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Abstract 

 

Geometric Parameter Analysis of H-Darrieus Wind Turbines Based on 3D CFD  

 

Kazuteru Fukushima 

 

The performance prediction of straight bladed vertical axis wind turbines is always of 

interest in the wind power generation industry. Computational Fluid Dynamic (CFD) 

is performed to explore the geometric design space, such as a turbine diameter, a blade 

length, and a wing section. The objective is to relate these design parameters to the 

maximum power coefficient of the H-type Darrieus vertical axis wind turbine. This 

analysis is based on data already available in the literature complemented by 

additional CFD runs to enhance the number of turbines investigated. By analyzing 

these results, two main geometric parameters, the blade thickness and large aspect 

ratio, are identified as the main parameters that affect the turbine’s power coefficient. 

This confirms the importance of the blade geometry in the performance of vertical axis 

wind turbines. Furthermore, some model equations are proposed to predict a power 

coefficient without any large simulations. The suggested model equations can roughly 

predict the power coefficients; moreover, it can quantify the effect of the blade 

thickness and the blade aspect ratio.   
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1 Introduction 
1.1 Social background 

In 1992, Kyoto protocol to the United Nations Framework Convention on Climate Change was 

adopted, and a many of counties have discussed and ratified it.  Although the United States were 

not in favor of ratification it led to the 2015 United Nations Climate Change Conference which 

was held in Paris.  For all practical purposes, almost every country decided to target the goal to 

decrease the CO2 emission and increase research the renewable energy. 

Wind power generation is still required to increase, and the performance improvement is also a 

worthy task in the world.  Temporarily reduced energy demand due to COVID-19 is still higher 

than the renewable energy supply [1] [2].  Windmill can extract potential energy from air during 

the day or night when the wind blows.  The most important fact is that power can be generated 

regardless of the daytime as long as the wind flows.  Also, it does not exhaust any radioactive 

substances.  The wind energy extraction is now very popular because it can produce a lot of 

energy without dangerous emissions and the instability of material cost. 

 

1.2 Technological background 

Wind power generation has two types of systems; horizontal axis wind turbine and vertical axis 

wind turbines (HAWT and VAWT) as shown in Figure 1.  HAWTs are well developed in the 

renewable energy industry.  These propeller wind turbines have a relatively high maximum 

power coefficient, and they are installed everywhere in the world.  However, they need to 

accompany yaw function machines and make noise.  Moreover, these turbines have a wind-

direction dependency, so that it is hard to continually generate energy in the places where the 

wind direction changes significantly. 

On the other hand, VAWTs have two positive aspects from a technological viewpoint.  First, 

VAWTs don’t require yaw motion.  These turbines are independent of wind direction and can 

operate in the sudden wind direction changing situation.  Second, the operating tip-speed ratio 

can be smaller than HAWT in the rated situation.  Furthermore, the shape of blades also 

decreases the wind noises.  VAWTs seem to have a lot of advantages; however, the power 

coefficient is still lower than HAWT.  

This thesis focuses on H-Darreius wind turbine.  H-Darreius wind turbine has a relatively simple 

blade geometry as shown in Figure 2 [3].  It is advantageous for both the initial and the running 

cost.  Moreover, it has relatively high-power coefficient, so wind-farming has a possibility to 

generate a huge amount of electric energy.  H-darreius wind turbine has been studied 

theoretically and experimentally with the goal of providing accurate power predictions.  The 

results of these works are typically presented in term of power coefficient.  More recently, 

computational fluid dynamics (CFD) has been extensively used.  CFD is a well-developed 

simulation tool; however, there are still arguable points for power prediction of VAWT. 
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Figure 1 Type of wind turbine 

 

 

Figure 2 Different kinds of VAWTs 
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1.3 Quantities of interest associated with Wind Turbines 

Wind power generation changes air kinetic energy into electrical power through by generating 

torque.  Assuming a constant density, the air energy is the third power to the wind velocity as 

shown in (1.1) and (1.2), 

𝑃𝑎𝑖𝑟 =
1

2
𝜌𝐴𝑈3 (1. 1) 

𝐴 = 𝐷𝐿 (1. 2) 

where 𝑃𝑎𝑖𝑟[kg m2/s3] is air energy, 𝜌[kg/m3] is a density, 𝐴[m2] is the projected area, 𝑈 [m/s] is a 

free stream velocity, 𝐷[m] is the rotational diameter, and 𝐿[m] is the blade length. 

The Tip-speed ratio (TSR) is introduced to define a non-dimensional number related to velocity 

and rotation.  TSR is the ratio of the free stream velocity to the blade speed as shown in (1.3), 

𝜆 =
𝑉

𝑈
=

𝑅Ω

𝑈
=

𝐷Ω

2𝑈
 (1. 3) 

where 𝜆[-] is tip-speed ratio, 𝑉[m/s] is the blade velocity, 𝑅[m] is a rotational radius, and Ω[1/s] 

is the rotational speed. 

As discussed in the past section, the power coefficient is the most relevant variable to the 

turbine’s performance.  The power coefficient is defined as shown in (5.9)(1.3), 

𝑃 = 𝐶𝑝𝑃𝑎𝑖𝑟 =
1

2
𝐶𝑝𝜌𝐴𝑈3 (1. 4) 

where 𝑃[kg m2/s3] is the power that the turbine generated, and 𝐶𝑝[-] is the power coefficient.  The 

power coefficient indicates how much turbine can extract power from the air potential energy.  

Also, the power coefficient has a theoretical limit called Betz-Joukowsky limit [4].  The 

maximum power coefficient should be less than 0.592.   

 

1.3.1 Solidity 

Solidity is the ratio of the rotational diameter to the total blades’ length.  It is defined as shown in 

(1.5), 

𝜎 =
𝑁𝑐

𝜋𝐷
(1. 5) 

where 𝜎[-] is the solidity, 𝑁[-] is the number of blades, and 𝑐[m] is the chord length.  Li, et al., 

[5] studied the relationship between the maximum power coefficient and solidity and resulted that 

the small solidity leads to increase TSR can provide the maximum power coefficient, and the 

power coefficient tends to decrease as solidity increases.   
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1.3.2 Aspect ratio 

This thesis defines aspect ratio as shown (1.6), 

𝐴𝑅 =
𝐿

𝑐
  (1. 6) 

where 𝐴𝑅[-] is the aspect ratio of the blade.  Naccache & Paraschivoiu [6] investigated the aspect 

ratio with the same solidity VAWTs and concluded that the large aspect ratio has a large power 

coefficient than that one.    They compared the same solidity cases with different blade length 

used in VAWT, and discussed the for long blade one’s power coefficient is closer to two-

dimensional result.   

 

1.4 Motivation of this thesis 

To increase the power coefficient, the design space should be explored.  In this work we explore 

this space with the help of CFD.  Firstly, we recommend to focus only on three-dimensional CFD 

simulations.  The drawback is that one simulation on a supercomputer takes more than two weeks 

to compute.  Secondly, a variety of geometric features’ results that some research groups 

investigated separately in each, should be compared.  It leads to broad the range of comparison. 

Three-dimensional simulations usually take a long-time computational time because the mesh 

need to be very fine in the boundary layer and the simulation is unsteady so a large number of 

rotations of the turbine need to be calculated.  Even by using parallel processors on super 

computers computer, one full size wind turbine three-dimensional case required more than two 

weeks until to be converged.  Furthermore, additional simulations may be needed for different 

revolution speeds to investigate different TSR.  Before calculations, no one knows how many 

rpm is appropriate for the objective model.  One model is usually simulated at least three or four 

revolutions to determine the ideal operation conditions.  Therefore, one three-dimensional CFD 

cases take three or four months.  Actually, some researchers published three-dimensional results, 

but the optimal operating condition has not been identified.  It indicates one of the main 

drawbacks of CFD as being very expensive.    

This thesis aims at finding relationships between geometric design parameters and performance 

based on large number of CFD simulations.  The geometry of VAWTs has some decisive factors 

affecting the maximum power coefficient such as a rotor diameter, a blade length, a chord length, 

a wing thickness, a wing section, or supportive parts: shaft and arms.  These elements can be 

combined into a projected area, a solidity, and aspect ratio.  Solidity, especially, that is a rate of a 

rotation diameter with a chord length, is considered the most important factor for the maximum 

power coefficient.  Some researchers concluded that the moderately small solidity VAWTs have 

a large maximum power coefficient in two-dimensional CFD.  Of course, this topic has been 

studied, but it is still arguable based on three-dimensional simulation.  Hence, this study 

assembles many case studies to compare some three-dimensional performance data and creates a 

certain model to predict the maximum power coefficients.    
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1.5 Overview of the Literature associated with CFD for VAWT 

Early 2000, some CFD models were significantly developed alongside significant improvements 

of computer processing power.  Furthermore, Mentor introduced DES k-omega SST to model 

turbulence, and some researchers applied started to simulate vertical axis wind turbines for 

performance evaluation using these models [7].  Actually, the number of papers of three-

dimensional computational fluid dynamics cases began to increase gradually from that period and 

has reached more than a million cases.  Especially DES k-omega SST is likely to match the CFD 

result to some experimental data.  This option seems to be the most favorite for present day 

researchers but the simulations are mostly two dimensional CFD cases with fewer three-

dimensional CFD cases.  It is well documented that 2D simulations are much faster but less 

accurate than three-dimensional cases due to three-dimensional losses such as the tip-vortex. 

The number of papers reporting three-dimensional CFD simulations of VAWT has been 

increasing for a decade and reached more than twenty per year on Google Scholar.  The main 

reason is the improvement of cluster computing technologies.  Usually, studies employ k-omega 

type of turbulence models in three-dimensional CFD.  This type of turbulence model requires 

fine mesh and tiny time steps to calculate the power coefficient.  Due to this, the number of three-

dimensional cases is not large.  Instead of that, a few cases are referred to the majority of studies.  

For example, the number of related papers is about 20 from about 1000 in 2019.   

After 2010, the number of investigations for three-dimensional studies gradually increased as 

shown in Figure 3. These numbers are obtained by searching on Google scholar.  The searching 

words are “VAWT or vertical axis wind turbine”, “3D or three dimension”, and “CFD or 

simulation”.  Of course, all papers are not directly related to this study.  Some papers are shown 

because they have the word of VAWT for author’s name, 3D, simulation.  Also, there are some 

duplicated cases are published.  In particular, the same large simulation can be discussed in many 
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papers with different points of view. Nevertheless, it is obvious that the number of papers in this 

area is significantly increasing. 

 

Figure 3 The number of papers about VAWT, 3D, CFD 

Just a note on the Case study procedure used later to identify some relevant paper and associated 

turbines. The overall procedure is divided into five steps: gathering, screening, comparing, 

analyzing, and evaluating steps as shown in Figure 4.  In gathering step, simply cases are 

gathered on Google scholar.  As previously stated, adequate search words are used.  The time 

period is from 2011 to 2020 April.  This approach identified 28 cases to be used later.   

 

Figure 4 Case study steps 

1.6 Objectives 

The overall goals of thesis are: 

• Extract three-dimensional simulations results from the literature that can be used to study 

the effect of parameters on the performance of VAWTs;  

• Simulate some of the three-dimensional CFD for VAWTs in the literature for consistency; 

• Study the effect of some parameters on the power coefficient of VAWTs;  

• Create simple models that can predict the power coefficient of VAWT without any large 

CFD simulations. 

 

Gather Screen Compare Analyze Evaluate



7 

2 VAWT parametric study 
In this Chapter, numerical simulation data available in the literature is analyzed to identify the 

main trends that affect the maximum power coefficient. 

2.1 Maximum Power Coefficient (MaxCP) relationship to single key parameters 

This section organizes the gathered dataset and illustrates how factors affect the maximum power 

coefficient.  All reference cases are listed in Table 1.  These cases reflect the highest Cp and the 

associated TSR for H type VAWT turbines. The calculations were all three-dimensional 

simulations of based on solving the Navier-Stokes equations. Different turbulence models were 

used.  The following sub-sections discuss the relation of the Cp with key parameters. 

Table 1 Cases 

Case id TSR MaxCP H D N c Wing section Model Ref 

Case1 2.4 0.27 1.48 1.03 3 0.086 NACA0021 SST k- 𝜔 [8] 

Case2 1.53 0.26 3 2.5 3 0.4 NACA0015 SST k- 𝜔 [9] 

Case3 2.2 0.2 1.2 2 2 0.265 NACA0021 SST k- 𝜔 [10] 

Case4 2.4 0.27 1.48 1.03 3 0.086 NACA0021 SST k- 𝜔  [11] 

Case5 4.5 0.28 1 1 2 0.06 NACA0018 SST k- 𝜔 [12] 

Case6 2.25 0.17 1.2 2 2 0.265 NACA0021 IDDES SST k- 𝜔 [13] 

Case7 1.33 0.12 1.15 1.89 3 0.3 NACA0021 k-𝜖 [14] 

Case8 2.3 0.18 1.2 2 2 0.265 NACA0021 IDDES SST k- 𝜔 [15] 

Case9 2.3 0.16 1.2 2 2 0.265 NACA0021 SST k- 𝜔 [15] 

Case10 3 0.26 0.5 0.75 2 0.08 NACA0018 SST k- 𝜔 [16] 

Case11 2.75 0.12 0.5 0.75 2 0.08 NACA0018 SST k- 𝜔 [16] 

Case12 1.5 0.28 3 2.5 3 0.4 NACA0015 SST k- 𝜔 [17] 

Case13 2.2 0.325 7.2 3 3 0.442 NACA0020 SST k- 𝜔 [18] 

Case15 2.70 0.25 2.91 1.03 3 0.086 NACA0021 SST k- 𝜔 [19] 

Case16 6.9 0.2 2 2.5 3 0.2 NACA0015 RNG k-𝜖 [20] 

Case17 2.2 0.373 3 2.7 2 0.42 NACA0015 Transition SST [21] 

Case18 2 0.334 3 2.7 3 0.42 NACA0015 Transition SST [21] 

Case19 1.25 0.21 0.8 0.8 3 0.2 NACA0021 LES [22] 

Case20 1.8 0.22 0.4 0.6 2 0.1 NACA0022 RNG k-𝜖 [23] 

Case21 2.2 0.182 2 4 3 0.4 NACA0015 RNG k-𝜖 [24] 

Case22 2.2 0.2 1.2 2 2 0.265 NACA0021 IDDES SST k- 𝜔 [25] 

Case23 1.6 0.33 3 2.5 3 0.4 NACA0015 SST k- 𝜔 [26] 

Case24 1.3 0.19 0.8 0.8 3 0.2 NACA0018 SST k- 𝜔 [27] 

Case25 2.24 0.27 0.81 0.6 3 0.081 NACA0018 SST k- 𝜔 [28] 

Case26 5 0.23 3 2 3 0.2 NACA0015 LES [29] 

Case27 2.5 0.34 1 1 2 0.12 NACA0018 Realizable k-𝜖 [30] 

Case28 2.6 0.325 1.43 0.515 3 0.15 NACA0018 Realizable k-𝜖 [31] 
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2.1.1 Maximum power coefficient vs Solidity  

As discussed in previous sections, solidity is considered to affect the maximum power 

coefficient.  For example, A. Subramanian et al., concluded that the maximum power coefficient 

increases as solidity increases in the lower TSR region [34]. Nevertheless, by presenting the 

maximum Cp versus solidity for all 28 cases in Figure 5, it is not possible to identify any specific 

behavior. The maximum power coefficient fluctuates without any relationship to the solidity.  For 

low solidity, we have a range of maximum Cp from 0.1 to 0.36. 

  

 

Figure 5 Maximum power coefficient vs Solidity 

 

To further analyse if solidity is a dominant factor, cases that have no shaft or arms, are compared 

shown in Figure 6 and 7.  The supportive part or the turbulence model seem not to affect to the 

maximum power coefficient.  The maximum power coefficient is different with the same solidity 

geometry.   
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Figure 6 Maximum power coefficient without shaft or arms vs Solidity 

 

 

 

Figure 7 Maximum power coefficient without shaft or arms with sst k-omega vs Solidity 
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2.1.2 TSR for the maximum power coefficient vs Solidity 

The higher solidity roughly shows in Figure 9 that the TSR for the maximum power coefficient is 

lower and is higher for lower solidity.  As Subramanian et al., discussed, solidity affect TSR for 

the maximum power coefficient [34].   

 

 

Figure 8 TSR for the maximum power coefficient vs Solidity  

2.1.3 Maximum power coefficient vs number of blades 

Compared with different number of blades cases, there is no relationship between the maximum 

power coefficient and the number of blades as shown Figure 10.  The effect of the number of 

blades is often discussed in the literature but does not appear to be very relevant.   
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Figure 9 Maximum power coefficient vs number of blades 

As shown in Table 2, we compare maximum power coefficients with almost the same solidity 

cases for different number of blades.  It is still difficult to find any relationships between 

maximum power coefficient and number of blades. 

 

Table 2 Comparison for the number of blades with almost the same solidity cases 

Case ID Solidity Max Cp N 

11 0.0679 0.12 2 

14 0.0716 0.3 3 

27 0.0764 0.34 2 

16 0.0764 0.2 3 

4 0.0797 0.27 3 

3 0.0844 0.2 2 

22 0.0844 0.2 2 

21 0.0955 0.182 3 

26 0.0955 0.23 3 

17 0.0990 0.373 2 

20 0.1061 0.22 2 

25 0.1289 0.27 3 

2.1.4 Maximum power coefficient vs aspect ratio 

As Naccache & Paraschivoiu [6] studied, higher aspect ratio approaches the Betz-Joukowsky 

limit. Note that a small aspect ratio leads a small maximum CP.   
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Figure 10 Maximum power coefficient vs aspect ratio 

 

Increasing the aspect ratio leads to the higher maximum power coefficient due to the three-

dimensional effect, in particular the tip effect which is less important as the blade is longer for the 

same chord  Increasing aspect ratio leads to long spanwise blades.  The three-dimensional losses 

such as tip vortex generate induced drag on the VAWT.  Two-dimensional cases have higher 

power coefficient than three-dimensional cases [6].   

This trend clearly shows for cases that have no shaft and no arms as shown in Figure 11 although 

the number of cases is few.  

 

Figure 11 Maximum power coefficient without shaft or arms with sst k-omega vs Aspect ratio  
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2.1.5 Maximum power coefficient vs ratio of wing thickness to chord 

This subsection compares cases for different ratios of wing thickness to chord as shown in Figure 

12.  It clearly shows that maximum power coefficient increases as the blade thickness decreases.  

This trend is emphasized focusing on the maximum power coefficient without shaft or arms with 

the 𝑆𝑆𝑇 𝑘 − 𝜔  turbulence model as shown in Figure 13. 

 

Figure 12 Maximum power coefficient vs ratio of wing thickness to chord 

 

Figure 13 Maximum power coefficient without shaft or arms with sst k-omega turbulence model  
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2.1.6 Maximum power coefficient vs projected area 

Maximum power coefficient increases as projected area increases as shown in Figure 1.  The area 

of case 17, 18, 28 and 13 exceed 8.1 [m2], and their power coefficients are more than 0.3 [-].  On 

the other hand, the cases that have less than 0.64 [m2] of projected area have less than 0.3 [-] of 

power coefficient.   

 

Figure 14 Maximum power coefficient vs Area 

 

Also, the cases without shaft or arms with the 𝑆𝑆𝑇 𝑘 − 𝜔 model show the same trend as shown in 

Figure 15 although the number of cases is very few.

 

Figure 15 Maximum power coefficient without shaft or arms with sst k-omega vs Area 
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2.1.7 Difference of turbulence model 

Some cases that employ the same turbulence model show some trends.  First, IDDES 𝑆𝑆𝑇 𝑘 − 𝜔 

cases have relatively small power coefficient.  Case 6, 8, and 22 apply IDDES 𝑆𝑆𝑇 𝑘 − 𝜔 and 

their power coefficients are less than 0.2.  Second, cases that apply RNG 𝑘 − 𝜖 also have small 

power coefficients.  Case 16, 20, and 21 use RNG 𝑘 − 𝜖 and their power coefficients are less than 

0.22.  LES (Large Eddy Simulation) cases accordingly show small power coefficient.  On the 

other hand, cases that use Realizable 𝑘 − 𝜖 or Transition SST have relatively higher power 

coefficient.  As for the cases based on 𝑆𝑆𝑇 𝑘 − 𝜔 have a variation of power coefficient. It is from 

0.12 to 0.33. Note that the preferred model today is the 𝑆𝑆𝑇 𝑘 − 𝜔 turbulence model. 

 

Table 3 Cp for different turbulence models 

Case Max power coefficient Model 

6 0.17 IDDES SST k-omega 

8 0.18 IDDES SST k-omega 

22 0.2 IDDES SST k-omega 

20 0.22 RNG k-epsilon 

16 0.2 RNG k-epsilon 

21 0.182 RNG k-epsilon 

17 0.373 Transition SST 

18 0.334 Transition SST 

19 0.21 LES 

26 0.23 LES 

 

2.1.8 Coefficient of determination between MaxCP and parameters 

This subsection provides the coefficient of determination, addressed as 𝑅2, between MaxCP and 

parameters as shown in Table 4.  These cases focus only no shaft and no arms geometries.  This 

shows what parameters can determine MaxCP for the VAWT.  𝑅2 is the non-dimensional value 

between -1 to 1, that indicates correlation.  Usually, it has an intense correlation if it is from 0.6 

to 0.8.  Having about 0.5 shows the medium correlation.  If it has from 0.2 to 0.4 the correlation 

is weak, and the less of 0.2 means few relationships. 

 

Table 4 Coefficient of determination between MaxCP and parameters 

Parameter R2 

Blade thickness 0.682173 

Aspect ratio 0.737244 

Solidity 0.125036 
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2.1.9 Summary of the analysis between MaxCP and single parameters 

The analysis between MaxCP and single parameters shows some findings as follows: 

• Higher aspect ratio may increase the maximum power coefficient. 

• Higher projected area may increase the maximum power coefficient, but the coefficient of 

determination is low. 

• Lower blade thickness may increase the maximum power coefficient 

• The other parameters that include solidity show an unclear relationship to the maximum 

power coefficient. 
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2.2 Maximum Power Coefficient (MaxCP) relationship to combinations of factors 

This section compares power coefficients with a combination of factors.  As discussed 

previously, some factors clearly affect the maximum power coefficient.  The question in this 

section is to explore if a combination of factors can be identified.  So, the following subsections 

tries to highlight which parameters can be interacting. 

 

2.2.1 Combination of solidity and area 

This subsection focuses on the combination of solidity and aspect ratio. Figure 17 shows the 

relationship between both solidity and aspect ratio with their power coefficients.  The red 

triangular case has the smallest power coefficient from 0 to 0.2.  The blue diamond has the high-

power coefficient that is over 0.3.  The series of power coefficient from 0.2 to 0.3 is removed. 

 

Figure 16 Combination of Solidity and Aspect ratio 

 

Although an aspect ratio of red triangle case is located to the right side of blue cases’, the high 

aspect ratio cases have roughly higher power coefficient.  On the other hand, solidity doesn’t 

seem to show any contributions for power coefficient. 
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2.2.2 Combination of Area and Solidity 

This subsection focuses on the combination of area and solidity.  Figure 18 shows the 

relationship between these parameters.  This picture indicates that the lower power coefficient 

case has the lower projected area.  However, some cases correspond to their area and solidity 

with the different power coefficient. 

 

Figure 17 Combination of area and solidity 

 

2.2.3 Combination of area and aspect ratio 

The combination of area and aspect ratio is shown in Figure 19.  This graph also shows that the 

higher aspect ratio leads to the higher power coefficient.  Blue diamond cases are located in the 

right upper side of the picture, and the red triangular cases are close to the origin of the graph.  

This indicates that large turbines with large area and high blade aspect ratio perform better.  
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Figure 18 Combination of area and aspect ratio 

 

2.2.4 Combination of blade thickness and aspect ratio 

The combination of blade thickness and aspect ratio is shown in Figure 19.  It is clearly that red 

triangles are located in the left side of the scatter plot.  As for blue diamonds, it is located in the 

lower of the plot.  When removing the effect of supportive parts, Figure 20 focuses on only 

turbine data with no shaft and no arms cases.  This picture clearly shows the trend that the small 

blade thickness and large aspect ratio lead to large power coefficient.  In detail, larger than 6.0 

aspect ratio and smaller than 18% of the thickness ratio to the chord length cases have more than 

a large power coefficient, 0.26.   
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Figure 19 Combination of blade thickness and aspect ratio 

 

Figure 20  Combination of blade thickness and Aspect ratio without shaft and arms 
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2.2.5 Summary of the analysis between MaxCP and combinations of parameters 

The analysis between MaxCP and multiple parameters shows some findings as follows: 

 

• The higher aspect ratio and the smaller blade thickness can lead to the higher power 

coefficient; 

• Large turbine which typically have large areas and large aspect ratios perform better; 

• The solidity and projected area do not seem to affect to the power coefficient. 

• Trends clearly appear, but it is difficult to determine the function that can calculate 

MaxCP directly due to the small number of cases. 

The following chapter complements some cases with no shaft no arms, in order to create some 

model functions to describe the power coefficient without large simulations. 
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3 CFD simulations 
 

In this Chapter, the methodology to simulate the flow around VAWTs is presented. The 

motivation is based on running additional cases to calculate the Cp for some cases found in the 

literature but the geometry will be changed to remove the shaft and arms. These cases will be 

added to the pool to increase the number of data points. 

3.1 Govern equations and simulation software 

CFD is employed by using STAR-CCM+ by Siemens Digital Industries Software.  This 

commercial solver applied the finite volume method for CFD, and a methodology is developed to 

apply it to the VAWT. 

This CFD software computes the fundamental laws that are conservation of mass, conservation of 

momentum, and conservation of energy as follows, 

𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝜌�⃗� ) =  0 (3. 1) 

where �⃗�  is the continuum velocity.  The time rate of change of linear momentum is equal to the 

resultant force acting on the continuum: 

𝜕(𝜌�⃗� )

𝜕𝑡
+ ∇ ∙ (𝜌�⃗� ⨂�⃗� ) = ∇ ∙ σ⃗⃗ + 𝑓𝑏⃗⃗  ⃗ (3. 2) 

where ⨂ denotes the Kronecker product, 𝑓𝑏⃗⃗  ⃗ is the resultant of the body forces, and σ⃗⃗  is the stress 

tensor. 

𝜕(𝜌𝐸)

𝜕𝑡
+ ∇ ∙ (𝜌𝐸�⃗� ) = 𝑓𝑏⃗⃗  ⃗ ∙ �⃗� + ∇ ∙ (�⃗� ∙ σ⃗⃗ ) − ∇ ∙ q⃗ + 𝑆𝐸 (3. 3) 

where 𝐸 is the total energy per unit mass, q⃗  is the heat flux, and 𝑆𝐸 is an energy source per unit 

volume. 

This applied constant density as follows. 

𝜌 = 𝜌0 (3. 4) 

where 𝜌0 is a constant. [35] 

 

3.2 Segregated Flow Solver 

The segregated flow solver solves the integral conservation equations of mass and momentum in 

a sequential manner. The non-linear governing equations are solved iteratively one after the other 

for the solution variables.  The segregated solver employs a pressure-velocity coupling algorithm 

where the mass conservation constraint on the velocity field is fulfilled by solving a pressure-

correction equation.  The pressure-correction equation is constructed from the continuity equation 

and the momentum equations such that a predicted velocity field is sought that fulfills the 
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continuity equation, which is achieved by correcting the pressure.  This thesis applied a pressure-

velocity coupling algorithms, SIMPLE method. [35] 

 

3.2.1 SIMPLE method 

SIMPLE (Semi-implicit method for pressure-linked equation) method is employed for the 

pressure-velocity coupling algorithm in STAR-CCM+.  This method computes provisory 

information and is corrected by the discretized momentum equation.  Subsequently, it updates the 

pressure corrections and corrects the face mass fluxes and cell velocities.  This method is widely 

used in VAWT simulation and is suggested that it is advantageous to employ to the VAWT 

simulation. [36] 

 

3.2.2 RANS 

This chapter introduces the turbulence model that this work employed.  CFD simulation usually 

employs turbulence model to decrease a huge computational cost compared with the DNS (Direct 

numerical simulation).  The turbulence models are simply divided into three as shown in Figure 

21.   

 

Figure 21 Type of turbulence model 

 

This thesis solves RANS (Reynolds-Averaged Navier-Stokes) equations.  This provides closure 

relations for the Reynolds-Averaged Navier-Stokes equations, that govern the transport of the 

mean flow quantities.  To obtain the Reynolds-Averaged Navier-Stokes equations, each solution 

Turbulence model

RANS

Spalart-Allmaras

k-ω

k-εLES

DES
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variable 𝜙in the instantaneous Navier-Stokes equations is decomposed into its mean, or 

averaged, value �̅� and its fluctuating component 𝜙’. 

 

𝜙 = �̅� + 𝜙’ (3. 5) 

  where 𝜙 represents velocity components, pressure, energy, or species concentration. 

The averaging process may be thought of as time-averaging for steady-state situations and 

ensemble averaging for repeatable transient situations. Inserting the decomposed solution 

variables into the Navier-Stokes equations results in equations for the mean quantities. 

 

3.2.3 𝑆𝑆𝑇 𝑘 − 𝜔 

𝑆𝑆𝑇 𝑘 − 𝜔 computes the eddy viscosity in the Reynolds-Averaged Navier-Stokes equations.  

Mentor modified 𝑘 − 𝜔 model that was proposed by Wilcox [7] [37].  The turbulent eddy 

viscosity 𝜇𝑡 is calculated as: 

𝜇𝑡 = 𝜌𝑘𝑇 (3. 6) 

𝑇 is the turbulent time scale.  The turbulent time scale is calculated using Durbin’s realizability 

constraint as [38]: 

𝑚𝑖𝑛 (
𝛼∗

𝜔
,
𝛼1

𝑆𝐹2
) 

where 𝛼∗is a model coefficient, 𝑆 is defined as the mean strain rate.  The mean strain rate is 

defined as: 

𝑆 = √2𝑆 : 𝑆 𝑇 (3. 7) 

𝑆 =
1

2
(∇�⃗� + ∇�⃗� 𝑇) (3. 8) 

𝐹2is a blending function calculated as: 

𝐹2 = tanh((𝑚𝑎𝑥 (
2√𝑘

𝛽∗𝜔𝑑
,
500𝜐

𝑑2𝜔
))

2

) 

where 𝛽∗ is a model coefficient, 𝑑 is the distance to the wall. 

The transport equations for the kinetic energy 𝑘 and the specific dissipation rate 𝜔 are: 

𝜕

𝜕𝑡
(𝜌𝑘) + ∇(𝜌𝑘�⃗� ) = ∇[(𝜇 + 𝜎𝑘𝜇𝑡)∇𝑘] + 𝑃𝑘 − 𝜌𝛽∗𝑓𝛽∗(𝜔𝑘 − 𝜔0𝑘0) + 𝑆𝑘 (3. 9) 
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𝜕

𝜕𝑡
(𝜌𝜔) + ∇(𝜌𝜔�⃗� ) = ∇[(𝜇 + 𝜎𝜔𝜇𝑡)∇𝜔] + 𝑃𝜔 − 𝜌𝛽𝑓𝛽(𝜔2 − 𝜔0

2) + 𝑆𝜔 (3. 10) 

where 𝜇 is the dynamic viscosity, 𝜎𝑘 and 𝜎𝜔are model coefficients. 

𝑃𝑘 and 𝑃𝜔 are production terms that are defined as (3.11)(3.12): 

 

𝑃𝑘 = 𝐺𝑘 + 𝐺𝑛𝑙 + 𝐺𝑏 (3. 11) 

𝑃𝜔 = 𝐺𝜔 + 𝐷𝜔 (3. 12) 

where 𝐺𝑘 is the turbulent production, 𝐺𝑛𝑙 is the non-linear production, 𝐺𝑏 is the buoyancy 

production, 𝐺𝜔 is the specific dissipation production, and 𝐷𝜔 is the cross-diffusion term, 

respectively.  Their definition is based on the user guide of STAR-CCM+ [35]. 

 

3.2.4 Implicit method setup 

This thesis applied an implicit solver.  The advantage of implicit solver is the higher CFL 

(Courant-Friedrichs-Lewy) condition number.  This thesis divides one revolution into 720, 0.5 

degrees, for each time step in common case.   Moreover, the time discretization is 2nd order. 
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3.3 Geometry overview 

This section provides how the control volume is meshed.   First, the geometry parameters are 

defined for both the computational domain and the rotational domain where the turbine rotor is 

placed.  Second, the boundary conditions are defined. Third, the geometric parameters of 

different turbine cases of interest are listed.   

 

3.3.1 Geometry 

The model is divided into two parts: a rotational part and a stationary part as shown in Figure 22.  

The shaded area indicates the rotational cylindrical area.  This example has three blades in the 

rotational domain.  The transparent cubic part is along with the original three-dimensional 

coordinates.  Usually, the uniform flow spreads as the flow goes through the wind turbine.  In this 

thesis, x-direction is the uniform free stream direction.  The z-direction indicates the three-

dimensional thickness.  This work models two or three blades type of VAWTs and are placed in 

the rotational region.  This domain is located in the frontal side with respect to the inlet of 

uniform flow of the entire computational domain.  The rotational region is connected to the 

bottom surface of the cubic region.  The bottom surface is a symmetrical plane, so that the actual 

negative z-direction has the opposite side of blades.  Both bottom planes are aligned to the same z 

positions. 

 

 

Figure 22 Computational domain and rotational region 
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The rotational region diameter is the double of the rotor diameter as shown in Figure 23.  The 

outer circle indicates the surface of the rotational region, and the inner dashed line indicates the 

rotational diameter.  Blades volume is treated as an empty space.  Along with this, the surface 

layers wrap around blades volume.  The layer is implemented by prism layer on STAR-CCM+.  

This option can handle the number of layers, the shape of cells, and how to growth from the wall 

boundary.  Lastly, the buffer area slightly connects from the layer to the outer stationary region.  

Note that the gap between two regions should be small.  In this work it is limited to about 20% 

from the small cell. 

 

 

Figure 23 Rotational domain top view 

  

As for the region between the end of the blades and the top of the rotation region, it is the same 

size as the blade length as shown in Figure 24.  The dark shaded region is the blade region.  The 

height of the rotational region is the double of the blade length. 

D 2D 
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Figure 24 Rotational domain side view 
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3.3.2 Boundary conditions  

The proposed model applies symmetrical condition to the central plane of VAWT to decrease the 

total amount of elements as shown in Figure 25.  The symmetrical planes are set to the both 

rotational and stationary parts at z position equal to zero.   This method is applied to a lot of 

cases, and Franchina et al. have validated this approach. [8] 

 

Figure 25 Symmetrical plane 

There are two faces in the longitudinal directions on the cubic control volume.  Those faces are 

the inlet and the outlet boundary conditions.  The inlet boundary condition is located to the 

direction that is close to the rotational region.  This research applied the uniform fixed velocity 

inlet boundary condition to the inlet.  Some specified values are Table 5. 

 

Table 5 Inlet boundary condition 

Item Value Unit 

Velocity 5.0 m/s 

Turbulence Intensity 0.01 - 

Turbulence Viscosity Ratio 10.0 - 

Flow direction Normal to the surface - 

 

The other side sets the outlet boundary condition.  This condition is pressure outlet boundary 

condition, and it is specified in Table 6. 
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Table 6 Outlet boundary condition 

Item Value Unit 

Pressure 101325.0 kg m/s2 

Turbulence Intensity 0.01 - 

Turbulence Viscosity Ratio 10.0 - 

 

The relation between two conditions are shown in Figure 26. 

 

Figure 26 The position of inlet and outlet boundaries 

 

The other surfaces on the cubic region are wall boundary conditions with slippery sides.  This 

boundary condition means the flow is tangent to the surface.  These surfaces are shown in Figure 

27. 
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Figure 27 Open boundary conditions 

 

The blade surface is set as a wall boundary condition with no-slip.  This means the flow velocity 

is equal to zero on the blade surface.  STAR-CCM+ calculates the torque that is generated on 

these surfaces.  

 

3.3.3 Meshing 

This subsection explains how the control volume is constructed in this thesis.  The mesh is built 

to guarantee the simulation accuracy and to express the variation of geometric parameters. 

To capture the flow separation, the first thickness of the boundary layer needs to satisfy 𝑦+~1, 

because the  𝑆𝑆𝑇 𝑘 − 𝜔 turbulence model is applied.  Furthermore, the growth rate should be at 

least 1.15.  The growth rate indicates how cells grow compared with the next cell.  The cell size 

increases as the cell is far from the blade surface shown in Figure 28.  This rule is applied in the 

whole domain as shown in Figure 29.  The mesh density is very thin around blades.   The vertical 

plane from the inlet is illustrated as shown in Figure 30. 
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Figure 28 Mesh around the blade 

 

 

Figure 29 Rotating domain 
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Figure 30 Vertical plane 

 

As for the prism layer, it is refined to be divided as a boundary layer shown in Figure 31.  The 

number of divisions is at least 15 and is adjusted from 15 to 35.   

 

Figure 31 Prism layer  



34 

3.3.4 Cases 

Six simulations of different turbines to be simulated have been identified and are listed in Table 

7.  The main geometric parameters for each referred case are reported.  As discussed in the 

previous subsection, no shaft no arms cases are required.  Six cases are determined by the 

following reasons. 

• Case E is selected for comparison between original no shaft no arms case and our 

simulation. 

• Case A, B, and C are selected to increase the number of no shaft no arms cases.  These 

original cases have shaft. 

• Case D and F are picked, because their turbulence models are different of 𝑆𝑆𝑇 𝑘 − 𝜔. 

Recall that the focus is only the maximum power coefficient.  So, the corresponding TSR for the 

maximum power coefficient is applied when simulating each case. These TSR values are 

extracted from the literature assuming that the Cp will pick for the same TSR even when the shaft 

and arms are removed. 

Table 7 Employed Cases 

Case 
Original 

paper 
D L c N Solidity Wing section TSR Timestep 

Case A Case 2 2.5 3 0.4 3 0.152789 NACA0015 1.53 0.00107 

Case B Case 3 2 1.2 0.265 2 0.084352 NACA0021 2.3 0.00033 

Case C Case 5 1 1 0.06 2 0.038197 NACA0018 4.5 0.00016 

Case D Case 7 1.98 1.15 0.3 3 0.144686 NACA0021 1.35 0.00093 

Case E Case 10 0.75 0.5 0.08 2 0.067906 NACA0018 3 0.00059 

Case F Case 19 0.8 0.8 0.2 3 0.238732 NACA0021 1.25 0.00184 

The numbers of cells for each simulation are listed on Table 8.  Basically, the number of cells in 

the rotation region increases as the chord length is short.  Because the mesh around blades needs 

to be more refined.  For example, Figure 32 shows different sizes of cells’ element in Case 3 

around the leading edge.  Instead of the thickness of boundary layer cells, the element length 

directly affects to the number of cells.  The left side mesh element is 0.004 [m], and the right-side 

mesh element is 0.008 [m].  We explore with changing the element size to show the curvature 

around the leading edge. 

Table 8 Number of cells 

Case 
Number of cells 

All region Rotation Stationary 

Case A 5,252,421 4,031,288 1,221,133 

Case B 1,106,838 830,059 276,779 

Case C 6,629,843 6,564,290 65,553 

Case D 5,533,997 1,787,488 3,746,509 

Case E 8,271,538 7,716,383 555,155 

Case F  3,959,026 612,585 3,346,441 
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Figure 32 Mesh around the leading edge (Left:0.004m Right:0.008m) 

 

The mesh around the blade for all cases are shown in from Figure 33 to Figure 38.  

 

Figure 33 Case A mesh 
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Figure 34 Case B mesh 

 

Figure 35 Case C mesh 
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Figure 36 Case D mesh 

 

Figure 37 Case E mesh 
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Figure 38 Case F mesh 
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3.3.5 Coordinates definition 

The coordinate system is set as shown in Figure 39.  The rotor center corresponds to the 

coordinate origin.  The rotational axis corresponds to the z axis, and both x and y directions are 

perpendicular to the z direction.  The rotational angle θ [-] is the counter-clockwise rotation.  As 

the VAWT rotates, the rotational angle θalso increases. 

 

Figure 39 Coordinate system 

  

θ 

blade1 

blade2 blade3 

origin 

x direction 

y direction 
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3.3.6 Summary of geometry 

Key geometries on each case are based on both the rotor diameter and blade length as shown in 

Figure 40.  The rotating region has the double length of the rotor diameter and the blade length.  

The outer region is also based on the two lengths.  Accordingly, it has a large buffer region. 

 

 

 

 

 

Figure 40 Summary of geometry 

  

Symmetrical plane 

Inlet 
Pressure outlet Slippery wall 
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4 CFD Result 
This chapter discusses the result of CFD performed on the cases identified earlier and compare 

the power coefficients calculated with the power coefficient from the original papers investigated 

as shown in Figure 42.  Red bar chart shows the power coefficient that we investigated, and gray 

bar chart indicates the original power coefficient.  The yellow line shows how many revolutions 

VAWT rotates from the initial condition.  We also confirm that the temporal convergence of 

power coefficient between the present revolution and the previous revolution in each revolution is 

less than 1% as shown Table 9.  Figure 43 to 48 show the power coefficient for each case for the 

last full revolution.   

 

 

Figure 41 Result of power coefficient 

Table 9 Simulation result 

CaseID 

 

Original Cp 
Simulated 

Cp 

Difference 

Original paper Last two 

cycles 
Original to Simulation 

Case A Case2 0.26 0.230893 0.50% 10.52% 

Case B Case3 0.195 0.19575 0.03% 0.38% 

Case C Case5 0.28 0.211914 0.66% 24.32% 

Case D Case7 0.12 0.154736 0.15% 28.95% 

Case E Case10 0.25 0.237011 0.17% 5.20% 

Case F Case19 0.19 0.189469 0.51% 0.28% 
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Figure 42 Power coefficient in case A 

 

Figure 43 Power coefficient in case B 
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Figure 44 Power coefficient in case C 

 

Figure 45 Power coefficient in case D 
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Figure 46 Power coefficient in case E 

 

Figure 47 Power coefficient in case F 
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4.1 Vorticity 

From Figure 48 to Figure 53 show vorticity fields.  They show that these cases can capture the 

separation around blades in 10th revolutions. 

 

Figure 48 Case A vorticity rotation region 

 

Figure 49 Case B vorticity rotation region 
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Figure 50 Case C vorticity rotation region 

 

 

Figure 51 Case D vorticity rotation region 
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Figure 52 Case E vorticity rotation region 

 

 

Figure 53 Case F vorticity rotation region 
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For the  three blades cases, Case A, D, and F,  we note that there is more vortex shedding.  We 

also note that these cases have no the negative power coefficient compared to the two blades 

turbines  from Figure 42 to Figure 47.  This suggests that the three blades VAWT can provides 

the power continuously.  

On the other hand, two blades VAWT has some rotation angle ranges that have the negative 

power coefficient.  For example, from 150 to 195 of rotation angle in Case B cannot provides the 

generated power and the Case B type of VAWT rotates by the inertial moment during the 

negative power coefficient range.   

 

4.2 Comparison to the original power coefficient 

This section compares the different results from simulated case and the published values as 

shown in Table 10.  The power coefficient of case F is close to the original power coefficient, and 

the difference is 0.28%.  Similarly, power coefficients of cases B and E are also close. The 

difference is only 0.38% and 5.48%.  Both these simulations employ the 𝑆𝑆𝑇 𝑘 − 𝜔 while case F 

used an LES in their simulation. Furthermore, the geometry is also different as some the 

published results have a shaft in the center of the rotor.     

Table 10 Power coefficient comparison between my simulation and the published values 

ID Original Cp Simulated Cp Difference to original Turbulence model Supportive parts 

CaseA 0.26 0.233 11.75% SST k- 𝜔 Shaft 

CaseB 0.195 0.196 0.38% SST k- 𝜔 Shaft 

CaseC 0.28 0.212 32.13% SST k- 𝜔 Shaft 

CaseD 0.12 0.155 22.45% k- 𝜖 No 

CaseE 0.25 0.237 5.48% SST k- 𝜔 No 

CaseF 0.19 0.189 0.28% LES Shaft 

 

In contrast, the difference related to case A, case C, and case D are relatively high.  With regard 

to case D, the published results employ the 𝑘 − 𝜖 turbulence model which may explain the 

underestimation for the power coefficient. In fact, it is the only case for which the calculated Cp 

with our methodology gave a higher value than in the published data. Clearly this is due to the k-

epsilon model used which is known for not being very accurate. As for case A and case C, both 

of them have a relatively high inlet velocity boundary condition.  For example, case 1 applies 9.0 

[m/s] for the maximum power coefficient.  Case C also applies 9.3 [m/s] for the experimental 

data.  So, the difference of Reynolds number can affect their power coefficient. 

To summarize, although there is some difference, these simulations are reliable in the statistical 

point of view.  The coefficient of determination, R2, is equal to 0.816 between the series of 

original Cp and the series of simulated Cp.  The following chapter will present some model 

functions using values in literatures and values that we simulated in this chapter. 



49 

5 Data analysis and proposed models 
As previously discussed, the projected area and aspect ratio, or both parameters that affect the 

power coefficient.  First, it is observed that a large projected area and a large aspect ratio increase 

the power coefficient.  This relationship is observed in Figure 18.  Second, it was also noted that 

the thickness of the blade is very important.  Considering these conditions, the following sections 

propose simple functions that can be used to predict the MaxCP without the need to run large 

CFD simulations.   

5.1 Least squares method 

This thesis applies a least squares method for a regression analysis.  As for the regression, 

assuming the error as an objective function, the combination constants and intercepts that 

decreases the error is explored.   

First, the objective function is defined as follows, 

𝜖𝑖 = 𝑦𝑖 − 𝛼𝑥𝑖 − 𝛽𝑖 (5. 1) 

where 𝜖𝑖 is the error between the objective function and model function, 𝑦𝑖is the objective 

function, 𝛼𝑖 is the constant, 𝑥𝑖 is the independent variable, and 𝛽𝑖 is the intercept.  To evaluate the 

error as an absolute scale, 𝜖𝑖 is squared as follows. 

𝜖2(𝛼, 𝛽)𝑖 = ∑(𝑦𝑖 − 𝛼𝑥𝑖 − 𝛽𝑖)
2

𝑛

𝑖

(5. 2) 

Considering the error function is the minimum, partial derivative functions are equal to zero if the 

objective function is a linear function for both 𝛼𝑖 and 𝛽𝑖.  We get  

𝜕𝜖(𝛼, 𝛽)𝑖

𝜕𝛼
=

𝜕𝜖(𝛼, 𝛽)𝑖

𝜕𝛽
= 0 (5. 3) 

𝛼 =
𝑥𝑦̅̅ ̅ − �̅� ∙ �̅�

𝑥2̅̅ ̅ − �̅�2
(5. 4) 

𝛽 = −𝛼�̅� + �̅� (5. 5) 

The least squares methods can be applied for multiple function equation such as a polynomial 

function.  This thesis examines model equations with t-test that. 

 

5.2 t-test 

Assuming a null hypothesis so that the objective function and explanatory variable are 

uncorrelated.  t-test calculates a score of “t” that indicates how the variable is uncorrelated.   

𝑡𝑠𝑐𝑜𝑟𝑒 =
𝛽

𝑆𝐸𝛽
 (5. 6) 
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where 𝑡𝑠𝑐𝑜𝑟𝑒 is a score of “t”, and 𝑆𝐸𝛽 is a standard error of 𝛽.  If the null hypothesis is true, 

𝑡𝑠𝑐𝑜𝑟𝑒 has a t-distribution with n-2 degrees of freedom. 

𝑆𝐸𝛽 =

√ 1
𝑛 − 2

∑ (𝑦 − 𝑦𝑖)
2𝑛

𝑖

√∑ (𝑥 − 𝑥𝑖)2𝑛
𝑖

 (5. 7) 

𝑡𝑠𝑐𝑜𝑟𝑒 =
𝛽√𝑛 − 2

√
𝜀𝑖
2

∑ (𝑥 − 𝑥𝑖)2𝑛
𝑖

 (5. 8)
 

5.3 t-distribution and p-value 

t-distribution is a derivative of a normal distribution.  It is written as follows 

𝑓(𝑡) =
Γ (

𝜐 + 1
2 )

𝜐Γ (
𝜐
2)

(1 +
𝑡2

𝜐
)−

𝜐+1
2  (5. 9) 

where 𝜐 is a degrees of freedom, and Γ is a gamma function.  As 𝜐 increases to infinity, it 

approaches to the normal distribution.  As for p-value, it denotes the probability that is on the t-

distribution.  Therefore, 𝑡𝑠𝑐𝑜𝑟𝑒 is a reliability of the result of regression, and p-value is the 

probability of the reliability. 

Applying to multiple regression model function, the term is terminated if t-stat doesn’t satisfy t-

distribution and p-value.  After then, t-test is implemented again as t-stat satisfies t-distribution.  

This procedure determines the degrees of the model function and the fundamental term as shown 

in Figure 54.  In this thesis, t-test applies 95% of significance. 

 

Figure 54 t-test procedure 

 

5.4 Single parameter model function 

This section explores what type of function can be a good approximation.  First, we created trend 

lines by training cases.  Training cases include no shaft no arms cases from literature and 

simulation that we conducted with 𝑆𝑆𝑇 𝑘 − 𝜔 turbulence model.  The model function is 

compared with validation cases.  Validation cases include no shaft no arms cases from literature 

based on  𝑆𝑆𝑇 𝑘 − 𝜔 turbulence model.  Trend lines are generated by the function of Excel by 

Microsoft, and various types of approximation are applied: the linear approximation, the 
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exponential approximation, the logarithmic approximation, and the power approximation.  

Second, model equations provide model MaxCP.  Third, calculating the coefficient of 

determination between validation cases and model MaxCP.  If the coefficient of determination is 

low, a considerable model function is provided instead of the approximation equation. 

The selected cases include the simulation cases performed in the previous chapter as shown in  

Table 11.   

Table 11 Training cases 

ID 

Area AR Lambda CP H D N c 

Blade 

thickness 

Case 9 2.40 4.5 2.3 0.160 1.2 2 2 0.265 21 

Case 10 0.38 6.3 3 0.260 0.5 0.75 2 0.08 18 

Case 12 7.50 7.5 1.5 0.280 3 2.5 3 0.4 15 

Case 23 7.50 7.5 1.6 0.330 3 2.5 3 0.4 15 

Case 24 0.64 4.0 1.3 0.190 0.8 0.8 3 0.2 18 

Case A 7.50 7.5 1.53 0.233 3 2.5 3 0.4 15 

Case B 2.40 4.5 2.3 0.196 1.2 2 2 0.265 21 

Case C 1.00 16.7 4.5 0.212 1 1 2 0.06 18 

Case D 2.28 3.8 1.348 0.155 1.15 1.98 3 0.3 21 

Case E 0.38 6.3 3 0.237 0.5 0.75 2 0.08 18 

Case F 0.64 4.0 1.25 0.189 0.8 0.8 3 0.2 21 

In addition, validation cases are selected as cases with no shaft no arms cases from literatures as 

shown in Table 12. 

Table 12 Validation cases 

ID 

Area AR Lambda CP H D N c 

Blade 

thickness 

Case 6 2.40 4.5 2.245 0.17 1.2 2 2 0.265 21 
Case 7 2.17 3.8 1.33 0.12 1.15 1.89 3 0.3 21 
Case 8 2.40 4.5 2.3 0.18 1.2 2 2 0.265 21 
Case 9 2.40 4.5 2.3 0.160 1.2 2 2 0.265 21 
Case 10 0.38 6.3 3 0.26 0.5 0.75 2 0.08 18 
Case 12 7.5 7.5 1.5 0.28 3 2.5 3 0.4 15 
Case 17 8.1 7.1 2.2 0.373 3 2.7 2 0.42 15 
Case 18 8.1 7.1 2 0.334 3 2.7 3 0.42 15 
Case 20 0.24 4.0 1.8 0.22 0.4 0.6 2 0.1 22 
Case 22 2.40 4.5 2.2 0.2 1.2 2 2 0.265 21 
Case 23 7.50 7.5 1.6 0.330 3 2.5 3 0.4 15 
Case 24 0.64 4.0 1.3 0.190 0.8 0.8 3 0.2 18 
Case 28 0.74 9.6 2.6 0.3247 1.434 0.515 3 0.15 18 
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Model functions are provided by the creating trend lines.  Excel by Microsoft ltd., provides some 

trend lines with various types of functions such as exponential, linear, logarithmic, or power 

functions.  Suggested functions are evaluated by the coefficient of determine between them and 

validation cases’ MaxCP.  The difference is between MaxCP for validation cases and simulated 

power coefficient as shown in Table 13.  The linear function is applied because of the largest 

coefficient of determination. 

Table 13 Trend line functions for blade thickness 

  Exponential Linear Logarithmic Power 

CP Difference CP Difference CP Difference CP Difference 

Case 6 0.174 -2% 0.175 -3% 0.176 -4% 0.174 -2% 

Case 7 0.174 -45% 0.175 -46% 0.176 -47% 0.174 -45% 

Case 8 0.174 3% 0.175 3% 0.176 2% 0.174 3% 

Case 9 0.174 -9% 0.175 -9% 0.176 -10% 0.174 -9% 

Case 10 0.227 13% 0.224 14% 0.219 16% 0.227 13% 

Case 12 0.279 0% 0.281 0% 0.282 -1% 0.279 0% 

Case 17 0.279 25% 0.281 25% 0.282 24% 0.279 25% 

Case 18 0.279 16% 0.281 16% 0.282 16% 0.279 16% 

Case 20 0.156 29% 0.160 27% 0.165 25% 0.156 29% 

Case 22 0.174 13% 0.175 12% 0.176 12% 0.174 13% 

Case 23 0.279 15% 0.281 15% 0.282 15% 0.279 15% 

Case 24 0.227 -19% 0.224 -18% 0.219 -15% 0.227 -19% 

Case 28 0.227 30% 0.224 31% 0.219 33% 0.227 30% 

R2 0.675 0.682 0.566 0.665 

 

 

Figure 55 Fit function of the blade thickness 
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Similar to the model function of blade thickness, a model function for the aspect ratio is created.  

The trend line of the model function of aspect ratio is generated and matches to validation cases 

as shown in Figure 56 and Table 14.  The coefficient of determination between this model 

function to validation cases is 0.786.  Note that Case C is removed because it has a relatively high 

aspect ratio. 

 

Figure 56 Fit function of aspect ratio 

Table 14 Trend line functions for aspect ratio 

  Exponential Linear Logarithmic Power 

CP Difference CP Difference CP Difference CP Difference 

Case 6 0.188 -10% 0.190 -12% 0.193 -14% 0.190 -12% 

Case 7 0.171 -42% 0.169 -40% 0.165 -37% 0.167 -40% 

Case 8 0.188 -4% 0.190 -6% 0.193 -7% 0.190 -6% 

Case 9 0.188 -17% 0.190 -19% 0.193 -21% 0.190 -19% 

Case 10 0.238 9% 0.243 6% 0.248 5% 0.243 7% 

Case 12 0.282 -1% 0.282 -1% 0.279 0% 0.279 0% 

Case 17 0.269 28% 0.271 27% 0.271 27% 0.269 28% 

Case 18 0.269 20% 0.271 19% 0.271 19% 0.269 20% 

Case 20 0.174 21% 0.174 21% 0.172 22% 0.173 21% 

Case 22 0.188 6% 0.190 5% 0.193 3% 0.190 5% 

Case 23 0.282 14% 0.282 15% 0.279 15% 0.279 15% 

Case 24 0.174 8% 0.174 9% 0.172 9% 0.173 9% 

Case 28 0.375 -15% 0.346 -6% 0.321 1% 0.335 -3% 

R2 0.685 0.748 0.787 0.760 
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In summary, two types of model functions are suggested and evaluated in this section.  Both of 

them show a correlation to validation cases.  The model function of aspect ratio has the larger 

coefficient of determination than the projected area’s one.   

 

5.5 Multiple parameters model functions 

This section provides some model equations of multiple parameters with a multiple regression 

analysis.  In the previous section, the trend line for MaxCP to blade thickness is based on non-

linear function, and the trend line for MaxCP to aspect ratio is based on linear function, 

respectively.   

The multiple regression analysis has a shape that is shown as follows, 

𝑌 = 𝑎1𝑥1 + 𝑎2𝑥2 + 𝑐1 (5. 10) 

𝑌 = 𝑎1𝑥1 + 𝑎2𝑥2 + 𝑎3𝑥1𝑥2 + 𝑐1 (5. 11) 

𝑌 = 𝑎1𝑥1 + 𝑎2𝑥2 + 𝑎3𝑥1
2 + 𝑎4𝑥2

2 + 𝑐1 (5. 12) 

𝑎𝑛 is arbitrary constant, 𝑐1 is the intercept, and 𝑥𝑛 is a variable for function of 𝑌.  In this case, 

𝑥1 = 𝑏𝑙𝑎𝑑𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 , 𝑎𝑛𝑑 𝑥2 = 𝑎𝑠𝑝𝑒𝑐𝑡 𝑟𝑎𝑡𝑖𝑜. 

 

5.5.1 Result 

The result of multiple regression is shown as follows.  Overall, all predicted variables have small 

t-stat value, so suggested model functions don’t fit to this problem.  From (5.10) to (5.12) are 

plugged these variables, we get 

𝑌 = −0.00515𝑥1 + 0.0231𝑥2 + 0.188 (5. 13) 

𝑌 = −0.0144𝑥1 − 0.00642𝑥2 + 0.00170𝑥1𝑥2 + 0.354 (5. 14) 

𝑌 = 0.0711𝑥1 − 0.0128𝑥2 − 0.00199𝑥1
2 + 0.00376𝑥2

2 − 0.453 (5. 15). 

Accordingly, MaxCP that is predicted by these models are shown as follows. 
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Table 15 Result of multiple regression 

Candidate 

R square to 

validation 

cases 

Variables Coefficients 
Standard 

Error 
t Stat P-value 

Candidate1 81.5% 

a1 -0.00515 0.00900 -0.571 0.586 

a2 0.0231 0.0151 1.54 0.168 

Intercept c1 0.188 0.244 0.770 0.466 

Candidate2 79.2% 

a1 -0.0144 0.0261 -0.551 0.601 

a2 -0.00642 0.0792 -0.0811 0.938 

a3 0.00170 0.00446 0.381 0.716 

Intercept c1 0.354 0.508 0.697 0.512 

Candidate3 61.8% 

a1 0.0711 0.316 0.225 0.831 

a2 -0.0128 0.326 -0.0393 0.970 

a3 -0.00199 0.00799 -0.249 0.813 

a4 0.00376 0.0324 0.116 0.912 

Intercept c1 -0.453 2.39 -0.189 0.857 

Table 16 Prediction results 

Case 

Candidate1 Candidate2 Candidate3 

CP Difference CP Difference CP Difference 

Case 6 0.184 8.5% 0.184 8.4% 0.181 6.3% 

Case 7 0.168 40.3% 0.164 36.6% 0.168 39.8% 

Case 8 0.184 2.5% 0.184 2.4% 0.181 0.4% 

Case 9 0.184 15.3% 0.184 15.2% 0.181 13.0% 

Case 10 0.240 -7.8% 0.246 -5.3% 0.248 -4.5% 

Case 12 0.284 1.4% 0.281 0.5% 0.281 0.3% 

Case 17 0.276 -26.1% 0.275 -26.4% 0.266 -28.7% 

Case 18 0.276 -17.4% 0.275 -17.8% 0.266 -20.4% 

Case 20 0.167 -24.0% 0.161 -26.7% 0.156 -29.1% 

Case 22 0.184 -7.8% 0.184 -7.8% 0.181 -9.6% 

Case 23 0.284 -13.9% 0.281 -14.7% 0.281 -14.9% 

Case 24 0.188 -1.2% 0.192 0.9% 0.190 0.2% 

Case 28 0.316 -2.6% 0.326 0.5% 0.403 24.0% 

 

The most correlated and predictable model function is Candidate 2.  Although it has a low score 

in t-test, Candidate 2 has the smallest difference in these model functions.  It is clearly showed 

that the characteristics decreasing MaxCP as blade thickness increases in the lower aspect ratio 

range.  Moreover, the higher MaxCP are likely to be predicted well for using Candidate 2. The 

maximum difference in this model is about 36.6%. Though it appears large this is not surprising 

for Cp predictions. Recall that in Chapter 3 the CFD results for case D were 29% different from 

other results in the literature. 

From Figure 57 to  show surfaces illustrating the model equations.  The horizontal axes are both 

blade thickness and aspect ratio, and the vertical axis is MaxCP, respectively.  
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Figure 57 Candidate 1 model equation plane 

 

Figure 58 Candidate 2 model equation plane 

 

Figure 59 Candidate 3 model equation plane 
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The model function surface of Candidate 1 is similar to Candidate 2, and has a relatively high 

correlation to validation cases; however, it only captures the aspect ratio characteristics.  As for 

Candidate 3, it has relatively high coefficient of determination; however, it has the higher 

difference to validation cases.  Although the surface seems to capture the characteristics of both 

variables, the predicted MaxCP is totally smaller than the other candidates. 

 

5.6 Findings for model functions 

We observe the difference between the function and CFD results and conclude: 

• Model equations are suggested based on simple regression methods; 

• Single function models show a monotonous increase in MaxCP vs Aspect Ratio and a 

monotonous decrease in MaxCP vs blade thickness; 

• Three multiple function models are suggested.  Candidate 2 provides reasonable results. It 

contains one constant, two linear terms and a bilinear term on the Aspect Ratio and blade 

thickness variables; 

• The optimum combination to maximize the MaxCP appears to be the highest Aspect 

Ratio and the smallest blade thickness. 
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6 Conclusion 
 

6.1 Summary 

The investigation of the power coefficient for VAWTs in this thesis is based on computational 

methods either extracted from literature or performed in this work.  After gathering 28 three-

dimensional CFD cases from the literature it was decided to recalculate some of these cases.  

Furthermore, we analyzed these cases and created some novel and simple models. 

First, six three-dimensional simulations are conducted for different geometries to enrich the 

available data.  These cases consist of straight symmetric blades, no supportive parts, and the 

same turbulence model.  The common turbulence model is 𝑆𝑆𝑇 𝑘 − 𝜔, and each mesh around the 

blade satisfy that 𝑦+~1.  The simulations converge well and provide an accurate Cp.  At least 10 

revolutions are simulated. 

 

Second, based on all the data available it was observed that specific design variable affects the 

Cp. The data clearly indicates that the blade thickness and the blade aspect ratios are the main 

geometric parameters of the affect the Cp. It is no surprize that the blade is in fact the most 

important feature of the turbine, more than its size though large turbines typically perform better. 

Third, some model functions are constructed to roughly predict the power coefficient.  The 

functions try to capture the fact that the large aspect ratio provides high power coefficient and a 

small blade thickness leads to high power coefficient.  Using regression analysis, we proposed 

some types of model functions for the aspect ratio and blade thickness parameters.  These models 

are examined by comparing with some results of three-dimensional CFD simulations. 

To conclude, this thesis exploits available three-dimensional simulations from the literature and 

newly performed simulation to identify the geometric parameters of VAWT that affect the most 

the power coefficient.  This thesis also includes some proposed model functions to predict the 

MaxCP based on aspect ratio and blade thickness.  This work clearly indicates that optimum 

combination to maximize the MaxCP is to maximize aspect ratio for a blade with small blade 

thickness. 

 

6.2 Future work 

 

This thesis only tries to model the behavior of the turbine in terms of predicting Cp based on a 

few parameters with simple methods, because there are only 28 cases.  Gathering more than 

hundreds of cases can allow more sophisticated method such as a neural networking, a machine 

learning, or a deep learning.  We strongly recommend to perform a lot of CFD simulations for 

different parameters and refine the model.  The created model is accurate in the limited situation, 

so more works are required in this region.  As six cases are simulated, it is important to continue 

to simulate additional three-dimensional cases for finding and refining model functions. 
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Furthermore, other technics exist to explore the geometric design space for performance 

improvement of VAWT. Such techniques as the Double multiple stream tube (DMST) model or 

the Actuator Line Model can be used to explore a design space faster but these techniques are not 

as accurate as CFD. There may be a benefit to combine both CFD with other techniques to reduce 

the computational cost [39] [40].   
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