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Abstract

Green function and self-adjoint Laplacians on polyhedral

surfaces

Kelvin A. Lagota, Ph.D.
Concordia University, 2019

Using Roelcke’s formula for the Green function, we explicitly construct a basis in
the kernel of the adjoint Laplacian on a compact polyhedral surface X and compute the
S-matrix of X at the zero value of the spectral parameter. We apply these results to
study various self-adjoint extensions of a symmetric Laplacian on a compact polyhedral
surface of genus two with a single conical point. It turns out that the behaviour of the
S-matrix at the zero value of the spectral parameter is sensitive to the geometry of the

polyhedron.

11



Acknowledgement

I would like to express my sincere gratitude to my supervisors, Alexey Kokotov and
Victor Kalvin, for their guidance, support, commitment, trust, and words of wisdom
during my Ph.D. studies at Concordia. Their knowledge and love for their profession
have been my inspiration to continue and finish this research. This would not be possible
without them.

I would also like to thank the members of my committee for their time, guidance,
comments, and suggestions. I also thank the Department of Mathematics and Statistics,
the faculty members, and the staffs for their help. Also, to the other Math graduate
students of the department, I thank them for their time and company.

I would like to extend my thanks to my supervisors, professors, colleagues, and
friends at the Institute of Mathematics, University of the Philippines Diliman. Their
never-ending support helped me pushed myself to my limit, and then go beyond.

I would like to thank my parents, my brothers, my in-laws, and most especially,
my wife, Eileen, for their love, support, understanding, encouragement, and patience.
Most people come in and go out of life, but the family always stays. They are a proof
that I was, am, and will never be alone. I can’t think of words that can express how
I appreciate them. I can only hope that this latest achievement of mine compensates
portions of what they have given me in the past years.

Lastly but not the least, I thank the Higher Being for giving me life.

v



Yo my wife, Ecleen, and my batby, Reel.



Contribution of the Authors

This thesis is a product of a research study whose main problem was conceptualized
by Alexey Kokotov (AK), a professor at the Department of Mathematics and Statistics
in Concordia University. It has been prepared in a “Manuscript-based” format. The
main part of the thesis (Chapters 1 to 3) is based on the paper “Green function and
self-adjoint Laplacians on polyhedral surfaces,” which was first published in the Cana-
dian Journal of Mathematics at https://doi.org/10.4153/50008414X19000336. (© 2019
Canadian Mathematical Society in partnership with Cambridge University Press.

Most results appearing in this thesis are joint work of Kelvin Lagota (KL) and AK.

The proofs of following propositions were done by KL:

Asymptotics (Proposition - with the guidance of AK and Victor Kalvin;

Symplectic form (Proposition ;

expressions for the special growing solutions (Proposition [2.8)); and

comparison formulas (Proposition [3.4) - joint work with AK.

These are found in Chapter {| (the proof of the Asymptotics was outlined in the Appendix
of the paper, the rest were not included).

Moreover, the “very symmetric case” (see Section was initiated by KL. This
has led to the conclusion of Proposition [3.12] whose proof was completed and furnished

with the help of AK.

vi



Table of Contents

[List of Figures| ix
G N T <
(1__Introduction| 1
(1.1 Background| . . . ... .. ... 1
(1.2 Organization of the thesis| . . . . . . .. ... ... ... ... ... ... 3

2 Green function and the kernel of the adjoint Laplacian for compact |
|  polyhedral surfaces| 4
2.1 Roelcke’s formula for the Green functionl . . . . . . . . .. ... ... .. 4
[2.2  Harmonic tunctions with prescribed singularities| . . . . . . . . . . . . .. 7
[2.2.1  Domain of the selt-adjoint operator| . . . . . . ... ... ... .. 7

[2.2.2  Geltand symplectic form| . . . . . ... ..o 0oL 8

[2.3 S-matrix of the polyhedral surtace X| . . . . .. .. ... ... ... ... 10
[2.3.1 Special growing solutions|. . . . . . . .. ... ... L. 10

[2.3.2  Explicit expressions for S(0) . . . . . ... ... L 16

233 Kernelof AT, . . . . . . ... 19

[3 Self-adjoint Laplacians on genus two polyhedral surfaces with one [
[  conical point| 21
[3.1 Comparison formulas for det Ay, and det Agipgl . . . . . 0 . o 0oL 21
[3.2 Kernels of Ay and Agipg| 0 0 0 0 0000 34

vii



[3.2.1 Kernel of the holomorphic extension|

[3.2.2  Singular extension: very symmetric case[ . . . . . . ... ... ..

[4  Proofs of auxiliary results from Chapters [2| and (3]

[4.1 Proot of Proposition 2.1 . . . . . . . ... .. ...

K4.1.1 Solutions to the homogeneous equation (A* —pH)u =0 . . . . . .

[4.1.2  Some a priori estimates|

4.1.3  Asymptotics for functions from D(A)|

K4.1.4 Elements in D(A*)|

[4.1.5 Proof of Proposition [2.1; Conclusion|

4.2 Proof of Proposition 2.2 . . . . ... ... ... ... ..
4.3 Proot of Proposition 2.8 . . . . . ... ... ... 0.
4.4 Proot of Proposition (3.4 . . . . ... ... .. ... 0.
4.5 Proof of identities (3.11)| . . . . . . . . . ... oo

4.6 Proof of the elementary relation ({3.13))

[Bibliography|

[Appendix A Krein’s formula|

Viil

41
41
43
47
ol
92
95
o7
99
61
69
70

71

77



List of Figures

(Figure 3.1  Gluing schemes for X|

[Figure 4.1 Domain {1, of Ag,|

(Figure 4.2  Contour for the integration| . . . . . . . . . ... ... ... ...

X



List of Notations

X; Xo

A

A

A*
Ap/Apor/Asing
ker A

L*(X)
Cg°(Xo)

D(A)

(s M5 3l
G(z,y)

R(z,y; A)
Area(X)
Re(A); Im(\)
Gy(:A)

det(A)

Cals) = (s, A)
dim(%H)

compact Riemann surface, polyhedral surface; Xy := X \ {Py,..., Py}
symmetric Laplace operator

closure of the Laplace operator with respect to the graph norm
adjoint of the Laplace operator
Friedrichs/holomorphic/(maximal) singular (self-adjoint) extensions of A
kernel of the operator A

space of square Lebesgue integrable functions on X

space of smooth functions with compact support in X

domain of the operator A

L2-inner product; norm in H

Green function

resolvent kernel function

area of X

real part of \; imaginary part of A

special growing solution with principal part g

determinant of the operator/matrix A

zeta-function of the operator A

dimension of H

Mellin transform of u

Sobolev space of order [

weighted Sobolev space of order | with weight ~

operator pencil

Bessel function of the first/third kind

spectrum of A



Chapter 1

Introduction

1.1 Background

The spectral geometry of a Riemannian manifold X with singularities is more involved
than that of smooth manifolds, in particular, due to the following reason: it may happen
that the symmetric Laplacian A (usually defined on smooth functions supported in
X\ {singularities}) is not essentially self-adjoint, and, in order to consider the spectrum
of the Laplacian, one has to make a choice from (infinitely) many possible self-adjoint
extensions of A.

The case of Euclidean spaces R? and R?® with punctures is investigated in great
detail in [4] (see also the references therein), and manifolds of higher dimension with
cone like singularities are also considered, for example, in the papers [16], [17], [25], [30]
to mention a few. In this thesis, we consider the case of compact polyhedral surfaces
(closed surfaces glued from Euclidean triangles). These are compact Riemann surfaces

equipped with flat conformal metrics with conical singularities at the vertices of the



corresponding polyhedron (it should be noted that the metric of a polyhedron does not
see the edges: interior points of an edge are ordinary smooth point of the corresponding
Riemannian manifold).

A question of general interest here can be formulated as follows: how do the spectral
characteristics of the polyhedron depend on the choice of the self-adjoint extension of the
symmetric Laplacian, the choice of conformal polyhedral metric, and the moduli of the
underlying Riemann surface? This question was partially addressed in [I3], where the
dependence of an important spectral invariant, the (-regularized spectral determinant of
the Laplacian, on the choice of the self-adjoint extension was analysed. It turned out that
one can write a comparison formula for two determinants of the Laplacian corresponding
to different self-adjoint extensions, and the main ingredient of this formula is the so-called
S-matrix of the polyhedral surface. The S-matrix depends on a spectral parameter A
and is defined via the coefficients in the asymptotic expansions near the conical points
of some special solutions (in classical sense) to the homogeneous Helmholtz equation
(A — A)u = 0 on the polyhedron. Moreover, the behaviour of S(\) at the zero value
of the spectral parameter plays especially important role; for instance, the order of the
zero of a certain minor of S(A) at A = 0 is related to the number of zero modes of
the corresponding self-adjoint extension; most of the entries of the matrix S(0) admit
explicit expressions through holomorphic invariants of the underlying Riemann surface
(Bergman kernel, Schiffer projective connection), and in case of a smooth surface with
punctures (which can be considered as conical points of angle 27), the entries of S(0)

are related to the Robin mass of the surface, etc.



1.2 Organization of the thesis

In this thesis, we apply and further develop the results of [13]. In Chapter [2| we discuss
the general properties of the symmetric Laplacian A on an arbitrary polyhedral surface:
we give an explicit description of the domain of its adjoint A* and, in particular, explicitly
construct a basis of the kernel ker A*. Using the latter basis, we compute the matrix
S(0), expressing its entries via some holomorphic invariants of the underlying Riemann
surface. Our main technical tool here is the Roelcke formula for the Green function of
a closed surface which we briefly discuss in Section [2.1]

In Chapter [3, we apply the results of the previous chapter to the simplest example of
a polyhedral surface, having (the lowest possible) genus two with one conical point. We
study three concrete self-adjoint extensions of the symmetric Laplacian on this surface:
the Friedrichs extension, the so-called holomorphic extension, and the maximal singular
extension. Using the results of [13] and the explicit formulas for S(0), we write down
the precise (with all the auxiliary constants computed) comparison formulas relating the
(-regularized determinants of these three extensions. It turns out that properties of the
S-matrix depend on geometric properties of the polyhedral surface. We show that the
dimension of the kernel of the holomorphic extension (related to the order of the zero of
a certain minor of S(A)) depends on the class of linear equivalence of the divisor (2P),
where P is the vertex of the polyhedron (this effect was previously found in [14], where
the polyhedra of genus g with 2g — 2 vertices were considered), and that the dimension
of the kernel of the maximal singular extension can be higher than usual if the surface
has a very large group of symmetry.

Finally in Chapter {4, proofs of some results from Chapters 2 and 3 are provided.



Chapter 2

Green function and the kernel of the
adjoint Laplacian for compact

polyhedral surfaces

2.1 Roelcke’s formula for the Green function

Let X be a compact Riemann surface endowed with a conformal metric m; we as-
sume that m is either smooth or flat with conical singularities. In the latter case, let
Py, Py, ..., Py be the conical singularities and denote Xo = X \ {P1,..., Py} Let A
denote an unbounded densely-defined, symmetric operator in L?(X, m) with initial do-
main C5°(X,) and let A be its closure whose domain D(A) is the completion of C§°(Xy)

in the graph norm

1/2

(1o 22X m)||” + || A 22X, )| (2.1)



We leave it to the readers to verify that this graph norm is equivalent to |Ju; L?(X, m)|| +
|Au; L*(X, m)||. Let A* be the adjoint of A in L?(X, m) (with initial domain C§°(X,))
and denote by D(A*) its domain.

Let A™ be the corresponding self-adjoint Laplace operator (in the case of conical
metric, we define A™ as the Friedrichs extension of the symmetric Laplace operator
with domain consisting of smooth functions vanishing near the conical points: the func-
tions from the domain of the Friedrichs extension are known to be bounded near the
conical points), and let G(x,y) be the Green function corresponding to A™; this is de-
fined to be the constant term of the Laurent expansion of the resolvent kernel function
R(z,y; \) corresponding to A™ at A = 0:

1

R(w,ys ) == Area(X)\

+ G(z,y) + O(N). (2.2)
The Green function is real-valued and satisfies the following properties:

1. G(z,y) = G(y,x);

1

2. Forz £y, (A™),G(z,y) = (A™),G(z,y) = _m()();

1
3. G(x,y) = —%log |z —y|+0(1) as x — y;

4. In the case of conical metric, the Green function G(+,y) is bounded near all conical

points (unless y itself is a conical point and the first argument approaches y);

5. For any z € X, one has

/X G(z,y)dS(y) =0, (2.3)

where dS is the volume element of the metric m.



In the case when the metric m is smooth, the Green function is given explicitly by

the formula

Glr,y) = o Area / / Re / L dS(p) dS(q), (2.4)

where 2,_, is the meromorphic one-form below. The formula, which appeared
in [§] (see equation (2.19) on page 31) is called there Roelcke’s formula (without any
reference). Unfortunately, we were unable to identify the primary source and it seems
that [8] is the only published text containing this result in its full generality (it should
be noted that the “Green function of a closed orientable surface” from [37], Section 4.2
is just the function Fp, p, from Proposition below and has nothing to do with the
Green function discussed here). Formula (2.4) and its proof are also valid for conical
metrics. For the reader’s convenience, we decipher here the derivation of this formula
given in passing in [g].

Choose a standard basis of a- and b-cycles on X. Let {v;} be the basis of the holomor-
phic one-forms on X that are normalized via fai v; = 0;5. Let Q,_, be the meromorphic

one-form (see, e.g., page 4 of [7] with a different normalization of basic holomorphic

differentials) defined by
/ W(z,-) — 2mi Z(ImB)aﬁva Im/ (2.5)

where B = | fbi v;] is the matrix of b-periods and W is the canonical meromorphic bidif-
ferential (see below) on X. This one-form is the unique differential of the third
kind with simple poles of residue —1 and 1 at p and ¢, respectively, and moreover, it has
purely imaginary periods. Hence, the real part of the integral fmy 2,_4 does not depend

on the path of integration and gives a harmonic function (with logarithmic singulari-



ties) with respect to the arguments z,y, p, ¢. Using the known singularities of the latter

function, one can express it as

Re [0,y = 20 (G10.0) — Gly.0) + Glna) — Glanp). (2.6

Integrating (2.6) over X twice (first with respect to dS(z) and then with respect to
dS(q)), using (2.3, and renaming the arguments in the resulting expression, one obtains

Roelcke’s formula ((2.4)).

2.2 Harmonic functions with prescribed singulari-
ties

2.2.1 Domain of the self-adjoint operator

For a conical point P; with conical angle 3;, let n; be the integer such that 27n; < §; <
2m(n; + 1). In the proof of Proposition below, a conical point with conical angle
27 will be considered. In this case, n; = 0 and all the sums Y7, appearing in
in Proposition are equal to 0 by definition. Introduce (; to denote the distinguished

local parameter near P;: note that in the vicinity of P;, one has
m (G, G;)ld¢;* = 1¢;* |dG;|*

(see [13], Definition 1) and

A* — —4|Cj|72bj8<j(95j



|Cj|bj+1

where §; = 2m(b; + 1). In polar coordinates (r,6) where r = and 0 = arg((;),

b +1
one can write
mdr = dr* + (b; + 1)*r?d6* and A* = _L (r0,)* + ;82
! 7’2 " (b] + 1)2 0 '

Proposition 2.1. In the vicinity of the point P;, a function u € D(A*) has the asymp-

totics
SERY TSI < S S S S B
T T e G G
(2.7)
i - R _
+\/2_CJ(U)+Z\/4—[7j,m(U)CJ +Z\/Fa]m(u)§'] + v,

where x is a smooth cut-off function that has compact support in a small vicinity of P;
and that is equal to 1 in a smaller vicinity, and v is a function from the domain of the

closure D (Z) One has the asymptotics v = o(|(;|™) as (; — 0.

The notation for the coefficients comes from the form of the corresponding term in
the asymptotics: growing holomorphic (), growing antiholomorphic (), (growing) log-
arithmic (£), constant (c), decreasing holomorphic (h), and decreasing antiholomorphic

(a). The normalizing factors ( ) are introduced to obtain the stan-

1 1
—, ——, etc.
Vamrm V2

dard Darboux basis for the symplectic form ({2.9)) below. The proof for the asymptotics

(2.7) is given in Section [4.1]

2.2.2 Gelfand symplectic form

Let Q be the symplectic form on the factor space D(A*)/D(A):

Q([u], [v]) == (A*w,T) — (u, A'T) | (2.8)



where (u,v) = [, uvdS is the usual hermitian product with volume element

_ dC A dC .
dS = m((, ) C_A% . —le.m(c, Qg

Straightforward computations (see Section [4.2)) prove the next proposition:

Proposition 2.2. One has

M O _[2nk+1
Q([u] [o]) = ) Xi(u) Xi(v)' (2.9)
k=1 Loy 0

where Xy (u) = (Lx(w), Hr1(w), - Opny (), A1 (w), - ooy Ay, (), er (), bra(w), ..oy

hk,nk (u)7 ak,l(u)v ey Ok ny, <u>>

Remark 2.3. Notice that an extension Ap is self-adjoint if Q([u],ﬁ) = 0 for all

u,v € D(Ag).

In fact, the Lagrangian (with respect to the form (u,v) — Q([u], [v])) subspaces of
the factor space D(A*)/D(A) are in one-to-one correspondence with the self-adjoint
extensions of A. Moreover, an extension can be defined by specifying conditions on
the coefficients in the asymptotic expansion ([2.7)) of a given function v € D(A*). For
instance, the Friedrichs extension Ap is defined on functions u € D(A*) not having
the growing terms, i.e., £x(u) = Hpm(u) = Agm(u) = 0 ([1I], Proposition 3.5); or
the holomorphic extension Apy is defined on functions u € D(A*) having only the

holomorphic terms in their asymptotics, i.e., £;(u) = A m(u) = agm(u) = 0.



2.3 S-matrix of the polyhedral surface X

2.3.1 Special growing solutions

It is known that the kernel of the Friedrichs extension Ar has dimension 1 and consists
of constants functions. For A € C not belonging to the spectrum of Ap, define for each

k=1,...,M and s = 1,...,n, the unique special growing solutions
Gl/(i(7)\)7 Gl/&i(a)\% Glog|(;€|(;/\) (210)

of the homogeneous equation

A'u—Au=0 (2.11)

via their asymptotic expansions near the conical points. More precisely, define Gy /¢ via

1
Gy (G ) = = +0(1)
;

as (r — 0 and

Gl/q; ($§ >\) = 0(1)
as © — P, with [ # k. Others are defined similarly.

Definition 2.4. (See [13]) The constant terms and the coefficients of the powers of the
decreasing terms ¢ and ¢, (k=1,...,M, s = 1,...,n;) in the asymptotic expansions

of the special growing solutions form the so-called S-matriz, S(X\), of the surface X.

1 s
For instance, the entry S e (A) of the S-matrix is given by the coefficient of the
term (] in the asymptotic expansion of the special growing solution G4 s (3 A) near the

conical point P,. Similarly, the entry S8/l 1()\) is the constant term in the asymptotic

10



expansion of the special growing solution Gieg|¢,|(-; A) near the conical point P.

The next proposition is a slightly improved version of Proposition 7 in [12]:

Proposition 2.5. All the entries of the matriz S(\) except S'81%I1 (X)) admit holomor-

phic continuation to A = 0; the entries S'8|%l1(\) have a simple pole at A = 0.

Proof. We start with reminding the reader the construction of the special growing solu-

tions (2.10]). Let F" be one of the following functions defined on the whole X:

1 1
xlog|CGl, X—=5 X=r,
k Ck

where x is a smooth cut-off function supported in a small vicinity of P, such that y =1
in some smaller vicinity of P,. Let A do not belong to the spectrum of Ag. Introduce

the function

f=(A"=\NF

and define g(-; A) as the (unique) solution of the equation

(Ap — N)g = (A* — \)F (2.12)

(it should be noticed that the right-hand side of this equation belongs to L*(X,m)).
Then

G(5A) =F() —g( )

is the special growing solution with principal part F. It follows from the above con-

struction that

11



g5 A) =g M) + Area /f Area /f

H] R ((A* — A\ F - m /X(A* — )\)F) (2.13)

~ o 6

The first term in ([2.13]) is holomorphic in a vicinity of the point A = 0 (a simple eigenvalue
of Ar). The behaviour of the second term at A = 0 depends on the choice of the principal

part F. In the case of F' = Xciz or XEL“ the second term is again holomorphic at A = 0,
k k

/Xf(-;O) ~0. (2.14)

If the principal part F' is logarithmic (F' = ylog |(x|), then (2.14) is no longer true and

thanks to the obvious relation

g(+; A) has a simple pole with residue

1 2m
——— | A= ———
Area(X)/X Area(X)

Summing up, the special growing solution G (;A) and G ; A) are holomorphic

e (
with respect to A at A = 0, whereas

2T

Glog\ckl(ﬁ)\) = m

+h(5A)

where A(-;A) is holomorphic near A = 0. Thus, all the coefficients in the asymptotic

expansion of G, st (v A) and G -3 A) are holomorphic at A = 0; the constant term in

12
the asymptotics Giog|¢|(+; A) blows up at A = 0, all other coefficients in the asymptotics

Ghog|c|(-; A) are holomorphic at A=0. O

12



Remark 2.6. The values at X = 0 of nonsingular entries of the S-matriz do depend
on the choice of a metric m within a given conformal class through their dependence on
the distinguished local parameters of the metric near the conical points. The opposite
statement in Proposition 7 from [12] was made under an implicit assumption that the

conformal factor is equal to one in small vicinities of the conical points.

The values of the nonsingular entries of the S-matrix at A = 0 can be found from

the asymptotics of the (unique) special growing solutions Gy;c1(;0), Gz (+50) of the

1/
equation

Ay =0 (2.15)

subject to the condition

/XudS ~0. (2.16)

It should be noted that there is no harmonic function on X with a single logarithmic sin-
gularity, so the special growing solutions Giog |, |(+;0) do not exist. The following propo-
sition gives the first new results. A closely related statement for the Green functions of
elliptic boundary value problems in domains with conical points at the boundaries can

be found in [2§].

Proposition 2.7. Let y € X \ {P,..., Pu}.

1. The special growing solutions Gl/Ci (y;0), G :0), 1 =1,...,ng, of the equa-

12
tion are related to the coefficients of the asymptotic expansion of the Green

function G(-,y) at the conical point Py via
ng

6G) = 6P = 3 16 00 Z G et (5 00Tk + o(1Gi™) . (217
=1 =1

13



2. The constant term, G(Py,y), in can be represented as

21

G(Pry) = 5 1mn | Gros () = 5y

(2.18)

Proof. Until the end of this proof, assume that Xo = X \ {Py,..., Py, y}, that is, the
point y is considered a conical point with conical angle 27. Then G(-,y) belongs to
the domain of the operator A*; the latter operator is now the adjoint to the symmetric
Laplacian with domain C3°(X \ {P, ..., Pu,y}).

It should be noticed that the functions u from D(A*) have the asymptotics

7 1
() = = ) 05 16| + ey (10 + of1)
as z — y (here the local parameter ¢ is defined via m = |d¢|* near y and ((y) = 0).
. ) 1
Since [y Gy dS =0 and AJG(z,y) = ~Area(X) (a constant), one has
QUG Y Gy (y:0)]) = 0. (2.19)

On the other hand, implies
QG (-, v)], [Gl/glg(y; 0)]) = hk,l(G('ay))ﬁk,z<G1/§L('§ 0)) — £y(G('a y))cy(Gl/Cfc('; 0))

— 1 |Ver
= 47Tlhk,l(G<'7y)) - \/ﬂl [TGl/CL(ya 0)]
and, therefore,
1
bra(G(,y)) = —EGU%(%O)‘
Similarly,
1
ar(G(,y)) = _\/ﬁGl/Ei(y; 0),
and ([2.17)) follows.

14



To show (2.18)), let R(x,y; \) be the resolvent kernel of Ar. Consider the expression

E(\) = <(A* —A) [R(-,y; A)+ m] Groglepl (3 A) = ﬁ&)Q B

<R(-7y; )+ —Areal(X)A, (A" = )\) [Glogm(.; ) — ﬁ&)kb

1
Area(X)A

/X [Gloglck\('; A) — ﬁ?X})\] = 0

one has F(\) = o(1) as A = 0. On the other hand, computing E()) via (2.9)), one gets

(2.20)

Since lim [R(-,y; A) +

1
A—0

} =G(-,y)L1l and

2 1
E(\) = |:Glog<k|(y7 A) — m] — 2 [R(Pk,y, A) + m]
which implies ([2.18]). O

The next proposition immediately follows from (2.17)), (2.18]), and Roelcke’s formula

(2.4). See Section [4.3| for the details.

Proposition 2.8. One has the following explicit expressions for the special growing so-

lutions of the homogeneous Laplace equation (2.15|) subject to (12.16)):

0) = — 1 (--1) _

Ge (1:0) = Grya (y;0) . (2.22)
Moreover, one has the relation

lim [Glogmy; N 5o A} - s | R / 0, dsmast). (223)

! The equality can be checked as follows:

foo=feo= (3 3oy [ )= [res =5 far=T

15




In (2.21)), the expression Qg__ql )(Pk) should be understood as follows. Write the one

form ,_, in the distinguished local parameter (; in a vicinity of the conical point Fj:

Qy = wW(Cr)dCs -

Then
d

-1
d_Ck> w(Ck)|cp=0 -

Q" D(P) = (

2.3.2 Explicit expressions for S(0)

Rewriting €, _, as

Qy_q(2) = qu,. s s ImB) 4 va(z gt s ImB) 4 va(z os (2,24
(2) / () 62( ) <>/y o+ BZ( )l <>/yg< )

and using in ([2.23)) the reciprocity law for normalized differentials of the third kind

R P
Re/ QP_Q = Re/ QR—S
S Q

(see, e.g., [6], p. 67), one can easily find all the terms of the asymptotic expansions of

. 2m
Gl/C;lc (y; 0) and llm,\HO |:G10g|ck|<y; )\) — m

in explicit formulas for all the finite entries of the matrix S(0). For instance, (2.23) and

]asy—>Pl,l:1,...,M. This results

the reciprocity law immediately imply that

Glog (¢l Cz(O) — m /X ka_p(Pl)d,S'(p)7 l #Ek. (2.25)

Similarly, from (2.21]) and (2.24)), one gets the relation

1 e 9 -
Sw 0) =7 Y (ImB) jva(Pi)vs(P) = 7B(P, Py) (2.26)
a,B=1
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where B is the Bergman reproducing kernel for holomorphic differentials (see, e.g., [§],
equation (1.25)). (Here the value of a differential at P, means its value in the distin-
guished local parameter at this point.) Following [7] and [42], introduce the Schiffer

bidifferential on X as
g
S(P,Q)=W(P,Q)—7 Y (ImB) ;va(P)vs(Q) . (2:27)
a,B=1
The Schiffer projective connection, Ss.p, is defined via the asymptotics of the Schiffer

bidifferential at the diagonal P = Q:

S(a(P).x(@) _ 1
do(P)dx(Q)  (@(P) — 2(Q))

7 %SSch(iv(P)) +0(x(P) - 2(Q)), (2.28)

as Q — P. From (2.21)) and ([2.24]) together with (2.27)) and (2.28)), one gets (cf. [14])

S% (0) = —S(Pu P); 1#k, (2.29)
and
& G = _1 2
S >(0) 655ch(Ck) oo’ (2.30)

In the same manner, one can find explicit expressions for all the remaining (finite) entries

of S(0).

Remark 2.9. [t looks natural to define the regularized values of the singular entries of

S(A) at A =0 via

reg S8 16kl 11(0) .= lim (Sl‘)g'@v'v L) — ﬁb) : (2.31)
In the case of a smooth surface X with a puncture P, considered as a conical point of
angle 2m (see, e.g., [43], [2]), the special growing solution Gioga(..py(-; A) coincides with
27 R(-, P; \), where R is the resolvent kernel of the Friedrichs extension of the Laplacian
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on X \ {P} and d is the geodesic distance on X ; the above reqularization of a (single)

entry of S(0) coincides with 2w m(P), where m(P) is the so-called Robin’s mass (see,
€.g., [39/, [32/)

. 1
reg S5 11 (0) = m(P) = lim (G(P,Q) + o~ logd(P,Q) ).

In particular, formula (2.23)) leads to an explicit expression for m(P). Unfortunately,

the latter expression contains the finite part of a diverging line integral and, therefore,

is not as that effective as formulas ([2.25)), (2.26)), (2.29), and (2.30]). It should be noticed

that using the technique of string theorists ([33], [44]), one can get a nice expression for

the centered Robin’s mass
M(X)

m(P) - Area(X)’

where

M(X) = / m(P)dS(P).
b
Following [44], define the function ® on X x X via

(2, w) = —2n U 7}t (Im B)~! Im/wz7+log (1B (2, w)P(o(=)p(w))2) .

Here p(z,z)|dz|? is the (smooth) metric on X and F(z,w) is the prime form (see, e.g.,

1), ¥ = (v1,...,v,)". The results from Section 5 of [44] imply the relation

_ G w) + %m(z) + %m(w) — B(zw) + C (2.32)

with some constant C. Integrating (2.32)), one gets

M;X) + %m(w) Area(X) = /X<I>(z,w)d5(z) + C' Area(X) (2.33)
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and, therefore,

M(X) Area(X) = // (2, w)dS(2)dS(w) + C Area(X)?.
XxX
This gives the following explicit expression for centered Robin’s mass:

M(X) 2

m(w) = Arca(X) Area(X) /X@(z,w)dS(z)

(2.34)
2

- P .
TR //X @ u)as(:)as(w
Moreover, from (2.32)) and (2.33)) follows an interesting counterpart of Roelcke for-

mula ([2.4])

G(z,w) = % (m(z) — %) + m /X O(z,w)dS(z) — @(z,w), (2.35)

mentioned in the last lines of Section 5 of [44].

2.3.3 Kernel of A*

Motivated by the recent paper [20], we shall write down the basis in the kernel of the
adjoint operator A* (we remind the reader that A is the symmetric Laplacian with

domain C§°(Xj)). This makes the constructions from Theorem 1 in [26] more explicit.

Putting v = 1 in (2.9)), one gets

> Li(w) =0 (2.36)

k=1
for any u € ker(A*). On the other hand, for any two points P and @ of X, there exists
a harmonic function v on X \ {P,Q} with asymptotics u(z) = logd(x, P) + O(1) as

x — P and u(x) = —logd(z,Q) + O(1) as « — . Thus, Proposition and the
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equality ker(Ag) = {const} imply the following statement:
Proposition 2.10. The basis of ker(A*) consists of
1.1;
2. functions Gl/é}i('; 0);k=1,...,M;l=1,...,ng from Proposition '

3. functions G, = (0); k=1,...,M;l=1,...,ng from Proposition ' and

1/¢h

4. functions Fp, p,(P) = Re fp Qp_p.; k=2,..., M, where Qp,_p, is the meromor-

phic one form from .
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Chapter 3

Self-adjoint Laplacians on genus two
polyhedral surfaces with one conical

point

3.1 Comparison formulas for det A, and det Ay,

In this section, several applications of the results of the previous chapter will be con-
sidered, particularly, to concrete classes of polyhedral surfaces. In order to avoid un-
necessary technical complications, the simplest case of genus two surfaces with a single
conical point P of conical angle 67 is studied. Thus, using the setting of Section [2.2.1]

one has M =1, ny =2, §:= [, = 6m,
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X(“) = (E(U)aﬁl(u)a 5732(u)a 2y (u)a Ql?(u)’ c(u), hl(u)7 hQ(U)> al(u)v QQ(U))a

and the asymptotics in the vicinity of the point P of a function u from D(A*) in the

distinguished local parameter ¢ has the form

with v = o(|¢|?).
The following three regulaxﬂ self-adjoint extensions of the symmetric Laplacian A

with domain C§°(X \ {P}) will be considered:
e the Friedrichs extension Az corresponding to the Lagrangian subspace of D(A*)/D(A)

£0) = 9() = H2() =2A() =A(-) =0,

e the maximal singular extension A;,, corresponding to the Lagrangian subspace

£()=b1(-) = ha2(-) = a1(-) = a2(+) = 0,

e the holomorphic extension Ay, corresponding to the Lagrangian subspace

£() =24() = Ae(-) = ay(-) = az(-) = 0.

Proposition 3.1. The operators (Dging—N) " —(Ap—N)"" and (Apo—N) 1= (Ap—X)"1

are finite dimensional, and one has the following representations for their traces:

1 A regular extension is one that is defined on a class of functions u € D(A*) such that u does
not have any logarithmic term in its asymptotic expansion ([I3], Definition 5.2).

22



Trace[(Aging — A) ' — (Ap — A)7'] = — Trace (T~ (\)T"(N)) (3.2)
Trace[(Apot — A) ™" = (Ap — A) 7] = = Trace (P~'(A)P'(N)) , (3.3)
where the matrices T(X\) and P(\) are given in and (3.16]) below.

Proof. Notice that the kernel of the operator A* — X with A € C\ spec(Ap) is generated

by the special growing solutions
Gre2(A), Gy A), Gue(sA), Gue(A), Giogle (5 A)

of the equation A*u — Au = 0 and, therefore, the deficiency indices of A are (5,5). So,
the Krein formula for the difference of the resolvents of two self-adjoint extensions of a
symmetric operator with (equal) finite deficiency indices can be applied (see Appendix
for a brief discussion; see also, e.g., [3], Vol. 2, Section 84): given f € L?(X),
[(Aging =N = (Ar =N =D Gal50) D wap(N) (f, Gsl-A))
a 8

(3.4)
:ZEE:(;a(§A)XE(A)

where o = 1/¢2, 1/¢, 1/°, 1/, and 8 = 1/¢%, 1/¢, 1/¢°, 1/¢, log|¢|. Introducing
u € D(Ap) via (Ar — A)u = f and comparing the coefficients in the asymptotic expan-

sion of the left- and right-hand sides of (3.4]), one gets

(=t (), —=ba(), ) =T (Xuje Xy X Xy ) (35)

1
Vi 502w e,

1
v/ 8w

with
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SUG SN M ¢(\) S <(N)  SUE <))
SUG () U () MG E () UGN

SUGC(N)  SU SN SVE ) SYE ()

SUG () §HE C () §16 ) U ()
Since ((3.5)) holds with an arbitrary left-hand side (one can take as « an arbitrary function

from D(Ap)), the matrix T'()\) is invertible.

Notice that

(A" =N, G5 0) = (A7 = Nu, Gre( ) = (u. (B = NG (V) .
= Q(u, G1/¢(5; ) = Vb, (u)
Similarly,
(A" = N, Gyye(5N)) = Vima (u), (3.8)
(A" = N, Gy (3 0)) = VBt (), (3.9)
and
(A" = Nu, Grez(5N)) = V8rag(u) . (3.10)

Meanwhile, differentiating ([2.12]) with respect to A and using (3.7))-(3.10)), one gets

%5*74()\) — ﬁ (Go(- A), Gje(50),

%S*,CQ()\) = 8i7r <G*(~, A), Gl/ZQ('Q 5‘)> ) ( )
3.11

%S*’Z(A) = % (GL(-,N), Gie(5N)),

%5*,22()\) — % (Go(-,N), Giy2(5N))
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with x = 1/¢,1/¢,1/¢2, 1/62. Now, (3.4) can be rewritten as

[(Buing = 27" = (Ar =27 (D)

= _(GI/C('; A)s Gy (52), Grye(5A), G e (5 A)) T~ (N

1 1 1 1 t
<\/Ehl(U),\/§hz(U)7 o) \/S?cu(u)>

= _<G1/C(‘§ Ay Gy (5A), Gre(5A), G (5 A)) T (A)x

(% <f’ el ’_\)> ’ é <f’ G2l /_\)> ’ ﬁ (£:G1pc(5 M), % (£,Gre(5) )t

(3.12)

(here, the X is just the usual matrix multiplication). Relation (3.2)) immediately follows

from (3.12)), the elementary relation

TI‘&CGg <'7 h> - <ga h) )

and the identities (3.11)).

Similarly,
(Aha =N = (A =N)) = D Gali)Xa(N)
a=1/¢2, 1/¢

and
1 1 t :
—(mal(u),\/S_ﬂaQ(u)) = P(N) (X1/¢(\), X12(V))

with

1/¢, ¢ 1/¢2, ¢
POy SUGC(N)  SL/EE(N) |

SUG C(N) ST E(\)

and (3.3 follows from the same considerations as above.

The next proposition is an immediate corollary of (2.21)) (cf. Section [2.3.2)).

25

(3.13)

(3.14)

(3.15)

(3.16)



Proposition 3.2. Introduce the function H(-,-) (both arguments are distinguished local

parameters in a small vicinity of P) via

W= Q) —cre " H(¢(Q),C(R))| dC(Q)dC(R) (3.17)

as Q, R — P, where W is the canonical meromorphic bidifferential on X (in particular,

one has the relation

6H(C(P),C(P)) = Ss(C(P)),

where Sg is the Bergman projective connection). Then the matriz T'(0) is given via

11, (0) —5Ssen(0)
Ta(0) | _ [ -4 Clon + FTMEGmOB0) |
T3 (0) 7B(0,0)
T (0) 5 2o (ImB) 54 (0)v(0)
T12(0) —H(C, )0y + 7 > (ImB) 5va(0)v5(0)
Tn(0) | _ —5H (¢ Oloo) + 5 22 (ImB) 50, (0)v5(0) | (3.19)
T32(0) m > (ImB)_ v, (0)vs(0)
Ty2(0) 5> (Im B);év;(O)m
and
T13(0) T14(0) T31(0) T32(O)
To3(0) T24(0) _ T41(0) Tyo(0) | (3.20)
T33(0) T34(0) T11(0) T12<0)
Tis(0) Tua(0))  \Tm(0) T(0)
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One also has

P(0) = 7B(0,0) WZ(IIHB);BU;(O)UB(O) | (3.21)

52 (ImB) 5va(0)v5(0) 53 (ImB) 5v;,(0)v5(0)
The following proposition describes the asymptotic behaviour of the S-matrix as

A — —00.

Proposition 3.3. All the entrics of the matriz T()\) except SYSS(N), SV (A) and

their conjugates SY/<C(N), 81/327420\) are O(|]A|7>°) as A — —oo. One has the asymp-

totics

) 1/3

SI/C,C()\) — _%(_)\)1/3 + O(’)‘|_Oo)§
) s\ /30(1/3) (3.22)
S (3) = IS N+ O
and
det T'(\) = (22—;2) M4HO(N™™)  and det P()\) = —22—7:2)\ +O(|A\™™) (3.23)

as X\ — —oo.

Proof. (cf. [12]). Passing to polar coordinates, 7, ¢ such that ¢ = r'/3e*/3; 0 < ¢ < 6,

one finds that the functions

K,(V=Xr)e ™, v=

I )

Wl =
Wl o

where K, is the modified Bessel function (see discussion in Section {4.1.1)), satisfy the
equation (2.11]) in a vicinity of P. The well-known asymptotics of the modified Bessel

function (with v > 0) reads as
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4 v

m Y

B 2sin(vm) |277T'(1 —v) B 2T(1 + v) +0(y"™)

K, (y)

as y — 0. Thus, the functions @, := 7127 (1 — v) sin(7v) (V=N K, (vV—Ar)e""?;

v =1/3,2/3 satisfy (2.11)) in a vicinity of P and have the asymptotics

1 2'3/30(2/3)

B1s(¢,8A) = £~ 2B gy oy
T .
(6.8 = o~ TV g oy

as ¢ — 0.
Now, notice that one can change the construction of the special growing solutions

from the proof of Proposition [2.5| replacing the function F' by ®,; this gives

Gryc(5A) = Prya(5A) = (Ap = A)THA" = ) [xPays(5 N
(3.25)

Gy (5 A) = Dos3(5A) = (Ap = A)THAT = A)[xPo/a(5 )]
Since K,(z) and all its derivatives are O(e™®) as * — +oo and the support of
(A" — X)[x®,(-; A)] is separated from the origin, all the coefficients in the asymptotic
expansions of second terms in the right-hand sides of are exponentially

decreasing as A — —oo and, therefore, all the statements of the proposition follow from

B324). O

The next proposition is a direct consequence of Theorem 2 from [13] and (3.23)). The

proof is provided in Section [4.4]

Proposition 3.4. Introduce the zeta-reqularized determinants of the operators Ap — X,
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Aging — A, and Apy — X via

det A = exp{—(},(0)},

where (a(s) is the operator zeta-function of an operator A (without zero modes). Then

det(Agng — A) = (22—”72)2 det T(X) det(Ap — \) (3.26)

for real X\ not belonging to the union of the spectra of Ap and Agpng. Stmilarly,

2

2
det(Apg — ) = 2—”7 det P()\) det(Ap — \) (3.27)

for real X not belonging to the union of the spectra of the operators Ap and Apg.

Since dimker Ap = 1, the preceding proposition shows that the order of the zero
of det T'(\) (respectively, det P(\)) at A = 0 is one unit less than the dimension of
the kernel of A, (respectively, Apy). We shall prove in Section that generically
dimker Ay, = 1. We conjecture that this is also the case for Ay, (i.e., generically
det T'(0) # 0). However, we shall show that by choosing a “very symmetric” polyhedron
X, one can get dimker Ag;,, = 3.

So, under assumption of genericity, passing to the limit A — 0 in and ,
one gets the following comparison formulas for modified (i.e., with zero modes excluded)

determinants of self-adjoint extensions Ap, Agpg, and Apgy.

Theorem 3.5. Suppose dimker Ay, = 1. Then

272

2

det” Asing = (

where T(0) is explicitly given by (3.18))-(3.20)).

Suppose dimker Ay, = 1 (i.e., P is not a Weierstrass point of X, see Proposition
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below). Then

2

2
det” Apy = 2—”7 det P(0) det” Ap, (3.29)

where P(0) is given by (3.21)).

Remark 3.6. If (2P) = C, where C' is in the canonical class, then the flat metric on X
with a single conical point at P has the form |w|?, where w is a holomorphic differential
on X with double zero at P. In this case, an explicit expression for det® Ag can be found

in [22]. An explicit formula for det™ Ap for an arbitrary P can be found in [1§].

Remark 3.7. Let us mention two geometric constructions leading to a flat surface X

of genus two with a single conical singularity.

1. Take a compact Riemann surface X of genus two and choose a point P € X.
Then according to the Troyanov theorem (see [41]), there exists the unique (up to
rescaling) flat conformal metric on X with conical singularity of angle 67 at P. If
the divisor (2P) is in the canonical class, then there exists a holomorphic one form
w on X with divisor (2P) and the Troyanov metric necessarily coincides (up to
resacaling) with |w|?. In this case, the metric has trivial holonomy. If the divisor
(2P) does not belong to the canonical class, then the Troyanov metric must have
nontrivial holonomy along some nontrivial cycle on X. (It should be noted that
the holonomy of the Troyanov metric along a small loop around the conical point
is always trivial: the tangent vector turns to the angle 67 after parallel transform

along this loop.)

2. (See Figure [3.1]) In case of trivial holonomy, the flat surface X can be produced

via the well known pentagon construction (see, e.g., [29]). Consider a pentagon II
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in the complex plane. Let the center of one of its sides coincide with the origin.
Gluing the parallel sides of the octagon IT U (—II) together one gets a flat surface
X of genus 2 with a single conical singularity of conical angle 6. The one form
dz in the complex plane gives rise to a holomorphic one form w on X with a single
double zero at the point P on X that came from eight vertices of the octagon
glued together. The natural flat metric on X has trivial holonomy and coincides

with |w/[?.

Now take the octagon ITU (—II) and deform it keeping the lengths of all the
sides fixed (after this deformation the opposite sides are no longer parallel). Glue
the sides together following the same gluing scheme as before. Again one gets a
flat surface of genus two with a single conical singularity of angle 67 but now the
corresponding flat metric has nontrivial holonomy: the parallel transport along
the closed loop which came from a segment connecting two points on the opposite
sides of the deformed octagon turns the tangent vector for the angle which is equal

to the angle between these two opposite sides.

Figure 3.1: Gluing schemes for X: trivial (left) and nontrivial (right) holonomy
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One more comparison formula for resolvent kernels.

Here we briefly describe an interesting counterpart to formula which holds in
case of general conformal flat conical metrics of trivial holonomy on compact Riemann
surfaces X of genus g > 2. All these metrics have the form |w|?, where w is a holomorphic
one form on X. Flat surfaces X of genus 2 with a single conical point P of angle 67

enter this class if and only if P is a Weierstrass point of X.

Proposition 3.8. Let the metric on X be given by |w|?, where w is a holomorphic one
form. Let Py, Ps,..., Py, M < 2g — 2, be the distinct zeros of w or, what is the same,
the conical points of the metric |w|*>. Then there is the following relation between the
resolvent kernels, Ry, and Rp, of the holomorphic and Friedrichs extensions of the sym-

metric Laplacian on X \ {P,..., Py}:

Rhol<x7 Y; >‘) = é;axayRF(xv Y; )‘) (330)
Aw()w(y)

Proof. We start with reminding the reader the standard relation

g

0.0,0r(r,y) =~ S (MB) b va)us(y) = — Bz, ), (3:31)

0‘76:1

where B(z,y) is the reproducing kernel for holomorphic differentials. Here G is just
the Green function from , the subscript is introduced to emphasize that we deal
with the Green function of the Friedrichs Laplacian. Equation directly follows
from (2.4]) (the factor 1/4 appears due to the presence of the factor 4 in the definition
of the Laplacian, some authors do not introduce these factors).

According to [I1], one has the relations

AF = 4D2DZ and Ahol = 4DZD; (332)
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where D, is the closure of the operator

1
;02 COX(X\A{Py,...,Py}) C LA(X, |w|*) — L*(X, |w|?).

Clearly, D} acts as 0.

Now immediately implies that the function ¢,, is a normalized eigenfunction
of A corresponding to a nonzero eigenvalue )\, if and only if —=— F D.¢,, is a normalized
eigenfunction of Ay, corresponding the eigenvalue JA,,. Taking into account that ker Ay

is spanned by the functions %+ and, therefore, the orthogonal projection in LA(X, |w]?)

By 7
onto ker Ay is the integral operator with the integral kernel M, one gets the
w(r)w(y)
following representation for the resolvent kernel of Ay, (in the sense of distribution
theory):
B(z,y) 1 xcbm ycbm( )
Rhol(x7 Y; )‘> - — +4 . (333>
e 2, G A
Taking into account the relations
1 1 1 1
Om(x
R A) =
(@9, A) = ——y a(X Zﬂ) :

and

Am#£0

and making use of (3.31]), one arrives at (3.30)). ]

Corollary 3.9. For flat metrics |w|? with trivial holonomy, the Green function Ghy of
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the holomorphic extension Ay is related to the Friedrichs Green function Gg via

Ghot(z,y) = /X(%GF(%2)3yGF(Z>y)(——dS<z)-

3.2 Kernels of A;; and Ay,,.

3.2.1 Kernel of the holomorphic extension

The following proposition gives the complete description of the kernel of the holomorphic

extension of the symmetric Laplacian on X \ {P}.

Proposition 3.10. If P is not a Weierstrass point of X, then the kernel of Ay, consists
of constants and so dimker Ay, = 1.
If P is a Weierstrass point, then the kernel of Ay, has dimension 2, and is spanned

by 1 and a meromorphic function with single pole at P of multiplicity 2.

Proof. Let u € ker Ap,. Let ¢ be the distinguished local parameter near P and let

Xe = X \ {|[¢] < ¢€}. Using Stokes formula, one gets

1 _
0=~ (u,Au) =i Ouf + @ (A/F+BJC+C+ D+ BC +of[C]
g =t { [ o p AT oAICPD) >

e—0

(AN + B/C+C+ DG+ B+ o)} = ] 10uP

and, therefore, u is meromorphic on X with a single pole of degree less or equal to 2 at

P. Tt remains to notice that
e there are no meromorphic functions with a single pole of order 1 on Riemann
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surfaces of positive genus; and

e for Riemann surfaces X of genus 2, the point P € X is a Weierstrass point if and

only if there exists a meromorphic function on X with single double pole at P.
The proof is complete. O

Remark 3.11. If P is a Weierstrass point (and, therefore, dimker Ay, = 2), then

det*A}wl = —

0 det™Ap. (3.34)

212 d det P(\) ’
A=0

The value of the factor dde:lf(’\) ‘,\:o in (3.34)) can be obtained by explicitly calculating

the derivatives of the entries of P(\) at A = 0. The computation is similar to the one

after Remark below so we skip the details here.

3.2.2 Singular extension: very symmetric case

6

Consider a hyperelliptic surface X of genus 2 via pu? = H()\ — )j) with A\, = A +
=1

9 27(2'(;;:—1). !

ree i k=2,...,6;r > 0. Consider a holomorphic 1-form w on X given by

(A= Ap)dA

W = .

H?:1 (>‘ - )‘j)

Clearly, w has a double zero at P = (\;,0) € X and the metric |w|* is a flat metric on

X with unique conical point at P of angle 6.

Proposition 3.12. The kernel of the singular self-adjoint extension Ngy,g of a symmet-

ric Laplacian on X \ {P} has dimension 3.
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Proof. There are two natural holomorphic local parameters on X near P: the one re-

lated to the ramified double covering X > (A, u) — A € C C P!,
C=VA— A,

and the distinguished local parameter ¢ for the conical metric |w|? related to the param-

eter ( via
_ ¢ 2uwidw 1/
Since

w=C(C+0(¢?)) d¢

and, therefore,

& =C(+0("), (3.35)
one has
1 C
G =g ol (3.36)

as &, ¢ — 0 (the constant C' differs from one formula to another). Now, equation ({3.36]

implies that the meromorphic function

P f(P) = (3.37)

A(P) = A
on X with only one double pole at P belongs to ker A;,,,. Clearly, the complex conjugate
f and 1 also belong to ker Aging. Thus, dim ker Ag;,,, > 3.

It turns out that in the case of the surface X, one can further specify the asymptotic

expansion of the (unique up to a constant) harmonic function g on X with a single
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singularity at P with

g€, &) = % +0(1). (3.39)
Namely, one has
g =%+C+ag+o(|§|2) (3.39)

with a # 0. This means that in the asymptotic expansion of the function g, there are no

€, €% and 52 terms. Indeed, according to 1) the coefficient near ¢ in the asymptotic
1

expansion of g near P is equal to _ESSch@)’é:O- Using the Zs-symmetry of X, it is

easy to show that this coefficient must vanish. First, notice that this quantity vanishes if

Ssen(€)]¢=0 = 0. (3.40)

This follows from the change of variables rule for a projective connection:

Ssen€) = Ssen(©) (fl—g) 1 (3.41)

(due to (3.35)), the Schwarzian derivative in the right-hand side of the last equality
vanishes at £ = 0).
Without loss of generality one can assume that \; = 0. Consider the automorphism

of X

27

A= es A

Under the automorphism ¢ — e%iC and, since the Schiffer projective connection is inde-

pendent of the choice of basic cycles on X, one gets from (3.41]) the relation

27

Ssen(C)le=0 = €75 Ssen(C)]¢=o;
which implies Sgen(¢)|c=o = 0, and, therefore, the term ¢ is absent.
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Next, using the matrix 7°(0) (refer to equations (3.18)-(3.20)) and (3.37) together,

one can easily show that there are no £2 and 52 terms in the asymptotic expansion of g.

Indeed, notice that the normalized holomorphic differentials v; and vy on X are linear

combinations of
dA 2d(¢
Wi = - 10 10
\/H2=1<)‘ - )‘k) \/C -r

and
Ad) 202d¢
Wo = = 3
LAy V=T

and, therefore,

UIl,Q(C)‘c’:O =0.
Since
: ;o (2 @
vy 2(§) = v15(¢) ) T ULQ(C)d_é-Q
2
and Ell_é o 0 (follows immediately from ({3.35])), one gets
=0

U/1,2(§)|£:0 =0.

(3.42)

Relation (3.37) implies that one has T15(0) = 0 in (3.19)), and from the symmetry

H(z,y) = H(y, x) of the function H from Proposition [3.2{and ([3.42)), one concludes that

T51(0) = 0. Therefore, there is no &2 term in the expansion of g. Due to (3.42), one has

T41(0) = 0, and, therefore, the term 52 is also absent.

It remains to notice that the coefficient a of the term & equals to TB(&, €)|¢=o. Since

the imaginary part of the matrix of b-periods, Im B, is positive definite, one has o # 0,

and ((3.39) is proved.
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To prove that ker Ay, = lin.span{f, f,1}, it suffices to prove that a function W

from D(A*) with asymptotics

W= 2+ 2 +olleP)

cannot belong to ker Ay, unless A = B = 0. Assuming W € ker A4, one finds that

W — Ag — Bg € ker Ap, and, therefore,

W =Ag+Bj+C
which contradicts (3.39)), unless A = B = 0. This completes the proof. n

Remark 3.13. In the case of the very symmetric surface X with dimker Ag;,g = 3, the

comparison formula for the determinants (i.e., equation ([3.28))) turns into

7r2)2 d2det T(N)

det™ Ay = 2 <— S ‘A:o

o7 det” AF. (343)

It should be noticed that the derivatives of the entries of the matrix 7°(A) from (i3.6))

at A = 0 (and, therefore, the factor w‘

2 in (3.43))) can be explicitly computed.
=0

Namely, explicit expressions for the derivatives of the first order can be obtained via

plugging A = 0 in (3.11]) and then using (2.21]). To get expressions for the second deriva-

tives, for instance %Sl/cz’ C()\)‘

, introduce (following the proof of Proposition

F = XC% and the solution g(-;\) of the equation

(Ap — N)g = (A" — \)F. (3.44)

Then Gy/2(-;\) = F' — g(-, ). Denoting by dot the derivative with respect to A and
differentiating (3.44) (cf. Section [4.5)), one gets

—g=(Ap— )\)AGl/@( 3 A) (3.45)
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and

(Ap = A)(=§) =2(=9) - (3.46)
Now, gives
VIR SV = (2, G )

=2((Ar = A)'Grea(3A), Grpe( 1 N)) -
Since G/¢c2(-;0)L1, this implies

TS == [ ] GlenGue ()G 0)dsm)as (),

A=0

where G(x,y) is the Green function from ([2.4)) and the special growing solutions G j¢2( - ; 0)

and Gy ¢(+;0) are explicitly computed in (2.21)).
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Chapter 4

Proofs of auxiliary results from

Chapters 2| and

In this chapter, we provide the proofs of several results from the main chapters.

4.1 Proof of Proposition

The proof of the following proposition from Chapter 2| was outlined in the appendix of
[T9]. In this section, the details of the proof are presented. An alternative proof (of a

closely related statement) based on different technical tools can be found in [30].

Proposition In the vicinity of the point P;, a function u € D(A*) has the asymp-

totics
1

v = =g logr<]\+2¢—ﬁjm *Zm A1)

i 1 my N~ "
+Ecj(u)+;mhj’m(u)cj +mz:1maj,m(u)<j + Xxv,

41



where x s a smooth cut-off function that has compact support in a small vicinity of P;
and that is equal to 1 in a smaller vicinity, and v is a function from the domain of the

closure D (A). One has the asymptotics v = o(|(;[") as {; — 0.

From here and until the end of the section, we shall remove the subscript 7 appearing
in the proposition. So, let P be a conical point with conical angle 5 = 27(b+ 1). Let n
be the integer such that 2rn < 8 < 27(n + 1) and denote by ( the distinguished local
parameter near P. Recall that the part of the Riemann surface X near any conical point
is isometric to a neighborhood of the tip of a Euclidean cone (see, e.g., [11]). For the
given conical point P, denote by X the cone in R? with vertex at O = ((P). In polar

coordinates, K has the representation

K=A{(r0):r>0,0ecS;:=[0,5]}. (4.1)

Introduce the Sobolev space H'(X) with norm
1/2

|u; H(K)|| = /KZ\agu@)y?dx . (4.2)

|laf<l
In particular, H°(X) := L*(X). Introduce also the weighted Sobolev space H!(X) with

norm
1/2

wH () = (3 /K P20t gy () 2 | (4.3)

o<l

This norm is equivalent to the norm
L e, | 1/2
(> / / P (19, 0 u(r, 0)*dr dB)
j=0 k=070 O

where v = v +1 — 1. Observe that if u € H.(X), then ru € H'(X).
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We remind the readers about the definition of Mellin transformation and some of its
basic properties. For a given function u € C§°(R"), its Mellin transformation is given
by

u(A) = (M,au)(A) = /000 A (r)dr. (4.4)

Lemma 4.1 (See Lemma 6.1.3 in [23]).

1. The Mellin transformation is a linear and continuous mapping from C$°(R™) into

the space of analytic functions on C.

2. Every function u € C{°(RT) satisfies

Mya (10, u) = AM,_\u.

Furthermore, for all u,v € C§°(R™), the Parseval equality

/0 h P u(r)o(r) dr = L a(M\)o(\) dA (4.5)

2mi Re A=—v

18 valid.

3. The imverse Mellin transformation is given by

ur) = OG0 =5 [ Payan

T 2mi

4. If ri= 12y € L2(RY) fori = 1,2, where y1 < 7y, are arbitrary real numbers, then 4

is holomorphic in the strip —y, < Re(\) < —m.

4.1.1 Solutions to the homogeneous equation (A* — p?)u = 0

Consider the self-adjoint Laplace operator L = —(b + 1)720; on L*(Sj). It is easy

to show that its eigenvalues py, are of the form up = k?/(b + 1)? with corresponding
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eigenfunctions ¢, = e k =0,+£1,£2,....

Introduce the operator pencil

d(N) =L+ (iN)?=L— )\, (4.6)

which is defined on the Sobolev space H?(X). One easily finds that the spectrum of the
pencil consists of A\, = k/(b+1).

Consider the homogeneous problem

(A*—p)u=0 in X, (4.7)

where p is a complex parameter. For k > 0, let A_y, = —\/u_ = —k/(b+ 1). We shall
find a solution u of the problem (4.7)) such that u ~ 7*~*p_; asr — 0 and u € L?(K\ B,),

where B, := {z € R?: |z| < €} for sufficiently small € > 0. Set
u(r, 0, p) = r*+((rp)p—i(0),

where ¢ (not the distinguished local parameter) is some function to be determined and

such that ¢(0) = 1. Observe that

((r0)2 + (0 1)7208 ) (40 4(0)) = A2 40 4(6) = Kb+ 1)+ 4(6) =0,

Thus,

0 = —r2(A" = ) ulr,0,p) = ((rd)? + (b + )28 + (rp)? ) (P (rp)o-4(6)
= @ ul0) V24 (1p) + (Ao + D) (o) 4+ 14 ()¢ (1)
— AL+ ((rp)o—i(0) + (rp)*r* -+ o_i(0)¢(rp)
= (O ((rp)2C(ro) + Aok + Do) (r0) + (10)*C"(rp) )
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and, so,
(rp)*C(rp) + 22—k + 1) (rp)C'(rp) + (rp)*¢"(rp) = 0. (4.8)
Put y = rp and ((y) = y*€(y), where v = —\_y = k/(b+ 1). Tt follows from that
y*€"(y) +y€' (y) + (v* —v*)Ely) = 0. (4.9)
Now, put O(y) = &(—iy). Then turns to the modified Bessel’s equation
y*0"(y) +yO'(y) — (v* +v*)O(y) = 0. (4.10)

Thus, taking O(y) = K,(y), the modified Bessel’s function of the second kind, one

obtains

C(rp) = c(rp)" K, (irp),

where ¢ is a constant satisfying the condition %(O) = 1. In particular,

1 = lim(iz) K, (i) = lim m(iz)” ,(i2) ~ 1,662)|

2—0 2sin(7v)

— 1
2502 sin(7v)

w(iz)” [i (iz/2)2m" _i (iz/2)2m+

«m!l'(m —v+1) mil'(m+v+1)

m=0

mw2v!
sin(mv)I'(1 —v)’

and, therefore, ¢ = 7w 1sin(7v)['(1 — v)i¥277. In the computation above, I, is the

modified Bessel’s function of the first kind and is given by

L= mm(?g)JrTJr 1) (4.11)

m=0

Now, K, has the asymptotics (see, e.g., [1], equation 9.7.2 on page 378)
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/2 - —m —N
Ko(2) = (52) " exp(=2) mzzocmm@z) +0(|z[™)
as |z| — +o0o. Since exp(—z) decreases rapidly as |z| — 400, it follows that the solution
u(r, 9, p) = c(rp)’r* -+ K, (irp)o-«(0)

belongs to L*(X \ B.). Thus, for k > 0, set
21—u

I'(v)

wk(r,0,p) = =— (irp)"r**K,(irp)o_«(0), (4.12)

where v = k/(b+1).

Similarly, let Ay = k/(b+ 1), k > 0. We now find a solution u of such that
u ~ k@, as v — 0. As in before, set u(r,0,p) = r*((rp)er(6), where ((rp) is a
function to be determined and such that ¢(0) = 1. With some modifications in the

computations above, one gets

u(r, 0, p) = 2°T(1 +v)(irp) "1, (irp)r*pp(0),

where v = k/(b+ 1). Hence, for k > 0, set

wi(r,8,p) = 2°T(L+ v)(irp) L, (irp)r™ pi(0)

(4.13)
(irp/2)*"
mil'(m +v+1)

=T(1 + v)r*p(0) Z

m=0
Finally, we shall find a solution u of (4.7 such that u ~ Inr as r — 0. This solution
corresponds to the eigenvalue A\g = 0 of the operator pencil «7()\). Since that eigenvalue

Ao has algebraic multiplicity 2, one finds two linearly independent solutions, namely

wor(r, 0, p) = c1plo(irp) and  wea(r, 8, p) = cogKo(irp), (4.14)
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where ci3 and cy3 depend only on the conical angle 3. These solutions can be obtained

by setting u(r, 8, p) = ((rp). It follows that
0=—r*(A" = p*)¢(rp) = (rp)*¢"(rp) + (rp)C'(rp) + (rp)*C(rp).

Using a similar computation as in above, the last equations turns to (4.10)), with v = 0,
whose two linearly independent solutions are of the form (4.14]). Of course, Ky(z) has a
logarithmic singularity at z — 0, while /y(0) is finite.

In summary, the solutions of the problem (4.7]) are of the form

( 2171/

F(V) (er)VKu(er> T)‘kgpk(e), if k<0
w(r,0,p) = 2T (1 +v)(irp) " L,(irp) r* . (0), if k>0 (4.15)
\ CQﬁK{)(i’Fﬂ) + Clﬁfo(iT‘p), if k=0.
4.1.2 Some a priori estimates
Consider the model problem
Au=f in X, (4.16)

where f € L?*(X). Writing in polar coordinates, equation (4.16]) is equivalent to the
problem

= ((ro,)* + (b+ 1)7%05) u(r,0) = r*f(r,0) =: F(r,0). (4.17)

If one applies Mellin transformation (4.4)) to (4.17)), the preceding equation turns to an

ordinary differential equation with parameter problem

(L — A2)a(\,0) = F(\,6), (4.18)
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where [ € L*(S}) (compare the operator in (.18 with the operator pencil (4.6))). If
one finds solutions of for every A € C, using the inverse Mellin transformation on
these solutions gives solutions of .

First, consider the Green function (the integral kernel of the inverse operator)

_ —/\Ix yl
B(Js ) = Te

of the operator A\* — (d/dz)? on R (see [40], equation (5.30) on page 220). Then the

Green function of (4.18)) is given by

Z O(10 — 7 + fnl).

neZ
The sum of the preceding series gives the needed expression for the Green function of
(4.18):

—A0—7| ANO—7| - —A0—7] ANO—7| ,—B
T, 7)) =~ ° re e T Tl e (4.19)
YR p——" N S (Al

n=1

3

The last expression implies that the Green function I' has a double pole at A = 0 and

simple poles at \y = k/(b+ 1), k = £1,+2,.... It follows that
B N
(0, \) = / IO, 7: N E(r, A) dr.
0
Using Cauchy-Schwarz inequality, its L*(Sj)-norm satisfies

@, A); LAY / ‘/ (0,73 \) F T,)\)dTrdH

N 2 B B
< HF L2(S}) / (8, 7: \)|? dr df.
0 0

Furthermore, the estimate
B rB )
/ / ID(0, 7 N[ dr df < c]A|
0o Jo
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holds true for Re(\) # k/(b+ 1). It follows that
~ 2
OV AT REDYR (12 ATCH (4.20)

with Re(A) # k/(b+ 1) and ¢; is independent of A. Meanwhile,

0 (0 — 1) —e M=l 4 ATl
C 1, 7;0) =
00 (6:73) 60 — 7] 1—e P ’

and, therefore, the estimate

s X): LS < o2 | B 22(sh)| (1.21)

holds for Re(\) # k/(b+1) and ¢, is independent of X. Also, using (4.18)), one can write

Oau = —(b+ 1) u — (b+ 1)2ﬁ, and, hence,

8, A); LS| < b+ DAR[[aC, X); Z2SH)]| + b+ 12 | B L2}

Thus, the last inequality together with (4.20]) imply

~ 2
|03, 2); LASH)||” < e ‘F; L*(Sh) ‘ (4.22)
Combining the estimates —m 4.22)) yields to
Zw?ﬂ 5 7ac, 2 LS| < ¢ | Fs L2t ‘ (4.23)

for Re(A) # k/(b+ 1), k = 0,£1,42,... and C is independent of A\. In particular, if
b is not an integer (or, equivalently, the conical angle § is not a multiple of 27), the

inequality (4.23) remains valid when || is replaced by 1, and, therefore,
2

SO+ AR (|2 ac, A s < CHF L2( SB)H (4.24)

=0

still holds.
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Now, let 0 < 6 < 1/2 be sufficiently small and consider the tip of the cone K5 =
{(r,0) : 0 < r < 20,0 € [0,8]}. Note that all the estimates above remain valid
(extend all functions to whole of X by zero). Using Parseval’s identity (4.5) with

Re(A) = —v # k/(b+ 1), the left-hand side of converts to
B 26
[ [ 10t o8 + 10wt 0)F + r00u(r )2
o Jo (4.25)
+1(r0,)2ulr, 0)2 + 2|rdu(r, 0)2 + |ulr, 9>|2] dr do),

and, since r < 1, the right-hand side of (4.24]) satisfies
B r2 B 2
C / / 212 £, 0)[2 dr df < C / / r25-1) £ 0)[2 dr ). (4.26)
o Jo o Jo

Finally, expressions (4.25) and (4.26) imply the following estimate:
Jus H2,, (500 < Co 12,50 (1.27)
At this point, note that if b is not an integer, then the 7 in (4.27) can be any integer.
Now, if f € HI'}, then it follows from (4.18) that
03 = —(b+ 1)°X2050 — (b+ 1)*05"F.
With some slight modification in the computations above, one gets the following propo-
sition:

Proposition 4.2. If f belongs to HT, | (X), wherey—m # k/(b+1) fork =0,+£1,£2,...,
then there exists a unique solution u € Hﬁ?(?() of the problem (4.16)). Furthermore,

the solution u satisfies the estimate

lus B2 (30| < Go

v+1

FiHT A (K] (4.28)
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4.1.3 Asymptotics for functions from D(A)

Let u € Cg°(K \ {O}) and let 0 < x < 1 be a smooth cut-off function such that y =1
if0<r<d<1/2 and x = 0if r > 20, where ¢ is sufficiently small. Let ¢ > 0 be

sufficiently small. Using (4.27)), one finds that
s HZ(K)|| < e || Alcu); H(K)| < ez |[Alxu); LK)
for some constants ¢; and ¢y, Noting that A(xu) = (Ax)u+ 2V - Vu+ y(Au), one has
|[xus HE(X)|| < 02( [(Ax)u; LK) || + 2 || Vx - Vs LK) + || x(Aw); L2 (K0)]| )
Definition of y implies that

26
/ I (Au)Pdr < ||Au; LR
0

Also, Mean-value theorem for integrals gives

25
/ |(Ax)u|?*dr < § max |Ax|? | u; LQ(]RJF)HQ.
5

Finally, using the standard elliptic estimate (see, e.g. [5], Theorem 2.1 in Supplement
2), one finds that

26
/ IV - Vul?dr < C | A LQ(R+)H2,
5

for some constant C'. Therefore,

[Ieus HE ()| = € (|| Aus 22| + Jus L2 ()] -

Since x was arbitrary, the estimate

w; H2(X)|| < € (|| Au; L2 + [|us L2(5)|) (4.29)
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holds true.
Now, if u belongs to D(A), then there is a sequence {u,} C C°(X \ {O}) such that
u, — w in the graph norm ([2.1)). Hence, the a priori estimate (4.29) also holds true if u

belongs to D(A). Moreover, the estimate (4.29) also implies that if u € D(A) near the

tip of K, then u also belongs to H?(X). Using the standard Sobolev lemma, one has

sup [u(w)? < C / r2e el gt (z) Pda,
1/2<|z|<1 la]<2 1/2<|z|<1

with a constant C' (not the same C' from (#.29))) independent of u € H*(X). Thus, for

sufficiently small § > 0,

Z / rHe2HaD| 9oy () P da
5/2<x|<6

|| <2

= 52D / p2le=2+al) Ovu(dx 2dx
2 1/2<el<1 Oz u(oa)

o] <2

> CT) sup Ju(w)?,
5/2<]a|<6

and, therefore,

u=O(r'™°) (4.30)

for u € D(A) near O. The latter estimate can be improved to u = O(r) in case of conical

angles not equal to an integer multiple of 2.

4.1.4 Elements in D(A*)

A standard result from Operator theory (see, e.g., [36] Section X.1) states that
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D(A*) = ker(A* + i) @ ker(A* — i) @& D(A).

Thus, if v € D(A*), one can find u;» € ker(A* £4) and uz € D(A) such that u =
uy + ug + uz. So to find the complete asymptotics of u € D(A*), it suffices to find
the asymptotics of the functions from ker(A* — ¢) (the asymptotics of the functions
from ker(A* + 1) is done similarly, and the asymptotics of the functions from D(A) was
obtained in Section .

Let v € ker(A* —4). Then v belongs to both L?(X) and C*(X\ {O}). We prove the

following lemma:

Lemma 4.3. For some € > 0, one has

/ (V20 + 2| VoP?) da < .
{zeX:|z|<e}

Proof. Tt is enough to show that v € H2(X) near O. Let x be the cut-off function as in

before and consider v; = yv. Then

A’Ul = Z"Ul -+ f, (431)

where f € CP(K \ {0}). Let k,¢ € C5°(K \ {O}) be such that ¢px = &, suppr C {z :
1/2 < |z| < 2}, and supp ¢ C {z : 1/4 < |z| < 4}. Using the standard elliptic estimates,

one has

||m)1;H2(fK)H <c (”gbAvl; LQ(UC)H + ||gbv1; L*(X)]]) - (4.32)

Choose a partition of unity {«;} and functions ¢; € C5°(K \ {O}) such that k;¢; = k;,

supp k; C {z : 2771 < |z| < 2711},
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supp ¢; C {z : 2772 < |z| < 272},

and

|D%k;| + | D*¢;| < C,27710

Then for each j, using (4.32)) and (4.31)), one gets

> / |(ROR)> 10 k;(R, 0)vy(R, 0)> R dR
0

laf<2

< 01</OO|¢]-(R, 0)Av; (R, 0)|2RdR—|—/oo|¢j(R, 0)vi (R, 9)|2RdR> (4.33)

<G [ R OuR ORI [ IR0 S(ROPRAR).

Using the change of variable R = 277r, the left-hand side of (#.33)) turns to

92j+1

/ (27%70,)2 118 ks (r, B)or (1, 6) 2 2797 d(2797)
2

2j—1

lal<2
92j+1 ‘ ‘
— Z / | 2_4](2_‘04)|(7”a7~)2_‘a|3£a‘lij(7“, 9)01(7“7 0)|2 92 I <4'34)
‘Oc|§2 223—1
92j+1
> 3 [ g )0
jaf<2” 27

Since v; € L*(K) and f € C(X \ {0}), multiplying by 2'%*2lel summing over
j = 0,—1,-2,... and integrating over [0, ] imply that the last expression in ({4.33))
is finite, while the last expression in ([{.34) becomes ||vy: H2(X)||®. Since  is arbitrary,

we conclude that v € HZ(X). O
In the preceding proof, one finds that the solution v; to the problem

(A—i)w=f in X, (4.35)

with f € C3°(K \ {O}) belongs to the Sobolev space H3(X). In fact, one may find
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other solutions to (4.35)) in other weighted Sobolev spaces. Moreover, if v; € Hgl (K)

and vy € HZ,(X), where 71 < 72, are two solutions of (4.33)), then one can write
Xv1 = XZ Wi + xv2,
k

for some functions W, which depends on the eigenvalues Aj, of the pencil o7 () inside the
strip —y, < Re(\) < —v;. To see this, we may assume that vy, v, € L*(X \ B,), where
B. :={x € R?: |z| < ¢} for sufficiently small ¢ > 0. Then, the function v; — vy solves

the homogeneous problem (4.7)), where p? = i. Therefore, for some index set Z C Z,

V] — Uy = Zwk, (4.36)

keZ

where wy s are given by (4.15)). Here, Z := {k € Z : —v, < Re(\;) < —71}. Particularly,
let € > 0 be such that n/(b+1) <1—e < (n+1)/(b+ 1) (recall that n is the integer
such that 2mn < § =27(b+ 1) < 27(n +1)). Then by (4.36)),

-1
YU, = Z dkak/(b«i»l)(T€3Wi/4)rk/(b+1)gok(9) + COKO(T’Q?’MM)

k=—n

+ ngo(re?’mM) + Z dkfk/(b+1)(re3”i/4)rk/(b+1)g0k(9) + xv3,
k=1

where v, satisfies the asymptotics vy = o(rﬁnl). Note that in the distinguished local
parameter ¢ near the vertex O, one has r*/ ¢+, (0) = ¢,.¢* + ékf_k for some constants

¢, and ¢.

4.1.5 Proof of Proposition 2.1 Conclusion

At this point, the function v; takes the form (2.7) with remainder R satisfying the

asymptotics R = o(r5+1) = o(|¢["). This remainder is smooth away from the vertex and

95



the derivative R’ satisfies the asymptotics R’ = o(rb%_l). It remains to prove that R

belongs D(A). For this, put ©» = 1 — y, where x is as in above. For sufficiently small

¢ > 0, one has

A((z/e)R(x)) = AW (z/€))R(x) +2Vip(z/€) - VR(x) + (/) A(R(z)).

+1
+1

_ n
Now, since > 1,

26¢’
2n42

[(Ad (/) R(@); LXRY)|" < e / Az /) Priedr

oe’

2n+2 1
< C’(E’) b1 T2 (6/>4 < My,
for some constant M;. Similarly,
20¢’
Ve (e/e) - VR(): L’(RY)||" < ¢ / [Voa/)Pr dr
o€’
mt2 9 1

< c/(e/) b+1 < Moy,

< o <

for some constant Ms. Moreover,

¢ (2/€)AR(); LQ(X)H2 = /X [(z/€)AR(z)[*dx < c||AR(z); L2(X)||2.

Hence, A(¢(z/¢)R(x)) is uniformly bounded in L*(X) as € — 0, for instance, by M.
Put ¢ := (- /€'). For any test function w € D(A*),

(R, A*w)| = lim [{(¢e R, A*w)]|
e’ —0

< sup |A (e R); L2H(XN\{P})|| [lw; D(A*)]|
< Mljw; D(A")]],

o6



and, therefore, R belongs to D((A*)*) = D(A). The proof of Proposition is now

complete.

4.2 Proof of Proposition

Let 2 be the symplectic form on the factor space D(A*)/D(A):

Q ([ul, [v]) = (A%, 0) = (u, A7),

where (u,v) = [, uvdS is the usual hermitian product with volume element

X
_ ~d¢ndC 1 N2
4s = m(¢, O =55 = —m(C Qg
Proposition One has
M O _I2nk+1 t
Q([u), [o]) = > Xi(w) Xi(v) 29
k=1 Iy, 41 0

where Xi(u) = (Lx(u), HDra(w), .., Dy, (W), A1 (w), ..oy U, (W), cx(u), hra(u), ...,
Breini (W), A1 (w), - A (1))

Proof. For k = 1,..., M, let I'y be a sufficiently small disk, oriented clockwise, with
radius ¢ > 0 and centered at Py, and such that Ty NT; =0 for k # j. Put I' = U24:1 Iy

and ¢y = maxeg. Then, for any u,v € D(A*), by using Green’s formula, one obtains

e0—0

(A"u,7) — (u, A"0) = lim {/ vA*udS — u A*v dS]
X\T X\D

= lim (22/ v OgudC — 4/ Ozudcv dS (4.37)
eo—0 UFk X\F
—2i / uO:vd¢ + 4 OcvoFu dS)
UT X\
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:61012{10 217&1}& udC—Elolin ZZzyéku(?gkde

= lim 21 Bﬁ v O udC u O v d(} .
Ty T

Let u,v € D(A*). Near a conical point Py, using (2.7), one gets

1 1 &
= g, ~ g Lm0 S e T 0 )

| 1 W
Py S - mzﬁkm gm+1+\/_zbkm (o)W Gt + g, (xu)-

(9<kv =

Hence,

g = (= - Suw)en() — - 9e(0)bu(u) + = ulhi(v)) - +O4(C.0)

S

v, u = ( — iﬂk(u)ck(v) — ﬁmk(U)ak(U) + iﬂk(v)ak(u)>l + 65(¢, Q)

¢

where ©; and ©, are functions such that

eg—0 eg—0

i b ©4(¢.0)dC = lim, b ©2(¢.0)¢ =0,

It follows from Cauchy’s integral formula that

2@[% vazkudz— u@Ckde]
Iy Ty

~(20)(2ri)]| - %Qk(u)ck(v) - %Qlk(u)ak(v) + %Qlk(v)ak(u)

+ %Sk(v)ck(u) - iﬁk(”)hk(u) - iﬁk(u)bk(v)

o8



= —Sk(u)ck(v) — Qlk(u)ak(v) + Qlk(v)ak(u) + Sk(v)ck(u)

+95(v)bhr(u) — Hr(u)br(v)

and, therefore,

(A*u,v) — (u, A*D) Z(Sk v)ep(u) — Li(uw) +Zbkm )$km (V)

k=1

Formula (2.9)) follows. O

4.3 Proof of Proposition

The next proposition immediately follows from (2.17)), (2.18]), and Roelcke’s formula.

For completeness, the proof is provided below.

Proposition [2.8] One has the following explicit expressions for the special growing so-

lutions of the homogeneous Laplace equation (2.15|) subject to (2.16)):

Grye 50) = ~ e [ A (RIS =1 @20

Gl/d (y;0) = Gl/glk(% 0). (2.22)

Here the expression Q (Pk) should be understood as follows. Write the one form Q,_,

in the distinguished local parameter (i in a vicinity of the conical point Py:

Qyqg = w(Cr)dC -

29



Then
d

-1
I) (leemo

OV (P = (

Moreover, one has the relation

2 1 Py,
li ) — = Q,_ ds(q). (.23
AD0 GrogcuI (43 1) Area(X)/\] Area(X)? /X/X Re/p v-a d5(p)d510) - (229

Proof. Rewriting ([2.6]) as

27 (Gl) — G 0) + Glpra) — Glp.y) = Re [ o, (4.38)

then integrating the latter with respect to ¢ gives

x

271 Area(X) (G(z,y) — G(p,y)) —/XRG/ Q,—dS(q)

:%/X(/p Qy_q+ﬁ> d5(q).

On the one hand, take p = P,. In the distinguished local parameter (; near P,

equation becomes
Gk Cr
21 Area(X) (G(Ck,y) — G(Pr,y)) = 1/X (/0 w(r)dr +/0 w(T) dT) dS(q). (4.40)

(4.39)

2

Differentiating the last equation with respect to (i [-times and then evaluating at (,, = 0
give

(6%)[@(@,@,) e ) (diék)”w<<k>|<kods<q)

1 (1-1)
= m/xﬁyq (Pr) dS(q).

On the other hand, differentiating (2.17)) with respect to (i [-times and then sending ¢y

(4.41)

to 0 give

(52) (G =~ 6 g o) (4.42)
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Formula ([2.21)) follows.

For the second statement, taking x = P, in Roelcke’s formula (2.4) and combining

it with (2.18) give ([2.23]). O

4.4 Proof of Proposition 3.4

The proof of the next proposition is analogous to the discussion in Section 5 of [13]. For

self-containment, the details are provided here.

Proposition Introduce the zeta-reqularized determinants of the operators Ap — A,
Aging — A, and Apg — X via

det A = exp{—(}4(0)},

where Ca(s) = ((s,A) is the operator zeta-function of an operator A (without zero

modes). Then

2\ 2
det(Aying — A) = (22%) det T(A) det(Ap — \) (3.26)

for real X not belonging to the union of the spectra of Ap and Ngyng. Similarly

2 2
det(Apg — ) = % det P()\) det(Ap — \) B.27)

for real X not belonging to the union of the spectra of the operators Ar and Ape.

Proof. For A € C, let D(X\) = detT'(\). If X does not belong to spec(Ap) Uspec(Aging),

one can write

Trace [(Aging — A) " — (Ap = A) 7] = — : (4.43)

Observe that the right-hand side of (4.43) is the logarithmic derivative of D, and extends
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Qsmg

vyvVyVYVY Y

Figure 4.1: Qg = C\ {\+it: X € spec(Aging) Uspec(Af), t € (—o0,0]}. The x denotes
an eigenvalue of A,y or Ap.

to a meromorphic function whose poles are the eigenvalues of Ay, and Ap. Each pole

has residue equal to the difference dimker(A;,y — A) — dimker(Ap — X). Put
Qging := C\ {A+it: X € spec(Ap) Uspec(Aging), t € (—00,0]}
(see Figure [4.1)).
. 1
On this domain, define () := ~5— log det T'(\). By definition,
)
D()\) = exp(—2mi€(N)). (4.44)

Let A € Qqing with Re()\), Im(X) > 0. Let C be a sufficiently large negative number;
without loss of generality, choose C' such that |5\| < —C. Let c; be the cut consisting of
the half-line (—oo, C') along the real-line and the segment from A to C + 0i. Note that

for any A and s € C, the functions A — (A — A)~* is well-defined whenever A\ — X is a

positive real number. This function can be extended to a holomorphic function on the
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complements of ¢;. Furthermore, as A tends to the cut ¢; from above or from below,

the following equality holds:

lime ™ (XA — \)™* = lim ™ (A — \) .

Ales Afex
Denote the equal limits by (A — A)5°.
Let € > 0 be sufficiently small. Choose 0 < A ¢ spec(Ap) U spec(Aging) sufficiently

large. Let v be the contour consisting of circles with centers A € spec(Ap)Uspec(Aging),

each has radius €, and

A ::{xiei:zzA}U{A+eei9:96 {g,gg]}

Let C5.c be the contour

Cic :z{z:l:ei:zEc;\}U{S\+eei9:9€ [—z z]}

One can choose the contours so that they do not intersect. Denote by ¢; the part of ¢; ,
with real part less than C' and denote by ¢, the part of ¢5 . With real part greater than
or equal to C. (See Figure[1.2])

If Re(s) > 1, using a simple change of integration, one gets

¢ (s, Aging — X) = QLm Trace (/ ()\ — /~\> h (Aging — )\)71 d/\) )

.
Furthermore, noting that the contribution of a large circle centered at X vanishes as the

radius of the circle increases, Cauchy integral formula implies that

¢ (s, Aging — 5\> = ZLm Trace (/ ()\ — ;\> h (Aging — )\)71 d)\) )

c/\,e
One also gets similar formulas for Ap (and Apy).

Since the difference (Aginy — A) ™t — (Ap — A\) 7! is of trace class for Re(s) > 1, the
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A
AlY

Figure 4.2: Contour for the integration

contour integration and the trace operator can be interchanged so that one obtains

C(37A5mg—/~\)—C(s, AF—S\) = 2%” / ()\—5\)_5 Trace ((Asing — )\)—1 — (Ap — )\)—1> dM.

A€
Using the definition of £ and the decomposition of C5. into ¢; and ¢y, the last equation

becomes

C(8) Aging — A) — C(s,Ap — A) = / (A =X (\) dx

Ce

_ (/ +/) (A= N () dA.

Denote by ¢ » the contour integration along ¢ in (4.45). Observe that 52 extends to an

(4.45)

entire function of s. Moreover, for any s with Re(s) < 1, passing to the limit as € goes

to zero gives

Co(s) == lim Cy(s) = —2isin(ms) / (A =N () d. (4.46)

e—0 C

Lemma 4.4. Let p: Cx {|z| < 1} be defined by p(s,z) = (1—2)"*—1andlet0 <r <1
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and R > 0. For any |z| <r and |s| < R, the following estimate holds:

rR
exp (1)
pls,2)] < — sl |2l

Proof. Consider the absolutely convergent series representation of p: for |z| < 1,

o5 = 35 Co losL =2

=1

B

Observe that for |z| <r <1,

llog(1 — 2)| i%g |Zk L

Finally, observe that

Jsll=|
|s[l2| /” [sll=1'Y Isll=l Br 1\ Isllz]
- 1= Tdr < <
Xp(l—r 0 SR S T R G

and the conclusion of the lemma follows. ]

If A e C\ (—o0,C) with Re(\) < C, then

—-C
VRe(M\)? + Re(\)?

Tk

and so there exists 0 < 7 < 1 such that |[A/A| < 7. Using the previous lemma, one can

write

(r-4) o (140 (s 0)). (4.47)

The function ¢ , can be written as

(Lo L )o-vewn
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Using (4.47) and sending € to zero yield

/ o (A= V& (\) d / T (1 +p (s, X/A)) £ (\) dA

—oo+€1 —oo+€1

¢ - A < ,
/_OO()\+61) (1+p<s,m>>f()\+ez)d)\

R /_C A <1+p(3’5\/)\>)§/(>\) dA.

[e.9]

Note that this is possible since both p and 5' are continuous functions of A. Similarly,

/_C—ei O 2 E () dr 2 /jo A~ (1 +p (s, 5\//\>> €(\)dA.

co—€t

Thus, passing to the limit as € — 0,

C

(i(s) := —2isin(rs) (/i A€ (N) dA +/

—00

IA[~*p <3, 5\/)\) £ d)\) L (4.48)

Therefore, as € tends to zero, (4.45) becomes

c
C(s, Aging — A) — C(s,Ap — \) = —2isin(7s) / |/\|—5§'(A) d\ 4+ Rc (s, :\) + (a(s)

where
c

Re(s, \) = —2isin(rs) / b (s, 5\/)\> £'(\) d\. (4.49)

For the moment, consider the function Re(s, \). From ([£.49), Rc(0,)) = 0. Mean-
while, for Re()\) < C, there exists some constant K that depends only on C' and A such
that

A7 (5, A/2) € )] < Klsl|A- o2

and the preceding estimate is uniform for |s| < R. Indeed, the identity (3.23) implies
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that

2 Lo, (4.50)

—2mif () = B

and using Lemma [4.4] one obtains the estimate. This implies that R can be analytically

extended to Re(s) > —1. Moreover, for Re(s) > —1,

C

%RC(S,X) — 2mi cos(ns) /_Oowsp (S,X/A) £ (\) dx
+2i sin(rs) / (; I\~ (— log \)p (s, :\//\> () dA
+2i sin(rs) /_ i I\[~p (s, 5\/)\> (—log(1 — A/A)E (N dA,

and since p(0,\/)\) = 0, it follows that 2Rc(s, \)

5 = 0. Observe that R¢ can also
S

s=0

be written as

Re(5,0) = (8, Aging — N) — (8, Ap — X) — Ga(s)
(4.51)

¢ ~1
+2i sin(ws)/ IA|7°€ (M) dA.

Now, observe that the last term of (4.51)) can be written as
c
2i sin(ms) / A€ (A

_ sin(rs) [/_C A~ (QmE’(A) + %I) X — /_C 2\ dA

™ [e.9] o0

= @ /C A7 <2m‘é'(A) - ’—i|> d\ + 2(—0)::111(#3).

—0o0

Thanks to (4.50]), one can conclude that all the terms in (4.51)) are regular at s = 0.

Employing the last observation, equation (4.51)) can be written as
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C(s, Aging — 5\) = (8, Ap — 5\) _ SinE:rs) /

O 2
. By (27m§ (A) + W) dA

(4.52)
_2(—6’)_5 sin(7s) + 6s) + Re(s, ).

s

c
Denote by he(s) the integral /

—0o0

- 2
A7 (Qm'g'()\) + W) d\. Differentiating (4.52)) with

respect to s and then evaluating at s = 0, one gets

C'(0, Aging — A) = C'(0, Ap — X) + he(0) 4 ¢ (0) + 21log(—C).

Meanwhile,

and

he(0) = /C <2m§’(A) + ‘%) dX.

Furthermore, it follows from (4.50|) that hc(0) vanishes for sufficiently large —C'. Thus,

sending C' to —oo and recalling (4.44)) yield

, ~ , ~ 272\ 2 o 272\ ? ~
(0, Aging — A) — C'(0,Ap — X\) = log o) - 2mi&(N) = log 57 + log det T'(\),

and, therefore,

)2 det T(N).

det¢ (Asmg - 5\) B 972

det, (AF — X) ( 27

Analogously, the second statement can be obtained by doing similar calculations as

in above. The first change in the computations starts at equation (4.50)): one gets the
asymptotics

Lo,

—2mif (\) = 3
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By making all the necessary modifications, one obtains the relations

det, <Ah0l - X) B
o (AF - 5\) = 5 de t P(X).

4.5 Proof of identities (3.11

Write the special growing solutions G (;;A) as
Gi(52) =x+ 58\ + Z (5" )¢ + 5" ()E™) + (I P?)
= F, +u (5 N,
where F, is the principal part of G,(-; A). Note that u,(-; \) belongs to the domain of

the Friedrichs extension Ap. Recalling the construction of the special growing solutions

(see proof of Proposition [2.5)), one has the relation

(Ap — Nua(5\) = —(A* — \)E,.

Differentiating the last equation with respect to A, one gets
(Ap = AN)Oxue (5 A) = Fi +uy (5 N) = Gi(5 N).
Thus, using the identity ,
(Gi(50),Gye(5A) = {(AF = N5 ), Gy e(5N))
= \/47Thl(0w*(-; A)
= \/47r\/47r S*C( )

and the first identity of (3.11)) follows. The rest are done similarly.

69



4.6 Proof of the elementary relation

Denote by A, the rank-one operator on L*:
A f = Gu( 0) {f, Gu(5A))

Let {e,} be an orthonormal basis in L?. Then

Trace (A/U/) = Z <A,u1/ €n, en)

3.13

=3 <Gu(-; A) (en, Gu (5 N)) €n>
= (Gu(i ), en) (en, G- V)
= Z < (Gu(5N), en) en, Gu(+ )\)>
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Appendix A

Krein’s formula

In this section, we provide a little discussion on the derivation of Krein’s formula. See
[4], Appendix A, for the details.

Let H be a Hilbert space and let A be a densely defined, closed, and symmetric
operator on H with deficiency indices n, = n_ = n, where n € N. Let A; and As be

self-adjoint extensions of A. Let A € (spec(A;)Uspec(As))®. One can decompose H into
H =ran(A — \) @ ker(A* — \) = ran(A — \) @ ker(A* — \).

Denote by Ry(A,,) the resolvent operator (A,, — \)~! of A, at \.

Proposition A.1. The operator Ry(Ay) — R\(Az2) is finite-rank. Furthermore, the op-

erator sends ran(A — X) to {0}, and ker(A* — \) to ker(A* — \).

Proof. By assumption, dim ker(A* —\) = n. Thus, it is enough to show that the second

statement is true. On the one hand, let f € ran(A — \) and let x € D(A) such that

7



f=(A—X)z. Then

(A =N = (A =N =4 -N"—(A=-N"A-Nz=2—2=0,

noting that A; and A, are extensions of A. On the other hand, let f € ker(A* —\). For

any h € ran(A — \),

([(A =N = (A= N7 £ ) = (£ [(AL =N = (A = M) k) = (f,0) = 0.

Thus, [(A; — )" — (A3 — A) 7 f € ran(A — M)+ = ker(A* — \). This completes the

proof. O

Now, fix A € (spec(A;)Uspec(Ay))¢. Choose a basis for ker(A*—X): {g1(A), ..., gn(A) },

and a basis for ker(A* — X): {g1()), ..., gn(A)}. For any h € 7,

[RA(A1) = Ba(A2)] f =D cr(f)gr(N)

k=1

where ¢;(-) is a bounded linear functional on H. Thus, Riesz’ representation theorem
implies that cx(f) = (f, hx) for some hy € H. From the previous proposition, if f €

ran(A — ), then (hy, f) = 0. Hence hy € ker(A* — \) and therefore, it can be written as

hy = Zﬁk,s(A)gs( )
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for some constants py ,(A). Therefore,

[R,\(A1) - R,\(AM = Z pk,s()\) <f> gs(X)> gk()‘)'

k,s=1
We just proved Krein’s formula:

Theorem A.2 (Krein’s formula for deficiency indices n > 1). Let A, Ay, and As be as

in above. If X € (spec(A;) Uspec(As))©, then

n

Ra(A1) = Ba(A2) = D oo (V) (.9:(0) g(N) (A1)

k,s=1

Definition A.3. The self-adjoint extensions Ay and As of A are said to be relatively

prime if D(A;) N D(Ay) = D(A).

Proposition A.4. Let P(\) = |prs(V|l. If A1 and Ay are relatively prime, then

det P(\) # 0.

Proof. For each k =1,2,...,n, set

he =3 B (N)gs (V).

If detP(\) = 0, then hy, ..., h, are linearly dependent. There exists h € ker(A* — \),

h # 0 such that h 1 hy for all k =1,...,n. Hence,

[R(A, A1) = R(A, Ag)J b =Y (b, hy) ge(X) = 0

k=1
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and so

R(\, Ak = R(\, As)h.

The left-hand side of the last equation is in D(A;) while the right-hand side is in D(As).
Since A; and A, are relatively prime, R(\, A1) € D(A). Thus, (A —N)(A; —A)'h=nh
so that h € ran(A — A). But h € ker(A* — X) = [ran(A — \)]" implying that i = 0, a

contradiction. ]

Remark A.5. In equation (A.1)), gx and py s can be chosen as reqular functions in C\R.

Furthermore, if Ay € [spec(A)]¢, then

9k(A) = gr(Ao) + (A = Ao) Ra(A1)gr(No)

where A € C\ R.
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