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Abstract

Nonparametric Bayesian Models Based on Asymmetric Gaussian

Distributions

Ziyang Song

Data clustering is a fundamental unsupervised learning approach that impacts several
domains such as data mining, computer vision, information retrieval, and pattern recog-
nition. Various clustering techniques have been introduced over the years to discover the
patterns. Mixture model is one of the most promising techniques for clustering. The design
of mixture models hence involves finding the appropriate parameters and estimating the
number of clusters in the data.

The Gaussian mixture model has especially shown good results to tackle this prob-
lem. However, the Gaussian assumption is not ideal for modeling asymmetrical data. For
achieving an accurate approximation, I investigate the asymmetric Gaussian distribution
which is capable of modeling asymmetric data.

A prevalent challenge researchers face when applying mixture models is the correct
identification of the adequate number of mixture components to model the data at hand.
Hence, in this thesis, [ propose statistical algorithms based on asymmetric Gaussian mixture
models. I also present novel Bayesian inference frameworks to estimate parameters and
learn model structure.

Here, I thoroughly investigate the Bayesian inference framework, including Markov
chain Monte Carlo and variational inference approaches, to learn appropriate model struc-
ture and precisely estimate parameters. I also incorporate feature selection within the
frameworks to choose relevant features set and avoid noisy influence from uninforma-
tive features. Furthermore, I investigate nonparametric hierarchical models by introducing

Dirichlet process and Pitman-Yor process.
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Chapter 1

Introduction

1.1 Background

Clustering is a common unsupervised learning methodology for data analysis and has been
widely applied to uncover the structure of observations representing distinct groups. A
mixture model, one of most prevalent statistical clustering techniques, divides data into a
collection of homogeneous groups. This can be modeled by a density and the overall model
is represented by a weighted sum of a number of components. The Gaussian distribution
assumption has been extensively applied in many fields because it provides interpretable
results and is easily generalized to new tasks [1]. However, it is not always an adequate
choice since the shape of the distribution of the observations may not be strictly symmet-
ric [2]. Indeed, this is the case especially for natural images. For achieving an accurate
approximation, I investigate the asymmetric Gaussian distribution (AGD) which is capable
of modeling asymmetric data: AGD has left and right standard deviation parameters to
better control the shape of distribution to reflect the asymmetry of data [3].

Parameter estimation is one of the challenges required for the use of latent variable
models. Various algorithms have been studied to achieve this objective. The expectation
maximization (EM) algorithm is one of the well-known methods to estimate the param-
eters of density function. Nevertheless, the EM algorithm as a deterministic approach is
not guaranteed to converge to a global optimal due to vulnerability to initialization condi-
tions and overfitting problems. Practised solutions include Bayesian inference techniques
which are extensively discussed in approximating intractable distributions [4]. It provides

a robust theoretical framework to employ clustering algorithms. As such, Markov Chain



Monte Carlo (MCMC) is one of the most prevalent methods to estimate parameters because
it is capable of precisely approximating a given distribution which lead to remarkable per-
formance [4] [S]. As another prevalent inference approach, variational inference, could
approximate the ideal distribution requiring relatively smaller amount of computational
time and resources compared with MCMC algorithms [6].

Several studies have been devoted to the automatic selection of the mixture components
number which best depicts the observations. Mixture models which allow the number of
components to grow to infinity as required to fit the data can be viewed as nonparametric
models [7]. I am interested in Bayesian nonparametric approaches for modeling, especially
those based on the Dirichlet process (DP). The DP allows unbounded growth of the number
of mixture components as necessary to fit the data, where the individual variables still
follow certain parametric distributions. Through DP based mixture models, it is possible
to determine the correct number of components and to extend a finite mixture model to an
infinite one. Thereby, I propose DP based infinite mixture model with Bayesian inference
framework.

On the other hand, theoretically, the higher the number of features used to represent
a given dataset, the better the clustering algorithm is expected to perform. In practice,
however, some features can be noisy, redundant, or uninformative. Thus, they can hinder
the clustering performance [8]. The presence of many irrelevant features introduces a bias
resulting in unreliable homogeneity measures. Feature selection is the process of reducing
the number of collected features to a subset of relevant features. Hence, it increases the
performance of models by eliminating noise in the data, improving model interpretation,
and decreasing the risk of overfitting [9]. Here, I consider a feature saliency approach
which consider feature selection as parameter estimation problem and recast probability
distribution as dependent and independent distributions [10]. Feature saliency is added
as new parameter to the conditional distribution of the mixture model and used to find
clusters embedded in feature subspace. Since feature saliency represents the probability of
belonging to a mixture-dependent distribution, it can be interpreted as the probability that
a feature is relevant.

In addition, I investigate the possibility of extending the proposed model to hierarchical
nonparameteric model which allows it to model grouped data with shared clusters. Within
the same group, each observation is drawn independently from a mixture model, and the

number of observations within each group may be different. The dependencies among



groups are caused by the assumption that the mixture models in different groups may share
mixture components. Under the settings of hierarchical modeling, parameters are shared
among groups, and the randomness of the parameters induces dependencies among differ-
ent groups. Hierarchical Bayesian models have been an attractive research topic and been
successfully applied in various fields such as language modeling, image segmentation, etc
[11]. A sound alternative to DP is Pitman-Yor process (PYP) which can be viewed as a
generalization to the DP prior for nonparametric Bayesian modeling [12]. I further extend

it to hierarchical Dirichlet process mixture and hierarchical Pitman-Yor process mixture.

1.2 Contributions

The main objective of the thesis is to demonstrate the advantage of asymmetric Gaussian
distribution and investigate thoroughly Bayesian inference framework. I also investigate the
extension of proposed model using nonparametric Bayesian approaches and, probabilistic

feature selection. The contributions of the thesis are listed as follows:
1= Data Clustering using asymmetric Gaussian mixture

I propose asymmetric Gaussian mixture which could accurately capture asym-
metry structure of data. I also extend the mixture model with nonparametric
prior to adjust components number according to the structure of the dataset.
Furthermore, I also introduce a feature selection framework for infinite mixture

model.
== Introduction of hierarchical Bayesian learning for the proposed model

In this thesis, I consider MCMC and variational inference approaches. The
MCMC methodology includes Gibbs sampling and Metropolis-Hastings algo-
rithm and their efficiency is validated in Chapter 2 and Chapter 3. The varia-
tional inference based learning framework includes mean field variational infer-
ence and black box variational inference. Since black box variational inference
is gradient descent approach, it has to control the variance to ensure the con-
vergence. The effectiveness of the variational inference learning framework is
evaluated in Chapter 3, Chapter 4, and Chapter 5 on several models and differ-

ent applications.



1= Hierarchical nonparameteric Bayesian model for modelling grouped data

I introduce the Dirichlet process and Pitman-Yor process, which are popular
nonparameteric priors, to form hierarchical infinite mixture models. The pa-
rameters and structures of hierarchical infinite mixtures are learned by varia-

tional inference framework and validated on grouped datasets.

These contributions have been published in the International Conference on Image
Analysis and Recognition (ICIAR 2019) and IEEE Symposium Series on Computational
Intelligence (IEEE SSCI 2019). The contributions have been submitted and are under re-

view in Soft Computing, IET Image Processing and, Signal Processing journals.

1.3 Thesis Overview

(d Chapter 1 introduces the concept of clustering and a brief overview of various con-
cepts related to the thesis. I also explain clearly the motivations behind the conducted

research work.

(1 In Chapter 2, I explain in detail the MCMC learning framework for infinite asym-
metric Gaussian mixture model. The efficiency of the proposed model is validated

by the challenging task of background subtraction and evaluated on several datasets.

(d In chapter 3, I integrate a simultaneous feature selection algorithm within the pro-
posed infinite asymmetric Gaussian mixture. The MCMC based Bayesian inference
framework is presented to solve parameter estimation and structure learning prob-
lems. The experiments with various applications including dynamic textures cluster-

ing and scene categorization are described in detail.

(d Chapter 4 describes the finite asymmetric Gaussian mixture model with variational
inference framework which includes mean-field variational inference and black box

variational inference. The model has been tested with challenging application.

(d Inchapter 5, I integrate simultaneous feature selection algorithm within infinite asym-
metric Gaussian mixture model. The Bayesian inference framework consists of
mean-field inference and black box variational inference. Since the gradient ascent
method lead to high variance, I propose variational reduction technique and reparam-

eterization trick to control the variance and ensure convergence.

4



(d Chapter 6 describes the hierarchical Bayesian nonparametric model and statistical in-
ference framework which consists of several variational inference methods. Specif-
ically, the Dirichlet process and Pitman-Yor process are considered in the research.

The models have been tested via image clustering.

(4 In conclusion, I briefly summarize the contributions.



Chapter 2

Bayesian Learning of Infinite

Asymmetric Gaussian Mixture Models

In this chapter, I introduce an infinite asymmetric mixture model (IAGM) which provides
a better fit for asymmetric shaped observations. It estimates the parameters and chooses
the optimal number of components through the employment of Bayesian learning and the
extension of the finite asymmetric Gaussian mixture (AGM) to infinity. Furthermore, I
demonstrate the efficiency of the model by utilizing it for the background subtraction task.
the achieved results are comparable to three different methods in terms of precision, and

superior in terms of the recall metric.

2.1 Infinite Asymmetric Gaussian Mixture

2.1.1 Finite Asymmetric Gaussian Mixture

The definition of a finite AGM model with respect to observations, weights and probability

density is illustrated as follows:

p(X10) = ﬂiﬂjp(& 1 &5) 2.1)

i=1 j=1
where X = (X7, ..., Xy) is the NV observations dataset, each observation X; = (X1, ..,

X;p) could be represented as D-dimensional random variable. M > 1 is the number of

mixture components, © = (7, ..., Tar, &1, - - ., &pr) defines the complete set of parameters

fully characterizing the mixture model where 7 = (my,..., 7)) are the mixing weights

6



which must be positive and sum to one, and &; is the set of parameters of mixture compo-
nent j.

The AGD for each component j, the probability density of each observation X; p(X; |
&;) is then given by:

D Siik(Xik—jk)? :
1 exp | — =B i X<t
p(Xl ’ f]) X H _1 _1 X p|: S.. (X2— ) )2] ) Iujk (22)
o (Sije) 72 + (Spjr) 2 exp [— %} it X, >

where & = (p;, Sij, Sr;) is the parameter set for AGD with p; = (p51,- .., f4ja),
Si; = (Sij1s--.,5a) and Sp; = (Spj1y-- ., Srjd)- ks Siji and S, are the mean, the
left precision and the right precision of the kth dimensional distribution. Here, I assume
independence so that the covariance matrix of X; is diagonal matrix. This assumption
allows us to avoid costly computation during deployment.

I introduce the latent indicator variables Z = (71, ..., Zy), Z; for each observation X;
to indicate which component it belongs to. Z; = (Z;1, ..., Z;») where hidden label Z;
is assigned as 1 if X; belongs to component j otherwise will be set to 0. The likelihood

function is then defined by:

N
p(X | 2,0) =[] p(X;|&)7% (2.3)
i=1
Given the mixing weights 7, for j = 1,..., M, the indicators Z are given Multinomial
prior:
p(Z | m) = Multi(7 H?Tn] (2.4)

where n; is the number of observations that are assoc1ated with component j. The mix-
ing weights are considered to follow symmetric Dirichlet distribution with a concentration

parameter «v/M:

M
(7 | @) ~ Dir(— e M )M ij (2.5)

7=1
It then integrates out the mixing weights 7 to obtain the prior of Z:

P57 + 1)

P(a) 7y LG +n
o7 o) = [ o2 |t s = gD TT 2.6

J=1




The conditional prior for a single indicator is then denoted by:

Nn_;:+ o
Zi=1|a 7 ;)= —2_M 2.7
where the subscript —i defines all indexes except i, Z_; = (Z1,. .., Zi1, Zit1,-- -, ZN)s

N_; ; 1s the number of observations excluding X; allocated to the component j.
Next, I extend the model to infinity by updating the posterior of indicators in Eq. (2.7)
with M — oo:

Rty , ifn_;;>0
p(Zij=1|a,Z) = "t .f ! (2.8)
itar WS-y =0

where n_; ; > 0 occurs only when component j is represented. Thus, an observation
X, 1s associated with an existing component by a certain probability proportional to the
number of observations already allocated to this component; while a new (when unrepre-
sented) component is proportional to o and N. Given the conditional prior in Eq. (2.7), the

conditional posterior is obtained by multiplying the prior with Eq. (2.3) resulting in:

n__i’ja Hi: p(Xik ‘ fk), ifn_;; >0
p(Zz]:1| ): N—1+ 1 J J

N_LHQIP(Xi 1 &)p(& | A, By, Brywi, wy)dEs,  ifng; =0
(2.9)

where the hyperparameter « is defined by an inverse Gamma prior with shape a and
mean b chosen as follows:
1

) o exp(— L
pla™) o< a™2 exp( 2a) (2.10)

Given the likelihood of « in Eq. (2.6), the posterior is then:

M-3

o5 exp(—=3)D(a)
pla| M,N) x TN %) (2.11)

The conditional posterior for o depends only on number of observations, N, and the
number of components, M. The logarithmic representation of posteriors is log-concave, so

it can sample « by using the Adaptive Rejection Sampling (ARS) method [13].



2.1.2 Bayesian Learning

In this section, I describe an MCMC-based approach for learning the proposed IAGM
model. The means of the components 15, are given Gaussian prior with hyperparameters

A and 7 as follows:

(e | A7) ~ N (A, r71). (2.12)

where the mean, A, and precision, , hyperparameters are common to all components in
a specific dimension. A is given Gaussian prior with mean e and variance f, and r is given
Gaussian prior and inverse Gamma prior with shape parameter g and mean parameter

respectively:

p(A) ~ Ne, f) (2.13)

p(r) ~T(g, h) (2.14)

where e and f will be j1,, and 05, the mean and variance of the observations which are
used for the parameters of the Gaussian prior. The Gamma prior uses constant values 1 as
shape g and o, as mean h.

The conditional posterior for the mean 5, is then computed by multiplying the likeli-
hood from Eq. (2.3) by the prior Eq. (2.12) as follows:

n n
Sljk Zi:Xik<,Lij Xlk + Srjk zi:XikZ/.ij Xlk' + rA

(i | Xy Sijs Spjiy A1) o N
(NJ | J J ) ( T (nj —p)Srjk

Y

1
T+ pSyik + (nj - p)Srjk)

(2.15)

where X, is the kth dimensional observations allocated to component j. n; is the

count number of observations X, and p is the count number of observations X, which are

less than fi;;,. For the hyperparmeters A and r, it uses hyperposteriors to update parame-

ters. Eq. (2.12) plays the role of the likelihood function. As such, it combines Eq. (2.12),
Eq. (2.13) and Eq. (2.14) to obtain the following posteriors:

_ M
,uyay2 +TZ]':1 ik 1
ay—2+Mr 7Uy—z—l—]Wr

PN | ks -« piarg, ) o< N( ) (2.16)



M+1
M
‘75 + Zj:1(ﬂjk —A)?

The component precisions .5, and S, ;i are given Gamma priors with common hyper-

p(r | pagy - pagrs A) o< D(M + 1, ) 2.17)

parameters 3 and w™" as follows:

p(Sljk ’ 6,10) ~ F(ﬁ>w71)> p(srjk | ﬂaw) ~ F(vail) (218)

where [ is given inverse Gamma prior with shape parameter s and mean parameter ¢,

and w is given Gamma prior with v and v:
p(B71) ~T(s,1) (2.19)

p(w) ~ T'(u,v) (2.20)

where I set both of mean and shape parameters of hyperprior 3 as constant value 1, and
mean and shape parameters of hyperprior w are defined as 1 and 05 respectively. The con-
ditional posterior distribution for S;;;, and S, are obtained by multiplying the likelihood
from Eq. (2.3) by the prior Eq. (2.18) as follows:

_1 1 B_4q
P(Sujis | Xy e Srjks By w) o< (Siy” + Sijs? ) Sy

St 2 <pg Tk — Hik)* wﬁsljk}
2 2

exp [ — (2.21)

Random samples of posteriors can be drawn by using the MCMC method. In this
chapter, I use Metropolis-Hastings algorithm to sample precision parameters. For the hy-
perparameters 5 and w, Eq. (2.18) plays the role of the likelihood function. Combining
Eq. (2.12), Eq. (2.19), and Eq. (2.20), I obtain the following posteriors:

M
p(Br | Sty - -+ Sinaw, wi) o F(@)_M eXp(—i)(@) E H(szij)% exp(——ﬁlwlsuk)

> 26, 2 11 2
(2.22)
MG +1
p(wy | Siiks -+ Stk Bi) < (M B + 1, b ) (2.23)

- M
0%+ Bid i1 Sijk

10



where I only show the left side of 5 and w parameters with similar posteriors for the
right side parameters. The posterior distribution of precision [ is not a standard form, but
its logarithmic posterior is log-concave. Therefore, it can sample from the distribution for
log(/3) using ARS technique and transform the resultant to get values for f3.

The proposed complete algorithm can be summarized by the following:

Algorithm 1 Infinite Asymmetric Gaussian Mixture

1: procedure

2 Initialize assignments and parameters.

3: loop:

4 Update mixture parameters ji;, S;jr and S, from posteriors in Eq. (2.15) and
Eq. (2.21).

5: Update hyperparameters A, r, 3, w and DP concentration parameter v from poste-
riors in Eq. (2.16), (2.17), (2.22), (2.23) and (2.11).

6: Update the indicators conditioned on the other indicators and the hyperparameters
from Eq. (2.9).

7: The convergence criteria is reached when the difference of the current value of joint
posteriors and the previous value is less than 10~%. Otherwise, repeat above procedures
until convergence.

2.2 Experimental Setup

2.2.1 Background Subtraction Application

In this section, I employ the proposed IAGM model for video background subtraction with
a pixel-level evaluation approach as in [14]. The background subtraction methodology
starts off by constructing the model using the proposed IAGM. After applying the learning
algorithm for the model, it discriminates between the mixture components for the repre-
sentation of foreground and background pixels for each of the new input frames.

Assume that each video frame has P pixels such that X = (Xi,..., Xp) then each
pixel X is assigned as a foreground or background according to the trained IAGM model
p(X|O) = Hf\il Zjvil 7;p(X; | &). Components that occur frequently, i.e. with high 7
value, and with a low standard deviation S ~3 are modeled as the background.

Accordingly, the value of 7/ (||Sl;%\| + HST;%H) is used to order the mixture com-

_1 _1
ponents, where 7; is the mixing weight for component j, [|S;; *|| and |[|.S,; *|| are the

11



respective norms of left and right standard deviations of the jth component [14]. The first

B number of components are chosen to model the background, with B estimated as:

b
B = argmin dom>T (2.24)

j=1
where 7' is a measure of the minimum proportion of the data that represents the back-

ground in the scene, and the rest of the components are defined as foreground components.

2.2.2 Results and Discussion

I apply the proposed algorithm to the Change Detection 2012 dataset [15]. The dataset
consists of six categories with a total of 31 videos totaling 90,000 frames. Each of the
categories (baseline, dynamic background, camera jitter, shadows, intermittent object mo-
tion, and thermal) contains around 4 to 6 different video sequences from low-resolution IP
cameras.

In this chapter, I have selected five videos from the Change Detection dataset to evaluate
the proposed methodology. I initialize the IAGM by incrementally increasing the threshold
multiple times and choosing the optimum parameter setting. 1 adopt the threshold factor
T = 0.9 in the method. I set the maximum component number for the algorithm as 9 and
the standard deviation factor K = 2. Evaluation of the proposed IAGM can be observed
in the confusion matrices in Figure. 2.1. Moreover, Figure. 2.2 shows visual results of the
proposed method on sample frames in the Library and Street Light video sequences.

I also compare the results with three other methods from the literature. These include
the Gaussian mixture model-based background subtraction algorithms by Sauffer et al. [14]
and Zivkovic [16] as well as the finite asymmetric Gaussian mixture model by Elguebaly et
al. [17]. I evaluate the performance of the algorithms in terms of the recall and the precision

metrics.

TP
Recall = —— 2.2
T TP IAN (2:25)
TP
Precision = —— 2.26
recision TP + FP ( )
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Table 2.1: Experimental results for the background subtraction application.

Stauffer Zivkovic Elguebaly IAGM

Boulevard
Recall 83.21%  79.77% 79.54%  84.72%
Precision 40.02%  43.79% 61.13%  55.80%
Abandoned Box
Recall 4574%  45.64% 45.18%  81.53%
Precision 65.52%  62.14% 67.41%  56.23%
Street Light
Recall 32.25%  33.94% 30.33%  57.41%
Precision 89.16%  92.47% 97.56%  99.99%
Sofa
Recall 51.62% 51.41% 59.90%  53.56%
Precision 85.92% 89.25% 92.52%  93.41%
Library
Recall 28.00%  28.68% 31.33%  94.74%
Precision 84.76% 81.76% 94.66%  86.52%

where TP is the total number of true positives correctly identified by approaches, FN is
the number of false negatives, and FP represents the number of false positives. The results
can be seen in Table. 2.1.

As can be observed in Table. 2.1, the proposed IAGM mostly outperforms the other
approaches in terms of the recall metric, while achieving comparable precision results. For
instance, ITAGM attains better recall results for the Street Light video sequence with a near
perfect precision. This clearly demonstrates the effectiveness of the proposed model.

In particular, the approach detects more foreground pixels; most of which are clus-
tered correctly. This ensures comparable precision results compared with the other algo-
rithms. The method does not remarkably improve the precision metric due to the sensitivity
of the proposed method to the change in environments. With higher number of detected
foreground pixels, the approach shows significant improvement in the recall metric. This
improvement is especially distinct for the Library video.

These improvements are due to the nature of the IAGM that is capable of accurately
capturing the asymmetry of the observations. This higher flexibility of AGD allows the
incorporation of the different shape distributions of objects. Furthermore, the extension to
the infinite mixture using the DP with a Chinese restaurant process construction increases
adaptability of the proposed model. Hence, I addressed both the parameter learning and the

component number determination challenges. These advantages provide a more efficient
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Figure 2.1: Confusion matrices of the proposed method employed for background subtrac-
tion on the boulevard (top left), abandoned box (top center), street light (top right), sofa
(bottom left), and library (bottom right) videos where FG denotes the foreground and BG

denotes the background.
E d
-L" -

Figure 2.2: A sample frame from Street Light (left) and Library (right) video sequences
and the detected foreground object respectively.

model for background subtraction.
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Chapter 3

Bayesian Learning for Infinite
Asymmetric Gaussian Mixture with

feature selection

In this chapter, I integrate infinite mixture model with a feature selection technique for the
purpose of choosing the set of features that are most informative in order to construct an
appropriate model in terms of clustering accuracy. I report results based on experiments
that concern dynamic textures clustering as well as scene categorization. These show the

merits of the developed approach.

3.1 Infinite Asymmetric Gaussian Mixture with Feature

Selection

In this section, I incorporate IAGM model, which is proposed in chapter 2, with feature
selection algorithm. I start by introducing the concept of feature saliency and represent the

proposed model combined with feature selection.

3.1.1 Feature Saliency

In this section, I introduce the concept of feature saliency and consider the feature selection
problem as a parameter estimation problem [10]. It is natural to consider that different

features may have different weights for each of the mixture components. Thus, I define
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feature saliency as the weight of feature importance.

It assumes that a feature is relevant if it follows a mixture-dependent distribution AGD.
Otherwise, it may be modeled as a mixture-independent background distribution. In this
chapter, I propose a Gaussian assumption for the background distribution. By introducing
latent relevant indicator ¢; = (¢, ..., Qi) With ¢;; = (¢Pij1,...,¢ijp), I could then
infer if a given feature is relevant or not. The binary indicator ¢;;, = 1 if feature % in
observation X; is relevant for component j, otherwise ¢;;, = 0. Thus, it is possible to

rewrite the probability density function as follows:

N M D

p(X 16,67,®) = [[D_m [ [p(Xiw | &0)%p(Xir | €)' %] 3.1)

i=1 j=1 k=1

where the 7" = (£ ... £V7) represents the set of parameters for background Gaus-
sian distribution with girr = (,u;”", (SZ»TT> ) Hi = (,ujl, R ,[,l,jD) S = (th ce SjD)-
,u;f and S%" represent the mean and precision for Gaussian distribution, respectively.

Feature saliency defined as p = (p1,...,pm) such that p; = (pj1,...,pip). Pjk =
p(¢; = 1) represents the prior probability that the feature k is relevant in mixture compo-
nent j. Thus, it could recast the likelihood function after introducing the feature saliency

p. This can be denoted by:

M D
p(Xi| Op) = Zﬂ.j (oD (X | E51) + (1 = pi)p(Xar | E53)) (3.2)
j=1 k=1

where O = (O, p, &) is the full set of parameters of the mixture model after in-
troducing feature saliency. Eq. (3.2) offers sound generative interpretation for the model.
First, the model selects the component 7 by sampling from a Multinomial distribution with
mixing proportions m = (7, ..., 7). Then, for each feature dimension k£ = 1,..., D, it
follows a Bernoulli distribution with feature saliency pj;; if successful, it uses the relevant
mixture component p( X, | &;) to generate feature k; otherwise, the background compo-
nent p( Xy | W) will be used. Therefore, the model of previous chapter could be viewed
as special case when all of the features are relevant.

The conditional posteriors of DP mixture could be rewritten after bringing feature
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saliency into model as:

T T (i (X | Eii) + (1= pi)p(Xare | €57)) if iy > 0

p(Zi=j|..)=
i SR P ) x p(Xa | §)dE; ifni; =0

(3.3)

It could use these posteriors to generate new components or allocate observations. For
latent allocation variables Z = (Zi,...,Zy), m; = p(Z; = j) represents the prior prob-
ability that observation X; is associated with component j. It could obtain the posterior
probability that the observation X; is allocated to component j conditional on having ob-

servation X; to be:

Xi o ,ZZ _ D irr
p(Xi | OF J) oc 7y [[Comp(Xan | 030) + (1 = py)p(Xaw | 0357))

p(Zi=J|Xi) =
( | Xi) (X, 1 6r) 11

(3.4)

Latent relevancy variable ¢, j;, indicates whether the feature £ is relevant for component
J given the observation X;. p; = p(¢i;x = 1) represents the prior probability that the
feature £ is relevant for component j given observation X;. The posterior probability that

the feature k is relevant for component j conditioned on X; is given by:

pirP(Xik | &n) |
pirD(Xik | &) + (1 = pie)p(Xir | &)
3.5

p(oir=12Z=31X;)=p(Zi =7 |Xp)

Posteriors for irrelevant features could be deduced in the same way.

(1= pju)p(Xix | €
(3.6)

p(oije=0,Z; =31 X;)=p(Z; =7 |X,)

The likelihood function of X conditioned on the complete set of mixture parameters

can be obtained. It will be used for further Bayesian inference derivation:

N D
p(X 2,9, =T 1] [Pk | &) p(Xir | €57) %] (3.7)

i=1 k=1
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3.2 Non-parametric Bayesian Inference

In the Bayesian context, the most important step is the determination of the posteriors
for inference. In this section, I describe a MCMC-based inference approach to learn the
proposed model. The goal of inference is to approximate the posteriors of parameters which
absorb the information to update the priors. Thus, I define a hierarchical Bayesian model
and use conjugacy to develop the appropriate posteriors. The parameters are inferred based
on a MCMC method.

3.2.1 Estimation for ;;; and ;%

I consider that the relevant and irrelevant mean parameters /i, and uﬁf follow Gaussian

priors with common hyperparameters mean A\ and precision r respectively as follows:

plpgn | A ) ~ N7 p(fi [ AT r™T) ~ N, ()70 (3.8)

where the hyperparameters mean A\ and precision r are considered as common to all
components in a specific dimension k. A and r are given Gamma and inverse Gamma

priors with the following shape and mean hyperparameters:

p(A) ~N (e f)  p(r)~7(g,h) (3.9)
where A\, \'", r, " have same prior forms and I will omit replicated representation.

irr

The conditional posteriors for 7, and pj," are obtained by combining the likelihood in
Eq. (3.7) and the priors in Eq. (3.8).

p(/’L]k ’ ) X p(lu]k ’ )\,T)])(X | Za®7§7€irr)
pluli |..0) o< p(ulil | X7 p(X | Z,0,6,67T) (3.10)

For the posteriors of hyperparameters A and r, Eq. (3.8) plays the role of likelihood and
combined with priors Eq. (3.9) to obtain:
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p(A|. Hp Wik | A1)
7j=1
M

p(r | (r) [T o | A7) (3.11)
7j=1

3.2.2 Estimation for S;;;, S, ;; and “"7"

The precision parameters Sy, Sy jx and S;};T are endowed with Gamma priors of common

hyperparameters 3 and w respectively:

p(Sijk | Brswy ~ y(Brw )
(Srjk | ﬁr; wr) ~ 7(57"7 w;l)
( 17“7“ ’ ﬂzr‘r zrr) ~ 7(61'7"7“’ (wirr)—l) (312)

where the hyperparameters 3, w are common to all components in specific dimension
k. (£ and w are given Gamma and inverse Gamma priors with the respective shape and

mean hyperparameters:

p(B7Y) ~y(s,t)  plw) ~(u,0) (3.13)

where 3, 3,, 8", w;, w,, w"" have the same prior forms. The conditional posteriors
for Sk, Srjr and S;’,;’” are obtained by combining the likelihood in Eq. (3.7) and the priors
in Eq. (3.12) as follows:

p(Sujk | -+ -) o< p(Sjk | Brs wi)p(X | Z,9,6,6M)
p(Srjk | .. ) X p(Srjk | BTawr)p(X | Za ¢’§7€irr)
( zrr | ) O(p(szrr ’ /BiTT,wiTT)p(X | Z,(I),é,fiTT) (314)

For the posteriors of hyperparameters /5 and w, Eq. (3.12) plays the role of likelihood
and combined with priors Eq. (3.13), I can then obtain the following:
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p(B1...) < p(B) [ [ p(Sik | B.w)

<.
I
A

p(r|...) < pw) || p(Sjk | 5,w) (3.15)

—

<
I
—

3.2.3 Estimation for p

Feature saliency p;; has support over [0, 1] and considered naturally as Beta distribution

with common hyperparameters a and b as following:

p(pjk | a,b) ~ Beta (a,b) (3.16)

where the shape hyperparameters a and b are common to all components and follow

Gamma priors:

pla) ~ v (61,62) p(b) ~ v (¢1,92) (3.17)

I assume that the latent relevancy parameter ¢ ;;, follows Bernoulli distribution with pjy,

so I have:

) n N—n;
(s | pik) Hpq”’“ Y= = (1= py ) (3.18)

where nj, = Zz’:l Iy, =1 represents the amount of feature £ relevant for component
J given all of the observations. Considering Eq. (3.16) as the likelihood, I can obtain the
conditional posterior by multiplying the prior in Eq. (3.18):

p(pjx | ---) ~ (D | pjx)p(pjk | @, b) (3.19)

Conditional posteriors can then be obtained by combing Eq. (3.16) and Eq. (3.17) as

follows:

p(pji | a,b)

p(pjk | a,b) (3.20)

ﬁ
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3.2.4 Complete Algorithm

Following the inference approach above, I propose a MCMC based algorithm for inferring
the hierarchical Bayesian mixture model. Among Monte Carlo methods, Gibbs sampling
is one of the most popular methods, and it is also widely used for complicated posterior
sampling. I also use Metropolis-Hastings algorithm to generate non-standard posteriors.
The Gibbs sequence converges to the joint posterior distribution. The algorithm can be

summarized in Algorithm 2.

Algorithm 2 Infinite Asymmetric Gaussian Mixture with Feature Selection

1: procedure

2 Initialization:

3: Initialize the truncation levels K and 7.

4 repeat:

5 Update the latent relevancy variables ¢ from Multivariate Bernoulli distribution
with probability p(¢z’jk =1,Z;=7| XZ-) in Eq. (3.9).

6: Update mixture parameters /i, 1", S;, S,, S“" and p from conditional posteriors
in Eq. (3.10), Eq. (3.14) and Eq. (3.19).

7: Update hyperparameters \, 7, 3, w, a, b from conditional posteriors and update DP

concentration parameter « from conditional posterior in Eq. (3.11), Eq. (3.15) and Eq.
(3.20) and Eq. (2.11).
8: Update the latent indicator variables Z in Eq. (3.3).
Update the component number M.

10: The convergence criteria is reached when the difference of the current value of
joint posteriors and the previous value is less than 10~%. Otherwise, repeat step 1-5
until convergence.

11: until convergence

3.3 Experimental Results

In this section, I validate the algorithm on several challenging experiments; particularly,
dynamic textures clustering and scene categorization. I compare the results with multiple
state-of-the-art methods.

Among these applications, the hyperparameters chosen are e = i, f= 02, g=2, h:%,
5=0.5, t=2, u=0.5, v=02—2, 01=2, 65=0.5, ©1=2, 2=0.5, k=0.5, and n=2. u, and Ug are the

mean and variance of observations.
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Figure 3.1: Sample frames from the DynTex database.

Approach | IGM | IDM | IGDM | IBLM | IAGM
Acc (%) | 74.87 | 77.75 | 80.62 | 83.37 | 88.79

Table 3.1: Average accuracy of different algorithms for dynamic textures clustering.

3.3.1 Dynamic Textures Clustering

Dynamic textures are the temporal extension of spatial textures which are defined as se-
quences of images of moving scenes that exhibit certain stationarity properties in time
(sea-waves, smoke, foliage, whirlwind) [18]. Dynamic textures have drawn tremendous
attention during the past years due to their application in several domains in image process-
ing and pattern recognition, such as motion classification, video registration, and computer
games [19]; [20]. In the experiment, I apply the proposed IAGM with simultaneous feature
selection for clustering dynamic textures with a representation of LBP-TOP features.

I carry out the experimentation on the challenging dynamic textures dataset; Dyn-
Tex [21], for evaluating the performance of the algorithm. This dataset contains over
650 dynamic texture video sequences from several categories. In the case, I use a sub-
set of video sequences from 8 different categories: candle, flag, flower, fountain, grass,
sea, smoke and tree. Each category has about 20 video sequences. The sample frames
from each category are shown in Figure. 3.1. As a preprocessing step, I extract LBP-TOP
descriptors from the selected video sequence.

In the experiment, I adopt the parameter choice of 4,4,4,1,1,1 as suggested in [22].
The chosen setting of the LBP-TOP descriptor achieves a good performance while it also

provides a comparative shorter 48-length feature vector.
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Figure 3.2: Confusion matrix of the IAGM with feature selection for the DynTex database.
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Approach | GMM-EM | GMM-RPEM | prob | SPM | BOW | MLE-Scene | MM-Scene

IAGM

Acc (%) 69.51 69.76 63.88 | 66.00 | 71.57 69.87 71.70

73.33

Table 3.2: Average accuracy of different algorithms for scene categorization.

Obtained features are modeled using proposed IAGM algorithm. In order to evaluate
the performance of the proposed method, I compare the proposed approach with other
methods; infinite Beta-Liouville mixture, infinite generalized Dirichlet mixture, infinite
Dirichlet mixture, and infinite Gaussian mixture models. I run these approaches 30 times
and get average results for validating the performance. The averages of the clustering
accuracy can be observed in Table. 3.1. Figure. 3.2 shows the confusion matrix for the
dataset using IAGM with feature selection.

According to the results, IAGM with feature selection approach outperforms other
methods in terms of the highest categorization accuracy rate (87.02%). It shows signifi-
cant improvement compared with other methods because it could successfully distinguish
6 categories leading to a higher overall accuracy

The results of dynamic texture clustering demonstrate the advantage of applying mix-
ture model which includes asymmetry characteristics of observations for modelling non-
standard shaped observations. Meanwhile, simultaneously performing feature selection
allows for the inclusion of background noise while accurately representing important fea-

tures that contribute to better performance.

3.3.2 Scene Categorization

Humans are proficient at perceiving, recognizing and understanding natural scenes. The
representation of scene images has drawn considerable interests in recent years. In this
section, [ apply the proposed algorithm to the challenging scene categorization task. Thus,
I divide the approach into three parts: feature extraction, image representation, and scene
classification.

In this application, I use the UITUC sports event dataset [23] to validate the performance
of the algorithm. This dataset consists of 8 different sport event classes: rowing (250
images), badminton (200 images), polo (182 images), bocce (137 images), snowboarding
(190 images), croquet (236 images), sailing (190 images), and rock climbing (194 images).
Fig. 3.3 demonstrates its diverse nature.

I represent each image by a collection of local image patches. Particularly, I adopt
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Figure 3.3: Sample frames from UIUC sport event dataset. the samples show the diversity

of background and complexity of information
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Figure 3.4: Confusion matrix of the the IAGM with feature selection for the UIUC sport

event dataset
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scale-invariant feature transform (SIFT) descriptors of 16 x 16 pixel patches computed
over a grid with spacing of 8 pixels. Then, I employ bag of visual words (BoVW) approach
to have an overall representation of each image. I then use k-means algorithm to cluster the
training dataset in a vocabulary of V visual words. Each SIFT keypoint will be allocated to
the nearest vocabulary in codebook. The points in the image can be approximated by each
of the visual words. Thus, each image can be represented as a frequency histogram over the
V visual words. Then, I use IAGM with feature selection model to classify the processed
data. For each sport event class, I randomly select 70 images as a training and 60 images
as a testing. I run the proposed algorithm 30 times to obtain the average accuracy results
for comparison.

In order to demonstrate the advantages of the algorithm, I compared the model with a
number of state-of-the-art approaches within similar area. These approaches include Gaus-
sian mixture model with Expectation Maximization algorithm (GMM-EM) [10], Gaus-
sian mixture model with Rival Penalized Expectation Maximization (GMM-RPEM) [24],
GIST [25], multi-class supervised Latent Dirichlet Allocation and multi-class supervised
Latent Dirichlet Allocation with annotations (probabilistic) [26], Spatial pyramid matching
(SPM) [27], bag of keypoints (BOK) [28], maximum likelihood estimation Scene (MLE-
Scene) and Max-Margin Scene (MM-Scene) [29]. The evaluation results are shown at
Table. 3.2. Fig. 3.4 displays the confusion matrix for JAGM applied on sport dataset.

We can observe from the results that the proposed IAGM with simultaneous feature
selection outperforms other approaches under consideration and provides better average

accuracy results for the task of scene categorization.
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Chapter 4

Variational Inference for Finite

Asymmetric Gaussian mixture

In this chapter, I consider a finite mixture model based on AGD which provides a better fit
for the data. I apply a variational learning framework to estimate the parameters and adjust
model complexity automatically. I handle the problem of inferring non-conjugate variables

by introducing gradient ascent inference method.

4.1 Finite Asymmetric Gaussian Mixture

In this chapter, the definition of the AGD comes with standard deviation parameters instead
of with precision parameters which appear in previous chapters due to the convenience of

this setting for variational Bayes inference. Mathematically, this is denoted as follows:

2
D exp | — Gt —pje)” if X<t
X | SJ X H [ ngljk 2:| ’ (41)
iy Olik T 07’3’“ exp [ — (K —piae) 5;5;’“) | if Xk > g
J
where £, = (u;, 015, 0,;) is the complete set of parameters for AGD with p; =
(,ujl, R ,,ujD), o = (O'ljla R ,O'ljD), and Orj = (O'le, e ,O'er). Hiks Oljk and rik

are the mean, the left and right standard deviations for the kth-dimensional distribution,
respectively. 1 still consider each dimension of observation X; as independent and thus
its covariance matrix is diagonal. This assumption reduces the computational time during

deployment.
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The latent indicator variables Z, Z = (Zy,..., Zy), indicate which components the
observations belong to. Z; = (Z;1,...,Z;) and each element Z;; is assigned value 1
when the observation X is associated with component j; otherwise, it is 0. The mixing co-
efficient m; = p(Z; = j), j = {1, ..., M} specifies the probability that an observation X
is allocated to component j. Hence, the marginal distribution over Z given a Multinomial

prior is as follows:

N M

p(Z | 7) ~Multi(r) = [ ][ =%~ (4.2)

i=1 j=1

I choose a Dirichlet distribution prior over the mixing coefficients 7:

p(m) = Dir(7 | o) = (4.3)

M M
F(Zj:l ) H ao—1
[17,Te0) 4
j=11+\0) ;5
where by symmetry I choose the same parameter o for each component. I assume that
1 follows a Gaussian distribution with mean A\ and precision r, i.e. the inverse variance
of Gaussian distribution. The standard deviations o; and o, follow a Gaussian distribution
with a mean value whose value is set experimentally and a high value standard deviation

setting [30]:

Pk | A1) ~ N (Nji, 75r)
plove | mu, 1) ~ N (i, s7)

p<0rjk | my, Sr) ~ N(m'r'jk7 S?«jk) (44)

4.2 Variational Inference Framework

4.2.1 Maean field Variational Approximation

In this section, I use variational inference to closely approximate the parameter set w =
(Z , T, 4y O, a,.) of the mixture. I consider the problem of calculating the posterior density
p(w | x) given the model evidence p(x) which is hard to compute with latent parameter set
w [31]. The explicit rationale behind analytical intractability is that the evidence term is

usually hard to compute.
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The idea behind variational inference is to approximate the posterior p(w | x) with
variational distribution ¢(w) from a constrained family of distributions. The objective is
to adopt the closest one in a given variational distribution family. I choose the Kullback-
Leibler (KL) divergence to measure the distance between the posteriors and the variational

distributions:

KL(q(w) || p(w | z)) = Eqllog q(w)] — E,[log p(w | x)] (4.5)

Thus, variational inference amounts to solving an optimization problem: choosing the
variational parameters that minimizes KL divergence. The family of distributions is chosen
to make the optimization problem tractable.

However, the divergence is difficult to compute since it requires finding the distribution
that I wish to approximate. I then expand the KL divergence and find the evidence lower

bound (ELBO) in addition to the log marginal distribution of the observations as follows:

KL(g(w) || pw | 2))
=E,[log q(w)] — E,[log p(w, x)] + log p(x)
=L(w) + log p(x) (4.6)

As such, it minimizes the ELBO that is equal to log marginal likelihood term, which is
constant with respect to variational distribution ¢(w), minus KL divergence. It reaches a
maximum when ¢(w) = p(w | z); the KL divergence is zero.

Typically, ¢ will be constrained to a family of simpler distributions, and the ELBO is
optimized to find the distribution in the family that is closest (in terms of KL divergence)
to the true posterior. Here, I follow the mean field assumption [32]. This approach assumes
independence between latent variables to factorize the family of variational distributions
so that the true posterior is easy to compute. Then, the variational distributions have the
factorized form:

M N M D
o7, 01,00) = [ [a(my) [TaZ) [T 1] awiw)a(onn)a(onn) 4.7)
j=1 i=1 j=1k=1

where ¢(r;) is a Dirichlet prior with parameter «; , ¢(Z;) is a Multinomial prior with

parameter ¢ and ¢(j1;;) is considered as a Gaussian distribution with mean m and variance
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>.. I also define the variational distributions of ¢; and o, as a Gaussian with mean ¢ and

standard deviation v:

q(m;) ~ Dir(r | ;)
q(Z;) = Multi(¢;)

oijr) = N (i, Vi)

q Or]k) = (’wjk;vgjk) (48)

(
(
q(pje) = N (myi, Zjr)
q(
(

For the proposed finite AGM and using the mean field assumption, the ELBO is:

L(©) =Y (Bllogp(Xi | Zi, 1, 01, 0:)) + Eygllog p(Z;)]) + Eylln p(r)]

i=1

+ Eqllog p(p)] + Eyllog p(a1)] + Eqllog p(oy)] — Egllog q(, Z, p, 0y, 0,)]  (4.9)

By applying Eq. (4.9) to each factor, I obtain the optimal solutions for the factors of
the variational posteriors. I next present the explicit coordinate ascent variational infer-
ence (CAVI) to optimize the ELBO in Eq. (4.9) where I find the updates of the variational
parameters of mixing proportions V' and indicators Z are:

Tij

Gij = S (4.10)

D

rij = exp{E,[log 7;] — Z E,[log(ouk + 0vjk)]
k

i X5+ Eqlidy] — 2Xan B[]

b Xt 2F, [O-lgjk]
i Xk + Eqlpe] — 22X Eq 4] ! 4.11)
o 2B [07;]
N
0 =0t > s 4.12)
1=1

The variational updates of latent variable 1 can be obtained as:
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Ejk _ ( Z E ¢z] + Z ¢z] T)fl

alo 6 X i3> mk]

6, X <tjk
ik ik
mip=Su( D, bypat Z b1y =5 + M) (4.13)
' aloi] alo7]
4, Xk <Wjk J Xk >k Orj

It is intuitive to update the parameters (7, Z, 1) but closed forms are not achieved for the
standard deviation variables (o0, 0,.) because of non-conjugate characteristics. Although
there are multiple solutions for non-conjugate models, such as Delta Method Variational
Inference proposed in [33], Taylor Expansion cannot be used to approximate intractable
density of (o0y, 0,) because it is unviable to get first-order derivative solution. Thus, I con-
sider a gradient-based optimization method, the Black Box variational Inference (BBVI),

to approximate standard deviation parameters [34].

4.2.2 Black Box Variational Inference

For the BBVI, the variational lower bound of probabilistic model associated with parameter

o = (07, 0,) is given as follows:

L(0) = Eyollogp(x, o) —logq(o | 6)] (4.14)

where 6 is a set of free parameters of variational distribution ¢(o | ). the objective is
to accurately approximate p(x | o) with a setting of 6 and optimize the ELBO. In BBVI, 1
use stochastic optimization approach to maximize the ELBO based on the noisy estimation
of its gradient.

Given a certain learning rate p; following Robbins-Monro conditions where ¢ denotes
the current iteration, it is possible to guarantee that the optimized function f(z) converges

to a maximum:

Ty < T+ ,Otht(xt) 4.15)

where h;(z;) is a realization of the random variable H(z) whose expectation is the
gradient of objective f(x). The derivative of the ELBO with respect to the variational

distribution can be obtained:

VoL(0) = Ey[Vylogg(o | 0)(logp(x,a) —logg(o | 9))] (4.16)
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where the gradient of log variational distribution, Vylogq(o | ), is considered as
the score function. Using above gradient of the objective, it can sample from variational
posterior to get noisy but unbiased gradients, which I utilize to update the parameters. The
noisy unbiased estimation of gradients of the ELBO with Monte Carlo samples from the

variational distribution can be denoted as:

S
1
VoL(o) = g ng log q(o, | 0)(logp(z, 05) —log q(os | 6))
s=1

where o ~ (o | 0) (4.17)

where s indexes the samples and S indicates the number of samples drawn from the
variational distribution. I consider the factorized parameters 0y, and o, to follow a diag-
onal Gaussian variational family with mean ¢ and standard deviation v. Thus, the inference

using gradient ascent is performed:

vbljkﬂ}ljk’ﬁ(o-ljk)
1 S
=3 Zlejkaljk log q(oyy, | s viji) (log p(x, 033) — log q(o7y, | tujks Vijik))
s=1
vbrjkwrjk['(o-rjk)

S
1 S S S
=3 D Vi 1084(055 | e, veje) (log p(w, 035) = 1og (07, | Lrjis vnjre)) (4.18)
s=1

The expectations included in the above formulas are calculated by:

Eqlpe] = mje  Eglpi] = m5, + Sk (4.19)
Egloye) = ujr  Eqlop] = i + Vi (4.20)
Eylorjk] = trjr Eq[azjk] = szk + U?jk 4.21)

I use Jensen’s Inequity to approximate the E,[log(o;x + o0,jx)] by replacing with the

upper bound:

Eqllog(oujk 4 0rji)] < log(Eqloujk + orji]) = log(uk + trjk) (4.22)
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Algorithm 3 Finite Asymmetric Gaussian Mixture

1: procedure
2: Initialization:
3: Initialize a relatively large starting number of mixture components K and hyperpa-
rameters mg, Vo, dio, S0, dro, and Syg.
Initialize variational parameters r, o, m and v.
repeat:
Update local variational parameters r;;, using Eq. (4.10) and Eq. (4.11).
Update global variational parameters «y,, myq and vg, using Eq. (4.12) to Eq. (4.13).
Update global latent variables 0;;;, and o, by BBVI from Section 4.2.2.
Check for convergence, i.e. the difference between the current value of ELBO and
previous value is less than 1073,
10: until convergence
11: Compute the expected values of 7, i, 07, and o,

R N

4.2.3 Complete Algorithm for the Proposed Framework

In this subsection, I detail the steps of the proposed AGM framework, including CCVI
and BBVL. I trace the convergence by monitoring the ELBO difference between epochs.
Convergence is achieved when the ELBO difference is less than a threshold set experimen-
tally to 10~ for each iteration. The variational inference of the AGM is summarized in

Algorithm 3.

4.3 Experimental Results

4.3.1 Experimental Setup

In this section, I apply the proposed finite AGM framework for the background subtraction
task with a pixel-level approach. Pixel-level methods model the value of a particular pixel
over time as a mixture of poised distribution; the AGD in this case. I start by modeling
the background by using the proposed AGM then divide the mixtures into foreground and
background components.

Each pixel &, is allocated a label as foreground or background according to the mea-
sured model p(&, | ©) = [IX, 3K mp(&, | &) where the pixel sequence X' has P
pixels represented as X = (X, ..., Xp). [ assume that the background objects persist with
relatively low standard deviation and high weight. This is because they usually remain sta-

tionary and occur regularly for a given pixel location. Therefore, I consider the components
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that appear frequently and vary on a limited range as the background objects of a scene.

Accordingly, I rank the mixture components by the fitness value of 7 /(|oyk| + |0k

where 7y, |oyx|, and |0, 5| are the weight value, the corresponding norms of left and right
standard deviations of the £th component of the mixture model. The fitness value increases
as the distribution appears more frequently and remains stable. Hence, the first B compo-

nents are associated with the background:

b
B= argmbinz m; > T (4.23)

j=1

where threshold variable 7" is a proportion of the minimum share of the observations
treated as the background in a given image sequence. Thus, I rank the distributions accord-
ing to the probability of belonging to the background. A pixel value is fit to the closest
distribution whereby a match occurs when a pixel value is no more than 3 standard devi-
ations away from the distribution. The parameters of the first matched component will be

adjusted as follows:

Tt = (1 — B)Tr—1) + BMi 4.24)

pre = (1 = B) -1y + pXy (4.25)

o = (1 - ﬁ)mi(t,l) + p( Xy — ) i e < X,
Urzt =(1- ﬁ)ari(t_l) + p(X; — Hk:t)2 if pge > Xy (4.26)

where [ defines the learning speed and indicator My, indicates whether the pixel value
fits component k. 7y, i, 01k and o, are expectations of variables given by the j the
component at ¢.

Finally, p is defined as:

p = Bo(Xe | tkt, Otkt, Orke) 4.27)

where p(Xy | fke, O1ge, 0rke) TEpresents the AGD density. When a new pixel is checked
against the existing distributions, the lowest ranking distribution is replaced by new emerged

component with low weight, high standard deviations, and the same mean value.
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Table 4.1: Experimental results for the background subtraction task on skating image se-
quences

Stauffer et al. [14] | AGM
recall 69.40% 74.72%
precision 63.22% 92.62%

(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. GMM. AGM.

Figure 4.1: Sample results from skating video sequences.

4.3.2 Results and Discussion

I employ the proposed approach on the Change Detection 2014 dataset (CDnet 2014) [15].
This dataset consists of numerous videos grouped into 11 categories describing a wide
range of change detection tasks. These videos obtained by different cameras varying from
low-resolution Internet Protocol (IP) cameras, through higher resolution consumer grade
camcorders to thermal cameras. Accordingly, the spatial resolutions of the video sequences
in the 2014 CDnet are 320 x 240 to 720 x 486. Videos captured by low-resolution IP cameras
suffer from noticeable radial distortion. Besides, various cameras suffer different bias due
to diverse white balancing algorithms employed. Some cameras also apply an automatic
exposure adjustment algorithm which causes a fluctuation in the brightness.

In this thesis, I select video sequences in the bad weather category, which show the
low-visibility winter storm conditions. This dataset includes a snowing scene and people
skating in the snow. It presents a double challenge: not only should the algorithm detect the
snow accumulation, it also needs to distinguish the dark tire tracks left in the snow which
have the potential to cause false positives.

In order to evaluate the performance of the proposed approach, I compare the developed
approach with state-of-the-art method introduced by Sauffer et al. [14]. In this application,
I set the initial mixture components number K as 9, the distribution matching variable

M = 3, and the threshold factor 7" = 0.8. For the hyperparameters used for learning,

35



I sample them randomly from their respective support intervals. Figure. 4.1 shows the
samples from the input frame, the ground truth frame, the foreground segmentation result
evaluated by the GMM as well as the proposed AGM.

o 0.1 0.034
L
o 0.008
[an]
FG BG

Figure 4.2: Confusion matrix of the proposed method for the background subtraction task
on the skating image sequences. BG denotes background and FG denotes the foreground.

For quantitative analysis, I adopt two evaluation metrics: recall and precision. Re-
call identifies the number of correctly classified foreground pixels over total number of
foreground pixels in the ground truth, while the precision represents the percentage of the
number of correctly identified foregrounds by the number of pixels detected as foreground.

The results evaluated by the proposed AGM and GMM are shown in Table. 4.1 and
the confusion matrix of the proposed method is displayed in Figure. 4.2. It is shown that
the proposed AGM outperforms GMM in terms of the precision and the recall metrics. It
considerably improves the precision due to the higher precision achieved in capturing the
shape of pixels with the asymmetric Gaussian assumption compared with Gaussian distri-
bution. The proposed approach is also more robust to background change. This includes
the motion of the pedestrians and the snow accumulation on the trees. Moreover, it has the
merit to distinguish the widespread snow in the frames. However, GMM faces a difficulty
for determining the background condition of snow; thus, achieve inferior results compared

with the adaptive asymmetric assumption.
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Chapter 5

Variational Inference for Infinite
Asymmetric Gaussian Mixture Models

with Simultaneous Feature Selection

In this chapter, I detail the variational Bayes inference framework for infinite asymmetric
Gaussian mixture based on the DP. I also incorporate feature selection approach to deter-
mine informative features set. This helps us eliminate the irrelevant features and improve
the effectiveness of the algorithm. I evaluate the performance of the models with back-

ground subtraction task.

5.1 Infinite Asymmetric Gaussian Mixture

5.1.1 Dirichet Process with the stick-breaking process

The DP is a stochastic process whose realization is a probability distribution, with a non-
negative scaling parameter o and base distribution GG [35]. It is used to form a distribution
over discrete distributions that place their mass on a countably infinite set of atoms. For
a DP distributed random measure G ~ DP(«, Gy) is drawn from k-partitions of measure

sets { By, ..., By} which are discrete with probability one [36]:

(G(B)),...,G(By) ~ (aGo(By), ...,aGo(By)) (5.1)

When applied with variational inference methods, the learning approach is usually
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based on the stick-breaking process representation. This representation provides a set of la-
tent variables on which to place an approximate posterior [35] [37]. The stick-breaking pro-
cess gives an explicit representation of the DP which is based on two infinite sequences of
independent and identically distributed random variables V; and n);, for j € {1,..., 00} [38].

Here, I use this construction to form the DP mixture model as:

p(Vj | @) = Beta(l,a) p(n; | a,Go) ~ Go (5.2)

where Vj is the stick-breaking length distributed according to Beta distribution with
concentration variable o. 75 is the atom drawn independently from base distribution Gj.
Considering stick pieces as the proportion of unit length, I define the stick-breaking repre-

sentation of the random representation G as follows:

Jj—1 00
=V [Ja-V) G=) 7, (5.3)
s=1 j=1

The mixing proportions 7 = (7;)32, are formed by repetitively breaking a unit length
stick into an infinite number of pieces and noting that these proportions sum to one. 6, is a
probability measure concentrated at * with weights 7. This infinite collection of variables
forms a point on the infinite simplex.

One of the most common applications of the DP is as a nonparametric prior on the
parameters of a mixture model. Hence, I can interpret the DP mixture as a mixture model
with unbounded number of components that can grow as new data is observed. Then, I
have a set of observations x = {x1,...,xy} with parameters n = {7y, ...,nx} where N
is the number of given samples.

Combining these processes and representation, I form the distribution of random mea-

sure G according to following step:

G | {Oé, G()} ~ DP(O[, Go)
| G~G
where the random measure G is drawn from a DP prior DP(«, Gy) and atom 7, is

drawn independently and identically from measure G, with the probability 7, given by the

nth stick-breaking length V;,. This distribution is considered as a discrete distribution with
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the mass on an infinite set of atoms. The datapoint x,, has a distribution p(z, | 1,) and
clusters into a small number of G although these measures place mass on an infinite set of
atoms.

I use the above DP mixture model with the stick-breaking process representation. The
random variable 7,, will takes on value 7; with weight 7;. The assignment will be de-
noted by the latent indicator variable Z,, representing the allocation of datapoint z,,. I can

elucidate the generative process of the DP mixture model as follows:
1. Draw V; | @« ~ Beta(1, ), j € {1,...,00}.
2. Draw 0 | G ~ Go, j € {1,...,00}.
3. Draw the n-th observations, n € {1,..., N}:

* Draw Z,, | V ~ Multi(7).

* Draw x,, | Z, ~ p(zn | n3,)-

In this construction, the measures 77 are drawn from the base distribution and stick
lengths V' to define a probability distribution on these measures, which specifies a set of
relative prevalence in the mixture model. For the observations, the latent indicators Z
are distributed according to a Multinomial distribution with mixing weights 7, and 7 is

generated from sticks V.

5.1.2 Dirichlet Process of Asymmetric Gaussian Distributions

Here, 1 restrict the proposed distribution of p(X | 7) in Eq. (5.1) to AGD with the set
of parameters ¢ to obtain Dirichlet process asymmetric Gaussian mixture (DPAGM). Fur-
thermore, I set a truncation on the maximum component number M of the stick-breaking
representation. I consider a truncation level which restrict the mixture model to M compo-

nent mixture model:

p(X10)=]]D_mp(Xi &) (5.5)

i=1 j=1
where p(X; | ;) denotes the density function of AGD which is given in chapter 4. I
assume that each dimension of observation X; is independent and its covariance matrix is

diagonal. This assumption reduces the computational time during deployment.
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The latent indicator variables Z, Z = (Z3, . .., Zy), indicate which components the ob-
servations belong to and [(Z; = 7) is the indicator function. According to Eq. (5.3), which
expresses the stick-breaking process construction, mixing proportions 7 are represented by

sticks V. Hence, the marginal distribution over Z given a Multinomial prior is as follows:

N M -1

p(z | v)=]111v 10 -vare (5.6)

i=1j=1  s=1
With the Beta prior of sticks V' given in Eq. (5.2), I truncate the number of components
to M:

M

p(V | ) = HBeta(l, a) = [Je@ = vy~ (5.7)

j=1

where p follows a Gaussian prior with mean \ and precision 7, i.e. the inverse variance
of Gaussian distribution. The standard deviations o; and o, follow a Gaussian distribu-
tion with a mean whose value is set experimentally and a high value standard deviation

setting [30]:

p(,ujk | )‘77') ~ N()‘jlﬁrjk)
(o | mu, s1) ~ N(mljk>812jk)

p(o-rjk | my, 8,«) ~ N(m'r'jk7 S?«jk) (58)

5.2 Variational Inference Framework

5.2.1 Variational approximation

In this section, I use variational inference to precisely approximate the parameter set w =
(V, Z, 1, 0, or) of the DP mixture model. I consider the problem of calculating the poste-
rior density p(w | ) given the model evidence p(z) which is hard to compute with hidden
parameter set w [31]. The explicit rationale behind analytical intractability is that the evi-
dence term is usually hard to compute.

As such, I minimize the ELBO that is equal to log marginal likelihood term, which is
constant with respect to variational distribution ¢(w), minus KL divergence. It reaches a

maximum when ¢(w) = p(w | x); the KL divergence is zero.
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Typically, ¢ will be constrained to a family of simpler distributions, and the ELBO is
optimized to find the distribution in the family that is closest (in KL) to the true posterior. In
this thesis, I follow the mean field assumption [32]. This approach assumes independence
between hidden variables to factorize the family of variational distributions so that the true

posterior is easy to compute. Then, the variational distributions have the factorized form:

M N M D
Q(V) Z7M70-170-7‘) = HQ<‘/;) Hq(ZZ) HHq :uj/c Ol]k (O-Tjk) (59)
=1 =1

j=1k=1

where ¢(V}) is a Beta prior with parameters ; and s, ¢(Z;) is a Multinomial prior with
parameter ¢ and g(;;) is considered as a Gaussian distribution with mean m and variance
.. I also define the variational distributions of 0; and o, as Gaussian priors with mean ¢

and standard deviation v:

q(V;) = Beta(v;1,7j2)

q(Z;) = Multi(¢;)

q(pje) = N (myi, Zji)

q(ouk) = N (uji, Vi)
(

Q(orji) = N (trjr, U2 (5.10)

For the proposed DPAGM and using the mean field assumption, the ELBO is:

=Y (Byllogp(X; | Ziy p,00,00)] + Eqllog p(Z,)]) + Eqllog p(V)]

=1

+ Eylog p(p)] + Eyflog p(o1)] 4+ Egllog p(o,)] — Eqllog q(V, Z, i, 01, 0,)] (5.11)

By applying Eq. (5.9) to each factor, I obtain the optimal solutions for the factors of
the variational posteriors. I next present the explicit coordinate ascent variational infer-
ence (CAVI) to optimize the ELBO in Eq. (5.9) where I find the updates of the variational

parameters of stick lengths V' and indicators Z are:

Gy = = (5.12)



7—1
rij = exp { E,log V;] + > E,[log(1 - V,,,)]
m=1

D
— Y E,flog(ouji + ovji)]
k
(5.13)
B XD: Xi2k + Eq[:“?k] — 22X By 1]
2
Xk <tk QEQ[aljk]
B XD: Xi2k +E [M?k] — 22X By 1] }
kX k> 2E [ r]k]
%1—1+Z¢U wz—oHrZ Z i (5.14)
i=1 m=j+1
The expectation used in the calculation of updates is:
q(Zi=j) = ¢ij
q(Zi > j) Z Bim
m=j+1 (515)

Eqllog(Vi)] = ¥(v;1) = ¥ (751 +752)
E,llog(1 = V;)] = ¥(v52) — ¥(y1 + 752)
where W () denotes the digamma function that arises from the derivative of the log nor-

malization factor in the Beta distribution. The variational parameters of ;. can be obtained

as:

N
Z ¢’L] (bij
2
] ] 'LXik:>N'k: Eq[O-T]k]

mjr = ]k: Z ¢’LJE Zk + Z wa

4, Xk <tjk ljk 4, Xk > gk ryk]

—l—r)_l

+ A7) (5.16)

I consider the BBVI method proposed in chapter 4 to infer the parameters since the
black box method can easily extends to different models and usually exactly captures the

probability density.
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However, in practice, the high variance gradient function would impede the conver-
gence. Thereby, I need to develop variance control method to effectively employ inference.

The expectations that appear in the above formulas are calculated by:

Eqlpe] = mje  Eglul] = m5, + Sk (5.17)
Egloue) = ujr  Eqlop] = i + Vi (5.18)
Eylowji] = g Eqlop] = e + vl (5.19)

I use Jensen’s Inequity to approxmiate the E,[log(oy, + 0,jx)] by replacing with the

upper bound:

Eqlog(oujn, + orji)] < log(Eylowk + ovjr]) = log(uijw =+ trjr) (5.20)

5.2.2 Variance Control

To tackle the high variance issue, I introduce an accessible technique to reduce the variance
of stochastic gradients for variational inference [39]. I adopt a reparameterization trick that
omits the score function from the derivatives and presents a new gradient estimator with
zero variance. Theoretically, the ELBO will have low variance when ¢(o | ) = p(o | x),

i.e. the variational distribution precisely approximates the true posterior:

Lyc(o) =logp(z,0) —logg(o | 0)
=logp(o | =) +logp(x) —logq(a | 0)
= log p(x) = const (5.21)

Specifically, the variance of the full Monte Carlo estimator of the ELBO Lyc will
exactly become zero. Its value is constant and the samples 2 are independent and identi-
cally distributed according to the variational distribution z w q(o | 0). This suggests that
Eq. (5.21) is preferred when I believe that ¢(o | z) ~ p(o | z).

Using the reparameterization in [40], I can decompose the gradient estimator of the

ELBO. I represent the sample o from ¢(o | 6) as deterministic function parameterized by
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0 and a random variable € with the independent marginal distribution p(e). Because of

the diagonal Gaussian distribution, the representation is oy, = (1 + vijke and o0, =

Lrjk + Urjk€. Noise variable € is given a standard Gaussian distribution e ~ N(0, 1).
Under such a reparameterization of variable set o, I decompose the total derivative (TD)

of the integrand of the estimator as follows:

Vrp(e,0) = Vg[logp(z, o) —logq(o | 0)]
Vo[logp(o | z) +log p(z) —log q(o | 6)]
U[logp(a | ) + 10gp(a;)]V9t(e, 0)
— Vylogq(o | 0) (5.22)

The reparameterization gradient estimator is divided into two components: the path
derivative and the score function. The first part depends on the set of variational param-
eters #, and the second term measures the log variational distribution log ¢ without con-
sidering the explicit value o as a function of §. For stochastic gradient descent algorithm
to converge, I require an unbiased estimator of its gradient. By construction, the gradient
estimator of w is unbiased. As the score function term has a zero expected value, I can just
simply exclude score function term without biasing the stochastic gradients.

Considering the assumption ¢(o | ) = p(o | x), the path derivative component reaches
zero when variational distribution is exactly equal to the true distribution of latent variables.
Thus, I get a desirable reparameterized gradient estimator of the ELBO whose variance

approaches to zero when as ¢(o | §) gradually gets closer to p(o | ).

5.3 Feature Selection Approach

The main purpose of feature selection is to find the most informative feature set that bet-
ter discriminate groups and alleviate the noise influence. In this section, I introduce the
concept of feature saliency which considers feature selection as a parameter estimation
problem [10]. Feature saliencies take into consideration the potential presence of irrele-
vant features and distinguish the noise each feature contains which can used to mitigate the
influence of redundant features.

I consider a feature as relevant if it follows the mixture-dependent distribution AGD;
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else follows a mixture-independent background distribution and be independent of the clus-
ter labels. In this chapter, I propose a Gaussian assumption for the irrelevant distribution
T

with parameter mean 4" and variance 7", The prior of mean variable ;" is defined as a

Gaussian distribution and variance TW follows an inverse Gamma distribution [41].

(M;Z‘ | )\irr’,r,irr) NN(}\iTT, Ti'rr) p( wrr | Uo’wo) ~ 7(”0771)0) (523)

T use a series of latent indicator variables ¢ = (¢4, . .., ¢p) to represent the assignments
of relevancy, where ¢, = 1 if a feature is relevant; otherwise, ¢, = 0. Thus, I represent the

mixture density function from Eq. (5.5) as follows:

N M D
p(X 10,6 o) =D m ] p(Xir | &) p(Xar | €57 #%] (5.24)

=1 j=1 k=1
where the £ = (£, ... &) represents the set of parameters for background Gaus-
sian distribution with £ = ([L;M, ST,y = (fjas -+, 1ip)s 75 = (Tj1, - - -, Tip)- Mk, and

7,k Tepresent the mean and variance for £th dimensional shared Gaussian distribution.

I define the feature saliency P = (g1, ..., 0a) such that o; = (9j1,...,0jp)- Qjk =
p(p; = 1) represents the probability that the kth feature is relevant for component j. Hence,
the feature saliency P is associated with the Bernoulli prior over missing relevancy label ¢

and given a Beta prior with hyperparameters aq and by:

p(g | Qag, bo) = Beta(ao, bo) (525)

I can then rewrite the likelihood function after introducing the feature saliency P:

M D
p(Xi | ©p) = m; [ ] (emp(Xin | 1) + (1= 0in)p(Xiw | €57)) (5.26)
=1 k=1

where O = (7,&, P, £") is the complete set of parameters of mixture model. Eq (5.26)
offers sound generative interpretation. First, the model selects the component j by sampling
from a Multinomial distribution with mixing proportion (71, ..., 7). Then, each feature
k =1,...,D follows a Bernoulli prior with feature saliency p,; if successful, I consider
the relevant mixture component p(X;, | &) generating feature k; otherwise, the back-
ground component p( X | “"7") will be used. Therefore, I consider the model of previous

section as a special case when all of the features are relevant.
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For latent relevancy variable ¢; = (@1, ..., pinm), Where ¢;; = (i, ..., pijp) and
©ijr indicates whether the feature k is relevant for component j given the observation X,
0; = p(yijx = 1) represents the prior probability that the feature £ is relevant for compo-
nent j given observation X;. Given observations, the model can be written hierarchically
with a set of distribution parameters, the allocation variables, and the relevancy variables

as follows:

N M D

p(X | Zop, 6.6 = [TTT [ TTp(Xix | €0) 0 p(Xan | €)1 0] 47 (5.27)

p(¢ | P) HH H%k e (5.28)

=1 j=1 =
Given the representation of the ELBO in Eq. (5.11), I rewrite the ELBO after introduc-

ing the relevancy parameters as follows:

L(©) = Z(E log p(Xi | Zi, .01, 00, 0, 1™, 7)) + Eqllog p(Z:)]) + Eqllog p(V))]

Eyllog p(p)] + Eqllog p(o1)] + Eyflog p(o,)] + Eyflog p(o)]
logp( WT)] + Eq[logp(,ri’ﬂ“)] - Eq[log Q<‘/7 Zu :U’a Ulv UTJ Q? MZ'TT7 TiTT‘)] (529)

»Q
— —

Because the relevant distribution is the same as the original DPAGM model, I do not
need to change the updating process proposed in Section 5.2. However, I must build an
additional irrelevant component and alter the inference of latent variable Z because I intro-
duced the relevancy saliency in this section. Therefore, I propose Variational EM frame-
work to learn the parameters of the DPAGM with feature selection approach [42]. T also
adopt the factorized representation of o, ", and 7", Feature saliency g;, has support
over [0, 1] and as considered naturally to follow a Beta distribution with common hyperpa-
rameters a and b. For the irrelevant Gaussian distribution, I consider a Gaussian prior for

irr 1//‘7“

mean x'" and Gamma prior for precision 7
M D
g(o. 1, 2" = [T T aCen | @ b)a(uiy | mi™ ") q(ris" | vjw, wyi) (5.30)
ik
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(’u;?];r | mirr7 Eirr) — N(mirr7 Eirr)
zrr

a(7j1." [ v, w) = y(v,w)
q(o | a,b) = Beta(a, b) (5.31)

The expectation update process is then defined as follows:

gp(Xin | Zi = j,p,01,00,) +logp(p, 01,0, | Zi = j) +1og o)k

gq(p, 01,00 | Z; = j)

p( ik | Zi= 3,1, 7) +log p(ptT, T | Zi = §) 4 log(1 — o;1)
gq(p™", 7" Z; = j) (5.32)

Using the above representation, ¢(y;, = 1 | Z; = j) is written as:
exp(A)
ik =11 2Z;) =
Wein =11 2) = oy + exp(B)
and q(@ix = 0] Z; = j) =1 —q(pijxr = 1| Z; = j). The expected values of ¢ are
defined as:

(5.33)

Eqlpiji ' = q(pijr = 11| Zi = j)
Eylein]’ = a(eie =0 Zi = j) (5.34)
If I define the quantity:
7j—1
rij = Eyflog Vi] + ) Eyflog(1 = V,,)] + Z Ey[iji] <1ng(Xik | Zi = j, 11, 00,00, ) + log 0
m=1

+logp(p, 01,0, | Zi = j) —logq(p, 01,0, | Z; = j)) 4 Eq[gpijk]O(lng(Xik | Zy = j,p )

+log(1 — oji) + logp(p”"", 7" | Z; = j) —logq(p”"", 7" | Z; = j)) (5.35)

The variational parameters ¢;; can be updated by normalizing the quantity r;;:

Gy = (5.36)




Using CAVI to update variational parameters, I get:

) o —1
irr __ zrr irr
ik = Z bijEqlm] +1 )

;7];7“ — M‘T Z ¢2] zkE Tlljrl;] + )\irr,r,irr) (537)
N.: .
v = L —;UOjk
2
Wik = (5.38)

VokWojk + Z?fzizj(Xikz — Hik)?

aje = aos + Y Elou] oy
=1
N

bjr = bojr + Z E,[pijx] b4 (5.39)

5.4 Complete Learning algorithm

An important aspect when applying variational inference is the convergence assessment.
In this chapter, I trace the convergence systematically by monitoring the variational lower
bound and find the variational parameters vary narrowly when the ELBO difference is
less than 10~3 between epoches. The variational inference for DPAGM is summarized in
Algorithm 4.

In the DPAGM model, I need to test the appropriate truncation level which depends on
the data structure. Usually, I first set a truncated component number, and then rely on vari-
ational inference to infer a smaller number to model the observations. Although an infinite
mixture model may appear complicated because of the number of involved parameters, the
final model remains concise as the self-correcting component reduction process cuts the
least effective components and leave well-separated clusters. Because I consider BBVI
method to infer parameters o; and o,., I also need to adopt adequate hyparameters sample
size and epoch number to ensure convergence. The complete algorithm for DPAGM with

feature selection process can be summarized in Algorithm 5.
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Algorithm 4 Dirichlet Process Asymmetric Gaussian Mixture

1: procedure

2: Initialization:

3: Initialize the truncation level M and hyperparameters o, A and 7, my;i, Sijk, Mrjk
and s,y.

4: Initialize variational parameters ¢, v, ¥2, it and 2.

3 repeat:

6: Update local variational parameters ¢;; using Eq. (5.12) and Eq. (5.13).

7: Update global variational parameters vy;1, 7,2, pj, and Xj;, using Eq. (5.14) and

Eq. (5.16).

8: Update variational parameters of global latent variables o0y;, and o,;; by Black
Box Variational Infernece from Section 4.2.2, with variance control approach from
Section 5.2.2.

9: The convergence criteria is reached when the difference of the current value of
ELBO and previous value is less than 1073,
10: until convergence

11: Compute the expected value of stick length V; as E,[V;] = 7;1/(7j1 + v,2) and the
value of mixing proportions using Eq. (5.3)

12: Detect the optimal number of components M by eliminating the components with
small mixing coefficients close to 0.

For the initialization step, I start by assuming all of the features are relevant, and update
relevancy assignments and feature saliencies by variational EM algorithm. In above pro-
cess, the model strives to take advantage of discriminative features for clustering the data

into diverse components.

(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FS.

Figure 5.1: Sample results from fall video sequences.
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Algorithm 5 Dirichlet Process Asymmetric Gaussian Mixture with Feature Selection

1:
2:
3:

10:

11:

12:

14:

15:

R A

procedure

Initialization:

Initialize the truncation level M and hyperparameters o, A, 7, Myjk, Sijk> Mrjks Srjks
/\iTT, Tirr’ Vo, Wo, Ao and b().

Initialize variational parameters ¢, 1, Vo, ft, 2, m"", X" v, w, a and b.

repeat:

VB E-step:

Update latent relevancy assignments ¢ using Eq. (5.32) and Eq. (5.33)

Update local variational hyperparameter ¢;; using Eq. (5.34) and Eq. (5.35).

VB M-step:

Update variational parameters 7,1, V;2, fjks Zjks mé’,j, E;’,‘j, Vjks Wik, @i and bjy
using Eq. (5.14), Eq. (5.16), Eq. (5.36), Eq. (5.37), Eq. (5.38), and Eq. (5.39).

Update varaitional parameters from latent variables 05, and o, by Black Box
Variational Infernece from Section 4.2.2, with variance control approach from Sec-
tion 5.2.2.

The convergence criteria is reached when the difference of the current value of
ELBO and previous value is less than 1073.

until convergence

Compute the expected value of stick length V; as E,[V;] = v;1/(v;1 + 7;2) and the
value of mixing proportions using Eq. (5.3)

Detect the optimal number of components M by eliminating the components with
small mixing coefficients close to 0.
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(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FS.

Figure 5.2: Sample results from boulevard video sequences.
5.5 Experimental setup and results

5.5.1 Background subtraction setup

In this section, I employ the proposed DPAGM model for image background subtraction
with a pixel-level evaluation approach as in [14]. The background modeling starts off by
constructing the model using the proposed DPAGM. After applying the learning algorithm
for the model, 1 discriminate between the mixture components for the representation of
foreground and background pixels for each of the new input frames.

Assume that a particular pixel of a video frame sequences X has P pixels as X' =
(Xi,..., Xp) then each pixel X, is assigned as a foreground or background pixel with
respect to the trained DPAGM p(&, | ©) = Hf\il Z?il 7;ip(Xy | &;). Usually, background
objects maintain persistent appearance with relatively low variance as they usually maintain
static status compared with movable foreground objects. Besides, the background always
appears frequent in a given pixel but a foreground object appears abruptly with a low rate

of occurrence. Heuristically, I consider components that occurs frequently, i.e. with high 7

value and with a low standard deviation o, as the background of the scene.

I,
h
!
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(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FS.

Figure 5.3: Sample results from traffic video sequences.

Accordingly, I use the fitness value of 7;/(|o,| + |o,;|) as a criteria to rank the mixture
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(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FS.

Figure 5.4: Sample results from abandonedBox video sequences.

components, where 7; is the mixing proportions for component j, |o;;| and |0, ;| are the
respective norms of left and right standard deviations of the jth component. The fitness
value increases both as a distribution gains more evidence and as it remains stable. The

first B number of components are chosen as the background model estimated as:

b
B = argmbinj;1 m; > T (5.40)
where the threshold 7" is a measure of the minimum share of the data that should be
counted as the background in a given pixel sequence. The rest of the observations are
defined as foreground scene. Thereby, the most probable distribution remains on the top
with the lowest one replaced by new distribution.

The pixels match a given distribution when they are no more than K standard deviation
away from the distribution. In the case, the matching occurs when it is less than 3 left
or right standard deviations given a distribution. Then, pixels are more than 3 standard
deviations away are considered foreground. The first mixture that matches the pixel value

will be updated by the following equation:

(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FS.

Figure 5.5: Sample results from library video sequences.

T = (1— B)Wj(t—l) + BMjy (5.41)
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(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FES.

Figure 5.6: Sample results from corridor video sequences.

e = (1= B)j-1y + pXi (5.42)

o = (1= B)aiiq1y + p(X — pje)*  if e < X
Uzjt =(1- ﬁ)gzj(t—l) + p(X; — th)z if pj > A&,

where [ determines the speed of parameters change and indicator symbol M ;; denotes

(5.43)

whether the pixel matches kth component. 7}, uj:, 015 and o,;; are expected values of
the weight, mean and standard deviations of the jth component of DPAGM at frame ¢,
which can be computed with Eq. (5.17), Eq. (5.18), and Eq. (5.19). The estimated values
of mixing weights 7 are derived from the expected value of stick length V; as E,[V}] =

Y1/ (71 + 7;2) and the stick-breaking process generation from Eq. (5.3).

Finally, p is defined as:

p= 5}7()@ ‘ Hits OLjts Urjt) (5.44)

(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FS.

Figure 5.7: Sample results from diningRoom video sequences.

where p(X; | ¢, 0150, 04j) represents the AGD function with mean 1, and standard

deviations o;;; and o,;;. If a new pixel value matches against all existing distributions,
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(a) The input frame of (b) The groundtruth (¢) Result frame by (d) Result frame by
video. frame of video. DPAGM. DPAGM+FS.

Figure 5.8: Sample results from park video sequences.

the least probable distribution will be replaced by a new distribution with initially low
frequency, high standard deviation value, and the same mean as the current value. For the
proposed feature selection, the parameter update procedures remain same as the original
process proposed in [14] because the density function of irrelevant features is also assumed

as Gaussian.

5.5.2 Results and discussion

I apply the proposed approach on the Change Detection 2014 dataset (CDnet 2014) [15].
This dataset spans 53 realistic camera-captured videos totalling 160,000 frames organized
in 11 categories that describe a wide range of change detection tasks. Each category con-
tains 4 to 6 video sequences. The videos had been recorded using different cameras from
low-resolution Internet Protocol (IP) ones, through higher resolution consumer grade cam-
corders, and commercial pan-tilt-zoom (PTZ) cameras to thermal cameras. Consequently,
spatial resolutions of the videos vary from 320 x 240 to 720 x 486. The level of noise and
compression artifacts varies considerably from one to another due to the diverse lighting
conditions and compression settings. Low-end IP cameras suffer from apparent radial dis-
tortion. Different cameras may contain different bias and global brightness fluctuations as
a result of the employment of different white balancing methods and automatic exposure
adjustment.

In this chapter, I incorporated several video sequences under diverse surveillance set-
tings. I selected 4 video sequences (two outdoor and two indoor) in thermal category,
which were captured by far-infrared cameras, to evaluate infrared image background de-
tection task. These video sequences include typical thermal artifacts, heat reflection and

camouflage effects. As for visible image task, I have chosen 4 intricate sequences from the
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Dynamic Background, Camera Jitter, Intermittent Object Motion and Shadow categories:

* Dynamic Background category depicts scenes with strong background motion.

» Camera Jitter category contains videos captured by unstable cameras and the shiver

magnitude varies from one video to another.

» Shadow category consists of videos exhibiting strong as well as faint shadows. Some
shadows are fairly narrow as large objects occupy most of the scene and some are cast

by moving objects.

* Intermittent Object Motion category includes videos with scenarios known for caus-
ing ghosting artifacts in the detected motion, i.e., the moving object suddenly stop

for a while, after which they start moving again.

In order to assess the performance of the proposed approach DPAGM and DPAGM
with feature selection (DPAGM+FES), I implement 7 other state-of-the-art methods. These
algorithms can be grouped into two main categories: pixel based and nonparametric Kernel
Density Estimation (KDE) methods. For pixel based methods, I have chosen the well-
known Gaussian mixture model based background subtraction introduced by Sauffer et
al. [14] and Zivkovic [16], and also compare with the approach of KaewTrakulPong et
al. [43], and Evangelio et al. [44]. I also include finite mixture of asymmetric Gaussian
distributions proposed by Elguebaly et al. [17]. Others are from Elgammal et al. [45] and
Nonaka et al [46].

In this application, I specified the initial truncation number M as 20, the distribution
matching factor K = 3 and the threshold factor 7' = 0.8. The concentration parameter
« is set as 1/M and feature saliency variable ¢ is fixed to 1 as I assume all of features
are relevant initially. The hyperparameters mentioned in Algorithm 4 and Algorithm 5
are randomly drawn from their support. The relevant and irrelevant mean parameters

and p*" are sampled from Gaussian prior with a mean calculated by the average value

of the observations. The left and right standard deviations o; and o, are sampled from
Gaussian distribution with high mean value and irrelevant 7" is sampled from inverse
Gamma distribution with shape parameter 2 and mean parameter 0.5.

For quantitative analysis, recall and precision are utilized to assess the performance.
Recall and precision are widely used in pattern recognition and image processing for quan-
titative analysis of binary classification. The recall and precision metrics are defined in

Eq. 2.25 and Eq. 2.26:
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In this case, I can compute recall results by dividing the number of correctly identified
foreground pixels by the number of foreground pixels in ground truth which can be seen as
a measure of fidelity. Precision is calculated by dividing the number of correctly identified
foreground pixels by the number of foreground pixels detected which can be seen as a
measure of completeness of foreground. The recall and precision are calculated based on
the averages on all the evaluated frames. The results for the selected method can be seen in
Table. 5.1 and Table. 5.2. The samples of input frame, groundtruth frame and results frame
for all sequences are shown in Figure. 5.1 to Figure. 5.8.

From Table. 5.1 and Table. 5.2, it can be observed that the proposed DPAGM and
DPAGM with feature selection approach remarkably outperform other algorithms in terms
of precision metrics while also giving relatively higher recall results. According to the def-
inition of precision, the results shows a relatively lower number of FP compared with TP
which indicates DPAGM provides robust detection compared with other methods. In Ta-
ble. 5.2, DPAGM gives better precision results although other methods imprecisely capture
the foreground pixels. For infrared images, the method achieves relatively lower precision
but with higher recall and completely detect foreground objects.

DPAGM also provides higher recall results when the precision is close to other ap-
proaches; otherwise, it significantly improves recall. Hence, the proposed approach usually
preserves the completeness of the foreground objects with similar exactness. In the Library
video sequence, the approach is the only one to completely detect the foreground objects
with approximately similar precision results with other methods barely discriminating be-
tween foreground pixels and the background. This demonstrates how the proposed method
can notably improve recall without sacrificing too much fidelity.

The reason why the approach performs better in terms of precision without sacrificing
recall results is because the AGD is capable of modeling complex asymmetric character-
istics of the observations for completely incorporating the structure of the objects. The
higher flexibility with DPAGM results in mixture models that are more adaptive and give
higher precision results. I also include DP which could automatically allocate observations
precisely through determination of the number of components for an exact representation.
These advantages show how the approach provides a more accurate and adaptive back-
ground model. Therefore, the method does not detect many incorrectly distinguished pixels

as foreground with a high proportion of groundtruth’s foreground pixels discerned.
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Table 5.1: Experimental results for the background subtraction task on infrared image .

Stauffer Zivkovic Evangelio Elgammal Nonaka Elguebaly DPAGM DPAGM+FS

Corridor
Rec.(%) 82.52 83.26 84.68 83.20 56.00 &89.24 83.86 81.51
Prec.(%) 80.75 83.93 84.68 88.0 89.55 90.72 91.42 92.14

Library
Rec.(%) 28.00  28.68  30.23 92.20 8.07 3134 94.01 93.62
Prec. 84.76  81.76  93.86 97.14 96.35 94.66 8249  84.81

Park
Rec.(%) 63.96 59.30 39.98 60.81 89.03 64.00 63.34 60.11
Prec. 80.66 85.07 92.57 85.85 80.42 88.14 89.53 92.12

Dining
Room
Rec.(%) 70.21 69.43 77.45 75.74 40.11  79.57 85.77 84.41
Prec.(%) 93.37 92.31 94.03 88.42 95.55 93.74 92.10 93.49

Based on the results shown in Table. 5.1 and Table. 5.2, the DPAGM with feature selec-
tion algorithm greatly outperforms in precision metric at the expense of recall. The results
indicate that the feature selection algorithm could detect foreground pixels more thoroughly
compared with original DPAGM but it also misinterprets more background pixels as fore-
ground. Simultaneous feature selection clustering method prefers to identify more pixels
as foreground because it always discriminate features to find the most informative to rep-
resent clusters. Because of the sensitivity of the proposed DPAGM with feature selection
approach, it is vulnerable to a rise of noise, such as uneven illumination. Thus, the approach

sacrifices recall to improve the overall performance.
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Table 5.2: Experimental results for the background subtraction task on visible image .

Stauffer Zivkovic Evangelio Elgammal Nonaka Elguebaly DPAGM DPAGM+FS

Fall
Rec.(%) 88.38 85.60 84.79 89.21 81.75 89.14 68.40 66.75
Prec.(%) 3.91 28.17 40.33 18.75 32.12 66.12 92.15 95.94

Boulevard
Rec.(%) 83.21 79.77 75.82 77.61 58.73 79.54 60.47 59.58
Prec.(%) 40.02 4379 65.21 33.59 70.57 61.13 84.89 86.09

Traffic
Rec.(%) 76.47 73.68 76.76 85.89 87.63 78.46 78.71 76.79
Prec.(%) 58.61 52.58 64.57 4431 68.88 66.10 76.79 77.65

Abandon

Box

Rec.(%) 45.74 45.64 42.23 87.45 40.54 45.18 59.95 57.31
Prec.(%) 65.52 62.14 66.53 53.73 79.67 6741 81.25 83.42
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Chapter 6

Variational Inference for Nonparametric
Hierarchical Infinite Mixture with

Asymmetric Gaussian Distribution

In this chapter, I present a Variational inference framework for hierarchical Bayesian non-
parametric model. Specifically, I propose the DP and PYP to endow nonparametric prop-
erty and extend to hierarchical cases. I illustrate the models and learning algorithms with

the challenging task of image clustering.

6.1 Hierarchical infinite asymmetric Gaussian mixture

In this section, I briefly introduce the hierarchical DP mixture model of AGD, which may

also be referred to as the hierarchical infinite asymmetric Gaussian mixture model.

6.1.1 Hierarchical Dirichlet process mixture model

The DP is a parameterized stochastic process with a positive scaling factor and base dis-
tribution. The DP forms a distribution over discrete distribution that place its mass on a
countably infinite collection of atoms. The base distribution places location of atoms and
the concentration variable controls the range of the mass spreading around atoms [36].
The hierarchical Dirichlet process (HDP) constructs a global random probability mea-
sure GGy and an indexed collection of random measures {G,}. Thus, this model binds a

collection of group-level DPes at a single top-level DP [47]:
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G() ~ DP(W, H)
Gj ~ DP(a,Gy) foreachyj,je{l,...,M} (6.1)

where j is the index for each group of the observations, random measure G; attached
to jth group. A two-level HDP model can be defined as the following: given a grouped
dataset X with A groups, each group is associated with a DP G;, and this indexed set of
DP G; shares a global measure G which is itself distributed according to a DP with the
base distribution /7 and concentration w as a result of the discreteness of the top-level DP.

In this chapter, the representation of the global-level base measure GGy and each group
measure G; are formed by the stick-breaking process [38]. The stick-breaking process
gives an explicit representation of the HDP which is based on two infinite sequences of in-
dependent and identically distributed random variables {V}/} and {§2; }, for k € {1, ..., 00}.

The stick-breaking construction of the global measure G is defined as:

Q. ~H
V, ~ Beta(1l,w)

k—1
Ve=W [0 -")
=1

Go=> Vidg, (6.2)
k=1

where {€2;} is a set of independent random variables drawn from global measure H
and dq, indicates a probability measure mass at {2, with proportion Vj,. The stick-breaking
proportions {V} } denotes the corresponding prevalence for atoms and satisfy the constraint
> re; Vi = 1. The proportions are obtained by recursively cutting a unit length stick into
an infinite number of pieces according to a series of stick-breaking lengths V. This infinite
collection of variables combine to construct a point on the infinite simplex. Since G| is
the base distribution of the DP (; and has the stick-breaking representation as shown in
Eq. (6.2), G contains all of the atoms in G, with different weights.

Since the stick-breaking weights are closely coupled between two-level DP [47], this
kind of construction does not allow an amendable closed form formula for variational in-
ference. I apply another stick-breaking representation for each group-level DP GG; which

allows for closed form update. [48]:
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Wit ~ GO

7w ~ Beta(1, @)
t—1

Tjt = Tr;t H(l - W;s)

s=1

Gi=> mibw, (6.3)
t=1

where 0, represents the group-level Dirac delta measure concentrated at @j;, and
{m;+} is a set of mixing weights which must be positive and sum to one. Since group-level
atom w;; is distributed according to the base distribution G, each atom maps onto the
base-level atoms (2;, with probability V},. Notice there may be multiple atoms wj; which
map to a same top-level atom €.

Here, I introduce a series of latent indicator variables C/;, to denote which global-level
atom ¢ maps to. If the indicator Cj;;, = 1, group-level atom w;; maps onto the global-level
atom (2, which is indexed by k; otherwise, ', assigned value 0. Accordingly, I have a
mapping w;; = Qgﬂ’“ . Thereby, there is no need to explicitly maintain representation for
group-level atom w;. The indicator variable C;; = (Cjtk)zozl is distributed according to

Multinomial distribution given stick parameter V' as follows:

p(C | V) = HHMultl ):HHH (6.4)

j=1t=1 j=1t=1k
Since V' is a function to take a collection of V' and to return the mixing weights of
each k£ component according to the stick-breaking construction of the DP in Eq. (6.2), I can

rewrite Eq. (6.4) as:

M oo oo

pe v =111111 V,;H ) (6.5)

j=1t=1 k=1
The stick lengths V'’ are independently drawn from Beta distribution with concentration

variable w in Eq. (6.2). The realization of stick lengths V'’ are defined as:

p(V' | w) = HBeta (1, wy) Hwk yer—t (6.6)

61



One of the most common applications of HDP is placing DP as nonparametric prior
on the parameters of mixture model for grouped data. I then interpret the topic in HDP
as a factor which is associated with the observation X ;;, where 7 index data point in the
jth group of the dataset and ¢ € {1,..., N}. HDP mixture model generates factor 6;; cor-
responding to each observation X; and 6; = (6,1, ..., 6;5) which is distributed according
to the DP G;. Then I can generate the observation X ; from that factor. The likelihood

function can be defined as:

0;i | Gj ~ G
Xji | 05 ~ F(0;) (6.7)

where F'(6,;) indicates the distribution of the observation X ;; given factor 6,;. The base
distribution H of G, provides the prior for the factors ¢;;. Based on above setting, known as
the HDP mixture model, each group j is associated with a mixture model, and the mixture
components are shared among these mixture models since GG; contains all of the atoms in
Go.

Since each factor 0;; is distributed according to GG; based on Eq. (6.7), it takes the value
wj; with probability ;. I introduce another collection of latent indicator variables Z as

follows:

M N oo
oz |m =TI (6.8)

j=1i=1 t=1
The indicator Z;;, represents which component 6;; belongs to. Z;, = (Z;i)72, and
each element Z;; assigned as value 1 if 6;; is allocated to component ¢ and maps to the
group-level atom w,,; otherwise, Z;; = 0. I then have the mapping 0;; = wjztj“. Since
group-level atom also maps to the global level atom (2, through the indicator variables C'
as well, I also write 6;; = wjztj” = chj““zj“.
Since 7 is a function of 7’ according to the stick-breaking construction of the DP as

shown in Eq. (6.3), I then have

p(Z |« = [TTT 1] [T = w2 (6.9)
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The prior distribution of 7’ is a specific Beta distribution with concentration « as de-
scribed in Eq. (6.3) as

M oo M oo
= Beta(1, aj;) (1 — ) (6.10)
111 w=1111Te

j=1t=1 j=1t=1

The discreteness of the corpus-level draw G can ensures that all the groups share the
same set of factors. The group-level draw G inherits the factor from G, but weight them
according to group-level specific factors according to mixing proportions. Combining these

processes and representation, I form the generative process of the HDP is as follows:

1. Draw an infinite factor 2 from Go, k € {1,...,00}.
2. Draw global stick length V! ~ Beta(1,w), k € {1,...,00}.
3. For each group j, j € {1,..., M}:

(a) Draw group-level topic assignment, C;; ~ Multi(V'), t € {1,...,00}.
(b) Draw group-level stick length 77, ~ Beta(1, ), t € {1,...,00}.
(c) Foreachwordn,n € {1,...,N}:

i. Draw word indicator Z;; ~ Multi(7).

ii. Draw the n th observation X ;.

The infinite number of factors are drawn as in the DP. The global-level stick lengths
V'’ describes probability distributions for these factors and drawn from Beta prior, which
denote the relative prevalence across over the grouped data. At group level, sticks 7’ create
a set of probabilities and topic indices C}, drawn from 7, attach each group-level stick
length to a factor. This creates a group-level distribution over factors, and observations are

then drawn as for HDP mixture model.

6.1.2 Hierarchical Pitman-Yor process mixture model

The PYP is also known as two-parameter Poisson-Dirichlet process [49]. The PYP is a
generalization of the DP with an extra discount parameter -y, in addition to the concentra-
tion parameter -, and satisfying 0 < v, < 1,7, > —v,. When v, = 0, it is the special case

of DP with concentration parameter 7. Similar to DP, the sample drawn from PYP also
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associated with discrete distribution with support of the base distribution H [?]. The Hier-
archical Pitman-Yor process (HPYP) defines the global-level measure GGy and group-level
distribution G; similar to HDP as shown in Eq. (6.11).

I can describe HPYP by applying the stick-breaking construction for the global-level
measure G and group-level measure ;. The base measure is defined via stick-breaking

process as:

AN, ~H
. ~ Beta(l — va, v + k7va)

k—1
me =, [J(1 =)
=1
Go =Y Mo, 6.11)
k=1

where A}, is independent sample drawn from base distribution H and ¢,, represents
probability mass concentrated at A, and 7, denotes the relative prevalence of each atoms
which satisfy » ", | 7, = 1. The stick lengths 7’ are distributed according to Beta distribu-
tion with two parameters v, and 7.

The group-level measures of HPYP also constructed via stick-breaking construction

similar to the HDP described in Section 6.1.1:

Yjr ~ Go
Pl ~ Beta(l — B, B + tfa)

t—1

Djt = p;’t H(l - p_/js)

s=1

Gi = pitby, (6.12)
t=1

where 1, is the atom of second-level PYP and ¢,, indicates the corresponding realiza-
tion, and pj; represents the probability mass associated with each atoms with constraint of
sum equal to 1. The stick lengths p’ are given a Beta prior with discount parameters -y, and

concentration ;.
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I also introduce the global-level indicator variables / and group-level indicator variables
W as HDP in Eq. (6.4) and Eq. (6.8). The indicators W' could map the component 6;; to

group-level atom 7);; and I assign the lower-level atom to global-level one Aj.

M oo o k—1

M T K
p(I o) =TT TI T we = TTTT I 1w Jfoek (6.13)
itk itk =1
M N oo T
11

s Hnnxtﬁﬂ

t—1

) JJ(1 = pso)]"o (6.14)

7 s=1

where the latent indicators are distributed according to the Multinomial distribution

with stick lengths. Thus, I obtain generalized hierarchical mixture model.

6.1.3 Hierarchical infinite mixture models of asymmetric Gaussian
distributions
I restrict the base distribution of H in Eq. (6.1) as AGD with the set of parameters (u, 0y, 0,.).

If a D dimensional input vector X = (X7, ..., Xp) follows AGD, then the probability den-

sity function is given by:

D Xd Md) :
1 exXp led<,Ud
p(X | p,00,0,) — X { % } (6.15)
1 O1d + Ord exp { (Xa— l;d) } if X, > La
where (u, 0y, 0,) is the complete set of parameters for AGD, where pt = (1,. .., ip),
o= (on,...,op),and 0, = (01, ...,0.p). Jtq> 014 and .4 are the mean, the left and right

standard deviation for the dth-dimensional AGD, respectively. Here I assume each dimen-
sion of observation X is independent and its covariance matrix will be diagonal leading to
the reduction of computational expense during deployment stage.

Here I have a dataset X with /N random vectors categorized into M groups, where each
D dimensional observation X; = (Xji1, ..., Xj;p) is distributed according to Hierarchical
infinite mixture model with asymmetric Gaussian, the likelihood function can be illustrated
with respect to the complete parameters set of asymmetric Gaussian (u, 07, 0,.) and latent

indicators as follows:
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where the two functions represent the HDP asymmetric Gaussian mixture (HDPAGM)
and HPYP asymmetric Gaussian mixture (HPYPAGM). The mean parameters j follow a
Gaussian distribution with mean A and precision r, i.e. the inverse variance of Gaussian
distribution. The standard deviation variables 0; and o, are given Gaussian distribution

with high value standard deviation variable suggested by [30]:

p(pka | A1) ~ N (Xga, Tra)
p(owma | mu, 81) ~ N (Muka, Sieg)

p(arkd | my, Sr) ~ N(mrkd7 Szkd) (617)

6.2 Variational inference

6.2.1 Variational approximation

In this section, I consider the complete Variational Bayes inference framework proposed
in chapter 5. Variational inference is a well-defined method to approximate probability
densities through optimization [6] [31].

The mean field assumption renders the latent variables independent and discovers the
true density from the posed family. Here, I adopt fully factorized form of variational distri-
butions and perform mean field variational inference on HDPAGM and HPYPAGM mix-

ture. The variational lower bound can be found as:

o(C V', Z, 7',y 01, 00) =q(C)a(V)a(Z)q(7")q(1)q(o1)q(0r) (6.18)

q(I, 0\ W,p', 00, 00) =q(I)q(n')g(W)a(p")q(i)q(or)q(or) (6.19)
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where the latent variables of AGD have same factorized form. Consider suitable family

of variational approximations, I can obtain the following distributions as:
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it
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K D
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k
K D
HHN Olkd | Lde,Ulkd)
kE d
K D
HHN Orkd | erd,vfkd) (6.20)
E d

The variational distributions for indicator variables C' and Z are Multinomial. The
stick lengths V" and 7’ follow the Beta distribution. The variational distribution of mean
parameters j is considered as Gaussian distribution with mean m and variance X.. o;, and
o, are given Gaussian variational distributions with mean ¢ and standard deviation v.

For proposed HDPAGM, I could expand the ELBO in Eq. 6.18 by using the mean field

assumption:
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L=E/logp(X|C,Z u,o01,0.)]) + Elogp(C | V)] + E,llogp(V' | w)]
+ Egllogp(Z | 7')] + Eyllog p(r" | )] + Eyflog p(p | A, )] + Egllog p(on | u, vi)]
+ E,logp(o, | tr,v,)] — Eyllogq(C, V', Z, 7', 01, 0,)]
(6.21)

I perform CAVI to optimize the ELBO in Eq. (6.21) with respect to the repeated updates
of each parameter. I obtain the optimal solutions for the variables of the posterior densities
by applying Eq. (6.18) and Eq. (6.20), excluding the variables associated with the standard
deviations. Since I cannot reach the closed form of standard deviation variables (o, ;)
without the non-conjugate priors. Therefore, I apply the BBVI and variance reduction
technique proposed in chapter 5 and achieve the desired approximation since the black box

variational method is easy to extend to different models.

6.2.2 Coordinate ascent variational inference

I present the explicit coordinate ascent method to update variational parameters. The vari-
ational parameters of Multinomial distributions ¢ and p are normalized with the solutions

to each parameter in the HDP mixture as follows:

gbjtk: ijit
¢jtk = =% Pjit = " (6.22)
Sn bk >t Pjit
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s=1
K

— > E[Ciu] R} pjuk (6.23)

k
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The expected values for stick lengths and indicator variables in the above equations can
be calculated:

E Ciu) = djon EqlZjit] = pjir (6.27)
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E,[log Vi] = Eyflog V] + Y _ E,flog(1 — V}))]

Eyllog(Vy)] = W(ux) — ¥ (uy + vi)

E,llog(1 — V)] = ¥(vg) — W (uy + vg) (6.28)
t—1
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Eyllog(m},)] = ¥(aj) — W(aj + bjt)

Eq[log(l - W;'t)] = \Ij(bj ) — W(aji + bjt) (6.29)

where U(-) denotes the Digamma function that arises from the derivative of the log
normalization factor in the Beta distribution.

The approximated expectations for the parameter set of AGD are calculated by:

Eqlpkal = mua  Eqlpiia) = mig + Sk
Eqlowa) = uka  Eqloirg] = LlQ,kd + Uz2,kd

Eqglovkd] = trka  Eqlota) = Lz,kd + Ug,kd (6.30)

I present the expected value of E,[log(o;qa + 0.14)] by applying the Jensen’s inequality

and replacing with a upper bound:

Eq [10g<0‘lkd + O'de)] S IOg(Eq [O'de + O'de]) = log(bl,kd + Lr,kd) (631)

Since the variational solutions of HPYP asymmetric Gaussian share similar character-

istics, the explicit formulas are detailed in Appendix. B.

6.3 Learning Algorithm

An important aspect when applying variational inference is the convergence assessment. In

this chapter I trace the convergence systematically by monitoring the ELBO. Convergence
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Figure 6.1: Sample frames from video sequence in different categories in the DynTex
dataset.

Algorithm 6 Hierarchical Dirichlet Process Asymmetric Gaussian Mixture

1: procedure

2 Initialization:

3 Initialize the truncation levels X and 7T'.

4 Initialize the parameters of priors: w, a, A and r, Mykq, Sikds Mrkqd and Sykq-

5: Initialize the parameters of variational distributions: ¢, p, u, v, a, b i and X.

6 repeat:

7 VB E-step:

8 Estimate the expected values in Eq. (6.27), Eq. (6.28), Eq. (6.29), and Eq. (6.30).

9: VB M-step:

10: Update the variational solutions for each factors using Eq. (6.22), Eq. (6.23),
Eq. (6.25), and Eq. (6.26).

11: Update variational hyperparameters from latent variables ;.4 and 0,4y by BBVI
from Section 4.2.2, with variance control approach from Section 5.2.2.
12: The convergence criteria is reached when the difference of the current value of

ELBO and previous value is less than 1072 or the epochs number exceeds 300.
13: until convergence
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is reached when the ELBO is less than 10~2 between epochs or the number of iterations
is more than 300. The Bayesian inference framework of the HDPAGM is summarized in
Algorithm 6.

The detailed learning equations of HPYPAGM is presented in Appendix B. The com-

plete learning algorithm is summarized in Algorithm 7.

Algorithm 7 Hierarchical Pitman-Yor Process Asymmetric Gaussian Mixture

1: procedure

2: Initialization:

Initialize the truncation levels K and 7T

Initialize the parameters of priors: Y4, Vo, Bas Bp» A and 7, Mg, Sikds Mrkq and Sppq.

Initialize the parameters of variational distributions: ¢, g, ¢, d, e, f p and X.

repeat:

VB E-step:

Estimate the expected values in Eq. (B.6), Eq. (B.7), Eq. (B.8), and Eq. (6.30).

VB M-step:

10: Update the variational solutions for each factors using Eq. (B.2), Eq. (B.3),
Eq. (B.4), and Eq. (B.5).

D A A

11: Update variational hyperparameters from latent variables o,y and 0,1y by BBVI
from Section 4.2.2, with variance control approach from Section 5.2.2.
12: The convergence criteria is reached when the difference of the current value of

ELBO and previous value is less than 1072 or the epochs number exceeds 300.
13: until convergence

6.4 Experimental Results

I evaluate the effectiveness of the proposed HDP mixture and HPYP mixture model with
AGD using challenging dynamic texture clustering application. In the experiments, I ini-
tialize the global truncation level K and group level truncation level 7' to 120 and 60,
respectively. For HDP mixture, the hyperparameters of the stick lengths w and « are ini-
tialized to 0.25; I set the parameters of HPYP mixture v,, 73, £, and [, as 0.25.

The hyperparameters of asymmetric Gaussian base distribution are initialized by sam-
pling from priors. The mean parameters . are sampled from Gaussian prior with a mean
calculated by the average value of the observations. The left and right standard deviations

0; and o, are sampled from Gaussian distribution with a high mean value as studied by [30].
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Table 6.1: The accuracy results of dynamic texture clustering evaluated by different algo-
rithms.

Approach HPYPDM | HDPGM | HPYPGM | HDPAGM | HPYPAGM
Accuarcy (%) 82.75 74.96 75.19 83.47 84.21

6.4.1 Dynamic Texture Clustering

Dynamic textures are the extension of texture to the temporal domains, which can be de-
fined as sequences of images of moving scenes that exhibit certain stationary properties in
time (e.g., sea-waves, smoke, foliage, whirlwind etc.) [18]. Dynamic textures have been
applied in a vast number of applications in image processing, such as motion classification,
video registration, computer games, and motion segmentation [50].

In this chapter, 1 apply the proposed two hierarchical infinite mixtures to clustering
dynamic textures with the representation of scale-invariant feature transform (SIFT). The
methodology can be summarized as follows. The first step of the approach is to extract
128-dimensional SIFT descriptors [51] from each test scene frame using the difference-
of-Gaussians interest points detector and then normalized. Then, I apply the geometric
transformation for the resultant vectors and model it using the proposed HDPAGM and
HPYPAGM. In that case, each dynamic texture image I, is treated as a group and is associ-
ated with a infinite mixture model G; (e.g., the DP mixture model and PYP mixture model).
Thus, each extracted SIFT feature vector X ;; of the dynamical texture /; is supposed to be
drawn from G, where the mixture components of G; can be considered as visual words.
Next, a global vocabulary is constructed and is shared among all groups (dynamic textures)
through the common global infinite mixture model G of the hierarchical model.

It is worth mentioning that most of the previously proposed bag-of-visual-words ap-
proaches have to apply a separate vector quantization technique, such as K-means algo-
rithm, to build the visual vocabulary, where the size of vocabulary is normally manually
selected. In contrast, the construction of the visual vocabulary in the approach is part of the
framework of the hierarchical infinite mixture models, and therefore, the size of the vocab-
ulary (i.e., the number of mixture components in the global-level mixture model) can be
automatically inferred from the data due to the property of nonparametric Bayesian mod-
els. Then, I employ the paradigm of bag-of-visual-words and compute a histogram of visual
words from each image. Since the objective is to determine the texture cluster that a testing

dynamic texture /; belongs to, I introduce the indicator variable B;,, and associate each

73



image with cluster label in the hierarchical infinite mixture frameworks. B, represents
the dynamic texture /; allocated to the cluster m and is drawn from another infinite mix-
ture model, which is truncated at level J. As a result, the methodology requires a new level
of hierarchy to the proposed hierarchical infinite mixture modelx with a sharing vocabulary
among all clusters. In this experiment, I truncate .J to 50 and initialize the hyperparameters
of the mixing probability Bj,, to 0.2. Finally, I assign a testing dynamic texture into the

cluster that has the highest posterior probability according to Bayes decision rule.

6.4.2 Dataset and Results

In this experiment, the proposed HPDAGM and HPYPAGM are validated on clustering
challenging dynamic texture dataset which is known as the DynTex database [21]. This
dataset consists of more than 650 dynamic texture videos from several categories and
recorded using SONY 3 CCD camera mounted on a tripod. All sequences are captured
in Phase Alternate Line (PAL) format (720 x 576), 25 Frames Per Second (fps), interlaced.
In that case, I use a subset of video sequences from 10 different categories: sea, vegetation,
trees, flags, clam water, fountains, smoke, escalator, traffic, and rotation. Each category has
about 20 video sequences. The sample frames from each category are shown in Fig. 6.1.

For preprocessing, all features in the dataset are normalized into the range of [0, 1]. I
do not need to include the class labels in the experiment since I were performing clustering
analysis. I use cross validation method to partition the dataset. I evaluate the proposed
approach and obtain average results from 30 runs. In order to evaluate the performance
of the proposed method, I compare with three other approaches, hierarchical Pitman-Yor
process mixture of Dirichlet distribution (HPYPDM) [20], Hierarchical Dirichlet Process
mixture of Gaussian distribution (HDPGM), and hierarchical Pitman-Yor process mixture
of Gaussian distribution (HPYPGM). The average results in terms of the clustering accu-
racy are summarized in Table. 6.1. Figure. 6.2 and Figure. 6.3 show the confusion matrices
for the Dyntex dataset using proposed hierarchical infinite mixture models.

According to the results shown in the table, I can observe that HDPAGM and HPY-
PAGM have shown to outperform the other three methods in terms of the categorization
accuracy rate. By contrast, the hierarchical infinite mixture models with Gaussian base dis-
tribution has obtained the worst performance. This confirms the merit of AGD in incorpo-
rating the asymmetry structure inside the dataset. Furthermore, the proposed model outper-

forms HPYPDM which is considered in modeling positive data accurately [20]. Moreover,
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Figure 6.2: Confusion matrix of HDPAGM for the DynTex dataset.
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Figure 6.3: Confusion matrix of HPYPAGM for the DynTex dataset.
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I also find that HPYP mixture model achieves better accuracy compared with HDP mixture
model with specific distribution. It demonstrates that a PYP prior could lead to a better

modeling capability.
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Chapter 7
Conclusion

Clustering has become an inevitable part of image processing and pattern recognition do-
mains. [ have explored several extensions and statistical inference approaches and demon-
strated its efficiency.

In chapter 2, I introduce a novel infinite mixture model, ITAGM, that is capable of mod-
eling the asymmetry of data in contrast to the traditionally deployed GMM. Moreover, I
address the challenges of learning parameter and choosing the adequate number of compo-
nents through the employment of MCMC algorithm and the extension of model to infinity
with nonparametric prior.

In chapter 3, I integrate feature selection algorithm into mixture model for clustering
high-dimensional data which plagues unsupervised learning algorithm frequently. Through
Bayesian framework, identifying relevant features and parameter inference are unified into
the same framework.

Then, in chapter 4, I have presented and implemented an efficient variational learning
framework for finite mixture model with AGD. I choose a factorized coordinate ascent
variational approximation as well as the black box variational inference method which ap-
ply Monte Carlo estimation. It demonstrated the effectiveness of gradient ascent inference
method to deal with non-conjugate problem.

In chapter 5, I have proposed a nonparametric prior for asymmetric Gaussian mixture
to combine the learning of model complexity and the estimation of parameters together.
Moreover, I incorporate feature selection within the proposed framework which alleviates
the noisy influence of irrelevant features. Although the variance of the noisy gradient es-

timator consistently obstructs utility, a simple and general variant of variance reduction
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algorithm is developed to guarantee the convergence. All though an infinite mixture model
may appear complicated because of the number of involved parameters, the final model
remains concise as the self-correcting component reduction process cuts the least effective
components and leaves well-separated clusters.

Finally, in chapter 6 1 have presented hierarchical nonparametric Bayesian models. I
consider the AGD and proposed an effective variational inference framework to estimate
latent variables for hierarchical infinite mixtures. The hierarchical nonparametric Bayesian
mixtures are evaluated on grouped image features.

The experiments with proposed frameworks are motivating and proves to be a better
solution than prevalent considered GMM for appropriate data. A promising future work is
to consider advanced automatic variational inference approach; for instance, [52] propose
Automatic Differentiation Variational Inference approach to save effort for building model.
Since a nonparametric process is not differentiable, a potential way to include such models

is to approximate the discrete latent variables by introducing adequate variational families.
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Appendix

A Full Equations of Infinite Asymmetric Gaussian with

Feature Selection

Based on the hyperparameters setting we chosen in Section 3.2, we deduce the posteriors
for all of the parameters.

For parameter «, the posteriors depend only on the number of observations N and the
number of components M, and not on how the distributions are distributed among the

mixtures:

a4 exp(— £ )T(a)

k A.l
The complete posteriors for u, ft;, A and r are obtained as follows:
p(pjp | - .. ) o ./\/‘(T)\ S Zi:qﬁiik:l’xi““ik Xir + Srjk Zi:%k:l,XikZujk Xik
J T+ psijk + (N — p)sejk) 7
1
A2
r —|—p81jk + (nj — p)S,,«jk) ( )
Zz bip=0 227" zrr + Tzrr)\zrr 1
(:u]k ’ ) ( S zrr + nzrrSzrr zrr + nzrrSzrr) (AS)
Jk jk
M -2
r Z i—1 Mjk + MOy 1
A L =1 A4
POV ks - - s ) < N ( o2y Mry o2 —|—Mrk) (A.4)
M+1 2
p(T | ﬂlky"'a:uMka)\) O(IY( ) (AS)
2 o2+ 3 (e — )
The complete posteriors for s;;x, Sy jk, sjf, [ and w are obtained as follows:
Sijk Z? . . (-Tik - M'k) S
p<Sl]k | X7 Hi, Sij ﬂl? wl) X exp { - ’ ikt d wlkﬁlk l]k} (A 6)

2
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' T QIrT 2
(Szrr ‘ X qurr irr wzrr) OCF( jk Pk

T QIrT ) IrT irr (A7)
2 By wy +Zi,q§ijk:0(Xik_:ujk )2)

M
MB H 5
PUB | Stk - Stagiy wn) F<%)M exp(= 26l>(5l ] j=1 w;Syjx) 2 exp(— Blw;Sl]k)
(A.8)
Mp +1 2
plwi | S, - -+ Sinaws By) o< I'( B ) (A.9)

2 ’0524‘51 Z;\il Sijk

Nj¢ and Nj" are the number of observations allocated to mixture j with feature &
considered as relevant and irrelevant, respectively.
The complete posteriors for feature saliency ¢ with gamma parameters a and b, with

n;i, the number of feature & relevant for component j can then be expressed by:

p(pji | --.) o< Beta(a + njp, b+ N — nyy,) (A.10)

(1—pjx)*! (A.11)

B The Variational Inference framework for Hierarchical

Pitman-Yor Process mixture.

The variational lower bound is shown as:
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X | LW, p,01,0,)])
[ (L] 7)) + Eqllog p(n' | Yas )]
[log p(W' | p')] + Eyllog p(p' | Ba, B)]
Eqllogp(p | A, 7)] + Eqllog p(oy | u, vi)]
[log p(
[log g(

—

o
o
=
—

WU/7[>P,>M,0170r)] (Bl)
The following steps are to optimize variational distribution:

@jtk é]zt
Ojit = - (B.2)
S it > Ojit

Ptk =

k—1
itn = oxp { Eyllog ] + Y Eyllog(1 — 1))
=1

- Y B R
t—1
piie = exp { Ellog pl,] + Y E,[log(1 — ply)]

s=1

K
=Y E, (LR} (B.3)
k

M T

=1 —”yak+ZZEq[[jtk]

dp = '7bk+k'7ak+zz Z [Z;]
j t I=k+1

e]t =1- ﬁa]t + Z E ]zt

fgt — 6bgt + tﬁagt + Z Z E gzs (B4)

i s=t+1
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o~ = Eq VVjit Eq Ijtk
Ekd:(HZZ Z [Eq[i'lzkd][ ]

t 4, Xja<Mkd

+ Z Eq [Wm]Eq [Ijtk] ) -1

2
4, X jid>ked Eq [Urkd]

M T N
E Wil Eq[ L) X jia
oy :de ()‘T + Z Z Z Eq [Ul2kd]
J

t 4, Xja<Hkd

N ZN: E, Wi E, [Ijtk]ind> (B.5)

2
4,Xjid > kd Eq [Urkd]

The expectation of HPYP mixture of Asymmetric Gaussian are shown as:

ELiw) = @i Eq[Wiit] = 0jit (B.6)
k—1
Ey[log i) = Eyflogmi] + Y Eyflog(1 — )]
=1
Eqllog(n,)] = (ck) — V(e + dy)
Eyllog(1 — )] = W(di) — V(cx + dy) (B.7)
t—1
Eq[logpjt] = Eq[logp;t] + Z Eq[log(l - p;‘t)]
s=1
Eyllog(p},)] = W(eje) — ¥lej + fit)
Eyllog(1 — pj)] = U(f) — W(eje + fie) (B.8)

The expectation of parameters of AGD are same as the HDP mixture. Since BBVI

adapts to different model, we would not need to drive again.
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