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Abstract

Distortional Buckling Formulation for the Analysis of Composite thin-walled beams

MohammadHossein Moradpoor Sheikhkanlog M.A. Sc.

Thin-walled beams are widely used in constructioti various restraint arrangements and sizes.
While lateral torsional buckling is a major design concern for-thaied beamsised as girders
distortioral effects may become important dependingestraint conditiongas well as fobeams
with slender webs, st ocThiygthdsisiimrgdecsnovelbeadtyper s hor
nonlinear Finite Element formulation that is applicable ferahalysis of-sections that are prone

to laterattorsional bucklinganddistortion A linearized buckling formulation hdseen derived as

a special case of the nonlinear beam formulation under the assumption of-imaclkdneg
deformations.The materialis assumed elastic. The formulation was also applied for composite
laminated thirwalled beams. The effect of shear deformation on the flexural and {etesiainal
buckling predictions of compositaminated thiawalled beams were illustrated without the
distortional effects. For the analysis of competatainated thirwalled beams the finite element
formulation has the flexibility to choose one of the alternative members of the-Bogksen

family of strainsAs such the developed formulation is ate@sion of both Engesser and Haringx
column buckling formulas to shear deformable 4vadled beams withigid webs. It is shown that
alternative strain definitions lead to changes in the geometric stiffness matrices in finite element
buckling analysis othin-walled beams. The effect of the selected strain definition on the elastic
buckling load predictions is illustrated in numerical tests including short sections and beams with

low shear modulus.



To my beloved pare
ArazMohammad & Zohrel



Acknowledgments

| would like to begin byexpressing my deepestatitude to my supervisor, Dr. Emre Erkmen for
his valuable guidance and suggestion, creatind critical thinkingbasel on his extensive

knowledge and research experience throughout this researkh

| am also thankful to the members of my thesis proposal committeé;ubia Tirca and Dr.

Ghazanfarah Hafedar theirthoughtful adviceand encouragement.

| am extendingny highest appreciations to rdgarparents, ArazMohammad and Zohfehtheir
endless love and immense supporteducating angreparing me for my futuréam truly blessed

to have such wonderfplarents. Thank you, my two lifelines!

| express my smgal thanks to my beloved sisters, Dr. Nona Moradpoor, Dr. Naghmeh Moradpoor,
and Neda, my adorable nieSephie,and my lovely nephews Houman and Homay&amtheir

unconditional love and valuable devotions.

Last but not least, | would like to say thanks to my dear friends, Ahmad Kalantari, Mohammadreza
Rejali, Reihaneh TamizkaRobbie McDowall, and Mahyar Erfanfor their encouragement and

moral support.



Table of Contents

S Ao ) T [0 ix
S 0 N = 1] =PRSS PUTUPRPRTRR Xiii
1. Chapter 1: INtrOAUCTION .....ueiiiiiiiiiiiiiie et ee e enea 1
1.1, GENEIAI VIBW...ciiiiiiiiiiee oottt ettt nnme e e e e e e e eeee st abasan s smmmessnsnnnnns 1
D Y/ [0] (1Y 7= (o] o T PPTPRPPPRRRN 1
1.3, ThesiS Organization............ccciuuuuiiiiiiimeeaiii bbb e e eeees e r e e e e e e aeaeaaeeesaenns 2
1.4. Theory of thin-walled members.............ooorriiiiiiii e, 3
1.4.1. Beam theorieskKiNEMALICS............uuuiiiiiiiiiiiiiieeeiiiiiie e 3
1.4.2. Euler-Bernoulli Beam ThEOIY ........ccccciiiiiiiiiieiiieeee e e 3
1.4.3. Tim0oShenko BEam TNEOIY..........uuuiiiiiiiiii e e e et e e eneer e e e e e e e 6
1.4.4. Higher-order BEam TREOIY ........euiiiiiiiiiiiiiiii e 8
1.4.5. Thin-walled members under torsioN..............ooevvviiiviiiiccnn e 11
1.4.6. Vlasov open thinwalled beam theory (noRuniform torsion) ......................... 13
1.5. Gjelsvik thin-walled beam theOory.............eueviiiiiiiiiiiieee e 16
1.6. Lateral Torsional BUCKIING ..........oovuiiiiiiiiie i eeeer e 18
1.6.1. Kinematics in Lateral Torsional BUCKIING ..............ovviiiiiiiiiiiccceeeee e 18
1.7, REIEIENCES ... e rr e 21
1.8, LILEratUre MEVIEW ...cceeeiieieieiiii et eeee e ettt ennes bt e e e e e e e e e e e e e emmees 22
2. Chapter 2: Distortional Thin -walled Beam KinematiCs............cccccceeeeeiiiiieeeeieeeennn. 25
2.1, CoOrdiNate SYSIEM.......cceiiiiiiiiiiiei e cre e e e e e e e e e e ereeree e e s e e e e e e e e e e e e e eeeesaeens 25
2.2.  Assumptions and KINEMALICS..........cuiiiiiiiiiiiii e 26
2.3. Displacements in the plane fothe crosssections................euvvvviiiiiccceeeeeieiennnnns 26
2.4. Longitudinal diSPlaCcemMEeNt. ..........eviiiiiiiiiiiii e 27
2.5. EXPressions fOr STraiNS.........oooiiiiiiiiiiieeee e eeenas e eeeeeeeeeas 29
2.6.  VariatioNS Of STraAINS.........uuuuiuiiiiiii e eeeer e e e e e e e e eeeeeaenes 34
2.7. Strain decomposition using matrixvector multiplications...............ccccceeeeeveiies 35
3. Chapter 3: Weak Form of Equilibrium EQUAtiONS............cccoeveiiiiiiiiiiiceeiee e, 37
3.1, CONSHIULIVE FEIALION ....eeiiiiiiiiiie e eeeee e e e e e e e e e e eeeeeeenen 37
3.2. Non-linear Equilibrium Equations Based on the principle of virtual work ....... 38
3.3. Consistent Linearization and Tangent Stiffness.............ccoovviiiiiieeein e, 38

Vi



3.4. Linearization BUCKIING ANAIYSIS .........ccceeiiiiiiiiieiiieeee e 39

4. Chapter 4: Finite Element FOrmulation...............ooovviiiiiiiiiee e s 41
g I 1 (=1 o o] F= U1 o o U Tod 1 o] o PSPPSR 41
4.2. Thin-walled Beam Formulation as a special Case............ccccvvvvvvivvieemeeeeeeeenennns 46

5. Chapter 5: Case StUIES...........ccoiiiiiiiiiiiiieeeriiiirieiieee e esesrnerereee e e e e e e e e e e e 0en AO
5.1. The employed Shell Formulation (SEF).........cccccooiiiiiiiiiiiieeee e 49
5.2, Numerical EXamPIES...........uuiiiiiiiiiiiiii e 52
5.2.1 Example 1: Cantilever bean under tip load..............ccooiriiiiiiiicc e 52
5.2.2 Example 2: Cantilever beam under weak axis bending.................ccooiieee 56
5.2.3 Example 3: Cantilever beam under torsion...............eeevvviiiiiiieesiiiieeiiieeeeeenn. 59
5.2.4 Example 4: Cantilever beam with restrained top flange.............................. 61

6. Chapter 6: Validation of the Developed Distortional Beam Formulation (DBF),

Buckling ReSpoNSe PrediClioNS.........ouiiiiiiiiiiieeice e 63
6.1. Case A: Cantilever DeamM ...........uviiiiiiiei e 64
6.2. Case B: Fixedfixed Deam...........coooviiiiiiiiiiiiieeee et L O
6.3. Case C: Beam restraint ontinuously at top-flange.............ccccovvrriiiiieeee e, 81
6.4. Case D: Monaesymmetric simply supported beam..............ccoevvvviviiieeeeeeeeeeee, 83
6.5, CONCIUSIONS. ....utiiiiiiiiiiiiiii ettt rmme e e e e e e e e e e e s e nnes s s e nnnes 88
B.6. REEIENCES ... oot enae e 89

7. Chapter 7: Including Shear Deformation Effects in Buckling Analysis of Thinwalled

Laminated Composite MEMDEIS........coiiiiiiii et a3
4% T | 1 (e To [T i [0 o I PP PR PRI 93
A =Y i o To (o] (oo | V2P 95
A S 1 - 1| 3P U PR PR U PPPRPUPPPPR 95
7.2.2  CONSHULIVE FElatiONS.........ccoiiiiiieeeiiiii e e e e e e as 97
7.3. Energy functional for static and buckling analyses..............cccccvviiiiieeciiininnne. 98
7.3.1 Energy functional for static analySiS...........cccoouiiiiiiiiiiicce e 98
7.3.2  Energy functional for buckling analysis.........cccccccoeiiiiiiiiiiicne Q9
7.4. Finite element formulation ............eeeeiiiii e 99
7.5, APPLICALIONS. ... e ——————— 101

Vil



7.5.1 Lateral-torsional buckling of mono-symmetric thin-walled beam under
UNITOIM MOIMENT ...t e e e et e e e e e e e e e e e e e e e s st e e e aaeeeeas 101

7.5.2 Lateral-torsional buckling of simply supported symmetric ksection under
UNIFOIM T ..o et e e e enes s e e e e e e e eeaeeeas 102

7.5.3  Flexural buckling of simply supported symmetric I-section under compressive
load 104

7.6. Conclusions, and RecomMmeNdationsS............cuiiiiiiiiiiiieeeieiieeeee e 105
4L 20 R O] o od 11 o] o =Y 105
7.6.2 Recommendations for FUtUIe WOrK.............uuuuiiiiiiiiii e 106
A G (= (=] =T 1= SRR 106
LISt Of SYMDOIS. ... .t 108

viii



List of Figures

Figure 1.1 Thin-walled members with Open CroSSECHON..........ccceeeiiiiiiiiiiiiiee e 1

Figure 1.2 Righthanded coordinate SYStemM.........cccceviiiiiiiiiiiieeee e 3

Figure 1.3 A cantilever beam subjected to a tip load (EuleBernoulli theory assumption),

a) Beam Deflection, bB) KiINEMALICS.........ooeviiiiiiiiiiiieieiiii e e 4

Figure 1.4 A cantilever beam subjected to a tip load (Timoshenko theory assumptian)...7

Figure 1.5 Deflection of a cantilever beam under a tip load, a) Withoutrosssectional

warping (Plane section remains plane), b) With crossectional warping (Plane section will

NOT FEMAIN PIANE)......eiiiiiiiiiie ettt e e e e e e e emr ettt e e e e e e e e e e e e s s e e e s rmmne e e e e e e e e e e e e annns 10

Figure 1.6 (a) A thinrwalled member with closed crossection under pure torsion, (b) Saint
Venant 6s shear stress w.a.r.i.at..o.n....al.ong..tlhe t hi
Figure 1.7 Global warping deformation of doubly symmetric kshaped wide flange section,

(a) Longitudinal displacements of theflanges, (b) Cantilever beam under torsion

(restraiN@d WAIPING) . ..cooeeeiiiiiiee ettt e eee bbbt e e eees bbb e e e e ettt e e e e e e e e e s ammmreeeaaeeeaaeens 14

Figurel . 8 VI asovédés theory Kkinemadt.i.cs...(.r.l.gl6d di sk
Figure 1.9 Local warping deformation of the flange (Gjelsvik theory)................ccceeeee. 17

Figure 1.10 Stages of buckling deformation...................eeeiiiiieeciiiiiiiieeeee e 19

Figure 2.1 A general thinwalled beam segment and the coordinate systernsee ref [37]25

Figure 2.2 Displacement field of a doubly symmetric-kection, a) Displacement functions b)

Warping of the crosssection- See ref [B7] ... 27
Figure 2.3 Thin-walled beam segment and the codinate systemi see ref [37]................ 28
Figure 2.4 Uniform twist action of a plate segranti see ref [37].....ceviiiiiiiiniiiicen. 32
Figure 4.1 Nodal displacements according to interpolation scheniesee ref [37]..............41

Figure 4.2 Components of torsional moment and their dependence on web rigidity....... 45
Figure 5.1 Support and loading conditions for buckling analysis of plate and membrane
100 =SS 51
Figure 5.2 Tip load at the midsurface of the cantilever............ccccccoiiccc s 52
Figure 5.3 a) WRF1000%x340 Crossectional Geometry, b) Crossection finite element

LR TSTS o TP T PP PPPPTPPPPP 53
Figure 5.4 Finite element modelling of the cantilever beam under a tip load.................. 53
Figure 5.5 Vertical deflection for transversely loaded cantilever.............cccccccciiiieeennneen. 54


file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082455
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082456
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082457
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082457
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082458
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082459
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082459
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082459
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082460
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082460
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082461
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082461
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082461
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082462
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082463
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082464
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082465
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082466
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082466
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082467
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082468
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082469
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082470
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082471
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082471
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082472
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082473
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082473
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082474
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082475

Figure 5.6 Angle of rotation due to strong axis bending of the cantilever beam.............. 55
Figure 5.7 Horizontal parallel forces on top and bottom flanges...........ccccooeeeiiiiiiiceeennn. 56

Figure 5.8 Finite element modelling of the cantilever beam subjected to horizontal parallel

0] €01 PP 56
Figure 5.9 Lateral deflection for horizontally loaded cantilever..............ccccooeeiiivieeeenl 57
Figure 5.10 Angle of rotation due to weak axis bending of the cantilever beam............. 58
Figure 5.11 Applied twisting moment 19.2 KINM ........uuiiiiiiiiiiiiiiiiiceeeseeeeeeeeee e 59
Figure 5.12 Finite element modelling of the cantilever beam under twisting moment.....59
Figure 5.13 Angle of twist along the cantilever beam due to applied twistingoment....... 60

Figure 5.14 cantilever beam with restrained top flange under laterayl applied load and

(1] F= Y= 0 = T 61
Figure 5.15 Crosssection deformed configuraion at the tip with restrained top flange....61
Figure 5.16 Bottom flange lateral deflection along the cantilever beam.......................... 62
Figure 6.1 Description of loading and boundary conditions of the analysed four casesee
=] I 4 PO O OO PP PP PPPPPTPTTPO 63
Figure 6.2 Critical tip load for the L=2m cantilever beam..............ccccccoviimiieecrnnc e 66

Figure 6.3 Effect of second order vertical strain on buckling load predictions for the L=2m

CaANTIEVET BOAML.....ciiiiiiiiie ettt e ettt e et e e e e e e e e e e e e e e s s smmreaaeaaaaaeaeeaaannns 67
Figure 6.4 Critical tip load for the L=4m cantilever beam..............cccccviiiiiiiiceciiiiiiiieee 68
Figure 6.5 Critical tip load for the L=6m cantilever beam................ccccviiiiiiieeciiiiiiiiieee 68
Figure 6.6 Critical tip load for the L=8m cantilever beam.................ccccceiiiiiiecviiiiicennn 69

Figure 6.7 First mode shape for L=2m Top and Bottom flange Lateral Displacement
(013 2= T 0 R PP PP PP TROPPPPPRR 70
Figure 6.8 First mode shape for L=2m Top and Bottom flange Angle of Twist (beta=0.5)1

Figure 6.9 First mode shape for L=8m Top and Bottom flange Lateral Displacement

[(O1] = T 08 TSRS 71
Figure 6.10 First mode shape for L=8m Top and Bottom flange Angle of Twist (beta=0.5)
.......................................................................................................................................... 72

Figure 6.11 First mode shape for L=2m Top and Bottom flange Lateral Displacement
(013 = T ) PSR 73
Figure 6.12 First mode shape for L=2m Top and Bottom flange Angle of Twist (leta=1)73


file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082476
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082477
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082478
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082478
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082479
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082480
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082481
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082482
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082483
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082484
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082484
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082485
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082486
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082487
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082487
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082488
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082489
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082489
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082490
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082491
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082492
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082493
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082493
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082494
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082495
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082495
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082496
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082496
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082497
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082497
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082498

Figure 6.13 First mode shape for L=8m Top and Bottom flange Lateral Displacement
(0T 2= Tt ) TS 74
Figure 6.14 First mode shape for L=8m Top and Bottom flange Angle of Twist (beta=1y4

Figure 6.15 3D Figures for the buckled shapes of the first mode.............vvviiiiiiiceennnnen. 75
Figure 6.16 Critical mid-span load for the L=5m fixedfixed beam.................ccovvrrrrieeen.. 76
Figure 6.17 Critical mid-span load for the L=10m fixedfixed beam.............ccccceeeviiirininne, 77
Figure 6.18 First mode shape of the L=5m beamTop and Bottom flange Lateral
Displacement (DETA=0.5).......uuuuiiiiiiiiis e errer e —————— e 78
Figure 6.19 First mode shape of the L=5m beamTop and Bottom flange Angle of Twist
(0122 T 028 ) PP 78
Figure 6.20 First mode shape of the L=10m beamTop and Bottom flange Lateral
Displacement (DEta=0.5)........ccoiiiiiiiiii e eeer e e e e e a s 79
Figure 6.21 First mode shape of the L=10m beamTop and Bottom flange Angle of Twist
(0122 T O ) TSP 79
Figure 6.22 3D Figures for the buckled shapes of the first n@@...............cccccceviiiiieeennnnn. 80
Figure 6.23 Buckling load predictions for the continuous beam under uniform vertical load
......................................................................................................................................... 81
Figure 6.24 First mode of the continuous beamBottom flange lateral displacement....... 82
Figure 6.25 First mode shape of the continuous beanBottom flange Angle of Twist......82
Figure 6.26 3D Figures for the buckled shapes of the first mode..............oovvviiiiiiicennnnnn. 83
Figure 6.27 Critical mid-span load for the L=4m span..............ccccovvvviiiiieee e e, 84
Figure 6.28 Critical mid-span load for the L=8m span................coovvviriieee e, 84

Figure 6.29 First mode shape of the L=4m beamTop and Bottom flange Lateral
DIy o] F= Tt =T 1 4[] o | TP PPOPPPPPP 85
Figure 6.30 First mode shape of the L=4m beamTop and Bottom flange Angle of Twist85
Figure 6.31 First mode shape of the L=8m beamTop and Bottom flange Lateral
DY o F= (ot =T 4[] o | OO TPPPPPRP 86
Figure 6.32 First mode shape of the L=8m beamTop and Bottom flange Angle of Twist86

Figure 6.33 3D Figures for the buckled shapes of the first mode..............ccccoeiiiiiieeen e 87
Figure 7.1 Thin-walled beam composed of fibereinforced laminates...........................0l! 95
Figure 7.2 Mono-symmetric beam under uniform bending moment..................ccccvvvveee. 101

Xi


file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082499
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082499
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082500
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082501
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082502
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082503
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082504
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082504
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082505
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082505
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082506
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082506
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082507
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082507
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082508
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082509
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082509
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082510
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082511
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082512
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082513
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082514
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082515
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082515
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082516
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082517
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082517
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082518
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082519
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082520
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082521

Figure 7.3 Critical buckling moments accordingto layup|[ ° F J4S...ccccooiiiiiiinnnn. 102

Figure 7.4 Symmetric simply supported beam under distributed load........................... 102
Figure 7.5 Critical buckling loads according to layup [ ° F J4S. ..., 103
Figure 7.6 Symmetric simply supported beam under compressive load........................ 104
Figure 7.7 Critical buckling loads accordingto layup [ ° F J4S....coiiiiieiiiiieeeeeee. 105

xii


file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082522
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082522
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082523
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082524
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082524
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082525
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082526
file:///C:/Users/Admin/Desktop/Thesis_15.docx%23_Toc89082526

List of Tables

Table 5-1. Tip deflection at the midsurface of the 6.00m span cantilever....................... 55
Table 5-2. Angle of twist of the free end at the migsurface of the 4.00m span cantilever 60
Table 7-1. Values of material properties for glassepoxy composite (GPa)..................... 101
Table 7-2. Critical moments for the simply supported beam in FigureZ.2 (Nmm)........... 101
Table 7-3. Critical uniform loads for the simply supported beam in Figure7.4 (N/m).....103
Table 7-4. Critical compressive loads for the simply supported beam in Figuré.6 (N)... 105

Xiii



1. Chapter 1: Introduction

1.1. General View
Thin-walled beam structures constituted from connecting thin plates are extensively used in many

fields such as civil construction because of their high stiffness to weight ratioswalled
members can be defined as members with large depth to thicktiesse..- p 1(Figurel.l).

A number oftheories were developed for the analysithefbehavior of théhin-walled members

which are elaborated section 1.4Thin-walled beams with open cresections such asshaped

wide flange beams suffer from inherently low torsional stiffness and therefore they are prone to
several elastic buckling modes dependimgtheir size and restraint conditions. Latdoakional

buckling of steel joists is a major concern in building design while in bridge design girders of
composite beam are prone to distortion of their web due to restraint conditions. Distortional effects
gain signiycance in girder beams with slender
deformation also becomes important as the beam spans get relatively short comparison to cross
sectional sizeskor safe and economical design modelling appresdhat capture necessary

modes of deformation for accurate analyses ofwafled beams are required.

_"_

W\

o

|

Figure 1.1 Thin-walled members with open crossection

<

1.2. Motivation
The primary objective of the current thesis is to capture the effect of web distortion which is
neglected in conventional beam theories plus considering the incorporation of shear deformation

effectsin buckling and static analysis of wide flange begmenthat such effects can be eminent

1



in crosssections with deeplender websThereforeit is rational to develop a computer program

for numerical modelling thiwalled beams able to perfordmucklinganalysis

Developing a finite element formulatiarapable for a reliable elastic bucklibghavior in steel
structures incorporates the effects of web distortion which bawenonly been neglected in
buckling solutionsAdopting classical approbkes in buckling analysis which ignore distortional
effects on the crossectionwere observed overpredict the buckling capacity of the member leading
to unconservative buckling response predictighdinearized buckling eigenvalue analysis is
conducted to obtain critical loaaf thin-walled steel beams and results are verified with shell

analysis model.

1.3. Thesis Organization

Thecurrentthesispresented newfinite element formulation for thivalledmembers with open
crosssection to predict their elastic bucklingsistance which captures weistortional effectsn
orderto avoid limitations irthe conventional beam theories for static and buckling analysis
present chapteincludes introductio and provides a review dfindamental concepts dfin-

walled beam kinematics and contains a literature review conducted on web flexibility

Chapter 2 describes tieam kinematics and related displacement fialt$ correspondent first

order and second order strain terisathe buckling stages

Chapter 3 the differential equilibrium equatidos the condition of neutral stabilitipr buckling
consistent with the kiematics are developed based on the principle of virtual work.

Chapter 4 the finite element formulatidar distortional beam as a treatment for classical
approaches (rigid web assumptiongxplainedand expressions for the nodal displacements vector
are presentedAdditionally, finite element formulation for thiwalled beam with noendable

web is represented as a special dasaondistortional buckling

Chapter 5 the validity of the formulatioissassesser static analysisf a monesymmetric cross
sectionthroughout solving numerical examplasdcomparisorwith results based oshell FEA

andthin-walled models andotherconventional bearmolutionsis conducteds well

Chapter 6several examples areqvided to investigate the effect of web bendingbaickling

analysisof doubly symmetric sections incorporation tvalled beam formulation which neglects



crosssectional distortion to address the limitations of classical soludadscomparisons are

provided against shell FEA solutions to verify the presented theory

Chapter 7 is written iapaper formatvith its standalone literature review unified finite element
formulation is developed fashear deformable FRBultruded thinwalled beamsvith low shear
modulus. In this chapter, however, the distortional effects are suppressed due to some
complications of combining shear deformability with distortions effects in buckling analysis.

1.4. Theory of thin-walled members

1.4.1. Beam theories kinematics

This section is reviewing a few important bending theories for beams by describing their kinematic
assumptions, related displacement fields and correspondent strains expressionshandgtit
coordinate system (x, y, z)designatd (seeFigurel.2), where z is directed along the longitudinal

axis of the beam, the x axis is along the width of the beam, and the y axis is along the height of the
beam which is considered positive in a dovansvdirection. The corresponding displacement
fields along the three axes of X, y, z are u, v, and w, respectively. Subsequently, the kinematics of
deformation and displacement fields for various theories for steel beams such é3euderli,
Timoshenko Higherorder beams, Vlasov are presented.

v ¥

Figure 1.2 Right-handed coordinate system

1.4.2. Euler-Bernoulli Beam Theory
The EulerBernoulli beam theory or classical beam theory is the simipéasttheory for analysis
of thinrwalled structural components. This theory is developed on the basis of two primary

assumptions:



1 Crosssection of a beam remains planar and normdieaeutral axis of the beam after the

beam deforms.
71 Deformed angles (slopes) the beamareassumedgmall.
According to the first assumption it can be seen that the angle of rotation of theexrtiss and
the slope angle of the neutral axis D’Q(b are equal to each other (ségure 1.3), and

corresponding displacement fields can be written as below:

Y
A
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A I
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A1
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/ .
a) Beam Deflection
0
« F
b) Kinematics
’ ¢
b
""""""""""""" Figure 1.3 A cantilever beam subjected to
tip load (Euler-Bernoulli theory assumption),
0 a) Beam Deflectionb) Kinematics
Deformed Undeformed
o Gt - 11

0 athd 0 ¢ i Qe
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Where6 afuhix , 0 ¢huhd and0 ¢fuhx are the displacement fields of an arbitrary pointa
crosssectionalong X, z, and y directions, respectively, anda andb & is the longitudinal
and transvers displacement af point onthe beamcentroidal axis located af0, O 2).

Simultaneously;— denotes the angle of rotation of the cresstion which is equal to the slope
of the neutral axis¢ QUQa

According to the assumption of small deformation, we have
wéE+ p
i Qe —

Therefore, the equatidhl can be simplified as:

6 ahdy T
e . . A " 1.2
Doy U @ W—UL g W
O ahvhd 0 &
The corresponding normal and shear strains can be written as below:
pr ot o
T o Ciate T
¢he 1.3
pT UT O
- - —. —. T
¢T ol w
ro
- —, D
T a

Furthermore, the bending moment about x axis due to the applied tip load can be calculated

terms of displacements, ® Q70 and based qgn ©Oh einwhelOcedess tol a w

elasticity modulus:
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Where™O and A are the second moment of inertia about x axis and area of thesectes,

respectively.

The shear internal force cannot be calculated from kinematics becavifielétad to zerpand

must be found from equilibrium equation

5 t Qs O Qb T L5

In EulerBernoulli beam theory, the shear deformation effects are completely ignored which states
that the centroidal axis of the beam remains perpendicular tccrisssection after the
deformations, and this can result in a stiffer behavior against those theories which include effects
of shear deformation

1.4.3. Timoshenko Beam Theory

Numerous investigations have been conducted by researchers for developinthéeas by
including effect of shear deformation and rotary inertia which were the main limitations of the
EulerBernoulli beam theory. Timoshenkt)] introduced a shear correction factor as a function of

the shape of the crosgction as a treatment bt EulerBernoulli beam theory. He presumed that
plane section remains plane, but normality condition between thesgroissn and centroidal axis

of the beam is relaxddeeFigurel.4). Thus, due to considering the shear deformation effects, the
angle of rotation of the crosection is not equal to the slope of the neutral axis ('Q ¥Q w
Based on the kinematic assumptions of the Ti

expressed as

6 chuld  m 1.6
Vahy 0 @ w QR 0 & w—

Vathy U &

In the above equations; is the rotatiorangle of the crossectionabout the axis of bending, and
6 ohuhd ,0 & andd & are theateral,longitudinal and vertical displacements terms.

And the normal and shear strain components can be written as:

o1 0 1.7
— — 'r[
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Figure 1.4 A cantilever beam subjected to a tip load (Timoshenko theory assumptior

The bending moment can be determined by the integration of normal stress of the area ofthe cross

section, and cons i d©r asbpw:t he Hookds | aw

B ©00 G, 06 O Q80 d— ©Qd 00— 18

Alternatively, many researchexslculated different values for the shear coefficient (e.g., Mindlin
and Deresiewici3], Cowper[4], Reddy[5]) in order to predict more accurate response for the
beam behaviors for engineering purposes. Therettoeanternal shear force over the acea be

found as below:

5 t0Q6 Q0O Qb QO — 19



Where A is the area of the cressction G is the elastic shear modulus a@is the shear
correction factor as an approximate modificafmrtraction boundary conditior{s.g., Bato£10],

Pilkey [7]) can be evaluated by:

o 9 Y 08 1.10
oy - (0]
O 0
Whereois the thickness and is thefirst moment ofareaof the crosssection.
Generally, Ti moshenko beambébs theory shows mo

comparison to EuleBernoulli beam However, according te in equationl.7, the shear strain

is distributed uniformly over the cresgction of the beam and the correspondent constant shear
stress distribution which ameot zero at the top and bottom surface of the beam. As a result,
Timoshenko beam theory violates the traction boundary conditions at the top edge and bottom
edge of the beam. Hence, to remedy this limitation and having more accurate kinematic
assumption, igher order beam theory was developed to satisfy traction boundary conditions which

will be discussed in the next section.

1.4.4. Higher-order Beam Theory

Shear deformation in Timoshenko beam is first order, sdr&r strain is constanttistributed

along the beamds height which implies that th
beam does not vanish and that violates the shear-fteessaindary conditions at the top and

bottom surface of the beatdigher order shear deformation beam theory has been introduced by

many researchers to remedy the limitation of first order shear deformation to get tsbemaro

stress at the top and bottomfage of the beam. In higher order beam theory, nonlinear shear

strain variation along the depth of the beam causes theswotisn to warp. As a result, not only

the normality condition between the centroidal axis and the section is relaxed, but plsméhe

section will not remain plane after deformation.

It is interesting to note that in the mentioned higher order beam theories the transverse shear strain
is distributed parabolically along the thickness of the plates, and in order to satisfy thieeghea
boundary conditions on the surfaces of the plate the longitudinal displacement of the beam take a

cubic distribution. The assumed displacement fields can be written as below:



6 a0 1.11
Oathh 0 o o—& of &

Oy 0 &

And[ & which represent warping function can be obtained as:

F g T g '20 1.12
‘ aQ N O X

Thus, thdongitudinal displacemerih theequationl.11is simplified as below:

. . TW ., QU 1.13
Ly U a w—aq o — Y o

Where— a andQrepresent the angle of rotation about bending axis and height of the cross

section, respectively. Also, the corresponding normal and shear strain components are:

pT o1 0 1.14
- - . T

¢T a'! w

pT 0T U p Tw b

¢T o't w cp"Q

To o 0 T |
T Ta ®P o T GqY

Which- implies the quadratic distribution of the shear strain and the correspondent shear stresses

which will vanish at the top and bottom surfaces of the beam - . Hence, there is no need
for shear correction factor in higher order beam theory. Howevee tlee®lopments are only for

beams with rectangular cressctions.

The bending moment can be determined directly by integration of the normal sfresses

over the crossectional area as:



The internal shear force can be expressed as (RBpdy

. Y T b o0 T Q, 08
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b)
Figure 1.5 Deflection of a cantilever beam under a tip loada) Without cross
sectional warping (Plane section remains plane)) With cross-sectiona
warping (Plane section will not remain plane)

1.15

1.16
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Figure 1.5 repreents the major discrepancy between the deformed shape of thesectss
according to the elementary beam theories (EwgerBernoulli and Timoshenko) and the higher

order beam thegr(e.g., Levinsorj6], Bickford [8], and Heyliger and Redd$]). As illustrated,
Figurel.5ait is demonstrated that based on the elementary beam theories the plane section remains
plane during the deformation, while figure1.5b it can be obarved that the plane section does

not remain plane during the deformation and the longitudinal displacement of the plane section is

nontuniform because of crosectional warping effect.

1.4.5. Thin-walled members under torsion

When athin-walled member which is free to warp is subjected to opposite external torques at each
end the member undergoes uniform twisting along its longitudinal axis (z) which is passing
through the shear center of the cresstion™Y wh® under theassumption of the plane section

will remain plane after the torques applied. This type of torsional behavior of a beam is known as
pure torsion which was initially developed by Saint Venant and it is commonly the predominant
behavior in beams with closedosssections such as circular hollow sections where the shear
stresses distributed linearly through the thickness of the wall with zero value on the middle surface

(seeFigurel.6). T

T} O "

(@) (b)

Figure 1.6 (a) A thin-walled member with closed crossectior
under pure torsion,( b) Sai nt Venantds s
the thickness

11



Based on the uniform torsion (Saint Vena#$umptions, the expression of the displacement field
is:

6 oo W O —a 1.17

O oftf 1 dfh—

0 ahuhd ®w 0w —a

Wherg afw is the warping function ane-is the angle of twist which is linear. Therefore, the

axial displacement afto — is constant with respect to z. The strain components deduced from

displacement field can be written as:

pTo61vo p , 1T , 1.18
- S 0w — —a
¢T at! w ¢ T w
pT vl v p ) ,
- - — — -0 0 —,—Aaq
¢T al w ¢ T w
T 0 o
T a
The normal strain - and normal stress, of the crosssection vanish since the second

derivative of the twist angle— ¢ is zero.

Based on the elastic and isotropic materials assumptions, the internal ¥rque to the applied

torgues can be calculated as

"y f oo f & @ Qb 119

Where shear stresses are "O¢- and T ‘O¢- , so the above equation can be

simplified in terms of strain components as below:

12



" N o W e 1.20
Y O ¢ w w ¢- w w Qo
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In which"Ois the shear modulusjs the Saint Venant torsional constarftich can be found as
(Saaddq11])

—a

: o . o P R B 1.21
v w w W W W w— 0w w—00
T T
Consequently, by substituting equatib81 into equatiorf.20, t he Sai nt Venant 0s

can be obtained as

Y O 1.22

1.4.6. Vlasov open thinwalled beam theory (nonuniform torsion)

In contrast to closed crosgctionswhena torque applied to a thiwalled beam with open cross
section, the member twisted raniformly and the distribution of the angle of twist & is not

linear anymore like the uniform torsion which géveaise to nonuniform longitudinal
displacements calledarping of the plane section. If the cresection is restrained at some
locations along the member to warp out of its plane, then it will induce normal warping stress
» and shear warping strets along the beam. These stresses due to restrainechgyatmuld be
considered in addition to bending stresses in the combined torsional flexural analysis of thin
walled members. Hence, the torsional moment is consisting of two parts, one induced by Saint
Venant torsion”(Y and the other by warping torsiq’Y . The effect of warping restrained due

to norruniform torsionfor a doubly symmetric wide flange beasrdepicted irFigurel.7.

YoYUy 123
Y 00—
Y "04- 00—
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(b)

Figure 1.7 Global warping deformation of doubly symmetric I-shaped wide flange sectio
(a) Longitudinal displacements of the flanges, (b) Cantilever beam under torsion (restrain

warping)
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Where"Ols related to torsional stiffness ai@lis the warpig constant an@O is known as the

warping rigidity of the crossection.

Vlasov[2] presented the simplest theory for prismatic-thailed beams with open sections under

the combination of flexure and torsion. His theory is based on 2 fundamental principles:

1) Everypointon a given crossection undergo the same angle of twist andséwotion acts as a
rigid disk in its own plane.

2) The shear strains can be assumed to -be equ

section.

As depicted irFigure 1.8, adoubly symmetrid-shaped beam undergoes deformation and rotates
around z axis—. The origin0 is chosen on the centroid of the cregstion which is coincide with

the shear center. According to the Vlasov assumptions, the displacement fields of any generic point
on the middle surface of the thimalled segment can be expressed in terms of ther sleater

displacements ,0 al ong x andwlyi akkiiss tamael angl e of t wi s
oafthy 6 & w—a 124

Doy 0 ¢ W a4 W a 1 dw—ad

baha U A w—a
Wh e7r éfhw is the global warping function due to twisting of the crssstion which caused by
twisting of the section and can be calculatet ash & wAs a result of restrained warping,
the twisting of the crassection will induce each flange to bend about its local strong axis in
opposite directions, one bends clockwise and the other one counterclockwise. Hence, both flanges
move laterally, and in opposite signs, this pair of moments induced by warpingnestreown

asbimoment or moment couplsdeFigurel.7). This torsionawarping behavior of the beam give

rises to warping constant which is a section property and can be defifféed as] Q0

15
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While Vlasov covered the owtf-plane displacements of the cressction called warping induced

by twisting of the member but neglectedssibledistortional effects on the cresgctionwhich

can be sigificant for beams with short spans, slender webs and stocky flaAgetepictedn
Figure 1.8, when the crossection undergoes deformation the top and bottom flanges have the
same angle of twist, however; in reality, for many case
stochges$) athe web has a tendency to bend in
flange differs from the anglséoof itowiast bafckt h @

i Rigurel9) . Hencewediigsntooreitnigbead to inaccurate res.t

1.5. Gjelsvik thin-walled beam theory

Gjelsvik [12] pursued the Vlasov theory assumptions besides considering another kinematic
assumption which is thickness warping function (secondary warping) whenidkeegs of the
plates constituted the cressction (web and flanges) increased, so local warping effects should
be taken to account. Moreover, his hypothesis obeys the Kirchhoff theory of gdatesption
whereby a straight linaitially normal tothe midsurface remaining normal to the rradrface

after deformationHence, as the elements of the cresstion become thicker, each flange can

16



move out of its own plandhis behavior is captured in Gjelsvik theory as local warpffegtsof

the secthn. As depicted irFigure 1.9, For a wide flange beam, two corners of the flange move in

the longitudinal direction of the beam referring to Z dase, and the other two corners move in

the opposite directioA right-handed local coordinate system (s, t) is introduced, and the origin

of the coordinate system is at a generic point located on the middle surface of the segment where

sis the coordinat along the migsurface and it along the thickness of the wall.

Figure 1.9 Local warping deformation of the flange(Gjelsvik theory)

For a doubly symmetricshaped section s coordinate is along the x global axis for the flanges and
s is along the Y global axis for the wekccording to the third assumption of the Gjelsvikahe
(Kirchhoff plate theory) the additional axial displacement of point B offset from the middle surface

by a distance tis

: J o0 1.25
0 0—,
T a
Therefore, the total longitudinal displacement of the flange cabtaénedas
oathdh 0 ¢ @ a o o600 ¢ 1 ow 1 O —a 1.26

In which] & o ds the additional thickness warping function of the flareus thetotal
warping function is composed of twammponents of global warping functipn ¢fxd and local

warping function 6o, i.e.,

1 T 7 1.27
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The existence of the local warpimg addition to the global warping can cause to increase the

warping constant of the related crasstion

1.6.

Lateral Torsional Buckling

Thin-walled open crossectionssuch ad-shaped wide flanges steel beams and bealomns

inherentlysuffering from low torsional stiffnes§ hereforethey aregenerallyprone to various

instability phenomenimvolving torsiondepending on the slendersed the beam and components

of the section (e.g., flanges, web). One of the prevalent buckling modes of failure in beams is

Lateral Torsional Buckling (LTB) by which an unconstrairfederally unsupportedgteel beam

subjected to transverse loads tendsrove laterally and twist about shear center besides its

bending about the beamdés major axis, and the

load because of the failure mode sustained. Lateral Torsional Buckling (LTB) has been assessed
by moden steel design standards (i.e., Canadian Code-EB#A American Code ANSI/AISC
36016, Euro Code ENL9931-1). The current Canadian code for bridge design does not provide

clear guidance for evaluating the capacity of skeilge girders under the combuh action of

bending moment and torsion, and this combination give rises to considerable reduction in the

strength of the steel girder beams. In other words, it can be assumed that the Lateral Torsional

Buckling (LTB) is a dominant mode of failure in stéldge girders.

1.6.1. Kinematics in Lateral Torsional Buckling

Deformations in lateral torsional buckling for a laterally unsupported beam with deyubiyietric

crosssectioninclude four states which are showrFigurel.10, and these states are:

1. UndeformedState
2. Equilibrium State
3.

4. Buckling State

Onset of Buckling State

For a prismatic thitwalled beam as depicted figure 1.10, beam ignitially in the undeformed

stage where no load is appliéthder transvers load , the beam undergoes vertical displacement

0 & and moves from initial configuration 1 to equilibrium configuratioit@e applied reference

load is assumed to increase graduallybyascaland t he associ at @dhiverti c

i s

i ncreagsiamg Itihree drelayn r e a sh easx etcoo nif @ wturraalt 1 eogu

18



Configur VZ
Undeforn Y[ >X
1Y
= S T 0( z
Confi g 3 0 _hi
onfigar
Referenco y _0z)
0
| Configdr
TTi— s o BucklIl i ng
Configdir e

Onset of O

Figure 1.10 Stages of buckling deformation

At the onsewi tofoultucikncirnegasiing hehenemppbl i ddckb
s u d d endergges lateral displacement and taisihe saméme (.e., goes from configuration

3 to configuration 4).

The classical solution for the analysis of LTB is formed on the kinematics afdtdnown
Vlasov thinwalled beam theoryVlasov [2]) which is based on two fundamental assumptions
(e.g., Section 1.4.6As illustrate inFigure1.10, classical approaches such as Vlasov neglect the

distortional effects of the crosectionthroughout the deformatiomhile in reality for thinwalled

19



beams patrticularly for those with slender web and stocky flanges, distortional buckling mode can
be observed where the web bending take plagering the effect of web distortion can lead to
overestimating the critical buckling capacity of the be&8ewveal research have been conducted

to consider the web distortiaheffects. This includes the work Bfadford[13], Hancock et al

[14] andZ. Vrcelj and M.A. Bradford15] who demonstrated that neglecting the web distortion
can be detrimental particularly in short spans beams.
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1.8. Literature review

One of the prevalent buckling modes of failure in tvialled beams is laterdbrsional buckling

by which an unconstrained steel beam subpkto vertical transverse loads tends to move laterally
and twists. Since the early theoretical works of Timoshenko [1] and Bleich [2] there has been a
vast amount of work on the latettalrsional buckling analysis of thiwwalled beams. Early
numerical studies for théaterattorsional buckling analysis of thwalled beams include
Krajcinovic [3], Barsoum and Gallagher [4], and Bazant and Nimeri [5] who developed
di spl ace men elembnd ®rendatiopsn The effect of goackling deformations on
laterattorsional buckling of thirwalled beams was investigated by Roberts and Azizian [6],
Attard [7], and Pi and Trahair [8Effect of shear deformation on buckling behaviour of thin
walled members were investigated in displacerbasied formulationsybSaade et al. [9], Kim et

al [10], Wu and Mohareb [11] and Erkmen and Attard [12]. Erkmen et al. [13] developed a
complementary energyased finite element formulation for torsional bucglianalysis of thin

walled columns and Erkmen and Mohareb [14,15] included the shear deformation effects in
laterattorsional buckling by using a complementary endsgged finite element formulation.
Based on the HellingdReissner principleErkmen [16]andErkmen et a[17] developed hybrid

finite element formulations that can capture shear deformation effects in the buckling analysis of
steel and FRP pultruded thivalled beamsThe effect of shear deformation can gain significance
especially in the buckling behavioof beams with buitup or composite sections [18,19] or
alternatively when materials with low shear modulus is used such as FRP [20] whose usage in

engineering structures is increasing.

To capture the crossectional deformations such as web distortiorikin-walled beam behaviour

shell element models have been frequently esgd P2-26]. Hancock [27] and Adani and Schafer

[28] developed finite strip methods to capture the distortional behaviour of the web in the buckling
analysis of thirvalled beams. Beamtype Finite ElementFE) formulations that can capture web
distortion were developed by Roberts and Jhita [29], Wang et al [30], Ronagh and Bradford [31],
and Pezeshky and Mohareb [3Hor the modelling of thiwalled beams, beattype FE
formulations with nodes only at the ends of their longitudinal axis are computationally the most
efficient choice as model sizes and accordingly computational time, as well as modelling effort
can be kept relatively small compared to shell and finite -stgp moelling approaches.

Furthermore, beam behaviour is easier to interpret as the dominant modes of behaviour can be
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more easily identified in reduced size modétsfact, beam formulations can be sufficiently
equipped to capture any predeterminezties of defrmations including web distortions as in the
generalized beam theory [33]. For the buckling analysis ofviied beamd~E formulations

based on the generalized beam theory were developed by Camotim et al [34]. However, in
generalized beam theory théseignificant computational effort required in determining the active
modes of deformation and only then the beam element DOFs can be decided for an accurate
analysis [35]. A technique for the buckling analysis of-thailed beams that introduces the resd

of deformations in a hierarchical sequence have been presented in [36], which however requires
mode orthogonalization adding extra cost to the numerical formulation. The additional modes that
are sought in the generalized beam theory are generallyathesrthat include distortion and local
deformations of the crossection, and kinematically speaking, many 4twaled beam
formulations including those with wetistortion can be categorized as special instances of the
generalized beam theory where théodmations modes are pdetermined by ignoring the local
deformations. As such, the proposed distortional beam formulation falls into a category, where

local buckling is not an expected mode of deformation.

One important aspect that is often overlookeldunokling analysis is that the material description

for nonlinear strains depends on the choice of strain definition even when the material is elastic.
An accurate hyperelastic material description leads to complicated expressions because the
material parmeters depend on finite deformations. To avoid complications in material description
direct adaptation of the generalized Hookebs
used, is often justified by assuming that deflections are large, but strairsnall. However,
literature has shown that when shear deformations are involved contradictory buckling predictions
can be produced by adopting the Hookeds mate
Haringx column buckling formulas. The differee between two methods has been attributed to
different assumptions for the internal normal force orientations at the deformed state of the column
[37]. Engesser assumes that the normal force is parallel to the beam axis in the loading state
whereas in Hangx theory, the normal force is assumed to be perpendicular to the cross section of
the beam. This difference in the assumption of force directions can indeed be traced down to
differences in the definitions of adopted strains within the D&yleksen &mily of strains and
conjugate stresses [3®]. Although several shear deformable finite element formulations have
been proposed for the buckling analysis ofthadled beams the differences that alternative stress
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strain definitions might cause were magntified in the finite element context. This paper develops

a novelbeamtype nonlinear Finite Element formulation that is applicable for the analysis of
doubly symmetric -sections that are prone taterattorsional buckling,distortion and shear
defamation. A linearized buckling formulation has also been derived as a special case of the
nonlinear beam formulation under the assumption of noebpe&ling deformations.The
formulation is developed in terms of a generic member of the Erytisen famy of strains,
while elastic Hookeds materi al i's adopted for
formulation is an extension of both Engesser and Haringx buckling formulas-tedhéd beams

with deformable webdt is shown that alternativetressstrain definitions lead to changes in the
geometric stiffness matrices of thivalled beam finite element formulations. The effect of
changes in the geometric stiffness matrix on the lateralonatdistortional buckling load

predictions of thirvalled beams is illustrated in numerical tests.

Thecurrentthesisis organizedas follows; Kinematic relations of the thivalled beams including

web distortion and shear deformations, and adaptation of Boidksen family of strains
according to the beam kinematics are presentecthapter2. The weak forms of equilibrium
equatins and the variational formulation for nonlinear and buckling analyses are generated in
chapter3. The interpolation scheme and the associated finite element formukatidralso a
special case of the beam formulation where web distortions are supmesgigdn inchapterd.

Case studiefr linear static analysire introduce@nd verifiedn chaptei5, where effects of web
distortion,and shear deformatiomse depictedBuckling ase studies angresentedn chapter 6,
where effects of web distortioare illustratedAlternative strain tensor of the DoyEricksen

family are illustratedfor thin-walled composite materials are developed and written in paper

format in chapter .7Conclusions are drawn ahapter8.
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2. Chapter 2: Distortional Thin-walled Beam Kinematics

2.1. Coordinate System

For a prismatic thirwalled beam with an open cressction the Lagrangian approach is adopted
based on which a material coordinate systeny,(z)that changes with the deformation is used,

and the corresponding lateral, transversal and longitudinal displacement fields\ang (vhere
according to the dependence of the displacement fields on all three dimensions it leads to
discretization in thee coordinates, i.ew=w(X, Yy, z),etc. The benefit of applying material (or
Lagrangian) coordinates is that, not only it is simple to keep track of a point as its material
coordinate never changes after initial identification, but also boundary cosditrmhinterface
conditions are easily applied due to the fact that boundary nodes remain on the boundary.
Moreover, a set of righhanded local curvilinear coordinate system (s, r) is defined to each
segment which moves along the rsigrfaces of the undafmed plate segments that is tangent to

the contour along the middle surface of the section and through thickness direction which is normal
to the tangent to the contour respectively referred as coordigated r. An arbitrary local
coordinate pole® hb located at (x, y) called R is chosen for each segment. Adaptatsan of
coordinate system allows us to impose the kinematic assumptions on theallleth segments
moredirectly andcharacterizes the coordinates of a point offset from thesonfelce by a distance

r and s is a coordinate tangential to the -sudface. Accordingly, following coordinates

transformation rules can be determined for relating the coordinates of (x, y) to (s, r):

21
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Figure 2.1 A general thin-walled beam segment and the coordinate systemsee ref [37]
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2.2. Assumptions and kinematics

The material is assumeéd belinearly elastic, homogeneous, and isotropic and therefore it obeys
Hookeds | aw. Al gestricted th misnfatec membdassl Crossactions sre open
anddoubly symmetricStrains are assumesimall, but rotations are assumedcondorder, thus

nonlinear strain componentsie to the rotation effectse maintained in the formulation.

2.3. Displacementsn the plane of the crosssections

For the introduced global rightanded coordinate system, the origin is located at theheght

of the web. Considering a generic point that offset from the middle surface of the related segment
(e.g.,flanges, web), the lateral and transverse displacements, each divided into two components:
a) the horizontal or vertical displacement component at the origin lying on the middle surface
pertaining to rigid body movement which is denoted by single bags,andVéda respectively,

and b) a component because of the rotation of the offset distance from tserface of the

segment.

At a given crossection, based on the right hand rule the rotation of the-ssas®n around the
longitudinal axis (z) can c&se a generic point in the plane ef ¥0o move to the left side. Therefore,
the horizontal component of the displacement vector is a functiparadz only, i.e.
2.2
—
uly,z) =1 d
(v3=1 4

where U(Z)ZL( &, %is generally defined at a selected reference p&jntwhich is called herein

as the global pole and are conveniently selected at thecgrgaron the web. I12.2, (j) indicates
derivative along the web direction, i.e., with respect to y. The angle of twist arounehtie z
fz(y, z) is also a function of both y and z, and it is related to the horizontal displacement as
f,(v,2)=-U ¥ 2 . The web is allowed to bend about the longitudinal axis z due to change in the

twist angle along the web; however, the flanges stay rigid within the plane of thesectiss,

therefore the twist angle is constant on the flaniges similarmannerthe fz(y, z) gives rises to

an arbitrary point in the plane of the cr@gstion to move upward. As a result, the vertical

component of the displacement vector can be written as
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2.3

X

v(x y, 2 =v (2 -ﬁxfzdx

in which v(z) = \( &y &y z) In equations2.2 and2.3 &, and &, are respectively the x and y

coordinates at the middle of each segment.

Locd warping Masov warping

¥ - “Negative h

. 0stN e
Beforewarping 3 Positive ¥/

" Before warpingt
e painton the 0P0|e

topflange (8o

a) b)
Figure 2.2 Displacement field of adoubly symmetric |-section
a) Displacement functions b)Varping of the crosssection-
See ref [37]
2.4. Longitudinal displacement

The axial displacement fiela of a pointx, y, zon the crossectioncan be expressed as
OVathh O & @ 1 %o 2.4

In which w( z) = v( Ry &y j characterizes the longitudinal displacement because of elongation

of the centroidal axis of the beam, also second and third terms are due to the bending about weak
axis and stronguis respectively while the last itewhich is ikz specifeslocal warping function
due to Saint Venantdéds uniform torsion. From t

torsion assumption, in the limit case of thin segisene.,t/b- 0, the local warping function

simplifies to (Oden [24])

25

e =qr

t/b- 0
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inwhichr= {x a,)sina (¥ g jcosaandq =(x g,)cosa y a;)sina. Fora segment where

coordinates(a,,, &,) and (&, a,,) are identicalg andh can be shown as igure2.3 andr is

again the coordinate through thickness direction as previously shdwguie2.1 andFigure2.2.

NY (ax,ay)

Figure 2.3 Thin-walled beam segment and the coordinate systeirsee ref [37

For the rotation angles, and/ y» by including the second order terms of the E&®edriguez

rotation tensor [25], fronequation2.4, one obtains:

2.6

inwhich/, = [ 9.8, and/, = { .57 , are due to EuleRodriguez rotation tensor. In

equation2.6, the last two terms include the second order twist effect on the bending related
rotations around both x and y axes, which might have significant influence on-tatsrahal
buckling preditions [26]. The bending related rotation function around x axis, stays constant at
any point on the crossection and therefore it is only a function of the z coordinate, i.e.,

f(z)="{2). Ouraim s to develop a distortiortain-walled beam formulation in a hierarchical

manner so that classical rigadosssection thiawalled beam formulation can be easily identified
as a special case. For that purpose, we introduce the global warping function of V8sbeg.[2

w=fhds = hgpsadx +hsify ad (seeFigure2.2). The coordinate h for a general crsgstion can

be calculated ad=(x g,)sina (y a;)cosa in which (a;,,a;,) are the coordinates of the

global pole (sedrigure 2.1). We define a global warping related general displacement as
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y(¥.2)= -f(v% 3, which takes the valuey(z)=)(a,.2 at the global pole, i.e.
y(v.2=%2 J"i Wy and f,(y, 2)= CT;L gy in which 7,(z)= {{a,, 2). Similarly, the
rotation field around z axis can be erttenfqéy Z)= d gy Wheref ;(aGy, )

the angle of twist around theaxis at the global poled; . Accordingly,equation2.6 can be re

written as

2.7

wxy3=w-%, ¢ “wy g Jpdpdy Epur w, Z fyw

2

inwhich w= x(y a,) was used.

2.5. Expressions for Strains
FortheDoyleEr i cksen ynite strain tensor definition

[28], i.e. O, =( g - );/2 wherel is the unit tensor, and is the rightstretch tensor of polar

decomposition of the deformation gradient. Majoatyhe strain tensors used in stability theories
are produced in terms of the Greemgrange strain tensor. For calculating the critical loads in
buckling, only the secondrder approximations to the strain tensor matters. Therefore, we limit
ourselves tsecond order accuracy and the-puekling deformation effectare notconsidered

They can be considered imanlinear analysis. We can express the second order approximation

to the GreerLagrange strain tensors as

L iRy R 28
U= =et Byl & '
N . \
gemzx ; ﬁzyg nkzz |

which consists of a first order strain tenddyr and a second order strain ten€arThe first and

second ordecomponents of the strain tensor can be written respectively as
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2.10

Although some accuracy is compromised due to omission of third and higher order terms in the
strain tensor, this is a convenient form as the strain components are in terms of derivatives of
displacements with respect to fixed directions. It should be rtbegdone of the simplifying

assumptions of beam kinematics is adopted, that is the shear deformations within the cross

sectional plane are omitted i.&, =€, 9. As the flange migurfaces are placed within thez

plane and that the flanges are assumed rigid in their own plane, we also impa@&g=tRgt 9.

As a result, out of six linear strain componentsdnation2.9 only four components are naero,
which can be written in terms of displacement derivatives as

211
€,=Wi X [i¥,f T-‘Wyfi-( ;ﬁ ds);d)
. 212
e,= 11
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in which *(), (), (i indicate derivatives with respectxpy, z respectively, andv= x(y a,)
was used. We assume that(y,z)= -d2 is constant in they direction, i.e.,
y=fpdy € = €2y 4 in which c¢(2) is the integration constant. We will employ an

interpolation scheme in Section 4 consistent with this assumption. Accordingly, from the relations
fiy’dy: -0-56()/2 aeyz) C(I-y %y-) and ijy‘dyz ¥ - ¥, the integration constant can be
R - )) c -
identified asc=*T—2. +(y, ), wherey; and ) are the values of the function

(yT - yB) 2
y(y,z) at the top and bottom flanges, respectively. By  using

fi( yﬁdy)dF —g(f a,’) S;‘;i(y a,) 92( y a,) i equatior2.13, oneobtains 2.13

8gs

2.15
e T w Fx— 5 Gl ~C i
=W X (¥, iTwyEW ay2al (v a)
in which the last two terms are due to the effect of web bending. It is also important to note that in
obtaining equation2.10 and consequentlgquation2.15, the derivative of the sixth term in
equation2.7with respect to z was assumed zero, ipe(.,E;;i)/ p G under the assumption of
uniform torsion. This is because contribution of local warping to the axial displacement field is
based on the Saint Venant elasticity solution under uniform torsion assumption, in which case
f i=constanas discusseith section Z3. Thus, local warping should not cause normal strains along

the z or y directions. Therefore, anlaglc adjustment is needed within the tinalled beam theory
so that the thiswalled beam behaviour can be captured as a special case ohtionfiof plate

segments. To contrast the beam and plate kinematics; in plate kinematics twist action results with
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angle change in both z and q directishewn inFigure2.4. In (Kirchhoff or Mindlin-Reissner)

plate kinematics, it is assumed that under twist action in the limit case of an infinitesimal element,
i.e., Dz - dz, twist curvature is” =4 f, mid-surface is rigid and surfaces above or below deform

due to shear within their own plane withdignding $eeFigure2.4). This kinematics is imposed

as a result of the selected displacement fidd,u=r7, vt (z q0) andw= +5b.As aresult,
under pure twist plate theory avoids any contribution to axial strainsezi.%.w/ Zu 0 and
&= K/ o O since the miesurface is rigid, i.epf/ g =#Huz @ and thefiber lengths stay the

same before and after deformation. It should be noted that both (Kirchhoff or MielBsner)
linear plate theories and Saint Venant thvalled plate solution predict the shear strains, i.e.,

g= W zu w g OQb6rs and as a resulthe twisting momenéingle of twist relations i.e.,

M,=GJf] identically, whereM, is the twisting moment acting around the z axis, G is the shear

modulus andJ =bt3/3 is the torsional constant of the section perpendicular to z axis in which b is

the width and t is the thickness of the plateefigure2.2 for b and t of the flanggs

<Dz P Fibre on top surface before deformation
/ Fibre on top surface after deformation

4/bz Twist curvature/” = D; :—4‘%7
1
_Zqu Shear strain - g=-I .B_;.- .%7 ]

) e Db N
-1rDq / f; ;bqu
A—= > = > v 1
— = 4 7

z,W

S\
Df il Laye;s- pa;frallelto %IDZ
7 mid-surface
— 2 B — u=rf  v=v(zqr=0) w=-rb

Figure 2.4 Uniform twist action of a plate segmeni see ref [37]

On the other hand, in beam kinematics there is no assumption imposed along the axial direction of
the beam. However, it is not meaningful to generate normal strains under uniform torsion that

cannot be obtained either from the plate theories or Saint Velaaticity solution. Accordingly,
the first order shear strain, i.52 g£cos # vz 8in can be obtained fromquatiors 2.13 and
2.14 consideringhe orientation of the thiwalled segment, i.e.,
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g=(Ui -_f)cos aé%" i_x-)réin hé-_ _jf)- x - 2.16

In obtaining equation2.16, the coordinate transformation rules, i.65Uksin a+ikos and

h=Vicos a ¥ 1in  were used. Note that the tenmjssin ¢ vanishes sincé’=0 on the web and

sina = Oon the flange. We have also usfq'ély, Z): ‘;( z) ﬁi &Y. To eliminate the shear strains

along the contour directions, we assume ﬂfiat‘_y , Vi= fx and y = fi, and we will adopt an
interpolation scheme for the numerical solution accordingly. Thus, only the shear strains produced
by the St. Venant torsion are considered, ge.,-2r A, which is a widely used approximation in

thin-walled beam formulations considering their slenderness, e-Q0JL8
The nonzero second order strain components can be written in terms of displacement derivatives

by substituting the relationj = v rﬁx fdxiw (xia) finto ezz:%(uiz +V2) as

2.17
1, ., .1 ,_ — .y. 1 . . 2
eZZ—E(w2 %) esfozl—z"( V£ Vi) > Y Lif u )”_;( ixa) 3
and
2.18
al,, 1-, 0
= f + A
YT o

Note that in obtainingquation2.17, the relation(y- &, )/, Xy a) £ h and the fact thad,,

coincides witha;, were used. The strains due to second order effects of the extensions of the

beam axis and the web, i.Wjw 5 VW =vwv G and the second order shear strains are omitted.
One would come acroggjuation2.17 in thin-walled buckling formulations with rigid web e.g.

[29]. On the other hanéguatior2.18 contributes to web buckling, which however should be used
with caution considering the pressures applied in the web direction. There will be more discussions
within the numerical studies ichapter6 regarding the necessity or possible consequences of
equdion 2.18. Therefore, we put an on/off switch @guation2.18 by introducing the parameter

Mwhich is either zero or onélnless stated otherwidd is taken as 0.
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2.6. Variations of Strains
From the linear strain componentseiquation®.15, 2.12 and2.16, the first variations of the nen

zero linear strain tensor components can be written as

2.19
~ . T . - ~ = o~ ljcl 2 ~ é j
le,= W X §iy BT W Ty ay a2 —(w a)
2.20
e, = 1 Uf
2.21
ig= -2 #

Similarly, from the second order strain componentxjnation®2.17 and2.18, the first variations

of the nonzero second order strain tensor components can be written as

o s e A 1._ 1 . o
uezz= u u -(-V %)fz) Wi %xvi fzui -ﬂu frjzg y-zTu —2U| yu‘ Z_Zi WZ:F u( Xu@)lz'- z"

1 _. 1 ~ 1 o1 .
- IXvilf, =X W& = U i
> juf, > 4 jXV yfz'lb(ZW i

222
o 2.23
Ue,, = (7, U + /)7
The second variations of the second order strain can be written as
5 5 5 L o . 2.24
Ue,= U’ +V8i -a,2V 4 WiV LUTel f @0 ,f ud) f x A} &
2.25

Voigt notation is used as the strain tensor have symmetry properties. Accordingly, the strain tensor

can be expressed in vector foas
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2.26

Q 0 ‘ 0 :emxz g ,\e ﬁzz ,l:l ,e rrgz‘
01 &g i U 1 d
qﬂ e ;emyyg ﬁyz ul ngy u- Imy§

gemzx ; ﬁzy; n€zH |l \/
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2.28

Strain components iequation.27 and2.28 can be identified fronequation2.12, 2.15-18.

2.7.  Strain decomposition using matrixvector multiplications
For numerical implementation purposes, in the following the variations of the strain expressions

are organized in the form of matwector multiplications. In Voigt notation one can express the

first variation of the linear strain d#J= ~4l, , in which

: oW W : : 2.29
gl -X oy W E(YZ aty Z%yz) E(‘y %y)' X yi0+0i 0
= 0 0 O 0 0 01+ 0
20 0 0 O 0 0 0:0 0-¢8
é
and
2.30

— — ! oo T
GL:<V_Vi foi-f Ty iecc Q:0 izifJ>

Similarly, in Voigt notation, the first variation of the second order strains can be written as

Ue="SA @,, in which
6=(ui v if, f fua V) 231
and
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The second variation @fquation2.28 can be rewritten as
['jze:_s(tl éAT Cf‘ +2t !;'TQE,zT tz (32)3 L 2.33

in whicht,=(10,,)", t,=(0;, |11 0,,,)",

. 2.34
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3. Chapter 3: Weak Form of Equilibrium Equations

3.1. Constitutive relation

We develop the constitutive relations under plane stress assumption as:

e 2
e1 0 &0, 1
. . g ¢é " bz | 31
,= E U= AL 1 0 i}Ule
e ) By
€ o o
& >

o T . . . . .
in whichu,, = <s mzz Sy Q and E, is the matrix of elastic constitutive properthste that

equation3.1 is written for the web because of the plane stress assumptyenptane. However,

the same constitutive relations can be applied to flanges by simply rotating the local coordinate
system 90 degrees around thaxis, i.e., replacing subscripts 4 with 5x#z plane. To avoid
repetition in the derivations of the constite equations the flange equations are not explicitly

shown.

It should be noted that due to the assumption ofextensible web or flange segments, the
constitutiverelations inequation3.1 would causeinrealistic overly stiff behaviour and significant
stresses would build up within the plane of the web due to Poisson ratio effect. In fact, the flanges
are generally not restraint against extension and web are partially restraint depending on the
bounday conditions. In fact, irextensible crossection assumption is a simplification of the beam
theory. To continue with our formulation under theektensible crossection assumption and yet
avoid overly stiff behaviour, the stresses due to Poissoneftict can be eliminated by using the

constitutive matrix below, i.e.,

& 0 0 3.2
E,=g0 E O
0 0 G

Generally, for the wellc = E, and for the flange& = E, is used ¢.g.,see Pezeshky and Mohareb

[19]). chapter6 will introduce parametric studies and discussions on the consequences of the

adopted constitutive relations.
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3.2.  Non-linear Equilibrium Equations Based on the principle of virtual work

The principle of virtual work can be written as

oP = W™ -Wp - 33

where GW'™ is the variation of the internal work, i.e.,

34
W™= W i Adz
LA
The virtual work done by thexternal loads can be written as
UWext — dTPext 35

where P*" is the vector of the external nodal forces ahds the vector of corresponding
displacements. In the finite element form, we refer to vattasthe nodal displacement vector.

A relation can be directly built between the variations of strains and the variations of nodal
displacements in the form of

i ="s, Hi 36
Details of the matrixB,, depends on the selected interpolation scheme which will be provided in
Chapterd. By the virtue of virtual work, we can write the nonlinear equilibrium equation as
UP = d [ Bfs'0, Adzd d e - 3.7
LA
3.3. Consistent Linearization and Tangent Stiffness

The linearized equilibrium equations can be obtained from the Gateaux derivative of the functional

in equation3.7 as

WOpuP el ;v d B G, Aiz dd o+ F'R, iz T @k 3.8

LA LA

whereK | is the tangent stiffness matrix, i.e.
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Ud'K, di= dUfiBf§'ESB, A d dd+df B FjUA 2 3.9

LA LA

in which U0 _= EDWO: ~E, s 'was used. Irquation3.9, the variation of matrix3, appear due

to the second variation of the strain, ifﬂ?ﬂn:_sﬂ B 1. To obtain the stiffness matrix and the stress

resultants, the integrations over the cresstional area A are performed at every integration point

along the span L. This is because the displacement functioeguations2.2 to 2.4 and

accordingly, the strainE}11 , the matrixB, and the stressefsm are general functions of the cress

sectional coordinates as well as the axial coordinates. Thesuation3.8 both B, or U, are
shown inside the first integral over the creggtion A as they cannot be analytically carried out

of the integral. The B, matrix generally depends on the displacement vettwhich can be
decomposed into two componentsBisB, B, whereB, is the component that is independent
of d, i.e.,, U= BU and UB,= . The componentB; can be obtained from the relation
Auc,= B U, i.e. B,=AN; and thus,N; is such thatic,= N U. The second term iaquation
3.9 can be rewritten such that

UB,'s'0,=N M N 3.10
in which M § is a symmetrical matrix which can be written as

M,Gt's0 311
As a result, the tangent stiffness matriXis=fj (Eﬁ Bé)§TE§(B1 B;) Ng"M N gdAdz.

LA

3.4. Linearization Buckling Analysis
The equations of the linearized buckling analysis can be obtained from e.@tigmeglecting
the prebuckling deformations as

Kd,- /K di, = 3.12
in which
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K. =i Bff 'ESBdAdz 313

LA

is the elastic stiffness matrix without the fmeckling deformation effects, i.&G =0 and

K, =i Ni'™M N dAdz 314
LA

is the geometric stiffness matrix. émuation3.12, / is the buckling load factor andd, is the

corresponding eigenvector. The explicit expressions of the stiffness matrices depend on the
interpolation scheme which is explaineddhapter4. It should also be noted that tthscretized
equilibrium equations have been presented only in thiexbof a single element model. However,
standard finite element assemblage procedures can be easily employed for structural models of
multiple elements. Also note that proper boundary conditions need to be imposed. Details of the

assemblage and the boundaondition imposition procedures are not presented herein.
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4. Chapter 4: Finite Element Formulation

4.1. Interpolation Function
A beam type finite element with nodes only at both ends of the element is developed. The

components of an el eveceonshodsirFiguoed.lachn bd writgm hsa ¢ € me n t

T
d:<\N.L \4 fxl Uy 1/(31 zéL s/ Un yTlf 7 f n ¥, V, x2 uéz yB2 {BZ |£ Uny o z'I2f >2

41

in which, the first eleven componeraee defined at the front end as showifigure4.1 and the

last eleven components are at the back end.

Figure 4.1 Nodal displacements according to interpolation schemiesee ref [37]

Accordingly, element displacement field vector becomes
— /& < 3 LY 3 . 4.2
u=((2) M3 £(3 Ovk Ayl )z (m)e N Y& 8( Y

in which the matrix of shape functions was introduced as
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4.3

eNO 0o o | 0 0
gO%Lfg 0 0 0 : 0
& M, 0 0 0 0
N(y.2=g0: O | HL, | HL, | HL, | AL,

0
€0: 0 ‘HM, iH,M, i HM , iHM ,
e | P . P P
€0 O i HL i HL i HL i HL,
g 0 [ HM {HM, [ HM {HM,

Note that in equatio#.2, vectord is used instead a to change the order of displacement vector
components so that the matrix of shape functions can be expressed in an organized compact form
as in equatiod.3. In the nodal displacement vectdr, the components are collected in the order

of axial, vertical, bottom flange lateral, bottom flange twist, top flange lateral and top flange twist

related terms, respectively i.e.,
d=(widisai @i s - a4

- - T

in which w={w, w2>T, a=( f, Vv [2>T, Ss :<uB1 fyal Ug, 7;.32> ,

~ T — f f T ~ T

Ug= <szL Yo K é’) y ST <UT1 yi Ur yT2> andd, = <sz1 S22 d’> :

In equation4.3, the axial displacement field indirection is interpolated by using usual linear

functions. Thus, the components of the vedibrin equation4.3 can be explicitly written as

L-2z Z 45
le |_ NZZE

For the transverse displacement and rotational fields around d@Ris, the components of the

vectorsL, andM , used inequatio.3 can be written as

Loy A 372 27 ] _2(10.5,) 22(102%) 4.6
f1 |_(]_+af) L2(1 +é¥) Ls'(l +f:'1) f2 (1+af) L(l +é}) I_.Z(]_ 4?1)
L=t ¥ 27 _ 0.5za, EZ(O_Saf-]) 7
£3 L(1+af) L2(1 +q) L3(1 +a) f4~ (1+a,) ' LA +3) Lzl(l )
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and

f17—

6z 67 z(4ra,) 32 4.7
Hwa,) L(14)

6z 67 Z(af- 2) 372
(1a,) Y14)

M=

wherea, is a shear parameter. Components of the vettprsM ,, L, and M, in in equation
4.3 are identical to those given for, andM ; in equationst.6 and4.7, except the fact that, is

replaced witha, and &, for the interpolation of lateral and torsional displacements, respectively.

By default shear parameters are selected as selectedaf.51=;1.2EIXX/GA/I_2 and

a,= g 42El,,/GAL® in which GA, = QY dA GA = fQ¥dA A, and A are shear areas in x
A A

and y directions, respectivelyg| = R y2dA, El, = FRY xdA and L is the span of the
A A

element. The selected interpolation functions allow first ostherar deformation effects to be

captured based on the fact that in gene_rafy 0, \7i+/?X 0 andy - £i 0 which generates linear

shear strains iaquation2.14 unlessa;= @ =a 0. It is interesting to note, however, that in finite

element formulations where multiple fields are coupled numerical locking is a potential problem
which may cause degradation in optimal convergence rateala kinematic interpolation
scheme has begmeviously suggested to alleviate shkrking in Timoshenko beam elements

by Tessler and Dong (1981). They have used interdependent polynomial orders for the deflection
and rotations fields which were related to each other using -Beleoulli-type kinematic

constraints so that a lockiffgee analysis can be performed with twode Timoshenko beam

elements whera,- 0. A similar idea reappeared in Reddy (1997), where the interdependent

polynomial functions were directly obtained fralmee homogenous solution of the equilibrium
equations of the Timoshenko beam formulation, which led to interpolation functions for the
transverse deflection and rotation fields as giveequationst.6 and4.7, respectively.

In equatiom.3, the interpolation along the web is based on Hermftiagtions, i.e.
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whereh, = ¥; -Y;. The components of the vectblﬂri in equatior4.3 can be written as
H=H, «(y 0.5h,)H(y) 4.9

wherei =1,---,4 and yO:( A -IyB)/Z. Indeed, the additions to Hermitian functionseguatia
4.9 are not activated in the Distortional Beam Formulation (DBF) developed herein and thus,
k =0 is used. However, when rigid web assumption is imposed as a special case of the distortional

beam formulation, interpolaton can be modifiedy using k=1 so that

0.5n, ( H, - |:|1) +#, H, 0which results with a standard interpolation scheme for the-vigiol

Thin-walled beam formulation as explained in the next section.

It is important to note that when shear deformatiaresincluded the shape functioal®ng the

beam axislepend on the crosectional properties due to the involvement of the paraméters

a, and b. However, crossectional properties are not meaningful for the lateral and torsional

behaviour unless the crassction is rigid, which is generally not the case in the distortional beam
formulation presented herein. The flexibility of the web influerthedateraltorsional behaviour.
Therefore, we modify the shape functions for lateral and torsional behaviour by proposing a
formula for /77 considering the flexibility of the web, i.e.,

GJ, 12
El,  +GJ,

w

4.10
in which L is the span of the elemeRtuatior.10is developed based on the fact that contribution
of the St. Venant 6s TuenGJfjpwithin the totalgorsiomcarded, i, 0 n e n t
T =T, 1, is an indication of web rigidity. The warping torsidp= El  fj is due to shear force
coupleVi; andVg;acting on the top and bottom flanges,
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torsion component, (Figure4.2a) increases as the web becomes thicker and the beam becomes

longer, in which case distortion of the web diminishes. In the limit case ofwaraigidity St.
Venant torsion also vanishes bath the flanges and the web. The twist rates of flanges vanish
because of the loss of interaction between the flanges and as a result the total torsion is carried

only by the warping torsiorl,,. This is consistent with the fact that in the limit casef 0,

the St. Venant component is negligible comparison to the warping torsion and the corresponding
the differential equation becomdd,, f," =T (z). It can be verified that forn- 0, one obtains

kL- 0, in which case the interpolation functions become Hermitian polynomials (8pe [3
which is the solution foﬁ?ziv =0. On the other hand, in the casemf 1 the warping torsion is
negligible comparison to the St. Venant component and the corresponding differential equation

becomes- GJ,fj FT( z). It can be verified that forn- 1, one obtainkL- =, in which case

the interpolation functions become linear (s88)[ which is the solution fov?zi 50. Therefore,
we interpolate /77 between the two limit cases shownRigure 4.2 according to how the total

torsion is shared between the St. Venant torsion and waxpisign components.

0<u<l xI @ =1

w1+t T

14

Figure 4.2 Components of torsional moment and their dependence on web rigidity

Byusingt he expression for war pi ng [28 mfinitellifferevicen ant 6 s
form and considering symmetry conditionsza{Figure 4.2) i.e., 7,i(z)° -f (z)i £, one

z

obtains
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From the definition of/77 as the contribution of the St. Venant component comparison to the total

torsion carriedi.e., Ty, °® /M equatiom.11 producesequatiord.10. It is our observation that the

upper bounds that is provided bguatiord.11 generally suppresses the shear deformation effect
for the torsional behaviour. Therefore, when distortional deformations are activated the shear

effects are not significant in the tortional behaviour.

4.2. Thin-walled Beam Formulation as a special case
Bending of the web within the plane of the cresstion can be suppressed by using Mukiple

Point Constraints (MPCs). As the web is assumed rigid in the plane of theseobss, the
number of angle of twist‘_Z and warpingy DegreesOf-Freedoms (DOFs) should be reduced
from two to one at both ends of the beam element. As a result, the DOFs related to lateral
displacementl and rotation angle?y are reduced from two to one atb@&nds as top and bottom

DOFS can be related as

4.12

— - u — 7?1' BL _ —
o=ty =4 %:fﬂl YVi=Va =K thé =V

_ -u — 27 4B2 _ —
fo=lo =4 %:IZTZ Yo=)er =Ko %:Jﬁ

Fromequatia 4.12, one obtains the following eight conditions which reduces the 22DOF element

to a 14DOF element, i.e.,

f _ hft, _ /. _ /. 413
U= U Ug, =l /s =l {2 f e =l W,
2 2 2 2
Y Y3 h hy
U= U, "% Ug,= U, h~2 2 fyTZ_UZ % fysz_uz hN;/Z

For implementation purposesjuation4.13 can be introduced using a constraint matsxich
that
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d=7d 4.14
in which

d=(wiq is! O 4.15
andw=(w w). q=(v f, v £L).e=( fy U ). a=(f, ¥ £ Y.

The matrixT in equation4.14 can be obtained by usimgjuationst.4, 4.13and4.15as

€l s | 0234 0245 0242 4.16
g.o__“f_z 5_|434 _QfHE 04@___
B W T R Yo
é.(_)f‘f.z__ HE 04 34__5 _96 4_5 I ‘as
60432;0434204a; |44s

It can be verified that under the assumption of rigid esession by using matri¥ given in

equatiord.16,the independent displacement field components can be reduced to seven as

eN:iO | Ong EWz) | 417
O L1010 g g1 ¥
eOMOO b 1 172 |
Nfd=g0 | 0 L | 0 i u=-a(2)
€ oM 0 W1
0 0 0Tk Vi)
g0 0 MY Ly,

in which N is as given irequatiord.3 and obtained by using =1 in equation4.9. In obtaining

equatiornd.17, the following properties of the shape functions have been used forAvhkni.e.
(H+H,) 4 (H1+H3) ol 0-5h,v(|:|3 - |:|1) #H, H, O 4.18

0.5n,(H,- H,) 1, H, 1 0.5n,(H,- H,) i, H, 0
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Indeed,equatiord.17 is a standard interpolation scheme forao2le, 14DOF Thikwalled beam
finite element formulations, e.g.-f. The nodal DOfgeneralized displagnent field relations

obtained inequatiord.17 assume notbendable rigid web kinematics. The strain expressions for

the thinwalled beam with rigid web can be obtained simply by repIa@‘ipgwith /Ty andf,

with I?Z in equation2.15-2.17. However, it is important to note thatequation2.17, the lateral
displacement expression considering rigid web, ues,u —(y aGy)Fz should be used to obtain

the second order strains of the Twalled beam with rigid web correctly. Thus, under rigid web
assumption the second order strain expressiequition2.17 becomes

YW %) @iV Vi L i) A el (g 4
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5. Chapter 5: Case Studies

For the case studies various types of analysis options are employed including the developed
Distortional Beam Formulation (DBF), the rigid web thwalled beam formulation as a special

case (TBF); and a Shell Element Formulation (SEF) formed by combitateygnd membrane
elements whose details are explaifiedher. For accurate numerical integratiorpdint Gauss
integration along the beam spanmp@nt Gauss integration along the contour direction anrd 20
point trapezoidal rule across the thickness wsed. The material is assumed steel in all cases,
therefore the modulus of elasticity and Poisson ratio were takde=280GPa andh=0.3,

respectively.

5.1. The employed Shell Formulation (SEF)

The employed Shell Element Formulation has foodes and sixlegreeof-freedompernode

which is a combination of Discrete Kirchhoff Plate developed in [31] and the membrane with
drilling degrees of freedom developed in [32]. For numerical integrationG2xis integration
scheme is used as suggested for both membrane and plate components in [31] and [32]. The
interpolation functions and implementation details of the SEF can be found for the buckling and
nonlinear analyses in [33]. Similar shell formulasowere formed for buckling analysis of thin

walled beams by combining plate and membrane elements in [34,35]. In SEF adopted herein the

strainsLOJS are due to linear plate bending deformati&:bslinear membrane iplane deformatiosn

Q and second order membrane and plate bending aﬂyiohe.

Q=P+ U 5.1
where
)
- {<u_f b _w;)r >
e op oz
T
q:<“‘_’v ! _VW+_‘J>“ >
-2 TR /T
And
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in which the strain componentsaquations$.2 to 5.4 are given in terms of local coordinates)z,

r, deflections w, u, v and rotations kpreviously introduced ifigure2.4.

We first compare the SEF results with the EBeckling formula so that reliability of the SEF

used for comparison purposes can be confirmed. For that purpose, a thin strip is subgecéd to
compressive load. To prevent local buckling rigid links are imposed using MPCs to tie the
neighbouring nodes to load application points and support locations in the middle node as shown
in Figure 5.1. Supportconditions in thecase ofFigure5.1a are keptminimal to impose simply
suppored boundary conditions and allow buckling about the weak axis Y. In the second case as
shown inFigure5.1c extra supports are imposeda@vent weak axis buckling so that the buckling
occurs about the strong axis Z. While in the first case only plate component of the shell element is
active, in the second case only membrane component is active. In both cases, 2 elements were used
across tke width and alternatively 8 or 16 elements were used along the span. The thickness of the

strip is t=1mm, the width isa=40mm and the is spab=400mm. The Euler formula, i.e.

P, =p°El/? predicts the weak and strong axes buckling loaddiag2N and 65.7% 16N,
respectively. The corresponding buckling load predictions by the SEF moddil&8\ and

66.748 16N when 8 elements are used along the span, respectively. fbusror is around

1.3% and 1.4% respectively. When the number of elements along the span are increased to 16 the

weak and strong axis buckling loads predicted by the SEF model aré4ha®$6.256¢ 16N

respectively. The error reduces ¢3$ than 0.8% in both cases.
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Figure 5.1 Support and loading conditions for buckling analysis of plate and membrane mode
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5.2. Numerical Examples

Several numerical examples aelved based on the present theory to assess the validity and
illustrate thecapability of the present formulations. Obtained results compared against various
solutions including Shell FEA, Thiwalled beam, and conventional beam theories such as Euler
Bemoulli which neglects shear deformation effect and Timoshenko capturing shear deformability
to showthe validity and correctness of the implementation of the distortional beam sadlitadin.
examples, a mongymmetric WRF1008340 crosssection isconsideed Figure5.3a) with steel

material properties ® ¢ oo & T .

5.2.1 Example 1. Cantilever beam under tip load

For verification of the resultaccording to the present solutjan6.00m span cantilever beam is
subjected to a transverse tip Id2d1,000 KN at the midsurface of thébeam Figure5.2. A monc
symmetricWRF100(340steelcrosssection is selected which the cressctional dimensionsar
shownin Figure5.3a, andthe transverse displacements and strong axis rotations are predicted
through present theory in the existence of both distortional and shear effect and compared them

against variousolutions (sed-igure 5.5). The predicted rgponse for transverse displacement
through EuleBernoulli beam theory can obtain frain — o0 @ which ignores shear
deformation effects, and under the Timoshenko beam theory the displacement by considering shear
correction factor0 can be calculated a® — o0 & —— . In the Shell FE

modelling, the crossection is diided into six elements buy assuming two elements for the web
and two elements for each top and bottom flangeRigee=5.3b), and 20 elements are t&akalong

the cantilever beam span.

1.00C :
___I_ _________ T _________ .I__.
e
g 1.00(
gy ’
g I , 2 ~
A
e
Ve
« L 6. 0C >

Figure 5.2 Tip load at the mid-surface of the cantilever
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Figure 5.3 a) WRF1000x340 Crossectional Geometry

b) Cross-section finite element mesh

d p mmm

Figure 5.4 Finite element modelling ofthe cantilever beam under a tip load
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Figure 5.5 Vertical deflection for transversely loaded cantilever

Under Timoshenko theory, the mentioned shear correction factor can be obtained as below:
0 i

T~ Qi
oi

] 0 BAHOOXL s

0
6
Whereo Crosssectional area

‘O Second area moment of inertia about bending axis

0 First area moment of inertia above or below the centroidal axis about x axis
oi Thickness of the section

The employed shetlype element formulation has foundes with sixdegrees of freedom per node

which is composed of Discrete Kirchhoff Plate and membrane element with drilling degrees of

freedom which can be result in 24 degrees of freedom for each shell element.

In all abovementioned solutions, the vl displacement along the cantilever beam is measured

at the middle of the web, and the vertical displacement at the tip of the cantilever beam is compared

againstall solutions inTable5-1, wherethe present theory is perfectly agreed with the shell FE
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solution within 0.21% and shows a good agreement with the Timoshenko beam theory.
Additionally, the Thinwalled beam solution and the EulRernoulli beam theory demonstrates
lower response predictions since they neglect shear deformation effects whinh significant

for beams with long web. The applied load at the tip of the cantilever beam causes rotation around
the strong axis due to bending whichpividedFigure 5.6asa comparison among all other
solution in the literature. It can be seen alvagreement between the present theory and other
solutions in terms of angle of rotation due to strong axis bending of the cantilever beam.
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0.008

——Shell
- Thin-walled
Present Theory (S)
Present Theory (NS)
Euler-Bernoulli Theory

0.006

Angle of Rotation (Radian)
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Timoshenko Theory
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Figure 5.6 Angle of rotation due to strong axis bending of the cantilever beam

Table 5-1. Tip deflection at the mid-surface of the 6.00m span cantilever

Percentage difference relative tc

Type of Solution Vertical Displacement (mm) Shell EE solution
Shell FE 52.889 0%
Thin-walled Beam 44 16.81%6
Euler-Bernoulli Beam 44.888 15.13%
Timoshenko Beam 52.676 0403%
Present Theory (D+S) 53 -0.21%
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5.2.2 Example 2: Cantilever beam under weak axis bending

A 6.00m span cantileverith mono symmetrid®VRF100340steelcrosssection is subjected to

two horizontal parallel 50 KN forces at the fimed 6eeFigure5.7) with the same directions, one

at the top flange and the other one at the bottom flange inducing lateral deflection and weak axis

rotation along the beam.

50 | :
e -
wWeaa i

R | S

Figure 5.7 Horizontal parallel forces on top and bottom flanges
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Figure 5.8 Finite element modelling of the cantilever beam subjected to horizontal parallel force
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For bending about the weak axis, the lateral displacements which measured at the middle of the
web based on the present theory whether consider distortion and shear or not are in a good
agreement with those predicted by the Shell model. The predictechsesabthe tips base on

the present theorgnd it iscapturing distortioal effects The lateral deflection at the top flange

95.5 mm and while the shell response is 89.84 mm corresponding to 6.3% difference. Also, the
predicted respond under the prasteory without considering distortion and shear effects is 81

mm while thinwalled response is 81 mm showing greatly matched.

—Shell

Thin-walled

80 Present Theory (S)

Present Theory (NS)

Mid-Web Lateral Deflection (mm)

10 | o

0 kgt
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

Longitudinal Coordinate Z (mm)

Figure 5.9 Lateral deflection for horizontally loaded cantilever
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Figure 5.10 Angle of rotation due to weak axis bending of the cantilever beam

Moreover, for another assessment of the present solution the angle of rotation due to weak axis
bending of the beam verified against other solution. The angle of rotation at the tip according to
the present theory with distortion and shear effe¢is p 1 radian while the corresponding
response predicted by Shelki® 1 ¢ yp 1 comparable to 12% difference. Also, the weak axis
angle of rotation based on the present theory without distortion is perfectly match with the thin
walled response austrated inFigure5.10.
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5.2.3 Example 3: Cantilever beam under torsion

A 4.00m span cantileverith monesymmetricWRF100&340steelcrosssection is subjected to

two horizontal parallel 20 KN forces at thp (seeFigure5.11) in the opposite directions, one at

the top flange and the other one at the bottom flange inducing a 19 &hsting moment at

tip of the cantilever beam. It is required to check the angle of twist and lateral displacement of

each flange under present thewith shell finite element and thwwvalled beam solutions.

20 | :
——— S EEEreeres ]--
X !
W @ ar & i
| 20 |

Figure 5.11 Applied twisting moment 19.2 KN'm

L.

Figure 5.12 Finite element modelling of the cantilever beam under twisting moment
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For the shell FEA and present theory solution which capture distortion, the angle of twist is not

the same for the entire section. Hence, it is more appropriate to define web aveylagef twist

as—

——where™Y and"Y are lateral displacements of top and bottom flanges respectively

and h is distance between the flanges centerlines. The predicted angles of twist base on the present

theory are very close to those predicted by the Shell FEA model. For a span of 4.0thenwkeb

average angle of twist at the tip of the cantilever beam there is only 1.59% difference between the

present theory and Shell model. Furthermore, by considering distortional effect, very good

agreements between the angle of twist of top flanggsesfent theory and Shell model also the

bottom flanges of the present theory and the Shell model can be obisefigare5.13.
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Figure 5.13 Angle of twist along the cantilever beam due to applied twisting moment

Table 5-2. Angle of twist of the free end at the miesurface of the 4.00m span cantilever

Percentage difference relative tc

Type of Solution Angle of Twist(Radiar) Shell EE solution
Shell FE -0.02392 0%
Thin-walled Beam -0.018 -24.73%%
Present Theory (D+S) -0.0243 1.5%9
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5.2.4 Example 4: Cantilever beam with restrained top flange

A 3.00m sparsteel compositeantilever beamwith the similar crossection as previous examples

is fully restrained by a laterdbrsional support at top flange. The continues restrained beam is
subjected to a concentrated lateral force 40 KN at the bottom flargetitver tipFigure5.14.

The lateral deflection and longitudinal rotation are totally fixed for the top flange along the whole

span{Y ¢ mh— ¢ .
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Figure 5.14 cantilever beam with restrained top flange under laterally applied load and related B.(
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Figure 5.15 Cross-section deformed
configuration at the tip with restrained
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Figure5.15 representshe shape of the crosgction at the tip of the cantilever after deformation

due to lateral applied load base on the present theory and the Shell model which captures the
distortion of the web while it is worthwhile to note that under the-thalled beam theory and
Vlasov theory which do not capture distortional effect and the angle of twist for the entire section
is the same, in this example which the top flange is totally firedhfe whole span the lateral

displacement for the bottom flange and the angle of twist will be yield to zero.

The lateral displacements of the bottom flange slrewn inFigure 5.16 wherean excellent
agreement can be observed between the present theory solution and the Shell model. The lateral
displacement of the bottom flange at the tip base on the present theomns\iRile for the Shell

is 18.295 mm corresponding to a 3.85% difference.
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Figure 5.16 Bottom flange lateral deflection along the cantilever beam

62



6. Chapter 6: Validation of the Developed Distortional Beam Formulation

(DBF), Buckling Response Predictions

The material is assumed steel and therefore the modulus of elasticity and Poisson ratio are taken
as E=200GPa andé=0.3, respectivelyA general description of thiwalled crosssections, and
boundary and loading conditions is giverFigure6.1. For each section along the span, the SEF
requires meshing of the cressction. On the other hand, the DBF requires meshing only along
the beam span. Degreetfreedoms of DBE and their lotans on the crossection were
previously described iffigure4.1. For numerical integration of DBFgoint Gauss integration

along the elemenspan, 8point Gauss integration along the contour direction angbat
trapezoidal rule across the thickness were used. For numerical integration of SEF, 2x2 Gauss
integration scheme is used as suggested in [30,31]. Shell formulations similar to S&Eréhat
formed by combining plate and membrane elements and used for buckling analysisailldain

beam structures can be found in{34.

V .
¥ L ¥ y T
Py 4 v A h X
* CaseB t
f— 085 —F—— 08 —A tf C——1
CaseC A— by —

p Section dimensions Fixed
z y i i é Y

f—— 0.8 # 0.8

* CaseD X LX
5 FH
f— 08 —F—— 04 H Q:!‘ L

L: Span of beam
V: Single load

t: Thickness of flange
t,. Thickness of web
h: Section height

br: Top flange width

be: Bottom flange width Pinned Roller Restraint top flange

Figure 6.1 Description of loading and boundary conditions of the analysefbur cases see ref [37]

For the case studies various types of analysis options are employed including the developed
Distortional Beam Formulation (DBF), the rigid web thwalled beam formiation as a special
case (TBF); and a Shell Element Formulation (SEF) formed by combining plate and membrane

elements whose details are already explained in sectioN&ribus analysis options that can be
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adopted using DBF have also been tested whiddes the selection of the second orégr

strains effects by exclusionx0 or inclusion nxl.

For each case, we present the critical first mode buckling load predictions amrésponding
mode shapes against the number of elements as well as the first mode lateral deflections and twist
angles in the middle of top and bottom flanges. 3D deformed shapes for the first buckling load are

also presented in each case.

6.1. Case A:Cantilever beam

We first analyse a series of cantilever beams whose span are ranging betweem®nihe 8
reason of selection short beam is to amplify distortion eftecthe other hand even though the

8m cantilever may not be very practical by selecting such a long beam we would like to avoid the
error in distortional behaviour and show the agreement tvélshell model A vertical load is

applied at the tip of the n#lever and a W310x39 sectidolass 2)is used for which the cross
sectional dimensions al®=bg=165mm,h=300.3mm t=9.7mm andw=5.8mm(seeFigure6.1).

We use 150 and 600 element SEF models. In 150 element model, thsentims is divided into

6 elements by using two elements for the web and two elements for each flange, and the span is
divided into 25 elements. In 600 element SEF model, the-sext®on is divided into 12 elements

by using four elements for the web and four elements for each flange, and the span is divided into
50 elements. It should be noted that in the -$B&ed analis, in order to prevent local buckling

due to local stress concentration at the tip where the load is applied, MPCs were imposed to keep

the web rigid in vertical direction only at the free end.

In Pezeshky and Mohareb [19] a similar beam formulationalsa captures distortional buckling

has been developed in which the effects oflprekling deformations on the buckling predictions

were optionally considered. Our 2m cantilever beam case is identical to one of the cases presented
in Pezeshky and Moharg19] and we compare our results with that based eprebuckling
deformation effect which was designated as MD in their paper. They have use®R&iigues

rotation angles in their formulation. It is interesting to note that their formulation useslsarder

€, strains along the web direction which will be shown to be overly conservative in some cases

especially due to the fact that the qmeckling stress analysis does not include web extensibility

related degreesf-freedoms, and therefore can only deternsipe stress due to Poisson ratio
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effect on a constraint web. Comparison to the developed formulation herein, Pezeshky and
Mohareb [19] have also included axial strains induced by local (Gjelsvik) warping in their analysis,
which we intationally eliminated as discussed in Sectidh Zheir interpolation scheme for the
lateral displacement field is based on cubic shape functions along the yibeiction and up to
quintic interpolation along the spanzmlirection resulting with nodaurvatures included within

the active degreesf-freedom. For comparison purposed, by using a matrix notation similar to

Chapter 4, their interpolation of the lateral displacement field can be described as

~ ~ . . ~ . . TI
uy,2=HQs, +,L § MW, QsHf L inwhichs B:<UB1 frm Ugi Uy fy u82> i and

T _ T
S+t =<UT1 fon Ui Uy, Ly uT2> i differs from our vector$B—<uBl fim Ug I;Bz> :

.
S+ :<UT1 P V ’§T2> used inequatiord.1 due to their addition of nodal curvatures, and

Q is a vector of Quintic functions, i.e

Q:]_.@E_G_f_ szﬁ_zg'ﬁéi.zi Q=Z_2.3_23£_2_ 6.1
' Lt L 2 2 L L 2 2L A2 A
oloF 157 eF a4z if 32 3@ 7 F

N R N oL L2 o2

All possible analysis options developed herein were considered and results were obtained for 2, 4,
8, 16, 32 and 64 element models when beam formulations are used. Alternatively, 150 and 600
element SEF solutions are also presented in the same grapkitiomaérigure 6.2 contains the

results from Pezeshky and Mohareb [19] for which the authors used 2,3,4,5, 15, 25 and 35 element

solutions.

Figure6.2 shows that compared to the DBF solutions TBF formulation always overestimates the
buckling load due to rigid web assumptidtowever, considering that the cantilever is short and
therefore, it is prone to distortional buckling TBF formulation is not reliabléhie caselndeed,

the first mode shapes of SEF as showRigure6.11andFigure6.12 confirms that web is bending
involved in the bucklingpehavior Theeffect of rotation angle on Lateral buckling predictions of
cantilevers has been an issue of debates as discussed in detail in [27]. Distortional beam

formulation of Pezeshky and Mohareb [19], agrees well with the SEF results
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Figure 6.2 Critical tip load for the L=2m cantilever beam

Itis interesting to note that when the second order stejns equatior?.18 of DBF is included,

the buckling load decreases significantlysaewn inFigure6.3. That is because interaction of
compressive stresses along the web consguwith €, cause early buckling. In DBF, there is

no degreesf-freedom capturing web expansion or contraction, and therefore the only reason for
S, to occur in prebuckling analysis is the Poisson ratio effects, g~ E uzg/(l - 2)L(see
eqguatior3.1) under norextensible web assumption). Agyure6.3 shows, this approach may lead

to overly conservative results. There is around 43% drop in the predicted buckling loaéyhen

is included in the DB#ased solution. Unless sufficient degrees of freedoms are defined to capture

web extension or contraction, it is not possible to generate accurabeigkieng stresses in y

direction s, . This requires sepaeDOFS in vertical directions at the top and bottom flanges

which is not included in the current formulation. Therefore, for consistency in the analysis, it is

suggested that DBF should be used after remo@jpgfrom the equations,e. /=0 to avoid

overly conservative predictions. However, it should be noted that the current formulation may not

be accurate when there is significant pressure along the vertical direction within the web.
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Figure 6.3 Effect of second order vertical strain on buckling load predictions for the

L=2m cantilever Beam

A similar observation can be made when the beam span is increased tuwidentoThe problem

is otherwise identical,e., a vertical load is applied at the tip of the beam and a W310x39 section
was used for which the cressctional dimensions ale=165mm h=300.3mm,t=9.7mm and
tw=5.8mm (seeFigure6.1). The linearized buckling analysissults for this case are shown in
Figure6.4. Comparison to the=2m cantilever case, when the span is increased the distortional
effects are reduced which can be verified by the fact that TBF and DBF results becomes much
closer. Howeveras shown in, the drop in the predicted buckling load due to inclusiey) dfias

increased to 46%. Thus, even though the distortional effects are reduced, the drop in the buckling

load due tog,, term isquitesignificant.
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Figure 6.5 Critical tip load for the L=6m cantilever beam
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Figure 6.6 Critical tip load for the L=8m cantilever beam

It can be verifiedfrom Figure 6.2, Figure 6.3, Figure 6.4, Figure 6.5, andFigure 6.6 that the
difference between the DBF and TBF formulations tend to decrease as the beam span increases.
However, when m=1, DBF results significantly drop and underestimates buckling load campari

to SEF. Therefore, it is the authors opinion to DBF is not reliable as the span increases due to the

fact thats, effect on the first mode buckling load should diminish.

Figure 6.7 shows the lateral deflections of the top and bottom flanges based on the first mode
shape. For comparison purposes the amplitudes of tHeatge in DBF formulation was forced

to match with that of the SEF formulation. For thatposea proportionality factor was identified

and all other deflections including the angle of twias multiplied with the same factor. However,

in drawing 3D shapes ifigure 6.15, the intention is to qualitatively inspect the modes, i.e.,
whether there is web bending, lateral buckling or the BB&pes agree with SE#ic, and
therefore amplitudes were not adjusted. Only 2m and 8m results are shown for the buckling mode
shapes. Results of the 16 element and 600 element analyses were used for DBF and SEF mode
shapes respectively. Also note thatgnaphical tool used for the 3D Figs is such that, the grids in
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Figure6.15e-f indicate the number of elements for the SEF results, while grids are only related to

the number of integration points kigure6.15a-b-c-d for the DBF results.

For the 2m beam, it can be verified frédfigure 6.7 that DBF lateral deflections agree well with
those of SEF. On the other hand, discrepancies can be obselrigare6.8 for the angle of twist

results between DBF and SEF formulatievigch is due to the applied EWBodriguez rotation

tensor (beta=0.5However, those discrepanciendto decreasas the bea span gets longer as

can be seen iRigure6.9 andFigure6.10, in which case the results of DBF and SEF almost match.

It is also interesting to note that the angle of twist results of the top and bottom flange differs
significantly when the beam spansgsbort which is due to the fact that the buckling mode is
distortional for short beams. As the beam span increases to 8m, the angle of twist for both top and

bottom flanges come closer to each other in both DBF and SEF results.

DBF-Top Flange

DBF-Bottom Flange

SEF-Top Flange
-o—SEF-Bottom Flange

0.0 e 1.0 1.5 2.0

First mode shape for lateral deflection

Coordinate along beam axis (m)

Figure 6.7 First mode shape for L=2m- Top and Bottom flange Lateral Displacement
(beta=0.5)

70



-+ DBF-Top Flange
DBF-Bottom Flange
SEF-Top Flange

—o-SEF-Bottom Flange

First mode shape for angle of twist

Coordinate along beam axis (m)

Figure 6.8 First mode shape for L=2m- Top and Bottom flange Angle of Twist
(beta=0.5)
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Figure 6.9 First mode shape for L=8m- Top and Bottom flange Lateral Displacement
(beta=0.5)
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Figure 6.10 First mode shape for L=8m- Top and Bottom flange Angle of Twist
(beta=0.5)

It is interesting to note that teentioneddiscrepancies for the lateral deflection results between
DBF and SEF formulations iB-meter and-meter cantilever beasrare due to the selection of
rotation angles i.e., we used 0.5 for our results which is basedlerRodrigues rotation tensor
howe\er as long as the rotation angle is changed to 1 which is adopticebwl [27 37 agood
agreement can be observed between DBF and SEF rsgdisgure6.11 to Figure6.14).

The load application points Figure6.15, are shown with red, which is at the middle of the web
at the tip of the cantilever. On the other hand, blue arrows show where the restrains are applied at
the root of the beam. It can be verified fréngure 6.15b that when the beam span is 2m the
buckling mode involves web bendingowever, the web is almost straight when the span is

increased to 8m as can be seen fFagure6.15¢c-d.

72



—-+-DBF-Top Flange
DBF-Bottom Flange Ve
SEF-Top Flange Ve
-e-SEF-Bottom Flange

First mode shape for lateral deflection

Coordinate along beam axis (m)

Figure 6.11 First mode shape for L=2m- Top and Bottom flange Lateral Displacemen
(beta=1)
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Figure 6.12 First mode shape for L=2m- Top and Bottom flange Angle of Twist
(beta=1)
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Figure 6.13 First mode shape for L=8m- Top and Bottom flange Lateral Displacemen
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Figure 6.14 First mode shape for L=8m- Top and Bottom flange Angle of Twist
(beta=1)
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a) DBFfor theL=2m Cantilevekbeta=0.5) b) DBF for theL=2m CantileveKbeta=1)

€) SEFfor theL=2m Cantilever f) SEFfor theL=8m Cantilever

Figure 6.15 3D Figures for the buckled shapes of the first mode
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6.2. Case B: Fixedfixed beam

Fixedfixed beams of span 5m and 10m are analyzed using DBF and the results are compared with
those of TBF and SEBased analyses. Vertical load is applied at thegpah of the beam and a
W1000x222 sectiofclass 2)s used for which the crosectionaldimensions arer=bg=300mm,
h=970mm=21.1mm and,=16mm EeeFigure6.1). In 288-element SEF model, the cressction

is divided into6 elements by usingwvo elements for the web and two elements for each flange,
and the span is divided ind8 elements. In 400 ement SEF model, the cressction is divided
into 8 elementby using four elements for the web and two elements for each flaargkthe span

is divided into 50 elementBigure6.16 shows the critical buckling load predictions of the 5m span
beam Figure6.17 shows the critical buckling load predictions of flen span bearrDBF results

are generally in very good agreement with StaSed results compared to TBF. For the 5m span
beam, the web distortion effects in the bucklibghavior are significant therefore TBF
significantly overestimates the buckling load and especiallyain,thedifferences between DBF
and TBF formulations reduce as the beam span increasgsll of the analysis are based on the

EulerRodriguez rotation tensor (beta=0.5)
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Figure 6.16 Critical mid -span load for the L=5m fixedfixed beam
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Figure 6.17 Critical mid -span load for the L=10m fixedfixed beam

Mode shapeare demonstratedr DBFand SEF irFigure6.18 andFigure6.19 The agreement of
mode shapes between the DBF and SEF is generally good, however gets slightly better as the span
increasegseeFigure6.20 andFigure6.21).

Considering the fact that the angle of twist for the top and bottom flanges show some differences
even for the 10 m span, the distortion effects are still involved in the buckling befavsrs

because the height of the web is relatively large in this example, as also can be visually inspected

from Figure6.22.
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Figure 6.18 First mode shape of the L=5m beam Top and Bottom flange Lateral
Displacement (beta=0.5)
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Figure 6.19 First mode shape of the L=5m beam Top and Bottom flange Angle of
Twist (beta=0.5)
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Figure 6.20 First mode shape of the L=10m beamTop and Bottom flange Lateral

Displacement (beta=0.5)
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Figure 6.21 First mode shape of the L=10m beamTop and Bottom flange Angle of
Twist (beta=0.5)
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In drawing the mode shapes, results of the 16 elemen2&®dlement analyses were used for

DBF and SEF, respectively.

a) DBF for theL=5m fixedfixed beam(beta=0.5) b) SEF for the.=5m fixedfixed beam

¢) DBF for theL=10m fixedfixed beam(beta=0.5) d) SEF for thd.=10m fixedfixed beam

Figure 6.22 3D Figures for the buckled shapes of the first mode
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6.3. Case C: Beam restraint ontinuously at top-flange

A 6m span beam ianalyzedunder uniformly distributed load (seeFigure6.1) and the cross
section was selected as W250X8&ss 2)or which the dimensions ate=146mm,h=248.9mm,
t=9.1mm andw=6.1mm. The beam is pinned at the left end and roller supports are imposed at the
mid-span and at the right end of the bea®efigure6.1). Also, the top flange of the beam is
continuously restraint against lateral deflection and rotation, which is a commonly encountered
situation for girders of composite highway bridges as their top flanges are generally connected to
concrete decks along the span. The critical uniform tpats calculated based on the linearized
buckling analysidvased on EuleRodriguez rotation tensdbeta=0.5)and the results are shown

in Figure6.23for different number of elements.
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Figure 6.23 Buckling load predictions for the continuous beam under uniform vertical load

Such a case cannot be modelled by using TBF as restraining top flange would also prevent any
lateral buckling mode. Therefore, igure6.23, only DBF and SEF results were showmnthis
example SEF results are particularly sensitive to the number of elements in the web disesiction

can be seen froffigure6.23that when 2 elements are used along the web, the results significantly
differ that of the 1200 element SEF. On the other hand, it can be verified that the predictions of
the distortional bear@BF agree well with those of the Stblased analysis
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Figure 6.24 First mode of the continuous beam Bottom flange lateral displacement
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Figure 6.25 First mode shape of the continuous beamBottom flange Angle of Twist
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The lateral deflected shape and angle of twist of the bottom flange according to the first mode are,
respectively shown for both DBF and SERFigure6.24 andFigure6.25. The agreement between

the SEF and DBF mode shapes are very good fdodttem flange lateral deflections Fgure

6.24, while slightly more fluctuations occur in the angle of twist results of DBF compared to that
of SEFin Figure6.25.

Figure6.26 shows that fluctuations of the web are significant near the middle support.
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a) DBF for theL=6m bean{beta=0.5) b) SEF for the.=6m beam
Figure 6.26 3D Figures for the buckled shapes of the first mod

6.4. Case D: Monesymmetric simply supported beam

We analyse moneymmetric(class 2)simply supported beams with 4m and 8m spans. A vertical
load is applied at the misban & shown inFigure 6.1. The crosssectional dimensions are
h=300.3mm t=9.7mm,t,=5.8mm,br =165mm and- 85mm (sed-igure6.1). We usel44 and

300 element SEF models. In 144 element model, the-sexd®on is divided into 6 elements by

using two elements for the web and two elements for each flange, and the dipaledsinto 24
elements. In 300 element SEF model, the esession is divided into 6 elements by using two
elements for the web and two elements for each flange, and the span is divided into 50 elements.

Again, we use EuleRodriguez rotation tensor (fze=0.5) in this case study.
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Figure 6.27 Critical mid -span load for the L=4m span
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Figure 6.28 Critical mid -span load for the L=8m span
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For the 4m beam, it can be verified fréfigure6.29 andFigure6.30that DBF lateral deflections
and angle of twist agree well with those of SEF. Some discrepancies ocasdreedhowever,

they diminish as the beam span is increaséin@as can be seen figure6.31 andFigure6.32.
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Figure 6.29 First mode shape of the L=4m beam Top and Bottom flange Lateral Displacemen
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Figure 6.30 First mode shape of the L=4m beam Top and Bottom flange Angle of Twist
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Figure 6.31 First mode shape of the L=8m beam Top and Bottom flange Lateral Displacemen

Figure 6.32 First mode shape of the L=8m beam Top and Bottom flange Angle of Twist
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