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ABSTRACT

Heuristic conjectures for moments of cubic L-functions over function fields

Brian How

Let L,(s,x) be the Dirichlet L-function associated to x, a cubic Dirichlet character with
conductor of degree d over the polynomial ring F,[T|. Following similar work by Keating
and Snaith for moments of Riemann (-function, Conrey, Farmer, Keating, Rubinstein, and
Snaith [Con+05] introduced a framework for proposing conjectural formulae for integral
moments of general L-functions with the help of random matrix theory.

In this thesis we review the heuristic found in [Con+05] and apply their work in order
to propose moments for L, (s, x), cubic L-functions over function fields. We find asymptotic
formulae when ¢ = 1 (mod 3), the Kummer case, and when ¢ = 2 (mod 3), the non-Kummer
case. Moreover, while the authors of [Con+05] provide only the framework for proposing
(k, k)-moments of primitive L-functions, we extend their work following the work of David,
Lalin, and Nam to propose (k,l)-moments of cubic L-functions where & > [ > 1 [DLN].
Furthermore, we provide explicit computations that elucidate the combinatorics of leading

order moments and find a general form as well.
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List of symbols and notation

Finite field with cardinality ¢

F,[T]  Polynomial ring over F,
F,(T)  Quotient field of F,[T]

P Prime polynomial, i.e. monic irreducible polynomial in F [T’

M, Set of monic polynomials in F,[T]]

M,a  Set of monic polynomials in F,[T] with degree exactly d
M, <a  Set of monic polynomials in F,[T] with degree at most d

H, Set of monic square-free polynomials in F, [T

H.a Set of monic square-free polynomials in F [T with degree exactly d
Hy<a  Set of monic square-free polynomials in [F,[T] with degree at most d
Cu(s)  Zeta function of F [T
Z,(u)  (,(s) with substitution u = ¢~*

Zc(u)  Zeta function of the curve C'

L,(s,x) L-function over F,[T] associated to the Dirichlet character x

Ly(u,x) Lg(s,x) with the substitution v = ¢~°

Lc(u, x) L-function associated to the curve C' with non-principal character y
Zr(s,x) Adjusted L,(s, x) used for constructing the (k,)-th moment of L(s, x)

Z Product of k different Z(s,x) each evaluated at a point slight off the
critical line
Z ) Product of [ different Z;(s,x) each evaluated at a point slight off the

critical line
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Chapter 1

Introduction

Precise asymptotic formulae for the k-th moments of the Riemann (-function,

My(T) = —/0 €3 +an)| ™ ar,

have long been investigated, dating back to the first contributions made by Hardy and
Littlewood to establish the k = 1 case [HL16]. While it is believed that

Mi(T) ~ gray (log T)* (1.1)

where g, and ay, are positive constants, only low-level cases have been proven. There is also a
similar interest in studying the asymptotic behavior of moments of L-functions in general as
well. More recently however, significant advancements in the problem of moments have come
from considerations in random matrix theory. In 1972, Montgomery—with contributions
from Dyson—mnoticed that the pair correlation of spacing between zeroes of the Riemann
(-function coincides with the pair correlations of eigenvalues of large random Hermitian
matrices. Specifically, this meant that the short-range (meaning local) statistics of the
zeroes that are scaled to have unit mean spacing coincide with the statistics of eigenvalues
that are similarly spaced. Extensive numerical calculations by Odlyzko later supported

Montgomery’s conjecture (as a result, this is sometimes called the Montgomery-Odlyzko law



or it is referred to as the GUE conjecture) [Con01]. Furthermore, Rudnick and Sarnak were
able to show analogous results when considering other general L-functions [RS96].

This allowed Keating and Snaith—in a substantial development—to conjecture all k-
th moments of the Riemann (-function by considering the moments of the characteristic
polynomial of unitary matrices as a model for the moments of ¢ [KS00]. Let U be a N x N
unitary matrix with eigenvalues . They proved that the k-th moment of the characteristic

polynomial of U averaged over the circular unitary ensemble, the group U(N), with respect

to the Haar measure is

(I

Because the short-range correlations of ( can be represented by random matrix models,

2k N
[(y +k: ’ ’
U(N)

J=1

1]—:[ en—e))

Keating and Snaith conjectured that the moments of ( are asymptotically split into a product
of two terms; one corresponding to short-range correlations, g, and the other coming from
long-range deviations that take the form as a product over the primes, a;. Since (1.2) is a

polynomial in N of degree k?, they conjectured that

2k ) o i

It turned out that Keating and Snaith’s hypothesized g matched the results established for

N
H (1 . 61’(9”70))

o D
gk_]\flen%o]\f’€2 -

k =1 by Hardy and Littlewood, k = 2 by Ingham, and conjectured for £ = 3 by Conrey and
Ghosh, £ = 4 by Conrey and Gonek, all using number-theoretic methods.

Inevitably, the work in [KS00] meant it there was a plausible that one could also conjec-
ture all moments of general L-functions if one would make the appropriate choice of random
matrix family as model. Consequently, Conrey, Farmer, Keating, Rubenstein, and Snaith
developed a heuristic framework to conjecture such integral moments [Con+05].

In this thesis, we study the heuristic developed by the authors of [Con+4-05] to propose

conjectural formulae for moments of cubic Dirichlet L-functions over function fields, L,(s, x),



evaluated on the critical line. A cubic L-function is the L-function associated to a cubic

Dirichlet character x of F,[7] and is denoted by the series

x(f)
1f1s7

Lq(87 X) =
feMqy

(1.4)

where M, is the set of all monic polynomials in F,[T], | f| = ¢?), and s € C. Alternatively,
because we consider function field L-functions, we can think of L,(s,x) from a geometric
perspective. If we define an algebraic curve with certain properties whose function field is
the field of fractions of F,[T7], it happens that the Weil conjectures provide us with a natural
definition of a cubic L-function that matches our previous definition. (We say more about
the specifics of this construction in Chapter 3, Section 2.)

As there is a deep analogy between number fields and function fields, the study of L-
functions in the context of the latter can be an interesting if not useful area of research.
In fact, structural similarities notwithstanding, results that are still elusive in the setting of
number fields like the Riemann hypothesis and the Hilbet-Pélya conjecture (the suggestion
that the zeroes of  have a spectral interpretation) have been proven for function fields. This
makes explicit that the analogy we are working with is not a superficial one, but rather, one
that can be generative for our understanding of its number field counterpart.

We take up our problem on the asymptotics of moments given Katz and Sarnak’s work in
showing that almost all curves over finite fields satisfy the Montgomery-Odlyzko law when
the cardinality of the finite field is sent to infinity [KS99]. In other words, function field
L-functions do indeed also have random matrix models. This problem on moments has been
considered previously a number of times by others, usually in the quadratic case [AK14].
While the literature on the quadratic twists of L-functions is relatively large, there is little
study of cubic twists more generally. As lamented by David, Lalin, and Nam [DLN], this is
because cubic twists are highly ‘chaotic objects’ due to the cubic Gauss sums that accom-
pany cubic twists of L-functions. This further exacerbates the already tortuous asymptotic

behavior found when working with moments of L-functions.



Our goal is to find conjectural formulae for the (k,{)-th moment of L,(3, x), that is,

(LG L 0", = g 2 LG L () (15
XEN(d)

where N (d) is the set of primitive cubic characters with conductor of degree d. After re-
viewing the necessary rudiments and ‘grammar’ for working with the polynomial ring over
finite fields in Chapter 2 and upon presenting the background on Dirichlet characters in
the opening of Chapter 3, our first goal is to build our definition of a cubic L-function and
obtain the functional equation and approximate functional equation of L,(s, x). From there,

we prove a series of results related to NV (d).
In Chapter 4, show our main result and make explicit calculations using our conjectural
formulae. We then make our ‘random matrix theory computation’ by computing a large
determinant to determine the form of g, which is the analogue of (1.3), corresponding to

the asymptotics of (1.5). We present the finalized form of our conjecture in Chapter 5.



Chapter 2

Polynomials over finite fields

This chapter is a partial review of the first two chapters of Rosen’s Number theory in function
fields [Ros02]. We review the necessary rudiments on polynomials over finite fields but in

the interest of brevity we avoid covering material that is not directly relevant to our needs.

In all that follows let ¢ be an odd prime power. We let IF,[T] denote the set of polynomials
over the finite field F,. Elements in F,[T] have the form f = agT™ + ;7" ' + -+ + ay,
where o; € Fy for i = 0,...,n. We call n the degree of f if ap # 0 and denote it by writing
deg(f) = n. If oy = 1, then we say f is a monic polynomial. We call o the sign of f and

denote it by sgn(f) = ap. Now, we can introduce the notion of size in F [T].
Definition 2.0.1. Let f € F,[T]. If f # 0, then set |f| = q?W). If f =0, then |f] = 0.

Although we do not prove it here, it is not hard to see that F [T is a Euclidean domain
which means that it is also a unique factorization domain. Therefore, like the integers, the
set of polynomials over F, has a notion of an irreducible element. We can actually write any
polynomial in F,[T] as a product of primes and a unit. This leads us to now describe the

unit group of F [T'] in the proposition below.

Proposition 2.0.1. The group of units in F [T is Fy. In particular, it is a finite cyclic

group with order g — 1.



Proof. Suppose that g € F,[T] is a unit. Then there exists an f such that fg = 1. Therefore,
0 = deg(1) = deg(f) +deg(g) so deg(f) = deg(g) = 0. The only units in F,[T] are constants.
Finally, since the unit group of F,[T] is a finite subgroup of the multiplicative group of a

field, it is cyclic. O]

Now we define what an irreducible polynomial is in the definition below in order to state

the unique factorization property of elements in F/[T’]

Definition 2.0.2. We say that f € F,[T] and f # 0 is irreducible if it cannot be written as

a product of two polynomaials, each of positive degree.

Proposition 2.0.2 (Unique factorization property). Let f # 0. Then f can be written
uniquely in the form

f=aP. Py

where a is a unit and P; is a monic irreducible polynomial and P; # P; for any i # j and e;

18 @ nonnegative integer.

From now on, prime will be used in place where we mean ‘monic irreducible polynomial.’
In the introduction, we merely hinted that there is a deep analogy between number

fields and function fields. This also extends to the polynomial ring F,[T], which makes a

natural analogue of the integers. Rosen enumerates some of these similarities in [Ros02].

Consequently, this allows us to define an analogue of (-function over F [T

Definition 2.0.3. The (-function of F,[T] is denoted by (,(s) and is defined by the infinite

series

1
CQ(S) = Z Wa

feMq
where M, = {monic polynomials of F,[T}.

Unlike the (-function over the integers, (, can be viewed in a closed form, since there are



exactly ¢% monic polynomials of degree d in F,[T]. Therefore, we note

where M, <4 denotes the set of all monic polynomials with degree at most d. The above

means that

1

C(s) = T g (2.1)

which makes it explicit that ¢, is initially defined for ®(s) > 1 and has a simple pole at
s = 1. Like the ¢-function over the integers, ¢, has a meromorphic continuation. This leads

us to define &, the F,[T] analogue of £ over the integers.

Definition 2.0.4 (¢-function corresponding to ().

§a(s) = (1= q7%) " 'Gy(s)-

This, it’s clear, satisfies the functional equation &,(1 — s) = &,(s).
Moreover, like the original Riemann (-function, we have a Euler product over the primes.

This leads us to write the following:

Definition 2.0.5 (Euler product of ;).

o) =TI (- )

Since the derivation of the Euler product is nearly identical to the methods required to obtain

the Euler product of the Riemann (-function, we omit it.



Chapter 3

Cubic L-functions over function fields

3.1 Dirichlet characters

This section introduces Dirichlet characters in general before a discussion on cubic characters.
Most of the material in this section can be found in the fourth chapter of Rosen’s Number

theory in function fields [Ros02].

Definition 3.1.1. Let m € F,[T] with positive degree. We say that x: F,[T] — C is a

Dirichlet character modulo m if
1. x(a+bm) = x(a) for all a,b € F,[T7],
2. x(ab) = x(a)x(b) for all a,b € F,[T],
3. x(a) # 0 if and only if (a,m) = 1.

We refer to m as the modulus of the character y. Dirichlet characters also have a notion of
sign; we say that x is even if x(a) = 1 for all @ € F), and odd otherwise. It can be shown that
a Dirichlet character modulo m induces a homomorphism from (F,[T]/(m))*, the unit group
of (F,[T]/(m)), to C*, the unit group of C. Moreover, each such induced homomorphism
uniquely corresponds to a Dirichlet character modulo m. It then immediately follows that

the image of any Dirichlet character is a complex root of unity or 0. We know this because x



can be alternatively understood as a homomorphism from (F,[T]/(m))* to C*, every torsion
element in (F,[T]/(m))* is mapped to the torsion elements of C*. And since (F,[7]/(m))*
is a finite group, every element is torsion. Furthermore, the only torsion elements of C* are

the complex roots of unity. The simplest example of a character is the principal character.

Definition 3.1.2. The principal character xo modulo m is defined as

1 if (m,a) =1,
Xo(a) =
0 otherwise.

Because of the nature of residue classes, it follows that a character mod m can give rise to
other characters modulo a proper divisor of m. If y is a character mod m and ¢ is a character
mod n where n is a proper divisor of m and also x(f) = ¢(f) whenever (f,m) = 1, then we
say that x is induced by ¢. Naturally, to avoid redundancy, this leads us to introduce the

notion of a character that is not induced by other characters.

Definition 3.1.3. We say that a Dirichlet character modulo m, x, is primaitive if it cannot

be induced by a character of smaller modulus.

Definition 3.1.4. The smallest modulus for which x a Dirichlet character is primitive is

called the conductor of x.

The properties of characters should have made it relatively evident that the set of Dirich-
let characters form a multiplicative group. Let X,, denote the set of Dirichlet characters
modulo m. If x,¢ € X,,, then their product is defined as xo(f) = x(f)¢(f) and is also in
X,n. The identity element is o, the principal character. We denote the inverse of a char-
acter x as x~!. Furthermore, x7'(f) = x(f)~! if (f,m) = 1 and x~'(f) = 0 otherwise. In

addition, we also define Y (f) = x(f), where x(f) is the complex conjugate of x(f). Because

Y is either 0 or a root of unity, it follows that ¥ = y 1.

Definition 3.1.5. x is a cubic Dirichlet character with conductorm if x : (F,[T]/(m))* —

iz and 3 = xo, where 3 C C* is the set of cubic roots of unity.

9



If y is a cubic character, we can immediately deduce that ¥ = y2. Every Dirichlet
character discussed from now on is a primitive cubic character unless otherwise stated. We
also importantly remark that the set of primitive cubic characters will vary depending on
the cardinality of the finite field F,. (We will show how different the sets are in Section 3 of
this chapter). If ¢ =1 (mod 3), then 3 | ¢ — 1 and so F, contains the third roots of unity.
Now if ¢ = 2 (mod 3) or equivalently ¢ = —1 (mod 3), IF, does not have the third roots of
unity since 31 ¢ — 1. In line with Kummer theory, we refer to the case when ¢ =1 (mod 3)
as the Kummer case and the case when ¢ = 2 (mod 3) as the non-Kummer case.

For ¢ =1 (mod 3) we fix an isomorphism A from the cubic roots of unity in F)* and the
cubic roots of unity in pus.

An example of a non-principal cubic character is the cubic residue symbol, which we

introduce now.

Definition 3.1.6 (Cubic residue symbol). Let P be a prime. If Pt a, let (1%)3 be the unique

element of Fy such that
a

a 3 = (ﬁ);», (mod P).
If P | a, define (1%)5 =0. We call (%)3 the cubic residue symbol.

The cubic residue symbol over F [T has similar properties to its analogue over the integers
and can be found in Rosen’s text (specifically, Proposition 3.4 in [Ros02]). Moreover, like

the integers, we also have a reciprocity property for our residue symbol.

Theorem 3.1.1 (Cubic reciprocity law). Let f, g € F,[T] be relatively prime monic non-zero

T\ oyt deg(f) degto) (2)
(9)3 ( 1) f 3

Proof. This is Theorem 3.5 in Rosen’s text [Ros02] with d = 3. ]

polynomials. Then,

We note also, that if also ¢ =1 (mod 6) in addition to the conditions of Theorem 3.1.1, we

b

a

have perfect reciprocity. This means (‘—g) = (

, ), or, in other words, x;(a) = xa(b).

10



3.2 Cubic L-functions over function fields

We review the work of David, Florea, and Lalin [DFL19] in this section in order to formally
define cubic L-functions over function fields. From our geometric definition, we obtain the

functional and approximate functional equation—both of which are necessary in Chapter 4.

Let C be a curve over [F,[T] whose function field is a cyclic cubic extension of F,[T"]. The

Weil conjectures allow us to write the (-function of C' as

P (u)
Z —
R
where
Peo(u) = H (1 — /que™) H (1 — /que ™), (3.1)
j=1 j=1
for some eigenangles 0;, j = 1,..., g, and where g is the genus of the curve C. We can write

Pc(u) in terms of the L-functions of the two cubic Dirichlet characters x and Y. Therefore

Pe(u) = Lo(u, x)Lo(u, x). Now we define

Ly(u,x) =Y x(wu'=), (32)
feMq

We also note that £,(q~*, x) = L(s, x), where

(f)
Ly(s,x) = X -

is the Dirichlet L-function corresponding to a cubic character y (as previously defined in the

introduction). Like the (-function, our L-function has an Euler product over the primes

Lo(u,x) = [T (1 = x(Pyudes) ™,

P

11



and is finite sum. This follows from the orthogonality relations of x [Ros02].
Because working with L¢(u, x) means we are working from a geometric point of view, if
we consider its relationship to £,(u, x) we have to adjust for the fact that £,(u, x) is missing

information on the ramification at infinity. Therefore we write

L,(u,x) if x is odd,
Lo(ux) =4 (3.3)

L"Q(uvx) - 3
v if x is even.

Let h be the conductor of x appearing above, then by the Riemann-Hurwitz formula,

1 if x is odd,
deg(h) =g+2— (3.4)

0 if x is even.

Lemma 3.2.1 (Functional equation). Let x be a primitive cubic character with modulus h.

If x is odd, then L,(u,x) satisfies the functional equation

£, ) = (0 )Ly (i, x) , (35)

FEMy,deg(n)—1

and where p(u, x) = (y/qu)?M =1,

If x is even, then L,(u,X) satisfies the functional equation

£,(1,3) = ()t X)L (qiu 92) , (3.7

12



where the sign of the functional equation is

w(x) = q o2 N (), (3.8)

fEMq,deg(h)fl

and where p(u, x) = (\/_U)deg 1_7

Remark. This proof can be found in [DFL19] but we show it here for sake of completeness.

Proof. Suppose x is odd. Then by (3.4), g = deg(h) — 1. Moreover, this means that

Lo(u, x) = Ly(u, x). This means we can write, if we take into account (3.1) as well;

Lo(u,x) = £,(u.)) (39
deg(h)—1
= H (1 — /que*™) (3.10)
j=1
deg(h)—1
= (Vauw =™ T ((vau) " — %) (3.11)
j=1
deg(h)—1 deg(h)—1 o270
_ deg(h)—1 _p2mib; 1— 3.12
(vqu) JHI ¢ ]Hl ( \/§u> (312)
deg(h)—1 deg(h)—1 o—2mi0;
= (/qu) s =1 (—1)dea(r)-1 %m0 (1 — ) (3.13)
BT eS

— (/qu)desm—1(—1)desth H 20 L (qu) (3.14)

Jj=1

Now, recall that

deg(h)—1 deg(h)—1
Z u” Z _ H (1 o \/_u€27”9 )
n=0 feMgn Jj=1

We compare coefficients and find that

deg(h)—1
POREROH RO CIVE N | B
fqu,dcg(h)fl 7j=1

13



which means that

which shows (3.5) and (3.6).

fEMq,deg(h)fl

2.

x(f)-

Now suppose that y is even. We take into account (3.1), (3.3) and (3.4) in order to write

ﬁfI(uv X) - (1 - u)ﬁc(u, X)

= (1 —u)( qu)deg(h)ﬂ(_l)deg(h)q H 20

j=1

_ ( 1— QIL ) ( qu)deg(h)fQ(_l)deg(h)fQ

Knowing that

we compare the coefficients of u

S XU = (@)

fEMq,deg(h)fl

And it follows that

deg(h)—1

deg(h)—2

and see

JeEMg deg(n)—1

14

deg(h)—2

I

Jj=1

2.

deg(h)—2

®

I (-5)

J=1

0.+ 1
627r29j ‘Cq (_’ X) )
qu

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



which proves (3.7) and (3.8). O

Although it is not necessarily clear from the form of the sign of the functional equation
presented in Lemma 3.2.1, [w(x)| = 1 and w(X) = w(x). Since it is not necessarily critical
for our purposes that we show this, we leave it to the reader to consult Corollary 2.4 in
[DFL19] which writes the sign in terms of Gauss sums. Now we move on to showing a result
that allows us to separate our cubic L-functions into multiple shorter sums. This result is

necessary in order to formulate our proposed moments in Chapter 4.

Proposition 3.2.2 (Approximate functional equation). Let x be a primitive cubic character

and let A denote a parameter that can be chosen later. If x is odd, then

Lo(wx)= D x(Hu +wew,x) D x(Hu,

feMg,<a feMg <g—a

where w(x) and (u, x) are the same as in the functional equation of L,(u,x).

If x is even, then

Lowx)= D x(Hu'D +wl)e(w,x) D x(H)lgu)*™V

JeMg,<a feEMg <g—a—1
1 c w(x) _ .
ey BP IRl ey D DR
feMg<at feEMg<g—a

where w(x) and o(u, x) are the same as in the functional equation of L,(u,X).

Proof. 1f x is odd, Lemma 3.2.1 tells us the functional equation is

£alun) =00 Ly (o)

Since we can write Lg(u,x) = 308" 44 3 jem, . X(f), the functional equation above

means that

S oxh)=w)eE > X (3.20)

FEMyn fEMg,g—n

15



Now we can write £,(u, x) as sum of two shorter sums, splitting it at our parameter A

and use (2.23) to arrive at

A 9
Low)=>"u" > x(H+ > u" > x(f)
n=0  fEMyn n=A+1  feEMgn
=Y " Y x(H+e0Waw® D (@) > x(f)
n=0 fEMygn n=A+1 feEMy,g—n
= 3 (N et (Vaw? S R,
feMg,a JeMgg—a-1

which is the desired result.

Suppose x is even. Then we can write £,(u, x) in the form

g+1

L,(u,x) = Zanu”,
n=0

Then we use the functional equation

g

Z byu™ = Lo(u, x)
airo (L5
— w0 (WaLe (2o.x)
= w()(Vqu)? > bag "u "

g
= w(x) > bag? >t
n=0
g

= w(x) D g™,

m=0

16



which means that b, = w(x)bg_nq"*Q/Q. Again, like in the case when y is odd, we write

Lo (u, x) as the sum of two shorter terms and replace b,, in the second sum to find

1

A—
Zb_fn -n

n=0

g

g
Lo (u,x) = anu + w(x
n=0

Moreover, since y is even, it means that £,(u,x) = (1 — u)Lc(u) and it follows that

ap = by, — b,y for n =0,...,g. Also this means a,41 = —b,. Therefore
b, =a9+---+a, (3.21)
for n =0,...,g. Therefore we can write £,(u, x) as

g 1

A-
Zb udee) (1 — ) Z b (qu)es) (1 — ),

n=0

Now, using (3.21) for b, and b,1, subtracting the two equations and using the functional

equation for b, we get

1 Ag_n
T+ + Oyt = ——annw(X)g* " + q*"_ T
which implies
1 g/2—n (g—n
Qo+ e+ g = o Eaw ()¢ o

If we use the above equations with n =g — A — 1 and n = A we get, after some work,

Lo(wx)= Y x(Hu'* D +wewx) > x()lqu)*=

JeMg<a feMg<g—a—1

AA+1 A4l ag—A -A
+ ———u o) I

(1-va) (1-va)

The result follows. O
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3.3 Expected value of cubic character sums

In this section, we prove a series of results in order to obtain the expected value for a cubic
character sum that is necessary for the construction of our (k,[)-th moments in Chapter
4. After some preliminary work, we count the number of primitive cubic characters with

conductor degree d before averaging a character sum over said family. A reminder that
N (d) := {x primitive cubic character | deg(cond(y)) = d}.

First we recall Perron’s formula, which we will use throughout this section.

Lemma 3.3.1 (Perron’s formula). Suppose that the generating series

Afw) = 3 alfyu)

JeMy

is absolutely convergent in the disk |u] <r < 1. Then

1 A(u) du
Z a(f) N 211 lu|=r um u
feMqgn

and

1 A(u)  du
Z alf) = ot Sy ur(1—u) u’
feEMy <n Jul

where § signifies the integral over the circle oriented counterclockwise.

3.3.1 Kummer setting

Lemma 3.3.2. Suppose that ¢ =1 (mod 3) and that

gl,f(u) _ H (1 + 2udeg(P)) ’
Pif

18



where f € F[T]. Then Gy ¢(u) has a double pole at u = q~* and

where
_ H 3u2deg pP) + 2u3deg(P))
P

Proof. We see, by some manipulation:

Gi.r(u) = H (1 + 2udeg(P))

—2 H deg(P

P

Pif
=TT (1 + 260y " T (1 + 200
PIf I3
— H (1 -+ 2udeg(P))—1 H 1 + 2udeg H udeg
Plf P 5
= % H (1 + 2udeg(P)>—1 H (1 . 3u2deg(P) + 2u3deg(P)) .
(1 =aw? 3 5

Next, we call Fi(u) the Euler product over all primes to arrive at the result.

(3.22)

Pulling out the zeta factors makes it clear that G(u) has a double pole at u = ¢!

or equivalently s = 1. We also see that the rest converges since [] PIf (1 + 2ydes(® ))_1

s a

finite product and [T, (1 — 3u?e®) 4+ 2034°6(F)) converges since Y, | — 3u?48F) 4 2¢,34°8(P))|

clearly converges. Moreover, G; ¢(u) is analytic for |u| < ¢~'.

Corollary 3.3.3. Suppose that ¢ =1 (mod 3) and that

Gi(u) = J T (1 + 2u®)).

P

Then Gi(u) has a double pole at uw = q~* and

Fi(u)
(1 —qu)*’

19
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where Fy(u) is exactly the same as in Lemma 3.3.2.
Proof. This is clear from the proof of Lemma 3.3.2. [

Lemma 3.3.4. Suppose that ¢ =1 (mod 3), then
#N(d) = Cmdqd + C’qu +0 (q(1/2+e)d) :
where

Cii=—Filg),

1.,
C'1,2 = —«7:1((]71) + 5}—1@ 1)’

with Fi(u) is given as in Lemma 3.3.2.

Proof. Let xr be a primitive cubic Dirichlet character with conductor F' having prime factor-
ization F' = Pi*--- P*. Multiplicativity of characters implies that xr = xp -+ X7, Since
X is a primitive cubic character, then all of the e;’s are either 1 or 2 (where 1 < j < t).
Therefore the conductors of primitive cubic characters are square-free monic polynomials in

F,[T]. Let a(F') be the number of characters of conductor F', then we have

2¢F) if F e H,,
a(F) =

0 otherwise,

where H, is the set of square-free monic polynomials in F,[T]. Then the generating series

becomes

Z deg H 1+2udeg gl( )
P

FeM,

Recognizing that the generating series is the same as given in Corollary 3.3.3, we apply

Perron’s formula by shifting the contour from |u| = ¢2 to |u| = ¢~(1/?*9) for some € > 0 and

20



pick up the double pole at u = ¢~!. This means

1 Ql(u)
#N(d) = % ud-i—l du
lul=q—2

. d _ .Fl (U)

- a 12
w1 du ((u ) (1 — qu)2ud+t
1
= —Fi(q ")dg" + <—]:1(61_1) + 5;{@—1)) ¢" + O (¢V/*T9)
which is the desired result. O

Lemma 3.3.5. Suppose that ¢ =1 (mod 3) and let f = f1--- fry, where k > 1> 1. Also

suppose that x is a primitive cubic character. If f =G0, then

(1) - x(frrt))a = au g,

where

_ 9\ !
s ()

PIf P|f

Remark. The following ‘proof’ for Lemma 3.3.5 is technically incomplete because we do not
consider the character sum when f is not a cube. The simple answer is that the recipe
in [Con+05] dictates that we keep the cubic terms only, however, this answer does not
adequately describe the asymptotic behavior of our character sum. Our intent in this small
digression is to provide some justification. It would be natural to apply the function field
version of the Pélya-Vinogradov inequality as a way of dealing with non-cubic terms as they
seemingly contribute to the error term we will eventually get when conjecturing our moments
in Chapter 4. (See [AK14] for the quadratic case of our problem of moments for an example
of this). While this strategy works for low-order moments, when we start to consider higher
order moments, Pdlya-Vinogradov fails because these character sums begin to balloon in size

at higher moments—shifting pieces that Pdlya-Vinogradov would send to error term into the
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main term in ways that are not yet fully understood. Therefore, writing a ‘complete’ proof
where we use the Pélya-Vinogradov inequality to send non-cubic terms to zero is misleading
as it fails to illustrate the strange asymptotic behavior that these character sums take on as

we consider higher order moments. See [DFL19] for more details.

Proof. We define

)+ Xe)a = Jim s 32 X)X

d—00 (d) YEN(d)

where the sum is over all primitive cubic characters with conductor degree d. Since Dirichlet
characters are multiplicative we have x(f1) -+ X(fx+1) = xX(f1 - fers) = X (f).
Suppose that f = 60. We write f = m? and since x(f) = x(m?®) = x(m)*> = 1 for

(cond(x),m) =1 and x(m?) = 0 for (cond(x),m) > 1, we have

* * 1 Gr,7(u)
Z X(f:@>: Z 1= Z G(F):% i+l dua
x3=x0 x3=x0 deg(F)=d

deg(cond(x))=d deg(cond (x))=d (F.f)=1 lul=q
(cond(x).f)=1

where a(F) is the same as in Lemma 3.3.4.

Then we apply Perron’s formula and find that the generating series is the same as the

1

one given in Lemma 3.2.1. Therefore, we know that there is a double pole at u = ¢~ and

so we shift our contour from |u| = ¢~2 to |u| = ¢~/ for some ¢ > 0 and we find that

1 gl,f(U) . d _ -Fl(u) €
27 L+ du = hml du (=g 1)2W&1,f +0 (q(l/2+ )d>

u—q~ Uu

= #N () [T (1 +27 %)
Pf

1—deg(P)
d—1 -1 —deg(P)\" ! [ _ 2deg(P)q
+a" Fi(g ) [ (14 207) > 1 4 2g—des(P)
P|f PIf

0 (g0
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Dividing by #N (d) means that the first term just becomes a; ; and the second and third

terms go to 0 when we send d — oo, which is the desired result for f = G2 O

Remark. 1t should be noted that if one were to be a bit more particular about the error
term in the proof of Lemma 3.3.5, the additional power savings would result in the addition
of another term so that the average value of our character sum is a; ; + Kd ' where K is
another factor involving a derivative of an Euler product. However—and this will become
clear in Chapter 4—mneglecting this second term is out of necessity because multiplicativity

is an essential property that the heuristic framework from [Con+05] relies on.

3.3.2 Non-Kummer setting

Lemma 3.3.6. Suppose ¢ =2 (mod 3) and that

Go.r(u) = H (1+ Qudeg(P)) ,

Pif
2| deg(P)

where f € F[T]. Then Go(u) has a simple poles at u = +q~" and

‘FQ(U) e -1
Go.p(u) = 1 — q?u? H (1+2u” g(P)) ;
P|f
2ldeg(P)

where

Fow)y= [ (1—3u2® 4 ousta®)y T (1—u2tesP).

P P
2|deg(P) 2tdeg(P)

—1/2—¢

is analytic for |u| > q , where € > 0.

Proof. First, recall that

1

Zq2 (uz) = 1 — q2U

— H (1- udeg(P))_2 H (1- u2deg(P))_1 '

P
2|deg(P) 2fdeg(P)
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We see, after some manipulation that

Go r(u) = H (1 + 2udeg(P))

21es( )
= I @+2uds™)™ T (1+ 2uts®)

21es( ) 2P
= 1_—1(1%2 g (1+2Udeg(P))—1 l_P[ (1 + 2udee®)) 1;[ (1_udeg(p))2

2|deg(P) 2|deg(P) 2|deg(P)
X H (1_u2deg(P))
P
2fdeg(P)

Folw) = J] Q+2a®) T (- u=®)” J] (1 - u2es®)

P P P
2|deg(P) 2|deg(P) 2tdeg(P)
_ H (1 - 3u2deg(P) + 2u3deg(P)) H (1 . U2deg(P)) ’
P P
2\deg(P) Yideg(P)

the result is proven. Moreover, analyticity is obvious.

Corollary 3.3.7. Suppose ¢ =2 (mod 3) and that

Ga(u) = H (1 + 209 |

2|deg(P)

where f € F[T]. Then Gy(u) has a simple poles at u = +q~" and

QQ(u) = }—Q(U)

- 1—q2u2'

where Fo(u) is the same as in Lemma 3.5.6.
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Lemma 3.3.8. Suppose that ¢ =2 (mod 3), then

C d—{—O 1/24€ f2 d,
LN(d) = 2,19 (¢ ) if2]

0 otherwise,

where

Con = (M (o)

2

d7:2(—2q1)) ‘

Proof. Suppose xr is a cubic Dirichlet character with conductor F' € F,[T| having prime
factorization F' = P;*--- Pf* where the P;’s are distinct primes in F,[T] for 1 < j <t¢. It
follows that xp = xp -+ X3, since characters are multiplicative. Since xp is a primitive
cubic character, it is primitive if and only if all the e;’s are either 1 or 2 for every prime.
Furthermore, since ¢ = 2 (mod 3), this means that yp exists only for primes of even degree

deg(P)

since 3 1 ¢ — 1. Therefore, the conductors of primitive cubic characters are square-free

monic polynomials supported on primes whose degree is even.
Let a(F') denote the number of primitive square-free monic cubic characters with con-

ductor F' with primes of even degree. Then, the generating series of a(F) is

Z a( F)udes®) = H (1+ 2udeg(P)) = Go(u),

FeMq 2|deg(P)

where Go(u) is exactly the same as in Corollary 3.3.7. Therefore, we know that there are

1

two simple poles at u = ¢! and that Gy(u) is analytic for |u| < ¢~'. We apply Perron’s

formula and find

HN(d) = Y a(F) = L %du.

FeMq lul=g—2

1/2+€

We then shift the contour from |u| = ¢=2 to |u| = ¢~ ), where € > 0, and pick up the
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residue of the simple poles at u = £¢~!. After a simple computation we find

#N(d) = (%_1) + (_1)(1@) qd +0 (q(1/2+€)d) 7

for d even which proves the result. O]

Lemma 3.3.9. Suppose ¢ = 2 (mod 3) and let f = f1 -+ fro wherek > 1> 1. Also suppose

that x is a primitive cubic character. If f =GB, then

XCA) - X (for))a = azy

where

asf = H (1+ 2qdeg(P))_1 :

PIf
2| deg(P)

Remark. The same remark for Lemma 3.3.5 applies here in the context of Lemma 3.3.9.

Proof. Recall that

> x(hA) - xfen),

XEN(d)

X(f1) - X(feg))a = dlggo #/\}'(d)

where the sum is over all primitive cubic characters with conductor degree d. By multiplica-

tivity, we have that x(f1) -+ x(fir1) = X(f1 -+ ferr) = x(f)-
Suppose that f = @0, where f = m3. Now, if (h,m) = 1 then x(f) = 1. Also, if

(h,m) > 1 then x(f) = 0. Therefore, the sum becomes

SUoun= Y 1= Y an =g f W,

x*>=x0 x3=x0 deg(F)=d

deg(cond(x))=d deg(cond(x))=d (F,f)=1 |ul=q~2

Next, we apply Perron’s formula and recognize that the generating series of our sum is the

same as the one in Lemma 3.3.6, that is, Go(u) = [ pyy (1 + 2u")). Therefore, we
2|deg(P)
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know that G s(u) has two simple poles at u = +¢~! and is analytic for |u| < ¢~'. So we

shift the contour from |u| = ¢~2 to |u| = ¢~(*/?*9) where ¢ > 0, and we find that

1 * _ —deg(P)) 1 |h’1/2
v 2 W= 11 (r2e?) +O<Nz<d>)

h P|f
2|deg(P)

= JI (+2¢=™) " 10 (),

P|f
2|deg(P)

which means taking the limit as d — co sends the error term to 0. [
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Chapter 4

(k,l)-th moment of cubic L-functions

In this chapter, we apply the heuristic developed by Conrey, Farmer, Keating, Rubenstein,
and Snaith [Con+05] in order to propose conjectural formulae for the (k,[)-th moment of
L-functions summed over the family of cubic characters on the half-line.

First, a reminder on notation. We denote

_ 1 k N
Ly (s:0) Ly (5,X)") = Y La(5,0)" Ly (s,%),
< >d #N(d) XEN(d)
as the (k,l)-th moment of L,(s,x). As defined in Chapter 3, N'(d) is the set of primitive

cubic characters having conductor degree d.

4.1 Shifted moments

As in [Con+05], we consider and work with shifted moments of our product of L-functions.
By evaluating each L-function at a point slightly off the critical line, we are able to arrive
at a conjecture by solving the combinatorics of the shifts and sending each shift to zero.
The recipe, as the authors in [Con+05] call it, makes use of the approximate functional
equation in deriving the conjectured moments. By working with a product of shifted L-
functions in the form of their approximate functional equations, we are able to pick the

terms that survive because the coefficients of our cubic L-functions have an approximate
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orthogonality relation when averaged over the family of cubic characters. The approximate

functional equation allows us to exploit this. First, we note a small, but important lemma.

Lemma 4.1.1. Let x denote an cubic Dirichlet character with conductor degree d. If

(s, x) = |cond(x)|2 X (s) = ¢"37) X (s),

where
g2t if x 18 odd,
X(s) =
q*HQS% if X 1s even,
then
1 _1
@(85X>2 = 90(1 - S?X) 2,
and

90<37X)90(1 - S?X) =1.

Note that the factor (s, x) is the same factor that is present in the functional equation

(Lemma 3.2.1). We also work with a slightly adjusted L-function we denote by Z;.

Definition 4.1.1.

ZL (87 X) = ()0(87 X)il/QLq (57 X) .
We also work with a product of shifted Z; functions so we also define the following.
Definition 4.1.2. Suppose that |Ra;| < % forj=1,... k+1 where k,l are positive integers.
Then we define

Zwy(si0n,. . ap) = Zr (s + o1, X) - Zp (s + ag, X)

and
Zay(8; gty s ) = Z0 (S — Qps1, X) -+ 21 (S — Qi1 X) -
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Remark. In Definition 4.1.2, we have resorted to using misleading notation. Note that Z 0

is not actually a conjugate, even though the notation erroneously suggests so.

If we use the approximate functional equation (Proposition 3.2.2), noting the substitution

u = ¢q °, and Lemma 4.1.1, we can write

2w =ps0t 3 A vepsot Y X

JeMg<a feEMg <g—a-1

In arriving at the conjecture, we almost exclusively use the adjusted approximate func-
tional equation (4.1) in place of our original definition. If y is odd, we use the same approx-
imate functional equation in Proposition 3.4.2 and if x is even, we truncate the approximate
functional equation at the first two terms so it looks exactly like (4.1). This is in line with
the heuristic framework that the authors in [Con+05] describe. Again, we draw attention to
the fact that we do not specify what the parameter A is in (4.1). As it turns out, defining
this parameter is not essential for our purposes because we are required to extend these sums

over all monic polynomials at some later point.

4.2 (k,l)-th moment of cubic L-functions

Similar to Chapter 3, we present the Kummer and non-Kummer cases separately. We will
see that the difference in the conjectural formulae lies only in the arithmetic factor that takes
the shape of an Euler product over the primes. The work to arrive at the conjecture is the
same so we present it once when we derive the conjecture in the Kummer case and simply

state the conjecture in the non-Kummer setting for brevity.

4.2.1 Kummer setting

We first begin by writing the product Z, XZ([) = Z) (%, i, ... ,ak) Z(Z) (%, Qi1 - ,ozkH) ,

so we have a k + [ product of shifted L-functions. Explicitly, this is
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M=
NI

ZwxZ0 = S0(%+0‘1’X)_ 2 X(f)lJrW(x)so(%—al,x)_ yo

1 1_
feMy<a |f|2+a fEMy <g—a-1 |f|2 “

D=
N

(s (o)’ T A () w

feMg<a feMg <g—a—

N

1 - X)L E X(/)
g S”(5‘“’“1’%) 2 WWWGW“’X) 2 pien

JeMg<a JeMg<g—a—1

R (4 GRS D S = ) I Dl =

feMg<a feMg <g—a

(4.2)

because w(y) = w(x) and (3.6).

Although the product in (4.2) has 2¥*! terms, the recipe dictates that we keep the terms
that do not oscillate. This means that any term that contains w(y) or w() is discarded. If
we are constructing a general term of (4.2), it is apparent that while there are no restrictions
on how many times we can choose the principal term of the approximate functional equation,
there are limitations on how many times we can choose the dual term of the approximate
functional equation. If we choose any j dual terms from Z;), we must also choose j dual

terms from Z @) to eliminate w(x). This means 0 < j < [. Therefore one example of a term

from Zy x Z(l) looks like:

l

s - 1 S
(W(X)W(X)> H ¥ (5 + ay, X) ' (5 = Qg—l4j, X) ¥ (5 + Qs X)
j j=1 j=1

J=1 J=

NI
[NIE

x(f1) X(fx) 3 x(f1) X (fr+1)

1 1 1 T 1
f1 ’f1‘§+al fx ’fk|§7ak Sr+1 ‘fk+1’§7ak+1 Sr+1 ‘fkﬂhiakﬂ

where the first £ — [ terms are chosen from the principal term of the Z;—i.e., equation
(4.1)—and the next 2l terms are chosen from the dual term of Z;. We note that we have
not forgotten about the degree of monic polynomials, f;, but knowing that later on in the

recipe [Con+05] that we need to extend the sum for all monic polynomials, we just do it
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k+1

| ) ways of constructing valid (i.e., terms that

here for simplicity. It follows that there are (

have no power of w(y)) terms of Z) x Z(. Therefore, we end up with the following:

K+l Y (f (f .
7 k+1 " k+1
Z) X Zay = Z H ¥ (3 + €00); Z o teja :
o€E j=1 Froeesfrtt H |f ‘2 7% (4)
where ¢;, = 1 for 1 < j < kande¢ = —1for k+1 < j < k+1[ and where = is the set of

permutations in SkV S x Sy
Again, working with the recipe, we move to replace the average of the characters over

the entire family. We note that

XU fo) X e frwd) = X (e Jo) x (g fi)
= X(fl"'fkfl?+1"'fl?+l)

which means by Lemma 3.3.5 we have

2 2 _ 2 -
O ol 1200, = 1 (1 i W) , (4.3)

PIf

where f = fl"'fkf]?.;_l"'f]?_;_l = 7.
We therefore predict, using the heuristic from [Con+-05], that

(Zay x Zy), = My (an, ... )y

where
k-t 1
My (an, ... opqr) = Z H ¢ (3 + €01, X) 2 Riy (610601, - - -, ErsiQo(bt)) -
g€e= j=1
and
Qg f3
Ry (€106(1)s - - -, EktiQo(hsr)) = Z

k+1 +ejay,
f1,-,fk+1 monic H ‘f‘z G
fl"'fkf;§+1"'f;§+l=f3
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where

() =

SO we can write

where

Qa2

7f3:

2.

fi monic
fl"'fkf]?+1"'f}?+l:z

I1

PIf

2

<1+m)_1'

Now, we search for the poles in Ry ;. First we define

1

|f1|%+°‘cr(l) e ’fk+l|%+a0(k+l) ’

Rk,l (040(1), e ,Oéa(k+1)) = Z a2,f3w(f3)

f monic

= l_P[ (1 - 2 <1 - %>_lw(P3J’)> :

W(PY) =

2.

€1,k +1>20
e1+-teg+2ep 1+ +2ep 1 =3]

ﬁ 1
o |Pleiateen)

since we have f; = P for i = 1,...,k + [ and because ag ps; = (1 + 2|P|=*)"". Then we

have

Ry (ao1y, - -

33

2.

€1,...,e54+1>0
ert-tep+2ep 1+ +2ep1=3j

k+1

[I

=1

1

|p|ei(2tenm)



where

—1 oo k41

2 1
Rup=1+(1+— _
( \P\) 2 11 ei(3+ant)

j=1 €1,..sek 410 1=1 |P
er+--+ep+2epp1+--+2ep41=3j

m=0

Moreover, since (1+2|P[71) ™" = 3 <ﬁ> , We can write

oo 00 k+l1 m
(=2)

Riap =1+ Z Z Z H ei( 3 tag( )+m

m=0 jil 61,...,6k+120 i=1 |P
e1+-teg+2ep 1+ +2ep 1 =3]

k+1

1
=1+ —— + (lower order terms
> [ )

€1ye-s€k 4120 1=1
e1+-+ep+2ep41++2ep4=3

1
=1+ 1;k P00 + (lower order terms)

k-+1<j<k+l
We remark that the only terms that contain poles are the ones where every shift a; = 0 for
1<i<k+I,j=1 m =0 and where all but two of the e;’s are nonzero (i.e., e, =€, =1
where 1 <z < kand k+1 <y < k+1). Because of that, we factor out an appropriate

number of (-functions, (, (1 + a; — a;) and we are left with

Ry (Qo(1y, - Qo(rn) = A (Qo(t)s -+, Qo(iers)) H Co (1 + o — ),
1<i<k
k1< 5<kH

where

1
Alaq, ..., qp) = H Ryp H (1_|P|1+T%)

P monic 1<i<k
irreducible k+1<j<k-+l
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Note that we can manipulate R ; p into

—1 oo k+1 1
Rupp=1+ (1 " _) S
k7l7P ‘P‘ Z H ei(%+ag(i>>

j=1 61,...,ek+120 =1 |P
e1+-tep+2epy1+-+2e,41=37

k+l

2\ 1| 2 o .
) (s > I Pe—
( |P| P ‘7:0 617"'7€k)+l20 =1 ‘P‘ez(§+ao(l)>

e1+Fep+2epp1++2ep =35

-1 -1
9\ ! 9 1 [ 1 k+1 1
1+ —) — + - 1+ —F—— + l——
( | P| |P| U |P|(§+%<j>) H |P|(§*%(]‘))

7=1 7=1

This leaves us with

My (0, ... apqr) =
ket 1
Z H ¢ (34 €00y, X) 2 A(61006x), - - - EbtiOo(itt)) H Co (14 a5 — o).
o€E j=1 1<i<k
k+1<5<k+H

And now the conjecture becomes the following if we keep in mind Lemma 4.1.1:

1 1 1 1
Zr|\z+aLx ) Zo|z+amx | 2oz~ X | 2o | 5 — Qs X
2 2 > > )

K+l -
< Z H X ( te€jo )) R (6100601, - - - €610 (kt1) )

oce= j=1
d —k+1
X 2 Zj:l Eja”(j)> .
d

We now turn to writing the contour integral representation of the conjecture with use of

N

the following lemma adapted from [Con+05].

Lemma 4.2.1. Suppose F(a;b) = F(ay,...,ax;b1,...,b) is a function of k + | variables,
which is symmetric with respect to the first k variables and also symmetric with respect to
the second set of | variables. Suppose also that F' is regular near (0,...,0). Suppose further

that f(s) has a simple pole of residue 1 at s =0 but is otherwise analytic in a neighborhood
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about s = 0. Let

K (ar,... ax;by,. .. b)) = F(ar, ... b)) [T T £lai = 0)) (4.4)

If for all 1 <i,j <k, a; — auyj 1s contained in a region of analyticity of f(s) then

Z K (ag(l), e ,Oég(k); Ozg(k_;,_l), ceey Oéa(gk)) =

S
2
2 s s Zhrl) D (21,0 Zkg)
dzy - dzpy

(—1) 7{ ]{K o .
k! 271'2 k41 k+l Heri(zl _ )

(4.5)

where one integrates about small circles enclosing the o ’s, and where = 1is the set of permu-

tations such that o(1) < --- < o(k) and o(k +1) < o(k+1).

Recall that since
Zp(s,x) = @(s,X) " *Ly(s, x),

we have
A 1+ 7 1+ Z 1 Y A 1
L 5 a1, X L 5 Q, X L 5 Oky1, X L 5 Ok, X ]
ket 1
2 1
<H90( +€Jaja> Lq(é"‘OélaX)"’Lq(i"”akaX)

1 1
X Lq <§ - ak+17>_<) o 'Lq (5 - akJrl:)_() > . (46)
d

Furthermore, knowing that ¢(s, x) = qd(%_s)X(s), we know that

% d k k41 . 1 h
e =t | B¢ (— + ejaj> . (4.7)

ket 7
H 2 ( + €0, X) =q 9
j=1
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Therefore, using (4.6) and (4.7), we can write

1 1 1 1
<Lq <§+041,X> ---Lq (§+ak,x) Lq (§+Oék+la>_() "'Lq (§+04k+17>_()>
d

ket 3 ket L
g

o€e= j=1

k k+1
X A (€1a0(1)7 e Ek+laa(k+l))) qg(Zzzl aa(i)_2j2k+1 aa(j)) H Cq (1 —|— Oé’i — 04]) > .

1<i<k d
k+1<5<k+1

In order to use Lemma 4.2.1, we take out a factor of (loggq) to get

1 1 1 1
<Lq <§+041,X> ---Lq (§+Ozk,x) Lq (§+Oék+la>_() "'Lq (§+04k+17>_()>
d

1
Hk+l X ( + EjOéj) 2 q_%(Zle Oéi—zg-ciiﬂ aj) k+1 %
Z H X + €% (j)

(log g)¥

ce= j=1

1<i<k
k4+1<j<k+l

Ak g SR
x A (elaa(l), . ,6k+laa(k+l)) q2<zi:1 =25t %) H ¢ (14 o — ) (log q)> . (4.8)
d
If we let

a (Oéa(1), . 7Ofa(k+l)) = ﬁ X (% + ejoza(j)) 7% A (61040(1)7 e ekHOzg(kH))
x g3 (T ai-Tit )
and also
f(s) = Go(1 + s)logq.
This implies

flay —ay) = (1 + o — o) log g,
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and

K (Qo(1)s -+ s Qo(irt) = F (Qot, - - - s Qootsy) H flow — a;).

1<i<y<k+l

Therefore (4.8) becomes

N =

Hk—HX( +€~a-) q*Q(Zfﬁl =N ay)
< ] ](log q)*! Z K (0‘0(1)’ e >ao(k+l)) .
. d

A=)

Next, we replace > - K(aq,...,ag) with the k + | contour integral (and the additional

gEE

factors) from the lemma and get

1

<Hk+l X( +e]a]) q—%(Zle ai-YMH o)

(log g)*
(— 1)U+ H=1) Al ot
8 k! (271 K (21,0 2ieni) Hk+l Hk—H( —a)) dzy---dzgsr )
d
After substituting K (z1, ..., 2k+1) = F'(21,- -+, 2i1) [ 11 <icjcnys f (20 — 2j) and some rear-

ranging and cancelling we find

) ( 1)(k+l)(k+lfl) 1

k+l % d k k+1 —
<HX< +€]a3) q_E(ZiZIM_ZFHIW k! (2mi)k+H

A (2. Zk+l)2
(21,5 Zhyt) H G142 — 25) dzy -+ dzpy
j{ j{ 1<iZj<htl [ HM (i — )

Moreover, let

G(Zh"‘uszrl) = F<Zla"'72k+l)
1

1 T2
:HX(§+€]ZJ) A(Zl,...,Zk_H).
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Then (4.8) becomes

1

k+l1 = .
< H X < + Oé]) qf%(Zle O‘ifzjikﬂ O‘j)

(_1)(k+l)(k+l—1) 1 et s
8 k! (27i)k+ PGz, »Zk—s—l)(]Q( = a1 7)
Az, zem)?
% H C(1+ 2 — 2) k+(l 1 - k+z) ds - 'dzk+l> |
1si<iskH ILo 12 ( a;) d

Finally, we send all of the «;’s to 0 in order to arrive the following:
Conjecture 4.2.2 (Conjecture in Kummer setting). Suppose that ¢ =1 (mod 3) is an odd

prime power, where q is the cardinality of the finite field F,. Also let

X( ) q71/2+s ifX Odd,
S =
—142s 1—q—°

— if x even.

q

Then,
(Lo (30" La (3:0)') = Qu (@),

where k,l are non-zero integers and Q. is a polynomial given by the (k + 1)-fold residues

(_1)(k+l)(k+l 1)/
Qralv) = ! (2ni W% 7{ (- 2]

A . »
X (21, Z)” 3 (Zia =0 ) H Co(1+ 2 — 2j) dzy - - - dzgeyys

Hk-l—l ZkJrl
i=1~i 1<i<j<k+l
where A(z1, ..., zky) is the Vandermonde determinant given by

A(zl,...,zkH) = H (Zj _Zi)a

1<i<j<k+l
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and

k k+1 1
G(Z1,...,Zk+l):A(zl,...,zk+l)H -|-ZJ HX %_ z;) "2
j=1 j=k+1
where also, A(z1, ..., zk4) is an Euler product, absolutely convergent for |Rz;| < %, given

by

1
Alzr, oo Zegt) H H (1+|P’(1+—zi—zj))

1<i<k
k+1<5<k+l

9 1 k+1 1 -1 k+1 -1
(s (0 po) (- )
9 -1
)
( 1P|

4.2.2 Non-Kummer setting

When ¢ = 2 (mod 3), we have (x(f1)---x(fe41)) = a3 where ay s is as described in
Lemma 3.3.9. The work that follows is the same with the exception that the Euler product

is over primes P of even degree instead of being over all primes.

Conjecture 4.2.3 (Conjecture in non-Kummer setting). Suppose ¢ = 2(3) is an odd prime
power, where q is the cardinality of the finite field F,. Then the statements in Conjecture

4.2.2 apply with the only difference being that the Euler product A(zy, ..., zky) is given by

1
Alzr, -0 Zegr) H H (1 + |p|(1+—zl—zj))

1<i<k
2|deg( ) k+1<5<k+l

<|§|+1(H(1+ﬁ>+ﬂ< i >)>)
(”uir)_l'
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4.3 Explicit computation of low-level moments

In this section, we compute some low-level moments using Conjecture 4.2.2 and Conjecture
4.2.3 (the Kummer and non-Kummer setting respectively). In the interest of brevity, we
show nearly all of the work involved in the computation of the contour integrals for the first
moment but omit the work for the higher-level moments.

As partial derivatives appear in these computations, we denote the j-th variable partial
derivative of the Euler product A(z1,. .., 2541) as Aj(z1, ..., zx4). We repeat indices in the

subscript for higher order partial derivatives. For example, this means

9%A
(21, 22, 23) = A1,1,2,3,3,3(0, 0, 0)-

82218228323 2z1=2z9=23=0

Remark. It went otherwise unmentioned before but we draw the reader’s attention to an
important point that comes up in the context of computing our moments. It follows from
our conjecture (based on the contour integral) that it makes sense computationally to treat

the cases where y is odd and even separately, then to find their sum. In Chapter 3, we found

the expected value of x(f1) - x(fx)x(fra1) -+ X(fews) over N(d), the family of primitive
cubic characters (Lemma 3.3.5 and Lemma 3.3.9). This, of course, is the expected value for
our character sum over all characters—both odd and even. Using this expected value en
route to writing our conjecture (Conjecture 4.2.2 and Conjecture 4.2.3) means that while
we can still consider the odd and even cases separately we have to make an adjustment
to the expected value we used in (4.3). It turns out that in the non-Kummer case, there
are only even characters so we do not need to make any adjustment when ¢ = 2 (mod 3).
In the Kummer case, or when ¢ = 1 (mod 3), it can be shown that two-thirds of N(d)
is odd and one-thirds is even. Consequently, we need only to include the factor % or % in

Qr(x) depending on the appropriate circumstances. The reader can consult [DFL19] for

more specific details on the matter.
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(1,1)-moment

When k=1 =1 and x odd, we have

/2 ¢, — %) =
Q11(2) 27rz 7{}{ (1. 2)A (31,2) G+ 2 ZQ)qE(ZI*ZQ) dzidze

2
21 <)

We recall that

N[
DO [

G(21,22>:X(%+21)_ X(%—Zz)_ A(z1,29)

where A(z1, z2) is the Euler product defined in Conjecture 4.2.2 or Conjecture 4.2.3. Since

x is odd, X (s) = ¢~'/?**. This means that

1 22

G(z1,22) =q 2q2 A(z1,29)

Moreover, recall that A(z1, 20)? = (22 — 21)? so our polynomial becomes

z

%% 217 22 5 (z1—22) (22 N 21)2 Cq(l + 2 — 22) zl+22 dzydzs
2m

Qua(

(2122)2

Since we compute the contour integral as an iterated integral, we can rearrange the terms

in the above expression to get

—1 q_%mq?
Quai(z) = (2m1) ]{ 22

2
" 1 . % A(Zb Z2) (22 - zl) Cq(l + 21— ZQ)Q_TZlq%'Zl dzy| dzo
(27) '

21

and let the integrand of the first contour integral be denoted by I1(z;). It’s clear that I;(z)

has a double pole at z; = 0. Now we note the series expansions of the factors of I(z1) are

A (217 ZQ) _ A (07 ZQ) + Al (0’ ZQ) —+ %ALI (0, ZQ) + O (Zl) ’

2 2
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z, xlogq xlogq 2 22 3
q21:1+( 5 >z1+( 5 §+O(zl),
31 log ¢ log q zl

2 :1—
q (2)Z1+<2 2+O()

0 102
1+ 21— ) = G (1= 22) + (1 = )1 + 5

(1 — 29)22 + O(23).

Therefore, we have

A A
(%) = (0,2) + = (0,25) —A11 0, 22)
Z% Z1
Gl

zlo xzlo
><<1+( ng)z1+< qu) 2+--->(22—z1)2
log q log q 22%
X(l ( B )21+( 9 ?—f—

s 1
X (Cq(l —Z2)+a—zq(1 —ZQ)ZI—}-§ 62% (]_ —22>Z%+) ,

and we collect the coefficient of the 1/z; term and by the Cauchy residue theorem we have

1
R1(22> = %%Il le Res Il

z1=0

_ A0, 2) G(1 — z9)(log g) (x — 1)73
2
+A0,2) 520 - )2

+ (o1 — 2) (—2A4(0, 2) 20 + A1 (0, 29) 23, )

where we let the R;(23) be the value of the computed integral. Therefore we find

-1 q%”q%
Qi1(7) = (277@)% 2 Ry (z2) dzs.

Again we let integrand of the above contour integral be denoted by I5(2) and we remark

that it too has a double pole at z5 = 0. By the residue theorem, we know that @ ;(z) =
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Res.,—o I2(22). With the help of the computer algebra system MAPLE, we find

Q11(x) = (A(0,0)logq) x + A(0,0) log ¢ + A1 (0,0) — A2(0,0) + 2vA(0, 0). (4.10)

—142s 1—q~°

. Therefore we have

When y is even, X(s) =¢q

Q11 (2) : ]{% A(z1,2)q 2 A (21, 20) (1 + 21 — 25)
r)=——
b (2mi)? (2122)°
1 g 32\ 1 g 3t=2\
X q_zl+22 —q i —q j ledZQ,
1 — q—§+z1 1 — q—§+z2

and with the help of a computer algebra system, we compute and find

N
=

Q11(x) = (A(0,0)log q) x
1

+
Va—1

(\/‘_1 ((2y —2log q) A(0,0) + A1(0,0) — A2(0,0))

—27vA(0,0) — A1(0,0) + Ay(0, O)) (4.11)
This leads us to conjecture that

5Q11(d) +3Q11(d)  ifg=1 (mod3),

Q7.1(d) ifg=2 (mod 3),

that is,

(Lq (3.X) Lg (£.%)), ~ (A(0,0) log q)d.
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(2,1)-moment

After computing

_ (_1)@ Alz1, 22, 23)qF 27N (21, 29, 23)°
Q21(7) = IGIEING Y] 3
(2111 (27i) (z12223)

X Cu(1+ 21 — 23)( (1 + 22 — 23)q

—2z1—29 +23
2 le dZQng,

and

* _ (_1>¥ A(Zl7227z3)q%(ZI+Z27Z3)A (21722723)2
Q5 (7) = I (2008 3
(2111)(2m) (212223)

X Cq(l +2 - ZS)Cq(l + 29 — z3)q*21*22+Z3
Lo\ R L
]_ g 327”1 1 45— R2 1 [P S
w | —2° i . deydzgdis,
1 — q7§+21 1 _ q*§+22 1 _ q7§7Z3

with the help of a computer algebra system, we conjecture for k =2, [ = 1 that

)> 5Q21(d) +35Q5,(d) ifg=1 (mod 3),
d

(Lo (33) Lo (5%
@3.(d) if =2 (mod 3),
where
Qa1 (z) = GA(O, 0,0) log? q> 2+ 0 (x),
Q1 (x) = (%A(O, 0,0) log® q> 240 (),
SO

1
(20072, (170)), ~ (340.0.00 100 )
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(2,2)-moment

Once we compute

Q22(z) = (_1)4(23) Alz1, 29, 23, 24) 2 1T27 372 A (21, 29, 23,2’4)2
22(T) = T
’ (2121)(2mi)4

(2’122232’4)4

721722+Z3+Z4

X Go(1+ 21— 23)Co(1 + 21 — 24)G(1 + 22 — 23)C(1 + 22 — z4)q— 2 dz1dzodzzdzy,

and

4(3)

* (_1)T A('Zla227237Z4)q%(Z1+Z27Z37Z4)A(217'22723’24)2

(212’22324)4

X Go(1+ 21 — 23)Co(1 + 21 — 24)Go(1 + 22 — 23)C(1 + 22 — 2)
1
_1,\ "2 1.\ "
X q_21—22+23+z4 1 - q > ' 1 - q > :
1 qf%+21 1— q7%+Z2
1 -3 1 -3
1 — —5+23 1 _ a5t
X q—? q—j dzydzodzgdzy,
1—qg 27 1—qg 27

with the help of a computer algebra system, we conjecture for k = [ = 2 that

[N

§Qo2(d) +3Q355(d)  ifg=1 (mod 3),

Q5 5(d) ifg=2 (mod 3),

where
1
Qa2(7) = (EA(O’ 0,0,0)log? q) zt+ 0 (2°),

1
(EA(O, 0,0)log* q) 4+ 0 (xs) )
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Therefore we conjecture
2 _ 1
(2052072, (170), ~ (540.0.0.0) 108t q) .

Remark. More complete data from these computations can be found in the appendix.
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4.4 Combinatorics of g

From the explicit computations shown in the previous section, it is evident that the leading
coeflicient of Qy;(x) has a distinct form as a product of a arithmetic factor over the primes,
log" ¢, and a combinatorial factor. Because Qk,(x) is a polynomial in x of degree kl, we can
avoid the tedious parts of computing these iterated contour integrals by dividng Q;(x) by

2" and taking the limit as © — oo. This idea is taken up in the following lemma.

Lemma 4.4.1. Let Q. (x) be defined as in Conjecture 4.2.2 and Conjecture 4.2.3. Then,

Ikl = xlglglo 2k logh g —

kal(x) . A(O,,O) A(Zl,...,ZkJrl)A(Zl’...,Zk)A(Zk+1,...,Zk+l)
kL (D )R+

(z1 e Zk+z)k+l

ko kL )
% ezz':l Zi Zj:k+1 Zj le Ce dzk+l

Proof. Let z; = z;/(log q)z/2, then we can rearrange the the polynomial Q) ;(x) as follows:

(—1 k+l (k+1—1)/2
Qk,l('r> - (kf'l' 271'% k+1 % % 217" Zk—i—l) H Cq (1+Zz _Z])
1<i<j<k+l
X Az, zkH) (s w) 4 - ~dzpyy
(Zl Zk+l

(—1) D (kH=1)/2 et
- (k'l' )(2mi) R+ 7{ ]{ <logq Yx /2 ’(logq)x/2>

Z 4 S ((1 Zl) /2 (1 zk§1/2>2
i j ogq)x/27 """ (logq)x
X ” Cq (1 ( J )

" logq)z/2 ~ (ogq)z/2

- k+1
L Z1 e +
tsisysh <<1og Qa2 (1ogq>:c/2>
) kl
(log )z k 24 _ Nkt ] 2
X e 2 (Zi:l (log @)z /2 Zj:k-Fl (Tog Q)z/Z)kl—kl le Ce dzk+l
2 (log™ q)

(—1)tHDUH-1)/2 Zost
- (k:'l' )(2mi)kH 7{ 7{ <logq Jx /2 ’(logq)x/2>

x ( logq ( Z k;zj) +O(:c—2))

X A (Zla < 7Zk+l) A (zla s >Zk> A (ZkJrla ce ZkJrl)er:l Zi*ZfillwAZj le .

(21 20)

o dzg g
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This is because we see that

k4l k4 9 (k+1) (k+1) k+1
-1 \(log q)z/2 z(logq) el

=1

5 (k+1)
dzy -+ -dzpp = ( ) dzy -+ - dzgq,
z(log q)

(k+1-1)\ 2
2 2 2 ,
£ Pkl = . e
A((logql)x/2""’ (1ogq)x/2> o (ac(logq) <x<10gq>> ) A<217"'7'zk+l) )

and

9 ( 9 )(k+l—1) 2>< (x(logq))(k”)(k“)x( 9 )(k+z)
z(log q) z(log q) 2 z(log q)

(x(log 9) ) (ke 0) (k1) =20k 1) (-1 —1) — (k-+1)
2

=1.

Moreover, since we have

Zj

Trta ((logzi)x/? N (logq)l‘/2) T

z(log q) 1 2~y 5
0]
2 <zi — 2 + z(log q) +0E™) ),

S

Sa (1 + (10g<1)90/2 (log q)/2 Zi — 2

and if we note that

A(Zla"'7zk+l)2:A<217"'72k+l)A(217"'7Zk>A<Zk+l7"'7Zk+l> H (ZZ—Z]>

1<i<j<k+l

This means taking into account

2 Zj
II G-= Il « (1 + Gogaiaz — <log5>x/2>
1<i<j<k+l 1<i<j<k+l
.',Ukl 2
=5 logq zzzz—kzzj +0(z7%) ],

leads to the result above (4.16).
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From here, it’s clear that

i Qk,l(l‘) . 217 Zk+l) A (217 R k) A (Zk+17 R 7Zk+l)
1 27rz k+l

kl kl k+l1
w0 ghlloghq (21 Zt1)

ko —~k+l )
X 621:1 Zi Zj:k:-‘rl Zj le .. 'dzk+l>

if we recall that

¢ ((logqu)z/f o (1og2kq+)lw/2) - ((1ogqu)w/2’ o (logzij)iv/2>

T () G mer)

j=k+1

and realize that sending  — oo means that G — A since the products of X (s) go to 1 as z

goes to infinity and also that the terms in O(z~!) vanish as well. [

Lemma 4.4.1 makes explicit that the combinatorics of the k1 shifts that we constructed
in the first section of Chapter 4 determine the factor that is present in the leading coefficient
of Q. (x) and is represented as a (k+1)-fold contour integral. Before trying to find a general
form, we compute this factor for low-level moments for the purposes of demystification as

well as to show that they match the explicit computations made in the previous section.
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(1,1)-moment

gi1 = lim Qua(z) 1 f% (21, 22) A (z1) A (22) Y v
T a5ee £A(0,0) logq 21 (1111 (27i)? (z129)°

%% e ledZQ
27’(’@ 2;122
(29 — 2z1)e™
- dz; | d
2(2m) 7{ 22 (7{ 22 S A
_ 1 %6_22 (27i) Res (72— z)e?t dz
S 202mi)z J 23 A% 22 ?

1 7{ * li d |22 lim |z act dz
= im — |zi——| —
2(2mi) 22 \a—0dy |71 22 el ?

1 e *2
= 5m P g m da
1 e *?
el CRLE] el
1 I e 2 o d [ ,e7=
T2\ a0 | | T 2 tdn |22
1
“(1+1
a4

(2,1)-moment

~ lim Q2,1(7)
z—00 :132A(0 0 0) log? ¢

)3/ (21,22, 23) A (21, 22) A(23) 0o
2(1) 1) 7{7{7{ bz AL 5 2B 0) *dzidzades
2 2 1 (27” 212;2’ 23)

B B N2
j{j{f 73 — 22)(23 2’1)3(22 21) e 112275 d 2 dzyd 2y
22(1) 2!11 (27rz 212223)
B . o 2,21
_ f < 74 (b 2)Em Al g,
827rz3 23 Z5 A
—2Zz3

j{ e 7{ e* (2223 — 229(22 + 223) + 229 + 223) (22 — 23) q
= - 3 3|\ — ngZ3
8(27m)2 23 2

-1 e (e [, 4z22— 22
= — - —-2]d
8(2ri) f f ( y  TmTE)
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(2,2)-moment

o Q2,1 ()
G22 = lim
T a0 x4A(0 0,0)log ¢

4(3)/2 Zl 29, 23 24) A (21 22) A (23 24)
y %2, 23, ) ’ At2-2-2 5 d2odzad
22(2 2'2' (2mi)4 j{j{jé]{ z1222324)4 ’ e

- 22(2)(2!2!)(%@')4 j{j{?{% 24 — 23)% (21 — 22) (21 — 21) (23 - %) (25 — 21) (22 — 21)?

(21222324)

x et E 2 40 d2edzgd ey

1 (16
-5 (3)
1
12

—_

In order to find the general form of g;;, we follow [Con+05] and rewrite the Vandermonde

determinant as a sum over permutations;

Azt ze) = Z sgn (o)7L o= ko)

k4l ’
A(z1,...,2 ngn (k 1),
0 -1
A (Zk+17 BRI Zk+l) = ngn(p)zlgsrl) e lec)g»l )a
p

where o are permutations of {0,1,...,k+1—1}, 7 are permutations of {0,1,...,k—1}, and

p are permutations of {0,1,...,1 —1}.
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Then by Lemma 4.4.1:

(k+0)(k+1-1)/
lim Qk,l(ﬂﬁ) = ( 1 j{ 7{ i=17%i" J k+1 Zj

w00 A(0, ..., 0)z* (log" q) 2“k'l' 2ri )+

% ngn T(k1)>
0 -1
(S5
P

—k—1 -1
X 21 Zk+l dzy - - - dzgay.

Because the integrand is symmetric with respect to z1,..., 2z, and also symmetric with
respect to zj11, ..., 2k, in each term of the sum over 7 we permute the variables so that z;
appears with the exponent j — 1, for 7 = 1, ..., k. This redefines the permutations of ¢ and
the additional sign cancels sgn(7). The same is done for the sum over p and we are left with

k!l! copies of the sum. Therefore:

(k1) (k+1—1)/
lim Qk,l(-’ﬁ) = ( 1 }{ j{ i=1%i" ] k+1 Zj

z—o0 A(0,...,0)z* log" ¢ 2“ 27ri )kt
« ngn —(k+1—o( 2—(k+l o()-1) 2 —(k+l—o(k—1)—(k—1))
ktl—o(k)) _—(k+l—o(k)— —(k+l—o(k
X k-£1+ ( ))Zk—£2+ =n.. Zk-i(-l+ RF=D=0D) Q0o

Because

L L e *dz
0 = g S0

where C' is the path of integration that starts at +co on the real line circling the origin
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counterclockwise and returns to its starting point. We can rewrite our integral as:

lim =
z—o0 A(0,...,0)z* log" ¢ 2K =

xT(k+1l—ok—1)—(k—1))
X (=) Pk +1 - o(k)(=1)7* DDk + 1 —o(k) — 1) ---

T _ 1)\ (kD) (k+1-1)/2
Qril2) _ =D > sgn(o) (F(k +1=o(0)T(k+1—0(1)=1)---

x (= 1) 7*HDHAN G 4l —(k+1—1) — (I — 1)))

(_1)(k+l)(k+l—1)/2

- Okl
1 1 .. 1 1 1 B e ) i
T(k+l)  T(k+i—1) T(+1)  D(ktl)  T(k+i-1) C(k+1)
1 1 U 1 1 . [Gab
o [TH=T)  T(h+=2) @) T(k+i—1) T(k+i—2) (k)
1 1. 1 —1 1 (ZpkF2
(1) T'(0) T(2—Fk) (D) T (0) T(2—1)

Then we multiply by the first row by (k + 11— 1)! to get

Qri() (—1)(k+l)(k+l—1)/2 1

li = X
w0 A(0, .., 0)M log" ¢ o eri—1)

k+i—1 k+1—1 k+1—1 k+1—1 k+1—1 1—1 (k+l—1
( 0 ) ( 1 ) (k—l )(k_l)! ( 0 ) _( 1 ) (_1) 1(l—1 )(l_l)!
1 1 o 1 -1 1 (=1
o |TEH=T) Tht-2) INO) T(k+i—1) T(k+l-2) T(k)
(1) T(0) T(2—Fk) (1) T'(0) T(2—1)

and then the second row by (k + [ — 2)! and the third row by (k + ! — 3)! and so on which

results in finding

_1)(k+D) (k+-1)/2 1
lim Qk’l(xk)l K =) Okl L .
z—=o0 A(0,...,0)zF log™ ¢ |
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5 () [ O N (=D (7
(k+l—2) (k+i_2) (kli_12 1)! _(k+l—2) (k+l—2) (—1)l(k+l_2)(l—

0 1 -1

0
k-1

0
0

0

1)! 1

( )(l{:— (_1)k+l—1(

) D)

We divide the first column by 0!, the second by 1! up until the k-th column which we
divide by (k — 1)!. Then we divide the (k4 1)-th column by 0!, the (k4 2)-th column by 1!
up until the(k + [)-th column, which we divide by (I — 1)! to get the following:

. Qri() (—1)HDCett=1/2 TS 0510 5!
frlggo A0, ... ,(;):ﬂfl log™ ¢ B 2k H?iéfl !
(k—i—l—l) (k+l—1) (k-k&-l—l) (k—i—l—l) . (k:+l—1) (_1)1_1 (k?rl—l)
0 1 -1 0 1 1
y ("5 (77 5 =) (") )

(=D

0
k—1

0
0

0
1

0
-1

)

(_1)k+l—1< ) (_1)k+l( ) )

Then, we swap the rows of the determinant and multiply columns £+ 1 to k+1—1 by
(_1)k+l71,

(_1>k+2l—2(

_1\F+D)(k+1-1)/2 k=1 oy rlel gy
lim Qri(2) (=1 XHJ:OJ [T )

=0 A(0,...,0)zH logh g 2K [T 4!

(_1>(k+l)(k+l—l)/2 > (_1)(l<:+l—1)l

0 0

G O (:24) (o) -1 (=D1(2)
(57 () (57 0T () (=) (7

-1
1

k+1-1
k-1

k+1-1
1

5 ()

k+1-1
-1

(

) (_1)k+l—1 (k’-i-é—l) (_1>k+l( )

(_1)k+2l—2(

%)

)

|

) —1)!

1)!

(_1)k+2l—2 (181) (l o 1)!




If we take the first & columns of the above matrix, we can write a k + [ x k + [ matrix

(57 () - GRS

(5 () - (R

G Gt

which has the same first & rows of our previous matrix. We also note that M, is a lower

triangular matrix and det M}, = 1. Again, taking the last [ columns of our matrix (i.e.,

columns k + 1 to k 4 1), and continuing it in order to create a k + [ X k 4 | matrix,

M, =

(_1)k+l—1 (k+l—1

-0

(_1)k+l (k+l—2)

0

0

(v) - (ks1-1)

(")

) (R

k+1—2
(_1)l<kil—1)
(=D (o

)

We also remark that M; happens to be the inverse of M;. We multiply our expression

by det M), since it does not alter the value and find:

Qri()

lim

B e § (T | (T

z—o0 A(0,...,0)z* log" ¢ B

(k+l—2)

(k+171) (_1)k+171(k+171)

k-1

k—1

5 () - G

kl k+l-1 .
2 Hj:O J!

(?) T (k+?—1)

ey

-(7)
(— 1)+ (k+é—2) (—1)k+i-1 (k+i_2)

(— 1)+ (kal)

0 1
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(_1>(k+l)(k+lfl)/2 x (_1)(k+l71)l

(_1)#1 (1—01)

(_1)k+2l—3(
(_1)k+21—2(

k+1-2
-1

k+1-1
-1

)
)




O O () 10 0

IO (') 01 - 0

_ 1520 ' TTi—o 4! y “hH Y (=) 00 1
2o I IO (') 00 - 0
(k:-l—é—Q) (k—i—i—Z) (k;—i—f) 00 - 0

() (Y () 0 0 .

Because the bottom right block of our determinant is 0 and the top right is the identity,

our determinant is simply the bottom left k£ x k block. Therefore we write

(o) (1) (el1)
- Qulw) ()" anzékﬂnzzzj! o : a
A0 0oy IR ey ey
(k‘H*l) (k+i71) (kzill)
We reverse the order of the rows and see
o) () - (B
k=12 TR i1 : :
lim A0 ng(wk)ll K ( 1)2kl XH k—&-lr{j 'OJ X 9 9 9
Tr—r0o0
(&, 0)==log g N N N IR O
(o) (1) - (L)

Finally we notice that the matrix in the above expression can be decomposed as

(5 ) (D
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G20 \GL) Gh)

Now because the first matrix on the right hand side is zero in the lower right triangle with

k(k—1)/

determinant (—1) 2 while the other matrix on the right hand side is upper triangular

with determinant 1, we therefore have

k—1 . -1 .
1i Qk,l(fl?) o szo J! Hj:o]!
m I e E—
£—00 A(O, . ,O)ZL‘ log™ ¢ Hj:() 7!

1525 4! 155 4!
!%, we have,

So we see that, if we let g;; = (kl) 0
j=0

<L(%,X)L(%,X)>d~% (0,...,0) log" q.

Remark. The factor (kl)! is added in order for gx; to be an integer. This is standard nor-

malization.
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Chapter 5

Conjectural formulae for moments

Conjecture 5.0.1. Suppose that x is a cubic Dirichlet character in F,[T| with conductor of

degree d and also suppose that L,(s,x) is its associated L-function. If k > 1> 1, then

a
where - .
= OO
and ax; = A(0,...,0), given that
[1p Rk, (1 + %) ifg=1 (mod 3),
A(Zl,...’ZkJrl): .
2laeg(p) t ifq (mod 3)

and

1 9 1lc—l—l 1 -1 k+l1
mom I (i) (5 (I ) T

1<i<k
k+1<5<k+1
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Appendix A

Explicit computations

This section contains more ‘complete’ data from the explicit computations of contour in-
tegrals presented in Chapter 4, Section 3. These computations result in a polynomial in
d of degree kl. Although it is our intention to present every coefficient, it becomes clear
that the higher order moments are much more computationally tedious and produce larger
coefficients. Moreover, the information that is gained from the presentation of this data is
rather minimal.

Recall that if ¢ = 1 (mod 3), then two-thirds of N(d) correspond to y odd and N (d)
correspond to x even. And if ¢ =2 (mod 3), then N (d) is composed of only even characters.

Therefore let

2+ 3¢ ifg=1 (mod 3),

cf if g=2 (mod 3),

7

where

Ckldikl + C’kl,lxklfl + -+ Cg,

where Cj, ¢;, ¢} are the i-th power coefficients of a polynomial in d of degree kl.
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A.l

where

¢ = A(0,0)logq

co = A(0,0)log g+ A1(0,0) — A5(0,0) + 2vA(0,0)

¢ = A(0,0)log q

*_
CD_

1
Va—

1

(v ((2y — 2log q) A(0,0) + A;(0,0) — A3(0,0)) — 27A(0, 0)

4 — A1(0,0) + A5(0,0))
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<L‘1 <%’X>2 Ly (%,5()> ~ Cox* + Cyz + C

T

where

1
Co = EA(O’ 0,0)log? g

1
o = qu ((67 —2log ) A(0,0,0) + A,(0,0,0)

+ A2(07 07 0) - 2A3(07 07 O))

12942 —12vlog g + 2log® g — 12y,

B 4
6v—2lo

+ g : qu2

6y — 21
A(anu()) + %Al(

—12 41
’Y‘Z quA3

Co

(0,0,0) +

1 1 1 1
- ZAz,z(O, 0,0) — 5142,3(0, 0,0) + §A3,3(07 0,0) — ZLAM(O’ 0,0)

1
¢ = 54(0,0,0)log*g

log q

e —— . — (((5047 — 1121log ) A(0,0,0) + 844, (0,0,0) + 84A4,(0,0,0)

27— 1)°

0,0,0)

1
(0,0,0) + A1 2(0,0,0) — §A173(0, 0,0)

—168A43(0,0, O)>q3/2 + ((7567 —2801og ¢)A(0,0,0) + 126A4,(0,0,0) 4 12645(0,0,0)

— 25245(0,0, 0))(]5/2 + ((2167 — 1121og ¢)A(0,0,0) + 364, (0,0, 0) + 3645(0, 0, 0)

— 7245(0,0, 0)>q7/2 + ((67 — 41og q)A(0,0,0) + A;(0,0,0) + A,(0,0,0)
— 245(0,0, 0))q9/ >+ ((547 — 4log q)\/q + (32¢" + 224¢° + 224¢* + 32¢) log q

— 54y (¢+ 1) (¢ +9¢° + 11g+ %) )A(o,o,o) + 9(A1(O,0,0) + A5(0,0,0)

— 245(0,0, 0)) (3 — Vg +4q+14¢* + ¢* + B¢) )

1

= (((—14472 + 264~ log ¢ — 801log? ¢ + 144~,)A(0,0,0)

TNEDE
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+ (=72y + 441og q¢) A1(0,0,0) + (=727 + 44 1og q) A2(0,0,0) + (144~ — 88log ¢) A3(0, 0, 0)
+12A1,1(0,0,0) — 484, 5(0,0,0) + 244, 5(0,0,0) + 12455(0,0,0) 4 2445 5(0, 0, 0)

— 24A33(0,0, 0)>q”/2 + ((—264072 + 1320y log ¢ — 801log? g + 2640v,)A(0, 0,0)

+ (—=13207 + 2201og ¢) A1 (0, 0,0) 4 (—13207 + 2201og ¢) A2(0, 0,0)

+ (2640~ — 4401og ¢) A3(0,0,0) + 2204 1(0,0,0) — 880A;,5(0,0, 0) + 4404, 5(0,0,0)
+220455(0,0,0) + 44045,5(0,0,0) — 44045 (0, 0, 0)>q3/ 2

+ ((—950472 4 79207 1og ¢ — 960 log® ¢ + 9504~,) A(0, 0,0)

+ (—4752v 4+ 13201og ¢) A1(0,0,0) + (—4752v + 1320 log ¢q) A2(0, 0,0)

+ (9504 — 2640 log q) A3(0,0,0) + 792A; ; (0, 0,0) — 31684, 2(0,0,0) + 15844 3(0,0,0)
+ 792A455(0,0,0) + 1584A45.3(0,0,0) — 1584.A3.3(0, 0, 0))q5/2

+ ((—950472 4 11088y log ¢ — 2016 log® ¢ + 9504~,)A(0,0,0) + (—4752y + 18481og ¢) A1 (0,0, 0)
+ (—4752 + 18481og q) A2(0, 0, 0) + (9504 — 3696 log ¢) A3(0,0,0) 4+ 7924, 1(0,0,0)

— 3168A4;2(0,0,0) 4+ 15844, 5(0,0,0) + 792A55(0,0, 0)

4 15844,55(0,0,0) — 158445 5(0, 0, 0)) ¢

+ ((—264072 + 3960 log ¢ — 960 log? ¢ + 26407,)A(0,0,0)

+ (—=13207 + 6601og ¢) A1 (0, 0,0) 4 (—13207 + 660 log ¢) A2(0, 0,0)

+ (26407 — 13201og ¢) A3(0,0,0) + 2204, 1(0,0,0) — 8804, 5(0,0,0) 4 4404, 5(0,0,0)
+22045,5(0,0,0) + 44045,5(0,0,0) — 440A;.5(0, 0, 0)>q9/2

+ ((—14472 + 247 log q + 1447,)\/q + 8q(q + 1)(¢* + 44¢> + 166¢° + 44q + 1) log? ¢

— 24qvylog q(¢° + 55¢* + 330¢> + 462¢° + 165¢ + 11)

~12(¢% + 6 + 1)(q* + 60¢° + 134> + 60q + 1)(— + ’yl))A(O, 0,0)

+ (=727 + 4y/qlog g — 4qlog q(¢° + 55¢* + 330¢* + 462¢® + 165q + 11)

+67(q* + 6q + 1)(¢* + 60¢” + 134¢* + 60g + 1)) A,(0,0,0)

+ (=727 + 4log q)/q — 4qlog q(¢° + 55¢* + 330¢” + 462¢° + 165¢ + 11)
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+67(¢* + 6q + 1)(¢"* + 60¢> + 1344 + 60q + 1)) A5(0,0,0)

+ ((1447 — 8log q)\/q + 8qlog q(q° + 55¢* + 330¢> + 462¢° + 165¢ + 11)

—129(¢* + 6¢ + 1)(¢"* + 60¢> + 134¢> + 60g + 1)) A3(0,0,0)

— (=12y/q + (¢* + 6¢ + 1)(¢* + 60¢° + 134¢> + 60q + 1))(A32(0,0,0) + 24, 5(0,0,0)

+ A11(0,0,0) —4A4;5(0,0,0) + 2453(0,0,0) — 245 3(0, 0, O)))
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<Lq (%7 X>2 Lq (%a SC)2>1, ~ Oyt 4+ Cs2® + Cya® + Cro + O (A.3)
where

1
= EA(O’ 0,0,0) log* ¢

log® ¢

(2A(0, 0,0,0)logq — 8vA(0,0,0,0)

C3 = —

— A5(0,0,0,0) + A3(0,0,0,0) + A4(0,0,0,0) — A4(0,0,0, O))

log?
o =21 <<1472 — 87log g + log? ¢ — 471)A(0,0,0,0) + (47 — log ¢)4,(0,0,0,0)

1 1 1 1
+ A;5(0,0,0,0) — §A1,3(0, 0,0,0) — §A174(0, 0,0,0) — §A2,3(0, 0,0,0) — §A274(0, 0,0,0)

+ A374(0,O,0,0))

_ —7logq((10g q 4fylog q (272 N 4%) log g + 20;71 B 12773
> (0,0,0,0) + (Mlﬁgq +¥ - lolgiq> 4,(0,0,0,0)
4 ( : +2—’7“ — - blgzq) 45(0,0,0,0)
b~ By ff) 45(0,0,0,0)
i (—4“;’“ SI ey loi‘]) 44(0,0,0,0)
n ( 477+ 10%) A12(0,0,0,0) + (277 loliq) A15(0,0,0,0)
+ (277 — li%) A1 4(0,0,0,0) + (277 — loliq) A23(0,0,0,0)
+ (277 - k’lgq> A5.4(0,0,0,0) + < 477 + lofq) 435.4(0,0,0,0)
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1 1 1 1
+ 8_4A1,1,1<07 07 07 0) - 2_8141,1,2(07 07 07 0) - 2_8141,2,2(07 07 OJ 0) + ﬁAl,Q,?)(O’ 07 07 0)

1 1 1 1
+ EA1,2,4<07 07 07 0) - EAI,?)A(OJ 07 07 0) + QA2,2,2<07 07 07 0) - EA2,3,4(07 07 07 0)

1 1 1 1
- @A3,3,3(07 07 07 0) + 2_8143,3,4(07 07 07 0) + 2_8143,4,4(07 07 07 0) - aA474,4(07 07 07 0))

1
Co = 2_4 (A2,2,2,4(07 07 07 0) - 2A3,4,4,4<07 07 07 0) - 3141,3,3,4(07 07 07 O) - 3A2,3,3,4(07 Oa 07 O)

— 2A3334(0,0,0,0) 4+ 6A4;5353(0,0,0,0) —3A4; 1 54(0,0,0,0) — 3A;54(0,0,0,0)

+ A11.1.4(0,0,0,0) + Az333(0,0,0,0) + A 333(0,0,0,0) + Ay 4.4.4(0,0,0,0)

+ A11.13(0,0,0,0) — 341223(0,0,0,0) + Ay553(0,0,0,0) — 3411.23(0,0,0,0)
+642934(0,0,0,0) + 641 54(0,0,0,0) — 241 955(0,0,0,0) — 24, 1, 5(0,0,0,0)
+641122(0,0,0,0) —3A;155(0,0,0,0) —3A45553(0,0,0,0) + 6A;1544(0,0,0,0)
—3A5544(0,0,0,0) + A;.444(0,0,0,0) — 34;544(0,0,0,0) + 64535.44(0,0,0,0)
—3A4114.4(0,0,0,0) — 3422.44(0,0,0,0) + (—4log® g + 48ylog® ¢ + (—168+* + 48y,) log q
+ 144~ — 24077, — 2475) A2(0,0,0,0) + (—6log g + 247)A; 1 2(0,0,0,0)

+ (—6log q + 247)A1.22(0,0,0,0) + (—48y + 121og q) A1 2.5(0, 0,0, 0)

+ (168* — 96 log ¢ + 121og? g — 4871) A3.4(0,0,0,0) + (21log ¢ — 87) A;1.1.1(0, 0,0, 0)
+ (—84~% 4 48ylog ¢ — 6log? ¢ + 24v,)A; 4(0,0,0,0)

+ (—84~% + 48ylog ¢ — 6log? ¢ + 24v,)A; 5(0,0,0,0) + (2log* ¢ — 327y 1og® ¢

+ (16872 — 4871) log? ¢ + (—2887” + 480771 + 4872) log g + 144" — 5767y, + 4877,
+ 33677 4 8073) A(0,0,0,0) 4 (—41log® ¢ + 48vlog® ¢ + (—168* 4 487,) log q + 144~*
— 24071 — 2472)A1(0,0,0,0) + (—48y + 121log q) A1 2.4(0,0,0,0)

+ (—12log q + 487) A13.4(0,0,0,0) + (2log ¢ — 87) Az(0,0,0,0)

+ (—12log g + 487) A35.4(0,0,0,0) + (4log® ¢ — 48vlog® ¢ + (168y* — 48v,) log ¢

— 14473 + 24077y, + 2475)A3(0,0,0,0) + (4log® ¢ — 48vlog® ¢

+ (1687% — 48v1) log ¢ — 144~> + 2407y, + 2475) A4(0,0,0,0) + (1687 — 967 1og ¢

+1210g” ¢ — 4871) A412(0,0,0,0) + (—844* + 487log ¢ — 6log® g + 2471) A2.3(0,0,0,0)

66



+ (—847* + 48vlog g — 61og® g + 2471) A2.4(0,0,0,0) + (—2log g + 8v) A3 35(0,0,0,0)
+ (—247 + 61log q) As.3.4(0,0,0,0) + (=247 + 61og q) A3.4.4(0,0,0,0)

+ (—2log ¢ + 87v)A44.4(0,0,0, 0))

1
= EA(O’ 0,0,0)log*q

* 2510g3 q 3496 log ¢
s = NG (( (-89 — 736) A(0,0,0,0) — 92A4,(0,0,0,0) — 9245(0,0,0,0)

+9245(0,0,0,0) + 9244(0,0,0, O)>q3/2 + ( (—1009TT8M84 _ 1426368+) A(0,0,0,0)

25
— 1782964,(0,0,0,0) — 178296 45(0, 0, 0,0) + 178296.A45(0, 0,0, 0)
25

+ 178296 4,(0, 0,0, 0))q“/2 + ( (H802Loga _ 16640967) A(0,0,0,0)

—208012A,(0,0,0,0) — 208012A5(0,0, 0, 0) 4+ 208012A3(0,0, 0, 0) 4+ 208012A4(0, 0, 0, 0)>q13/2

X ((_5230021;510gq I 130;2047) A(0,0,0,0)
— 224,(0,0,0,0) — ©55245(0,0,0,0) + #2522 45(0,0,0,0) + S3P2A4(0,0,0, 0>)q15/2
n ( (TIET34loza _ 346104+) A(0,0,0,0)

— 43263A1(0,0,0,0) — 432634,(0,0,0,0) + 4326343(0,0, 0, 0)

+4326344(0,0,0, ()))q”/2 + ( (118sa _ 56672+) A(0,0,0,0)

— 70844,(0,0,0,0) — 708445(0, 0,0, 0) 4 7084A45(0, 0,0, 0)

+ 7084A4,(0,0,0, 0)>q19/2 + ( (£2%089 — 4048+) A(0,0,0,0)

—506A1(0,0,0,0) — 506A45(0,0,0,0) + 506A45(0,0,0,0)

+50644(0,0,0,0) )¢/ + (( (224252 — 967) 4(0,0,0,0)

—12A4,(0,0,0,0) — 124,(0, 0, 0,0) + 1245(0,0,0,0)

+1244(0,0,0, 0)>q23/2 + ( (2lozg — 57) A(0,0,0,0)

— L 4,(0,0,0,0) — £ 45(0,0,0,0) + 5 A5(0,0,0,0)

I %A4(0,0,0, O))q25/2 i <(_637526510gq _ 850508'y) A(0,0,0,0)
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_ 10626 4,(0,0,0,0) — 12526 4, (0, 0,0,0) + 12626 4,(0, 0, 0,0)

+ 10626 4,0, 0,0, 0))q5/2 v ( (—428016l89 _ 153894+ A(0,0,0,0)
—192284,(0,0,0,0) — 19228 4,(0, 0,0, 0) + 19228 45(0, 0,0, 0)

+192284,4(0,0,0, O)>q7/2 n ( (— 14061080 _ 6537595 A(0,0,0,0)

— 817194,(0,0,0,0) — 81719A45(0,0,0,0) + 8171945(0,0,0,0)

+ 8171944(0,0,0,0) ) g"/2 + (((— 242 - 8) /g — 2088 (g1 1 77" + 1463q]
+10659¢® + 3553097 + 58786¢° + 49742¢° + 21318¢* + 4389¢> + 385¢° + 11¢q + 2—13)
48y <q2 42+ %) (qm +90¢° + 1945¢° + 1532047 + 50690¢° + 738524 + 50170
+15640¢° + 1949¢° + 58 + 1) ) A(0,0,0,0) + (% + SL2¢7 4 7084¢° — /g + 81719¢°
+208012¢° + 19228¢° + 12¢ + 506¢* 4+ 122640 4 178296¢" + 43263¢* + 92¢"" + ql2>
X (Al((), 0,0,0) + A5(0,0,0,0) — A5(0,0,0,0) — A4(0,0,0, 0))>

. log” ¢
S AT (( (12480720072 + 8558208 log ¢ — 9152528 log® ¢ — 3565920071) A(0, 0,0, 0)

+ (—=35659200 — 1069776 log q) A5(0,0,0,0) + (—356592007 — 1069776 log ) A4(0,0,0,0)
+ (356592007 + 9984576 log q) A;(0,0,0,0) + (356592007 — 7845024 log ¢) A5(0,0,0,0)

+ 89148004, 5(0, 0,0, 0) — 44574004, 5(0,0,0,0) — 44574004, 4(0, 0,0,0)

— 4457400 A5 5(0,0,0,0) — 4457400 A5 4(0, 0,0, 0) + 891480045 .4(0,0, 0, ()))q”/2

+ ( (145608400~ — 3328192y log ¢ — 10816624 log” ¢ — 416024001 ) A(0, 0, 0, 0)

+ (—41602400y + 416024 log q) A3(0,0,0,0) + (—416024007 + 416024 log q) A4(0,0,0,0)

+ (41602400 4 9984576 log q) A;(0,0,0,0) + (41602400 — 10816624 log ¢) A5(0, 0,0,0)

+ 104006004, 5(0,0,0,0) — 52003004, 3(0, 0,0, 0) — 52003004, 4(0, 0,0, 0)

— 5200300A455(0,0,0,0) — 520030045 4(0, 0,0, 0) + 10400600 A5 4(0, 0,0, 0))q13/2

+ ( (91525280+% — 10460032 log ¢ — 6537520 log? ¢ — 261500807, ) A(0,0,0,0)

+ (—26150080 + 1307504 log q) As(0,0,0, 0) + (—26150080 + 1307504 log ¢) A4(0,0, 0, 0)
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+ (261500807 + 5230016 log q) A;(0,0,0,0) + (26150080 — 7845024 1og q) A2(0, 0,0, 0)
+ 653752041 5(0,0,0,0) — 32687604, 3(0,0,0,0) — 32687604, 4(0, 0,0, 0)

— 326876045 3(0,0,0,0) — 3268760 A,4(0,0,0,0) + 653752043 4(0,0, 0, O)>q15/2

+ ( (302841007 — 62298727 log ¢ — 1961256 log” —8652600 ) A(0, 0,0, 0)

+ (—8652600 + 778734 log q) A3(0,0,0,0) + (—86526007 + 778734 1og q) A4(0,0,0,0)
+ (86526007 + 1384416 log q) A1(0,0,0,0) + (8652600 — 2941884 log q) A2(0,0,0,0)
+ 21631504, 5(0,0,0,0) — 10815754, 3(0, 0, 0,0) — 10815754, 4(0, 0,0, 0)
—1081575A55(0,0,0,0) — 108157545 4(0,0,0,0) + 216315043 4(0, 0,0, ()))q”/2

+ ( (49588007* — 14734727 log g — 269192 log® ¢ — 141680071) A(0, 0,0, 0)

+ (—1416800 + 184184 log q) A3(0,0,0,0) + (—14168007 + 184184 1og q) A4(0,0,0,0)
+ (14168007 4 170016 1og ¢) A1(0,0,0,0) + (14168007 — 538384 log ¢) A5(0,0,0,0)

+ 3542004, 5(0,0,0,0) — 1771004, 3(0,0,0,0) — 177100A, 4(0,0, 0,0)

— 177100423(0,0,0,0) — 177100 A5.4(0,0, 0, 0) + 35420043 4(0, 0, 0, 0))(]19/2

+ ( (3542007* — 137632y log ¢ — 14168 log” ¢ — 1012007, ) A(0,0,0,0)

+ (—101200 + 17204 log q) A3(0,0,0,0) + (—1012007 + 17204 log q) A4(0,0,0,0)

+ (1012007 + 8096 log ¢) A1(0,0,0,0) + (101200 — 42504 log q) A2(0,0,0,0)

+ 253004, 5(0,0,0,0) — 126504, 3(0,0,0,0) — 126504, 4(0,0, 0, 0)

— 1265045,3(0,0,0,0) — 1265045.4(0,0,0,0) + 2530043 4(0, 0,0, 0)>q21/2

+ ( + ((84007* — 40327 1log ¢ — 1841og” ¢ — 240071 ) A(0,0,0,0)

+ (—24007 + 504 1og q) A3(0,0,0,0) + (—24007 + 504 log q) A4(0,0,0,0)

+ (2400 + 961og q) A1(0,0,0,0) + (2400 — 1104 1og q) A2(0,0,0,0)

+ 6004,2(0,0,0,0) — 3004, 5(0,0,0,0) — 3004, 4(0,0,0,0)

—300A423(0,0,0,0) — 300A454(0,0,0,0) + 600A3.4(0, 0,0, O)>q13/2

+ ( (64400~° + 27968 log ¢ — 2024 1og” ¢ — 1840071 ) A(0,0,0,0)
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+ (—184007 — 34961og q) A3(0,0,0,0) + (—18400y — 3496 log q) A4(0,0,0,0)

+ (18400 + 8096 log ¢) A1(0,0,0,0) + (18400 — 1104 1log ¢) A5(0, 0,0, 0)

+ 46004, 5(0,0,0,0) — 23004, 3(0,0,0,0) — 23004, 4(0,0,0,0)
——2300A130L0,0JD——2300Az4ﬂL0,0JD—+4600A&4«L0,Oﬂb)qw2

+ ((148764012~+—510048710g(]——7084010g2q-—-425040qq)14(0,0,0,0)

+ (425040 — 63756 log q) A3(0,0,0,0) + (—425040 — 63756 log q) A4(0,0,0,0)

+ (4250407 + 170016 log q) A1(0,0,0,0) + (425040 — 42504 log ¢) A5(0,0,0,0)

+ 1062604, 2(0,0,0,0) — 531304, 3(0,0,0,0) — 531304, 4(0,0,0,0)
——53130A23UL0,0JD——53130Az4UL0,0JU—+106260A&4«L0,0AD>QW2

+ ((1345960072 + 3384128 log ¢ — 807576 log” ¢ — 38456007, ) A(0, 0,0, 0)

+ (—38456007 — 423016 1og q) A3(0,0,0,0) + (—3845600 — 423016 log q) A4(0,0,0,0)

+ (3845600 + 1384416 log ¢) A1(0,0,0,0) + (3845600 — 538384 log q) A2(0,0,0,0)

+ 9614004, 5(0,0,0,0) — 4807004, 3(0,0,0,0) — 4807004, 4(0, 0, 0,0)
--480700Az>,3(0,0,0,0)--480700./12,4(0,0,0,0)+961400/13,4(0,0,0,0))97/2

- ((57203300qﬂ + 9152528 log ¢ — 3922512 log® ¢ — 16343800 ) A(0, 0,0, 0)

+ (16343800 — 1144066 log q) A3(0,0,0,0) + (—16343800y — 1144066 log q) A4(0,0,0,0)
+ (163438007 + 5230016 log ¢) A;(0,0,0,0) + (16343800 — 2941884 log q) A,(0, 0,0, 0)
+ 40859504, 5(0, 0, 0,0) — 20429754, 5(0, 0, 0,0) — 20429754, 4(0, 0,0, 0)
--2042975Aw(0,0,0,0)--2042975./12,4(0,0,0,0)+408595(»13,4(0,0,0,()))q9/2

+ ( (2872 — 16vlogq — 871) A(0,0,0,0) 4+ (—8vy + 2log q) A3(0,0,0,0)

+ (=87 +2log q) A4(0,0,0,0) + 8yA4,(0,0,0,0) + (8y — 4log q) A2(0,0,0,0) + 24, 5(0,0,0,0)
—Ammﬂﬂﬁ%w%AQan—Ammﬂﬂﬁym%AQQam+QAMmﬂﬁﬂwa
+»(\/§(700q? + 368 log ¢ — 8log® ¢ — 20071) + 8qlog? q(¢'' + 253¢'° + 8855¢°

+100947¢® + 490314¢" + 1144066¢° + 1352078¢° + 817190¢" + 245157¢°
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+33649¢* + 1771q + 23) + 368v(q — 1) log ¢(¢"" + 77¢"* + 1463¢” + 10659¢°
+35530¢" + 58786¢° + 49742¢° + 21318¢" + 4389¢® + 385¢> + 11q + =)

+200 (—@ + 71> (¢ +2q+ 1) (¢ + 90¢° + 1945¢° + 1532047

+ 50690¢° + 73852¢° + 50170¢* 4+ 15640¢> + 1949¢> + 58¢ + §)>A(o, 0,0,0)

+ (\/5(—2007 — 461log q) — 46(q — 1) log q(¢™* + 77¢" + 1463¢° + 10659¢® + 35530¢"
+ 58786¢° + 49742¢° + 21318¢* + 4389¢” + 385¢* + 11g + 55)

+2007 (¢° + 2g + 1) (¢"° + 90¢° + 1945¢° + 15320¢" + 50690¢° + 73852¢” + 50170¢"
+15640¢° + 1949¢° + 58q + 1) ) 45(0,0,0,0)

+ (\/a(—2007 —46logq) — 46(q — 1)logq(q"" + 77¢"" + 1463¢” + 10659¢° + 355304"
+ 58786¢° + 49742¢° + 21318¢" + 4389¢” + 385¢° + 11q + 35)

+2007 (¢* +2¢ + 1) (¢" +90¢° + 1945¢° + 153204"

+ 50690¢° + 73852¢° + 50170¢* 4+ 15640¢> + 1949¢* + 58¢ + §)>A4(0, 0,0,0)

+ (\/5(2007 +961og q) — 4log q(q* + 28¢” + 70¢° + 28¢ + 1) (¢® + 248¢" + 361¢°
+16072¢° + 25670¢" + 16072¢" + 3612¢> + 248¢ + 1)

—2007(¢” + 2 + £)(¢"° + 90¢” + 1945¢° + 15320¢" 4 506904°

+ 73852¢° + 50170¢* + 15640¢> + 1949¢> + 58¢ + %))Al(o, 0,0,0)

+ (\/21(2007 — 4log q) +961og q(¢* + 3¢)(q + 3)(¢° + 6+ 1)(g + 1)(¢" + 60¢° + 134¢”
+60g + 1)(¢” + 14q + 1) — 2007(¢” + 2 + £)(¢"" + 90¢” + 1945¢° + 15320¢" + 50690¢°
+ 73852¢° + 50170¢* + 15640¢> + 1949¢> + 58¢ + %))Ag(o, 0,0,0)

— 50(A1,2(0,0,0,0) — 14, 3(0,0,0,0) — £ A;4(0,0,0,0) — £ 4,5(0,0,0,0)
—1454(0,0,0,0) + A34(0,0,0,0))(¢"* + 92¢"" + 19626410 1+ 19228¢" + 81719¢° + 1782964"

+208012¢° + 98152 ¢° 4+ 43263¢" + 7084¢” + 506¢” + 12 — \/q + %))

1
¢ = o8 q <((—67396 log® ¢ — 7795207 log? ¢

12(—¢3? =3,/ + 3¢+ 1)* (Vg — 1)*(¢ — 2\/g + 1)
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+ (105722407* — 30206407, ) log ¢ — 28998144~ + 483302407, + 48330247,) A(0, 0,0, 0)
+ (—16915584+2 + 3020640 log ¢ — 97440 log? q + 4833024,)A,(0,0,0,0)

+ (—1691558442 + 3020640 log ¢ — 97440 log? q + 4833024,)A5(0,0, 0, 0)

+ (16915584~% — 3020640~ log ¢ + 97440 log® ¢ — 4833024~,)As3(0, 0,0, 0)

+ (169155842 — 3020640 log ¢ + 97440 log? ¢ — 4833024+y,)A4(0,0,0,0)

+ (96660487 + 755160 log q) A12(0,0, 0, 0) 4 (4833024~ — 377580 log ¢) A, 5(0,0,0,0)
+ (4833024~ — 377580 log q) A1.4(0,0, 0,0) 4 (4833024~ — 377580 log ¢) A2.5(0,0, 0,0)
+ (4833024~ — 377580 1og q) A2.4(0,0,0,0) + (—9666048 + 755160 log ¢) A3 4(0, 0, 0, 0)
+20137641,1,1(0,0,0,0) — 6041284, 1 »(0,0,0,0) — 6041284, 55(0,0,0,0)

+ 1208256 A1 5,3(0,0,0,0) + 1208256 A; 54(0, 0,0,0) — 12082564, 54(0,0,0,0)

+ 201376 455(0,0,0,0) — 120825645 3.4(0,0, 0,0) — 201376 A3 3 3(0, 0,0, 0)

+ 604128 A3.3.4(0,0,0,0) + 604128 A3 4.4(0,0,0,0) — 201376 A4 4.4(0, 0, 0, 0))q5/2

+ ((—268872 +961og gy + T6871)1/@ + 24q(q + 1)(¢? + 14 + 1)(¢* + 44¢° + 166¢?

+ 44q + 1)(¢® + 37647 + 4380¢° + 159444° + 241344¢" + 15944¢® + 43804¢° + 3764 + 1) log ¢
— 96q7(q"® + 465¢"* + 31465¢™ + 736281¢? + 7888725¢" 1 + 443521654

+ 141120525¢° + 265182525¢° + 300540195¢" + 206253075¢° + 84672315¢°
+20160075¢* + 2629575¢° 4+ 169911¢* + 4495¢ + 31) log q + 84(¢*® + 496¢*°

+ 359604 + 906192¢™ + 105183004 4 645122404"" + 2257928404

+ 471435600¢° + 601080390¢° + 471435600¢" + 225792840¢° + 645122404°

4 10518300¢* 4 906192¢° + 359604 + 496q + 1)(7* — 2—;1)>A2(0, 0,0,0)

+ ((—665028log ¢ — 273611527 log® ¢ + (24739041672 — 70682976, ) log q

— 484683264~ + 80780544077, + 80780544,)A(0,0,0,0) + (—282731904~2

+ 706829767 log ¢ — 3420144 1og ¢* + 807805447,)A1(0,0,0,0) + (—282731904~2

+ 70682976 log ¢y — 3420144 log ¢* + 807805447, ) A5(0, 0,0, 0) + (282731904~
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— 70682976 log gy + 3420144 log? ¢ — 80780544~,) A5(0,0,0,0) + (282731904~>

— 70682976 log ¢ 4 3420144 log? ¢ — 80780544~,) A4(0,0,0,0)

+ (—1615610887 + 17670744 log q) A1.5(0, 0,0, 0)

+ (80780544~ — 8835372 1og q) A1.3(0,0,0,0) + (80780544~ — 88353721og ¢) A 4(0,0,0,0)
+ (80780544~ — 8835372 log q) A2.3(0,0,0,0) + (80780544 — 8835372 log q) A2.4(0,0, 0,0)
+ (—1615610887 + 17670744 log q) A5 4(0, 0, 0,0)

+ 3365856 A1,1,1(0,0,0,0) — 10097568 A1 1 2(0, 0,0,0) — 10097568 41 2 2A(0, 0, 0, 0)

+ 2019513641 2.5(0,0,0,0) 4+ 2019513641 54(0, 0,0,0) — 20195136 A; 3.4(0, 0,0, 0)

+ 3365856 49.9.5(0,0,0,0) — 201951361,3.4(0, 0,0, 0) — 3365856 A3 5.5(0, 0,0, 0)

+ 10097568 A3 54(0,0,0,0) + 10097568 A3.4.4(0, 0,0, 0) — 3365856 A4 4.4(0,0, 0, 0))q7/2

+ ((51370020 log® ¢ — 3908736007 log? ¢ + (88353720072 — 252439200, ) log ¢

— 484683264~° + 807805440vy; + 8078054472) A(0,0,0,0)

+ (—282731904~% + 2524392007 log ¢ — 48859200 log® ¢ + 80780544~,)A;(0, 0,0, 0)
+ (—282731904~% + 2524392007 log ¢ — 48859200 log? ¢ + 80780544~,)A5(0,0,0,0)
+ (282731904~% — 2524392007 log q + 48859200 log? ¢ — 80780544~,) A5(0, 0, 0,0)
+ (282731904~% — 2524392007 log q + 48859200 log? ¢ — 80780544~,) A4(0,0,0,0)
+ (—1615610887 + 63109800 log ¢) A1.5(0, 0,0, 0)

+ (80780544 — 31554900 log q) Ay 5(0,0, 0,0)

+ (80780544 — 31554900 log ¢) A, 4(0, 0, 0,0)

+ (80780544 — 31554900 log q) A5 5(0, 0, 0,0)

+ (80780544 — 31554900 log q) A5 4(0, 0, 0,0)

+ (—1615610887 + 63109800 log q) A3.4(0, 0,0, 0)

+3365856A41.1.1(0,0,0,0) — 1009756841 15(0,0,0,0) — 100975684, 55(0,0, 0,0)

+ 201951364, 5.5(0,0,0,0) + 201951364, 5,4(0, 0,0,0) — 201951364, 5,4(0, 0, 0,0)

+ 3365856 A2,,2(0,0,0,0) — 2019513645 5,4(0, 0,0, 0) — 3365856 As.5.5(0, 0,0, 0)
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+ 10097568 A3.3.4(0, 0,0,0) + 10097568 A3 4.4(0,0, 0, 0) — 3365856 44 4.4(0, 0, 0, O)>q25/ 2

+ ((—1476 log® ¢ — 57607 1log? q + (156240~> — 44640,) — 714240~ 4 1190400y,

4 119040v,) A(0, 0,0, 0) + (—4166407> + 44640~ — 7201og? ¢ + 1190407,)A,(0, 0,0, 0)

+ (—41664072 + 446407y — 7201og? ¢ 4+ 1190407,)A4(0,0, 0, 0)

+ (4166407* — 446407 + 7201og” ¢ — 1190407,) A3(0,0, 0, 0)

+ (4166407* — 446407 + 7201og” ¢ — 1190407,) A4(0,0, 0, 0)

+ (—238080 4 11160) A; 5(0, 0,0, 0) + (1190407 — 5580) A, 5(0, 0,0, 0)

+ (119040 — 5580) A, 4(0,0,0,0) + (1190407 — 5580) A5 5(0, 0, 0,0)

+ (119040 — 5580) A3.4(0,0, 0,0) + (—238080 + 11160) A3 4(0, 0,0, 0) + 49604, 11(0,0,0,0)
— 148804,12(0,0,0,0) — 148804, 5(0,0,0,0) + 297604, 2.3(0,0,0,0) + 297604, 54(0,0, 0,0)
— 297604, 5,4(0,0,0,0) + 49604554(0,0,0,0) — 2976045 3.4(0,0, 0,0) — 4960 A5 5 3(0, 0,0, 0)
+ 1488043 3.4(0,0,0,0) + 14880A34.4(0,0,0,0) — 49604, 4.4(0, 0,0, 0)>q3/2

+ ((932 log® ¢ — 57607 1og” ¢ + (104167* — 2976, ) log ¢ — 4608~*

+ 7680771 + 7687v2) A(0, 0,0, 0)

+ (—268872 + 29767 — 7201og? ¢ + 76871)A1(0, 0,0, 0)

+ (—268872 + 29767 — 7201og? ¢ + 76871) A3(0, 0,0, 0)

+ (2688+* — 29767 4 7201log” ¢ — 768v,)As3(0,0,0,0)

+ (2688y* — 29767 4 7201log® ¢ — 76871)A4(0,0,0,0)

+ (—15367 + 744) A1 5(0,0,0,0) + (7687 — 372) A1.3(0,0,0,0)

+ (768y — 372) A1 4(0,0,0,0) + (7687 — 372) A23(0,0,0,0)

+ (768 — 372) A5.4(0,0,0,0) + (—15367 + 744) A3 4(0,0,0,0)

+324,11(0,0,0,0) — 964, 1 5(0,0,0,0) — 964, 22(0,0,0,0) + 1924, »3(0,0,0,0)
+192A154(0,0,0,0) — 1924, 3.4(0,0,0,0) + 324522(0,0,0,0) — 19245 5,4(0,0,0,0)

—32A4333(0,0,0,0) + 96A334(0,0,0,0) + 96A344(0,0,0,0) — 324, 4.4(0,0,0, 0)>q31/2
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+ ((—15367 +24),/q — 24q(g"® + 465¢"* + 31465¢"* + 736281¢"* + 7888725¢"!

+ 44352165¢'° + 141120525¢° + 265182525¢° + 300540195¢" + 206253075¢°

+ 84672315¢° + 20160075¢* + 2629575¢> + 169911¢* + 4495q + 31) + 48+(q"

+ 496¢"° + 35960¢** + 906192¢'* + 1051830042 + 645122404¢* + 2257928404*°

+ 471435600¢° + 601080390¢° + 471435600¢" + 225792840¢° + 645122404¢°
+10518300¢" + 906192¢> + 35960q¢” + 496¢ + 1)) A3 4(0,0,0,0)

- ((7687 — 12)/q + 12q(q"® + 465¢"* + 31465¢"* + 736281¢'? + 7888725¢"

+ 44352165¢'° + 141120525¢° + 265182525¢° + 300540195¢" + 206253075¢°

+ 84672315¢” 4+ 20160075¢" + 2629575¢° + 169911¢* + 4495q + 31) — 24+(q"°

4 496¢"° + 35960¢™* 4 906192¢"® 4 10518300¢'% + 645122404 + 2257928404

+ 471435600¢° + 601080390¢° + 471435600¢" + 225792840¢° + 645122404°

+ 105183004¢* 4 906192¢> + 35960¢> 4 496¢ + 1)>A2,4(0, 0,0,0)

- ((3880548 log® ¢ — 273611527 log? ¢ + (570900967% — 16311456,)

— 28998144~ + 4833024077, + 483302473) A(0,0,0,0) + (—16915584~ + 16311456
— 3420144 log? q + 4833024,)A1(0,0,0,0) + (—16915584~% + 16311456y — 3420144 1og” ¢
4 4833024,) A5(0,0,0,0) + (16915584~ — 16311456+ + 3420144 log® ¢

— 48330247,) A5(0,0,0,0) + (169155847% — 16311456 + 3420144 log? ¢

— 48330247,) A4(0,0,0,0) + (—9666048y + 4077864) A1 (0,0, 0, 0)

4 (4833024 — 2038932) A; 5(0, 0,0, 0) 4 (4833024 — 2038932) A, 4(0, 0,0, 0)

+ (48330247 — 2038932) A2,3(0, 0,0, 0) + (4833024 — 2038932) A, 4(0, 0,0, 0)

+ (—96660487 + 4077864) A3,4(0, 0,0, 0) + 201376 411.1(0,0,0,0) — 6041284, 1 5(0,0,0,0)
— 6041284 55(0,0,0,0) + 1208256 A1 23(0, 0,0, 0) + 1208256 41 2.4(0, 0,0, 0)

— 12082564, 34(0,0,0,0) 4+ 201376 A222(0, 0,0, 0) — 1208256 A5 34(0, 0, 0,0)

— 201376A45.35(0,0,0,0) + 60412845 5.4(0, 0,0, 0) + 604128 43 4.4(0, 0, 0, 0)

1)



201376 A44.4.4(0,0,0, 0)) e

+ ((97288620 log® ¢ — 2746972800 log? ¢ + (14902327440~% — 4257807840,)

— 18579525120~* 4 3096587520071 4+ 309658752072)A(0, 0,0, 0)

+ (—108380563207% 4 4257807840~ — 343371600 log? ¢ + 3096587520, ) A4 (0,0, 0,0)

+ (—108380563207% 4 4257807840~ — 343371600 log? ¢ + 3096587520, ) A4 (0,0, 0,0)

+ (10838056320~* — 4257807840 + 343371600 log? ¢ — 30965875207, ) A5(0, 0,0, 0)

+ (10838056320~ — 4257807840 + 343371600 log? ¢ — 309658752071) A4(0,0,0,0)

+ (—61931750407 + 1064451960) A, 5(0,0, 0, 0) + (30965875207 — 532225980) A, 3(0, 0,0,0)
+ (30965875207 — 532225980) A 4(0,0, 0, 0) + (30965875207 — 532225980) A, 3(0, 0, 0,0)
+ (30965875207 — 532225980) A.4(0,0,0,0) + (—61931750407 + 1064451960) A3 4(0, 0, 0,0)
+ 1290244804, 1,1 (0,0,0,0) — 3870734404, 1 5(0, 0,0, 0) — 3870734404, 55(0,0,0,0)

+ 77414688041 5.3(0,0,0,0) + 77414688041 5,4(0,0,0,0) — 7741468804, 3,4(0,0,0,0)

+ 129024480 A9.95(0,0,0,0) — 774146880 A2.3.4(0, 0,0, 0) — 129024480 A3 3 3(0, 0,0, 0)

+ 387073440 A35.5.4(0,0,0,0) + 387073440 A5 44(0,0, 0,0) — 12902448044 44(0, 0,0, 0)) qt?
+ ((4275180 log® ¢ — 390873600 log? ¢ + (26506116007% — 757317600, ) — 4039027200~*
+ 673171200077, + 67317120072)A(0,0,0,0)

+ (235609920072 + 757317600y — 48859200 log? ¢ + 673171200, ) A, (0, 0,0, 0)

+ (—235609920072 + 757317600y — 48859200 log? ¢ + 6731712007, )A(0,0,0,0)

+ (235609920072 — 757317600 + 48859200 log? ¢ — 6731712007, )A3(0,0,0,0)

+ (235609920072 — 7573176007 + 48859200 log? ¢ — 673171200, ) A4(0, 0,0, 0)

+ (—13463424007 + 189329400) A, 5(0, 0,0, 0) 4 (673171200 — 94664700) A 5(0,0, 0,0)
+ (6731712007 — 94664700) A, 4(0,0,0,0) + (6731712007 — 94664700) A5 5(0,0,0,0)

+ (673171200 — 94664700) A2 4(0,0,0,0) + (—13463424007 + 189329400) A5 4(0, 0, 0,0)

+ 28048800411 (0,0,0,0) — 8414640041 1 5(0,0,0,0) — 8414640041 5.5(0, 0,0, 0)
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+ 1682928004, 53(0, 0, 0,0) + 1682928004, 54(0,0, 0,0) — 1682928004, 5,4(0, 0, 0,0)

+ 28048800 45.55(0,0,0,0) — 16829280045 54(0,0,0,0) — 2804880045 5 5(0, 0,0, 0)

+ 84146400 A3.3 4(0,0,0,0) + 8414640043 44(0,0,0,0) — 28048800 A4.44(0, 0,0, 0)) ¢°?

+ ((—268872 + 967 + 76871)1/q + 24q(q + 1)(¢* + 14q + 1)(¢* + 44¢> + 166¢> + 44q + 1)
x (¢® + 376¢" + 43804¢° + 15944¢° + 24134¢" + 15944¢> + 4380¢> + 376¢ + 1) log® ¢

— 96q7(q"® + 465¢"* + 31465¢" + 736281¢"* + 7888725¢"! + 44352165¢'° + 141120525¢°
+ 265182525¢° + 300540195¢" 4 206253075¢° + 84672315¢° + 20160075¢* + 2629575¢°

4+ 169911¢> + 4495 + 31) + 84(q'® + 4964"° + 35960¢'* + 906192¢"* + 1051830042

+ 64512240¢"" + 22579284040 + 471435600¢” + 601080390¢° + 471435600¢" + 2257928404°
+ 64512240¢° + 10518300¢* + 906192¢> + 35960¢* + 496¢ + 1)(7* — 2%)) A1(0,0,0,0)

+ ((268872 — 96 — 76871)v/q — 24q(q + 1)(¢* + 14q + 1)(¢"* + 44¢° + 166¢> + 44q + 1)

x (¢® + 376q" + 4380¢5 + 15944¢° + 24134q" + 15944¢> + 4380¢> + 376¢ + 1) log? ¢

+ 96¢7(q*® + 465¢** + 31465¢" 4 736281¢'? 4 7888725¢"" + 44352165¢"° + 141120525¢°
+ 265182525¢° + 3005401957 + 206253075¢° + 84672315¢° + 20160075¢* 4 2629575¢°
+169911¢° + 4495q + 31) — 84(q'® + 496¢™° + 35960¢™* + 906192¢"* + 105183004">

+ 64512240¢"" + 22579284040 4 471435600¢° + 601080390¢° + 471435600¢" + 225792840¢°
+ 645122404¢° 4 10518300¢* 4+ 906192¢° + 359604 + 496¢ + 1)(7* — 2%))/13(0, 0,0,0)

+ ((7687 — 12)y/q + 12q(q"® + 465¢™* + 31465¢" + 736281¢"* + 7888725¢"

+ 44352165¢"° + 141120525¢° + 265182525¢° + 300540195¢" + 206253075¢° 4 84672315¢°
4 20160075¢* 4 2629575¢% + 169911¢* + 4495q + 31) — 24~(¢'® + 4964 + 359604
+906192¢" + 10518300¢"% + 64512240¢™ + 225792840¢"° + 4714356004 + 601080390¢"
+ 471435600¢" + 2257928404° + 64512240¢° + 10518300¢* + 906192¢° + 359604>

+ 4964 + 1)>A273(0, 0,0,0)

+ ((571765740 log® ¢ — 10488441600 log? ¢ + (47416496400~ — 13547570400, )
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— 50021798400~* 4 8336966400071 4+ 833696640072)A(0, 0,0, 0)

+ (—29179382400~° + 135475704007 — 1311055200 log? ¢ + 83369664007,)A; (0,0, 0, 0)

+ (—291793824007% 4 13547570400y — 1311055200 log? ¢ + 8336966400, ) A4 (0,0, 0,0)

+ (29179382400~* — 135475704007 + 1311055200 log? ¢ — 8336966400, )A3(0, 0, 0,0)

+ (29179382400~ — 135475704007 + 1311055200 log? ¢ — 83369664007, A4(0,0,0,0)

+ (—16673932800 + 3386892600) A; 5(0, 0,0, 0) + (8336966400 — 1693446300) A4, 5(0,0,0,0)
+ (8336966400 — 1693446300) A; 4(0,0,0,0) + (83369664007 — 1693446300) A 3(0, 0, 0, 0)
+ (83369664007 — 1693446300) A, 4(0, 0, 0,0) + (—166739328007 + 3386892600) A3 4(0, 0,0, 0)
+ 347373600A1,1,1 (0,0, 0,0) — 10421208004, 1 2(0,0,0,0) — 10421208004 2,5(0, 0, 0,0)

+ 20842416004, 2.3(0,0,0,0) + 20842416004, 54(0,0,0,0) — 20842416004, 3,4(0, 0,0,0)

+ 347373600 A,.95(0,0,0,0) — 208424160045 5 4(0,0,0,0) — 34737360045 5 5(0, 0,0, 0)

+ 1042120800433 4(0, 0, 0,0) + 1042120800 A3 4 4(0,0, 0, 0) — 347373600A4 4.4(0, 0, 0, ()))q13/2
+ ((—4log3 q + (3369% — 9671) — 46087 + 76807, + 76872)1/q — 32q(¢"® + 819/2¢™

+ 24157¢" + 973791 /2¢"* + 4427865¢™" + 41490735/2¢" + 53716845¢° + 159109515 /24¢°

+ 67863915¢" 4 65202585 /2¢° + 8194095¢° + 1690845 /2¢" — 16965¢> — 16443 /24

—377q — 7/2)log® ¢ + 192qy(q + 1)(¢* + 14q + 1)(¢" + 44¢> + 166¢> + 44q + 1)(¢® + 3764"
+ 4380¢° + 15944¢° + 24134¢" + 15944¢> + 4380¢> 4 376¢ + 1) log® ¢ — 3364¢(q"® + 465¢™*

+ 31465¢" + 736281¢"* + 7888725¢ + 44352165¢™° + 141120525¢” + 265182525¢°

+ 300540195¢" + 206253075¢° + 84672315¢° + 20160075¢* + 2629575¢° 4+ 169911¢>

+4495q + 31)(v* — 21) + 144(y* — 228 — 22)(¢'% + 4964¢'° + 35960¢"* + 906192¢"°

+ 10518300¢"% + 645122404 + 225792840¢'° + 471435600¢° + 601080390¢® + 471435600¢"
4 225792840¢° + 64512240¢° + 10518300¢* + 906192¢* + 35960¢> + 4964 + 1)>A(0, 0,0,0)

+ ((7687 —12)/q + 12q(q"® + 465¢™* + 31465¢"* + 736281¢' + 7888725¢"" + 44352165¢™°

+ 141120525¢" + 265182525¢° 4 300540195¢" + 206253075¢° + 84672315¢° + 20160075¢*
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4 2629575¢% + 169911¢* + 4495 + 31) — 24~(¢*® + 496" + 35960¢** + 906192¢*

+ 10518300¢"% + 645122404 + 225792840¢'° + 471435600¢° + 601080390¢° + 471435600¢"
4*225792840q6%*64512240q54710518300q4%7906192q3%735960q2%*496q4k1)>fh¢d0,0,0,0)
+—((162189054010g3q——22993891200710g2q—+(8910132840072——2545752240071)

— 814640716807° + 1357734528001 + 1357734528072) A(0, 0,0, 0)

+ (—475207084807% 4 254575224007 — 2874236400 log? ¢ + 1357734528071 ) A4 (0,0, 0,0)

+ (—47520708480~ + 254575224007 — 2874236400 log? ¢ + 13577345280, ) A5(0, 0,0, 0)

+ (47520708480~ — 254575224007 + 2874236400 log? ¢ — 135773452801 ) As3(0,0,0,0)

+ (47520708480~ — 254575224007 + 2874236400 log? ¢ — 135773452801 ) A4(0,0,0,0)

+ (271546905607 + 6364380600) A, 2(0,0,0,0)

+ (13577345280 — 3182190300) A, 5(0, 0,0,0)

+ (13577345280 — 3182190300) A, 4(0, 0,0,0)

+ (13577345280 — 3182190300) A2 3(0, 0,0,0)

+ (13577345280 — 3182190300) A5 4(0,0, 0, 0)

+ (—27154690560 + 6364380600) A3 4(0, 0,0, 0)

+ 5657227204, 11(0,0,0,0) — 16971681604, 15(0,0,0,0) — 16971681604, 5(0, 0, 0,0)

+ 339433632041 2.3(0, 0,0, 0) + 3394336320 A1 2.4(0,0, 0,0) — 33943363204 3.4(0,0, 0,0)

+ 56572272045 22(0,0,0,0) — 3394336320 A42,5.4(0, 0, 0,0) — 565722720 A5 5 5(0, 0, 0,0)
%—1697168160A33A(0,0,0,0)%—1697168160z{i¢4UL0,0,O)——565722720A4AA(0,0,O,O))q“VZ
+—((768q/—»12)V&i+-12q(q15+—465q144—31465q134—736281q124—7888725q11+—44352165q10
+ 141120525¢" + 265182525¢° 4 300540195¢" + 206253075¢° 4 84672315¢° + 20160075¢*

4 2629575¢% + 169911¢> + 4495q + 31) — 24~(¢'® + 4964 + 35960¢** + 906192¢*3

4 10518300¢'% + 645122404 + 2257928404¢'° + 4714356004¢° 4 601080390¢°

+ 47143560047 + 225792840¢° + 64512240¢° + 105183004
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+906192¢° + 35960¢> + 496q + 1))14173(0, 0,0,0)

+ ((268872 — 96 — 76871)v/q — 24q(q + 1)(¢* + 14q + 1)(¢"* + 44¢° + 166¢> + 44q + 1)
x (¢® + 376q" + 4380¢5 + 15944¢° 4 241344 + 15944¢> + 4380¢> + 376¢ + 1) log? ¢

+ 96¢7(q*® + 465¢™* + 31465¢™ 4 736281¢™? 4 7888725¢"" + 44352165¢"° + 141120525¢°
+ 265182525¢° + 300540195¢" 4 206253075¢° + 84672315¢° + 20160075¢* + 2629575¢°
4+ 169911¢% 4 4495¢ + 31) — 84(q"'® 4 4964¢" + 35960¢™* + 906192¢"* 4 10518300¢*2

+ 64512240¢"" + 2257928404 4 471435600¢° + 601080390¢° + 471435600¢" + 225792840¢°
+ 645122404¢° 4 10518300¢* 4+ 906192¢° + 359604¢° 4 496¢ + 1)(7* — 2%))/14(0, 0,0,0)
+ ((331405620 log® ¢ — 27469728007 log? ¢ + (6773785200~* — 1935367200, )

— 40390272007 + 6731712000771 + 67317120072)A(0, 0,0, 0)

+ (—235609920072 + 1935367200 — 343371600 log? ¢ + 673171200,)A;(0,0,0,0)

+ (—235609920072 + 1935367200y — 343371600 log? ¢ 4+ 6731712007,) A5(0,0,0,0)

+ (235609920072 — 19353672007 4 343371600 log? ¢ — 673171200, )As5(0, 0,0, 0)

+ (235609920072 — 1935367200 log ¢y + 343371600 log? ¢ — 6731712007,)A4(0,0,0,0)
+ (—13463424007 + 483841800 log ¢) A1 2(0, 0,0, 0)

+ (6731712007 — 2419209001og ¢) A, 5(0, 0,0, 0)

+ (6731712007 — 241920900 1og ¢) A, 4(0, 0,0, 0)

+ (6731712007 — 241920900 log ¢) A3 5(0, 0,0, 0)

+ (6731712007 — 241920900 log ¢) A3 4(0, 0,0, 0)

+ (—13463424007 + 48384180010g ¢) A5 4(0, 0,0, 0)

+ 280488004, 1 1(0,0,0,0) — 841464004, 15(0,0,0,0) — 841464004, 55(0,0,0,0)

+ 16829280041 53(0, 0, 0,0) + 1682928004, 54(0, 0,0, 0) — 1682928004, 3,4(0,0,0,0)

+ 28048800 45.55(0,0,0,0) — 16829280045.3.4(0,0,0,0) — 2804880045 5 5(0,0, 0,0)

+ 84146400 A3.3.4(0,0,0,0) + 8414640043 4.4(0,0, 0, 0) — 28048800 A4.4.4(0, 0,0, 0)) ¢
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+ ((—15367 + 241og q)\/q — 24q(q"® + 465¢"* + 31465¢"® + 736281¢' + 7888725¢™

+ 44352165¢"° + 141120525¢" + 265182525¢° + 300540195¢" + 206253075¢° 4 84672315¢°
+20160075¢* 4 2629575¢° + 169911¢* + 4495¢ + 31) log g

+ 487v(q*® + 4964¢" 4 359604 + 906192¢* + 105183004 4 645122404"" + 2257928404
+ 471435600¢” + 601080390¢® + 471435600¢" + 2257928404°

+ 64512240¢° + 10518300¢* + 906192¢> + 35960¢> + 496¢ + 1)) A15(0,0,0,0)

+ ((1147173300 log® ¢ — 10488441600 log? ¢ + (28449897840~ — 8128542240, ) log ¢

— 18579525120~* 4 3096587520071 4+ 309658752072)A(0, 0, 0, 0)

+ (—108380563207% 4 8128542240 log ¢y — 1311055200 log? ¢ + 309658752071 ) A4 (0,0, 0,0)
+ (—10838056320% 4 8128542240 log ¢y — 1311055200 log? ¢ + 30965875207, )A2(0,0,0,0)
+ (10838056320v* — 8128542240 log ¢y + 1311055200 log? ¢ — 3096587520, ) A3(0, 0,0, 0)
+ (10838056320v* — 8128542240 log ¢y + 1311055200 log? ¢ — 3096587520, ) A4(0, 0,0, 0)
+ (—6193175040~ + 2032135560 log ¢) A1 5(0, 0, 0,0)

+ (3096587520 — 1016067780 log ¢) A, 5(0,0,0,0)

+ (3096587520 — 1016067780 log ¢) A1 4(0,0,0,0)
+ (30965875207 — 1016067780 log q) A 3(0, 0, 0, 0)
+ (30965875207 — 1016067780 log q) A5 4(0, 0, 0,0)
+ (—6193175040~ + 2032135560 log ¢) A3.4(0, 0, 0,0)

+ 129024480A1,1,1(0,0,0,0) — 38707344041 1 (0, 0,0,0) — 3870734404, 25(0, 0,0,0)

+ 77414688041 2,3(0,0,0,0) 4+ 77414688041 24(0,0,0,0) — 7741468804, 54(0,0, 0, 0)
+129024480A45,22(0,0,0,0) — 774146880 A45,3.4(0,0,0,0) — 12902448045 5 3(0,0, 0, 0)

+ 38707344045 3.4(0,0, 0, 0) + 387073440 A3 4 4(0,0,0,0) — 129024480 A4 4.4(0, 0, 0, 0)) g2
+ ((2240839860 log® ¢ — 229938912007 log? ¢ + (693010332002 — 198002952007, ) log ¢

— 500217984007° + 8336966400071 + 833696640072) A(0, 0, 0, 0)
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+ (—29179382400~° + 19800295200 log ¢y — 2874236400 log? ¢ + 8336966400, ) A, (0, 0,0, 0)
+ (29179382400~ + 19800295200 log ¢y — 2874236400 log? ¢ + 8336966400, ) A5 (0, 0,0, 0)
+ (29179382400~ — 19800295200 log ¢y + 2874236400 log® ¢ — 8336966400, ) A3(0, 0,0, 0)
+ (29179382400~ — 19800295200 log gy + 2874236400 log® ¢ — 8336966400, A4(0, 0,0, 0)
+ (—16673932800~ + 4950073800 log ¢) A; 2(0, 0,0, 0)

+ (8336966400 — 2475036900 log ¢) A1 3(0, 0,0,0)

+ (8336966400 — 2475036900 log ¢) A, 4(0,0,0,0)

+ (8336966400 — 2475036900 log ¢) A2 5(0,0, 0,0)

+ (8336966400 — 2475036900 log ¢) A5.4(0,0, 0,0)

+ (—16673932800 + 4950073800 log ¢) A3 4(0, 0,0, 0)

+ 347373600A, 1 1(0,0,0,0) — 10421208004 1 (0, 0,0, 0) — 10421208004, 2.5(0,0, 0, 0)

+ 20842416004, 2.3(0,0, 0,0) + 20842416004, 2 4(0,0, 0,0) — 20842416004, 5 4(0,0, 0,0)

+ 347373600A2,2,2(0, 0, 0,0) — 2084241600453 4(0,0,0,0) — 34737360045 5.5(0,0,0,0)

+ 1042120800 A3.3.4(0, 0, 0,0) + 1042120800 A3 4 4(0,0, 0, 0) — 347373600A4 4.4(0, 0, 0, 0)>q19/2
+ ((2520659700 log® g — 29782563840 log” ¢ + (100981505520~ — 288518587207,) log ¢

— 81464071680~° + 1357734528007, + 1357734528072) A(0,0,0,0)

+ (—47520708480~ + 28851858720 log ¢y — 3722820480 log® ¢ + 135773452807,)A4,(0,0,0,0)
+ (—47520708480~7 + 28851858720 log ¢y — 3722820480 log® ¢ + 135773452807,) A5(0,0,0,0)
+ (47520708480~ — 28851858720 log ¢y + 3722820480 log? ¢ — 135773452807,)A3(0, 0,0,0)
+ (47520708480~ — 28851858720 log ¢y + 3722820480 log® ¢ — 135773452807,)A4(0,0,0,0)
+ (—27154690560 4 7212964680 log ¢) A1 2(0, 0,0, 0)

+ (13577345280~ — 3606482340 log q) A, 3(0, 0,0, 0)

+ (13577345280 — 3606482340 log ¢) A; 4(0, 0,0, 0)

+ (13577345280 — 3606482340 log q) A2 3(0, 0,0, 0)

+ (13577345280 — 3606482340 log ¢) A2.4(0, 0,0, 0)
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+ (—27154690560 4 7212964680 log ¢) As.4(0, 0,0, 0)

+ 5657227204, 11(0,0,0,0) — 16971681604, 15(0,0,0,0) — 16971681604, 5(0,0, 0,0)

+ 339433632041 2.3(0, 0,0, 0) + 3394336320 A1 2.4(0,0,0,0) — 33943363204 3.4(0,0,0,0)

+ 565722720 A5.55(0, 0,0, 0) — 3394336320A45,3.4(0,0,0,0) — 565722720 A5 5 5(0, 0,0, 0)

+ 1697168160A43.3.4(0,0,0,0) 4+ 1697168160 A43.4.4(0,0, 0,0) — 565722720 A4,4.4(0, 0,0, 0))q17/2
+ ((118436 log® ¢ — 7795207 log? ¢ + (151032072 — 4315207,) log ¢

— 7142407* 4+ 1190400771 + 11904072)A(0, 0,0, 0)

+ (—41664072 + 431520 log ¢y — 97440 1og? ¢ + 1190407, ) A1 (0,0, 0,0)

+ (—41664072 + 431520 log ¢y — 974401og? ¢ + 11904071 ) A5(0,0,0,0)

+ (4166407* — 431520 log ¢y + 97440 1log” ¢ — 1190407,) A3(0,0, 0, 0)

+ (416640~ — 431520 log gy 4 97440 log? ¢ — 119040, ) A4(0, 0,0, 0)

+ (—2380807 + 1078801log q) A1 2(0, 0,0,0)

+ (1190407 — 53940 log q) A, 5(0, 0, 0,0)

+ (1190407 — 53940 log q) A1 4(0,0,0,0)
+ (1190407 — 53940 log q) A5 5(0, 0, 0,0)

+ (1190407 — 53940 log q) A5 4(0, 0, 0,0)

+ (—238080 4 107880 1og ¢) A5 4(0, 0,0, 0)

+4960A1,1,1(0,0,0,0) — 1488041 2(0,0,0,0) — 148804, 22(0,0,0,0)

+ 297604, 55(0,0,0,0) + 297604, 5,4(0,0,0,0) — 297604, 5 4(0,0,0,0)
+496045,2.5(0,0,0,0) — 29760 A554(0,0,0,0) — 4960 A3.3.3(0, 0,0,0)

+ 14880A435.5.4(0,0,0,0) 4 14880 A43,4,4(0,0,0,0) — 4960A4,4,4(0,0, 0, 0))(129/2

— (q16 + 496¢* + 35960¢* 4+ 906192¢"® + 10518300¢'% + 645122404 + 2257928404
+ 4714356004° + 601080390¢% + 471435600 + 22579284045 + 645122404°

+10518300¢" + 906192¢> + 359604¢° + 496q — 32./q + 1)

83



X ( — A353(0,0,0,0) + A222(0,0,0,0) —3A;12(0,0,0,0) + 64, 53(0,0,0,0)
+ Al,l,l((), 07 07 O) - 3141,2,2(07 Oa 07 0) + 6A1,2,4(07 07 07 O) - 6141,3,4(07 Oa 07 0)

—6A534(0,0,0,0) +3A4534(0,0,0,0) +3A4344(0,0,0,0) — As.44(0,0,0, 0)))

84



References

[AK14]

[Con+05]

[Con01]

[DFL19]

[DLN]

[HL16]

[KSO00]

[KS99]

J.C. Andrade and J.P. Keating. Conjectures for the integral moments and ratios
of L-functions over function fields. In: Journal of Number Theory 142 (Sept.
2014), pp. 102-148.

J. B. Conrey et al. Integral moments of L-functions. In: Proceedings of the London

Mathematical Society 91.1 (2005), pp. 33-104.

J. Brian Conrey. L-Functions and Random Matrices. In: Mathematics Unlimited
— 2001 and Beyond. Ed. by Bjorn Engquist and Wilfried Schmid. Springer Berlin
Heidelberg, 2001, pp. 331-352.

Chantal David, Alexandra Florea, and Matilde Lalin. The mean values of cubic

L-functions over function fields. 2019. arXiv: 1901.00817.

Chantal David, Mathilde Lalin, and Jungbae Nam. Conjectures for moments

associated with cubic twists of elliptic curves. Submitted for publication.

G. H. Hardy and J. E. Littlewood. Contributions to the theory of the riemann
zeta-function and the theory of the distribution of primes. In: Acta Math. 41
(1916), pp. 119-196.

Jon P Keating and Nina C Snaith. Random matrix theory and ¢ (1/2+ it). In:
Communications in Mathematical Physics 214.1 (2000), pp. 57-89.

Nicholas M. Katz and Peter Sarnak. Zeroes of zeta functions and symmetry. In:

Bulletin of the American Mathematical Society 36 (Feb. 1999), pp. 1-26.

85


https://arxiv.org/abs/1901.00817

[Ros02] M. Rosen. Number Theory in Function Fields. Graduate Texts in Mathematics.
Springer New York, 2002.

[RS96] Zeév Rudnick and Peter Sarnak. Zeros of principal L -functions and random

matrix theory. In: Duke Mathematical Journal 81.2 (1996), pp. 269-322.

86



	List of symbols and notation
	Introduction
	Polynomials over finite fields
	Cubic L-functions over function fields
	Dirichlet characters
	Cubic L-functions over function fields
	Expected value of cubic character sums
	Kummer setting
	Non-Kummer setting


	(k,l)-th moment of cubic L-functions
	Shifted moments
	(k,l)-th moment of cubic L-functions
	Kummer setting
	Non-Kummer setting

	Explicit computation of low-level moments
	Combinatorics of gk,l

	Conjectural formulae for moments
	Explicit computations
	(1,1)-moment
	(2,1)-moment
	(2,2)-moment


