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Abstract

Variational Learning Frameworks for Generative
Models Based on Hierarchical Dirichlet and

Pitman-Yor Processes

Ali Baghdadi

In many unsupervised machine learning algorithms where labelling a large
quantity of data is unfeasible and time-consuming, mixture models have been
frequently employed as a helpful statistical learning method. Among all the
proposed mixture models, the finite Gaussian mixture model is probably the
most famous and widely used. However, other approaches, such as mixtures
of Dirichlet distributions have recently been demonstrated to yield even more
promising outcomes, especially for non-Gaussian data. As a result, we chose
to work on Shifted-Scaled Dirichlet (SSD) mixture models that are more flex-
ible than Gaussian and Dirichlet mixture models in fitting proportional data.
In this thesis, we propose variational Bayesian frameworks for learning SSD
mixture models. This learning approach has some advantages over other tech-
niques, such as tractable learning computations, precise approximations, and
guaranteed convergence. First, we propose a novel non-parametric method
based on a hierarchical Dirichlet process mixture of SSD distributions. Then,
we extend it to a hierarchical Pitman-Yor process mixture of SSD distri-
butions. These Bayesian frameworks present several properties that make
the learning process more accurate. Also, simultaneous parameter estima-
tion and model selection (model complexity determination) are possible with
the suggested methods. Finally, we propose a novel hidden Markov model
(HMM) framework in which the emission density for conventional continuous
HMMs is a mixture of SSD distributions. Experiments on challenging appli-
cations such as activity recognition, texture clustering, traffic sign detection,
vehicle detection, and spam email detection show that our suggested models
may deliver effective solutions when compared to existing alternatives.
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Chapter 1
Introduction

1.1 Introduction and Related Work

Over the past decades, the demand for novel tools to process and analyze
large amounts of data has increased dramatically. Advanced statistical meth-
ods and computational techniques provide us diverse approaches to deal with
complex data. For instance, clustering and classification are two powerful ma-
chine learning techniques that can help scientists detect patterns in data [1].
Data clustering is an unsupervised machine learning method for extracting
meaningful information from data. This method is useful in a variety of re-
search domains such as anomaly detection [2,3], recommendation systems [4],
social network analysis [5, 6], market segmentation [7, 8], and transportation
applications [9, 10].

The finite Gaussian mixture model is perhaps the most well-known and
commonly applied of all the suggested mixture models [11–14]. However, re-
cent research has shown that other techniques like mixtures of Dirichlet dis-
tributions or mixtures of mixtures could have even more promising results,
especially for non-Gaussian data. Real-life data are very complicated and
may include data points that are not normally-distributed [15]; therefore,
using alternative models to overcome the constraints of Gaussian models
might be a suitable choice. To be more specific, Dirichlet, scaled Dirich-
let (SD), and generalized Dirichlet mixture models have been used as some
alternatives to Gaussian mixture models and these approaches have led to
remarkable results when data are proportional. It is worth mentioning that a
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vector is said to be proportional when all its elements are positive and sum to
one. Proportional data are generated by many processes in different domains
ranging from computer vision to pattern recognition and natural language
processing. Analyzing this kind of data requires algorithms that have ca-
pabilities to model them [16–25]. Therefore, following previous efforts, we
are motivated to select an alternative for the Gaussian mixture model for
modelling proportional data, so we employ mixtures of shifted-scaled Dirich-
let (SSD) distributions in our models. The SSD distribution has two more
parameters than the traditional Dirichlet distribution and one more than the
SD distribution. The additional parameters of the SSD provide more degrees
of freedom and therefore flexibility to fit data. Furthermore, most previous
research has been based on finite mixture models and therefore required es-
tablishing an optimal number of components (i.e. the model’s complexity).
In this thesis, we develop non-parametric Bayesian models that make it pos-
sible to directly address the above-mentioned issues. In these frameworks,
the number of components is supposed to be infinite; therefore, each new
observation could be treated as a member of a new cluster that was not seen
before.

In the first phase of this thesis, we develop hierarchical Dirichlet process
(HDP) and hierarchical Pitman-Yor process (HPYP) mixtures of SSD distri-
butions for proportional data modelling. Then, we go one step further and
integrate HDP into a hidden Markov model (HMM) framework which has
SSD as its emission probability.

The HDP is an extension to the conventional Dirichlet process (DP).
It has a few hierarchical DP levels and in each level, the base measure for
the DPs is disturbed by another DP. In our work, we focus on a two-level
HDP [26,27].

Also, the HPYP is based on the Pitman–Yor process and has a power-
law characteristic, making it more appropriate than the Dirichlet process for
natural phenomenon applications such as text analysis and video segmenta-
tion [15,27,28].

The HMM is a type of probabilistic model in which each data point is
in a hidden state produced by a probability distribution called an emission
probability [29]. This approach has been used in a variety of time series
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applications and sequential data like anomaly detection [30], facial identifi-
cation [31], speech recognition [32], machine translation [33], financial analy-
sis [34], healthcare [35], human activity recognition [36], and gesture recogni-
tion [37]. The mathematical basis of HMM was initially established by Baum
and Petrie [38]. Its primary structure is a Markov chain of latent variables.
One of the simplest methods to represent sequential patterns in time series
data is to use a Markov chain. This method maintains generality while loos-
ening the assumption of independent identically distributed variables [12].
Depending on the type of data (which can be continuous or discrete), HMM
and its emission probabilities are continuous or discrete [39].

For HDP and HPYP learning, we applied a variational inference approach
with two settings; batch and online. The online setting allows us to feed our
models with large-scale streaming data. Although there are other techniques
like Markov Chain Monte Carlo (MCMC) and maximum likelihood (ML),
MCMC involves high computational complexity and its convergence is hard
to assess [15,40,41]. ML, on the other hand, while straightforward to imple-
ment, generally deviates from the global maximum and converges instead to
local maxima. Another problem of ML is that it is very sensitive to initial
values. The main solution to overcome these problems is variational learning.
In this method, the idea is based on minimizing the Kullback–Leibler diver-
gence between the true posterior distribution and an approximated variant
of it. Due to the integrated estimation scheme of variational learning, it can
calculate a model’s parameters and find the optimal number of components
at the same time.

In the past few years, this approach has been employed and shown its ef-
fectiveness [42,43]. Also, for training HMMmodels, the expectation-maximization
technique is commonly used. However, because this method includes a sum-
mation of all conceivable combinations of hidden states and mixture compo-
nents, it is computationally intractable. Besides, ML and MCMC have the
above-mentioned issues in HMM context as well. Using variational learning
provides us the advantage of overcoming the drawbacks of these methods in
learning HMM models [42,43].

As a summary, this thesis consists of six novel models:

• BV-HDP-SSD: Batch variational learning of HDP mixtures of SSD
distributions.
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• OV-HDP-SSD: Online variational learning of HDP mixtures of SSD
distributions.

• BV-HPYP-SSD: Batch variational learning of HPYP mixtures of
SSD distributions.

• OV-HPYP-SSD: Online variational learning of HPYP mixtures of
SSD distributions.

• SSD-HMM: Variational learning of SSD-based hidden Markov model.

• SSD-HDP-HMM: Variational learning of SSD based hierarchical Dirich-
let process hidden Markov model.

1.2 Contributions

The following are the significant contributions of this thesis:

✓ Hierarchical Dirichlet and Pitman-Yor Process Mixtures of
Shifted-Scaled Dirichlet Distributions for Proportional Data
Modelling:

In this part, we present batch and online variational learning of
HDP mixtures of SSD distributions. Then, we extend it to batch
and online variational learning of HPYP mixtures of SSD distribu-
tions. The objective is to create a model that can fit complicated
and proportional real-world data correctly. We show that our SSD
based models are more flexible in fitting proportional data than
the Dirichlet and Gaussian mixture models. We verify this using
four challenging applications, namely, spam email detection, tex-
ture clustering, traffic sign detection, and vehicle detection. This
work has been submitted to the journal “ Advances in Computa-
tional Intelligence (ADCI)”.

✓ Shifted-Scaled Dirichlet Based Hidden Markov Model and
Shifted-Scaled Dirichlet Based Hierarchical Dirichlet Process
Hidden Markov Model with Variational Inference Learning:

In this part, first, we present the variational learning of SSD based
hidden Markov model. Then, we expand our model to a hierar-
chical Dirichlet process with HMM framework. We illustrate that
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choosing SSD as the emission probability distribution helps our
models to fit data better than the Gaussian mixture model. Two
difficult applications, activity recognition and texture clustering,
are used to demonstrate this. Also, the model’s complexity is de-
termined throughout the learning process in the second model.
This research work has been accepted as a book chapter [44].

1.3 Thesis Overview

This thesis is organized as follows:

□ In chapter 2, we describe the hierarchical Dirichlet process. Then we
present mixtures of SSD distributions and derive the hyper parame-
ters of the batch and online variational learning approaches for HDP
mixtures of SSD distributions. Then, we have an overview of the hi-
erarchical Pitman-Yor process and go over the derivation of the hyper
parameters of the variational learning process for HPYP mixtures of
SSD distributions. Finally, we present our experimental results for
these models.

□ In chapter 3, we discuss hidden Markov models. Then we propose pa-
rameter estimation using variational learning for SSD-HMM and SSD-
HDP-HMM models. In addition, we represent the results of analyzing
our suggested models.

□ In Chapter 4, we review our research works and contributions and make
some suggestions for further research.
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Chapter 2
Hierarchical Dirichlet and Pitman-Yor
Process Mixtures of Shifted-Scaled
Dirichlet Distributions for
Proportional Data Modelling

2.1 The Hierarchical Dirichlet Process

The hierarchical Dirichlet process is developed based on a hierarchical struc-
ture using multiple DPs [26, 27, 45]. This construction has at least two lev-
els where at each level, the base measure of DP is distributed by another
DP. In this thesis, for the sake of simplicity, we suppose a two-level HDP
model. In the first level (the local level), there is a grouped dataset X with
M sets. Therefore, the proposed model has a Gj for each set; in which,
j ∈ {1, . . . ,M}. In the second level (the global level), we have G0 as a base
distribution for the indexed set of {Gj}. G0 is a global distribution which
is shared between all the j groups. G0 itself is distributed according to a
DP with the base distribution H and concentration parameter γ. For each j
we have G0 ∼ DP(γ,H) and Gj ∼ DP(λ,G0). We will utilise stick-breaking
construction in the development of our model because it is a fairly simple
approach in implementation of HDP models [26, 46]. In this thesis, we have
two stick-breaking constructions; one for the global level and another one for
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the local level. The global distribution G0 can be represented by:

G0 =
∞∑
k=1

ψkδΩk
, Ωk ∼ H, (2.1)

ψk = ψ′
k

k−1∏
s=1

(1− ψ′
s), ψ′

k ∼ Beta(1, γ)

In these formulas, {Ωk} is a series of independent random variables taken
from H, and δΩk

is an atom at Ωk. As previously mentioned, G0 is the base
distribution for Gj, therefore, the Ωk atoms are shared among all Gj. In
the stick-breaking construction, we have a proportional concept [45]. First,
we consider the total weight of clusters as a unit length stick, then break it
into an infinite number of fragments ψk which should satisfy this condition:∑∞

k=1 ψk = 1. The size of each piece is proportional to the stick’s length. G0

has H and γ as its base distribution and concentration parameter, respec-
tively. Besides, G0 and λ are the base distribution and the concentration
parameter for Gj, respectively [45, 47]. Therefore, the local level DP (Gj)
would be:

Gj =
∞∑
t=1

πjtδϖjt
, ϖjt ∼ G0, (2.2)

πjt = π′
jt

t−1∏
s=1

(1− π′
js), π′

jt ∼ Beta(1, λ)

Based on the stick-breaking construction, πjt fragments should satisfy this
condition

∑∞
k=1 πjt = 1. Furthermore, ϖjt follows the base distribution G0;

hence, the value Ωk will be assigned to it with probability ψk. Then we
consider the indicator variable Wjtk which is a binary latent variable. If
ϖjt is associated with Ωk, Wjtk is equal to 1; otherwise, Wjtk is 0. Thus,

ϖjt = Ω
Wjtk

k . Also, W⃗ = (Wjt1,Wjt2, . . . ) is distributed as:

p(W⃗ | ψ⃗) =
M∏
j=1

∞∏
t=1

∞∏
k=1

ψ
Wjtk

k (2.3)
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consequently,

p(W⃗ | ψ⃗′) =
M∏
j=1

∞∏
t=1

∞∏
k=1

[
ψ′
k

k−1∏
s=1

(1− ψ′
s)
]
Wjtk (2.4)

To describe the data set X , we consider i as the index of each observation
and j as the index of each group. Therefore, by considering θji as a variable

assigned to observation Xji, θ⃗j = (θj1, θj2, . . . ) are distributed by Gj for each
j. Consequently, we can define the likelihood function as:

θji | Gj ∼ Gj (2.5)

Xji | θji ∼ F (θji)

F (θji) indicates the distribution of Xji given θji. In the HDP mixture model,
H as the base distribution of G0 is considered as the prior distribution for
θji and each group is related to a mixture model. Since Ωk atoms are shared
among {Gj}, the mixture components are divided among these mixture mod-
els. Each θji is distributed by a Gj; therefore, it takes the value ϖjt having
the probability of πjt. We consider the indicator variable Zjit ∈ {0, 1} for
each θji. Zjit is a binary latent variable as follows: Zjit = 1 if θji is associ-
ated with component t and Zjit = 0, otherwise. Thus, we have θji = ϖjt

Zjit .
Consequently, θji can be obtained by θji = ϖjt

Zjit = Ωk
WjtkZjit . Besides,

Z⃗ = (Zji1, Zji2, . . . ) is distributed as:

p(Z⃗ | π⃗) =
M∏
j=1

N∏
i=1

∞∏
t=1

π
Zjit

jt (2.6)

consequently,

p(Z⃗ | π⃗) =
M∏
j=1

N∏
i=1

∞∏
t=1

[
π′
jt

t−1∏
s=1

(1− π′
js)
]Zjit

(2.7)

8



2.2 Mixture of Shifted Scaled Dirichlet Dis-

tributions

We focus on a specific form of mixture model in this thesis. In our models,
each observation within a group is taken from a mixture of SSD distributions
as a generalized version of a Dirichlet distribution. Our models can be consid-
ered as hierarchical infinite SSD mixture models so we do not have to select
the number of components which is supposed to be countably infinite in these
models. Moreover, the flexibility and effectiveness of the SSD distribution
have been shown in previous research [23, 24]. Let’s assume a proportional

observation X⃗i = (xi1, . . . , xiD) is drawn from an SSD distribution where∑D
l=1 xil = 1, 0 ≤ xil ≤ 1, and l = 1, . . . , D. Thus, we have:

p(X⃗i | θ⃗j) =
Γ(αj+)∏D
l=1 Γ(αjl)

1

τD−1
j

∏D
l=1 β

−
αjl

τj
jl X

(
αjl

τj
−1)

il∑D
l=1(

Xil

βjl
)

1

τj


αj+

(2.8)

where the distribution parameters are: α⃗j =
(
αj1, . . . , αjD

)
∈ RD

+ as shape

parameter, β⃗j =
(
βj1, . . . , βjD

)
∈ SD as location parameter and τj ∈ R+ as

a real scalar. These parameters make our distribution amazingly adaptable
which allows the model to better fit proportional data. Γ(.) indicates the
Gamma function and αj+ =

∑D
l=1 αjl. If we linearly combine two or more

SSD distributions, we will have a mixture model of SSD distributions. For
a dataset X =

(
X⃗1, . . . , X⃗N

)
including N independent distributed obser-

vations, each D-dimensional data vector X⃗ is taken from an SSD mixture
model with M components [12]. We assume that all vectors in X follow a
common probability density function:

p(X | Θ) =
M∑
j=1

πjp(X⃗i | θ⃗j) (2.9)

where πj is the mixing coefficient of component j satisfying two conditions:

0 < πj < 1 and
∑M

j=1 πj = 1. Also, Θ = {π1, . . . , πM , θ⃗1 , . . . , θ⃗M} is a set
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including model parameters and mixing coefficients in which θ⃗j = {α⃗j, β⃗j, τ⃗j}
indicates the parameter vector for jth component. Since the observations are
independent, the likelihood function of the SSD mixture model is calculated
by:

p(X | π⃗, θ⃗) =
N∏
i=1

M∑
j=1

πjp(X⃗i | θ⃗j) (2.10)

Finally, the likelihood function of the hierarchical infinite SSD mixture model
is:

p(X ) =
M∏
j=1

N∏
i=1

∞∏
t=1

∞∏
k=1

p(X⃗i | θ⃗k)ZjitWjtk (2.11)

2.3 Variational Learning of HDP Mixtures of

SSD Distributions

2.3.1 Batch Variational Learning

One of the most important challenges that we have to deal with is model pa-
rameter estimation. Variational inference is a deterministic approximation
technique which has shown its capabilities in finding estimates for posterior
distributions [12, 42]. For learning HDP mixture of SSD model, we consider
Θ = (Z,W,ψ′, π′, α, β, τ) as the set of latent and unknown random variables.
In the variational inference technique, we attempt to find Q(Θ), which is
an estimate for the posterior p(Θ | X ). To do this, the lower bound of the
marginal likelihood p(Θ | X ) should be maximized. By doing this, the KL
divergence will reach its minimum according to:

KL(Q || P ) = ln p(X )− L(Q), KL(Q || P ) ≥ 0 (2.12)

where

L(Q) =
∫
Q(Θ) ln(

p(X | Θ)p(Θ)

Q(Θ)
)dΘ (2.13)
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and

KL(Q || P ) = −
∫
Q(Θ) ln(

Q(Θ)

p(Θ | X)
)dΘ. (2.14)

We know that KL(Q || P ) = 0 when Q(Θ) = p(Θ | X ). However, the true
posterior p(Θ | X ) is intractable; therefore, we have to consider Q(Θ) as a
restricted family of distributions to be able to calculate it. We can rewrite
Q(Θ) as disjoint tractable components using mean field theory [48]:

Q(Θ) =
∏
i

Qi(Θi) (2.15)

Maximization of the lower bound L(Q) is done by variational optimization
with respect to each of the factors Qi(Θi). The general equation for a given
Qs(Θs) is:

Qs(Θs) =
exp ⟨ln p(X ,Θ)⟩j ̸=s∫
exp ⟨ln p(X ,Θ)⟩j ̸=s dΘ

(2.16)

where ⟨.⟩j ̸=s is the expectation of all the distributions Qs(Θs) except j = s.
Next, we employ the truncation technique [49] to determine the truncation
levels of the stick-breaking constructions such that:

ψK
′ = 1,

K∑
k=1

ψk = 1, ψk = 0 when k > K (2.17)

πjT
′ = 1,

T∑
t=1

πjt = 1, πt = 0 when t > T (2.18)

K and T are global and local truncation levels of hierarchical Dirichlet pro-
cesses, respectively. These variational parameters can be updated automat-
ically within the learning process. Using a factorization assumption and
stick-breaking construction, we obtain:

Q
(
Θ
)
= Q

(
Z⃗
)
Q
(
W⃗
)
Q
(
π⃗′)Q(ψ⃗′)Q(α⃗)Q(β⃗)Q(τ⃗) (2.19)
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Now, we define prior distributions over model parameters. The joint distri-
bution of all the random variables is expressed as:

p(X ,Θ | π⃗) = p(X | Z,W , α⃗, β⃗, τ⃗)p(Z | π⃗)p(W | ψ⃗)p(α⃗)p(β⃗)p(τ⃗) (2.20)

The conjugate priors for SSD parameters α⃗, β⃗, and τ⃗ are chosen as follows:

p(αkl) = G(αkl | ukl, νkl) =
νukl
kl

Γ(ukl)
αukl−1
kl e−νklαkl (2.21)

p(βkl) = D(βkl | h⃗k) =
Γ(
∑D

l=1 hkl)∏D
l=1 Γ(hkl)

D∏
l=1

βhkl−1
kl (2.22)

p(τk) = G(τk | qk, sk) =
qskk

Γ(qk)
τ qk−1
k e−skτk (2.23)

Therefore, the prior distributions for SSD parameters will be:

p(α⃗) =
∞∏
k=1

D∏
l=1

p(αkl) (2.24)

p(β⃗) =
∞∏
k=1

D∏
l=1

p(βkl) (2.25)

p(τ⃗) =
∞∏
k=1

p(τk) (2.26)

{ukl}, {νkl}, {hkl}, {qk} and {sk} are positive hyper-parameters. We can
write the prior distribution of π′ and ψ′, respectively [45]:
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p(π′) =
M∏
j=1

∞∏
t=1

λjt(1− πjt
′)λjt−1 (2.27)

p(ψ′) =
∞∏
k=1

γk(1− ψ′
k)

γk−1 (2.28)

Optimal variational estimation for each factor of Q(Θ) is calculated by:

Q
(
Z⃗
)
=

M∏
j=1

N∏
i=1

T∏
t=1

ρ
Zjit

jit (2.29)

Q
(
W⃗
)
=

M∏
j=1

T∏
t=1

K∏
k=1

ϑ
Wjtk

jtk (2.30)

Q(π⃗′) =
M∏
j=1

T∏
t=1

Beta(π′
jt | a⋆jt, b⋆jt) (2.31)

Q(ψ⃗′) =
K∏
k=1

Beta(ψ′
k | c⋆k, d⋆k) (2.32)

Q
(
α⃗
)
=

K∏
k=1

D∏
l=1

G
(
αkl | u⋆kl, ν⋆kl

)
(2.33)

Q
(
β⃗
)
=

K∏
k=1

D∏
l=1

D
(
βkl | h⋆kl

)
(2.34)

Q
(
τ⃗
)
=

K∏
k=1

G
(
τk | q⋆k, s⋆k

)
(2.35)
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where G(.) and D(.) are Gamma and Dirichlet distributions, respectively.
Also,

ρjit =
exp(ρ̃jit)∑T
f=1 exp(ρ̃jif )

(2.36)

where ρ̃jit can be calculated using the following equation:

ρ̃jit =
K∑
k=1

〈
Wjtk

〉
[R̃k − (D − 1) ln τ k +

D∑
l=1

[− αkl

τ k
ln βkl + (

αkl

τ k
− 1) ln xjil]

(2.37)

− (αk+) ln(
D∑
l=1

(
xjil

βkl

)

1

τ k ) + ⟨ln π′
jt⟩+

t−1∑
s=1

⟨ln(1− π′
js)⟩]

and R̃k is calculated by [43]:

R̃k =

ln
Γ
(∑D

l=1 αkl

)∏D
l=1 Γ

(
αkl

) +
D∑
l=1

αkl

[
Ψ

(
D∑
l=1

αkl

)
−Ψ

(
αkl

)]
×
[〈

lnαkl

〉
− lnαkl

]

+
1

2

D∑
l=1

α2
kl

[
Ψ′

(
D∑
l=1

αkl

)
−Ψ′(αkl

)]
×
〈(

lnαkl − lnαkl

)2〉

+
1

2

D∑
a=1

D∑
b=1,a ̸=b

αka αkb

[
Ψ′

(
D∑
l=1

αkl

)
×
(〈

lnαka

〉
− lnαka

)
× (2.38)

(〈
lnαkb

〉
− lnαkb

)]
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Ψ(.) and Ψ′(.) are the digamma and trigamma functions, respectively. Simi-
larly, ϑjtk of the factor Q(W ) is defined by:

ϑjtk =
exp(ϑ̃jtk)∑K
f=1 exp(ϑ̃jtf )

(2.39)

where

ϑ̃jtk =
N∑
i=1

〈
Zjit

〉
[R̃k − (D − 1) ln τ k +

D∑
l=1

[−αkl

τ k
ln βkl + (

αkl

τ k
− 1) ln xjil]

− (αk+) ln(
D∑
l=1

(
xjil

βkl

)

1

τ k ) + ⟨lnψ′
k⟩+

k−1∑
s=1

⟨ln(1− ψ′
s)⟩] (2.40)

The hyper parameters of the variational factors are calculated by:

a⋆jt = 1 +
N∑
i=1

⟨Zjit⟩ (2.41)

b⋆jt = λjt +
N∑
i=1

T∑
s=t+1

⟨Zjis⟩ (2.42)

c⋆k = 1 +
M∑
j=1

T∑
t=1

⟨Wjtk⟩ (2.43)

d⋆k = γk +
M∑
j=1

T∑
t=1

K∑
s=k+1

⟨Wjts⟩ (2.44)

u⋆kl = ukl +
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

〈
Zjit

〉
αkl× (2.45)

[ψ(
D∑
s=1

αks)− ψ
(
αkl

)
+

D∑
s̸=d

ψ′(
D∑
s=1

αks)× αks(
〈
lnαks

〉
− lnαks)]
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ν⋆kl = νkl −
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

〈
Zjit

〉
× [

1

τk
ln
βkl
xjil

+ ln (
D∑
s=1

(
xjis
βks

)

1

τk )] (2.46)

h⋆kl = hkl +
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

⟨Zjit⟩× (2.47)

[
¯−αkl

τ̄k
+
ᾱkl

τ̄k
× (

xjil
β̄kl

)

1

τ̄k × 1∑D
s=1(

xjis
β̄js

)τ̄k−1
]

q⋆k = qk +
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

Zjit× (2.48)

[1−D +
(αk+)

τk

∑D
l=1(

xjil
βkl

)τ
−1
k ln (

xjil
βkl

)∑D
l=1(

xjil
βkl

)τ
−1
k

]

s⋆k = sk −
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

Zjit[
D∑
l=1

αkl

τk2
ln (

xjil
βkl

)] (2.49)

Also, their expected values are given by:

ᾱkl = ⟨αkl⟩ =
u⋆kl
v⋆kl
, βkl = ⟨βkl⟩ =

h⋆kl∑D
l=1 h

⋆
kl

τk = ⟨τk⟩ =
q⋆k
s⋆k
, ⟨Zjit⟩ = ρjit, ⟨Wjtk⟩ = ϑjtk〈

ln π′
jt

〉
= Ψ(a⋆jt)−Ψ(a⋆jt + b⋆jt)〈

ln(1− π′
jt)
〉
= Ψ(b⋆jt)−Ψ(a⋆jt + b⋆jt)〈

lnψ′
k

〉
= Ψ(c⋆k)−Ψ(c⋆k + d⋆k)〈

ln(1− ψ′
k)
〉
= Ψ(d⋆k)−Ψ(c⋆k + d⋆k)

⟨lnαkl⟩ = Ψ(u⋆kl)− ln v⋆kl

⟨(lnαkl − lnαkl)
2⟩ =

[
Ψ(u⋆kl)− lnu⋆kl

]2
+Ψ′(u⋆kl) (2.50)
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The algorithm of our proposed model is presented in Algorithm 1.

Algorithm 1 Batch variational learning of HDP mixtures of SSD distribu-
tions

1. Choose the initial values for K, T , {λjt}, {γk}, {ukl}, {νkl}, {hkl},
{qk}, {sk}, and initialize the values of ρjit by K-means algorithm.

2. repeat

3. The variational E-step: Estimate the values of equation (2.50) using
(2.41) to (2.49).

4. The variational M-step: Update the variational solutions using (2.29)
to (2.35).

5. until Convergence criterion is reached.

2.3.2 Online Variational Learning

In this section, we apply online variational inference as an extension to batch
variational learning. This approach is more beneficial when data are received
dynamically. If we represent the number of current data points with r, the
lower bound of Q will be:

L(r)(Q) =
N

r

r∑
i=1

∫
Q(Λ)dΛ

∑
Z⃗i

Q(Z⃗i) ln[
p(X⃗i, Z⃗i | Λ)

Q(Z⃗i)
] +

∫
Q(Λ) ln[

p(Λ)

Q(Λ)
]dΛ

(2.51)

where Λ = (W , ψ′, π′, α, β, τ) and Xr is a new observation. Our goal is max-
imizing the lower bound, therefore, we will maximize L(r)(Q) with respect
to Q(r)(Z) while other factors will stay constant at their r − 1 values. We
calculate Q(r)(Z) by:

Q(r)
(
Z
)
=

M∏
j=1

T∏
t=1

ρ
Zjtr

jtr (2.52)

ρjtr =
exp(ρ̃jtr)∑T
f=1 exp(ρ̃jfr)

(2.53)
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ρ̃jtr can be calculated using the following equation:

ρ̃jtr =
K∑
k=1

〈
W

(r−1)
jtk

〉
[R̃

(r−1)
k − (D − 1) ln τ j]k

(r−1)

+
D∑
l=1

[−α
(r−1)
kl

τ
(r−1)
k

ln β
(r−1)

kl + (
α
(r−1)
kl

τ
(r−1)
k

− 1) ln xjrl]

− (αk+
(r−1)) ln(

D∑
l=1

(
xjrl

β
(r−1)

kl

)τ
−(r−1)
k ) + ⟨ln π′(r−1)

jt ⟩+
t−1∑
s=1

⟨ln(1− π
′(r−1)
js )⟩]

(2.54)

Then, we maximize the lower bound with respect to Q(r)(W ) while other
factors will remain constant. Also,

Q(r)(W ) =
M∏
j=1

T∏
t=1

K∏
k=1

ϑ
(r)W

(r)
jtk

jtk (2.55)

we update ϑ
(r)
jtk by:

ϑ
(r)
jtk = ϑ

(r−1)
jtk + ξr∆ϑ

(r)
jtk (2.56)

where ∆ϑ
(r)
jtk is a natural gradient of ϑ

(r)
jtk. Also, ξr = (τ + r)−ξ is the learning

rate with two constraints: ξ ∈ (0.5, 1] and τ ≥ 0. Also,

ϑ
(r)
jtk =

exp(ϑ̃
(r)
jtk)∑K

f=1 exp(ϑ̃
(r)
jtf )

(2.57)

where:

ϑ̃
(r)
jtk = Nρjtr[R̃

(r−1)
k − (D − 1) ln τ

(r−1)
k

D∑
l=1

[−α
(r−1)
kl

τ
(r−1)
k

× ln β
(r−1)

kl

+ (
α
(r−1)
kl

τ
(r−1)
k

− 1) ln xjrl]− (αk+
(r−1)) ln(

D∑
l=1

(
xjrl

β
(r−1)

kl

)τ
−(r−1)
k )

+ ⟨lnψ′(r−1)
k ⟩+

k−1∑
s=1

⟨ln(1− ψ′(r−1)
s )⟩] (2.58)
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Now, the lower bound can be maximized with respect to Q(r)(π⃗′), Q(r)(ψ⃗′),

Q(r)(α⃗), Q(r)
(
β⃗
)
, and Q(r)

(
τ⃗
)
:

Q(r)(π⃗′) =
M∏
j=1

T∏
t=1

Beta(π
′(r)
jt | a⋆(r)jt , b

⋆(r)
jt ) (2.59)

Q(r)(ψ⃗′) =
K∏
k=1

Beta(ψ
′(r)
k | c⋆(r)k , d

⋆(r)
k ) (2.60)

Q(r)(α⃗) =
K∏
k=1

D∏
l=1

G(α(r)
kl | u⋆(r)kl , v

⋆(r)
kl ) (2.61)

Q(r)
(
β⃗
)
=

K∏
k=1

D∏
l=1

D
(
β
(r)
kl | h⋆(r)kl

)
(2.62)

Q(r)
(
τ⃗
)
=

K∏
k=1

G
(
τ
(r)
k | q⋆(r)k , s

⋆(r)
k

)
(2.63)

The hyper parameters are given by:

a
⋆(r)
jt = a

⋆(r−1)
jt + ξr∆a

⋆(r)
jt , b

⋆(r)
jt = b

⋆(r−1)
jt + ξr∆b

⋆(r)
jt (2.64)

c
⋆(r)
k = c

⋆(r−1)
k + ξr∆c

⋆(r)
k , d

⋆(r)
k = d

⋆(r−1)
k + ξr∆d

⋆(r)
k (2.65)

u
⋆(r)
kl = u

⋆(r−1)
kl + ξr∆u

⋆(r)
kl , v

⋆(r)
kl = v

⋆(r−1)
kl + ξr∆v

⋆(r)
kl (2.66)

h
⋆(r)
kl = h

⋆(r−1)
kl + ξr∆h

⋆(r)
kl , q

⋆(r)
k = q

⋆(r−1)
k + ξr∆q

⋆(r)
k (2.67)

s
⋆(r)
k = s

⋆(r−1)
k + ξr∆s

⋆(r)
k (2.68)
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All the natural gradients can be updated by:

∆a
⋆(r)
jt = 1 +Nρjtr − a

(r−1)
jt (2.69)

∆b
⋆(r)
jt = λjt +N

T∑
s=t+1

ρjsr − b
(r−1)
jt (2.70)

∆c
⋆(r)
k = 1 +

K∑
j=1

T∑
t=1

ϑ
(r)
jtk − c

(r−1)
k (2.71)

∆d
⋆(r)
k = γk +

K∑
j=1

T∑
t=1

K∑
s=k+1

ϑ
(r)
jts − d

(r−1)
k (2.72)

∆u
⋆(r)
kl = ukl +N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtrα

(r−1)
kl × (2.73)

[ψ(
D∑
s=1

α
(r−1)
ks )− ψ

(
α
(r−1)
kl

)
+

D∑
s̸=d

ψ′(
D∑
s=1

α
(r−1)
ks )α

(r−1)
ks ×

(
〈
lnα

(r−1)
ks

〉
− lnα

(r−1)
ks )]− u

(r−1)
kl

∆ν
⋆(r)
kl = νkl − ν

(r−1)
kl −N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr× (2.74)

[
1

τ
(r−1)
k

ln
β
(r−1)
kl

xjil
+ ln (

D∑
s=1

(
xjis

β
(r−1)
ks

)τ
−(r−1)
k )]

∆h
⋆(r)
kl = hkl +N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr

ᾱ
(r−1)
kl

τ
(r−1)
k

× (2.75)

[−1 +

ᾱ
(r−1)
kl (

xjil

β
(r−1)
kl

)τ
−(r−1)
k

τ
(r−1)
k

∑D
s=1(

xjis

β
(r−1)
ks

)τ
−(r−1)
k

]− h
(r−1)
kl
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∆q
⋆(r)
k = qk − q

(r−1)
k +N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr× (2.76)

[1−D +

α
+(r−1)
k

∑D
l=1(

xjil

β
(r−1)
kl

)τ
−(r−1)
k ln (

xjil

β
(r−1)
kl

)

τ
(r−1)
k

∑D
l=1(

xjil

β
(r−1)
kl

)τ
−(r−1)
k

]

∆s
⋆(r)
k = sk −N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr × [

D∑
l=1

α
(r−1)
kl

τ
(r−1)
k

2 ln (
xjil

β
(r−1)
kl

)]− s
(r−1)
k (2.77)

The algorithm of online variational learning of HDP mixtures of SSD distri-
butions (OV-HDP-SSD) is presented in Algorithm 2.

Algorithm 2 Online variational learning of HDP mixtures of SSD distribu-
tions.

1. Choose the initial truncation level K, T and the values for hyper pa-
rameters {λjt}, {γk}, {ukl}, {νkl}, {hkl}, {qk}, and {sk}.

2. for r = 1 → N do

3. Update the variational solution for Q(r)(Z⃗) using (2.52).

4. Compute learning rate by ξr = (τ + r)−ξ and natural gradient ∆ϑ
(r)
jtk.

5. Calculate the natural gradients of remaining hyper parameters using
(2.69) to (2.77).

6. Update the variational solutions for Q(r)(W⃗ ), Q(r)(π⃗′), Q(r)(ψ⃗′),

Q(r)(α⃗), Q(r)(β⃗), and Q(r)(τ⃗).

7. Repeat the variational until new data is observed.

8. end for
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2.4 Hierarchical Pitman-Yor Process

In this section, we suggest a hierarchical Pitman–Yor process in which each
observation within a group is derived from a mixture of SSD distributions
[15, 28]. It is worth mentioning that the SSD mixture model was chosen
mostly because of its promising achievements in modelling high dimensional
proportional data. The SSD distribution is defined in (2.8).
The hierarchical Pitman–Yor process has a recursive construction in which
the base measure for a Pitman–Yor process is obtained from another Pit-
man–Yor process. Assume we have M groups of grouped data, and each
observation inside each group j is distributed according to a Pitman–Yor
process Gj. The indexed set of Gj of all groups shares a common base dis-
tribution G0, which follows a Pitman–Yor process: G0 ∼ PY(η, γ,H) and
Gj ∼ PY(φ, λ,G0) where j ∈ {1, . . . ,M} [50].
The stick-breaking construction can also be used to depict the hierarchical
Pitman–Yor process like what we did for HDP [26, 46]. Therefore, for the
global level (G0) we have:

G0 =
∞∑
k=1

ψkδΩk
, Ωk ∼ H, (2.78)

ψk = ψ′
k

k−1∏
s=1

(1− ψ′
s), ψ′

k ∼ Beta(1− η, γ + kη)

Similarly, we have another stick breaking construction for the local level (Gj):

Gj =
∞∑
t=1

πjtδϖjt
, ϖjt ∼ G0, (2.79)

πjt = π′
jt

t−1∏
s=1

(1− π′
js), π′

jt ∼ Beta(1− φ, λ+ tφ)

Then, as an indicator variable for each ωjt, we can define a binary latent
variableWjtk ∈ {0, 1} in whichWjtk = 1, if ωjt maps onto the base-level atom

Ωk and otherwise Wjtk = 0. The indicator variable W⃗ = (Wjt1,Wjt2, ...) is
conditionally distributed as (2.3). Therefore, the prior distribution of ψ can
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be calculated using [50]:

p(ψ⃗′) =
∞∏
k=1

Γ(1− ηk + γk + kηk)

Γ(1− ηk)Γ(γk + kηk)
(1− ψ′

k)
γk+kηk−1ψ′−ηk

k (2.80)

The hierarchical Pitman–Yor process mixture model’s configuration is as fol-
lows:
Let’s consider θji variables that are distributed according to the Pitman–Yor

process Gj where θ⃗j = (θj1, θj2, . . . ), and each variable is a factor correspond-
ing to an observation Xji. The likelihood function can therefore be written
as: θji | Gj ∼ Gj and Xji | θji ∼ F (θji). Here, the distribution of the obser-
vation Xji given θji is represented by F (θji).The base distribution H provides
the prior distribution for the θ factors. Each group j is linked with an infi-
nite mixture model. Since each factor θji follows Gj’s distribution, it takes
the value Ωjt with probability πjt. Therefore, for each θji we can consider
a binary latent variable Zjit ∈ {0, 1} in which Zjit = 1 if θji is linked with
component t otherwise Zjit = 0. Thus, we have θji = ϖjt

Zjit . Consequently,

θji can be obtained by θji = Ωk
WjtkZjit . Moreover, Z⃗ = (Zji1, Zji2, . . . ) is

conditionally distributed given π⃗ as (2.6).
As a result, the prior distribution of π can be computed using the following
formula [50]:

p(π⃗′) =
M∏
j=1

∞∏
t=1

Γ(1− φjt + λjt + tφjt)

Γ(1− φjt)Γ(λjt + tφjt)
× (1− π′

jt)
λjt+tφjt−1π

′−φjt

jt (2.81)

2.5 Variational Learning of HPYP Mixtures

of SSD Distributions

2.5.1 Batch Variational Learning

Following section 2.3 where we applied a variational learning algorithm to
learn the HDP model, in this section we develop another variational learning
framework to learn the HPYP model with two different settings, batch and
online. We consider the truncation level K for the variational approximation
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of G0: ψK
′ = 1,

∑K
k=1 ψk = 1, and ψk = 0 when k > K. We also truncate

the variational approximation of Gj at T : πjT
′ = 1,

∑T
t=1 πjt = 1, and πt = 0

when t > T . In addition, we use a factorization assumption to factorize Q
(
Θ
)

into disjoint tractable components, as (2.19). Therefore, we can obtain the
update equations using (2.29) to (2.35). Following formulas may be used
to calculate the hyper parameters of the variational factors. The expected
values are given by (2.50):

a⋆jt = 1 +
N∑
i=1

⟨Zjit⟩ − φjt (2.82)

b⋆jt = λjt +
N∑
i=1

T∑
s=t+1

⟨Zjis⟩+ tφjt (2.83)

c⋆k = 1 +
M∑
j=1

T∑
t=1

⟨Wjtk⟩ − ηk (2.84)

d⋆k = γk +
M∑
j=1

T∑
t=1

K∑
s=k+1

⟨Wjts⟩+ kηk (2.85)

u⋆kl = ukl +
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

〈
Zjit

〉
αkl[ψ(

D∑
s=1

αks) (2.86)

− ψ
(
αkl

)
+

D∑
s̸=d

ψ′(
D∑
s=1

αks)× αks(
〈
lnαks

〉
− lnαks)]

ν⋆kl = νkl −
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

〈
Zjit

〉
× (2.87)

[
1

τk
ln
βkl
xjil

+ ln (
D∑
s=1

(
xjis
βks

)

1

τk )]
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h⋆kl = hkl +
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

⟨Zjit⟩× (2.88)

[
¯−αkl

τ̄k
+
ᾱkl

τ̄k
× (

xjil
β̄kl

)

1

τ̄k × 1∑D
s=1(

xjis
β̄js

)τ̄k−1
]

q⋆k = qk +
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

Zjit× (2.89)

[1−D +
(αk+)

τk

∑D
l=1(

xjil
βkl

)τ
−1
k ln (

xjil
βkl

)∑D
l=1(

xjil
βkl

)τ
−1
k

]

s⋆k = sk −
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

Zjit[
D∑
l=1

αkl

τk2
ln (

xjil
βkl

)] (2.90)

Algorithm 3 shows the procedure of learning our proposed model.

Algorithm 3 Batch variational learning of HPYP mixtures of SSD distri-
butions

1. Choose the initial values for K, T ,{φjt},{ηk}, {λjt}, {γk}, {ukl}, {νkl},
{hkl}, {qk}, {sk}, and initialize the value of ρjit with the K-means
algorithm.

2. repeat

3. The variational E-step: Estimate the values of equation (2.50) using
(2.82) to (2.90).

4. The variational M-step: Update the variational solutions using (2.29)
to (2.35).

5. until Convergence criterion is reached.
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2.5.2 Online Variational Learning

In this part, we develop an online variational inference approach to learn the
proposed HPYP mixture model. As we mentioned before, when working with
large-scale or streaming data, online algorithms are more efficient than batch
learning algorithms. In online variational inference the goal is to maximize
the current variational lower bound for the observed data (r) according to
(2.51). In addition, we consider K and T truncation levels like we did in
the previous section. Now we maximize L(r)(Q) with respect to each factor
of (2.19) while other factors will stay constant at their r − 1 values. There-

fore, we can calculate Q(r)(Z⃗), Q(r)(W⃗ ), Q(r)(π⃗′), Q(r)(ψ⃗′), Q(r)(α⃗), Q(r)(β⃗),
and Q(r)(τ⃗) using (2.52), and (2.55) to (2.63). Also, the hyper parameters
are given by (2.64) to (2.68) and their natural gradients are updated using
following equations:

∆a
⋆(r)
jt = 1 +Nρjtr − a

(r−1)
jt − φjt (2.91)

∆b
⋆(r)
jt = λjt +N

T∑
s=t+1

ρjsr − b
(r−1)
jt + tφjt (2.92)

∆c
⋆(r)
k = 1 +

K∑
j=1

T∑
t=1

ϑ
(r)
jtk − c

(r−1)
k − ηk (2.93)

∆d
⋆(r)
k = γk +

K∑
j=1

T∑
t=1

K∑
s=k+1

ϑ
(r)
jts − d

(r−1)
k + kηk (2.94)

∆u
⋆(r)
kl = ukl +N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtrα

(r−1)
kl × (2.95)

[ψ(
D∑
s=1

α
(r−1)
ks )− ψ

(
α
(r−1)
kl

)
+

D∑
s̸=d

ψ′(
D∑
s=1

α
(r−1)
ks )×

α
(r−1)
ks (

〈
lnα

(r−1)
ks

〉
− lnα

(r−1)
ks )]− u

(r−1)
kl
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∆ν
⋆(r)
kl = νkl − ν

(r−1)
kl −N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr× (2.96)

[
1

τ
(r−1)
k

ln
β
(r−1)
kl

xjil
+ ln (

D∑
s=1

(
xjis

β
(r−1)
ks

)τ
−(r−1)
k )]

∆h
⋆(r)
kl = hkl +N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr

ᾱ
(r−1)
kl

τ
(r−1)
k

(2.97)

×[−1 +

ᾱ
(r−1)
kl (

xjil

β
(r−1)
kl

)τ
−(r−1)
k

τ
(r−1)
k

∑D
s=1(

xjis

β
(r−1)
ks

)τ
−(r−1)
k

]− h
(r−1)
kl

∆q
⋆(r)
k = qk − q

(r−1)
k +N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr×

[1−D +

α
+(r−1)
k

∑D
l=1(

xjil

β
(r−1)
kl

)τ
−(r−1)
k ln (

xjil

β
(r−1)
kl

)

τ
(r−1)
k

∑D
l=1(

xjil

β
(r−1)
kl

)τ
−(r−1)
k

] (2.98)

∆s
⋆(r)
k = sk −N

M∑
j=1

T∑
t=1

ϑ
(r)
jtkρjtr× (2.99)

[
D∑
l=1

α
(r−1)
kl

τ
(r−1)
k

2 ln (
xjil

β
(r−1)
kl

)]− s
(r−1)
k

The algorithm of online variational learning of HPYP mixtures of SSD dis-
tributions is shown in Algorithm 4.
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Algorithm 4 Online variational learning of HPYP mixtures of SSD distri-
butions.

1. Choose the initial truncation level K, T and the values for hyper pa-
rameters {λjt}, {γk}, {ukl}, {νkl}, {hkl}, {qk}, and {sk}.

2. for r = 1 → N do

3. Update the variational solution for Q(r)(Z⃗) using (2.52).

4. Compute learning rate by ξr = (τ + r)−ξ and natural gradient ∆ϑ
(r)
jtk.

5. Calculate the natural gradients of remaining hyper parameters using
(2.91) to (2.99).

6. Update the variational solutions for Q(r)(W⃗ ),Q(r)(π⃗′), Q(r)(ψ⃗′), Q(r)(α⃗),

Q(r)(β⃗), and Q(r)(τ⃗).

7. Repeat the variational until new data is observed.

8. end for

2.6 Experimental Results

In this section, we investigate the effectiveness of our model by applying it
on four real-life applications, namely: spam email detection, traffic sign de-
tection, vehicle detection, and texture clustering. Altogether, we compare
the results of seven models including our proposed models: BV-HDP-SSD,
OV-HDP-SSD, BV-HPYP-SSD, OV-HPYP-SSD, Gaussian mixture mode
(GMM), batch variational learning of HDP mixtures of Dirichlet distributions
(BV-HDP-DMM), and the batch variational learning of HDP mixtures of SD
distributions (BV-HDP-SDMM). To extract the image features, we applied
two different feature extraction approaches, VGG16 [51] and scale-invariant
feature transform (SIFT). The VGG16 method is used for the vehicle detec-
tion and traffic sign detection datasets because of their complex images and
the capacity of VGG16 to extract shapes in images [52]. In addition to this,
we employed SIFT [53] and the bag of visual words technique [54] for feature
extraction in the texture clustering application. Also, we applied principal
component analysis (PCA) to reduce data dimensionality.

28



As our model is a clustering approach, we first remove the labels to ob-
tain unlabeled datasets and then, with the help of our model, we find the
predicted clusters. Finally, we employ four popular metrics to test the per-
formance of our model using the original and predicted clusters:

Accuracy =
TP + TN

TP + TN + FP + FN
(2.100)

Precision =
TP

TP + FP
(2.101)

Recall =
TP

TP + FN
(2.102)

F1score = 2 ∗ precision ∗ recall
precision+ recall

(2.103)

where TP, TN, FP, and FN represent true positives, true negatives, false
positives, and false negatives, respectively.

2.6.1 Spam Email Filtering

In recent years, email has played a major role in most people’s lives and
business communications. A significant proportion of emails however is spam
(junk emails). According to recent research, each user receives 40-50 emails
per day and more than 50 percent of them are spam [55]. These emails are
undesired messages that are sent en masse and contain advertisements, irrel-
evant content or attempted fraud [56,57]. Due to ever-improving spamming
tactics, filtering such emails is increasingly difficult. In such cases, machine
learning has been found to be effective [58]. In this thesis, we used the
spambase dataset to test our models [59]. This dataset has 57 features and
4,601 observations where 2,788 observations are labeled as non-spam emails
and 1,813 as spam emails. To have a better model with higher accuracy, we
balanced data with the same number of observations for each category. We
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randomly selected 1,813 samples of non-spam emails. In the online varia-
tional setting, we employed a method called mini-batch introduced in [47].
This method helps the stability of the online learning process. For the spam-
base application, we created sets of 5 observations as mini-batches and fed
our models with them in each iteration according to Algorithm 2 and 4.
The results of the different tested methods are illustrated in table 2.1. Our
models, BV-HDP-SSD, OV-HDP-SSD, BV-HPYP-SSD, and OV-HPYP-SSD
have the most promising results with 84.4% , 91.3%, 96%, and 96% accu-
racy, respectively. As we can see in this table, taking SSD as the parent
distribution increased the performance significantly compared to Dirichlet
and SD distributions. Also, the HPYP frameworks with SSD mixtures work
better than HDP frameworks with the same mixture model. Furthermore,
our models outperform the GMM in all of the four metrics.

Table 2.1: Spam email results

Method Accuracy Precision Recall F1-score
BV-HDP-SSD 84.4 83.3 82.3 82.79

BV-HDP-SDMM 71 71.07 71.02 71.04
BV-HDP-DMM 63.5 62.41 61.3 61.8
BV-HPYP-SSD 96 92.31 85.7 88.88
OV-HDP-SSD 91.3 91.54 89.88 90.7
OV-HPYP-SSD 96 96 95.9 95.97

GMM 69.54 68.11 66.28 67.18

2.6.2 Traffic Sign Recognition

Traffic sign recognition has a critical role in driver assistance technologies,
autonomous vehicle systems, and road maintenance [60]. This task has al-
ways been a challenging issue due to contextual environmental factors like
background, brightness, and blurriness that can affect the quality of images.
The growth of autonomous vehicles has led to greater attention to this ap-
plication. Developing models to cluster signs would be very helpful in the
transportation industry and smart vehicle technology. We used the “German
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Traffic Sign Recognition” dataset [61], which contains 51,840 images. This
dataset was created by recording video for 10 hours on German roads [62].
We try to cluster stop and speed limit signs. In figure 2.1 samples of the Ger-
man traffic sign dataset are shown. We randomly selected 270 images of the
stop signs and 270 images of the speed limit signs to feed our model with bal-
anced data. 3,000 features were extracted by VGG16 and then, 100 of them
selected by PCA. The results of comparing seven methods are presented in
table 2.2. For the OV-HDP-SSD and OV-HPYP-SSD models, we used 10
images in each mini-batch. Online variational learning provides the capabil-
ity of learning streaming data, something very helpful for controlling smart
vehicles and providing driver assistance using real time data. According to
table 2.2, the accuracy of BV-HDP-SSD, OV-HDP-SSD, BV-HPYP-SSD,
and OV-HPYP-SSD models are 94.8%, 96.6%, 95.1%, and 99.25% respec-
tively. Therefore, the performance of HPYP framework is better than HDP
framework. In addition, the SSD mixture model fits the data better com-
pared with the SD and Dirichlet mixture models leading to higher accuracy,
precision, recall and F1-score. It is worth mentioning that the OV-HDP-SSD
and OV-HPYP-SSD outperform GMM on all metrics.

Figure 2.1: Samples of German traffic sign recognition dataset.
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Table 2.2: German traffic sign results

Method Accuracy Precision Recall F1-score
BV-HDP-SSD 94.8 94.9 94.8 94.8

BV-HDP-SDMM 94.48 94.6 94.48 94.53
BV-HDP-DMM 94.25 94.58 94.25 94.41
BV-HPYP-SSD 95.1 95 95.1 95.1
OV-HDP-SSD 96.6 95.52 94.88 95.19
OV-HPYP-SSD 99.25 99.25 99.26 99.26

GMM 96.1 95.3 93.44 94.36

2.6.3 Vehicle Detection

With traffic increasing the world over, transportation planners are trying to
solve traffic problems using different methods and technologies such as smart
traffic monitoring systems. Cameras play a central role in the monitoring
process [63]. Recognizing vehicle type such as bus and car using images
taken by cameras can be very helpful for traffic planning and management,
as well for law enforcement. For instance, police can use such recognition
systems to detect cars using dedicated bus lanes. In this work, we use a
vehicle dataset that is available in [64] and which includes two vehicle types:
buses and cars (figure 2.2). It consists of 1,868 images and the number of
images for each category is 934. With the help of VGG16, 2,100 features
were extracted and reduced to 46 using PCA. Sets of 20 images were selected
as mini-batches for the online setting. According to table 2.3, the accuracy of
BV-HDP-SSD and OV-HDP-SSD models are 80.6% and 81.75%, respectively.
Also using the HPYP framework models, BV-HPYP-SSD and OV-HPYP-
SSD, the accuracy increased to 86% and 87.5 % respectively. These amounts
are higher than the other models we evaluated and therefore, we can see the
effectiveness of the SSD in comparison with the SDMM, DMM, and GMM,
especially when applying HPYP framework.
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Table 2.3: Vehicle detection results

Method Accuracy Precision Recall F1-score
BV-HDP-SSD 80.6 80.80 80.50 80.65

BV-HDP-SDMM 68 68.8 66.3 67.52
BV-HDP-DMM 64 64.22 63.59 63.9
BV-HPYP-SSD 86 82.1 74 77.83
OV-HDP-SSD 81.75 86.6 81.75 84.1
OV-HPYP-SSD 87.5 90 87.5 87.29

GMM 80.5 85.33 80.49 82.83

Figure 2.2: Samples of vehicle detection dataset.

2.6.4 Texture Clustering

In this part, we test our model using a challenging application; texture clus-
tering. Textures are used to find a specific object, pattern, or region in
images. We used the “Describable Textures Dataset” (DTD) [65], which has
5,640 images in 47 different classes. The dataset was categorized by humans
and each class has 120 images of size 300 × 300 to 640 × 640. We selected
3 categories from this dataset (360 images) to demonstrate the effectiveness
of our model. Samples from these classes are shown in figure 2.3. Using
SIFT and PCA, we obtained a 200-dimensional vector for each image. For
the online variational setting, we used mini-batches with a size of 5 images.
According to table 2.4 that contains the detailed results, we obtained 71.6%
accuracy for BV-HDP-SSD, 74.88% for OV-HDP-SSD, 73% for BV-HPYP-
SSD, and 83% for OV-HPYP-SSD which in comparison to GMM with 68%
accuracy, our models have better results. Also it shows that our models
have outperformed both BV-HDP-SDMM and BV-HDP-DMM. As such, it
indicates that choosing SSD as the parent distribution helped our model to
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better fit the data than the SD or Dirichlet. Also, if we want to be more
specific, the F1-scores of our models are higher than other tested models.
Therefore, they seem to be a better choice for clustering texture images.

Figure 2.3: Samples of DTD dataset.

Table 2.4: Texture clustering results

Method Accuracy Precision Recall F1-score
BV-HDP-SSD 71.6 73.26 71.28 72.25

BV-HDP-SDMM 68.99 71.1 68.65 69.85
BV-HDP-DMM 61.49 64.61 61.90 63.22
BV-HPYP-SSD 73 72 72 72
OV-HDP-SSD 74.88 76.22 73.83 75
OV-HPYP-SSD 83 76.2 71.8 73.93

GMM 68 71.36 67.61 69.43
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Chapter 3
Shifted-Scaled-Dirichlet Based
Hierarchical Dirichlet Process Hidden
Markov Models with Variational
Inference Learning

3.1 Hidden Markov Models

Hidden Markov Models are a common technique for modelling time series
data. They have been used in speech recognition systems [66], text clus-
tering [67], and pattern recognition applications [37] for decades. We can
consider HMMs as a generalized version of mixture models. That is, the
probability density functions produced by an HMM across all observable
states can be seen as a mixture of densities formed by each state [68, 69].
The hidden Markov model is defined by two basic features; first, it presup-
poses that an observation at time t is the result of a process in state ht
which is hidden from the observer. Second, the present state ht, given the
value of ht − 1 is independent of all previous states of time t − 1. The sec-
ond feature is called the Markov property. To develop our HMM model, we
introduce some notation. X = {X1, . . . , XT} is the generated sequence of
observations by hidden states S = {s1, . . . , st, . . . , sT} and st ∈ [1, N ] where
N is the number of states. A = {Aii′ = P (st = i′ | st−1 = i)} is transition
probabilities matrix that presents the probabilities of transition between the
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states. C = {Cij = P (mt = j | st = i)} is the emission probabilities matrix
for continuous case (CHMM) where i ∈ [1, N ], and j ∈ [1, K]. The number of
mixture components in set L = {m1, . . . ,mt, . . . ,mK} is denoted by K which
is assumed to be uniform for all the states. The initial probabilities vector,
πi, represents the probability of starting the observation sequence from state
i. In summary, using all the above-mentioned notation, an HMM is defined
as λ = {A,C, π,Θ} where Θ is the set of mixture model parameters [29].

3.2 Variational Learning

In this section, we derive the equations of the variational learning approach
to update our models parameters. As we mentioned in before, emission
probability distributions for continuous observations are frequently assumed
to have a Gaussian distribution [70, 71]. The ability of the Dirichlet and
scaled Dirichlet (SD) mixture models to fit proportional data motivated us
to use a more general form of them called the shifted-scaled Dirichlet mixture
model as the emission probability for HMM [17–25,72]. First, we derive the
variational learning equations for SSD-based HMM, and then, we derive the
equations of the SSD-based HDP HMM model.

3.2.1 Shifted-Scaled Dirichlet Based Hidden Markov
Model

In varitional learning, all of the parameters including HMM parameters (A,
C, and π) and emission distribution parameters θ = {αijl, βijl, τij} are treated
as random variables. We consider X = (

−→
X 1, . . . ,

−→
X t, . . . ,

−→
X T ) as a set of

T independent identically distributed observations in which, each
−→
Xt is a

D-dimensional positive vector which is generated from a mixture of SSD
distributions. The finite SSD mixture model which is a linear combination
of K components is expressed in (2.9). Also, the likelihood function of the

SSD mixture model is written in (2.10). p(
−→
X t |

−→
θj ) is a mixture component

with parameter θj that in our model is an SSD distribution. We expressed
this distribution in (2.8), but by considering HMM notations, we can rewrite
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it as follows [72]:

p(
−→
Xt |

−→
θj ) =

Γ(αij+)∏D
l=1 Γ(αijl)

1

τD−1
ij

∏D
l=1 β

−
αijl

τij
ijl X

(
αijl

τij
−1)

tl∑D
l=1(

Xtl

βijl
)

1

τij


αij+

(3.1)

where α = {αijl}N,K,D
i,j,l , β = {βijl}N,K,D

i,j,l , and τ = {τij}N,K
i,j are positive SSD

parameters. Also Xt > 0,
∑D

l=1Xtl = 1, and αij+ =
∑D

l=1 αijl. Γ(.) indicates
the Gamma function which is Γ(t) =

∫∞
0
xt−1e−xdx.

For each Xvt (where v is the vth observed vector), we introduce a latent vari-
able Zvij that shows which cluster and state are assigned to Xvt. In other
words, Zvij = 1 if the Xvt belongs to state i and cluster j, otherwise Zvij = 0.

Also, Zvij must satisfy this condition
∑K

j=1 Zvij = 1.

In HMMs, the probability of the complete data can be stated as follows
for given model parameters:

p(X,S, L | A,C, π, θ) = πs1

[
T∏
t=2

Ast−1,st

][
T∏
t=1

Cst,ml
p (Xt | θst,ml

)

]
(3.2)

where X is a sequence of T observations, S is the set of hidden states, and
L stands for the set of mixture components. It is worth mentioning that for
the sake of simplification, the model is derived for a single observation series.
In order to incorporate more observation sequences (which is recommended
to prevent overfitting), the related equations need to be updated to include
a summation of these sequences. Therefore the likelihood of X given model
parameters is expressed as follows:

p(X | A,C, π, θ) =
∑
S

∑
L

πs1

[
T∏
t=2

Ast−1,st

][
T∏
t=1

Cst,ml
p (Xt | θst,ml

)

]
(3.3)

A precise computation of this equation is impossible because it requires the
summation of all possible combinations of mixture components and states.
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The most common approach for solving it is to use the Baum–Welch algo-
rithm to maximize the data likelihood with regard to the model parame-
ters [29]. However, there are several flaws with this strategy such as the
potential for overfitting and the lack of a convergence guarantee. Another
tested solution to compute intractable equations (3.3) is variational learning.
This approach calculates the marginal likelihood of data using an approxi-
mate distribution Q of the true posterior p. In the SSD-HMM model, data
marginal likelihood is expressed as:

p(X) = (3.4)∫
dAdCdπdαdβdτ

∑
S,L

p(A,C, π, α, β, τ )× p(X,S, L | A,C, π, α, β, τ )

The variational learning is based on (2.12) where L(Q) is the variational lower
bound for ln p(X) defined in (2.13). Kullback-Leibler divergence between
the approximation Q and the posterior p is represented by (2.14) where Θ =
{A,C, π, α, β, τ, S, L}. Minimizing KL allows the best approximation of the
true posterior p and due to the fact that KL ≥ 0, this can be accomplished
by maximizing L(Q). Having Q and (2.13), we can take the lower bound as
follows [39]:

ln(p(X)) = ln{
∫
dAdCdπdαdβdτ

∑
S,L

p(A,C, π, α, β, τ )

× p(X,S, L | A,C, π, α, β, τ )}

≥
∫
dAdCdπdαdβdτ

∑
S,L

Q(A,C, π, α, β, τ, S, L)

× ln

{
p(A,C, π, α, β, τ )p(X,S, L | A,C, π, α, β, τ )

Q(A,C, π, α, β, τ, S, L)

}
(3.5)

Now, using the mean-field assumption [73], we take a restricted family of
distributions to be able to calculate Q(Θ). Therefore, we have factorized
Q(Θ):

Q(A,C, π, α, β, τ, S, L) = Q(A)Q(C)Q(π)Q(α)Q(β)Q(τ)Q(S, L) (3.6)
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Using (3.5) and (3.6), the lower bound can be written as follows:

ln p(X) ≥
∑
S,L

∫
dAdCdπdαdβdτQ(π)Q(A)Q(C)Q(α)Q(β)Q(τ)Q(S, L)

× {ln(p(π)) + ln(p(A)) + ln(p(C)) + ln(p(α)) + ln(p(β)) + ln(p(τ))

+ ln (πs1) +
T∑
t=2

ln
(
Ast−1,st

)
+

T∑
t=1

ln (Cst,mt) +
T∑
t=1

ln (f (Xt | θst,mt))

− ln(Q(S, L))− ln(Q(A))− ln(Q(π))− ln(Q(C))− ln(Q(α))

− ln(Q(β))− ln(Q(τ))} = F (Q(π)) + F (Q(C)) + F (Q(A))

+ F (Q(S, L)) + F (Q(α)) + F (Q(β)) + F (Q(τ)) (3.7)

The above lower bound, in general, has several maxima; hence, it is not
convex. As a result, the solution depends on initialization. We are now
going to define prior distributions for model parameters to be able to evaluate
(3.7). The priors for the parameters A, C, and π are selected as Dirichlet
distributions D since their coefficients are positive and less than one:

p(π) = D(π1, . . . , πN | ϕπ
1 , . . . , ϕ

π
N) (3.8)

p(A) =
N∏
i=1

D(Ai1 , . . . , AiN | ϕA
i1
, . . . , ϕA

iN
) (3.9)

p(C) =
N∏
i=1

D(Ci1 , . . . , CiK | ϕC
i1
, . . . , ϕC

iK
) (3.10)
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The conjugate priors for SSD parameters is chosen as follows [74]:

p(αijl) = G(αijl | uijl, νijl) =
ν
uijl

ijl

Γ(uijl)
α
uijl−1

ijl e−νijlαijl (3.11)

p(βijl) = D(βijl |
−→
hij) =

Γ(
∑D

l=1 hijl)∏D
l=1 Γ(hijl)

D∏
l=1

β
hijl−1

ijl (3.12)

p(τij) = G(τij | qij, sij) =
q
sij
ij

Γ(qij)
τ
qij−1
ij e−sijτij (3.13)

where uijl, νijl, hijl, qij and sij are positive SSD hyper parameters and G
is the Gamma distribution. Since the variables are considered statistically
independent, the prior distributions for SSD parameters are:

p(−→α ) =
N∏
i=1

K∏
j=1

D∏
l=1

p(αijl) (3.14)

p(
−→
β ) =

N∏
i=1

K∏
j=1

D∏
l=1

p(βijl) (3.15)

p(−→τ ) =
N∏
i=1

K∏
j=1

p(τij) (3.16)

Now we can optimize each factor F (Q(.)) in (3.7) by maximizing the lower
bound with respect to that factor because they are independent of each
other. First we will optimize Q(π), Q(A), and Q(C) which are independent
of the SSD parameters and have already been studied [39,75,76]. Therefore,
according to the previous works, we can optimize Q(A) using the Gibbs
inequality in the following procedure:

F (Q(A)) =

∫
dAQ(A) ln

[∏N
i=1

∏N
i′=1A

wA
ii′−1

ii′

Q(A)

]
(3.17)

Q(A) =
N∏
i=1

D
(
Ai1, . . . , AiN | wA

i1, . . . , w
A
iN

)
(3.18)
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where

wA
ij =

T∑
t=2

γAijt + ϕA
ij (3.19)

γAijt ≜ Q (st−1 = i, st = j) (3.20)

Similarly for the Q(π) and Q(C), we have:

Q(π) = D (π1, . . . , πN | wπ
1 , . . . , w

π
N) (3.21)

wπ
i = γπi + ϕπ

i (3.22)

γπi ≜ Q (s1 = i) (3.23)

and

Q(C) =
N∏
i=1

D
(
Ci1, . . . , CiK | wC

i1, . . . , w
C
iK

)
(3.24)

wC
ij =

T∑
t=1

γCijt + ϕC
ij (3.25)

γCijt ≜ Q (st = i,mt = j) (3.26)

The forward-backward procedure may then be used to derive the values of
responsibilities γAijt, γ

π
i , and γ

C
ijt [77].

The next step is optimizing Q(α). Using (3.14) and (3.7) we have:

F (Q(α)) =

∫
dαQ(α) ln{p(

−→α )
∏T

t=1 p(Xt | αijl)
γc

ijt

Q(α)
} (3.27)
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similarly for Q(β) and Q(τ), we can obtain:

F (Q(β)) =

∫
dβQ(β) ln{p(

−→
β )
∏T

t=1 p(Xt | βijl)γ
c
ijt

Q(β)
} (3.28)

and

F (Q(τ)) =

∫
dτQ(τ) ln{p(

−→τ )
∏T

t=1 p(Xt | τij)γ
c
ijt

Q(τ)
} (3.29)

The optimal values for Q(α), Q(β), and Q(τ) can be calculated by:

Q (αijl) =
N∏
i=1

K∏
j=1

D∏
l=1

G(αijl | u⋆ijl, ν⋆ijl) (3.30)

Q (βijl) =
N∏
i=1

K∏
j=1

D∏
l=1

D(βijl |
−→
h ⋆

ijl) (3.31)

Q (τij) =
N∏
i=1

K∏
j=1

G(τij | q⋆ij, s⋆ij) (3.32)

The ⋆ superscript illustrates the optimized value of these parameters. We
may calculate the above hyper parameters using following formulas:

u⋆ijl = uijl +
V∑

v=1

EQZvij × αijl[Ψ(
D∑
s=1

αijs)−Ψ
(
αijl

)
+

D∑
s̸=d

Ψ′(
D∑
s=1

αijs)

(3.33)

× αijs(EQ lnαijs − lnαijs)]

ν⋆ijl = νijl −
V∑

v=1

EQZvij × [
1

τij
ln
βijl
xvl

+ ln (
D∑
s=1

(
xvs
βijs

)

1

τij )] (3.34)
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h⋆ijl = hijl +
V∑

v=1

EQZvij × [
¯−αijl

τ̄ij
+
ᾱijl

τ̄ij
× (

xvl
β̄ijl

)

1

τ̄ij × 1∑D
s=1(

xvs
¯βijs

)
¯

τ−1
ij

]

(3.35)

q⋆ij = qij +
V∑

v=1

EQZvij × [1−D +
(αij+)

τij

∑D
l=1(

xvl
βijl

)τ
−1
ij ln (

xvl
βijl

)∑D
l=1(

xvl
βijl

)τ
−1
ij

] (3.36)

s⋆ij = sij −
V∑

v=1

EQZvij × [
D∑
l=1

αijl

τij2
ln (

xvl
βijl

)] (3.37)

Also, the expected values are given by:

ᾱijl = EQαijl =
u⋆ijl
v⋆ijl

, βijl = EQβijl =
h⋆ijl∑D
l=1 h

⋆
ijl

τ̄ij = EQτijl =
q⋆ij
s⋆ij
, EQZvij =

T∑
t=1

γCvijt = p(s = i,m = j | X)

EQ lnαijl = Ψ(u⋆ijl)− ln v⋆ijl (3.38)

Finally, we optimize the value of Q(S, L). We can write F (Q(S, L)) as
follows [39]:

F (Q(S, L)) =
∑
S,L

Q(S, L)× ln

(
π⋆
s1

∏T
t=2A

⋆
st−1,st

∏T
t=1C

⋆
st,mt

p⋆ (Xt | θst,mt)

Q(S, L)

)
(3.39)

The optimized Q(S, L) is written as:

Q(S, L) =
1

Ω
π⋆
s1

T∏
t=2

A⋆
st−1,st

T∏
t=1

C⋆
st,ltp

⋆ (Xt | θst,lt) (3.40)
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where

Ω =
∑
S,L

π⋆
s1

T∏
t=2

A⋆
st−1,st

T∏
t=1

C⋆
st,ltp

⋆ (Xt | θst,lt) (3.41)

and

π⋆
i ≜ exp

[
EQ ln (πi)Q(π)

]
(3.42)

π⋆
i = exp

[
Ψ(wπ

i )−Ψ

(∑
i

wπ
i

)]

A⋆
jj′ ≜ exp

[
EQ ln (Ajj′)Q(A)

]
(3.43)

A⋆
jj′ = exp

[
Ψ
(
wA

jj′

)
−Ψ

(∑
j′

wA
jj′

)]

C⋆
ij ≜ exp

[
EQ ln (Cij)Q(C)

]
(3.44)

C⋆
ij = exp

[
Ψ
(
wC

ij

)
−Ψ

(∑
j

wC
ij

)]
also,

ln p⋆ (Xt | θst,lt) =
∫
Q(θ) ln(p (Xt | θst,lt))dθ (3.45)

In this work, p (Xt | θst,lt) =
[
SSD(α, β, τ)

]γC
ijt . SSD is defined in (3.1).

Therefore, we have:

ln p⋆ (Xt | θst,lt) =γCijt
∫
Q(θ) ln

( Γ(αij+)∏D
l=1 Γ(αijl)

)
dα + (3.46)

γCijt

∫
Q(θ) ln

( 1

τD−1
ij

∏D
l=1 β

−
αijl

τij
ijl X

(
αijl

τij
−1)

tl∑D
l=1(

Xtl

βijl
)

1

τij


αij+

)
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The expected value of the first part of this equation is analytically intractable.
So, we use the lower bound introduced in [43] as an approximation for it:

EQ ln
( Γ(αij+)∏D

l=1 Γ(αijl)

)
≥ ᾱijl ln (αijl)

{
Ψ

(
D∑
l=1

ᾱijl

)
−Ψ(ᾱijl)

+
D∑

d=1,d ̸=l

ᾱijdΨ
′

(
D∑
l=1

ᾱijl

)
(EQ ln (αijd)− ln (ᾱijd))

}
(3.47)

The second integral of (3.46) can be rewritten as follows:

EQ ln
( 1

τD−1
ij

∏D
l=1 β

−
αijl

τij
ijl X

(
αijl

τij
−1)

tl∑D
l=1(

Xtl

βijl
)

1

τij


αij+

)
= −(D − 1)τ̄ij+ (3.48)

D∑
l=1

{(− ᾱijl

τ̄ij
) ln(βijl) + (

ᾱijl

τ̄ij
− 1) ln(Xtl)}−

(αij+) ln(
D∑
l=1

(
Xtl

βijl
)

1

τij )

The last term in the above equation is again analytically intractable, follow-
ing [74] and we take the lower bound described below as its approximation:

ln(
D∑
l=1

(
Xtl

βijl
)

1

τij ) ≥ − ln τij
τ ij

∑D
l=1(

xtl

βijl

)

1

τ ij ln (
xtl

βijl

)

∑D
l=1(

xtl

βijl

)

1

τ ij

+ const. (3.49)
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It is worth mentioning that by comparing (3.41) and (3.3), we can see
that this equation represents the estimated likelihood of the improved model,
which the forward-backward method can efficiently compute. Because F (Q(.))
reflects the model’s logmarginal likelihood, the number of states N and the
number of mixture components K may be calculated using it as a model
selection criterion in the proposed model. Consequently, we may run our
variational learning algorithm with various N and K values and choose ones
that result in the greatest F (Q). Algorithm 5 presents our suggested al-
gorithm for learning the SSD-HMM model using the variational inference
approach.

Algorithm 5 Variational learning of SSD-HMM

1. Initialize ϕA, ϕC , and ϕπ.

2. Initialize uijl, νijl, hijl, qij and sij.

3. Draw the initial responsibilities γA, γC , and γπ from prior distributions
using (3.8), (3.9), and (3.10).

4. Calculate wA, wC , and wπ with (3.19), (3.25) and (3.22).

5. Initialize A,C, and π using (3.42), (3.43), and (3.44).

6. repeat

7. Calculate data likelihood using X, uijl, νijl, hijl, qij and sij using (3.1).

8. Calculate responsibilities γA, γC and γπ using forward-backward pro-
cedure with (3.20) , (3.26), and (3.23).

9. Update hyper parameters using (3.33) to (3.37).

10. Update wA, wC , and wπ using γA, γC , and γπ with (3.19), (3.25) and
(3.22).

11. Update A,C, and π using wA, wC , wπ with (3.42), (3.43), and (3.44).

12. until convergence criterion is reached.
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3.2.2 Shifted-Scaled Dirichlet Based Hierarchical Dirich-
let Process Hidden Markov Model

The Hierarchical Dirichlet Process is built on a hierarchical framework that
employs several Dirichlet Processes (DP) [26, 27, 45]. Our proposed model,
SSD-HDP-HMM uses the hierarchical Dirichlet process over hidden Markov
models. This structure comprises at least two layers, with the base measure
of the DP dispersed by other DPs at each level. For the purpose of simplicity,
we will use a two-level HDP model in this work following previously suggested
HDP-HMM models [78, 79]. As the first layer, we take G0 to be a top-level
(global level) Dirichlet process. G0 has H as its base distribution and γ
as the concentration parameter. Therefore, we can write: G0 ∼ DP(γ,H).
Moreover, G0 is the base distribution of an unlimited number of second-level
(local level) Dirichlet processes in the HDP. Thus, G0 is shared between all
the i states. A grouped dataset X with N sets exists at the second-level.
Each set has a Gi with i ∈ {1, . . . , N} where Gi ∼ DP(λ,G0). In our SSD-
HDP-HMM model, Gi is the transition distribution for state i where N is
the number of states.

Stick-breaking construction will be used in the creation of our model since
it is a very straightforward method to HDP model implementation [26, 46].
Since we have a two-level HDP, we use two stick-breaking structures in this
work, one for the global level and the other one for the local level. Therefore,
applying stick-breaking construction, the global level distribution G0 would
be expressed by:

G0 =
∞∑
i=1

ψiδθi , θi ∼ H,
∞∑
i=1

ψi = 1 (3.50)

ψi = ψ′
i

i−1∏
s=1

(1− ψ′
s), ψ′

i ∼ Beta(1, γ)

θi is a set of independent random variables derived from the base distribution
H which in our model is an SSD distribution. δθi represents an atom at θi
which is accessible for all Gi. Using the same manner, we can obtain the local
level for the infinite number of DP’s Gi using stick-breaking construction as
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follows:

Gi =
∞∑
j=1

εijδϖij
, ϖij ∼ G0,

∞∑
j=1

εij = 1 (3.51)

εij = ε′ij

j−1∏
s=1

(1− ε′is), ε′ij ∼ Beta(1, λ)

Following the previous work in [47], in order to map two HDP levels
together, we take a binary latent variable Wij,i′ which is equal to 1 if ϖij is
associated with θi′ , otherwise, it is equal to 0. Also, in order to produce a
sequence of data X = {X1, . . . , XT} for our HMM framework, we consider
first θ′ = {θ′1, . . . , θ′T} as a sequence of parameters. Then, we draw θ′1 from G0

and the rest of the parameters from GZt , θ
′
i+1 ∼ GZt , where Zt is a state index

that equals i if θ′t = θi. Finally, the sequence of data X is generated using
these θ′ parameters, Xt ∼ P (X | θ′t). Because each sequence is modeled
independently, the joint likelihood of the SSD-HDP-HMM can be written
as [78]:

p(X, θ, ψ′, ε′,W, Z) = p(θ)p(ψ′)p(ε′)p(W | ψ′) (3.52)

×
∏
v

p (Zv | ε′,W )
∏
t

p (Xvt | θ, Zvt)

where v is the number of the observed sequence. As we mentioned in the
previous section, in the variational learning approach we are trying to find
an estimation Q(Θ) for the true posterior p(Θ | X ) since it is intractable.
By applying mean-field theory, we can rewrite Q(Θ) as disjoint tractable
components:

Q(θ, ψ′, ε′,W, Z) = Q(θ)Q(ψ′)Q(ε′)Q(W )Q(Z) (3.53)

=
∏
i

Q (θi)Q (ψ′
i)
∏
i,j

Q
(
ε′ij
)
Q (Wij)

∏
v

Q (Zv)

where Θ = {θ, ψ′, ε′,W, Z}. Then, using Q(Θ), we maximize the lower bound
L(Q) introduced in (2.13) with respect to each Q factor to minimize the
KL-divergence between Q and the posterior P . In SSD-HDP-HMM model,
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we need the transition matrix Aii′ to be able to calculate Q(θ) and Q(Z).
However, we have a challenge for this term:

EQ lnAii′ = EQ ln
∑
j

Wiji′εij (3.54)

Because we need to sum all of the sticks allocated to atom θ′i (for atom θi
stick breaking construction), this expectation is not tractable. Therefore,
according to what they did in [78], we derive a lower bound for solving this
issue as follows:

EQ ln
∑
j

Wiji′εij ≥ EQ ln
∑
j

Wiji′e
EQ ln εij (3.55)

≈ ln
∑
j

EQ [Wiji′ ] e
EQ ln εij

therefore,

A⋆
ii′ = exp {EQ lnAii′} (3.56)

≈ exp

{
ln
∑
j

EQ [Wiji′ ] e
EQ ln εij

}

The other solution is that we could take the variational distribution Q(W )
and Q(ε) instead of the above approximation to obtain EQ lnAii′ . The per-
formance would stay almost the same but the algorithm would be more time
consuming in this case [78].

Update Q (Zv) and Q (θi) :

We have

p̃ (Xvt | θi) = exp {EQ ln p⋆ (Xvt | θi)} (3.57)

and we already obtained ln p⋆ (Xvt | θi) in (3.46) to (3.49). Also, the forward
algorithm can be written as follows:
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αvt(i) = p̃ (Xvt | θi)
∞∑
s=1

αv,t−1(s)Ãsi (3.58)

which is the variational joint probability of Zvt = i and the sequence Xv until
step t [73, 78]. Also, the backward algorithm is:

βvt(i) =
∞∑
s=1

Ãisp̃ (Xv,t+1 | θs) βv,t+1(s) (3.59)

which is the variational probability of the sequence Xv after t given Zvt = i
[73,78]. Then, we can calculate γvt(i) which is the marginal of Zvt for Q(Zv):

γvt(i) =
αvt(i)βvt(i)∑
s αvt(s)βvt(s)

(3.60)

For our SSD-HDP-HMM model, θ = {α, β, τ}; therefore:

Q (αijl) =
N∏
i=1

K∏
j=1

D∏
l=1

G(αijl | u⋆ijl, ν⋆ijl) (3.61)

Q (βijl) =
N∏
i=1

K∏
j=1

D∏
l=1

D(βijl |
−→
h ⋆

ijl) (3.62)

Q (τij) =
N∏
i=1

K∏
j=1

G(τij | q⋆ij, s⋆ij) (3.63)

where the hyper parameters can be updated using following equations:

u⋆ijl = uijl +
N∑

i′=1

φij,i′

T∑
t=1

V∑
v=1

ξvt(i, j)× αijl× (3.64)

[ψ(
D∑
s=1

αijs)− ψ
(
αijl

)
+

D∑
s̸=d

ψ′(
D∑
s=1

αijs)× αijs(EQ lnαijs − lnαijs)]
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ν⋆ijl = νijl −
N∑

i′=1

φij,i′

T∑
t=1

V∑
v=1

ξvt(i, j)[
1

τij
ln
βijl
Xtl

+ ln (
D∑
s=1

(
Xts

βijs
)

1

τij )] (3.65)

h⋆ijl = hijl +
N∑

i′=1

φij,i′

T∑
t=1

V∑
v=1

ξvt(i, j)[
¯−αijl

τ̄ij
+
ᾱijl

τ̄ij
× (

Xtl

β̄ijl
)

1

τ̄ij × 1∑D
s=1(

Xts

¯βijs
)

¯
τ−1
ij

]

(3.66)

q⋆ij = qij +
N∑

i′=1

φij,i′

T∑
t=1

V∑
v=1

ξvt(i, j)[1−D +
(αij+)

τij

∑D
l=1(

Xtl

βijl
)τ

−1
ij ln (

Xtl

βijl
)∑D

l=1(
Xtl

βijl
)τ

−1
ij

]

(3.67)

s⋆ij = sij −
N∑

i′=1

φij,i′

T∑
t=1

V∑
v=1

ξvt(i, j)[
D∑
l=1

αijl

τij2
ln (

Xtl

βijl
)] (3.68)

φij,i′ and ξvt(i, j) values are obtained in the following section.

Update Q (W ) , Q (ψ′), and Q (ε′) :

In the previous section, we used the lower bound L(Q) to update Q(Z)
and Q(θ) but for updating Q (W ), Q (ψ′), and Q (ε′) the case is different.
Since our approximation of the expected log of A in (3.55) does not pro-
duce tractable variational parameter updates for Q (W ), Q (ψ′), and Q (ε′),
we employ a latent variable Sv and a variational distribution Q(Sv | Zv) for
the vth observed sequence to lower bound L(Q) locally [78]. Sv interacts
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with Zv and Wiji′ in the following way: the tuple (Zv,t−1 = i, Svt = j) de-
notes that the next state Zvt may be discovered by selecting the jth stick
of the ith DP and setting Zvt = i′ if Wij,i′ = 1. In the paper [78], in-
stead of using Q(Zv,t−1, Zvt) to obtain the state transition, they introduced
a triple Q(Zvt, Sv,t+1,WZvt,Sv,t+1). Therefore, they came up with this local
lower bound:

EQ1 (Zv,t−1 = i, Zvt = i′) ln
∑
j

Wij,i′εij (3.69)

≥ EQ

∑
j

Wij,i′1 (Zv,t−1 = i, Svt = j) ln εij

Also, the joint variational distribution of Sv and Zv is:

Q (Sv, Zv) = Q (Sv | Zv)Q (Zv) = Q (Zv)
∏
t

Q (Svt | Zv) (3.70)

In the forward-backward algorithm, we already updated Q(Z). The expec-
tation value of Q (Zv,t−1 = i, Svt = j) can be updated by:

Q (Zv,t−1 = i, Svt = j) = EQ1 (Zv,t−1 = i, Svt = j) (3.71)

≡ ξvt(i, j)

where ξvt(i, j) is equivalent to γ
C
ijt in (3.26) for the vth observed sequence and

can be obtained by:

ξvt(i, j) ∝ αv,t−1(i) exp {EQ ln εij} ×
∏
i′

[exp {EQ [ln θi′,Xvt ]} βvt (i′)]
φij,i′

(3.72)

with

EQ ln εij = EQ ln ε′ij +
∑
s

EQ ln (1− ε′is) (3.73)

Here, α and β are the forward and backward algorithms, respectively. We
recall that Wij is the atom associated with the jth stick in the ith state.
Also, we have:

Q (Wij,i′ = 1) ≡ φij,i′ (3.74)
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where

φij,i′ ∝ exp

{
EQ lnψi′ +

∑
v,t

ξvt(i, j)EQ ln θi′,Xvt

}
(3.75)

with

EQ lnψi′ = EQ lnψ′
i′ +

∑
s<i′

EQ ln (1− ψ′
s) (3.76)

Using variational distributionsQ (ψ′
i) = Beta (ci, di) andQ

(
ε′ij
)
= Beta (aij, bij),

we have:

EQ lnψ′
i = Ψ(ci)−Ψ(ci + di) (3.77)

EQ ln (1− ψ′
i) = Ψ (di)−Ψ(ci + di) (3.78)

EQ ln ε′ij = Ψ(aij)−Ψ(aij + bij) (3.79)

EQ ln
(
1− ε′ij

)
= Ψ(bij)−Ψ(aij + bij) (3.80)

where

aij = 1 +
∑
v,t

ξvt(i, j) (3.81)

bij = λ+
∑
v,t

∑
j′>j

ξvt (i, j
′) (3.82)

ci = 1 +
∑
i′,j

EQWi′j,i (3.83)

di = γ +
∑
i′,j

∑
s>i

EQWi′j,s (3.84)

Our suggested algorithm for variational learning of the SSD-HDP-HMM is
described in Algorithm 6.
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Algorithm 6 Variational learning of SSD-HDP-HMM.

1. Initialize λ, γ, uijl, νijl, hijl, qij and sij.

2. repeat

3. Update Q(Zv) using the forward and backward algorithms in (3.58) to
(3.60).

4. Update Q(θ) using (3.61) to (3.68).

5. Update Q (Svt | Zv) using (3.72).

6. Update Q (W ) using (3.74).

7. Update Q (ψ′) and Q (ε′) using (3.77) to (3.84).

8. until convergence criterion is reached.

3.3 Experimental Results

We tested our proposed models on two real-world applications: activity recog-
nition [80] and texture clustering [81]. Then, to assess how successful they
are, we compare them to three other models: HDP-HMM, hidden Markov
model with Dirichlet mixture model emissions (DMM-HMM), and hidden
Markov model with Gaussian mixture model emissions ( GMM-HMM). To
evaluate our model’s performance, we use both real and anticipated cluster
labels in four metrics stated in (2.100) to (2.103).

We present the average results after testing our model ten times with
each dataset in order to deliver a more accurate result. Since our model is
based on mixtures of shifted-scaled-Dirichlet distributions, the data must be
proportional as we discussed in section 2. Therefore, we first normalize each
record (row of the dataset) making it between 0 and 1 and then divide it by
its summation of dimensions to make it proportional. Then, we use principal
component analysis (PCA) to filter the most significant features of data [82].
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3.3.1 Activity Recognition

The introduction of smartphones has significantly affected human lives. The
existence of advanced features in these devices resulted in their continuous
presence in our lives. Consequently, this presence provides a chance to keep
track of our activities using a variety of sensors [83, 84]. Data generated by
such devices could be used in many applications such as healthcare monitor-
ing [85], life and fitness tracking [86], and transportation planning [87].

In our work, we applied an activity recognition (AR) dataset in which
data were collected via accelerometer [88] and gyroscope sensors in a Sam-
sung Galaxy S II. To gather the information, behaviour of 30 participants
aged between 19-48 [84] were monitored while wearing smartphones on the
waist. This method of collecting data is one of the easiest ways because we
do not need any additional equipment [84]. This is in contrast to other ex-
isting techniques for collecting AR data, which rely on special devices. Data
are collected during six activities: walking, walking upstairs, walking down-
stairs, sitting, standing, and lying down. This dataset is randomly divided
into two partitions: 70% of data are considered as a training dataset and
30% as a test dataset and we have 10,299 data points in total. According
to figure 3.1, nearly identical numbers of data points were received from all
of the participants. Also, by looking at figure 3.2, we can see that the share
of information associated with various activities are relatively similar. The
lowest number of recorded activities belongs to the walking downstairs with
1,406 instances. Therefore, to have a balanced dataset (consist of the same
number of samples in all output classes), we randomly select the same num-
ber of data points from other categories before feeding our model (overall
8,436 observations).

By looking at the probability density function (PDF) distribution in fig-
ure 3.3, we can see that motionless activities have a totally different distri-
bution than moving activities. Besides, we can understand that the moving
activity distributions are similar to each other which is the same case for
motionless activities. To have a better understanding of the data, we pro-
vide a 2D scatter plot of our data using different colours for each cluster
in figure 3.4. As we can see in this plot, almost all of the features can be
separated into different regions except standing and sitting; although there is
considerable overlap with data points from other clusters especially near the
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Figure 3.1: Activity count per participant

boundaries. Therefore, we expect that dividing standing and sitting into two
separate clusters may be a challenging task for a machine learning algorithm.
We should mention that by using PCA, we reduced the number of features
from 562 to 122 in order to filter the most important features. The result
of testing our models is presented in table 3.1. According to this table, the
SSD-HDP-HMM model has a 97.66 percent accuracy, which is a better re-
sult than the previously studied model, HDP-HMM. Also, SSD-HMM model
obtained higher accuracy than DMM-HMM and GMM-HMM models. As
a result, using SSD as the parent distribution helped our models to fit the
data better than either Dirichlet or Gaussian mixture models. In addition,
by comparing the SSD-HDP-HMM model to the SSD-HMM model, we can
find that hierarchical models are better in learning complicated data than
non-hierarchical models.
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Figure 3.2: Percentage of each category.

Figure 3.3: Probability density function of the AR dataset.
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Figure 3.4: 2D scatter plot of 2 features of the AR dataset.

Table 3.1: Activity recognition dataset results

Method Accuracy Precision Recall F1-score
SSD-HDP-HMM 97.66 97.66 97.63 97.64

HDP-HMM 95.29 95.38 95.36 95.36
SSD-HMM 93.88 94.03 94.06 94
DMM-HMM 86.65 86.12 86.36 86.11
GMM-HMM 93.59 93.11 93.13 93.11

3.3.2 Texture Clustering

As the second application, we chose to use a challenging dataset called
the University of Illinois Urbana Champaign (UIUC) texture dataset. This
dataset has 25 classes, each with 40 images of size 480x640. Figure 3.5 shows
some sample images of UIUC dataset. The diversity of 2D and 3D trans-
formations, as well as lighting fluctuations in this dataset made it a difficult
application for machine learning algorithms. Therefore, we applied VGG16
to extract features of images. VGG16 is a popular strong deep learning model
which has already shown its capabilities in feature extraction. We also ac-
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knowledge that this model is not designed for feature selection and we used
an arbitrary intermediate layer to extract features of images. Then using
PCA, we reduced the number of features extracted by VGG16 from 4,096 to
1,251. Figure 3.6 shows the PDF distribution of one of the most important
features. As we can see in this figure, the distribution of classes is quite
similar to one another, and we verified that this is true for other features as
well. Therefore, this makes the clustering task hard. This conclusion may
also be obtained by looking at figure 3.7, which is a 2D scatter plot. In this
figure, some of the clusters are in totally separated regions and most of them
have overlap with each other. As a result, we chose to test our model with
the almost-separated classes 3, 4, and 7 (see figure 3.5). As we mentioned
before, each of the classes has 40 images, so our dataset is already balanced.
Table 3.2 displays the results of our model testing. Our proposed hierarchical
model, SSD-HDP-HMM, has the greatest accuracy of the examined models,
with 81.8 percent. This demonstrates that, owing to the SSD distribution,
this model fits the data better than the classical HDP-HMM model. Further-
more, the SSD-HMM model outperforms the basic Dirichlet and Gaussian
HMM mixture models.

Figure 3.7: 2D scatter plot of 2 features of the UIUC dataset.
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Figure 3.5: Samples of UIUC texture dataset.

Figure 3.6: Probability density function of UIUC texture dataset.
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Table 3.2: UIUC texture dataset results

Method Accuracy Precision Recall F1-score
SSD-HDP-HMM 81.8 80.7 69.7 80.6

HDP-HMM 80.2 77.2 75.3 75.2
SSD-HMM 77.2 81.1 80.1 73
DMM-HMM 75.7 71.9 69.7 69.7
GMM-HMM 56 53.8 54.1 48
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Chapter 4
Conclusion

This thesis is based on shifted-scaled Dirichlet distributions (SSD). We show
that for fitting proportional data, SSD mixture models outperform Dirichlet
and Gaussian mixture models. In this thesis, we developed six innovative
SSD-based models.

In summary, the following are the major contributions of this work:
First, in Chapter 2, we developed a hierarchical Dirichlet process based on
SSD mixture models. Then we extend this model to the hierarchical Pitman-
Yor process. We used two different variational settings to train these models:
batch and online. The online setting provides us with the ability of learning
model parameters from streaming data; therefore, these models can be used
in many real-world applications.
Second, we commenced with a finite SSD-based hidden Markov model in
Chapter 3. We then improved our model to an HDP model and introduced
another unique approach called SSD-based HDP HMM to take advantage of
non-parametric models. For learning our HMM models, we employ varia-
tional Bayes frameworks.

With the proposed non-parametric approaches, simultaneous parameter
estimation and model complexity assessment are achievable owing to the hi-
erarchical Bayesian frameworks adopted.

Traceable learning calculations, exact approximations, and assured con-
vergence are some of the benefits of using the variational learning approach in
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this thesis over other learning techniques (such as maximum likelihood and
Markov Chain Monte Carlo). Finding appropriate initial values via varia-
tional inference, on the other hand, might take a long time.

Finally, in comparison to other alternative models, the experimental re-
sults on real-world applications have demonstrated the effectiveness of our
models.

Although the data features are considered to have the same importance
in this thesis, we are investigating several future works such as integrating
feature selection to our proposed model to improve its generalization capa-
bilities. This will allow us to work on more complex applications with data
features that aren’t equally weighted. Therefore, this can lead to higher
performance for our proposed models.
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