesandeigenvectors
determinedy solvingtheeigenvalugroblem, as well as mass and stiffness matrices, are reserved
for further use in the next chaptefhe fundamentalfrequencyfor each case igiven in
Tables2.11- 2.13.
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Configuration A

"Hi

Configuration B

SSSS CCCC

SSSS

CCCC

E'HHI Qi i

Table 211 Fundamentafrequencyi '@ valuesof taperedcompositeplatesfor different lengtband

taperanglesfor configurations A and B
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nI rl‘ i [

Configuration C Configuration D

E'HHM § i

Table 212 Fundamentafrequencyi '@ values of tapered composite platesdifferent lengths and

taperanglesfor configurations C and D
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In thecase of FSDT, the admissible functions corresponding to CCFF plate have not been
found among the references. Therefore, the results for CCFFapéatbtainedsolely based on
CLPTand displayed ifTable 213.

CCFF; Based on CLPT

"HI |

Configuration | Configuration | Configuration | Configuration
A B C D

'E'HHR § i

)
0
o
o

Table 213 Fundamentafrequencyi '@ valuesof taperedcompositeplatesfor different lengths and

taperangles

According toTables 2.11- 2.13,the fundamental frequencidsr the CCCC and CCFF
plates are the highest and the lowest respectively. It is observed from the tables that regardless of
the boundary condition, by increasing the taper angle which results in smaller length, the
fundamental frequency of the plate intses
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In order to visualize the data givenTables 2.11 2.13 the following graphs arepicted
by Figures 2.222.24 7 and 1 arethefundamental frequencies obtained based on CLPT
and FSDT formulations, respectivelyigures2.21 and 2.22llustrate the change of frequency
ratio 1 | 1  with increase of length over mean thickness rdtigure 223 andFigure 224
illustrate the change of fundamental frequency with increase of lengtimeaar thickness ratio
for different boundary conditiorfer CLPT and FSDT.
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Figure 221 Frequency ratio] j 1  for different lengths of thper coniguration A
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For different lengths of thieapered laminatesith configurationglescribed byrigure 21,

the mean thickness is constastthe thickness of the left and right ends of the plate gtaysame

Thereforejncreaseén the length to mean thickness ratieang hat t he | anoréassat e 6 s

It is grasped fronFigures 2.21 and 2.2hat by increase in the laminate length, the difference
between the CLP-basecandFSDT-basedundamental frequencieecreasesuch that the FSDT

to CLPTfrequencyratio tends to 1.

Figures 2.23 and 2.2Hustrate the fundamentéilequency values for differs lengths of

the tapered laminates.
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Length over Mean ThicknessRatio

Figure 223 CLPT-based and FSD'based fundamental frequencies for diffeteotindary conditions
and lengthsdonfiguration A)
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Length over Mean ThicknessRatio

Figure 224 CLPT-based and FSD'based fundamental frequencies for different boundary conditi
and lengthsdonfiguration D)

From Figure 224 andFigure 223 it can be observed thay lincrease in laminate length,
the fundamental figuency decreases atie difference between the CLIbRsedandFSDT-based
results decreases. Since the trefids all taper configurationsare the same, the results
corresponhg to configurations A and D which displaygreate difference have been illustrated.
The numerical results for the CCFF plates are the lowest and that of the CCCCapddbe
highest.

By increasen the length over mean thickness ratie fundamental frequenogecreases
such that when this ratgiartingfrom 19.1 approache§7.3 the fundamental frequencyreduced
to 11%. This explanation is true for all the boundary conditions; howeWes,réeduction in
fundamental frequendpr CCFFandSSSSplates, with slight difference, are the highest thel

lowest, respectively.

The difference in the taper configurations subjected to the study is mainly in the internal
regions while the external layers are similene following example shows the impant role of

the external plies in determining the fundamental frequency wélaplate
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Example: Consider the two uniform square laminated platesvnin Figure 225, with

the mechanical and geometrical propertiescribedas below.

Two uniform laminated square plates with all simply supported estgesonsideredith
the configurationof 1 w 1 made of unidirectional plies of NC301 GraphiteEpoxy material

(Table 23) with ply thickness and length of ¢ v p T m andr@® um, respectively.

In the second laminate, tplies in the middle of the plate are replaced by resin with the

same thickness as depicied-igure 225. Obtainand compare the fundamental frequencies.

Resin

[ 1
[
= 1

MW YQij @Fwmn Laminate

M w1 Laminate
Figure 2.25 Two uniform laminatesf same thickness amndth difference in internal structure

Solution: The natural frequencies of a uniform laminated composite plate with all simply
supported edges are determined using the exact solution given by ed@dti®h In order to

obtain thefundamental frequency, the conditiori@) p resulting in equatiofi2.120).

Fundamental frequencies obtained for the first #mel second plates arequal to
p T pieaRandw Y &R, respectivelyTherefore, in spite of using three times more plies in
the structure of the firdaminate, there is merely a slight difference between the two fundamental
frequencies.This example shows thdhe stiffness of a plythat is close to the midplane is
significantly less responsible for increasing fbedamentalffrequeny in comparison wh an

external ply.

Consider the order of 3 for the varialilethe distance from the midplane, in the bending
stiffness elementY in equation(2.85) when¢  o©. It shows thathe external plies are mostly

responsible for increasing the bending stiffnelsmentsof the laminateas their distance is

greater than that of the internal pli€ the other hand, the density of the plies is greater than that
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of the resin regardless of the region they are usedherefore, the internal plies close to the
midplane do not significantly contribute in increasing the fundamental frequertby plates
compared to external plies while they still increasentlass of the platas much as the external

plies.

2.13 Conclusion

In this chapterthe stiffness and mass matrices based on CLPT and FSDihetapered
laminated platehave beembtained. Theigenvaluegroblens for the plates underthreedifferent
boundary conditionandwith various lengthtave beesolved Thenatural frequencies and mode
shape®f the plate have beabtained andhe secalledlayer reduction tedias beermraried out.
The numerical resultsave been givem tables and graph€onsidering the obtained resyltise

following conclusions are made:

1. Regardless of theaper configuratiojthe fundamental vibration frequeniy CCCCplate
is the highest antthat of theCCH- plate is the lowestuch that for configuration With the highest
difference ratefundamental frequency of the CCCC platd@®% ofthat ofthe CCFF plate and
for configuration Dwith the lowest difference rgttundamental frequency of the CCCC plate is
448% of the CCFF platethen the side length of the platei@ v wrt

2. Regardless of the boundary conditenmd taper configuratiQmlecreasén the length over
mean thickness ratiresults irhigherfundamental frequency such thetien this ratio iseduced
from 57.3 to 19.1, the fundamental frequefficygeneralfrom 27001 &y Qfor SSSS platg 5750
i @'Qfor CCCC plateand 1300 ¢y '©2for CCFF plats) increases roughligy 800%for all the
plates However, this increase for CCFF and SSSS plates, with slight difference, are the highest

and lowest, respectively.

3. Layer reduction test shows that for a fixedgth laminate, increasing the taper angle by
removing the plies results in a decrease in the fundamental frequsinogginning of the test with
no ply drop-off, the fundamental frequency obtained for the tapered laminate based on the Ritz
method is equal to that of the thick and thin laminates obtéased on the exact solution method.

The fundamental frequency for the tapered laminate is lower than that of the thick plate and higher

64



than that of the thin plate at each single step of the test. The obtained results for the thick, tapered
and thin lamiates based on FSDareslightly lower than that of the CLPBased results at each
single step of the test and this slight difference is reduced with increase of dodpplees as the

length over mean thickness ratio increases.

4. Sincetransversahear stresses are considered in FSDT, numerical results obtaitiesl for
natural frequencies based onsttheory are more accurateor thesquaretapered plates with
smaller side length, the difference between the fundamental frequencies obtaineshb@sed
and FSDT are greatdn general, for a fixed side length, this difference for CCCC plate is larger
compared with SSSS platésowever, the difference is not sufficiently great to justify the expense
of computational effort imposed by FSD@&specilly in modal analysis Therefore, CLPT is

selected for further analysis including forced vibration study in further chapters.

5. In composite plates, the plies close to the midplane do not significamtiyibute to
increasinghe natural frequenciesven tlough their inertia (mass) contribution is the same as that

of other plies

6. For the SSSS boundary conditioonéigurationA with sufficient outer plies and resin as
a lighter innematerialvibrates with the highest frequency among all thygeredconfigurations
andconfigurationC comes the secony using plies in inner layers obnfigurationC, it becomes
heavier in comparison withonfigurationA while suchplies do notcontribute significantly in
increasing the stiffnestherefore, configuteon A with considerablyewerplies, still exhibis high
fundamentalfrequency. However, in CCCC and CCFF boundary conditions, fundamental

frequency of the configuration C, is the highest among all the tapered configurations.

7. Consideringconfiguration C with the resin usedt the corealong the midplanend
configuratiors B andD, all possessing the sammass distributionconfigurationC vibrates with
the highest natural frequency since the resin as theawssdterialis used at the coralong the
midplane and the plies contributi the bestway among theconfigurations B, C and DFor
configuratiors B andD, resin isused in the regiongrtherfrom the midplane which prevents the
plies from using theistiffnesspotential to the full capacity. loorfiguration D, resin is used in
theregionclose tatheexternal layersigechthat it vibrates with the lowest natural frequeaayong

all theconfiguratiors.
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Chapter 3.

Forcedvibration analysisof tapered compositeplates

3.1 Introduction

In chapter 2free vibrationanalysiswas carried outandthe mass and stiffness matrices
were obtainethased on CLPT and FSDThen, using theematrices, th&itz methodwasapplied
forming aneigenvale problem leading tothe determination of natural frequencies and the

parameters corresponding to the mode shape

In the presenthaptertheassumednodesmethod isused to study thiorced vibratios of
tapered composite plateAccording toRef.[31], the solution of the problem is assumed in the
form of series composed of linear combination of admissible functions of the spatial coordinates
satisfyingessential (geometrid)oundary conditions, multiplied by tirdependent generalized
coordinates. Strain and kinetic energs as well as virtual work ofconservative and
nonconservativéorcesare expressed in terms of the assumed modes solliierCLPT is used.
The mass and stiffness matrices derivechiapter based on CLP;Tare reusetherein chapter 3
in the asumedmodesmethod TheL a g r a n g e 6 are wsaf uastahlisbtimesequations of
motion of the equivalent -degres-of-freedom discrete system dhe continuous system.
Parameters of themode shapeandthe natural frequenciesas theeigenvectos and square rost
of correspondingigenvalus respectivelyarethe essentialequirements fotheforced vibration
analysis of tapereldminated composite platesing asumednodesmethod.Afterward, with the
mathematicabperationgperformedonthe Multi Degree of FreedoitMDOF) discretesystem the
solution is obtainedThe deflection function composed of spatial and ttependenfunctions

describeghedynamic behavior of thiaminate

3.2  Forcedvibration response based o€LPT

In forced vibration analysjshetransversaleflection functionis expressed itheform of

seriesaccording tdRef.[32].
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0 0 00 WO W (3.1

where U is thetransverse displacemefuinctionin forced vibration analysis ar@ is
the parameter corresponding ttee admissible functionsv and & determinedby geometric
boundary conditions discussed in chaptértferight superscriptOn theterms0 andd stang

for forced vibratiorresponseThe cerivativeof transverse displacement function with respect

to time is obtaineds follows.

0 0 WW (32

The overdotnotation indicates the derivative with respect to tifioe example:0
Q) j Q0OThe admissible spatial function® and & corresponding to thgeometricboundary

conditions explained in chaptemlPesubstitutedn equation(3.1).

3.2.1 Undampedforced vibration

Stiffness and mass matrices obtaifreth strain and kinetic endgesin chapter 2are used
in theassumed modes methimdthe present chaptdfollowing Ref.[31], in addition to strain and
kinetic energes virtual work of externalforces is taken int@onsiderationn forced vibration

analysis

1w Qoo 1 0 QO (3.3

where & is the work done by the external for€dutd andl denotes virtual quantities
Substitutingequation(3.1) in (3.3):

1 QO O wd Q) O (34)
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Writing theabove expressioin the form below
1 @ 010 (3.5)
"0 QIO O GO ©QH (3.6)
Lagrangé@ squationsareexpresseaccording to Ref31]:

QT Yy 1Y
Q010 1o

O (3.7
where,;Q phchot8 HGindQ phchot8 ). Considering alpossiblenteger values ofand
On equation(3.7), themass 0 andstiffness 0 matricesand forcematrix "O areobtained

from equation(3.7).

0 o] ) 0 O (3.8)

Equation (3.8) represents the matrix equation of motion of the equivalent
n-degres-of-freedom discrete system tifie continuous systemAccording toRef. [33], the

general solution is itheform of:

0 6 n o (39

where, 0 containghe eigenvector correspondingthe @ natural frequency that

has been normalized with respectrb@ss matrix 0 . In the ndegreesof-freedom discrete

system ofthe continuous systemfy 0 is known aghetime-dependent generalized coordinate

68



Thederivativesof 0 with respect to timarecalculatedand expresseith matrix formafterthe

summatios have been taken care of.

0 0 n (3.10

0 0 N (3.11)

0 0 n (3.12)
Square matrixd contains all column matrice® , and column matrixrj contains

elementsry , and column matricesr) and 1} are derivatives ofrj with respect to time.

Substitutingequationg3.10) and(3.12) in equation(3.8):

0 6 n v 6 n O (3.13)

0 0 0 n 0 U 0 N 0 O (3.14)
Since 0 is normalizedmatrix with respecto mass matrixtheterms 0 O O
and 0 O 6 areequaltoOand 7 w, respectively. Ois the identity matrix. Matrix

T

1 w is the diagonal matrix containinthe natural frequencie®obtained by solvingthe
eigenvalue problem iohapter 2Usingnatation 'O 0 "0, equation(3.14) is rewrittenas

follows.

n 17 wnR O (3.15)

Considering that] w is a diagonainatrix, equatior{3.15) is decoupled as follows.

n 11 O (3.16)
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wherg "0 is the'@ element of the column matriXO and’'Q phcf8 HGandQ phgB M.
The solutim of equation(3.16) is givenby Ref.[33] as follows.

Ao A mMATIOS Win noBl e COtiE o t Qf (317

By settingthe initial displacement and velocitp zerq termsfy 1 andry 1 for any

integer values otandCare zerd AppendixA.4) and equatiorf3.17) becomes:

n o 13 'Ot OEN o f Qf (3.18)
where "'Q phchof8 F0and 'Q phehof8 ). By substituting (3.18) in (39), 6 s
obtained.Then, n order todetermine the transverse displacement functionfor the forced

vibration analysis with no damping, elements®f aresubstituted in equatiof3.1).

3.2.2 Forcedyvibration with viscous damping

In this subsection, the viscous dampingeffect is taken into consideratiorand
correspondingransverse displacemefunction is obtained In a similar mannerto that ofthe
previous suksection, thénvestigaion is conductedsingRefs.[31] and [33]. Considering viscous
damping Lagrangé squationis expressed as follows.

Q1T Y 1y v Y
Qo 1o 16 19

"0 (3.19)

where,;Q phchot8 F@andQ phchotB M. Dissipation of energy isepresentedby Y and
consideringall integer values ofand’n equation(3.19), the mass 0 , stiffness U and

damping Y matrices are substituted in equat{8rl9) according to Ref.32).

0 0 Y 0 0 0 O (3.20)
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For simplicity, it is assumed thathe Rayleigh damping is capabl&f descriling the
damping effecof thetapered laminate By this assumption,”Y can be writtennto alinear

combination of mass and stiffness matriasdelow.

~.

Y D P (321)

where| andf are material parametergaluesof| andf for the material considered in
the present workregivenin Refs.[3] and [34]. The general solution is given by equat{@®)
which is expressed by equati(8110) in matrix form.Substituting equation8.10), (3.11), (3.12)
and(3.21) in (3.20):

0 0 n | 0 T 0 0 n L 0 N O (322

(323

Since 0 is normalized matrix with respect to mass matibgording to Ref.31], terms
0 0 0 ando O 6 areequalto'Oand 7 w,respectivelyMatrix "Ois the
identity matrixand '] w is the diagonal matrix containing the natural frequencies obtained by
solvingthe eigenvalue problem inhapter 2. Using notatiord 'O "0, equation(3.23) is

rewritten.

T T

n 10T 1% A 1% O (3.24)

Considering that] w is a diagonainatrix, equatior{3.24) is decoupled as follows.

n I 1 n 11 O (3.25

According to Ref. 33], the following equation is written:
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T -1 (3.26)

where,— isthedamping ratioSubstituting equatio(B8.26) in (3.25):

A1 A 1RO (327

n o Q Al O o 1—1 Qe O N M
0 o (3.29)
— Q i Q¢ on m O 0Q O ETl o t Qf
where] 1 p - andQ phchofB AGandQ phghofB .

Considering zero initial displacement and velocity, m and B 1 are zero
(AppendixA.4) andequation(3.28) is simplified.
o P . ,
n o T O t1Q O ETl o Tt Qf (3.29
where 'Q phchof8 HGandQ phghof8 R, By substitutingequation(3.29) in (3.9), ©
is obtained.Then, n order to determine the transverse displacement fun@miothe forced

vibration analysis with damping effect, elementsdf aresubstituted in equatiof3.1).
3.3 Loading types

In the forced vibration analyscf the tapered laminatethe response of the plates dae
external force is studiedn this section, 4 different tygef line loadsas the external forcesme
described. The correspondiegpressionsf the excitations have beervgnin Table 31.
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Loading djO  Types
Typel Type?2 Type3 Type4
Spatial .0 , 0 0 o) 0 L@
F . 1 o - T 0w - 17 w — OET+x 17 w - OEY %
unction C C 0 C 0
Time v
. VITmWE i O
Function
T
Table 31 Four types of loading
where; isthe Drac delta functiorand] and arethefundamental frequency of the

plate and excitation frequenayespectively Figures 3.1- 3.4 providea visual perceptioof the

spatial variationin coordinate system « 0f the excitation types givein Table 31.

Figure 3.1 Line load type 1
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Figure 34 Line load typet
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The loading typg 1 and3 havebeen applied ahe middle of the laminate along tteper
directiona The difference between loading tgdeand 3 is that the magnitude of tbadingtype
1 is constant along the | aminateds akimosogldl h whi |

variation alonga

The loading types 2 and 4 have been appli¢deamiddle of the laminatgerpendicudr to
the taper directiom The difference between loading tgfand4 is that the magnitude of the
loadingtype?2is constanalongt h e | awdthwaile gvénsagnitude of loading tydeshows

asinosoidalariation alonga

The excitations described in present sectave, applied to the tapered laminates and the
responses are analyzed.the present papethe deflection of the transverse normal at the center

of the laminates investigated.

Considerthe vibration of auniform SSSS or CCCGquareplate due to a uniforry
distributed loading with susadal time function The peakdeflectionof the plate occurs exactly
at the pointocated at the centef the plate Fora SSSS or CCCC plate with taper configuragtion
the peak deflectiordoesnot necessarilyaur at theplatecenter(see Ref. 23)). In addition for
CCFF plate, thepeakdeflectionof the laminateoccurs at the point located at the intersection of
the two free edgeddowever, inthe presentork, thetime-maximumvalue (amplitudg of the
deflection of the point located at the center of the tapered lanmrsdteliedregardless of the peak

deflection of the plate.

3.4 Validation

3.4.1 Isotropic plate

In this sectionfor demonstrabn purposesforcedvibration investigationgonductedn
available literature using different approaches are considdieel.assumeé modes method
solutionis applied to thelata givenin the literature and the obtained results are compé&eca
case ofanisotropicplate subjected to harmonic loadimgsultsobtained byGalerkinmethodand
exact solutior{31] are compared witkthat of theassumednodesmethodsolutiondevelopedn
the presenstudy, in Table 32.
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Using data fronRef. [35], for an isotropic square plate with all simply supported edges
subjected to Aarmonicexcitation'Qaftfd QAT 00, the numerical results are displayed in
Table 32 for the deflection of the point located at the center of the lamiNate that for the exact
solution thenumerical result is obtained usiRgf.[31] that alsccorrespondto the exact dation
given byRef.[35]. Then theresuls obtainedusingthe Galerkin method35] and theformulation
developed in the present stydyre compared Since the results given by ReB3q, arein

dimensionles$orm, an arbitrary plate and loading amplitud@ can be used

O Gchjg O "X (dimensionless)
Loading , Solution UsingGalerkin Present
ExactSolution[31] AssumedViodesMethod
Frequency Method B5| :
Solution
IRy 0.0006984 0.00072 0.0006983
TR 0.0008537 0.00088 0.000&9
TidR) 0.001813 0.00184 0.00177

Table 32 Comparison between assumed modes method, Galerkin nagtthstact solutios

In Table 32, 0 denotes the maximum deflection of the plaiandare length and width
of the plate respectivelfwhich are equalor the square plateandO OQjp ¢p u s the

flexural rigidity of the plate’Oi and'Qar e Youngodés Modul us, Poi sso
thickness, respectivelyTable 32 shows thatthe numerical results determined hsing the

assumed modes methackin good agreement with that of the othegthods.

3.4.2 Compositeplate

The exact solutiorfor the deflection functionfor the uniform-thicknesscomposite plate
subjected to transverse harmonic loading is ginéref.[9] provided thatheboundary conditions
are simply supported on all edges. In order to valittegdormulation developedn the preset
chapter a problem is solved based on assumed modes method and the result is compénred with

numerical output obtained lmsingthe exact solutiorf9].
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A square laminated plateg w 1 with sidelength0 of T X pnwmade ofunidirectional
plies of NCT301 GraphiteEpoxy material(mechanical properties were givenTiable2.3) with
ply thickness op ¢ v p T mis atrestin equilibrium positionAll edges are simply supported
The maximum transverse deflection of the plate at the cemben it is subjected to the given

distributed loaihg, in0j & .

. . ) )
Qi p e @ 0 BT B (330
where]  isthefundamental frequency of thdate.
Solution [9]: Consideringnotatiors | "QF0 and f Q)0 givenin Ref.[9], the

transverse loadg anddeflection "Qand 0 , are written intheform of series

Qoo 0 0OETWOET® (3.31)
6o T Ol OBTGOETG 060G (332)
The transverse deflection function is expressed in the following form:

0 oo 0 00BTwOEI® (3.33
Equatiors (3.31) and(3.33) aresubstitutedn equation of motior2.118).

o 'Y | c'Y cY | 1 Y1 OBTwOEBEIT®
(3.34)
0 OBTOOET®
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Y o0 OETOOETw Y |16 1 0 OBITwOEI®

Equation(3.34) is written in the following form:

Y| ¢ <Y |'f YT & Y | 1Y @8
(3.35)

0 OHTwOET® n

Taking advantage dhe orthogonality propertiy equaion (3.35), for fQ phchot8 hb,

it is expressethat:

O Y| ¢Y <Y |1 YT b Y 1 Y 8 (336

According to Ref. 9], some denotations are defined as follows.

b Yl Y Y T YT (337)
O Y Y | (339
0 0jb (339

0 O U O 0 (3.40)

Substituting equatio(8.39) in (3.40):

o
C:| c-
o
C

(3.41)

Considering equatio(8.30), the distributed sinusoidal loading giventhe problemand

equation (3.31), the series Y which the loading has been expressed, far Q p,
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0 pméTf® 0j0 andforany integer values 6andQ@Q p, 0

T. Therefore
equation(3.41) is written in the following form.

0 T € T o

0 — O P - e (342

0 0

0
0 5 © T aQ p (343
The solutiorfor the differentialequation(3.41) is given byRef. [9].
6 06 Qwéi o QiQeo 6 o (3.44)
‘ o (349
5 .

where 'Q and'Q are constants to letermined using the initial conditigrs 0 is the

particular solutionConsideringequationg3.42), (3.43) and(3.44):

W pTE TR O
0O O Q weEil 0 Qi Qe o - = 346
TS L ( )

6 0 QOéT 0 Qi Qto "0Q p (347)

Considering zero initial displacement in equat{8133), for any integer vales of ‘Gand’Q

& m T Therefore, in equation (347), when @WQ p, Q m and Q

p 10 ) 0 . Initial zero velocity results i@

T, for any integer valuesf ‘@nd’Q
Therefore, equation8.46) and(3.47) become:

. wéEf O i T o
6 o pE— — s (349

6 0 T "0Q p (349

Equationq3.48) and(3.49) aresubstituedin equation(3.33), and thesolution is derived.
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OBT wOET® (3.50)

In order to obtainhte deflection function for the point located at the center of the laminate,

@ 0jcandw 0j ¢ aresubstitutednto equation(3.50).

- WEf 0 WOEM O
b prw ~

¢
0 TSY 0

NTE:

(351)

N|cC:

where * is determined using equati¢d.45).

This exact solutiongiven by equatino (3.51) and the resultsobtained byusing the
formulation developed in the present chaptare plotted Figure 35 illustrates the ransverse
deflection at the center over tinhg the two approache#t is observedrom Figure 35 thatthe
results calculated biyne twoapproachgcorrespondery well such that theurvescorresponding

to thetwo methods, coincidelhe maximumdeflectionis equal toT® o @p T m.

4 ‘ Exact Solution ~ ------- Ritz Solution ‘
%10
1.5 | | |

£

bt 1 i
e

3

3 05F -
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2 05 i
3]

Q
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o

-1.5 L | |
0.05 0.1 0.15 0.2 0.25
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Figure 35 Deflectionat the center of the laminate over time due to transverse sinusoidal excita
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3.4.3 Layer reduction test

In this subsection, in order to compare ttiansverse deflectioof the uniform and tapered
plates with SSSS boundary conditiortkie to predetermined excitatiora 12stepped
Alayerreductiontesb is implementedThe arrangement of the laminates (thick, thin and tapered
plates) in different steps of the telie layer removal and resin replacement prqcassthe
sameas that of thé@layerreductiontest carried outand explainedn chapter 2 and depictdgy
Figures 2.4 2.16 In theflayerreductiontesb conducted in chapter 2, the subjects of the study
are the fundamentaal frequencies of the thick, thin and tapered. ptdegever, in the
flayerreductiontesd in the presensubsection, the deflectionat the center of théaminates

described in the following, due to predetermined excitai@studied.

Threeidentical uniform-thicknesslaminated plate are consideredvith configuration of
mMwtm , length of 0 1 x pmp and width of 0 -0 made of unidirectional
NCT-301GraphiteEpoxy material(mechanical properties were given Tiable 23) with ply
thicknessof p ¢ v p T m (Figure 24 shows the threeidenticaluniform-thicknessplateg. The

laminates on the left, middle and right sides are called thick, tapered and thin laminates according

to the explanations given in tliayerreductiontesb in chapter 2.

For each laminate at each step of the mstespondingtiffness 0 and mass 0

matricesare obtained ansubstitutedn equation2.102) and by solving itthenatural frequencies
and the correspondingode shapeare determined. Therthe eigenvaluesand eigenvectorsas

well asthe stiffness and mass matrices aredisntheforced vibrationformulationdeveloped in
the present chapter to determine the deflection at the center of the latdimddenped vibration

response is considered.

The amplitude ofdistributedloading 0j & applied to thdaminatesis keptthe same

throughout the tesind is described by tHellowing equation.

Q pnTAi @G 0O (352

where] is the fundamental frequenoy theplate
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For the aperedand thin laminates, at each step, th#attionatthe center of the laminate
over timearecalculated andepictedby Figures 3.7 3.18 At the begining of the test when no
pliesareremoved(Figure 24), thedeflectiors over time for thehick, thin and tapered laminates
are equal as their configurations are the santethe correponding curves coinci@fégure 36).
Since the thick laminate remains the same throughout the teggrtagonof the deflectiorover
time for the laminateloes not changdaroughout the testndit is the same as that of the thin and
tapered laminates depicted IBygure 36. Therefore, in order to prevent any congestion in
Figures3.9- 3.18 the deflection of the thick laminabeer timeis not traced

4 —— Tapered @ ----- Thin -~ Thick
12X 10
. T T I T I

0.8
0.6
0.4
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Deflection at the Center(m)
(e
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0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
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Figure 3.6 Layer reduction test in forced vibration analysis (no ply dod
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Figure 3.8 Layer reduction test in forced vibration analy&tep2: 4 plies droppeebff)

83



Deflection at the Center(m)

Deflection at the Center(m)
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Figure 3.9 Layer reduction test in forced vibrati@malysis(step3: 6 plies droppeebff)
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Figure 3.10 Layer reduction test in forced vibration analy&sep4: 8 plies droppeebf)
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Consideing Figures 3.6- 3.18 for the hin and tapered laminates, the deflection at the
center of the laminates due to the excitation, is increased as the layera@ved from the plates
at each steHowever, this increase for the thin laminate is greater at each step of the test such that
in Figure 36 the two curves coresponding to the deflectiaoisthe two laminatesoincide,and

throughFigure 318, the difference between the two curves gradually increases.

Considering the small deflection of the thick plate which is the same as that of the thin and
tapered laminates iRkigure 36 when no pks are removed,it can be said thathe deflection
amplitude of the tapered laminate is lower than that of the thin plate and higher than that of the

thick plateat each step of the test.
3.5 Maximum deflection and excitation frequency

In this sectionthevariation of theesponse of the laminates dughechange oexcitaion
frequeny is studied. Thesquare plates withaper configurations described in section 2.2
(configurations A, B, C and reconsidered witlsidelengh of i@ x pnuftaper angle 1 )
and different boundary conditions (SSSS, CCCC and CCFRg mechanical properties were
given inTable 23. A loadingdescribedy equation(3.53) belowandwith excitation frequency of

T m PR is applied to the tapered laminat€ke fundamental frequenty for each
configurationwith corresponding boundary conditiomss given in Tables 2.11- 2.13 The
maximum deflection of the transverse normal (located at dbeterof the plate) due to the
excitationand thecorrespondingexcitationfrequencyarerecorded Thesame process repeated
for differentvaluesof excitation frequenc and using the obtained data thowing graphsare
illustrated byFigures 3.19 3.30showing the maximum deflection at the cerdethe laminate

with respect to change of excitation frequency.

The study is repeated in the same way considering the damping effect and tkearesult
shown byFigures 3.19 3.3Q The result€an be comparedith that ofthe case with no damping
Thevalues of andl have beemiven in Refs. 3] and [34] as| ¢P tand C @ p.

TAPC Gja R omom ew (359

N uvndaé ] o
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It is grasped fronFigures 3.19- 3.30 that for all the boundary conditions and taper
configurationsas expectedhe deflection at the center point of the tapered laminates insrease
remarkably when the excitation frequency approaches the fundamegtaifoy of the laminate.
When theexcitationfrequency coincides with the fundamental frequehaythe undamped case,
the deflection tends ta very high valueand r the correspondingcasewith damping the
maximum deflection is noticeabllarge When the excitation frequencyalue exceedshe

fundamental frequency, the maximum deflecti@mereasefor the damped and undamped cases.

It is observed fronfrigures 3.19 3.30that regardless of the configurat, the maximum
deflection of the tapered laminate at the point located at the center of the laminate for the CCCC
plate is thdowestand that of the SSS8ateis the highest. For CCFF plate, it should be noted that
the peak deflection of the plate oceat the corngoointlocated at the intersection of the two free
edges. Therefore, the maximum deflection at the center for the CCFF plate is not the peak
deflection. For SSSS and CCCC tapered plates, the location of the peak deflection is not
necessanl at the center of the tapered laminates, however, since the taper angle is small, this

locationis expected the close to the centef the laminate

3.6 Numerical results

In the present sectiodifferentloadingtypesgivenin Table 31 are applied to the tapered
laminateswith different configurationgigure 21) described in section 2(fhechanical properties
were given infable2.3) consideringvarious lengths and three boundary conditions (SSSS, CCCC
and CCFF)with no damping Then, the responsese calculated using the forced vibration
formulation developed in the present chaptertiesnaximum delfectiors atthe point located at
the centerof the taperedlaminate due to the excitations, areecorded and written in
Tables3.3- 3.5 The excitation frequency 1@  andthe fundamental frequep¢c  were

givenin Tables 2.1% 2.13for each case.

In addition, for the taperedonfigurationswith different boundary conditianand with
length ofr® x pnwloadingtypesgivenin Table 31 are applied to the tapered laminahesl tre

deflectionsat the centers of thelates over time are calculated using the developed formulation
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and are illustrated byFigures 3.31- 3.78 for damped and undamped casgéBen, the results

displayedn Tables 3.3 3.5and illustrated byigures 3.3% 3.78are discussed.

Maximum Deflection at the Center of the Laminate (mm)
e T hO 1@ UL W e ™ h0 T X pdw

Al cOE , AT COE
A Ad EE A &5 AR Y " RAEER & Ry ®

Configuration
Boundary Condition

LoadingType 1
LoadingType2
LoadingType3
LoadingType4
LoadingType 1
LoadingType2
LoadingType3
LoadingType4

CCCC|Jl 1.119

SSSS 3.802
CCCC 1.077
CCFF 3.226

SSSS 3.571

C CCCC 0.9%

SSSS 3.969
CCFF 3.336

Table 33 Maximumdeflection(mm)at the centefor all taper configurations and BCs
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Maximum Deflection at the Center of the Laminate (mm)

e« T UL hD T® p TaQ e« p h0 m8 Y vww
AT GOE AT GOE
AMEEREAd® | TAMEERE A ®

Configuration
Boundary Condition

LoadingType 1
LoadingType2
LoadingType3
LoadingType4
LoadingType 1
LoadingType?2
LoadingType3
LoadingType4

‘CCCC\ 0.049
CCFF|| 0.142

SSSS||| 0.163
CCCC|ll 0.047
CCFF ||| 0.138

Ssss| 0.154
C

CCCCJj 0.043

0.126
0.051
0.152

Table 34 Maximumdeflection(mm)at the centefor all taper configurations and BCs
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Maximum Deflection at the Center of the Laminate (mm)

« p& UL hO 18t ybx e« p® hO0O m8tv xao
AT GOE AT GOE
AMEERE A ® | TAMEERE M ®

Configuration
Boundary Condition

LoadingType 1
LoadingType2
LoadingType3
LoadingType4
LoadingType 1
LoadingType?2
LoadingType3
LoadingType4

A ‘CCCC\ 0.0
0.080

Table 35 Maximumdeflection(mm)at the centefor all taper configurations and BCs
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It is grasped fromTables 3.3- 3.5 that regardless othe boundary conditios, taper
configuratiors and loading typeswith increasein the length over mean thickness ratibe
deflectionat the center of the laminaitecreasesuch that when this ratioom 19.1approaches
57.3 the deflection at thecenteris increasedroughly by 690%. However this increase in
transverse deflectiofor SSSSand CCFF plates, with slight difference, are the highest #rel

lowest, respectively.

Considering loading tyel and 3, the deflectioof the plates correspondj to the loading
type 1 is higher than that of the loading type 3. The same explanation corresponds to loasling type

2 and 4 respectively.

The deflections for the CCCC plates are the lowest and that of the SSSS plates are the
highest. It is noted thatéhpeak deflections of the CCFF plates occur at the corner of the plates at
the intersection of the free edges while that of the CCCC and SSSS plates are expected to be close

to the center where the magnitsaé the deflections have been recorded.

Considering the different taper configurations, the deflection corresponding to taper
configuration C, is the lowesind that of configuration Dwith fewer external pligs with slight
difference compared to configuration i&,the highest.

The deflectiorat the centeover timefor thesquardaminateswith sidelength off® X pnw
« 1@ for different taper configuratimandwith three boundary conditions (SSSS, CCCC
and CCFF)due tothe excitationtypes givenin Table 31, aredetermined nextThe excitation
frequency 1@y  and the fundamental frequgnc for each configuration and boundary

condition were tyen inTables 2.1% 2.13

For all boundary condition§SSS, CCCC and CCF&id taper configurations with length
of T X pnmwcorresponding to taper angké @ , the deflectionat the centeover timedue to
excitationtypes givenin Table 31, are illustrated byigures 3.3% 3.78 The dashedand solid
curves correspond to the deflection of the plate with andbwittamping, respectively.
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Figure 347 Coniguration A, CCCC loading type2 Figure 3.48 Coniiguration B, CCCC loading type2
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104



Figure 3,67 Coniguration A, SSSSloading typet Figure 3.68 Coniguration B, SSSSloading typet

Figure 3.69 Coniguration C, SSSSloading typet Figure 3.70 Confguration D, SSSSloading type

Figure 3.71 Coniguration A, CCCC loading type4 Figure 3.72 Coniguration B, CCCC loading typet
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