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ABSTRACT

Resource Allocation in Collocated Massive MIMO for 5G and Beyond

Maryam Miriestahbanati

Massive multiuser multiple-input multiple-output (MIMO) systems have been recently introduced
as a promising technology for the next generation of wireless networks. It has been proven that
linear precoders/detectors such as maximum ratio transmitting/maximum ratio combining
(MRT/MRC), zero forcing (ZF), and linear minimum mean square error (LMMSE) on the

downlink (DL)/uplink (UL) transmission can provide near optimal performance in such systems.

Acquiring channel state information (CSI) at the transmitter as well as the receiver is one of
the challenges in multiuser massive MIMO that can affect the network performance. Any data
transmission in multiuser massive MIMO systems starts with the user transmitting UL pilots. The
base station (BS) then uses the MMSE estimation method to accurately estimate the CSI from the
pilot sequences. Since the UL and DL channels are reciprocal in time division duplex (TDD) mode,
the BS employs the obtained CSI to precode the data symbols prior to DL transmission. The users
also need the CSI knowledge to accurately decode the DL signals. Beamforming training (BT)
scheme is one of the methods that is proposed in the literature to provide the CSI knowledge for
the users. In this scheme, the BS precodes and transmits a pilot sequence to the users such that

each user can estimate its effective channel coefficients.

Developing an optimal resource distribution method that enhances the system performance is
another challenging issue in multiuser massive MIMO. As mentioned earlier, CSI acquisition is
one of the requirements of multiuser massive MIMO, and UL pilot transmission is the common
method to achieve that. Conventionally, equal powers have been considered for the pilot
transmission phase and data transmission phase. However, it can be shown that the performance

of the system under this method of power distribution is not optimal.

Therefore, to further improve the performance of multiuser massive MIMO technology,
especially in cases where the antenna elements are not well separated and the propagational

dispersion is low, optimal resource allocation is required. Hence, the main objective of this

iii



M.A.Sc. thesis is to develop an optimal resource allocation among pilot and data symbols to
maximize the spectral efficiency, assuming different receivers such as MRC, ZF, and LMMSE are
employed at the BS. Since the calculation of spectral efficiency using the lower bound on the
achievable rate is computationally very intensive, we first obtain closed-form expressions for the
achievable UL rate of users, assuming the angular domain in the physical channel model is divided
into a finite number of separate directions. An approximate expression for spectral efficiency is
then developed using the aforementioned closed-form rates. Finally, we propose a resource
allocation scheme in which the pilot power, data power, and training duration are optimally chosen

in order to maximize the spectral efficiency in a given total power budget.

Extensive simulations are conducted in MATLAB and the results are presented that illustrate
the notable improvement in the achievable spectral efficiency through the proposed power
allocation scheme. Moreover, the results show that the performance of the proposed method is
much superior when the number of channel directions or the number of antennas at BS increases.
Furthermore, while the advantage of the proposed method is more notable in the case of ZF and
LMMSE receivers, it still outperforms the equal power allocation method for the MRC receiver in

terms of spectral efficiency.
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Chapter 1: INTRODUCTION

Due to the rapid evolution of communication technologies and computers, the life cycle of each
new generation of the cellular network is approximately a decade or less. The primary issue with
the ongoing wireless networks is that they rely on either increasing bandwidth or densifying the
cells to achieve the required throughput. These resources are rare, expensive, and are reaching
their saturation point [1]. Therefore, the fifth generation of wireless networks will emerge soon.
The requirements set for 5G include 100 times higher connected devices and typical user data in
comparison to 4G long term evolution advanced (LTE-A), as well as 10 times lower power
consumption, and 5 times less latency [2]-[4]. Three major complementary technologies identified
to fulfill these requirements of next generation wireless networks are: i) millimeter-wave
(mmWave) spectrum occupancy with the carrier frequency range of 30-300 GHz and high
available bandwidth [5]—[8], ii) massive multiple-input multiple-output (MIMO) technique with
multiple antenna elements at each base station (BS) [9]-[12], and iii) ultra dense networks (UDN5s)

with extreme utilization of infrastructure in the network [13]-[16].

Multiuser massive MIMO 1is one of the enabling technologies for delivering 5G services to
mobile users with mmWave. Moreover, due to the multi-user diversity in massive multiuser
MIMO, the system performance is generally less sensitive to the propagation environment. This
makes the multiuser massive MIMO technology an important part of multiple communication
standards such as LTE, 802.11, and 802.16. As it is shown in Figure 1-1, in such systems, a BS with
a large number of antenna elements serves a number of users in the same time-frequency slot,
results in a huge enhancement in the spatial multiplexing and diversity gain [9]-[12], [17], [18].
Moreover, Massive MIMO has the ability to improve both spectral and energy efficiency—even
with simple linear processing such as maximum ratio transmitting/maximum ratio combining
(MRT/MRC), zero forcing (ZF), and linear minimum mean square error (LMMSE)—and helps to

overcome the path loss of mmWave carrier frequencies [19]-[21].
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Figure 1-1- Massive multiuse MIMO system (dashed arrow represents pilot transmission and solid
arrow shows data transmission)

In this thesis, we consider the situation where the user’s channels in massive MIMO are
correlated. The reason for this correlation is that the antenna elements are not well separated in
practical applications and the propagation dispersion is low [22]. Note that employing optimization
methods—in order to enhance spectral efficiency—is crucial in such channels. Hence, by
assuming the channel estimation is done through uplink (UL) training, we propose a novel resource
allocation in which the data and pilot powers along with the training duration are optimally selected

to maximize spectral efficiency.

1.1  Thesis Motivation

The growth in the number of mobile devices and smartphones has increased the demand for
bandwidth in telecommunication systems. Moreover, the development of various mobile and
Internet of Things (IoT) applications has caused a huge surge in need for more bandwidth. The
mmWave frequency spectrum with an available large bandwidth can promise a very high rate of
data transmission. However, due to the small wavelength of these frequencies, new spatial
processing techniques are required. Therefore, we investigate massive MIMO in this thesis, as one
of the technologies that enable data transmission through mmWaves. As mentioned before, in
practical applications the users’ channels in collocated massive MIMO are correlated that results

in spectral efficiency degradation [22]-[24]. This motivates us to investigate the UL spectral



efficiency optimization through the resource allocation for such channels, considering multiple

receivers such as MRC, ZF, and LMMSE at the BS.

1.2 Literature Review

Massive multiuser MIMO systems have recently gained much attention. Its ability to improve the
network performance has made it a promising technology for the next generation of wireless
networks [9]-[11], [17], [19]-[21], [25], [26]. Specifically, it is shown in [9] that increasing the
number of antennas without bound eliminates the effect of intracell interference, fast fading, and
uncorrelated noise. It is also indicated in [20] that for M >> K, where M and K represent the number

of antennas at the BS and the number of users respectively, reducing the users’ allocated powers

in proportion to % for the case of perfect channel state information (CSI) knowledge and to \/LM for

imperfect CSI still results in the same network performance. In addition, massive MIMO systems
are employed in the industrial Internet of Things (IoT) to provide connectivity among the devices
[27]. Massive MIMO systems can also be used in wireless transmission over Terahertz (THz)
bands in order to overcome blockage and mobility [28].

Massive MIMO can be deployed in either a collocated or distributed way. In the collocated
case (that is also called cellular massive MIMO and investigated in this thesis), the BS is equipped
with a large number of antennas. While in cell-free massive MIMO the antennas are called access
points (APs) and distributed randomly all over a coverage area and cover users simultaneously
[29]-[34]. In other words, in cell-free massive MIMO users are covered by all or a subset of APs
in a user-centric method and therefore, there are no edge users anymore [35]. While spreading the
APs over the area increases the backhaul complexity, it improves the coverage probability by using
the diversity of shadow fading. Specifically, in [29], it is shown that cell-free massive MIMO
improves 95%-likely per user throughput over a small-cell scheme, in which each AP is dedicated
to one user. Moreover, a max-min power control algorithm—based on large-scale fading
coefficients—is applied in [29], in order to ensure a uniform throughput over the coverage area.
In [31], both MRT—called conjugate beamforming (CB) in this paper—and ZF precodings are
analyzed in downlink (DL) transmission of a cell-free massive MIMO network. The results
emphasize that ZF precoding significantly outperforms MRT precoding. However, ZF cannot be
implemented in a distributed way. In other words, all the processing should be done at the CPU,

which increases the complexity.



Note that channel hardening and favorable propagation are two main properties of the cellular
massive MIMO. Channel hardening means that by scaling up the antenna array in collocated
massive MIMO, the channel between the users and antennas at the BS behaves as almost
deterministic. In other words, the beamforming in massive MIMO transforms the fading channel
into an almost deterministic channel [25]. Favorable propagation is also another property of
collocated massive MIMO which means that the channel vectors of the users are almost
orthogonal. With this property, the communication performance of users is the same as the
situation when the user is alone in the network [36]. In [37], the authors evaluate if the cell-free
massive MIMO also inherits the channel hardening and favorable propagation properties. The
results in [37] show that for the non-singular path loss model with path loss exponent (a)> 2, in
order to satisfy the channel hardening condition, the AP density should be A,~1 AP /m?, which is
an unrealistic condition in practice. In other words, channel hardening is not a valid assumption in
deriving the achievable rates of the cell-free massive MIMO for this path loss model. Moreover,
the results regarding the investigation of the favorable propagation in cell-free massive MIMO
indicate that the higher antenna density, smaller path loss, and larger distance between two users
are the factors that help the channels to become nearly orthogonal. Besides, although cell-free
massive MIMO is capable of providing more uniform service in the network, it requires more

backhauling traffic as well as more infrastructures that increase the network cost [38].

Acquiring the CSI by the BS has a key role in the performance of massive MIMO systems.
By using the pilot transmission method followed by MMSE estimation in an UL transmission, the
BS accurately estimates the users’ channel coefficients and as the result, the transmitted data by
users [39]-[41]. Note that since in practical wireless networks the coherence time is not very long,
the transmitted pilots in different cells are not typically orthogonal. Hence, to cope with the pilot
contamination effect due to this non-orthogonality, various low complex pilot assignment

strategies are proposed in [42].

CSI acquisition is also necessary for DL transmission. The BS requires the CSI in order to
precode the signals prior to transmission. In frequency division duplex (FDD) operation, the users
first estimate the CSI through DL pilots transmitted by the BS and then, send the estimated CSI to
the BS over a feedback channel [43]. Note that the number of DL pilots is determined according

to the number of antennas at the BS that makes this process very costly. However, according to



the reciprocity property of the channel in the time division duplex (TDD) mode, the BS can apply
the estimated CSI in the UL for the DL precoding. In other words, in the TDD mode, the pilot
transmission is determined by the number of users. Since in massive MIMO systems, the number
of users is less than the antennas at the BS, CSI acquisition under TDD mode is preferable than
the FDD mode [44]. The users also need the CSI to decode the transmitted signal in the DL
coherently. In some studies, such as [41] and [45], the users are assumed to be aware of the mean
of the effective channel gain. While for some practical scenarios in DL transmission that the
channel does not harden, the blind estimation method is proposed to improve the DL performance

[46].

In most of the studies, orthogonal or independent channel vectors are assumed for users [9],
[40], [41]. However, the antenna elements are not well separated in practical applications that
results in low propagational dispersion. Therefore, the channel vectors are correlated and can be
modeled as P-dimensional vectors, where P indicates the number of angular bins [22]-[24], [47]-
[49]. Note that in a network with correlated channels and M >> P, although the energy efficiency
grows in proportion to the number of antennas M, the throughput gain is no more than that of a
network with P antennas and uncorrelated channels [22]. Besides, it is known that optimal resource
allocations can significantly improve the performance. This motivated us to investigate the
resource allocation in practical applications with correlated channels, where increasing the number

of BS antennas cannot further improve the throughput.

Various resource allocation schemes have been proposed in the literature to further improve
the performance of both collocated and cell-free massive multiuser MIMO systems [29], [33],
[50]-[58]. Specifically, in [29], by using max-min power control in both the DL and UL of cell-
free massive MIMO, the minimum of the rates of all users is maximized. Applying a bisection
search to solve this max-min problem results in uniformly good service for all users in different
locations. In [33], the total energy efficiency of the cell-free massive MIMO, which is defined as
the total throughput divided by the total power consumption (considering both hardware power
consumption and backhaul power consumption), is optimized. This energy -efficiency
maximization is done under the per-antenna power constraint and per-user spectral efficiency
constraint. Moreover, in the received-power-based AP selection method proposed in this paper,

the selection of APs to serve a user is based on the power control coefficients obtained from the



energy efficiency optimization algorithm. A power allocation scheme among pilot power and data
power is proposed in [50] to optimize the sum spectral efficiency of collocated massive MIMO,
where only the ZF receiver is investigated at the BS and channel vectors are correlated. By
applying a power control technique in [51], the spectral efficiency of collocated massive MIMO
is optimized, assuming the peak power of each user is limited, the channel vectors are correlated,
and the BS has access to the perfect CSI. In [52], considering only the MRC technique at BS, the
authors propose a resource allocation scheme that optimizes the training duration as well as the
data and pilot signal powers for uncorrelated users’ channel vectors. In [54], a scheduling
mechanism for power allocation is investigated in which at any time slot, only a group of users
that do not generate interference for each other adjust their power. The authors have proven that
applying this mechanism can improve the sum rate per cell in networks with a finite number of BS
antennas and a fixed number of users. In [55], for the MRC technique at the BS, a power allocation
scheme is proposed in which the power of each pilot symbol and data symbol is optimally selected
to maximize spectral efficiency in collocated massive MIMO. In [57], a max-min energy efficiency
optimization problem in collocated multiuser massive MIMO is investigated in which the transmit
covariance matrix is at first designed per BS and simplified into a beam domain power allocation
and then, handled by solving a sequence of convex optimization sub-problems. Also, to solve the
sub-problems, two approaches, i.e., a centralized as well as a distributed approach are proposed.
In [58], a method of power allocation among pilot and data symbols of all the users is investigated
that maximizes the spectral efficiency in DL transmission. Note that in none of the aforementioned
studies, spectral efficiency maximization has been considered for the correlated channels where
the three linear receivers, namely, MRC, ZF, and LMMSE are employed. Besides, in none of these
works, a closed-form expression for lower bound on achievable rate has been obtained that can

reduce the computational complexity.

Inspired by the above discussion, we investigate the spectral efficiency maximization through
a resource allocation among pilot and data transmissions, where channel vectors are correlated and
the three receivers mentioned above are employed. Hence, in this thesis, we propose a scheme in
which the training duration, pilot power, and data power are optimally selected to maximize the
UL spectral efficiency of a single-cell multiuser massive MIMO scenario. Besides, since the
calculation of spectral efficiency using the lower bound on the achievable rate is computationally

very intensive, we obtain closed-form expressions for spectral efficiency.
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1.3 Thesis Objectives

The demand for high rate data transmission has led to research and development efforts towards
the new generation of wireless communication systems. Even though in the next generation of
wireless systems a dense implementation of APs and new spectral bands will most likely be used,
the need for approaches that maximize the spectrum efficiency in a given band will never vanish.
As discussed in the previous section, there are a number of works in the literature that investigate
the maximization of spectral efficiency in massive multiuser MIMO systems. However, in none
of them, the UL spectral efficiency maximization has been considered for the correlated channels
where the three linear receivers, namely, MRC, ZF, and LMMSE are employed. Hence, the main
objective of this M.A.Sc. thesis is to investigate and propose a solution for resource allocation, as
one of the main challenges in collocated massive MIMO with correlated channels. More
specifically, we consider the UL transmission in a practical scenario in which the channel vectors
are correlated and propose an optimal resource allocation among data and pilot transmissions, in

order to improve the network performance.

1.4 Thesis Scope and Tasks

In this thesis, by assuming correlated channel vectors, we investigate the spectral efficiency
maximization of collocated massive MIMO through a resource allocation scheme for MRC, ZF,
and LMMSE receivers. Although the multi-cell scenario is more practical, the single-cell scenario
can also be deployed in some applications such as stadiums and rural wireless broadband access

[44]. Hence, we focus on the single-cell scenario and make the following contributions:

- Following the method in [22], we derive the achievable UL ergodic rate of the users
assuming LMMSE receiver is employed at the BS, the channel vectors are correlated, and
the channel estimation is done through UL pilot transmission. Also, to maintain a consistent
notation, the UL ergodic rate of MRC and ZF receivers derived in [22] are re-adjusted for
the single-cell scenario.

- We derive closed-form approximate UL ergodic rates for MRC, ZF, and LMMSE
receivers, assuming a uniform linear array at the BS. We also show that these approximate
rates are very accurate and develop an approximation for spectral efficiency based on these

rates.



- We propose a resource allocation method in which the data and pilot powers along with
the training duration are optimally selected and maximize the spectral efficiency for the
three receivers mentioned above. Moreover, in order to find out the receiver for which the
proposed power allocation is more effective, a comparison among different receivers is

presented.

To show the effectiveness of the proposed resource allocation method, different simulations
are conducted in MATLAB under different physical conditions. In fact, the physical parameters
that have been considered in this thesis include the number of users, the number of antennas at the
BS, the number of channel directions, different signal to noise ratio (SNR) values, different users’
locations, UL training duration, pilot power, and data power. It is worth mentioning that the results
related to the ZF receiver are published at the IEEE ICC conference [50]. Besides, the extended
results related to MRC, ZF, and LMMSE, as well as a comprehensive comparison among all three

receivers are published in Physical Communication/Elsevier journal [59].

1.5 Thesis Layout

This report is structured as follows:

In chapter 2, we present the fundamental concepts related to point-to-point MIMO, multiuser
MIMO, and multiuser massive MIMO and its benefits. Besides, different linear

precoders/receivers such as MRC, ZF, and LMMSE are briefly introduced in this chapter.

In chapter 3, the system model that includes a MIMO channel with finite dimensions is
presented. Moreover, the UL transmission that consists of the UL pilot transmission and the data
transmission phase is investigated. Besides, the achievable UL data transmission rates of MRC,
ZF, and LMMSE receivers are derived in this section. Assuming a uniform linear antenna array at
the BS, tight closed-form approximate UL rates are also derived for MRC, ZF, and LMMSE

receivers.

The spectral efficiency is developed in chapter 4. This chapter also includes the investigation
of the proposed power allocation scheme as well as the detailed proof of the concavity of spectral

efficiency. This chapter also provides the numerical results developed in MATLAB.

Finally, chapter 5 concludes the report by summarizing the work accomplished in this thesis

and specifies the future direction of the research.
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Notation: boldface small and big letters stand for vectors and matrices, respectively. The
superscripts T, *, and H denote transpose, conjugate, and conjugate transpose, respectively. I}, is
a k X k identity matrix. [X];; shows the (i, j)th entry of matrix X. Finally, N~CN (0, C) represents

a complex Gaussian matrix with zero mean and covariance matrix C.



Chapter 2: BACKGROUND

The goal of this thesis is to establish an optimal resource allocation scheme for multiuser massive
MIMO systems. Therefore, it is required to review the background related to point-to-point
MIMO, multiuser MIMO, and massive MIMO and the existing precoders/receivers for this
technology. Hence, we start this chapter with an overview of point-to-point as well as multiuser
MIMO. We then investigate multiuser massive MIMO and its potential advantages. Finally, we
describe MRT/MRC, ZF, and LMMSE as three main linear precoders/receivers in multiuser
massive MIMO.

2.1 Point-to-point and Multiuser MIMO

In this section, we first investigate a point-to-point MIMO transmission and present its achievable
rate. Then, we briefly investigate the multiuser MIMO channels. Let’s assume a transmitter with
n, antennas serves one receiver with n, antennas. Using OFDM in the network converts a
frequency-selective wideband channel into multiple flat-fading narrowband channels [9]. Hence,
we assume that the MIMO channel is a narrowband time-invariant channel in which the received

signal by the receiver can be represented by

where y is the received vector with the size of n, X 1, x is the n; X 1 transmitted vector with
E{|x|?} = 1, n is n, X 1 receiver’s additive white Gaussian noise vector (n~CN (0, 1)), and P,
shows the transmitted power or equivalently, the SNR. Under the assumption of perfect knowledge

of CSI G, the following capacity can be derived for such channel [60]

C =1(x;y) = log2 dt(I +&GGH>
=1I(x;y) =log et|\ I, e , (2-2)

where I(x;y) indicates the mutual information operator. Besides, the singular value

decomposition of the propagation channel matrix can be represented by

G = @D, Y", (2-3)

10



where @ and ¥* are the unitary matrices with size n,. X n, and n, X n,, respectively and D,, is
the n,. X n; diagonal matrix that comprises the singular values of G. Therefore, the capacity given

by (2-2) can be rewritten as

in (ng,ny)
) min (ngn e Puvjz
= Zl 0og + n, ) (2_4)
]=

where v;s represent the singular values of G. It can be shown that

P, Tr(GG™)
ng

_ P, Tr(GG™)
< C < min (n,n,) Xlog2(1+ ) (2-5)

log2|1
8 ( + nymin (ng,n,)

where if we assume Tr(GG") ~ n,n,(that corresponds to the propagation coefficient magnitude

of one), we can get

P, max(n;,n
log2(1 + Pyn,) < € < min(ng, n,) X log2 <1 +— (ne r)>. (2-6)

N¢
It is worth noting that the minimum capacity happens in the case of extreme keyhole propagation
conditions (where only one of the singular values of G has a non-zero value) and the maximum

happens if all the elements of G are independent random variables.

On the other hand, in multiuser MIMO, the BS is equipped with M antennas and serves
K single-terminal users simultaneously. Compared to point-to-point MIMO, the advantages of

multiuser MIMO include [40]:

- the terminals can be very simple.

- broadcast MIMO can better handle the transition between line-of-sight conditions and rich
scattering propagation conditions.

- while the point-to-point MIMO can fail to deliver high-throughput in line-of-sight
conditions, the multiuser MIMO can still provide high-throughput under the same
condition, as long as the angular separation of the users is larger than the transmit array’s

Rayleigh resolution.

It can be shown that under favorable conditions (where the users’ channel vectors are
asymptotically orthogonal), the sum-capacity of broadcast MIMO is comparable to the point-to-
point MIMO capacity. In other words,
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K

C = Z log2(1 + MP,dy), 2-7)
k=1

where d, is the large-scale fading coefficients of users.

A drawback of multiuser MIMO is that the BS must know the CSI. Therefore, when the perfect
CSI is not available at the BS, the users transmit UL pilot signals prior to the data transmission
that increases the overhead. It is known that channel knowledge acquisition is simpler under the
TDD operation. In TDD systems, the DL channel matrix is the transpose of the UL channel matrix
[25]. Therefore, the BS can employ the channel knowledge acquired through UL pilots for DL

precoding prior to the transmission.

2.2 Multiuser Massive MIMO

As mentioned in the previous section, multiuser MIMO has big advantages—such as working with
cheap single-antenna terminals and simplified resource allocation—over the point-to-point
MIMO. However, considering the equal number of transmitted and received antennas as well as
frequency division duplex (FDD) operation in multiuser MIMO, make it an unscalable technology.
The idea of implementing an unlimited number of antennas at the BS—that later widely accepted
as the massive MIMO technique—was firstly introduced by Thomas Marzetta in [9]. In multiuser
massive MIMO, with a large number of low-power antenna elements at each BS, the energy is
focused on small space regions that brings a huge improvement in throughput and energy
efficiency [11]. In general, the potential benefits that can be exploited from massive MIMO can
be summarized as follows:

1- spectral efficiency: spatial multiplexing of a large number of users creates more
multiplexing gain, more throughput, and therefore, higher spectral efficiency. By
serving multiple users in the same time-frequency resource in massive MIMO, the
achievable spectral efficiency is ten times more than the conventional MIMO [11], [61].

2- capacity and link reliability: it is shown that by increasing the number of antennas, the
capacity can increase without bound. Besides, the diversity gain provided by massive

MIMO increases the link robustness [18].
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3- energy efficiency: it is shown in [19] that when the number of antennas at the BS

. . . . . 1.
increases without bound, the transmit power can be reduced in proportion to -, in the

case of perfect CSI, and to \/LM for imperfect CSI, while keeping the same UL rate.

4- in addition to the mentioned benefits, security enhancement, robustness improvement,
simplified signal processing, and cost efficiency are other advantages provided by
massive MIMO [11], [62], [63].

Operating in TDD mode in massive MIMO brings the reciprocity between UL and DL.
Therefore, channel coefficients can be estimated at BSs through UL pilot transmission and be used
for precoding in DL transmission. In other words, there is no need for DL pilot transmission by
BSs and feeding the estimated DL channels back by users [11]. In general, communication and
data transmission in massive MIMO has three phases: a) UL pilot transmission, b) UL data
transmission, and c¢) DL data transmission. In the first phase, each user uses T symbols for UL
training. All users in the same cell transmit mutually orthogonal pilot sequences contemporarily,

which translates into T > K, where K represents the number of active users in each cell. The pilot
sequences can be represented by matrix /TPp® with size T X K, where Pp is the power of each

pilot symbol, and due to the orthogonality of the pilot sequences we have,

H —
D = I (2-8)

After receiving pilots, each BS uses an estimator such as MMSE estimator to approximate the
channel coefficients matrix G between M antennas of BS and K users. Having found the CSI, the
BS uses a linear precoder/detector (which is based on the estimated CSI) to encode/separate users’
data in DL/UL. In other words, assuming a single-cell multiuser massive MIMO scenario, the

signal received by the BS in the UL can be represented by

Yes = JP.Gx +m, (2-9)

where G is the M X K channel matrix, i.e., [G],,, indicates the channel coefficient between the
mth antenna of BS and the kth user. Moreover, P,, x, and n represent the average power used by
each user, the K X 1 transmitted data vector of K users, and the M X 1 additive white Gaussian
noise vector (n,,~CN(0,1)), respectively [19]. If A shows the K X M CSI dependent linear

detection matrix, the BS then multiplies the received signalygs by A as follows
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rgs = AYgs. (2-10)

In the DL transmission, using precoding matrix A, the BS generates the M X 1 vector s, as the

input to its antennas, as follows

— AT
s=4'q. 2-11)
Where q is the K X 1 symbol vector intended for K users. Therefore, the K X 1 vector of signals

received by K users equals

Yu = [PrG"s + w=\[PG"ATq + w, (2-12)

Where Pr is the average power used by the BS for transmission of each user’s data, and
w,~CN (0,1) is the additive white Gaussian noise at each user. Finally, assuming users are aware
of the mean of the effective channel information, each user tries to decode its own data. In the
following subsection, we investigate MRT/MRC, ZF, and LMMSE as three encoders/detectors

that are commonly used in massive MIMO.

2.3 MRT/MRC, ZF, LMMSE Precoders/Detectors
The complexity issue in massive MIMO is still a concern in practical systems [22]. While the large
array antennas can be built by simple antenna units, the signal processing should be also simple.

In this subsection, we briefly analyze three linear common precoders/detectors in massive MIMO.

2.3.1 MRT precoder/MRC detector

In MRT/MRUC, the encoder/detector matrix is defined as the conjugate-transpose of the estimated
channel matrix. In other words, if we assume G is the channel estimation matrix, the

encoding/detection matrix equals

(2-13)

In [9], using MRT/MRC as the linear precoder/combiner in DL/UL transmission, it is shown that
in a multi-cellular network with an infinite number of antennas, the effect of uncorrelated noise
and small-scale fading vanish, the spectral efficiency is independent of bandwidth, and the number
of covered users and throughput are also independent of the size of the cells. It is worth mentioning
that compared to other linear processors, MRT/MRC has the advantage of being able to be

implemented in a distributed manner.
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2.3.2 ZF precoder/detector

In [64], [65], ZF-based linear algorithms are proposed as methods that can approach the capacity
of the MIMO broadcast channel, where the transmitter and receivers have multiple antennas. The
ZF processor has the ability to suppress interuser interference. Therefore, it has better performance
at higher SNRs. In the case of the ZF transmitter/receiver, the detection matrix A equals the
pseudo-inverse matrix of the conjugate-transposed channel estimation matrix. In other words,
A= (GG HM. (2-14)
Different studies have compared the performance of the MRT/MRC to ZF in different
scenarios [10], [22], [39]. In [10], it is shown that as the number of transmitting antennas at the BS
grows, ZF precoding performs almost like an interference-free system. Moreover, at low SNRs—
especially for a smaller number of antennas at BS—the MRT precoder outperforms ZF in terms
of sum-rate capacities and at higher SNRs, ZF has a better performance. It is worth mentioning
that the MRT encoder approximates the ZF encoder very well when the antenna array is scaled up.
In [22], the achievable UL rate of a massive MIMO system with a finite-dimensional channel
model is investigated. The results in [22] emphasize that comparing to MRC, ZF has a better
performance when the pilot contamination effect is low, and vice versa. Moreover, for a smaller

number of angular bins, MRC is preferable, while for a larger number of angular bins, ZF has a

better performance.

2.3.3 LMMSE-based precoder/detector

In LMMSE detector, the kth row of the detection matrix can be defined as
o~ 1 —1
a, = (GG" + acov(—\/P_uex +n))" g, (2-15)

where g, is the kth column of estimated channel matrix G, ¢ is the channel estimation error matrix,
and cov(@) represents the covariance matrix of a random vector @ [19]. In general, different
optimum formulas are proposed for the LMMSE-based precoding matrix [41], [66]. In [66], the
optimum precoding matrix, in order to minimize the sum-mean square error (sum-MSE) of a

single-cell multiuser MIMO, is introduced as

_ pHp 4 _K K \-1p4H
A=c(G G+Pr+1I+PdI) G-, (2-16)
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where ¢ is used to ensure the compliance of power constraint, P. denotes the normalized pilot
power at each user, and P, is the normalized transmit power of the BS.

To summarize, in MRC, by neglecting the effect of multiuser interference and considering it
as noise, the received SNR of each stream is maximized. However, the ZF detector neglects the
effect of noise and maximizes the SINR by inverting the channel matrix and removing the effect
of the channel. Therefore, it has a better performance in the interference-limited scenarios. It is
worth mentioning that both MRC and ZF detectors may enhance the noise level, especially when
the channel coefficients are small. Therefore, in order to take the effect of noise in the equalization,
the LMMSE method is proposed. The LMMSE detector takes the noise effect into consideration
and by using the knowledge of SNR, reduces the enhanced interference. Therefore, this detector

achieves better performance, especially when the noise power is large [18].

2.4 Concluding Remarks

All in all, massive MIMO relies on measuring the frequency responses of the propagation
channels. This means users (or BSs) should transmit known training signals and the receiver
estimates the channel coefficients and utilizes them before the movement of users significantly
changes the channel. In other words, it is assumed in massive MIMO that the total transmission
time can be divided into multiple coherence intervals and during each coherence interval, pilot
signals should be transmitted prior to the data transmission. In fact, using the measured CSI makes
the massive MIMO a scalable technology. However, because of the required overhead for the CSI
acquisition, the number of users that can be served simultaneously in one cell is limited. Besides,
the re-use of the same pilots in different cells makes the pilot-derived estimate of the channels to
be contaminated with interference and hence, degrades the massive MIMO performance [1]. Even
though in this thesis we focus on the single-cell scenario and do not take the pilot contamination
effect into account, by applying our proposed resource allocation scheme in a multi-cell scenario
in the future work, the pilot contamination can also be reduced and the spectral efficiency can be

further improved.

Besides, in this thesis, we will consider all three above-mentioned receivers at the BS. In the
next chapters, we will analytically derive the achievable UL rates of MRC, ZF, and LMMSE

detectors. By assuming a uniform linear antenna array at the BS, we also develop closed-form
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approximations for the achievable rate as well as the achievable spectral efficiency of these

receivers and present a performance comparison among them.
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Chapter 3: FINITE-DIMENSIONAL MULTIUSER MASSIVE MIMO

In this chapter, we first introduce the MIMO channel with finite dimensions [22]. Then, we
investigate the UL training as well as the UL data transmission phases and by assuming the MMSE
estimation scheme at the BS, derive the achievable UL rate in the finite-dimensional channel
model. Finally, we develop the closed-form per-user achievable UL rate for three different linear
detectors at the BS: MRC, ZF, and LMMSE. In chapter 4, we will use the bounds that we derive

in this chapter to propose a new resource allocation scheme.

3.1 System Model
In a single-cell multi-user massive MIMO, a BS equipped with M antennas serves K single-
antenna users. We assume the same time-frequency resource is dedicated to all users for UL

transmission. Therefore, the M X 1 received vector at the BS equals

y = \/FuLx +n, (3-1)

where L is the M X K channel matrix between the K users and M antennas. Here, we assume the
channel is finite-dimensional and therefore, the angular domain provided by the physical channel

contains a limited number of directions P, where P < M. For each direction ¢,,p = 1,2, ..., P, the

M X 1 array steering vector can be written as

1 . . . T
u(p,) = = [e/7(0), =ifa(9p), . e=im(¢p)] (3-2)

where ¢, € [-m/2,m/2], and f,(¢) is a function of ¢. Considering a uniform linear antenna

array at the BS, (3-2) can be modified to

u(py) = [ e, et i) o)
Let gpr denote the propagation coefficient of user k associated with direction p. Therefore, the
channel coefficient between kth user and the mth antenna of BS is equal to [L],x =
Z§=1um (®p) gpk> Where uy, (¢p,) is the mth entry of u(¢,) vector. Hence, the channel matrix

between the BS and K users can be written as

L = UG, (3_4)
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where G is the propagation coefficients matrix with size P X K that should be estimated at the BS,
and U = [u(¢,), ..., u(¢p)] is a full rank M x P matrix. The propagation coefficient g, can be

defined as

Ipk = hpi/ Bk r=1,..,P, (3-5)

where h, is the fast fading coefficient, and Bj represents the large-scale fading coefficient
including path loss and shadowing. The hycs,p =1,..,P,k=1,..,K are assumed to be
independent random variables with zero-mean and unit variance complex Gaussian distribution,

i.e., CN(0,1). Bxs, k =1, ..., K are also supposed to be constant over several coherence intervals

and known a priori. Therefore, we can represent matrix G as

_ 1/2
G = HD'/?, (3-6)

where H and D are the P X K fast fading coefficients matrix and K X K diagonal matrix of the
large-scale fading coefficients, respectively. Note that the BS needs to estimate the matrix H, while
U and D are known. Therefore, UL pilots are employed to provide an estimation of the matrix H.

We assume each user uses T = K symbols for UL training, where pilot sequences are mutually
orthogonal and can be represented by matrix /TPp@®. Therefore, the M X t received pilot matrix
at the BS can be denoted by

Y, = JTPpL®T + N = \[TP,UGD” + N, (3-7)

where N is M X T complex AWGN matrix with i.i.d elements with zero mean and variance equals
one, i.e., N~CN'(0,1). In order to estimate the channel, the BS projects the received pilot matrix

on @*. Therefore, we have

S . 12~

Y, =Y,®" = [tP,UHDY? + N, (3-8)
where N = N®*~CN (0, I (MK xMK))- Since the columns of H are independent, its kth column can

be estimated independently and according to ¥y, i, that is the kth column of the projected received

pilot matrix. Using the MMSE estimator, we have [67]

i = \TPpBr (TP U By + 1p)1UPY,, (3-9)

where ¥, = /TPpUhy/ By + 1).. By estimating each column of H, the estimation of channel

matrix L can be represented as
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T _ painl/2
L =UHDY2 (3-10)

The channel estimation error can also be defined as &€ = L — L, that according to the MMSE
estimation properties, is independent of L.
As mentioned before, the BS uses a linear detector to separate the received user data streams.

Therefore, according to (2-10) we have

Let 1, be the kth element of the received vector r and x;, be the transmitted signal of the kth user.

In order to obtain the lower bound of the achievable UL rate of this user, we write

K K
ne=VRadaot Y JRads - ) JRasy +an (3-12)
j=1

j=1,j#k

Therefore, the following UL rate is achievable for the kth user in the network.

Rk = ]E{logz(l + SINRR)}, (3_13)

where
<12
pulaklkl
- |2 R :
[E{|\/ Pu Z;'(zl,j:#k akljle lay, L} + Dy Zfﬂ akCOV(Sj)ag + llal|?
In the following subsections, we will derive the achievable ergodic rate of the UL transmission

from the kth user to the BS for MRC, ZF, and LMMSE receivers. Then, assuming M to be large

SINR, = (3-14)

enough, we develop an approximate closed-form formula for the ergodic rates.

3.2 Achievable Uplink Rate of MRC Receiver

For the MRC receiver, the first term in the denominator of (3-14) can be given by

2

K K
) ) e o\ (3-15)
E  Pu Z akljxj Iak'lk =pulk Z COV(l]’) lk'
j=1,j=k j=1,j%k

Accordingly, by substituting (2-13) and (3-15) into (3-14) and using the fact that cov(l;) =

B;UUT — cov(;), we have

~ n4
12

RYRC = E<log, 1+— 1
L [(Z5, ;) uUt — cov(l )]l + P, 12|

(3-16)
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where cov(l;) = TPpEU (TP URUB, + 1) *UMUUM. It can be shown that for a uniform linear

antenna array given by (3-3), we have

M-1
1 1 o df . .
—uH _ § j2n=(sin(¢p)—sin(pq) Jm
Mu (¢p)u(¢Q) - MP Oe A( p 4 ) . (3_17)
m=
If p = q, (3-17) equals 2 For p # q and M large enough, (3-17) can be approximated by
P

11— ejZH%(sin(cpp)—sin(cpq))M

L,
1 _ ~ 0. 3-18
M u (¢p)u(¢q) MP 1— ejZn—%(sin(cpp)—Sin(tﬁq)) ( )

Hence, when the number of antennas (M) is large enough, we have

- ~1
U V=gl (3-19)

Using (3-19), a closed-form approximation for the ergodic rate of users can be achieved as follows.
Theorem 1: Using MRC processing at the BS, a closed-form approximation for the achievable

ergodic rate given by (3-16) can be obtained as

2
M P
™Pp+5Pr +1
~MRC | Pp k
Rk = logz | 1 +

M TP ,32 M 1
kil ZI,(: Bi PPk (2 + =
\ P( Jj=1 ]) Tpp%ﬁk'Fl(P) B,

2

(3-20)

\_-___/

Proof: See appendix L.

3.3 Achievable Uplink Rate of ZF Receiver
The detection matrix of a ZF receiver is given by (2-14). Therefore, it can be shown that the

achievable UL rate of data transmission from kth user to the BS with ZF receiver yields to

1

RFF = E{log,| 1+

~ay—1a < reen—1 11/55 -1 3-21
K, [(29L) " LHcov(z;) (LML) ]kk ty [ ]kk (3-21)
where cov(ej) represents the covariance matrix of vector g; that equals
cov(g;) = BUU" — P, BAU(cP,UMUB; + 1) UHUUH, (3:22)

Using the approximation given by (3-19), an approximate closed-form achievable UL rate can be

derived as follows.
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Theorem 2: Using ZF receiver at the BS, a closed-form approximation for RZF given by (3-21)

can be obtained as

TPpf32 P —K) (M)2

- TPP %Bk +1 p
Rk = logz 1 + (3_23)
=1
P\ e pp 1)

Proof: See appendix II.

3.4 Achievable Uplink Rate of LMMSE Receiver

According to (2-15), the kth column of the detection matrix for the case of LMMSE receiver equals

e 1 <\
a, = ((LL” + p—cov(—\/Fuex + n))‘llk)
u
AT
i A+ 1

(3-24)

A

< H 1
where A, = Zﬁ'(=1,j¢k L + Z;{=1 cov(sj) + —

> I,. Similar to the previous receivers, by
u

substituting (3-24) into (3-14), we obtain the following ergodic UL rate.

R™MMSE = E{log, (141" 4, 'L )}

.
1
= E{ log, ~Fox A H 1 -
L 1- £’k [ ]=1(ljlj + COV(SJ')) + P_uIM]_llk (3-25)
;
1
= E{ log, — — 1 — ,
\ 1= [LH[EIC (L + cov(e))) + P—uIM]‘lL]kk

where the second equality is resulted directly from (3-24). Similar to MRC and ZF receivers, by
applying the approximation given by (3-19), a closed-form achievable UL ergodic rate can be

found using the following theorem.

Theorem 3: Considering LMMSE receiver at the BS, the achievable UL ergodic rate can be

approximated by the following closed-form expression.
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_ 4 N2

REMMSE = 1og, (1 + ((P K+1+ K 1)”1() - 1) 0k>. (3-26)
P—K+1+(K—-1)6

where

P-K+1+(K-1)8, .

KT P oK+1+ (K—Dp,
2
/= BB () (3-27)
k — )
M M Bj
(Tppﬁkﬁ‘F 1) (1 +Pu?25'<:1 ;/[ )
TPpﬁj?-F 1

and fi, and &, can be found by solving the following equations

1 X 1
e =52 R K—1 K-1 ‘
k-1 ki=Lkrzk PCrr (1 ——p + P ﬁk) +1
K ~
A~ Zkr
ol + Z . K—-1 K-—1 )
ke (PO (1 - =5—=+=5— ) + 1) (3-28)
. . 1
EK: Sy + X—1
K—-1 K-—1, z°
o=tk (Pl (1= 5=+~ ) +1)

Proof: See appendix III.
It is worth mentioning that the approximate rates given by (3-20), (3-23), and (3-26) are very

close to the exact UL ergodic rates and approach tight lower bounds as M — oo.

3.5 Concluding Remarks

The finite-dimensional channel model is an interesting system model that takes the non-
orthogonality of users’ channels into account. In this chapter, by considering this system model,
we investigated the achievable UL ergodic rate of MRC, ZF, and LMMSE receivers as the
performance metric. Assuming a uniform linear antenna array at the BS, we further developed
closed-form approximate expressions for the achievable rates in three distinct theorems, namely
Theorem 1, Theorem 2, and Theorem 3. We also proved that these closed-forms are very accurate
and approach tight lower bounds. The developed rates in Theorems 1, 2, and 3 showed that the

pilot and data transmission powers have a substantial role in the achievable UL rates. Therefore,
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in the next chapter, we present a resource allocation scheme that by optimally selecting the pilot

and data powers, maximizes the users’ UL rates.
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Chapter 4: PROPOSED RESOURCE ALLOCATION SCHEME

In this chapter, we first develop spectral efficiency by employing the approximate achievable rates
found in the previous chapter. Then, we prove that the developed spectral efficiency is a concave
function with respect to the pilot power/data power. By proposing an optimal resource allocation,
we also maximize spectral efficiency, as the performance metric in our analysis. Finally, we

present the simulation results that verify the mathematical analysis.

4.1 Spectral Efficiency and Optimal Resource Allocation
Let T indicate the length of coherence interval in symbols. If an interval of T symbols is allocated
to the UL training, T — T symbols remain for UL data transmission. Hence, the spectral efficiency

can be represented by

SE—T_TKﬁ
=~ R @)
k=1

As mentioned before, pilot and data powers have a substantial role in the achievable UL rate

and hence, the spectral efficiency. Therefore, optimal power distribution between the training and
UL data transmission along with the optimal length of pilot symbols can improve the spectral
efficiency, and accordingly, the system performance. In this view, we propose a resource allocation
scheme that optimally selects 7, Pp, and P, in one coherence interval to maximize spectral

efficiency. Mathematically speaking, we have

max SE
Pp,B,, T
Py + (T — )P, < P, (4-2)
subjectto { K <1 <T,(t €N),
P,>0,P, >0,

where P is the total available power for each user in one coherence interval.

Proposition 1: The spectral efficiency given by (4-1) is maximized when the whole allocated
power in each coherence interval (P;) is consumed by the users.

Proof: By substituting the rates found in the previous chapter into (4-1), it can be shown that
the spectral efficiency is an increasing function of Pp when 7 and P, are given. Besides, for a given
T and B,, spectral efficiency is an increasing function of P,. Hence, spectral efficiency is
maximized when each user consumes the whole allocated power. As the result, the first inequality

constraint in (4-2) changes to equality. m
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Lemma 1: The optimal value of T in the optimization problem given by (4-2) is equal to the
number of users K.

Proof: The spectral efficiency can be rewritten as

K
SEE,Po,P) = ) fic(T,Po, R, 43)
k=1
where for MRC receiver

fila,Pp P = (1-2)

P, B2(P — 1) (%)2 (4-4)

X log,| 1+
M M 1
vl(Z;(:l'j;tkﬁj) + ?ﬁk + (TPP ?ﬁk + 1)P_u

)

for ZF receiver

(e Pe P = (1-2)

( c)

M
I TP BE(P — K) (?) | (4-5)
xlog,| 1+ )
(Bt ) ()
TPpﬁj ? +1 u
and for LMMSE receiver
T
fk(TrPPfPu) = (1 _T)
M 2
PP 52 (7) (4-6)
xlog, | 1+ v, )
M M Bj
(cPe B +1) | 1+ R F I, ——

P—K+1+(K—1)5,
P—K+1+(K-1)f,

2
and vy = (TPP,Bk (%) + %) andv, = (P -K+1+ (K -1)p, > Lett*, Pp, and

P; be the optimal solutions of (4-2) that satisfy all the constraints and 7* > K. Let’s choose T =
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TPp
K

K,Pp = ,and P, = % that also satisfy the constraints in (4-2). Since 7*Py = £Pp and
considering the fact that g(x) = xlog, (1 + ﬁ) with a, b, ¢ > 0 is a strictly increasing function

in x € (0,00) [55], for MRC, ZF, and LMMSE receivers we can show that

fi(£.Pp, B,) > fi(z*, P3, BY), (4-7)
And hence,
SE(%,Pp,B,) > SE(z*, P, P, (4-8)

that contradicts with the optimality of t*, Pp, and P; and therefore, 7 < K. On the other hand, to
have orthogonal pilots, we have t* > K. This implies that the optimum value of 7 is equal to K. m
Therefore, according to Proposition 1 and Lemma 1, the optimization problem given by (4-2)

can be simplified to

max SE
Pp
P
0<P,<—, (4-9)
subject to K
p — P, — KPp
YT -K)

Theorem 4: The objective function in (4-9) is a concave function with respect to Pp for MRC,
ZF, and LMMSE receivers.
Proof: In this thesis, we prove the concavity of (4-9) assuming the MRC receiver is employed

at the BS. The concavity of spectral efficiency for ZF and LMMSE receivers can be shown by

applying the same method. Considering T = K and P, = %, the SINRYRC in (3-20) can be
written as
SINRYRC
MA2
2(p _ =
M M M M T—-K
(K Pe () Bt ?) (S jurcB) + B+ (KPe B+ 1) 5 =pcp;

D

The first derivative of SINRYRC with respect to Pp can be given by

KB2(P -1 M 2F P
4 (SINRMRCY = pi =1 (F) FePr) (4-11)
dPp k D2(P, — KPp)?

where F(Pp) is a second order polynomial function of P, that is equal to
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K
F(Pp) = P3| — Z - —KZ(T K)By
K
Py —2— Z KP, — 2K(T — K) (4-12)

— Zﬁj P? + (T — K)P, | = AP} + BP, + C.
=1

kpEP-1)(5 )
D2(P.—KPp)?

Since is positive, the roots as well as the sign table of (4-11) and (4-12) are the same.

Hence, we continue the proof of concavity by finding the roots and the sign table of F(Pp). To do
so, we consider the three following cases:
Z _1P; < (T — K)py: in this case, A < 0 and C > 0. Therefore, F(P ) = 0 has two distinct

—B+VB2—-4AC . —B+VB2—-4AC

real roots B, ,P, = ——— . Since A,B < 0,F, = ——— < 0. Also,
1’ P2 24 1 24

K
M P M
~44C = 4K*(T = K) & | (T - K)( +B,P )+<Zﬁ,)(;ﬁkpi+pt>
Jj=1

(4-13)
2
< 4K*(T — K)? <1 + Z%ﬁkpt + <%> ﬁ,ﬁpf).
This implies that
P T—K
. 2K (55) Pe(E4oa By — (T = KB & i
2k2 () (5, 8, — (T — KBy
2
Moreover, since B> — 4AC > 41(2(2 1.3]) (( ) +é> , we have
1 1
2K ((T—K)Bx = X518/ )+ —%
B, > ( o ])'Bk = f}lc—)OasMaoo. (4-15)

2k () (B, B, — T = K)B) Ko

Therefore, the second root satisfies 0 < Pp < ﬂ. Table 4-1 shows the sign table of F (pp) for this

case. As this table demonstrates, for 0 < B, < the first derivative of SINRYRC is positive for
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B, <PH,, , and is negative for B, > B, . Therefore, SINR}YRC is a concave function with one global

maximum.

2- Z _1B; > (T — K)Py: for this case we also have B> — 4AC > 0 and as the result, F(Pp) has

two distinct real roots. Following the steps mentioned in the previous case, we can show that the

. —-B-VB2-4AC P —B+VB2-4AC
first root satisfies 0 < Pp1 =—r < ;t For sz =——r > We have

B2 — 4AC = 4K*(T — K)— (T — K)< +B,P ) (Zﬁ)(%ﬁkpf+pt>

(4-16)
> 4K*(T — K)? <1 +2 %ﬁth + <%>2 ﬁin).
Therefore,
4K(T—K) + 2K+ Pt(Z 1B+ (T —K)B)
" 2k () (B, B, — (T — K)By)
(4-17)

2K & Pt(Z 1ﬁ]+(T K)ﬁk) &
21<2( DYE g+ a@-0p) K

that does not satisfy the constraints. Therefore, Pplis the only acceptable root. According to Table

d . o . . :
4-2, T (SINR’,‘(”RC) is positive for B, < Pp1 and is negative for B, > PP1' Hence, SINR,IXIRC 1S a
concave function with respect to P, that has one global maximumin 0 < B, < %

3) Z;":l Bj = (T — K)Bx: in this case, ddTp (SINRYRE) has two identical real roots Pp1 = sz = ;—If{.

According to Table 4-3, SINRYRC is a concave function with respect to P, with a global maximum

at Pp = K

To sum up, the SINR%IRC is always a concave function with respect to P, when 0 < P, < %
Accordingly, log, (1 + SINRYRC) is also a concave function. Since the summation of concave

functions is always a concave function, we can conclude that the objective function defined in

(4-9) is also a concave function and the proof of Theorem 4 is accomplished. m
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Table 4-1- Sign table of F(Pp) where Z]K:l B; < (T — K)By

P, <0 0<PB, < %
F(Pr<B,,) F (P, <Po<B,) F(P»>B,,)
- n =

Table 4-2- Sign table of F(Pp) where Z,I'(=1 B;j > (T — K)By

Py P
0< R, <= R, >
F(Pr<B,) F (P, <Po<B,) F(P.>P,)
+ -~ +

Table 4-3- Sign table of F(Pp) where Z}‘zl Bj = (T — K)By

P
Pp1 = sz = ﬁ
F(Pr<B,) F (P> B,
+ =

4.2 Simulation Results for Different Receivers

In this section, simulation results are provided that verify the mathematical analysis presented
above. First, considering fixed s, we present an example of the objective function given by (4-9)
for MRC, ZF, and LMMSE receivers. Then, we evaluate the approximate expressions obtained for
the achievable spectral efficiency of the receivers mentioned above. Besides, considering the
different number of BS antennas and the different number of channel dimensions, the performance

of our proposed power allocation scheme is studied. We also analyze and compare the optimum

. P . : : . o . . :
ratio of P—P for different receivers. Finally, by investigating a more practical scenario in which f;s

u

change, we evaluate the achievable spectral efficiency applying our proposed power allocation

method. Note that the results presented in this section are published in [59].
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In all the simulations, the users are assumed to be distributed uniformly in a hexagonal single-
cell and no user is closer than d; = 50 meters to the BS. To generate the large-scale fading

coefficients, that model the single-slope path loss as well as the shadowing, we use 5, = Tk

()"
where zj, is the log-normal random variable with 8¢,440,w = 8dB, dj, is the distance between user
k and the BS, and the path loss exponent is assumed to be equal to « = 3.8. The total coherence
interval is considered to be T = 200 in symbols that corresponds to the coherence time of 1 ms

and coherence bandwidth of 200kHz. Moreover, different values for the physical parameters such
as K, P, M, and SNR—that can be represented by SNR = %, assuming the noise power to be one—

are considered for different simulations. Table 4-4 summarizes all the parameters used for different

simulation results.

Table 4-4- System parameters for the simulations

Figures K M p SNR B values
) [13.9,3.69,6.54,3.09,28.94,64.63,6.82,8.68,
Figure 4-1 15 100 30 —5dB
13.97,6.68,14.18,13.97,1.27,44.96,7.83]x 1072
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-2 | 20 100 30 —30dB-10dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-3 | 20 200 30 —30dB-10dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-4 | 20 | 50-500 30 —5dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-5 | 20 | 50-500 30 5dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-6 | 20 | 50-500 30 —5dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-7 | 20 | 50-500 30 5dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-8 | 20 200 30-100 0dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-9 | 20 200 | 30-100 10dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
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) [9.1,1.0,0.6,1.8,1.0,32.1,103.5,0.8,55.77,0.3,
Figure 4-10 | 20 150 30,70 | —30dB-10dB
0.5,11.78,1.6,3.4,8.7,3.5,7.6,2.6,844.8,159.7]x 1073
_ 500 different B vectors corresponding to 500
Figure 4-11 | 20 150 40 0dB
Monte-Carlo simulations
_ 500 different B vectors corresponding to 500
Figure 4-12 | 20 150 40 10dB
Monte-Carlo simulations

Figure 4-1 displays an example of the objective function in (4-9) for different receivers,
assuming P = 30, K = 15, and M = 100. Note that only for this figure the radius of the hexagonal
cell is assumed to be 500 meters, while for the rest of the simulation results the radius of 1000
meters is considered. As this figure demonstrates, (4-9) is a concave function. Hence, it has a

global optimum solution in the interval of 0 < Pp < % for MRC, ZF, and LMMSE receivers that

can be found using a convex optimization method [68]. This optimal value of Pp is large enough
to provide accurate channel estimations yet small enough to leave an adequate power for the data

transmission phase.
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Figure 4-1- Spectral efficiency versus Pp for MRC, ZF, and LMMSE receivers (in this figure,
SNR = =5dB, M = 100, and P = 30)
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To verify the accuracy of the approximate closed-form rates, Figure 4-2 and Figure 4-3 are

presented. These figures compare the numerically evaluated exact spectral efficiency with the
approximate spectral efficiency given by (4-1), assuming equal power % is allocated to data and
pilot symbols. In order to obtain the semi-analytic spectral efficiency, a uniform linear array with

d : . : .
7= 0.3 is considered at the BS. Moreover, the arrival angles are assumed to be uniformly

(p-Dmn
P )

distributed over [-m/2,m/2], i.e., ¢, = —g+ p =1, ..., P. Both figures show that the

derived approximations are very accurate. Besides, the results for different numbers of BS
antennas depict that by increasing M, our approximations become even more precise and approach
tight lower bounds for all the receivers. Also, for smaller numbers of BS antennas, the analytical
results are more precise at lower SNR values, while they are tight for all the SNR values when M
is large. To summarize, Figure 4-2 and Figure 4-3 emphasize that although the approximate
expression obtained for the LMMSE receiver is more accurate, the analytical results are also very
tight for MRC and ZF receivers, especially when M is large. Hence, in the following, by choosing

sufficiently large M values, we will use the derived approximations for all numerical works.
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Figure 4-2- Semi-analytic spectral efficiency as well as approximate spectral efficiency (in this
figure, M = 100, P = 30,and P, = Pp = %
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Figure 4-3- Semi-analytic spectral efficiency as well as approximate spectral efficiency (in this
figure, M = 200, P = 30, and P, = Pp = %

Figure 4-4 and Figure 4-5 show the achievable spectral efficiency versus M for different UL
training durations and different SNR values. As these figures confirm, the minimum value of 7 that
keeps the orthogonality among pilots is the optimal value of UL training duration in order to
maximize the spectral efficiency of MRC, ZF, and LMMSE receivers. In other words, for a specific
number of users in the network, the optimal number of transmitted pilots that also avoids pilot
contamination is equal to the number of users.

To compare the achievable spectral efficiency of the proposed power allocation scheme to the
equal power allocation, Figure 4-6 to Figure 4-9 are presented. Figure 4-6 and Figure 4-7 display
spectral efficiency as a function of the number of antennas at the BS for MRC, ZF, and LMMSE
receivers. Figure 4-8 and Figure 4-9 present the spectral efficiency as a function of the number of

directions P. For different SNR values, they compare the proposed power allocation method with
the case where P, = Pp = % as in [22] for single-cell scenario (note that in [22], only MRC and
ZF receivers are investigated). As these figures show, the proposed resource allocation method
improves the spectral efficiency in comparison to the case where P, = Pp = %. This improvement

becomes more prominent as the number of BS antennas and the number of channel directions
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grow. Besides, these figures display that our power allocation scheme is more efficient on LMMSE
and ZF receivers than the MRC receiver, especially at higher SNR values. In addition, the results
for different SNR values confirm the superiority of the LMMSE receiver in terms of the achievable
spectral efficiency. They also depict that comparing to MRC and ZF, the spectral efficiency of the
LMMSE receiver has the least sensitivity to the P increment. In other words, the enhancement of
spectral efficiency achieved by increasing the number of directions has a very slight slope for the

LMMSE receiver.
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Figure 4-4- Spectral efficiency versus the number of BS antennas for different UL training
durations (in this figure, SNR = —5dB and P = 30)
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Figure 4-9- Spectral efficiency versus the number of directions with equal power and optimum
power allocation (in this figure, SNR = 10dB and M = 200)

Figure 4-10 displays the optimal ratio of the pilot symbol power to the data symbol power for
different values of SNR. It can be concluded that at low values of SNR, more power should be
spent for the training phase, while at higher SNR values, the required power for the training phase

decreases, and allocating more power to the data transmission phase optimizes the spectral

efficiency. For instance, at SNR=-30dB and P = 70, the optimum ratio equals i—p = 7.785 that

results in TPp = 20 X 7.785 X P, = (200 — 20)P,. This means that in order to achieve the
optimal spectral efficiency at low SNR values, the total training power and data transmission power
should be almost equal. While by SNR increment, allocating more power to the data transmission
phase optimizes the spectral efficiency. This complies with the fact that increasing the SNR value
(or equivalently decreasing the noise power) results in more accurate channel estimations. Figure
4-10 also demonstrates that for all the discussed receivers, increasing the dimensionality of the

channel leads to a larger optimum training power.
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Figure 4-10- Optimal pilot power to data power ratio versus the SNR value (in this figure, M =
150)

Finally, Figure 4-11 and Figure 4-12 compare the cumulative distribution function (CDF) of
the spectral efficiency at different SNR values, considering the optimal power allocation scheme
as well as the equal power allocation. To generate these figures, 500 Monte-Carlo simulations are
run where the position of users in the cell changes randomly in each simulation snapshot. As
expected, regardless of the SNR value, applying the proposed power allocation scheme always
improves the spectral efficiency of the network. However, Figure 4-12 emphasizes that at high
SNR values, the proposed power allocation scheme offers more efficiency for ZF and LMMSE

receivers. It is worth noting that our proposed power allocation scheme is based on large-scale

fading coefficients. Hence, the BS can find the optimum value of i—p once and apply it during
u

several coherence intervals, where the large-scale fading coefficients remain unchanged. This

decreases the computational time as well as the required overhead significantly.
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4.3 Concluding Remarks

In summary, in this chapter, we developed a closed-form approximation for the spectral efficiency
of finite-dimensional multiuser massive MIMO, assuming MRC, ZF, and LMMSE receivers at the
BS. We also analytically proved the concavity of the developed spectral efficiency with respect to
the pilot symbol power in a theorem. Besides, we investigated the effect of several physical
parameters on achievable spectral efficiency. These parameters include the number of users, the
number of antennas at the BS, the number of channel directions, different SNR values, different
users’ locations (f), UL training duration, pilot power, and data power. Our simulation results
confirmed the accuracy of the derived approximate spectral efficiencies. We also showed the
spectral efficiency enhancement achieved through allocating optimal power to pilot and data
transmission and presented the impact of SNR value on the optimal ratio of pilot power to data

power.
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Chapter 5: CONCLUSIONS AND THE FUTURE DIRECTION

5.1 Conclusions

In this thesis, we propose a method for optimally dividing the resources between data and pilot
sequences to improve the spectral efficiency in the UL transmission of multiuser massive MIMO.
More specifically, we consider a channel model with a finite number of dimensions in a single-
cell massive MIMO system. We assume the angular domain has limited independent directions
and by presenting the array steering vector for each one of these directions, we describe the channel
matrix between the BS and K users as the multiplication of the array steering matrix and the
propagation coefficients matrix. We further assume that the channel coefficients are estimated by
the BS through the UL pilot transmission prior to the data transmission phase. By considering the
effect of channel estimation error into account, we derive the achievable UL rate of users, assuming

linear receivers such as MRC, ZF, and LMMSE are employed at the BS.

Moreover, assuming the BS is equipped with a uniform linear antenna array, we derive closed-
form approximations for the achievable UL rate of MRC, ZF, and LMMSE receivers and
analytically prove the accuracy of these approximate expressions. We show that for a large number
of antennas at the BS, these derived approximate closed-forms are very tight and approach lower
bounds for all the receivers. Then, we develop an approximation for spectral efficiency based on
these rates that reduces the computational complexity. We further prove the concavity of this
approximate spectral efficiency with respect to pilot symbol power and propose a resource
allocation scheme in which the pilot power, data power, and training duration are jointly selected
in order to maximize spectral efficiency.

To evaluate the performance of the proposed resource allocation scheme, we present several
simulation results. The results affirm that the proposed resource allocation scheme can
significantly improve spectral efficiency and outperforms the case with equal data and pilot
symbols power. We also show that the performance of the proposed method with LMMSE and ZF
receivers is much more significant than that with the MRC receiver. Finally, we conclude that
increasing the number of dimensions as well as the number of BS antennas enhances the spectral

efficiency improvement resulted from our proposed resource allocation.
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5.2 Future Works

Our research work in this thesis has mainly focused on spectral efficiency maximization in a
single-cell multiuser massive MIMO system. However, there are additional studies that can be
accomplished along the lines developed in this thesis. Some of these possible future studies are

briefly presented in the following.

5.2.1 Multiuser Massive MIMO with Various Allocated Resources

In this thesis, we assumed that all the users in the network have the same amount of resources (the
same power budget as well as the same number of UL pilot symbols) and distribute them in
between UL pilot and data transmission phases in the same manner. In a more general scenario,
we can extend the proposed method in this thesis to the case in which users have different amounts
of resources. For such scenarios, maximizing the spectral efficiency through joint optimal pilot
and data resource allocation results in an NP-hard optimization problem. Hence, novel iterative
algorithms are required to find the local maximum points [58]. Another possible solution for the
real-time implementation of this joint resource allocation scheme is to develop a neural network

that is able to predict the optimal pilot and data powers [69].

5.2.2 Multi-cell Multiuser Massive MIMO Systems

In multi-cell scenarios, the transmission activities (include pilot transmission, UL data
transmission, and DL data transmission) of different cells happen synchronously and since there
is no cell-to-cell cooperation, inter-cell interference occurs. Hence, the system model should be
refined to take the pilot contamination as well as the inter-cell interference effect into
consideration. New bounds on the achievable spectral efficiencies should be derived and then, the
proposed resource allocation method can be investigated to maximize the spectral efficiency in the

network.

5.2.3 Resource Allocation in Cell-free Massive MIMO

Cell-free massive MIMO is a topology for implementing massive MIMO networks. Unlike
collocated massive MIMO, in cell-free massive MIMO, the antennas (APs) are distributed
randomly to maximize fairness in the network. The investigations in [70] regarding the impact of
DL pilot training in cell-free massive MIMO have indicated that per-user net throughput,

especially in low-density networks, can be remarkably improved by employing DL training. This
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result emphasizes that due to the less pronounced channel hardening effect, DL pilots are more
necessary to be used in cell-free massive MIMO than collocated massive MIMO. Therefore,
considering pilot transmission in both UL and DL, the achievable DL rate of users can be first
found, and then, by applying the optimal resource allocation scheme presented in this thesis, the

DL achievable spectral efficiency of cell-free massive MIMO can be improved.
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Chapter 6: APPENDICES

6.1 AppendixI
Using the approximation given by (3-19), ikH[(Zﬁ-{zl Bj) uut — cov(ik)]ik in the denominator

of (3-16) can be approximated by

K
B D 8| vur = cov(t) | B
j=1

K
=" z B; | UU" — tPpREU (TP U UB, + 1,)tUHUUY |1,
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Moreover, we have

Q

(

-~ —~ 2
'~(6hiu"UR) ~ 2 (%) IRl (6-2)

12

Substituting (6-1) and (6-2) into (3-16) results in

RYRC ~ E<log,| 1+ zly , (6-3)
(21_( ) TPPBk(p) 2 P] 101
T epppy () +r PuM [Py

that becomes exact as M — oo. Besides, according to Jensen’s inequality and because log, (1 + i)

is a convex function, we conclude that [E{logz(l + %)} > log,(1+ ﬁx}). Therefore, a lower

bound for the UL rate given by (6-3) can be obtained as
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1

RMRC >1log, | 1+ >
Peft (7)
M

LE{L
\ N LA PR [ (T

Applying the properties of central complex Wishart matrix [71] and considering cov(rlk) ~

1P

' (6-4)
(2.8) - }

TPPBR(M)
WIP,WC have
M
1 PPN | TPp Ly (?) +1 1
Bl ——t = E{er (([R]”) )} = X ——, ]
{”hkuz} ( ) TPp By (%) P-1 (6-5)

for P > 2. Substituting (6-5) into (6-4) results in the approximate rate given by Theorem 1.
To analytically prove the accuracy of the derived closed-form rate, lets also find un upper

bound for (3-16). According to Jensen’s inequality for concave functions, we have

E{log,(1+ )} = log, (1 + E{}). This results in

O \

1

i

RMRC <log,| 1+ EX 7 >
(2, 5) PoBE(p) L 1pl1 1
<.B;)— 7 37| - ——
. 7 P (?) r1 BBl
(6-6)
=~ 2
Ej|lh
=log, | 1+ {” :”1\/}1 )
(opap) - L1l
O g (M) v 1 BB
where the expectation term can be given by
M M
~ 12 ~ TPp B (?) TPp P (?)
IE{”hk” } =tr (cov(hk)) ~ tr< i I, | = i P. 6-7)
P (7)) + 1 Py () + 1

Hence, we conclude that
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log,(1+ a(P — 1)) < RYRC < log,(1 + aP), (6-8)

Mp2 o
P BTZIE;J”I;ﬁk . When M is large, (Zg'(:lﬁj) _%RM(I)DL
T P T ’
(25'21 1') TPP;kI((MS)"’lIPl’LLII; (Tpp%ﬁ“l) o
P

where a =

Bk

—i——— that has a small value. This means that the
(Zj:lljik B])

1P K
Zﬁl - (Zj=1,j¢k p;) and therefore, a —

upper bound in (6-8) becomes very close to the lower bound that proves the accuracy of the

obtained closed-form ergodic rate. Hence, the proof of Theorem 1 is completed. m

6.2 Appendix IT

By using % Utu ~ %I p for large values of M, cov(ej) in (3-22) can be approximated by

cov(g) ~ (,Bj — —TPPB’Z(F) >UUH,

‘L'Ppﬁj(%)-l-l (6_9)
And accordingly,
M
~ R P B (& 1 1
Lcov(g)L ~ | g, - —— M(P ) DZRYUHUU"URAD?
Pof; () +1
(6-10)
~(M*(—2 __\piataDs
~ (%) <Tppgj(%)+1>”2” HD:.
Also, we have
-1 -1
(i"1) " = (D%EHUHUT{D%) ~ (1) (D%FIHFID%) . 6-11)

As the result, (LY i.)_liH cov(g;)L(L" i.)_l in the denominator of (3-21) can be rewritten as

(272) 'L cov(s; ) L(L7D) ™ ~ ("’—)1> (0a7AD)

TPPﬁj(% (6-12)
Substituting (6-12) and (6-11) into (3-21) simplifies the denominator to
K
sgen-lopy s eyl A rspen-1
Z |(Z7L) "L cov(g))L(L7L) | + B (@)
]:
(6-13)
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By using Jensen’s inequality for the convex function log, (1 + i), a lower bound for the achievable

UL rate can be obtained as

1
RFF =log, | 1+

P1 ok B; 1o 17! (&-19)
MP, * 2i=1 M £ {|(p2AD2)
u Pof; () + 1
P j P kk
1 131
The expectation term E {l(DEHH HDE) l } in (6-14) for P = K + 1 can be given by
Kk
M
E {[(D%HHHD%>_11 } _ L (TPeh (?) H x—
w) BeK\ 1pg (%) P-K (6-15)

where the last equation is derived by using the properties of central complex Wishart matrices (the

wPrBi(p)

‘L'Ppﬁk(%)+l

elements of H are zero mean Gaussian random variables and cov(ﬁk) ~ Ip) [71].

Finally, substituting (6-15) into (6-14) results in the closed-form rate given by Theorem 2.
The accuracy of the obtained closed-form rate can be justified according to the Lemma 1

in [39]. This Lemma emphasizes that for any X and Y that are sums of nonnegative random

variables, we can have E{log, (1 + é)} ~ log, (1 + %). Similarly, in this context with X = 1 and

i 1 1\l . .
Y = <§ é + 5-;1 rl’pﬁfW) [(DEH HH DZ) ]kk, the closed-form approximate UL is very close
to the exact UL ergodic rate and the proof of Theorem 2 is completed. m

6.3 Appendix IIT

According to Woodbury matrix identity, we have

[LL7 + 2, cov(e)) + Iyl ™ =¥~ =Y L(I, + Ly 'L) LAY,

Y

(6-16)

Moreover,
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K
IO 1 -
LH[LLY + Z cov(g) + 5 In]7'L
j=1 “

R SO R - N—1a R (6-17)
= LAY — LHY LI + LHY~'L) LAY~'L
= (g + (BFY10) )t = Iy — (I + LHY1D) L,
Substituting (6-17) into the denominator of (3-25) yields
R MMMSE — E)iog 1 6.18
k 2 [(IK +iHy—1i)—1]kk (6-18)
Moreover, using the approximation given by (3-19) results in Zj-;l cov(ej) ~
(Zﬁ-(zl 'Bij YUU" for large values of M. Therefore,
TPijF+1
K
_ B; 1
Y1 =~ 11\/1 )UUH+P—IM] 1
j=1 TPp,Bj P +1 u
Sl Sl B
=PI, — P,*( ;4 Y| Ip + By( 1]\/1 YHu | uH
j=1 Tppﬁj?-l‘ 1 j:lTPpﬁj?-F 1 (6—19)
Bi
RS ———)
~ P, Iy 7 ; uut,
1+ A P (Z;{:l ]J\/I )
P,B; pt1
N __(3-19) puM PN _ _
Besides, wehave LAY 'L ~ ~ (—— —— YDY2HH HD'/?, Accordingly, the achievable
1+PuFEj=1erﬁj%+1
UL ergodic rate of LMMSE receiver can be approximated by
LMMSE 1
Ry, ~ [E<{log,| 1+ T | (6-20)

Vi
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where y;, = — — 1. This approximation of the rate is exact

MK Pj
1+Puﬁzj=1 1
’L'Pp B]'F-Fl

[/ u ]
!I Ic+( Pup )Dl/ZﬁHfml/Z) !
\ b

when M — oo, Besides, by using Jensen’s inequality, we have

Ry MMMSE > log,| 1+ ;1 . (6-21)
By

The PDF of y can be approximated by the Gamma distribution G (ay,6y) such that p,, (x) =

x%1e=*/%k _ (PoK+1+(K-1)f)?

ERTRTR where a;, = P Ki1r (K13, and 0, is given by (3-27). By applying this approximate

distribution, we have

E{l}=r(ak_1) = — 6-22
Yk M )0  (ap— 16’ (6-22)

where the last equality is resulted from I'(x + 1) = xT'(x). By Substituting (6-22) into (6-21), the

rate given by Theorem 3 can be concluded.

It is worth mentioning that by applying the same method, an upper bound for the rate given by
(6-20) can also be found as R;,“E < log, (1 + E{y,}) = log,(1 + ax6y). This verifies that the

closed-form ergodic rate given by Theorem 3 is very accurate and close to the exact ergodic rate,

especially in lower values of SNR, where 6, is very small.
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