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Abstract

Relation Between Geodesic Polar and Isothermal Coordinates
Mehrad Alavipour

The main result of this thesis is an asymptotic formula establishing a cor-
respondence between two at first sight unrelated systems of local coordinates on a
two-dimensional real analytic Riemannian manifold: the so-called isothermal local
parameter and the Riemann normal coordinates. This formula was stated without
proof in 1992 Fay’s memoir on analytic torsion, a weaker statement was proved in
Walsh’s 2012 PhD thesis. A survey of basic facts from differential geometry used in

our proof is also given.
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Chapter 1

Introduction

Let M be a real 2-dimensional Riemannian C'*° manifold with metric g. Let p € M
and (z,y) be local coordinates near p and the metric in the vicinity of p have the
form g = E(x,y)dz* + 2F (z, y)dzdy + G(z,y)dy*. We are going to question whether
it is possible to reduce this metric to diagonal form, i.e, g = p~2(u,v) (du® + dv?)
via an appropriate change of variables: v = u(z,y),v = v(z,y). The corresponding
statement has been proven under various conditions on regularity of metric coefficients
by Gauss [2[; then Korn and Lichtenstein [3], and Chern [7]. Modern presentation
could be found in Spivak [4] and Taylor [5]. Some hints for other variants of proof are
given in Kazdan [6] and a relatively recent article in Wikipedia. In the next chapter,
we shall discuss modern version of Gauss proof where the coefficients are real analytic.
In chapter three, we then give the proof of the relationship between isothermal and
geodesic polar coordinates. Finally in appendices section, we will discuss the proof
of existence of solutions for complex ODE’s, an ingredient in Gauss proof; we will
also formulate the statements of Taylor and Chern, and discuss preliminary lemmas

leading to their proofs.



Chapter 2

Existence of Conformal coordinates

2.1 Gauss Formulation

In this section we will prove the following theorem:

Theorem 2.1.0.1 (Gauss). Let the coefficients E, F, and G in the formula metric
be real analytic functions of x and y, in a vicinity of a point p. Then g could be made

diagonal, in this vicinity, via an appropriate real analytic change of variables:
g = Mu,v)(du® + dv*) = E(z,y)dx* + 2F (z,y)dvdy + G(z,y)dy? (2.1)

Reminder:

Definition 2.1.0.1. Function f(x,y) is called real analytic in the domain Q C R?,
if there exists a complex analytic function f(z,f‘), of two complex variables z and &,
which is holomorphic in some vicinity of Q = { (2,€) | z =z +140,& = y + 0, (z,y) €
0} c C? in C? such that f = f‘ﬂ

Definition 2.1.0.2. (Equivalent to 2.1.01) Function f(x,y) is called real analytic in

the domain Q0 C R?, if for any (zo,y0) € , f(z,y) = 3207, —o Gnm (@ — 20)™(y — o)™
in some open neighbourhood of (xq, yo).

Our plan of proof of Theorem 2.1.0.1 is as follows. First, recall since £ > 0,
EG—F? > 0, g could be formally factorized as g = [a(z, y)dx+5 (x, y)dy|[a(z, y)dz+
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B_(z,y)dy], where a = VE and . = %%_FQ) Clearly « is real analytic and (4
has real analytic real and imaginary parts. We are going to prove that the complex
I-form a(z,&)dz + B4 (z,€)dE, where a(z,€) and 54 (z,€) are holomorphic extensions
of a(x,y) and B4 (z,y) (see definition 2.1.0.1), could be made exact via multiplication
by an appropriate integrating factor A. Then we shall have A(adz + fd§) = dh,
and A(adz + B,d€) = dh. Hence, |A?|qg = |dh|*|q = (du)? + (dv)* where u =
R(h) g v = S(A)]

Remark. FExistence of integrating factor of a real 1-form in two variables easily follows
from the main theorem of ODE. (For forms with more than two variables, integrating

factor generally does not exist and criterion is given by Frobenius theorem.)

The main difficulty of this Gauss theorem is that the coefficients are complex and
the theory of ODE with real argument is not applicable; we have to apply the result

from the theory of analytic differential equations.

Proof of theorem 2.1.0.1: We will be using the following holomorphic analogue of the
main theorem of ODE: consider the initial value problem % =H(z,Y(2)),Y(2) =
Yo; where H is a holomorphic function of two variables in the vicinity of (zg, Yy). This
problem has a unique solution defined in {z | |z — 29| < €} C C, for some € > 0.
(Remark: standard way to prove this is to derive it from Frobenius theorem; but there
is a simpler way using Picard contraction mapping. We will discuss both proofs in an
appendix at the end.) In our case, H(z,Y (2)) = % and since EG — F? > 0, 3,
never vanishes (our H is holomorphic) and we are in condition of Theorem A.0.0.1.
Due to Theorem A.0.0.1, there exists a vicinity U C C x C of a point py(zo, Yp) such
that through each point (z,Y") of this vicinity passes an integral curve Y = Y (z) and
2o belongs to the domain of definition of Y. Now, consider the function h : U — C
defined by h(z,Y) = Y (zy), where the function Y (n) is the solution to the initial value

problem
dY(n) — —a(n,Y(n))

dy Be(n.Y(n))’
The integral curves in U are therefore level curves for function h. We have that
dh = g—gdn + g—;ﬁdY + g—gdﬁ + gf—;dY, where the last two terms are absent due to

holomorphicity of h.

= Y(2). (2.2)



Proposition 2.1.0.1. Let ¥ be a complex tangent vector to the complex integral curve
of equation (2.2) at some point p € U. Then, dh(p)(¥) = 0.

Proof. Vectors aw a generate the tangent space to C? at p. Tangent space to the

integral curve Y = Y'(n) is generated by the vector ( + ‘?n/ W) On the other hand
dh(p) = 53| dn+ G|, dY; thus, dh(p)(®) = G| + Gl ‘fﬁ; = & h(n, Y ()], =
% (Y(20))[, = 0. O

Notice that the 1-form w(p) = a(p)dn + [+ (p)dY also annihilates the complex

tangent vector @: w(p)(v) = a(p) + B4(p) %‘p = alp) + A+(p)(5%5) = 0. Hence,

for any p € U, w(p) and dh(p) both have the same kernel and therefore w(p) =

A(p)dh(p), where A is a complex valued function on U. (Remark: for two complex
linear functionals f; and f, on C2, the relation ker f; = ker f, implies f; = afy for
some a € C.) Thus, g = |A|g |dh|?|q = [z, y)[*(du® + dv?).

Remark:

The Jacobian of the map (z,y) y),v(x is nonzero. Otherwise, the

. . Uy Uy 0
linear system of equations ( > ( ) (0> at a point p would have a nonzero
Uy Uy

1

s
solution § = , |- This would then imply
s

- 2 2
9(5,3) = D@ [l 5" + gl 53)7 + (vl 5" + vy, 2)°] =0,

a contradiction!
By inverse function theorem, there exists a vicinity of point py in which the metric

can be written g = |A(u,v)[*(du® + dv?). Gauss proof completed. O




Chapter 3

Geodesic Polar and Conformal

Coordinates

3.1 Preliminaries Concerning differential geometry

Let v be a vector field on our Riemannian manifold M, x € M, and w € T, M. Define
the mapping: v, w +— V,v € T, M, with properties:

i) V linear in both its arguments;

ii) if f is a smooth function, Vv = fV,v, and V,, fv = (0, f)v + fV,0.

The value V,v is called the covariant derivative of v in the direction w. In local
coordinates u‘, let Vo, 0; = Ffjﬁk; the I’fj are called the Christoffel Symbols. Now, let
v : (a,b) = M be a curve, a vector field v is parallel along v if Vv = 0 everywhere
along . A curve v with the property V;% = 0 is called a geodesic. Under natural
assumption, we can say V,(u,v) = (V,u,v) + (u, V,v). From this, one can deduce

the expressions for Christoffel symbols:

U (99  Oga 0y
FZ:_gk1< lj ! J)

2 out  oOw  ou
Tip = gl = 5 (52 + 22 — 24, 3.1
7P gkp 1] 2 auz + 8u3 aup ( )



The equation for the geodesic curve becomes:
i* 4+ Tla'e’ = 0. (3.2)

Theorem 3.1.0.1. Let x € M. Then there exists € > 0 and a neighbourhood U of
x such that Vy € U, Yv € T, M with |v| < € there exists a geodesic v : (—1,1) = M
with

10)=y  4(0) =, (3.3)

Proof. By the existence and uniqueness theorem of ordinary differential equations,
there exists a neighbourhood W(x,0) C TM and § > 0 such that V(y,v) € W, there
exists a unique geodesic v : (—d,0) — M satisfying (3.3). Let a neighbourhood U
of z and ¢; > 0 be such that U x B, (0) C W. Now, if y(t) satisfies (3.2) so does
F(t) = v(6t) for t € (—1,1). Letting € = dey, F(¢) is the desired geodesic. O

3.2 Riemannian Normal Coordinate System

Let M be our manifold and p € M. By Theorem 3.1.0.1, there exists €, such that
B, (p) C T,M is mapped uniquely onto a neighbourhood W C M (containing p) via
exponential map: exp,(v) = 7,(1), where 7,(t) is the geodesic curve originating at p

and with speed v.

Lemma 3.2.0.1. The exponential map exp, : T,M DV — M has nonzero Jacobian
at p.

Proof. In local coordinates z?, Taylor expanding x*(t) near t = 0, for a geodesic

originating at p with speed v, we have:

1 . .
2"(t) = 2"(0) + #*(0)t + §ik(0)t2 + O(t*) = 2"(0) + v*t + %FZU’U%Q + O(t%).

; ; ex v k
This gives [exp, (v)]* = 2¥(p) +v" + 3TF 0" + O(Jv[*); hence, W =oF. O
v=0

: : 1,2: —1.,i
Introducing orthonormal local coordinates u', u” in B, (p), the chart (W, exp,; u*)



will be Riemannian normal coordinate system in neighbourhood of p. Then, we have
9:(0,0) = 6;; 4,5 =1,2.
The curves (u',u?) = (a't, a*t) will be geodesic and one has (based on (3.2)):
Tip(alt,a®t)aa” =0 p=1,2. (3.4)

At t = 0 we get, I';,(0,0) = 0; differentiating (3.4) with respect to ¢ and setting

t =0, denoting 82;’?” = 822’2"’ (0,0) we get:
Oikp & 4
a#i’po/oﬂozk = 0. (3.5)
Expanding out (3.5), we get:
Mg, 143 Tiap | 11y 1\2 2 Ol1ap | Ty 232 1
ou! (a)—|—<2 out * ou? )(a)a+(2 ou? - ou! )(a)a
Marp, o3
: =0 =1,2. (3.6
+ Ou2 ( ) y P ) ( )
. : . . . gij . g .
This gives rise to the following equations, using (3.1) (as before, &%gaul = 8%981” (0,0)):
11y — 0 — 1 6’29191 8291;) _ g —0
ou! 2\ (Our)? ~ (Ou')?  OurPdul
5’291;) 1 6’2911
_ = =0 3.7
(Ou')?  20urdur (37)
281—‘1271) 8F117p 0=

oul ou?
0% g2 N Pgp P l( 9% g1 L+ Pgp,  Pgu )zO

(Ou')? ~ Ou'Ou?  Ourdul 2\ Ju?du!  Ou?0u'  Ou2dur
*g1p 1 g %2y %912

2 —_— —_— pu
T 0o 20wouwr * (Ou')?2  Julour 0




Ol'2, . Ol

ou? out

0> gp2 + Pgp,  Pga 1 Py n Pgop g _ 0

ououl  (Ou?)?  Ou?our 2\ 0u'Ou®  Ou'Ou?  Ouldup
829210 1 32922 82glp 82912

2 — — — = .
7 “0ulon®  20ulowr (Ou?)?  Ou2Our 0 (39)
O, L[ 0%gpe 9% gap g2 \
ou2 0= 2 ((3u2)2 * (Ou2)2  Qurdu?) 0
Pgop 1 0o
(0w 200w (3.10)
Putting p = 1in (3.7) and p = 2 in (3.10):
0”911 _l g1 .
(Qul)?  2(dul)? g1 0% g2
0,0) = 0,0) =0. 3.11
82922 _1 (92922 0 = (au1)2< ) ) (au2)2( ) ) ( )
(Ou2)2  2(0u?)2
Putting p =2 in (3.7) and p = 1 in (3.8):
P g2 _1 g _
(Ou')? 2 0u'ou?
P gn 1 P gn 9 gar _ g1z —0
oulou?  20u?oul  (Ou')?  (Oul)?
Pgia 1 0Pgu o3 Pgu
(Oul)2 2 0ulou? To20utou?
gn g1z



With p =1in (3.10) and p = 2 in (3.9):

9%gan 1 0% gao _
(Ou?)?2  20u?du!
a2922 1 02g22 82912 6)2912

oulou® 2 ouldu> * (Ou?)? B (Ou?)? =0

9 ga :1 0”2 . § 922 _
(Ou?)?2 2 0uldu? T 20utdu?
82922 82912

W( ,0) = W(Oa 0) =0.

Put p=21in (3.8) and p =1 in (3.9):

82912 _ 1 82911 I 82922 —0
oulou? 2 (0u?)?  (Ou')?
%912 1 0%g90 g1

oulou? 2 (Ou)? ~ (Ou?)?

= 0.

Rearranging,

P g1z 1 gy 1 0%gs 3 g2

oulou? 2 (w22 2(0ul)?  2(0ul)?
62912 1 62922 _ 1 82911 3 02911

dulou?  2(ul)?  2(0u2)?  2(0u?)?

Using expression for Gaussian Curvature

82912 1 82911 _ 1 82922

K = — — -
ouldu? 2 (0u?)? 2 (du)?’
we obtain
g2 (0,0) = P g (0,0) = —2K(0,0)
(Qut)2™ (Ou?)2*’ 3
g2 1 1

oulou? 3 3

(Q@zK@@——K@@——K&@z%K@@.

(3.13)

(3.14)

(3.15)



It then follows that:
1
gu(u',u®) =1- gK(O, 0)(u?)* + o((u')* 4 (u*)?)
1
gra(u',u?) = gK(O, 0)u'v® 4 o((u')? + (u?)?) (3.16)

gt u?) = 1 — %K(O,O)(ul)Q Fo((uh)? + (u2)2).

3.3 Relation Between Geodesic Polar and Conformal

Coordinates

Let (o, 5) be Riemann Normal coordinates in a vicinity of a point p € M. Intro-
ducing the complex parameter ¢ = « + i3 = re, the (r,0) are called geodesic polar

coordinates. In terms of conformal parameter z, the conformal metric takes the form:
N Y 2
g=p“(z2)dz|*, (3.17)
whereas in normal coordinates we have:
g = E(da)* + 2FdafB + G(djB)?, (3.18)
where, (using (3.16))
1 2 2 2
B =1-2K(0,08 +o(a* + )

F= %K(O, 0)aB + o(a® + 5% (3.19)

G=1- %K(O, 0)a? + o(a® + B2).

In terms of complex parameter (, let the metric in geodesic polar coordinates has the

form:

9= NG Q)ldC + pdC> (3.20)

10



Let us now express p and A in terms of E, F' and G:

NdC + pdC)(dC + adC) = MdC|* + AadC® + AudC® + Al pf*|dC]?
= Ada® + dB?) + Nji(da® + 2idadB — dB?)
+ Au(de® — 2idadB — dB?) + M| p*(da? + dB?);

comparison with (3.18) gives:

AL+ A+ Mp)> =F
A= Mo — A+ Apf> =G
At — Ay = —iF.
Subtracting (3.23) from (3.22) and then dividing by 2 we get:

E—-G

adding (3.25) to (3.24):

E-G E—G—2iF
2\ =~ — iF = QZTZ.

Putting the expression for x into (3.22) we have:

E—-G-2F E-G+2F (E—G)>?+4F

A FE

+ 4 + 4 + 16\

E E — G)? + 412

:>)\2—< +G))\+( G)” + =0

2 16

G E+G)? E—-G)2+44F2

oy <—E§ >+\/( I _ E+G+2VEG - F?
N 2 N 4 '

11

(3.21)

(3.22)
(3.23)
(3.24)

(3.25)

(3.26)

(3.27)



To express p and A in terms of ¢, we use (3.19), (3.26), and (3.27):

¢, Q) = i(k%f{(o 0)(a® + ) + o(a? + 3?)

_l’_
=

= %K(O, 0)(a® + 32) + %K(O, 0)a28? — %K(o, 0)a282 + (a2 + 62))

_ % 2 %K(O,O)(oﬁ + 8% + 2(1 _ éK(O,O)(aQ 4 ﬁ?)) +o(a® + )

4 gK(O, 0)( + 8%) + o(a® + B?)

_1- éK(O, 0)(a? + 3%) + o(a® + 3°)

= 1 CK(0,0)CC + of|cP) (3.28)

—( <omm-—ﬁ+amm+nm-+ﬁo
w(¢,C) =

L
3
< — £K(0,0)( a2+ﬁ2)+o(a2+52))

B 4(31{(0 0)(a — F° + 2iaf) + ofa? +52)> (1+0(a2 +52))

= %K(O 0)(a® = 8% + 2iaf) + o(a® + (%)
— LK0.0¢ +oflcP) (3.29)

To find relation between conformal and geodesic polar coordinates, we have to relate

12



equation (3.20) with (3.17); to this end, let us express (3.20) in terms of z and z:

9= Nz,2)(d¢ + pd()(d¢ + jidC)

= Az, 2) Bgdz%— ggdz%—,u( )(ggdz+ gg )}

[agdz%— agdzjt,u( )(ggdz%— aCd )]

0z 0z
0 aC\ [ 0C 0
= Mz, 2) (8—2 + u(z, z)a—i> (a—g + ji(z, z)—i) (dz)?
0 aC\ [ oC 0
+ Az, 2) <8—i + p(z, Z)a_i) (a—i + f(z, z)a—g) dzdz
0 aC\ [ oC 0
+ Az, 2) <_§ + pu(z, Z)a_i) (a—i + iz, 2>E)_§> dzdz
0 aC\ [0 0
+ Az, 2) <a—g + u(z, E)a—i) (a—g + (2, 2>3_E) (dz)? = p2(z, 2)|dz|? (3.30)
Hence, we obtain
0 aC\ [0C 0
(a—i +ul, z)a—g> (a_i + s, z)a—i) 0 (3.31)
0 0 alr  p?
‘@—Cw( )82 +‘a§+u< 9% =L (29). (3.32)

Proposition 3.3.0.1. In a vicinity of P, normal coordinates could be chosen in such

a way that % 15 real and nonzero and we have the relations:

% + p(z, z)g—g =0 (3.33)
=12 _
‘% + pu(z, z)gC = pTZ(z,E). (3.34)
Proof. Since the transformation (z,y) — (a(x,y), B(x,y)) is orientation preserving,
o By — oy By > 0. Hence, %{P # 0; otherwise at point P we would have o, = —f3,,
ay = (B, and thus Qo Yyl _ —65 — B2 <0, a contradition! Now, let us choose our
z Py

coordinate axes in such a way that the curves § = 0 and Jz = 0 have the same unit

13



tangent vector at point P. Then we shall have ay|, = 5:|p = 0; ag|p and 5|, both
nonzero and having the same sign. This would then imply %(P) is also real and, in

a vicinity of P the second factor in (3.31) is zero. O]
Based on our choice of coordinate axes in previous proposition, we have:

Theorem 3.3.0.1. Given a point P' in a vicinity of P, let z(P) = z and z(P') = 2'.
In terms of geodesic polar coordinates, let ((P) = 0 and ((P') = re?’. Then there is
the following relation as P' — P:

1 / / 1 — /
plz,2)re” = (2 = 2) = (0:log p)(+' = 2)* + | (B:log p)* — 5p'p | (2 — 2)°

i [%azzlogp] T O, (339

Proof. For simplicity, let z = 0 represent the coordinate of P and z that of P’

Consider the Taylor expansion

((2,2) =04+ :(0)2 4+ C.2(0)22 + %CZZ(O)ZQ + %cm(o)z?’ + %CZZZ(O)Zzz
+¢.(0)z + %CZZ(O)ZZ + %cm(O)z?z + észz(O)z?’ +0(rh). (3.36)

We will show that all terms in the first line of (3.36) are zero. Using (3.33), we have
¢:(0) = —p(0)¢:(0) and hence, using (3.29), we get (;(0) = 0. Differentiating (3.33)
with respect to z, we get:

CZZ = _NZEE - Mgéz'
Using (3.29) and (3.36), we conclude

iz z) = 1—12K (0,0)(C2(0)2% + 2¢:(0)¢.(0)72 + ¢2(0)22 + ... ) + o(|2]?)

= Az* + B2z + CZ* + higher order terms. (3.37)
Hence, (;.(0) = 0. Differentiating (3.33) with respect to z, we get:

Czz = —Mzétz - Mgzz-

14



Again, using (3.37) (;:(0) = 0. Differentiating further,
Cozz = —széz - [1'2622 - Mz&zz - ,LLEZEZ
Cazz = —/ﬁzzéz - 2,“2552 - ,ngzz-

It follows from differentiation of (3.29):

-z = const.((, (s + ((5.) + terms vanishing at z =0 (3.38)
pzz = const.((zzC + (2) + terms vanishing at z = 0. (3.39)

Hence,
p:2(0) = pzz(0) =0 = (22(0) = (52(0) = 0

Next, we will show that the terms in the second line of (3.36) are nonzero. Plugging
z =0 into (3.34), along with the fact that A\(0) = 1 (using (3.28)), we get:

G0)=p2(0) = ¢(0)=p"0). (3.40)
Differentiating (3.34) with respect to z, we get:

_ =200 A= Aep?

v (3.41)
Differentiating (3.28) we get
A. = const.((.¢ + ¢C.) + terms vanishing at z = 0. (3.42)
Using
G0)=G0)=0  G(0)=¢(0)=p"(0)  a(0) = pu(0)=0
(=(0) = ¢=2(0) = 0, (3.43)
we have,
(-2(0) = =2p7%(0)p-(0). (3.44)

15



Applying 0, to (3.41), we get:

(sz + Nzg_z + M6z2> + (sz + ,UJzC_z + M6z2>(522 + .Gz + ﬂ(zi) + ((z + NEZ)
_Azzp_2 + 2)\zp_3pz 2)\)\zﬂ_2
22 LY

2
202N Pp. + (X) (3o~ = p°p22).
Applying 0., to (3.28), we get:

A, = const. (gzzf + ZCZC_Z + C@z) + terms vanishing at z =0
= A..(0)=0.

Using (3.43) along with
Ezz(o) = CZZ(O) =0 iizz(o) = CZZZ(()) = 07
plugging =z = 0 into (3.45), one obtains:

C222(0)p~1(0) = 2(3p~*(0)p2(0) — p~2(0)p==(0))
—> (.22(0) = 6p72(0)p2(0) — 2p72(0) - (0).

Applying 0., to (3.33) we get:

Cizz = _,uzzéi - 2,“2522 - ,U/EZZZ
= (522(0) = —122(0)C:(0) = _MZZ(())P_I(O)'

Applying 0., to 3.29, we get:

1
[y = EK(O’ 0)(¢2 + ¢(...) + terms vanishing at z = 0.
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(3.45)

(3.46)

(3.47)

(3.48)

(3.49)



Using expression for curvature
K = 4p°9?_log p, (3.50)
we have,

—1 _ _ _ _
G2(0) = (5)4p(0) 9 1og p| ) P(0)*p(0) ™ = —=p(0) " Doz log pl gy - (351)

It then follows that

p(0)C.(0) =1

1
EP(O)CZZ(O) = —0.log p‘(o,o)

1 1 1
5P(0)G2(0) = p(0)p:(0)* = 2p(0)™"p22(0) = ( 9: log pl g ) )" - 3P(0)7 Depl 00

1 1
ip(o)gzzz(o) = 3 0.z log p‘(o,o) .

Hence,

_ 2 1
p(0)¢(2,2) = 2 — O log p’(op) 2+ ( 9, log p’((),o)) - gf)(o) ! azzp’(og) 2’

1 _
- (g 0.z log P|(o,o) )322 + O(|Z’4)-

17



Appendices

18



Appendix A

Two Proofs for Existence of Complex
ODE

Theorem A.0.0.1. Let f : CxC D U — C be holomorphic. Then, in a neighbourhood
W of any point zq, there exists a holomorphic function ¢ : W — C such that

¢'(2) = f(z,0(2))  ¢(20) = wo. (A1)

Proof. There are two ways to prove this theorem: Frobenius method and fixed point

iterations; although the latter is simpler. We will present both cases here:

e Frobenius method:

We need the following Lemma:

Lemma A.0.0.1. Let U C R™,V CR"™ (open) ;so € U; fj € C*(U x V;R");
7 =1,...,m. Then, there exists a unique solution o : W C R™ — R", defined

i a neighbourhood W of sq, to the initial value problem:

Oa

pri filt, .. tm,a(t)  a(sy) =z, (A.2)

if and only if in a neighbourhood of (so,x) € U x V the following condition is

19



satisfied:

ottt ot

of; af@ Z afg afl fh ihji=1,...,m. (A.3)

Proof. =: Consider the distribution A of m-planes in R™*" as follows: Let
vj = (% + - fF3%)" Then A, =Lh. at point p of {v;},. We claim this
this distribution is integrable if condition (A.3) is satisfied. Indeed by simple

computation (using Einstein notation):

0 0 0 0 0 0
ol = (g + #1500 ) (36 + 4 5r) ~ (g + ) (i + 4 5)

0.0 90 h31+ 09 udff 0
T otior | ot dzh I oti oxh b Oxk 8tj b Oxk Oxl

7 9xk Ozh Ot Ot 8153 61”“ ‘ 8253 89&’“ I Qh Ot
_ afk _pp 0 0 off o off o | ,Of 0
7 9xh Ok oxh Oxk 8#' oxh OtV Oxk b Oxk Oxh

It 0 _ (055 ot fhaf’“ L1 0
J &Uh ﬁx’f ot ot 8 P 7 0zl ) Oxk

825’ atj J 8xh (‘?xk

According to Frobenius Criterion (see Appendix B) we must have [v;,v;] =
> o Cfiva, which will then be satisfied.
<: If « exists then, [i i}oz = 0; hence ai _dh Now,

dt*? dtI ) dtt dti
dl; _0f; |~ 010050 _ 055 =0
dtt ot — oxk 8# 8# (‘%k

d_fi:afi . afiaa():afi+ dfi k.
dti Ot P oxk ot ot P oxk’7’

f ¢ : R™ — R™™ is defined by (t) = (t, A(t)), then dw(%\z) = lpw T

n  9AF |
k=1 0tT B:Ek P(z)

20



so we arrive at (A.3). To show uniqueness, suppose «(t) and a(t) satisfy (A.2).
Then,

a ~ ~ n
%(a(t) —a(t) =0= a(t) — a(t) = Const. € R

a(sg) —a(s)) =x—x=0= Const. =0= «ft) = a(t).
U

Back to the proof of the theorem, denote z; = x + iy, 2o = 2’ + i3/; let us write
f(z1,20) as f(z,y,2",y) = u(z,y,2',y') + iv(z,y,2',y"). We are looking for a
holomorphic function ¢(z) = ¢'(z,y) + i¢*(x,y) such that ¢'(z) = ¢L(z,y) +
iga(x,y) = ulz,y, o' (z,y), 6*(x,y)) +iv(z,y, ¢'(x,y), ¢*(x,y)). This gives rise
to the following sets of equations:

agbl B . ) B 8¢2
% - u(xayv¢ (l’,y),¢ (xay)) - a_y
8¢1 B . ) B a¢2
_a_y - U($5y7¢ (l’,y),¢ (-’E,y» - %
By simple computation using n = m = 2 in Lemma A.0.0.1; z == t',y =

u(x,y,¢1(x,y),¢2(x,y))> f — <—’U(:U,y, ¢1($,y>,¢2($,y)))
) " v

% fi= =
v(@,y, ¢ (2, y), ¢*(2,y u(z,y, ¢ (z,y), ¥*(2,y))
see this set satisfies condition (A.3):

ofr  0fs afl 6’f1 _0f2 ) 3f2

i=2,=1: %22 gy |

Jdy  Ox  Ox oy’ ox’ oy’

uy\ v o (—0) Uyt — Uy

) () w) (72) (w)
—vyv\ (0

N Uy V o

21



i=1,j=2: Of2 0N 0,y Of2 ) ONp) _ Of i)

or Oy Ozt oy’ /i oz’ J2 Ay "*

Uy Uy Uy U Uy v Vg (—0)
~fuyu) (O
Vyr Ul 0

This completes the proof using Frobenius method.

Fixed point method: For this method first we have to identify our Banach space,
on which to perform contraction mapping. Consider the polydisc D, = { z; |
|zi —a;] < p,i=1,2} and let A(D,) = H(D,) NC(D,), equipped with the Sup

norm: || f[|, = sup [f(z)[.
2€D,
Lemma A.0.0.2. A(D,) is a Banach space.

Proof. Any g € A(D,) has the integral representation:

_ __1 g(Cb <2)
g<21’ 22) a 472 /|<1—a1|/? dCl /|Cz—a2|P d<2 (Cl - Zl)(CZ - 22). (A4)

Let {gx}32, be a Cauchy sequence in A(D,). Then this sequence converges
uniformly in D, to g* € C(D,). Hence, with the integral representation one can
pass the limit inside the integral, so that g* will have the integral representation
(A.4). The right hand side is obviously holomorphic with respect to z1, 2o and
therefore g* € A(D,). O

Now consider D, centered at (zg,wp); let H € U, (zy,wy) € H,

Ly = sup W, and define M = {¢(z,v) € A(D.) | V(z,v) €
(&,z1)eH 172
(§,22)€H
21722
De, |(z,v) —v| < Loe}, where Ly = sup |f(z,v)]. (M is a closed subset
(z,v)EH

of A(D.) and hence complete.)
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Proposition A.0.0.1. For e sufficiently small, 1)M # 0; 2) The Picard map

Y(z,0) = [PYl(z,v) = v+ f;o f(&, (& v))dE: 1) is well defined for € M i)
P(M)C M iii) P: M — M is contracting.

Proof. There exists 11,19 such that D(zg, ) X D(wg,m9) C H. Choose € such
that € < min{ 7”1,7’2,%1} and for all v € D(wp,€), D(v,Loe) C D(wp,s).
1)Obvious! (pick ¥(z,v) = v.) 2) i) Follows easily from the bound on e. ii) This

follows from the estimate:

[PYl(z,0) —v| =

/ Zf(é,w(é,v))di‘ < Lol — 20| < Loe.
iii) Again,

[P)(20) — [Pia) (2,0)] = / T HE (6 0)) — F(E (6, 0))de
< |z —2lL1 sup |Y1(&,v) — ¢a(&,0)]

(¢w)ED.
< el ||ty — o], .

]

Then, the Picard map has a fixed point: (z,v) = v + f;o f(& (&, v))dE. For
fixed wy, ¢(z) = (2, wp) is the solution to the initial value problem (A.1), which

depends holomorphically on wy. This completes Picard proof.
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Appendix B

Proof of Frobenius Theorem

Theorem B.0.0.1 (Frobenius). Let vq,vs,...,v, be C™ wvector fields, in a vicin-
ity of 0, in R™. There exists a coordinate chart (U;y*) in a neighbourhood of 0

such that a?,i = Z;Zl a;;vj, 1=1,...,r (a;; an invertible matriz), if and only if

v1(0),v2(0), ..., v,:(0) are linearly independent and [v;,v;] = Y civa, 0,5 =1,...,7.

Proof. =: We proceed by induction on n. Case n = 1 is obvious: the l.i. set contains

one vector field v; simply set aiyl = v. Now assume the statement holds for dimensions

less than n. Choose a coordinate system y* such that v; = 6%1 (see [11]), and after
subtracting by a multiple of aiylv we may assume v; = Z?:2 aij%, 1= 2,...,T.

When y! = 0, v;’s lie in R*~!. By induction hypothesis, let’s choose our coordinates

y'(i =2,...,n) such that a;; =0 for i = 2,...,7 and j > r, when y' = 0. Now,

' T
] l l a l «a .
=0y = [Ul,w]y = E CTvay = E Cliaw 1=2,...,7 1=2,...,n.
a=2 a=2

For a fixed [ > r, applying the ODE theorem with initial conditions, this system has

a unique solution a; = 0 in a neighbourhood of 0.
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~:

[gyi’ %} =0= [Zaikvlm Zaﬂvl] =0= 3> [awvy, ajm] =0
k l

k l

= g E az‘k(vkaﬂ)vt + a;pa;vEv — ajl(vlaik)vk — A1GiV Vg

PR
= Z Z i [Vi, v + Z Z (aa(viar) — aj(viai)) vy = 0
P kol

= [op,u] = Z CiaVa-
To check for linear independence of v;’s in a neighbourhood of 0, suppose » , b;v; = 0.
by
by

Since v; =), &ika%k? we have al’b = 0. Now, detag #0=b=| ~ | =0. H

br
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Appendix C

Formulation of Statements of Taylor
and Chern

In this chapter, we formulate the theorems of Taylor and Chern, and discuss prelimi-

nary lemmas that lead to their proofs.

C.1 Taylor Formulation

Theorem C.1.0.1 (Taylor). Let M be a 2-D Riemannian manifold with metric g =
E(x,y)dz? + 2F (x,y)dzdy + G(z,y)dy*. Suppose E, F, and G are C* functions of
their arguments. Then in a vicinity of a point p € M, there exist C'*™° isothermal
coordinates u(z,y) and v(z,y), in which the metric takes the form g = A(u,v)(du® +
dv?), for some \ € C*°.

The following lemmas are needed to construct the proof.

Lemma C.1.0.1. On a 2-D Riemannian Manifold with metric g = E(x,y)dz* +
2F (x,y)dxdy + G(z,y)dy?, in a vicinity of a point p, suppose there exists local co-
ordinate transformation (z,y) — (u(x,y),v(z,y)) such that \(u,v)(du® + dv?) =
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E(x,y)dz? + 2F (z,y)dzdy + G(x,y)dy?. Then, the following equations hold:

1

Uy = W(Evy — F’Ux>

(C.1)
1

Uy = \/W(Fvy - G?}x)

Vg = ! (Fu Eu )

[ I x Y
\/EGl— F? ©2)

Uy = W(GUI — Fuy)

Proof. With the law of transformation of g between local coordinates {:C’@} and

i 1. B8 (@) Bmfa) ax{a)
{xz(/g)} gl‘/j/ - gz‘7 %(%T, we have

(8)
ar (M O\ 4 (B F)
0 A F G

VEG — F?
)\ Y

AT E F e % 0 _ 1 Evy — Fv, Fu, — Fu,
F G 0 % VEG — F2 \ Fv, — Gv, Gu, — Fu,

and we have our sets of equations. Note A is the Jacobian matrix of transformation

N (det A)? = EG — F? = det A =

whose determinant has to be positive (to preserve orientation). O

Denote z == u', y = u? and g1 = E, gio = go1 = F, go» = G; and detg =
EG — F?. Introducing the operator A:

1 0 5 00
Ap= ———2 Vet gg* 22 ).
¢ \/detgauﬂ( det g9 8uk>

Lemma C.1.0.2. Suppose u and v satisfy equations (C.1) and (C.2); and E, G, F
€ C?. Then, Au= Av =0.
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Proof.

0*u 0%u 9, 1 9, 1
dxdy  Oydr 0= Ox L/detg (Foy - va)} oy L/detg (B - F%)} =0

S ¢ -F = Av = L 0 ! (FU —Gv) —l——l 2
g Cdetg \—F E - VdetgOx |detg' Y ¢ Vdet g Oy

[ dletg (v, - va)].

So we have ( — /det g) Av =0 = Av = 0. Similar calculation shows Au = 0. O
The next lemma is to ensure the positivity of Jacobian:

Lemma C.1.0.3. Suppose u and v satisfy (C.1) and (C.2). The Jacobian of A will be
strictly positive at a point (xg, yo) if and only if V v|(x07y0) = (vz(0, Yo), vy(T0,Y0)) # 0.

Proof. Denote (z,y) == (z',z?). Then,

1 (E 2 ) 1
————(Ev, — Fu,)vy, — ————
VEG-F?" " ' VEG-F?

1 2 2
\/ﬁ (GU:E — 2FU$Uy + EUy)

= VEG — F2g%v v, > 0 if and only if Vv # 0.

det A = u,vy —uyv, = (Fvy — va)vx

]

From these lemmas, we see to construct isothermal coordinates in a vicinity of p

one has to find a function v such that
Av =0 and Vv # 0 in a vicinity of p. (C.3)

Once v is constructed, u can also be determined using equations (C.1). The existence
of v that satisfies (C.3) is discussed in Taylor.
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C.2 Chern Formulation

Definition C.2.0.1. A function f : R? D D — R is Holder continuous of order vy
(0 < v < 1) if there exists a constant K such that |f(x1) — f(x9)| < Klz1 — x2|?
V1,29 € D. Such a function is called a C" function. If, in addition, all its n'

derivatives are C7, it is called a C™™ function.

Theorem C.2.0.1 (Chern). Let M be a 2-D Riemannian manifold with the metric
g = E(x,y)dz* + 2F (z,y)dzdy + G(x,y)dy?, whose coefficients are C7. Then, in a
vicinity of a point p, there exist C1™ isothermal coordinates u(x,y) and v(x,y) in
which the metric takes the form g = \(u,v) (du2 + dv?), for some A € C".

To carry out the proof, let us denote w = u(x,y) + iv(z,y). Then, using 0, =
%(&c - z'@y) and 0; = %(036 + iay), we have:

_ Uy +u, (v — uy)

Wy

2 2
_ (C.4)
w. — Uy — Uy 3(Vy 4 uy)
2 2

Using (C.1) (to make substitution for u) we get:

2:VEG — F? = [- F+i(VEG — F? = G)|v, + (E = VEG — F2 +iF )uv,;
2WNEG—F?=[-F+i(VEG - F?+G)|v, + (E+ VEG — F? —iF)uv,.

Calculation then shows

%—a where o = E-GHul ; (C.5)
w, E+G+2VEG — F?’ '
and (using (C.4) and (C.5)) the Jacobian is
det A = uyvy — uyv, = lw,|* — |ws|* = |wz|2(1 — |a|2). (C.6)
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Now, since

) (E — G)? 4 4F?
o B2+ G?2+6EG+4(E+ G)VEG — F? — 4F?
B (F — G)* + 4F*
 (E—G)?2+4F?+8EG — 8F? + A(E + G)VEG — F?
- "y,
1+ v

where i = (F — G)? + 4F?, v =8(EG — F?) + 4(F + G)VEG — FZ; the Jacobian is
strictly positive at a point p if w,(p) # 0.

To prove the existence of isothermal coordinates, one therefore has to prove the
existence of a function w that satisfies (C.5) (with |o| < 1) such that w, # 0 in a
vicinity of p. Then we shall have g = \(w, w)dwdw = \(u, v)(du® + dv?), where

_ VEG - F?
jw:[* (1 = |o]?)

This proof is explained at length in [4].
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