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Abstract

Modeling Semi-Bounded Support Data using Non-Gaussian Hidden
Markov Models with Applications

Rim Nasfi, Ph.D.

Concordia University, 2022

With the exponential growth of data in all formats, and data categorization rapidly becom-

ing one of the most essential components of data analysis, it is crucial to research and

identify hidden patterns in order to extract valuable information that promotes accurate and

solid decision making. Because data modeling is the first stage in accomplishing any of

these tasks, its accuracy and consistency are critical for later development of a complete

data processing framework. Furthermore, an appropriate distribution selection that corre-

sponds to the nature of the data is a particularly interesting subject of research. Hidden

Markov Models (HMMs) are some of the most impressively powerful probabilistic mod-

els, which have recently made a big resurgence in the machine learning industry, despite

having been recognized for decades. Their ever-increasing application in a variety of crit-

ical practical settings to model varied and heterogeneous data (image, video, audio, time

series, etc.) is the subject of countless extensions. Equally prevalent, finite mixture models

are a potent tool for modeling heterogeneous data of various natures.

The over-use of Gaussian mixture models for data modeling in the literature is one

of the main driving forces for this thesis. This work focuses on modeling positive vec-

tors, which naturally occur in a variety of real-life applications, by proposing novel HMMs

extensions using the Inverted Dirichlet, the Generalized Inverted Dirichlet and the Beta-

Liouville mixture models as emission probabilities. These extensions are motivated by
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the proven capacity of these mixtures to deal with positive vectors and overcome mixture

models’ impotence to account for any ordering or temporal limitations relative to the infor-

mation. We utilize the aforementioned distributions to derive several theoretical approaches

for learning and deploying Hidden Markov Models in real-world settings. Further, we study

online learning of parameters and explore the integration of a feature selection methodol-

ogy. Extensive experimentation on highly challenging applications ranging from image

categorization, video categorization, indoor occupancy estimation and Natural Language

Processing, reveals scenarios in which such models are appropriate to apply, and proves

their effectiveness compared to the extensively used Gaussian-based models.
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Chapter 1

Introduction

Artificial intelligence, data processing, and machine learning advancements have ushered

in a new era of automation where machines match or outperform human performance in

a variety of work activities involving cognitive talents. This was made possible thanks to

computer vision, natural language processing, unsupervised learning and many other arti-

ficial intelligence domains. When deciphering the human cognitive system, we understand

that it is endowed with one unique and powerful aspect: the ability to speculate, i.e., synthe-

size and process events and objects that are not necessarily linked to the current observed

reality. Humans manipulate what they perceive and plan their actions or expect imminent

events based on a very intuitive and complex procedure. They can examine hypotheses

about the dynamics of the world, as well as understand facts and predict actions in the

absence of explicit help or supervision (guessing weather conditions, analyzing facial ex-

pressions, etc.). Exploiting data to achieve engineering goals like these, is the essence of

machine learning.

Machine learning models are divided into two main categories, discriminative and genera-

tive. Particularly used for supervised learning, discriminative models learn the boundaries

between classes in a data set. They create instances using probability estimates and maxi-

mum likelihood without generating new data points. Separating one class from another is
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the ultimate goal of discriminative models. This category includes models such as logistic

regression, Support Vector Machines (SVM), neural networks and random forests. In this

thesis, we focus on the second category which is generative models.

Generative models are considered to be one of the machine learning methods that aspire to

empower machines with the fundamental capacity to examine objects, events or observa-

tions and speculate the upcoming aftermath. Drawing an analogy with the human cognitive

system, generative models would constantly absorb perceptual data (images, sounds, etc.)

and use its features to be trained and learn how it would be to draw reasoning from a com-

bination of data features, depending on the assigned task, e.g., classification, clustering,

prediction, etc. Furthermore, there is a great need to develop systems that can handle un-

certainty and missing or incomplete data as well as undertake predictions to fill in these

informational gaps.

A generative model produces the sequence of future observable events conditioned

upon previously occurred observable events: p(Obst:T |Obs1:t). Thus, if we have a sys-

tem with variables Obs1, ..., ObsT , a system could be specified through a joint probability

distribution over all significant variables within it p(Obs1, ..., ObsT ) [131]. Given a proba-

bility distribution, we are able to generate samples of various configurations of the system,

thereby the latter is referred to as a generative probabilistic model [131]. Hidden Markov

Models (HMMs) [203, 204], mixture models and Bayesian networks are among the most

exploited generative probabilistic models in pattern recognition and event prediction [31].

These models rely on their capacity to identify conditional independencies between vari-

ables. In order to specify the prior knowledge needed for their structure, along with a para-

metric specification of prior distributions, observations are later combined with this prior

knowledge to grant efficient model training. Thanks to the progress that they have brought

to the machine learning field, generative probabilistic models have been extensively used

to model a wide variety of data efficiently (text, image, video, audio, time series, etc.)
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[60, 195, 95]. The majority of probabilistic models fall into the generative category by

modeling how the data have been generated via distributions. The Gaussian distribution is

the most commonly used in the literature. Notwithstanding, this type of distribution is not

well adapted to semi-bounded data. A better practice is to choose the distributions depend-

ing on the nature of the processed data. In this thesis, we focus on Hidden Markov Models

as the main used generative model.

1.1 Hidden Markov Models

1.1.1 Related Work

Hidden Markov Models have proven to be very useful in a huge variety of applications

in machine learning. They are one of the most powerful tools to conduct prediction and

pattern recognition tasks. Used for decades and adopted for their predictive aspect, HMMs

are still in a state of development. HMMs have been introduced in their full generality

in 1966 when Baum et al. [19] developed and investigated a maximum likelihood (ML)

method in order to estimate HMM parameters of a training observation sequence. Earlier

in 1948, an opening to this reasoning axis was discovered by Shannon when he developed

a model for the English language, referred to as a Markov Source [225].

HMMs have long been referred to as dynamic probabilistic methods and have, till date,

been used in numerous applications such as signature verification [138, 193, 18], speech

processing [204, 203], anomaly detection [79], as well as in various pattern recognition

tasks such as gesture and texture recognition [4, 201, 81]. The highly influential tutorial by

Rabiner [204], based on tutorials by Jack Ferguson in the 1960s, pioneered in presenting

the idea of the three fundamental problems to be considered when characterizing a hidden

Markov model. These problems, as well as the complete structure of HMMs presented in

[204], will be thoroughly explained later in this thesis. Various forms of extensions have
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been tested to model diversified and heterogeneous data (image, video, audio, time series)

in numerous important practical situations. Although their common structure and flow of

steps seem to be quite standardized and usually performed in the same fashion, numerous

experiments have been carried out contributing to new adaptations and extensions. The

former has been driven by multiple aspects such as the need to raise the ability of a system

to manipulate different forms of data and to simplify the task of modeling time series in

order to embed randomness in the temporal nonstationary, spatially variable, but regular,

learnable patterns of real-life events [250]. Figure 1 illustrates an example of an HMM-

based decision system in the context of automated cars.

Figure 1: HMM-based decision system for automated cars

The use of HMMs in speech processing has been very extensive due to the convenience
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of handling one-dimensional data [136]. In [106], authors develop an HMM extension

suited for complex large vocabulary speech recognition tasks. This applies to broadcast

news transcription and large portions of dictation speeches. The work in [106] introduced

the outcomes of the potential dynamic Bayesian Networks use as well as the integration

of single Gaussian diagonal covariance into the traditional HMM framework. The devel-

oped approach allowed the automated training of the model and ensured an improved noise

compensation and multi-pass system combination thanks to covariance modelling and fea-

ture projection. Research using the same models with different techniques proceeded in

the scope of speech recognition to get a hold of the psychological aspect by focusing on

emotions related to speech syntheses [187, 220, 168]. In their work, Mao et al. [168]

investigated three different HMM extensions, namely Gaussian mixture model (GMM)

based HMMs, the subspace-based Gaussian mixture model-based HMMs and the hybrid

deep neural network HMMs. They proved that these extensions of hidden Markov models

are among the most powerful tools to be used in speech emotion recognition by incorpo-

rating various advanced techniques from the automatic speech recognition field to further

enhance state-of-the-art accuracies.

1.1.2 Model Specification

Hidden Markov Models are described according to Rabiner [204], as: "A doubly stochas-

tic process with an underlying stochastic process that is hidden and can only be observed

through another set of stochastic processes that produce the sequence of observed sym-

bols". To put it differently, an HMM is a learnable random process characterized by double

random processes that have the following properties: The first is a finite set of unknown

states (events). Each of these states is represented by a probability distribution. The transi-

tions between them obey a set of probabilities called transition probabilities. The second is

a set of observable states (events) that are analyzed in order to determine the hidden ones
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that have emitted them. These models are a generalization of mixture models [111, 31].

In fact, the probability density functions over all observable states which are defined by

an HMM are considered as a mixture of densities defined by each state. With HMMs, we

are aiming to represent probability distributions over sequences of observations, with the

assumption that the observations are discrete. An observation at time t is denoted by the

variable OT .

Two main properties delineate the hidden Markov model. First, it assumes that the obser-

vation at time t was generated by some process whose state qt is hidden from the observer.

Second, it assumes that the state of this hidden process satisfies the Markov property; that

is, given the value of qt−1; the current state qt is independent of all the states prior to t− 1.

The task of the learning algorithm is to find the best set of state transitions and emission

probabilities between the states of the model. Therefore, an output sequence or a set of

these sequences is given.

A HMM is characterized by an ordered observation sequence O = {O1, ..., OT} generated

by hidden states H = {h1, ..., hT};hj ∈ [1, K] where K is the number of the states, we

have:

A transition probabilities matrix: B = {Bij = P (ht = j|ht−1 = j′)} and the emission

probabilities matrix (Continuous case): C = {Cij = P (mt = i|ht = j)}; i ∈ [1,M ] where

M is the number of mixture components associated with state j (which can be assumed to

be the same for all states without loss of generality). We define the intial probability: πj

which is the probability to start the observation sequence from the state j.

We denote an HMM as λ = {B,C, ϕ, π} where ϕ is the set of mixture parameters depend-

ing on the chosen type of mixture.
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1.2 Mixture Models

Although HMMs were mainly developed for discrete and Gaussian data [204], the diversity

of applications in contexts and domains such as anomaly detection, diseases diagnosis and

dynamic forecasting, increased the necessity of modifying the underlying HMM algorithm

so that it efficiently suits those new data types [221]. From this perspective, proportional

data modeling has been a study focus in [53] which used Dirichlet mixtures as emission

probabilities for the first time, applied in synthetic proportional data, which has been ex-

tended in [81] afterwards and applied to real-world data. Later on, Epaillard et al. [79]

adapted HMMs to embed separately the Beta-Liouville distribution as well as the gener-

alized Dirichlet mixtures as emission probabilities. Further, [8] extended this work using

variational inference on the aforementioned distributions.

While HMMs are considered a powerful, extensively used probabilistic tool, mixture

models have been in their turn equally used, thanks to their ability to accurately represent

multimodal data that a single distribution cannot. In fact, almost all natural distributions

like audio and image datasets are multimodal. Therefore, in order to overcome the model-

ing limitation of most unimodal closed-form densities, the latter is replaced with a mixture

over densities with distinct parameters. Mixture models have demonstrated a strong mod-

eling capacity in numerous applications such as discrete data clustering [37], objects and

text categorization [166, 36], image color analysis [52], etc.

Despite the widespread use of the Gaussian mixture models due to their mathematical

convenience [128, 102], researchers lean towards using various other distributions. This

choice is often due to the unrealistic description that GMM sometimes provides of specific

types of data which can not be symmetric in all cases, not to mention the unbounded support

that might not as well be accurate to describe all data natures. This idea has been discussed

in [39], and, as an alternative, the Generalized Dirichlet mixture models [55, 242] have

been adopted mainly for their compact support [0,1] suitable for data originating from
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videos, images or texts, and also relying on its flexibility in the approximation of both

symmetric and asymmetric distributions. Similarly, [24] adopted, for the first time, the

Inverted Dirichlet (ID) mixture for positive vector clustering motivated by the significant

flexibility of this distribution which permits multiple symmetric and asymmetric modes.

The ID distribution does not only grant higher convenience in the modeling of previously

stated types of data, but it also shows in the aforementioned work greater capabilities in

modeling both symmetric and asymmetric high-dimensional data [234]. Thus, GD and ID

mixture models proved that they can outperform the GMM by discovering more efficiently

useful patterns [24, 53]. In this thesis, we focus on investigating mainly 3 distributions,

i.e. the Inverted Dirichlet, the Generalized Inverted Dirichlet (GID) and the Inverted Beta

Liouville (IBL).

1.3 Contributions

This thesis aims to propose several novel approaches and extensions of the widely used

HMM. Each of these approaches is finely tuned to handle the semi-bounded nature of

our data and provide better modeling capacities when dealing with positive vectors. We

also pay particular attention to several aspects such as feature selection and the nature of

learning. The overall contributions of this thesis are as follows

• In Chapter 2, we propose a novel method using inverted Dirichlet mixtures to model

HMM emission probabilities, which to the extent of our knowledge, is the first inte-

gration of this powerful distribution to HMMs framework. This extension is moti-

vated by the capacity of inverted Dirichlet mixtures to deal with positive vectors, and

overcome any limitations when adopting a Gaussian mixture. We detail the complete

inference and parameter estimation and showcase the performance of this method
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through applications in the context of image categorization, but also in a study case

of indoor occupancy detection. This work is also publicly available as:

Nasfi, Rim, Manar Amayri, and Nizar Bouguila. "A novel approach for modeling

positive vectors with inverted Dirichlet-based hidden Markov models." Knowledge-

Based Systems 192 (2020): 105335. [178].

• In Chapter 3, we explore, as a first-time experiment in state of the art to the best of

our knowledge, the use of Generalized Inverted Dirichlet mixtures as HMM emission

probabilities to further push the modeling capabilities when working with positive

vectors. We also propose the complete integration framework of embedded feature

selection into HMMs. Applications in fields such as facial expression recognition

and scenes categorization are explored and comparable to high-performance results

are presented. This research has also been published as:

Nasfi, Rim, and Nizar Bouguila. "A novel feature selection method using generalized

inverted Dirichlet-based HMMs for image categorization." International Journal of

Machine Learning and Cybernetics (2022): 1-17. [180].

• In Chapter 4, we investigate the use of Inverted Beta-Liouville mixtures as HMM

emission probabilities along with an embedded online parameter estimation setting

to tackle the problem of anomaly detection in crowd scenes. This work has been

accepted as a book chapter in the upcoming volume entitled Hidden Markov Mod-

els and Applications to be published in the book series Unsupervised and Semi-

Supervised Learning, Springer, under the title "Online learning of Inverted Beta-

Liouville HMMs for Anomaly Detection in Crowd Scenes" [181].

• In Chapter 5, we further improve the recognition capacities of the aforementioned

models by considering hybrid generative-discriminative approaches for each of the

studied distributions. We conduct validations on different applications ranging from
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indoor activity recognition to sentiment analysis. This work has been submitted for

publication in the form of two conference papers under the titles:

m Indoor Activity Recognition Using a Hybrid Generative-Discriminative Ap-

proach with Hidden Markov Models and Support Vector Machines [179] (Ac-

cepted)

m Sentiment Analysis from User Reviews Using a Hybrid Generative-

Discriminative HMM-SVM Approach [182]

• Finally a general conclusion closes this thesis and discusses future work propositions

in Chapter 6.
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Chapter 2

A Novel Approach for Modeling Positive

Vectors with Inverted Dirichlet-Based

Hidden Markov Models

Hidden Markov Models (HMMs) are among the most remarkably powerful probabilistic

models, that although been acknowledged for decades have recently made a huge resur-

gence in the machine learning field. Their ever-growing use to model diversified and het-

erogeneous data (image,video, audio, time series) in numerous important practical situa-

tions is the subject of all forms of perpetual extensions. This work presents what we believe

to be the first integration of the Inverted Dirichlet (ID) Mixture Models into the framework

of HMMs. The proposed method uses the inverted Dirichlet mixtures to model the emission

probabilities also known as observation probabilities. This extension (IDHMM), is moti-

vated by the proven capacity of these mixtures to deal with positive vectors and overcome

mixture models’ capability to take into account any ordering or temporal constraints rela-

tive to information. The complete inference and parameter estimation are detailed in this

work. Applications in the context of image categorization and indoor occupancy detection
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demonstrate higher performance compared to the extensively used Gaussian mixture-based

Hidden Markov Model (GHMM) and the Dirichlet mixture-based hidden Markov Model

(DHMM).

2.1 Introduction

HMMs are powerful versatile statistical models that have proven to be not only useful but

also efficient in various machine learning-based applications. They were introduced in

their full generality in 1966 when Baum et al. [20] developed and investigated a maximum

likelihood (ML) method, in order to estimate HMM parameters of a training observation

sequence. Earlier in 1948, an opening to this reasoning axis was discovered by Shannon

when he developed a model for the English language, it was referred to as a Markov Source

[225]. HMMs have long been referred to as dynamic probabilistic methods and have, till

date, been used in numerous applications such as signature verification [138, 193, 18],

speech processing [203], anomaly detection [79], as well as in various pattern recognition

tasks such as gesture and texture recognition [4, 201, 81]. Recently, it has also started to

be used for occupancy estimation for smart buildings [5, 12].

The whole idea behind the use of HMMs is that these models showed real cogency in deal-

ing with characterizing real-world signals as they are capable of modeling different types

and natures of data, namely discrete and continuous. Above all, they have been proved to be

very efficient when dealing with non-observable or missing data by providing a great deal

of information without having the physical event, hence helping interpret and predict sce-

narios prior to their occurrence and disclosing latent variables that direct observations could

not reveal. A few works attempted to bring some improvements in the HMM structure by

mending and tuning the initialization process with regard to compactness and parameter

settings [150, 29]. For its part, the training process of HMMs maintains the same standard-

ized form. However, the choice of emission probability distribution functions is still not
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a common discussion topic since it’s usually Gaussian Mixture Models (GMMs) that are

adopted by default [29, 54], and the motive behind their use is often left without strong jus-

tifications given their mathematical and practical convenience. However, this easing aspect

is potentially insufficient to achieve the best results, particularly because of the unrealistic

description that GMM sometimes provides of specific types of data which can not be sym-

metric in all cases, not to mention the unbounded support that might not as well be accurate

to describe all data natures. This idea has been discussed in [39], and as an alternative, the

Dirichlet Mixture Model (DMM) has been adopted mainly for its compact support [0,1]

suitable for data originating from videos, images or texts, and also relies on its flexibility

in the approximation of both symmetric and asymmetric distributions. Thus, DMM proved

that it can outperform the GMM by discovering more efficiently useful patterns [24, 53].

In this paper, we are focusing on the modeling and clustering of different forms of posi-

tive vectors, and we are seeking flexibility in the modeling of this type of data. Therefore,

in the present paper, we propose to explore and evaluate the performance of HMMs by

setting Inverted Dirichlet (ID) as emission probability distribution and comparing them

to the Gaussian-based HMMs. As a matter of fact, since their early appearance, HMMs

suffered several drawbacks such as their limitation to fit numerous applications. For exam-

ple, the first-order Markov Property is specifically limiting in the context of speech recog-

nition in view of the fact that sound dependencies sometimes do extend through several

states. Therefore, despite their strong adaptivity to a large range of real-life applications,

researchers continuously attempted to improve the structure of HMMs, namely for dynami-

cal non-gaussian systems. The latter requires non-gaussian emission probabilities and thus

a major modification of the HMM structure mainly in terms of parameter estimation by

finding a tractable solution to the inference problem.

As a matter of fact, being confronted with various types of information such as voice,
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music, images, videos, etc. is a real challenge in terms of sequence prediction and pat-

tern recognition. In practical terms, the previously mentioned types of information are

rigorously tied to the temporal ordering aspect that defines their nature (For example voice

sequences depend strictly on a given order of sequence). HMMs can explicitly handle the

states’ ordering sequence and provide a suitable solution for the automatic recognition of

temporal events (activity recognition, signature verification, etc.). Therefore, these models

are used in this work to improve the recognition process along with a powerful distribu-

tion which is the Inverted Dirichlet distribution that previously proved its effectiveness to

handle positive vectors. The latter is the main focus of our work. We aim to show that the

combination of HMMs and ID can provide us with better results when it comes to handling

positive data under temporal constraints.

To the best of our knowledge, the integration of the inverted Dirichlet distribution into

the HMM framework is unprecedented. This choice is driven by the flexibility of the in-

verted Dirichlet distribution which permits a high modeling capability when dealing with

positive vectors as well as multiple symmetric and asymmetric modes. Moreover, when

dealing with positive data vectors, which is the case of extracted visual features in many

computer vision applications, ID distribution demonstrated huge flexibility and outper-

formed the Gaussian mixture [26]. As part of this study, we concentrate on the learn-

ing process of the model not only in terms of understanding the relationship between the

model’s performance and the number of both states and mixture components but also in

terms of how to estimate and adjust the model parameters to best suit a specific observa-

tion sequence. Indeed, the number of components has its share of effect on the modeling

accuracy. To handle this problem and tackle the parameter estimation task, a Maximum

Likelihood approach is adopted using the traditional Expectation-Maximization (EM) [63]

framework.

To outline the major contributions of this work, we cite: First, we put forward a complete
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derivation of the equations for the integration of the Inverted Dirichlet mixture into the

HMM framework. Second, we apply this new framework to four different scenarios re-

lated to image categorization and real case occupancy estimation.

The paper is organized as follows: Section 2 presents the related work done exploiting

HMMs in various application contexts with a particular interest in the originality of the

model extension and the nature of used mixture models. Section 3 briefly recalls the struc-

ture and the general functioning of HMMs. In section 4 we specify the different equations

framing the proposed Inverted Dirichlet HMM (IDHMM ) model including the estima-

tion of the distribution parameters. Section 5 presents the different developed applications

as well as their respective adopted preprocessing methodologies and experimental results.

Section 6 provides the summary, conclusion and potential future research.

2.2 Related Work

Since their promotive resurgence in the famous work of Rabiner and Juang in [203],

HMMs have been the subject of many adaptations and extensions driven by multiple as-

pects such as the need to raise the ability of a system to manipulate different forms of

data, and to simplify the task of modeling time series in order to embed randomness in the

temporal nonstationary, spatially variable, but regular, learnable patterns of real-life events

[250]. The use of HMMs in speech processing has been very extensive due to the con-

venience of handling one-dimensional data. Without delay, numerous similar works have

been conducted ever since, in image classification and object recognition, always using

HMMs, varying, nevertheless, techniques and methods to refine results. One-dimensional

HMMs were even explored in face recognition even though the latter is an inherently 2-

dimensional problem. In their work, [216] used a 1-dimensional left-to-right HMM and

treated faces as 2D objects divided into two parts in a fixed succession of regions, from

each region a 1D observation sequence is obtained for the sake of the automatic extraction
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of features. The acquired vectors of pixel intensities form the different elements of the

observation sequence. A dual 1D-HMM model was put into training, and a database with

small changes in head poses and facial expressions was used. As a result, an 8-state HMM

was produced matching somehow the frequent 8 distinct regions appearing in the face im-

age, and the resulting HMM was afterward used to train another 5-state HMM where the

transitions between the states have been restricted to adjacent states. This work achieved

successful recognition results despite the minimal changes in the orientation of heads in the

database of the image. Later refinements have been then performed in [218] as a conse-

quence of the marginal results obtained in [216]. Efforts were later devoted to the purpose

of applying a truly 2-D HMM for image classification, where this type of HMM has been

used by [154] to the attempt of improving classification by context. The authors proposed

a model that considers feature vectors statistically dependent through a fundamental state

process considered to be a Markov Mesh, with transition probabilities conditioned on the

neighboring states (both horizontal and vertical) which allows the dependency in two di-

mensions to be simultaneously obvious. An EM algorithm was applied to estimate the

HMM parameters and the classification process implies that classes with maximum a pos-

teriori probability are identified jointly for all the neighboring state blocks. The work on

[154] used a Viterbi training along with a suboptimal algorithm in the quest of achieving

polynomial-time complexity. Although HMMs were mainly developed for discrete and

Gaussian data [203], diversity of applications in contexts and domains such as anomaly

detection, disease diagnosis and dynamic forecasting, increased the necessity of modifying

the underlying HMM model so that it efficiently suits those new data types [221].

By the same token, a dynamic texture rarely obeys Gaussian distributions. It could def-

initely be represented via mixed distributions (Gaussian or not), and given the convenience

of latent states in dynamic texture classification and segmentation, HMMs were put to use

in [201] where the latent variables were considered discrete but following an arbitrary
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emission probability distribution (without further specifications of the emission probability

nature). Authors proposed a model relying on the conventional Baum-Welch [19] algo-

rithm and on the assumption that a random emission probability distribution, along with

a higher-order dependency within the hidden states, will better represent the structure of a

dynamic texture and encode the appearance information of the dynamic texture with the ob-

served variables. The proposed model applied the notorious maximum-likelihood method

to serve the parameters estimation process. This work has recently been refined in [202]

using rather a multivariate HMM to model the neighboring pixels changing along the time,

based on the notion that the texture is a region property. The recent work yielded higher

classification accuracy than the traditional HMM one.

HMMs have also been approached in the goal of simultaneously modeling multiple

processes, namely in a setting governed by longitudinal data. In [10], Altman presented a

new class of models, Mixed HMMs (MHMMs) providing an application to data on lesion

counts in multiple sclerosis patients. The proposed model extends existing HMMs in such

a way that it handles data heterogeneity (different sources for data), and also allows the in-

tegration of covariates as well as the addition of random variables (in the literature random

effects) which are themselves a natural extension of these models. MHMMs provide an

efficient estimation of parameters that processes have in common and they offer flexibility

in modeling correlations given the fact that they relax the assumption that the observations

are independent given the hidden states. A real-life example is provided in [200] analyzing

data on criminal activities in Italy. Authors attempt to model different features related to

times and types of criminal activities, taking into account the effect of territorial roots in

specific Italian areas on organized crimes. Different identified levels of safety conditions

are represented as hidden states.

Equally esteemed adaptations of HMMs were fulfilled in the context of Facial Expres-

sions Recognition (FER). As early as 1993, HMMs were adopted for the first time by
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Samaria and Young [217] to solve a face identification problem, whereby they drew their

inspiration from Rabiner [204] and his seminal speech recognition work. They applied

this powerful model to extract facial features from a set of training data and use the latter

to identify a set of test images. The method used a context-dependent classifier based on

HMMs, where faces are deemed to be two-dimensional objects. The segmentation is done

by extracting statistical facial features while face images are segmented into horizontal and

statistically similar regions identified as "facial bands" [215]. Each facial band corresponds

to one state in the model, and a separate left-to-right HMM is trained for each of the 20

distinct subjects considered in the experimentation. Results showed that the HMM-based

approach had better results than other purely statistical methods. Thereupon, several exper-

iments targeting FER were conducted using HMMs, namely the work of [194], in which

authors picked a Gaussian density-based left-to-right HMM with three states to handle the

recognition task. The three states corresponded to three different expression groups: neu-

tral face, face in motion and a face in its stable state of each expression. The authors

confirmed the effectiveness of the proposed method for some expressions but not for the

entire set. Failure in handling high similarity in shape is one of the reasons for which

the model needed to be improved. Reference [243] used multi-instance HMM to capture

the temporary information in facial segments where images are segmented into labeled se-

quences (bags). Each may itself be composed of several segments regarded as instances in

the bag. The training is a multi-instance learning consisting of maximizing the conditional

likelihood of an image sequence giving its corresponding sequence level. The achieved re-

sults showed high effectiveness in sequence labeling and good frames locating multi-peaks

sequences. In the context of an interactive computer game environment, [262] made use of

Nefian et al. HMM [184] in real-time FER. The embedded HMM uses observation vectors

composed of 2-dimensional Discrete Cosine Transform (2D-DCT) coefficients to form the
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observation vectors rather than use pixel intensities. The proposed method helped to re-

duce both the training and recognition complexities of the task. Overall, none of the stated

methods have attempted to specifically adapt their HMM model to handle positive vectors

which constitute the main representation unit of images. In our work, the ID distribution is

used for the first time as the emission probability to best suit our extracted positive vectors

in the context of the FER task.

In a similar fashion, HMMs have been extensively used in the context of occupancy

detection tasks, most commonly to serve the purpose of auto-controlled ventilation, energy

management, security, and lately for sustainable green buildings. Starting from the fact

that, in an HMM, astate is not directly visible and only the outputs (environmental mani-

festations e.g. CO2 level, temperature) are, [68] attempted to exploit this statistical model

inits conventional form, to solve the problem of detecting occupancy levels whose coun-

terpart is the number of hidden states. Likewise, [5, 12, 11] have estimated occupancy in

the context of smart buildings by putting HMMs into practice. Authors in [5] assayed an

auto-regressiveHMM to determine the number of some research laboratory attendants by

analyzing the data generated from a previously deployed wireless sensors network. Results

Showed that the auto-regressive HMM is more effective than the conventional HMMalgo-

rithm, particularly with a frequent occupancy level fluctuation.

Another motive to further extend traditional HMMs is the will to efficiently model state

durations. Since HMMs are modeled based on iterations in which a change of states is

possible, there is a need to model the duration of these iterations based on the respective

state. At each iteration, an HMM has the chance either to switch or to stay in the same state.

The traditional HMMs state durations have naturally fixed geometric distributions, which,

although they sometimes represent physical reality fairly well, they tend to be utterly inad-

equate in a wide variety of applications. [101] first introduced the variable duration HMM
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whose state durations could be modeled by different types of probability distributions. Sev-

eral works were then conducted in the context and [66] introduced non-stationary HMMs

with state transition probabilities in a form of functions of time, modeling state durations

by a given probability mass function.

Always in an attempt to ensure HMMs’ best adaptivity, proportional data modeling has

been a study focus in [53] which used Dirichlet mixtures as emission probabilities for

the first time applied in synthetic proportional data, which has been extended in [81] after-

ward and applied to real-world data. Later on, [79] adapted HMMs to embed separately the

Beta-Liouville distribution as well as the generalized Dirichlet mixtures as emission proba-

bilities. Improved results have been achieved since these types of probabilities allowed the

HMM to have a more flexible covariance structure [39].

Although there have been a few, works using inverted Dirichlet for machine-learning

applications are yet valuable. Recently interesting results have been achieved in the field of

pattern recognition using this distribution in particular to model positive vectors [24, 22,

23]. The ID distribution does not only grant higher convenience in modeling the previously

stated types of data, but it also shows in the aforementioned works greater capabilities in

modeling both symmetric and asymmetric data [234]. An infinite ID mixture model has

been embedded in an accelerated variational framework proposed by [89] and used for an

FER task. The model was first proposed in [88] and improved afterward to yield better

results than the Gaussian mixture, not to mention the model’s capability of handling large

amounts of data.

2.3 Hidden Markov Models

Hidden Markov Models are described according to Ghahramani [110], as a ubiquitous

tool to model time series data. They have been used for decades in speech recognition
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systems as well as artificial intelligence and pattern recognition applications. These mod-

els are a generalization of mixture models [111]. In fact, the probability density functions

over all observable states defined by an HMM, are considered as a mixture of densities

defined by each state. With HMMs, we are aiming to represent probability distributions

over sequences of observations, with the assumption that the observations are discrete. An

observation at time t is denoted by the variable OT .

Two main properties delineate the hidden Markov model. First, it assumes that the obser-

vation at time t is generated by some process whose state ht is hidden from the observer.

Second, it assumes that the state of this hidden process satisfies the Markov property; that

is, given the value of ht−1; the current state ht is independent of all the states prior to the

time t − 1. A hidden Markov model is governed by a set of parameters that will be spec-

ified later in this paper. The task of the learning algorithm is to find the best set of state

transitions and emission probabilities between the states of the model. Therefore, an output

sequence or a set of these sequences is given.

To illustrate our model, we are first listing various HMM notations and enumerating the

upcoming used work script.

2.3.1 HMM Notations

According to [203], for giving an ordered observation sequence O = {O1, ..., OT} gener-

ated by hidden states H = {h1, ..., hT};hj ∈ [1, K] where K is the number of the states,

we have:

A transition probabilities matrix: B = {Bij = P (ht = j|ht−1 = j′)} and the emission

probabilities matrix (Continuous case): C = {Cij = P (mt = i|ht = j)}; i ∈ [1,M ] where

M is the number of mixture components associated with state j (which can be assumed to

be the same for all states without loss of generality). We define the intial probability: πj

which is the probability to start the observation sequence from the state j.
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We denote an HMM as: λ = {B,C, ϕ, π} where ϕ is the set of mixture parameters de-

pending on the chosen type of mixture.

2.3.2 Structures and underlying HMM problems:

It is worth mentioning that, for continuous observation vectors, the emission probability

distributions are often taken as Gaussian mixtures [203, 153, 15, 29].

Prediction and classification are the most achieved tasks using HMMs. The fulfillment

of these tasks is sustained by an observation sequence given a model λ computed using a

forward-backward procedure. The training problem is considered to be the most critical for

most applications of HMMs, as it allows us to optimally adapt the model parameters for real

phenomena [110]. Depending on the context of each application, the quantity that should be

optimized during the learning process differs. So there are several optimization criteria for

learning. In this paper, we focus on the Maximum Likelihood approach via Expectation-

Maximization. This problem can also be considered as one of scoring how well a given

model matches a given observation sequence. This may conduct to a choosing process

among several competing models in such a way that the solution to the problem would

be to determine the model which best matches the observations. The learning algorithm

consists of finding the best set of state transitions and emission probabilities by applying the

Baum-Welch algorithm in order to estimate the parameters that maximize the probability

of a given set of observations, (see figure 2). Finally we need to find out the most probable

sequence that generated a set of observation states as well as its mixture components. In

solving this problem, a commonly known method namely the Viterbi algorithm is used. It

allows the whole state sequence with maximum likelihood to be found [203].

To start off, the initial values of parameters as well as the number of the hidden states

related to the studied model are set apriori. Furthermore, as stated earlier, the nature of the

data fed to the model as well as the features extracted from the data, usually prompt the
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choice of the emission probability distribution which will also be selected as soon as the

data type is revealed.

Figure 2: Hidden Markov Model training procedure

2.4 ID mixture models integration into the HMM frame-

work

The main functionality of the observation of emission densities related to each hidden state

in a given HMM is approximating randomly complex probability density functions. These

emission densities had long been adopted as mixtures as an early extension of HMMs.

A finite mixture model is a linear combination of a finite number of weighted standard

distributions named mixture components and is defined by:

p(X) =
M∑
j=1

πjp(X|θj) (1)

with p(X|θj) is a mixture component with parameter θj , πj are the mixing proportions (or
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also weights), and πj ∈ [0, 1],
∑M

j=1 πj = 1. M is the number of components and is a fixed

quantity.

GHMMs are the most popular mixture-based HMMs using GMM as emission prob-

abilities in the conventional HMM structure [203]. The vast reaches of Gaussian-based

HMMs arise from the high capacity of GMMs to approach unidentified random distribu-

tions by embedding a simple and functional EM-based maximum likelihood model fitting

framework.

In our work, the primary motivation behind the choice of adopting the inverted Dirichlet

distribution as emission probabilities is the capability of this distribution to develop models

specific to positive vectors. In fact, ID mixture models are flexible and able to perform in

both symmetric and asymmetric modes.

Let a D-dimensional positive vector ~X = (X1, X2, ..., XD) follow an Inverted Dirichlet

(ID) distribution, the joint function is given by Tiao & Cuttman [233] as follows:

ID( ~X|~α) =
Γ(|~α|)∏D+1
d=1 Γ(αd)

D∏
d=1

Xαd−1
d

(
1 +

D∑
d=1

Xd

)−|~α|
(2)

where Xd > 0, d = 1, 2, ..., D, ~α = (α1, ..., αD+1) is the vector of parameters and

|~α| =
∑D+1

d=1 αd, αd > 0, d = 1, 2, ..., D + 1.

Γ(.) denotes the Gamma function defined by

Γ(x) =

∫ +∞

0

tx−1e−tdt (3)
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The mean and the variance of the inverted Dirichlet distribution are:

E(xd) =
αd

αD+1 − 1
(4)

V ar(xd) =
αd(αd + αD+1 − 1)

(αD+1 − 1)2(αD+1 − 2)
(5)

Choosing to change the type of the emission probability distribution, implies significant

modifications in the EM estimation process.

We set notations for the quantities:

γtht,mt
, p(ht,mt|x0, ...xT ) : the estimates of states and mixture components, and

ξtht,ht+1 , p(ht, ht+1|x0, ...xT ): the estimates of local states sequence given the whole ob-

servation set, the E-step leads to γtht,mt
and ξtht,ht+1 for all t ∈ [1, T ] using initial parameters

at the expectation step and the result of M-Step afterwards.

2.4.1 Maximum likelihood estimation

There have been a lot of approaches adopted for the sake of estimation of the mixture

model. Yet, the most popular among them, and which we are going to adopt here, is

the maximum likelihood estimation (MLE). MLE determines the parameters’ values that

maximize the inverted Dirichlet probability density function of each observed sample, and

for convenience, the log-likelihood is maximized instead of the likelihood.
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The M-step aims to maximize the data log-likelihood. By denoting Z as hidden vari-

ables and X as the data, we can express the data likelihood L(θ|X) = p(X|θ) by:

E(X, θ)−R(Z) =
∑
Z

p(Z|X) log(p(X,Z))−
∑
Z

p(Z|X) log(p(Z|X))

=
∑
Z

p(Z|X) log(p(X|θ))

= log(p(X|θ))
∑
Z

p(Z|X) log(p(X|θ))

= log(p(X|θ)) = L(θ|X)

(6)

with θ representing all the HMM parameters, E(X, θ) is the value of the complete-data

log-likelihood with the maximized parameters θ, and R(Z) is the log-likelihood of the

hidden data given the observations.

The expected complete-data log-likelihood is:

E(X, θ, θold) =
∑
Z

p(Z|X, θold) log(p(X,Z|θ)) (7)

In the following, we take the case of a unique observation sequence, X , then the complete-

data likelihood is expanded as

p(X,Z|θ) = p(h0)
T−1∏
t=0

p(ht+1|ht)
T∏
t=0

p(mt|ht)p(xt|ht,mt) (8)
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where the different terms of the expression are identified as:

p(X,Z|θ) = πh0

T−1∏
t=0

Bht,ht+1

T∏
t=0

Cht,mtID(xt|ht,mt) (9)

We substitute Eq.(1) into Eq.(8)[203] and take the logarithm of the expression. Using

the logarithm sum-product property the complete-data log-likelihood is expressed as:

log(p(X,Z|θ)) = log(πh0) +
T−1∑
t=0

log(Bht,ht+1) +
T∑
t=0

log(Cht,mt)

+
T∑
t=0

{
log(Γ (

D+1∑
d=1

αd))− log(
D+1∏
d=1

Γ (αd)) +
D∑
d=1

(αd log xd)

−
D∑
d=1

logXd −
D∑
d=1

αd log(1 +
D∑
d=1

Xd)

+ αD+1 log(1 +
D∑
d=1

Xd)

}
(10)

Using Eq.(9) into Eq.(6), we can write the expected complete-data log-likelihood as:

E(X, θ, θold) =
K∑
k=1

M∑
m=1

γ0
k,m log(πk) +

T∑
t=0

K∑
k=1

M∑
m=1

γtk,m log(Ck,m)+

T−1∑
t=0

K∑
i=1

K∑
j=1

ξti,j log(Bi,j) + log ID( ~X|~α) (11)

2.4.2 Update equations of HMM and ID parameters estimation

Here we maximize the expectation of the complete-data log-likelihood with respect to π,B,

and C, taking into account the constraints due to the stochastic nature of these parameters,
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on this wise, we introduce Lagrange multipliers and the resulting update equations are:

πnewk ∝
D∑
d=1

M∑
m=1

γ0,d
k,m (12)

Bnew
i,j ∝

D∑
d=1

Td−1∑
t=0

ξt,dk,k′ (13)

Cnew
k,m ∝

D∑
d=1

Td−1∑
t=0

γt,dk,m (14)

where k, k′ = {1, ..., K}, and m = {1, ...,M}.

2.4.3 Estimation of ID parameters

The most common strategy for maximum likelihood inference relies on the Expectation-

Maximization (EM) algorithm [63]. We use this algorithm to maximize log ID( ~X|~α). In

this section, we deploy the maximum likelihood estimates of the parameters of our model

and we will afterwards give the estimation algorithm. It is worthwhile to mention that the

estimation process in [24] is the first work considering and applying the inverted Dirichlet

distribution in a practical setting and for modeling positive vectors. Therefore, the estima-

tion process of the emission probabilities parameters is in itself similar to the one performed

in [24], however in our case the integration of the inverted Dirichlet distribution into the

framework of hidden Markov models is performed for the first time and its estimation rep-

resents an important step in the whole parameter estimation task implied by HMMs.

To solve this problem, we must determine the solution to ∂ log ID( ~X|~α)
∂αk,m,d

= 0, taking

into account that we are estimating each ID distribution separately, which simplifies the
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equations. We calculate the derivative with respect to αk,m,d, d = 1, ..., D we obtain:

∂ log ID( ~X|~α)

∂αk,m,d
= γtk,mΨ0(

D∑
d=1

αk,m,d)− γtk,mΨ0(αk,m,d)− log

(
xd

1 +
∑D

d=1 xd

)
(15)

where Ψ0(.) is the digamma function. The derivative with respect to αk,m,D+1 is given by

∂ log ID( ~X|~α)

∂αk,m,D+1

= γtk,mΨ0(
D∑
d=1

αk,m,D+1)− γtk,mΨ0(αk,m,D+1)− log

(
1

1 +
∑D

d=1 xd

)
(16)

There is no closed-form solution to estimate our parameters. Consequently, we will use

an iterative approach, namely the Newton-Raphson method [156]. We give the global

estimation equation for a single state:

αnew = αold −H−1G (17)

where H is the Hessian matrix associated to log ID( ~X|~α) and G is the first derivatives

vector, G =

(
∂ log ID( ~X|~α)

∂αk,m,d
, ..., ∂ log ID( ~X|~α)

∂αk,m,D+1

)T
. To calculate the Hessian of log ID( ~X|~α)

we need to calculate the second derivatives:

∂2 log ID( ~X|~α)

∂2αk,m,D
= γtk,mΨ1(

D∑
d=1

αk,m,D+1)− γtk,mΨ1(αk,m,D) (18)

∂2 log ID( ~X|~α)

∂αk,m,d1∂αk,m,d2
= γtk,mΨ1(

D∑
d=1

αk,m) (19)

where Ψ1(.) is the trigamma function.

It is noteworthy to mention that, in our context, each inverted Dirichlet distribution is esti-

mated separately by fixing k and m, which would simplify the equations.
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H = γ×



Ψ1(
∑D+1

d=1 αd)−Ψ1(α1) Ψ1(
∑D+1

d=1 αd) . . . Ψ1(
∑D+1

d=1 αd)

Ψ1(
∑D+1

d=1 αd) Ψ1(
∑D+1

d=1 αd)−Ψ1(α2) . . . Ψ1(
∑D+1

d=1 αd)

... . . . ...

Ψ1(
∑D+1

d=1 αd) . . . Ψ1(
∑D+1

d=1 αd)−Ψ1(αD+1)


(20)

In that manner we can write the Hessian H as follows:

H = D + δAAT (21)

where D = diag[−γΨ1(αD+1)] : is a diagonal matrix [74], δ = γΨ1(
∑D+1

d=1 αd), and

AT = (a1, ..., aD+1), ad = 1, d = 1, ..., D + 1.

We then have:

H−1 = D−1 + δ∗A∗
T

A∗ (22)

in such a way that D−1 can be easily computed and

A∗ =
−1

γ

(
1

Ψ1(α1)
, ...,

1

Ψ1(αD + 1)

)
(23)

δ∗ = γΨ1(
D+1∑
d=1

αd)

[
Ψ1(

D+1∑
d=1

αd)
D+1∑
d=1

1

Ψ1(αd)
− 1

]
(24)
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where γ =
∑D+1

d=1

∑T
t=1 γ

d,t is the cumulative sum to the state estimates of the

observation sequence, in the case where more than one observation sequence are available.

Once we obtainedH−1 andG, the Newton-Raphson estimation method is applied over (15)

in order to update the parameters of the inverted Dirichlet mixture.

2.4.4 Inference on hidden states

Given our IDHMM model and observed sequences, there is a combination of several

interesting inferences that could be done regarding the hidden states. As stated earlier, the

estimates of the states (γk, ξk), obtained after a forward-backward procedure [204], will

serve us in the M-Step as we need each time (iteration) to compute the data likelihood

quantity and the difference between the former and the current of each iteration of all sub-

sequent samples. The use of the forward algorithm has a huge impact on the computational

complexity of the model. Using dynamic programming, it allows storing and reusing the

results of partial computations. In fact, this algorithm permits dealing with a complexity

O = N 2T (with N the number of states and T is the length of the observation sequence)

instead of dealing with a O = N T T exponential computing complexity when adopting

the non-trivial method.

We inspire from the backward part of the Forward-Backward algorithm to develop

our EM algorithm. The estimation part starts by assigning values to the estimates. Thus,

good starting values are much needed to help us find the optimal solution in a reasonable

time. From this perspective, we chose to test a large number of initial values to avoid

falling in a poor local maximum.

As an initialization method, we combined the K-means algorithm and the method of
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moments [117]. In our IDHMM , we have K × M inverted Dirichlet components

where K is the number of groups (HMM states) in which we find M inverted Dirichlet

components. In a similar way as in [53], we are initializing the parameters in a way where

we are first discarding the temporal constraints in order to focus on each single inverted

Dirichlet distribution and finding the best transition probabilities afterward.

2.4.5 Model evaluation

To evaluate algorithm convergence, we should iterate until no or little increase in data

likelihood is observed. We, therefore, ought to consider defining a certain threshold that

has to be met, and at which the algorithm stops, and the obtained parameters values are

retained and saved for the HMM. This threshold is a predefined value that will at each

iteration be compared to the difference between the former and the current data likelihood.

The latter is maximized by the means of its lower band, it’s given by E(X, θ, θold)−R(Z):

p(Z|X) = p(h0)p(m0|h0)
T∏
t=1

p(ht|ht−1)p(mt|ht)

= p(h0)
p(m0, h0)

p(h0)

T∏
t=1

p(ht, ht−1p(mt, ht))

p(ht−1)p(ht)

(25)

We denote ηt , p(ht|−→x ). In the case of a single observation and after necessary

derivations (not stated here, see details in [53]) we have the following expression :

R(Z) =
K∑
k=1

[
η0
klog(η0

k) + ηTk log(ηTk )− 2
T∑
t=0

ηtklog(ηtk)

]

+
T∑
t=0

M∑
m=1

K∑
k=1

γtk,mlog(γtk,m) +
T−1∑
t=0

K∑
k=1

K∑
k′=0

ξti,jlog(ξti,j) (26)

If data are completely observed, a sum operator has to be added to the whole expression
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and η’s have to be computed for each sample.

The way to determine the values of initial parameters as well as choosing the num-

ber of mixture components is distinguished after going through a set of experimental trials

before landing on the most effective results. One of them is regression clustering RC

combined with EM (LinReg-EM) [257], which we adopted at first as an initialization tool

for its ability to simplify complex distributions into simpler ones by applying regression

functions to the data in order to get "K subsets" with a much simpler distribution and

therefore reduce complexity. Nonetheless, this method appeared to be much more

time-consuming when compared to K-means, not to mention its weakness when dealing

with high dimensional data where K-means applied along with the method of moments,

obviously outperformed RC.

2.5 Experimental Results

In this section, we fulfill a validation of our model, by appraising the performance of the

latter throughout different real-life contexts. The first two are, respectively, image texture

categorization and dynamic textures classification. The third application is facial expres-

sion recognition and the last application is occupancy detection related to smart building

energy management. In our applications, we opt for a random initialization for parameters

π, B and C, and we base our convergence test in conjunction with our learning algorithm,

on the variation of the data likelihood (Eq. 24), setting ε = 10(−3) 1. In the following,

recognition accuracies and recognition rates are computed to evaluate the efficiency of our

model, they designate the percentage of the correctly identified images into their natural

classes within the dataset.
1Tuned to 10−6 later on, after several experimental manipulations
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2.5.1 Image texture categorization

In the world of computer vision and image processing, the more images represent uniform

intensities, the more they tend to be easily interpreted and categorized. Nevertheless, when

dealing with images of real objects, those dealt with hardly exhibit regions of uniform in-

tensities. By way of illustration, let us consider an image of a wooden surface, it is not

uniform, but we can easily spot variations of intensities forming some repeated patterns

named visual texture. Some physical surface properties like roughness, oriented strands

and reflectance differences resulting from colour or light, may generate some sort of pat-

terns that often have a tactile quality and recall patterns that draw in some sort of spatial

dynamics. It is indeed a challenging task to let a model learn how to assimilate these tex-

tures. Therefore, we are using HMMs whose utility has been brought to light since the good

old days [199] thanks to their capabilities to unravel latent structures of textures that direct

observations could not provide. Seeing that the problem could be approached as such,

we chose to adopt one popular pattern representation approach namely the Bag-of-Words

(BoW) method, adapted by [249] for scene classification, in which Yang et al. mapped the

key points of an image into visual words. Thus, an image could be represented as a "bag of

visual words" BoVW, and more expressly, as a vector of counts of each visual word in that

image that could later serve as a feature vector in the classification task.

2.5.1.1 Adopted methodology

To apply our model and validate its performance we choose to work on highly impacting

datasets namely the UIUC and UMD natural textures images datasets, respectively [146,

248] (see Figures 3 and 4 ), and the very notorious CUReT benchmark [59]. For the first two

datasets, we choose to combine the BoVW strategy along with a SIFT [164] descriptor to

obtain our feature vectors from the images and build our texton-dictionary [137] [152]. The

images are represented as histograms over a textons dictionary. We first started by using
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dense SIFT descriptors of 6 x 6 pixels patches and descriptors are sampled every two pixels,

at scales 2i/3, i = {0, 1, 2, ...}. Next, for the encoding, we map out the extracted descriptors

to prepare the classification task that has been performed by a K-means clustering algorithm

for each image to help lower the number of features in a bag of visual words containing 60

elements.

The UIUC texture dataset is composed of 25 texture classes with 40 images per class.

Textures are viewed under significant scale and viewpoint changes. We choose to train

our model by picking I = {10, 20, 25} randomly selected images from each of the classes

as a training set. The acquired features are further vector quantized using K-means and

c resulting texton cluster centers are thus computed [71]. Each image is getting a feature

vector of dimension 8 for one pixel, each concurrent feature is inspected in the dictionary

so that the closest one is spotted and the pixel is labeled with that texton. This operation

results in a series of G histograms used to represent the image.

Figure 3: Sample images from the UIUC data set
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To illustrate how our model IDHMM is dealing with the treatment of the data, we need

to point out that we are exploring this problem in a similar manner as [199] and [81], who

both consider that an image can be modeled by a statistical process, namely HMM, with

hidden states (here we allude to pixels), that has a certain probability distribution over other

observable states neighbouring to the hidden one, and who determines that state. Accord-

ingly, we model each class of texture by an HMM considering its corresponding series of

histograms. Varying the number of states K, and mixture components M , we observe how

the model will function with respect to the K ×M product and quantify its performance

using the nearest neighbour (NN) classification. In this work, we are using a 1-Nearest

Neighbour 1-NN classifier. The main idea is to assign each image to its respective class.

Since classes are represented as histograms, we are comparing the histogram describing

each image to the centroid histograms of all classes and we are choosing only the closest to

the tested image. Thus, each image is assigned to the corresponding class. This will grant

a lower bias to this operation given the fact that we are fitting our model to the 1-Nearest

point. For two histograms Y 1 = (a1, ..ag) and Y 2 = (b1, .., bg) comparison, we use the

normalized χ2 (chi-square) distance [189] defined by:

D(Y 1,Y 2) =

∑G
g=1

[
(ag − bg)2/(ag − bg)

]
2

(27)

to measure the similarity between two discriminant histograms.
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Figure 4: Sample images from the UMD data set

The same pre-processing strategy is adopted for the UMD dataset which is composed of

1000 images of size 1280x960 pixels, also divided into 25 different classes with 40 images

in each class. It has been converted to the same resolution as the UIUC one for the sake of

results comparison.
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Figure 5: Sample images from the CUReT data set

The CUReT database is composed of 61 classes of natural physical textures taken at

different levels of illumination, acquired from different viewpoints and varying viewing

angles 5. Although each class contains 205 images, only 118 are captured at an angle

less than 60 degrees and only 92 out of these from which a region of size 200 × 200

can be successfully cropped. Therefore we are adopting a commonly used preprocessing

methodology, in a similar manner as in [132, 238, 185, 146]. 92 images from each of the

61 classes are used as our subset with a total of 92 × 61 = 5612 images are taken into

account in this study. The same preprocessing scheme is adopted with the CUReT dataset,

with only a slight change in the image description which is here done by two-dimensional

texton histograms encoding the joint distribution of all neighboring pixels respectively in a

patch of 6× 6 pixels and 10× 10 pixels.
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2.5.1.2 Results and discussion

In Fig.19 we present the confusion matrices for the UIUC dataset. For the conducted

tests on respectively 15, 20 and 25 random selected images with, every time 30 algorithm

runs, we wanted to spot any increase in the average2 recognition accuracy presented in

Fig.2.5.1.2, along with a comparison with a previously developed HMM with Gaussian

mixtures as emission probabilities, and investigate whether or not this could be attributed

to the choice of the best K and M combinations. This has been proved true when in

all of the experiments, as long as the product K ×M is verifying the following inequation

6 6 K×M 6 12, the average accuracy of recognition is identical regardless of the selected

number of images I . Average accuracies for both UIUC and UMD datasets are presented

in table 1. The IDHMM model yielded a 97.51% average recognition accuracy whereas

the DHMM nailed 95.42% and GHMM achieved 89.91%.

(a) I = 15 (b) I = 25

Figure 6: Confusion matrices for IDHMM using respectively I = 15 and I = 25 random

selected images from UIUC dataset

We can thus deduce that a convenient model tuning, particularly selecting the number

2Average accuracy from tests of 15, 20 and 25 randomly selected images from each texture.
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of states along with the number of each inverted Dirichlet mixture component per state, is

a suitable way to boost the accuracy of such task [79]. With merely equal importance,

we have also noticed that the initialization of the estimation algorithms is subject to big

in-depth experimentation to further increase the recognition performance of the proposed

model. In fact, since those models are arising from a vast transition parameter space, they

require careful training to delay their convergence. We observed that the larger the stop

parameter is, the more time is allowed for the algorithm to train and to well estimate the

HMM parameters before delivering the maximal results, and for this particular reason we

updated our threshold to ε = 10−6.
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(a) Database : UIUC

(b) Database : UMD

(c) Database : CUReT

Figure 7: Average accuracies for (a) UIUC database, (b) UMD database and (c) CUReT

database

Our IDHMM is among the rarest models based on HMMs who attempted to work on the

very challenging CUReT dataset. The latter has long been used by researchers in classifi-

cation contexts as well as image segmentation. However, taking advantage of this database
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to validate this work has been itself an achieved goal since there were no available works

using HMM that opted for this dataset. Results showed promising average accuracy for our

IDHMM. GHMM, DHMM and IDHMM nailed respectively 91.01%, 93.11% and 96.82%.

Also, compared to the results yielded in [258] and [146] on both UIUC and CUReT datasets

with respectively 97.57% and 95.22% for [258] and 95.22% for the CUReT database for

[146], our proposed method achieves state of the art accuracies with 97.51% for UIUC,

91.2% for UMD and 96.82% for CUReT. These results show the effectiveness of the pro-

posed model to handle positive vectors carried by images in the natural texture context.

This method permits a targeted interpretation of this type of data which increases the ca-

pacity of the model to focus on the positive data above all and thus shows a significant po-

tential power of the IDHMM in modeling positive vectors. Moreover, these results might

be further improved with more appropriate features and optimized parameters.

Table 1: Average recognition accuracies for different used HMMs

Method UIUC dataset UMD dataset CUReT dataset

Zhang et al. [258] 97.57% -3 95.22%

Lazebnik et al. [146] 95.54% 96.29% -4

GHMM 89.91% 77.17% 91.01%

DHMM 93.11% 90.7% 95.42%

IDHMM 97.51% 91.2% 96.82%

3,4No available record of the corresponding experimentations

2.5.2 Dynamic texture recognition

An equally challenging application is dynamic texture recognition which is an extension

of texture to the temporal domain. Dynamic textures are sequences of images moving
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containing scenes with certain stationary properties [69](candle, sea waves, foliage, etc.).

Every single image in the moving scene is represented as an array of positive numbers

that depend on the motion, shape, and pose of the scene. Dynamic or 3D images are also

subject to other properties that help define their nature. These properties are reflectance

and light distribution. Dynamic textures have been the focus of much research in the field

of computer vision to serve tasks such as texture categorization, motion classification, and

video registration [87, 105], and model-based methods are the most widely used ones to

achieve these tasks [85, 207, 202].

2.5.2.1 Adopted methodology

We are approaching the dynamic texture categorization problem by adopting a BoVW in-

spired methodology. Thus, for a given video sequence of a single dynamic texture, a class

where the video sequence belongs to will be identified. The extraction of feature descrip-

tors from the video sequences is done by applying the dense sampling approach. In fact,

in this application, we focus on describing and recognizing motions of objects such as

water, where every point is as important as any other point, which explains our choice of

applying the dense sampling over the interest point approach. To put it differently, in-

stead of selecting certain "interesting" pixels satisfying a particular selected criterion and

describe features using a descriptor, we chose to make use of the dense sampling method

where a specific video sequence is divided into regular-sized spatiotemporal volumes, each

described using a feature descriptor. Therefore, we use all extracted information without

ignoring any regions in the video. This technique has been proved to work better on image

categorization than the one based on interest points [147].

We divide video sequences into equal-sized spatiotemporal patches. We model those

patches using a Linear Dynamic System (LDS) [49] to form a feature descriptor. Once

extracted, the descriptors are clustered with a K-means algorithm to form a codebook,
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with cluster centers representing codewords in the codebook. Hence a set of histograms

of “visual words” are formed with respect to the codewords distribution in the image. For

each patch (spatiotemporal volume) an HMM is then trained. This procedure will result in:

A codebook of W codewords as a vocabulary to represent each patch and G histograms to

represent the image.

A histogram is represented as Y = [y1, y2, ..., yW ]> ∈ RW
+ . We designate a codeword w

that occurs occiw times in the ith patch, P the total number of patches and Pw the number

of patches in which the codeword w occurs at least once. We thus have the following Term

Frequency (TF) representation:

yiw =
occiw∑W
w=1 occiw

(28)

with w = 1, ...,W and i = 1, ..., P

In a similar way as in Section 2.5.1.1, a NN classification is used to quantify the per-

formance of the model, along with a χ2 distance to determine the distance between two

histograms.

2.5.2.2 Results and discussion

We choose to test the model on the DynTex dataset [198] (See figure 8). In the original

dataset, all dynamic textures are colour image sequences. In this experiment, we consider

a subset of 120 image sequences of 6 selected classes from the integrality of the dataset

without a special preference. A video sequence is first converted to grayscale intensity,

cropped into non-overlapping patches of size 20 x 20 x 25 each modeled using an LDS

of order 3. We use a randomly selected half of the dataset for the vocabulary construction

and model training and the other half for testing. The initial number of states K and mix-

ture components M is determined using a K-means clustering of the training data, with

the number of clusters varying from 2 to 25. As represented in table 2, we can see that
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whenever the number of clusters goes underneath 6 or exceeds 12 clusters the recognition

accuracy tends to decrease showing that the best results can be achieved when the product

K ×M ∈ [6, 12] with 2 being the maximum tolerated number of states. This can be re-

lated to the fact that a higher-order HMM might result in an important loss of information

between the states. Thus, as long as the number of states keeps growing, the data is scat-

tered and the model tends rapidly to lose track of pertinent information. The reduction in

recognition rates is also conspicuous when larger subsets and hence more hidden states are

added, as a result of the growing complexity of the model conducting to a more singular

training and classification procedure.

Figure 8: Sample images from the DynTex dataset

45



Table 2: The average recognition rate for different mixture models

Clusters (K = 2×M) IDHMM recognition rate DHMM recognition rate GHMM recognition rate

2 0.36 0.36 0.34

4 0.52 0.47 0.35

6 0.80 0.69 0.61

8 0.84 0.71 0.72

10 0.98 0.81 0.79

12 0.98 0.89 0.81

14 0.76 0.59 0.58

16 0.47 0.38 0.31

After 30 times run, the confusion matrices are computed and the recognition rate for

the IDHMM model is 98% with the best HMM configuration being K = 2 states and

M = 5 mixtures associated with each state. The results obtained with an IDHMM

are indubitably better than those obtained with the GHMM. In fact, the convergence of

IDHMM is faster than the GHMM model.
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Figure 9: Recognition rate fluctuation with respect to the number of states for the

IDHMM

Apart from the fixed number of states experiment (same number of hidden states for

each dynamic texture), we also investigate the impact of varying the number of states on

the recognition capacity of our model. We make use of the Jaccard similarity index (JI)

[231] to evaluate this capacity for the considered subsets. The JI is defined as follows:

Js,r =
Rs,r ∩ Ps,r
Rs,r ∪ Ps,r

(29)

withRs,r is the true class of texture r at sequence s (set of spatiotemporal patches defining

the type of the texture), and Ps,r is the predicted class of texture at sequence s. We use

the mean JI over all dynamic texture classes for all sequences, to assign the same weight to

each texture type. The mean Jaccard Index is expressed as follows:

J =

∑R
r=1 Jr
R

(30)

with Jr is the JI of each texture and r = 1, ..., R is the total number of texture types.
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We then allow the model to analyze the data by letting it iterate 30 times, with a random

number of states from 2 to 8 to be adopted each time. Table 2 shows this impact on the JI

and hence the recognition accuracy with respect to the picked number of states.

It is clear that the maximum accuracy is achieved with 2 being the maximum number

of hidden states in the HMM. Accordingly, the choice of the number of states is critical

to the model efficacy because a very large or very small picked number could drastically

affect the HMM and result in bad recognition. Therefore, choosing a fixed number of states

grants greater accuracy than a variable state HMM.

2.5.3 Facial expressions recognition

Recognizing facial expressions is firmly linked to the way we interact with other people.

It represents the most powerful medium for non-verbal communication in everyday hu-

man interaction and plays a major role in understanding people’s intentions and feelings.

Therefore, substantial efforts have been devoted to automating this recognition and using

it as a fundamental step within multiple decision-making systems. Admittedly, the task

of interpreting facial expressions might be a natural and effortless task for a human being.

However, automating this task remains a complex and challenging process. Facial Expres-

sion Recognition is applied in a wide range of contexts and is used in numerous applications

such as Human-Computer Interaction, student automatic E-learning, Behavioural Science,

psychological studies, image understanding, and synthetic face animation. Among the va-

riety of techniques and methods adopted for face recognition and FER, HMM has made a

significant impact in solving this task since the early 1990 [215]. HMMs are used to sub-

tly recognize distinct facial expressions disclosed when experiencing a particular feeling.

They offer a representation of the statistical behavior of an observable symbol sequence

by specifying the probability distribution over all hidden events that are behind the said
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sequence. Furthermore, an HMM is able to yield adequate performances in the spatiotem-

poral domain especially when it deals with an entire sequence of images describing a group

of actions taken by a person when undergoing a certain feeling. The use of HMM in FER

owes its success to the analogy between human performance when naturally processing the

recognition task and to the stochastic nature of the HMM process inasmuch as it analyses

the measurable (observable) actions in order to infer the immeasurable (hidden) feelings of

the person.

2.5.3.1 Adopted methodology

The main proceeding when applying HMMs for FER is to match image templates to a

chain of states of a doubly embedded stochastic model. In the architecture of the proposed

model presented in 10 we use a single HMM to recognize each of the different emotions

from the database. Here, for the sake of validation, we choose to apply our IDHMM on the

challenging Dollar facial expression database [67] 16.

To diminish the background influence and extract features from the whole face region

we start off the preprocessing step by cropping original face images into 110×150 pixels

and simply keep the central part of facial extraction. Then, we use a Local Binary Pattern

(LBP) descriptor [190] for feature extraction. Here, the LBP histograms are extracted from

the local facial region and used as an entity for the regional description as we choose to

extract and concatenate LBP features altogether into a single histogram. Thus, we divide

each face image into small regions of 18×21 pixels selecting the 59-bin LBP 8.2 operator.

Images will be then divided into 42 (6×7) regions and represented by the LBP histograms

with a length of 2478(59×42). The procedure is applied as in [223]. Next, to reduce

the size of the feature vectors to 128, we apply the probabilistic latent semantic analysis

(pLSA) model [124].
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Figure 10: Model architecture for Facial Expression Recognition

2.5.3.2 Results and discussion

The Dollar facial expression data set is composed of 192 image sequences carried out

by 2 subjects each expressing 6 different emotions under 2 lighting conditions. We use

three peak frames of each sequence for 6-class expression recognition (576 images: Anger,

Disgust, Fear, Joy, Sadness, and Surprise). Therefore, the characterization for the initial

instance of the proposed model involves a number of states K = 3 and a number of ID

mixture components M = 3 which we will then test during the training process. Tables 3

and 4 bring to light the obtained results. We examine the recognition rate for all expression

types combined, and also in each of the expression types separately. The general average

recognition rate has been reached after producing 40 trials on the randomly chosen sample.

It is worthwhile noting that only 10 trials using all images in each class were performed
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for each expression type separately. There is a significant shift between our IDHMM, and

both the conventional Gaussian mixture-based HMM but also the DHMM with the same

test setting and characterization.

Figure 11: Samples of facial frames from the Dollar facial expressions dataset

Table 3: Average recognition rates for different used HMMs

Method Average Recognition Rate (%)

GHMM 88.06

DHMM 94.41

IDHMM 96.11

As we can see in table 3, the average accuracy for the IDHMM accomplishes consid-

erably better values than the GHMM and DHMM (96.11% for IDHMM against 88.06%

for GHMM and 94.41% for DHMM). Again, IDHMM demonstrates that it can definitely

outperform the widely used GHMM along with the recently adopted DHMM in the context

of image processing applications mainly given the fact that we are dealing with images that

could easily be interpreted into histograms, which are nothing but positive vectors, and thus

when fed to the ID-based HMM they are interpreted in the most proper manner thanks to

the nature of this distribution.
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Table 4: Average recognition rates (percentage %) for different Expression types

Expression Type GHMM IDHMM DMM

Anger 88.17 97.15 96.06

Disgust 87.03 93.22 91.01

Fear 89.11 96.31 92.40

Joy 94.02 98.71 95.88

Sadness 92.0 95.2 92.68

Surprise 87.63 96.09 94.55

2.5.4 Estimating occupancy in an office setting

2.5.4.1 Problem statement and adopted methodology

Being a remarkable part of offices and homes automation, indoor occupancy forecasting

is a piece of very important input information when it comes to systems’ self-remoting

of multiple environmental settings such as heating, ventilation, air-conditioning (HVAC)

[73, 191] and lightening [45]. Automating these settings has proved to be very efficient

since studies showed that around one-third of energy consumed in buildings can be saved

using occupancy-based control [82, 44].

There has been an extensive focus on occupancy detection systems and their modeling

through all sorts of methodologies seeking mainly to satisfy privacy by avoiding the use of

cameras and voice recorders as much as possible as well as the high prediction accuracies

in both closed and open spaces. Pyroelectric infrared (PIR) sensors, ultrasonic sensors and

a combination of 8 occupant sound-wave detecting microphones, are all techniques used

respectively in [163, 236, 237]. There is a subtle preference recently in using environ-

mental parameters to estimate occupants’ presence indoors, namely temperature, humidity,
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pressure and CO2 concentration [11], especially since those sensors are non-intrusive and

can easily be deployed or integrated into the (HVAC) system. Furthermore, machine learn-

ing techniques such as Artificial Neural Network (ANN), Support Vector Machines, and

HMMs [45, 68, 12] have been exploited to extract features from the environmental param-

eters and have been proved efficient in constructing a relationship between those features

and the number of occupants.

In this work, we apply our IDHMM model to estimate occupancy in an office

setting and hence be the first to tackle this problem with an inverted Dirichlet-based

HMM. We perform the occupancy detection task only by exploiting low-cost non-intrusive

environmental sensors and knowledge to provide meaningful estimations.

A. Testbed

The testbed is an office in Grenoble Institute of Technology, housing four people.

Visitors often attend meetings and perform presentations in the office throughout the week.

The sensors network is composed as follows:

• A network structured by different sensors measuring luminance, CO2 concentra-

tion, relative humidity (RH), temperature, motion, power consumption, window and door

position and acoustic pressure from a microphone (or simply microphone). An EnOcean

protocol handles data sending.

• The recuperation of the data is performed continuously and the latter is stored in

a regular manner in a centralized database with a web application for retrieval.
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• 2 video cameras to record real occupancies and activities intended only for valida-

tion.

The occupancy in the office, as well as the matching environmental conditions man-

ifestations, are modeled via an HMM where the observable states are the retrieved

measurements that allow us to have certain information about the hidden states which are

represented by the number of occupants that we desire to determine. Features are attributes

from multiple sensors accumulated over a time interval and are grouped into sets forming

a feature vector. Thus, the model efficacy will be determined by the effectiveness of the

feature selection. Results presented in this work are based on a period of time Ts = 30

minutes (Ts = 1quantum).

B. Practical study

Figure 12: IDHMM structure according to the case of study
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As previously mentioned, the number of occupants has been determined beforehand us-

ing a traditional counting of attendants of the room, by means of two cameras intentionally

placed in such a way that we can spot each attendant. According to the recorded data, we

have the possibility to spot a maximum of 4 occupants {0, 1, 2, 3, 4}. This being the case,

we dispose of ground truth related to the studied data and we used it as an evaluation for

our model.

The occupancy estimation is subject to statistical reasoning implemented via our

IDHMM framework. The occupancy is considered to be a hidden state (in this case

K = 5), and the most important features chosen among the set of available features are

observations, see figure 12. Exploiting HMMs will allow a special focus on temporal

correlations between occupancy levels and environmental features. This will add to the

temporal knowledge and thus improve the prediction potential.

With regard to the choice of the considered features, we noticed that not all measure-

ments are highly effective and that some of the measurements drive the learning process to

be slow or reduce its accuracy. In fact, levels of CO2 do not rise immediately as a visitor

comes in as a result of the ventilation present in the area. This preliminary thought led to

two different ascertainments. The first one is that a quantitative measurement of the use-

fulness of features is required and has been conducted in [11] leading to a set of interesting

features to work on: {motion counting, acoustic pressure, occupancy from power}. The

second is the need to re-evaluate the nature of the used distribution to represent emission

probabilities, mainly because of the instability of some of the features, namely levels of

CO2. This experiment has been previously conducted by Amayri et al. calculating the in-

formation gain, which depends on the concept of entropy explained in detail in [11]. Whilst

the cited work used a conventional HMM, we are working to solve the same problem and

improve the obtained results by adopting our IDHMM whose emission probability dis-

tribution describes better the fluctuating nature of features taken into consideration and
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handles perfectly the positive nature of our feature vectors. The set of interesting features

to take into consideration in this work is {motion counting, acoustic pressure, occupancy

from power}

2.5.4.2 Results and discussion

We dispose of a dataset containing observations collected in a time frame of 17 days where

measurements are noted to the record every 1quantum (30 minutes). We choose to carry

out our investigation in such a way that we use the data collected on days from May 4th,

2015 to May 13th, 2015 included, to train the model and the rest of the data for testing. For

the sake of evaluating, a GHMM is also trained with the same raw data. Before running the

IDHMM model, data have been converted into normalized feature vectors for the sake

of simplifying our data, figure 13 shows the results of IDHMM where real occupancy

is compared to the estimated occupancy. The idea is that for our estimation we only used

knowledge but in terms of practical exploitation of the model, no cameras will be allowed.

The achieved results are very close to the ground truth values generated thanks to cameras

only used here in the best interest of model validation.
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Figure 13: Occupancy estimation using IDHMM

The occupancy estimation accuracy gives more information on the model efficacity

when combined with an average error rate. The latter provides us with a better perspective

as to changes in the estimated values.

Comparison results with reference to previously realized work by [11] and compared

to GHMM are presented in table 5. An average accuracy of 90.8% is achieved by the

IDHMM model with an error rate of 0.11 persons compared respectively to 83.27% and

0.29 persons for GHMM against 89% and 0.1 achieved by [11] but also instead of DHMM

with 88.16% and 0.13. These results suggest that IDHMM handles occupancy estimation

better than both methods.
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Table 5: Occupancy estimation comparison between IDHMM and GHMM

Model Accuracy Error rate

IDHMM 90.8% 0.11

GHMM 83.27% 0.29

DHMM 88.16% 0.13

Amayri et al. [11] 89% 0.1

There is no doubt that occupancy estimation without any human supervision or manual

labeling is a challenging task. An inverted Dirichlet hidden Markov model has been used

for the first time to estimate human presence in a real office context. Results showed that

the estimation accuracy is higher than a Gaussian-based HMM with a very small error rate.

Throughout all the conducted experiments we were fairly intrigued and there were some

raised questions with regard to the possibility of extending the model to predict occupancy

in an open space office, or even in a house or apartment context. Moreover, this task could

also be refined if we focus on the choice features to further enhance the model efficacity.

Therefore, a feature selection refinement could be taken into consideration for future work.

2.6 Conclusion

In this paper, we proposed a new extension of the broadly used HMMs, by adapting them

to handle positive vectors and to prove their capacity to outperform the traditionally GM-

based HMMs in various contexts of real-life applications without an obligation to perform

major modifications on their underlying conventional structure. The particular interest in

adopting inverted Dirichlet as emission probability distributions is encouraged by their

excellent capacities to easily approximate and model many shapes of data. Contrary to the

Gaussian distribution, it can be symmetric, asymmetric and skewed to either left or right
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and give a much wider margin to model data. With reference to HMMs, ID grants two

main tasks: estimation of emission probabilities and determining the appropriate number of

clusters, that is the number of the hidden states. We made sure that the derivations provided

for these models could easily be used to obtain HMMs extensions with other exponential

probability distributions. Thus, a wider range of data types would be reached by adapting

the appropriate distribution to match each data’s nature. Moreover, we have brought to

light the capacity of the ID distribution to model non-Gaussian data. The other part of this

work is the application of this new extension to the purpose of dealing with highly trending

real-life applications. Our method is indeed very efficient in categorizing images of texture,

dynamic texture and recognizing facial expressions with very high accuracy within a real-

time period without the need for high computational resources. Besides, we proved that

our method is also very effective in estimating occupancy in an office setting implemented

in the context of smart building development. Nonetheless, there are many future work

considerations that have been raised during the experimentations. In fact, the extension of

this model to the generalized ID form could help us deal with the strictly positive covariance

structure imposed by the inverted Dirichlet form. We also presume that to further enhance

the accuracy of the model training in the recognition applications, we could integrate a

feature selection approach qualified to discard irrelevant but compromising features and

thus improve the classification task.
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Chapter 3

A novel Feature Selection method using

Generalized Inverted Dirichlet-based

HMMs for image categorization

Hidden Markov Models (HMMs) have consistently been a powerful tool for performing

numerous challenging machine learning tasks such as automatic recognition. The latter

perceives all objects of the universe through information carried by their characteristics

or features. However, not all available data is always valuable for distinguishing between

the different objects, scenes, and scenarios; referring analogically to states. More often

than not, automatic recognition is accompanied by a feature selection to reduce the num-

ber of collected features to a relevant subset. Although sparse, the majority of literature

resources available on feature selection for HMMs, presuppose either a single Gaussian or

employ a Gaussian mixture model (GMM) as emission distribution. The proposed method

builds upon the feature saliency model introduced by Adams, Cogill, and Beling [3], and

is adjusted to handle complex multidimensional data by using as a novel experiment, GID

(Generalized Inverted Dirichlet) mixture models) as emission probabilities. We make use
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of an Expectation-Maximization (EM) algorithm [63] to compute maximum a posteriori

(MAP) [108] estimates for model parameters. The complete inference and parameter es-

timation of our GID-FSHMM (GID Feature Selection-based HMM) are detailed in this

work. Automatic recognition applications such as facial expression recognition and scenes

categorization demonstrate comparable to higher performance compared to the extensively

used Gaussian mixture-based HMM (GHMM), the Dirichlet-based (DHMM) and the in-

verted Dirichlet-based HMM (IDHMM) without feature selection and also when the latter

is embedded in all of the aforementioned models.

3.1 Introduction

The successful application of HMMs to a great number of areas ranging from speech recog-

nition to image categorization broke new grounds by bringing many extensions and novel-

ties not only in terms of the methods used along with HMMs to better their performance but

also in the volume and diversity of data collected for analysis using these methods. There

is no doubt that this expansion of data, types of information, and features contributed enor-

mously to refining and improving machine learning tasks and methods. Nevertheless, it

has triggered a considerable amount of problems and challenges, namely the formidable

curse of dimensionality often resulting from the manipulation of high-dimensional data.

For example, in clustering tasks, it is a widely held view that the more information, data,

and features we manipulate, the better an algorithm is expected to perform [145]. How-

ever, this is not the case in practice. Many features can be just "noise" and may cause the

finest pattern recognition and machine learning techniques to struggle as a result of irrele-

vancy and thus degrade the modelling performance [72]. Thereby, feature selection is used

to increase modelling performance since it allows eliminating noise in the data, speeding

up the models’ training and prediction, decreasing overfitting odds and most importantly

reducing the computational cost after disregarding many features. We intend by feature
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selection, the process of decreasing the number of gathered features to a relevant subset of

features and is usually used to counter the curse of dimensionality [2]. Aside from feature

extraction, which is a separate problem, feature selection determines relevant features from

a given set of features, whereas feature extraction generates new features from a given set.

Unlike feature extraction, feature selection does not come up with new features nor does it

amend the primary features.

The primary inducement for adopting feature selection strategies is their important potential

to improve modelling and generalization capabilities if performed reliably and properly [6].

Applying feature selection permits taking into consideration the significant contribution of

feature screening to the classification process. In fact, each different feature contributes

differently to the classification structure based on its degree of relevance [224, 83]. The

latter is intended to be determined to improve our models’ performance, in particular using

simultaneous feature selection and classification in the course of an unsupervised process

which is considered to be one of the most challenging problems in data mining and machine

learning. In practice, the said case implies selecting features without a priori knowledge

about data labels.

In most applications of HMM, features are pre-selected based on domain knowledge,

and the feature selection procedure is completely omitted. Usually, to train HMMs, even

in the case where feature selection is considered, features are selected traditionally. That

is, features are selected in advance either based on already available data or relying on

experts’ knowledge. These practices are the result of the scarcity of literature in terms of

unsupervised feature selection methods specific for HMMs [2] [103], not to mention the

high computational cost of wrapping methods. Despite the extensive research and investi-

gations that are made on feature selection in their general case, methods specific for HMMs

are lacking. Feature selection methods for HMMs and mixture models are seldom treated

as a joint topic. Most importantly, the use of generalized inverted Dirichlet mixtures to
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model the emission probabilities within the HMM framework together with feature selec-

tion as an embedded process is unprecedented. In this work, we propose a fully customized

feature selection methodology with a complete empirical and experimental study of Feature

Saliency embedding into the GID-based HMM.

Feature selection plays a major role in speeding the learning process and refining the

models’ interpretation. It can drastically minimize the risk of overfitting and mitigates

the effects of the curse of dimensionality [122]. Above-mentioned, the feature selection

process is embedded in the training of the HMM, which represents the main takeaway

from this research work.

Our vision of integrating feature selection in the HMM framework holds beyond the

simple procedure of solely combining state of the art feature selection methods such as

in the case of [172], where several ranking methods like Bhattacharyya distance [139],

entropy and Wilcoxon [109], have been used to reduce the number of features fed to the

HMM. As far as we are concerned, we are resolute to use the feature saliency as in [1],

thoroughly embedded in the HMM framework making only one core method ready for use

directly to treat any set of features.

The work presented in this manuscript can also be viewed intellectually at two different

levels. First, it allows the integration of the non-conventional feature selection techniques

into the framework of HMM, second, it allows the use of GID mixtures as a premiere to

model data fed to HMM specifically emission distributions.

The remainder of this paper is organized as follows: In section 2 we summarize the

previous works adopting HMMs. Then, we outline some of the applications using general

feature selection methods along with HMMs as a predictive model. In section 3, we present

our GID-FSHMM and explain all the corresponding integration steps. The subsequent

section 4 showcases real-life problems experimentation and analyses the obtained results.

Finally, the paper closes with a summary of the work and concluding remarks.
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3.2 Related work

3.2.1 Hidden Markov Models

In this section, we recall a handful of background information on HMMs, while focusing

on previous related work using HMMs conjointly with feature selection. Hidden Markov

models are a ubiquitous tool commonly utilized to model time series data [110][116] with

applications across numerous areas. Used for decades in speech recognition [204], text

classification [140, 64], face recognition [178] and fMRI data analysis [93], HMMs repre-

sent a powerful statistical tool that have proven to be not only useful but also efficient in

various machine learning-based applications.

An HMM consists mainly of two distinct sequences of states. The first is a sequence of

hidden states modelled by a Markov chain [20], and the second is a sequence of observed

events or features related to the hidden states. The typical purpose behind using HMMs is

to represent probability distributions over sequences of observations, with the assumption

that the observations are discrete. Therefore, the hidden states sequence can be estimated

from the sequence of correlated observations. It is possible to specify an HMM by an initial

probability, a matrix of transition probabilities between the states, and a set of parameters

of the emission probability distribution which will be more focused on later in this paper.

Most importantly, an HMM is outlined by two fundamental properties. Firstly, it assumes

that an observation at time t is generated by some process whose state ht is hidden from

the observer. Second, it implied that the state of the said hidden process fulfills the Markov

property [104]; that is, given the value of ht−1, the current state ht is independent of all the

states before the time t− 1. Thus, the observed features are modelled meeting the property

of conditional independence given the state sequence. At the application level, the learning
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of parameters is simply finding the best set of state transitions and emission probabilities

amid the states of the model. Consequently, an output sequence or a set of sequences is

specified. At each time a state sequence is handled, there is a corresponding vector of ob-

servations composed of features collected from various sources. However, not all features

are likely to be useful to the model. That is why, to build a rigorous model, we ought to

remove all features that do not contribute to its usefulness, without degrading its accuracy.

3.2.2 Feature selection and its application with HMMs

Feature selection is a wide research area and many methods to reduce a given set of features

have been implemented in both supervised and unsupervised contexts [144].

Typically, feature selection techniques are present in the state of the art under three main

categories, namely, filters, wrappers, metaheuristic methods and embedded [2]. While filter

methods such as information gain [235, 149], Pearson’s correlation coefficient [113] and

variance threshold [240], treat the evaluation of all features and return a relevant subset out

of them apart from the model building process, wrapper methods tend to optimize the clas-

sifier’s performance for the most part. Wrappers, which commonly adopt either forward

selection [142], backward elimination [77] or recursive feature elimination [167, 84, 259],

identify the relevant features depending on the learning algorithm. That is, when using

wrappers, the model itself is built depending on a certain subset of features and its perfor-

mance is measured upon particular criteria. Methods relying on metaheuristic algorithms

tackle feature selection as an optimization problem. Composed but not limited to evolution-

based algorithms such as Genetic Algorithm [126], these methods obtain the optimal solu-

tion thanks to their simplicity, flexibility and their capability to avoid local optima [183].

They start their feature selection process by generating random solutions that do not require

heavy derivatives calculations and carry on an exploration phase to thoroughly investigate

search space and identify promising areas. Embedded methods namely L1 regularization
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and decision trees [115, 33] aspire to simultaneously select the features and build the model.

Although filter methods exhibit a significant low time complexity, they are usually criti-

cized for ignoring certain informative features [206]. On the other hand, metaheuristic and

wrapper-based methods evaluate the usefulness of selected features using learner’s perfor-

mance and can thus be more complex but still not very time-consuming. However, it has

been proved that other optimization algorithms, namely embedded methods, can be more

efficient given the fact that they not only improve the performance of the model but also

facilitate results analysis. Indeed, there is a significant complexity compromise when it

comes to using embedded methods, but these methods succeeded in adapting to several

types of data and can be used with the majority of machine learning models. Embedded

methods are also very useful when investigating relationships between features, which is

an arising challenge nowadays.

In particular, feature selection for HMMs is driven by a crucial need to determine which

feature to use in the model. Despite being investigated in numerous general and mixture

models-based studies [91][145], feature selection methods dedicated to HMMs are partic-

ularly limited. In fact, in the majority of applications, features are selected beforehand

based on domain knowledge, and a consonant feature selection procedure is fully lacking

[174][246]. Clearly, transformation methods such as Principal Component Analysis (PCA)

and Independent Component Analysis (ICA) do reduce the number of features in the model

and for this same reason, they have been integrated into HMMs in [17, 261]. However, the

mentioned methods do not really act as feature selection techniques as they are not able to

eliminate data streams, and hence they merely are considered feature extraction techniques.

Embedded or integrated feature selection approaches, which are the main focus in this

manuscript, ought to consider the whole set of features at once. These features serve as

an input to the maximizing learning algorithm that is deployed to optimize the models’

performance. As an output, the reduced set of features, as well as the models’ parameters,
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are generated. Hence, an embedded feature selection method is identified as a simultane-

ous selection of features and model construction. This combines both the wrappers and

filters advantages of respectively selecting feature subsets concerning a specific learning

algorithm and the computational efficiency [1]. As previously indicated, one of the embed-

ded methods for feature selection is the classification and regression trees [176]. The latter

applies a recursive splitting of the feature space to generate a classification model. Features

identified as the ones being involved in improving the model will exclusively be included in

the learning algorithm. In contrast to the mixture models, context [90, 145, 42], literature

about feature selection integration into the HMM framework is somewhat narrow. Nearly

all HMM-based adaptations of feature selection were based on what is also known as the

concept of feature saliency, which has been defined by [145] as a metric associated with a

given feature, that is the probability that the said feature is relevant. Zhu et al. [263] are

among the first to use a jointly embedded estimation and feature selection method, where

they apply a variational Bayesian framework to the end of salient features inference. They

use the implemented method to simultaneously infer the number of hidden states as well

as the models’ parameters. The adopted approach showed interesting results, however, the

use of the variational Bayesian sometimes manifested a significant underestimation of the

variance for the approximate distribution. Adams et al. [1] put forward a feature saliency

model using hidden Markov models. The main idea is to use feature saliency variables to

represent the probability that a given feature is relevant, by drawing a distinction between

state-dependent and state-independent distributions. The said model operates in the case

where the number of hidden states is known. For the matter, it provides a maximum a

posteriori based estimation that selects the most relevant features using an Expectation-

Maximization (EM) algorithm. This approach takes advantage of the already specified

number of states to provide maximum a posteriori estimates and save the most relevant

features by applying an Expectation-Maximization algorithm [63]. Moreover, Zheng et al.
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[260] adopted a strategy that combines a hidden Markov model, a localized feature saliency

measure, and two t-Student distributions for the purpose of distinguishing between relevant

and non-relevant features. This strategy made it possible to accurately model emission pa-

rameters for each hidden state. Similarly to [263], the parameter estimation was operated

using a variational Bayes framework. More recently, Fons et al. [103] incorporated Adams’

feature saliency HMM (FSHMM) [3] into a dynamic asset allocation system. The authors

applied their HMM-based feature selection method to train their systematic trading system

by testing its performance on real-life data. It showed that even without a financial expert’s

involvement, the results reached a decent accuracy allowing the model to objectively con-

tribute to portfolio construction and to prevent biases in the feature selection process. From

their side, authors in [47] proposed a feature selection algorithm embedded in an HMM

applied to gene expression time-course data, and they succeeded in reducing the feature

domain by up to 90% leaving only a few but relevant features. The notable drawback

of the mentioned work is that features deemed as irrelevant are eliminated and hence can

drastically affect the models’ accuracy in the case the aforementioned features seem to be

relevant after treatment.

There is indubitably a significant challenge when analyzing dense data, that is dealing

with the saliency parameters besides those imperative for the model itself. As a conse-

quence, the parameter estimation can sometimes be a sensitive task, not to mention the

huge impact that the number of needed hidden states has on the said estimation. For this

particular reason, we need to adapt the model in a way that it can handle the modelling of

the data using a lower number of parameters to come up with the most relevant features

from the candidate sets.
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3.3 The proposed GID-FSHMM model

3.3.1 Feature selection integration in Hidden Markov Model

In this section, we start by presenting the Hidden Markov Model and we recall the feature

saliency concept that we will embed in the HMM. Then, we

3.3.1.1 The Hidden Markov Model

We consider a HMM with continuous emissions and K states. We put y = {y0, y1, ..., yT}

the sequence of observed data with yt ∈ RL, where T designates the time factor and L is

the number of features. The observation for the l-th feature at time t, which is represented

by the the l-th component of yt, is denoted by ylt.

Let x = {x0, x1, ..., xT} be the sequence of hidden data. The transition matrix of the

Markov chain associated to this sequence is denoted as B = {bij = P (xt = j|xt−1 = i)}

and π is the initial state probability. Thus the complete data likelihood can be expressed as:

p(x, y|Λ) = πx0cx0(y0)
T∏
t=1

bxt−1,xtcxt(yt) (31)

where Λ is the set of model parameters, and cxt(yt) is the emission probability given state

xt. In our feature selection hidden Markov model (FSHMM) we apply a feature saliency

approach over the emission probability distribution in order to select the relevant features

and to estimate our parameters[145]

The graphical model of the GID Hidden Markov Model can be seen in figure 14.

3.3.1.2 Feature saliency-based Hidden Markov Model

The feature-saliency based HMM measures the relevancy of a certain feature as follows;

if the latter’s distribution is dependent on the underlying state, the feature is believed to

be relevant. In the case where its distribution is independent of the state, the feature is
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Figure 14: The Hidden Markov Model: Grey squares represent latent variable, pink circles
are observations, and blue circles represent model parameters where α and β are GID
parameters.

considered irrelevant [1].

Thus, we put a set of binary variables z = {z1, ..., zL} indicating the relevancy of features,

that is z1 = 1 if the l-th feature is relevant and z1 = 0 if it’s irrelevant. The feature saliency

ρl is the probability that the l-th feature is relevant.

In this work we assume that all features are conditionally independent given the state.

Hence, the conditional distribution of yt given z and x can be written as follows:

p(y|z, xt = i,Λ) =
L∏
l=1

r(ylt|θil)zlq(ylt|λl)1−zl (32)

where r(ylt|θil) is the conditional feature distribution for the l-th feature with state-

dependent parameters θil which later will be detailed with depending on the adopted type

of mixture, and q(ylt|λl) is the state independent feature distribution with parameters λl.

Λ = {θ, ρ, λ} is the set of all our FSHMM model parameters. The marginal probability of

z is:

p(z|Λ) =
L∏
l=1

ρzll (1− ρl)1−zl (33)
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The joint distribution of yt and z given x can be expressed as:

p(yt, z|xt = i,Λ) =
L∏
l=1

[ρlr(ylt|θil)]zl [(1− ρl)q(ylt|λl)]1−zl (34)

The marginal distribution for yt given x over all values of z is:

cxt(yt) = p(yt|xt = i,Λ)

=
L∏
l=1

(
ρlr(ylt|θil) + (1− ρl)q(ylt|λl)

) (35)

The complete data likelihood of the FSHMM can thus be written as:

p(x, y, z|Λ) = πx0p(y0, z|x0,Λ)
T∏
t=1

bxt−1,xtp(yt, z|xt,Λ) (36)

The form of q(.|.) indicates our prior knowledge about the distribution of the non-salient

features. We put q(.|.) and r(.|.) to follow an inverted generalized Dirichlet distribution, as

this can lead to better results for the reasons explained earlier in this paper.

In this work, the state-dependent and the state-independent distributions are assumed

to be GID mixtures. Accordingly, the set of model parameters for the GID-FSHMM is

Λ = {π,B, α, β, ρ, λ}. Figure 15 shows the feature saliency GID-based HMM.

3.3.2 GID mixtures and integration into the FSHMM framework

3.3.2.1 Generalized Inverted Dirichlet

The choice of GID is backed by the several interesting mathematical properties that this dis-

tribution has. These properties allow for a representation of GID samples in a transformed

space where features are independent and follow inverted Beta distributions. Adopting this
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Figure 15: The feature saliency GID-based Hidden Markov Model: Grey squares represent
latent variable, pink circles are observations, and blue circles represent model parameters.

distribution lets us take advantage of conditional independence among features. This in-

teresting strength is used in this paper to develop a statistical model that handles not only

positive data but also feature selection.

Let
−→
X a D-dimensional positive vector following a GID distribution. The joint density

function is given by Lingappaiah [158] as:

p(
−→
X |−→α ,

−→
β ) =

D∏
d=1

Γ(αd + βd)

Γ(αd)Γ(βd)

Xαd−1
d(

1 +
∑d

l=1Xd

)ηd (37)

where −→α = [α1, ..., αD],
−→
β = [β1, ..., βD]. η is defined such that ηd = αd + βd − βd+1

for d = 0, ..., D with βD+1 = 0.

The GID estimation is made simple thanks to an essential propriety, that is if there exists

a vector
−→
X that follows a GID distribution, then we can come up with another vector

−→
W n =

[
−→
W n1, ...,

−→
W nD] where each element follows an inverted Beta (IB) distribution following the
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transformation:

Wnd = f(Xnd) =


Xnd, d=1

Xnd

1+Xn1+,...,+Xnd−1
, d=2, ..., D

(38)

Then, the multivariate extension of the 2-parameters inverted Beta distribution is given

by:

pIBeta(Wnd|αjd, βjd) =
Γ(αjd + βjd)

Γ(αjd)Γ(βjd)

W
αjd−1

nd

(1 +Wjd)(αjd+βjd)
(39)

The mean of IB is given by:

E(Wd) =
αd

βd − 1
(40)

The variance of IB is given by:

V ar(Wd) =
αd(αd + βd − 1)

(βd − 2)(βd − 1)2
(41)

3.3.2.2 GID mixture model

Let us consider a data set X of N D-dimensional positive vectors, X = (
−→
X1,
−→
X2, ...,

−→
XN).

We assume that X is governed by a weighted sum of M GID component densities with

parameters Θ = (
−→
θ1 ,
−→
θ1 , ...,

−→
θM , p1, p2, ..., pM) with

−→
θj is the vector of parameters of the

j-th component and pj are the mixing weights which are positive and sum to one [6]:

p(
−→
Xi|Θ) =

M∑
j=1

pjp(
−→
Xi|
−→
Θj) (42)

where p(
−→
Xi|
−→
Θj) is the GID distribution with Θj = (αj1, βj1, αj2, βj2, ..., αjD, βjD) is

73



the set of parameters defining the j-th component. Furthermore, in mixture-based cluster-

ing, each data point
−→
Xi can be assigned to all classes with different posterior probabilities

p(j|
−→
Xi). Therefore, a factorization of the posterior probability can simply be expressed as:

p(j|
−→
Yi ) ∝ pj

D∏
l=1

pIBeta(Xil|θjl) (43)

where Xi1 = Yi1 et Xil = Yil
1+

∑D
l=1 Yil

for l > 1, pIBeta(Xil|θjl) is an inverted Beta

distribution with θjl = (αjl, βjl), l = 1, ..., D

In this fashion, the clustering structure underlyingX is the same as that underlying Y =

(
−→
Y1, ...,

−→
YN), and it can be described by the following mixture model with conditionally

independent features:

p(
−→
X i|Θ) =

M∑
j=1

pj

D∏
l=1

pIBeta(Xil|θjl) (44)

3.3.2.3 GID mixture-based FSHMM

As a first attempt in the context of feature saliency-driven HMMs, to the extent of our

knowledge, we are using a mixture of GID as emission probabilities of our FSHMM.

Gaussian mixtures, in particular, have seldom been tested previously and applied success-

fully [145] [263]. Assuming the relevant feature distribution is represented by a mixture

of M GID distributions, we let Φ = {φ1t, ..., φMt} be the set of variables indicating the

mixture component, where φm = 1 if observation t comes from the mth mixture and

φmt = 0 otherwise. To indicate the probability that the observation comes from the mth

mixture, given the state, we put ωim. In this regard, the set of model parameters Λ becomes

{π,B, α, β, ρ, λ, ω}. The idea behind the GID-based FSHMM is to suppose that a given

feature ylt is generated from a mixture of two univariate distributions. The first one is sup-

posed to generate relevant features and is distinct for each cluster. The second is common to

all clusters in a way that it is independent of class labels, and generates irrelevant features.
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This purpose can be formulated as follows.

The marginal probability of φt can be expressed as

p(Φ|Λ) =
M∏
m=1

ωφmt

im (45)

In the same manner as in (33), we assume the features are conditionally independent

given the state. Thus, the conditional distribution of yt given x, y and Φ can be formulated

as

p(yt|Φ, z, xt = i,Λ) =
L∏
l=1

[
r(ylt|αilm, βilm)zlq(ylt|αλ,ilm, βλ,ilm)1−zl

]φmt (46)

The joint distribution of yt, Φ, and z given x is

p(yt,Φ,z|xt = i,Λ) = p(yt|Φ, z, xt = i,Λ)p(Φ|Λ)p(z|Λ)

=
M∏
m=1

[
ωim

L∏
l=1

[
ρlr(ylt|αilm, βilm)zl

][
(1− ρl)q(ylt|αλ,ilm, βλ,ilm)1−zl

]φmt

] (47)

The marginal distribution for yt given x is obtained by summing (47) over z and Φ such

as

cxt(yt) = p(yt|xt = i,Λ)

=
M∑
m=1

ωim

L∏
l=1

(ρlr(ylt|αilm, βilm) + (1− ρl)q(ylt|αλ,ilm, βλ,ilm)
(48)

The complete data likelihood for the FSHMM with GID emissions is

p(x, y, z,Φ|Λ) = πx1pIBeta(y1,Φ, z|x1,Λ)
T∏
t=2

bxt−1,xtpIBeta(yt,Φ, z|xt,Λ) (49)
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3.3.3 Parameter estimation of the GID-FSHMM

3.3.3.1 Update equations for FSHMM parameters

In order to perform the estimation of parameters, we opt for using the EM algorithm, re-

ferred to as Baum-Welch when applied in the context of HMMs [30, 204]. We use this

algorithm to calculate the maximum-likelihood (ML) estimates for the model parameters.

For the part where we evaluate the features, we are bound to place priors on the parameters

to compute the maximum a posteriori (MAP) estimates [108]. We need to go over the two

steps of the Baum-Welch algorithm. First, in the E-step we need to find the expected value

of the complete log-likelihood taking into consideration the data and the underlying model

parameters. Second, in the M-step we proceed to maximize the expectation computed in

the previous step in order to figure the next set of model parameters out. The Baum-Welch

is iterated until an experimentally determined stopping threshold is met. The Q function

designates the expectation of the complete log-likelihood and is given by:

Q(Λ,Λ′) = E
[
logp(x, y, z,Φ|Λ)|y,Λ′

]
=
∑
x,z,Φ

log(p(x, y, z,Φ|Λ)|Λ′)p(x, z,Φ|y,Λ′)
(50)

where Λ and Λ′ represent the set of model parameters for the current iteration and the set

of parameters from the previous iteration respectively. We place priors on the parameters

and calculate the MAP estimates with an eye toward the automatic feature assessment and

selection. Hence theQ is changed by adding G(Λ) the prior on the model parameters such

as:

Q(Λ,Λ′) + logG(Λ) (51)
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By analogy to the previously explained EM procedure, the complete log-likelihoodQ is

calculated in the E-step (50), then the logG(Λ) is added up and equation (51) is maximized

in the M-step. For this matter, several probabilities are needed for the FSHMM, the E-step

takes in charge the computation of the following quantities:

ζt(i) = P(xt = i|y,Λ), (52)

ξt(i, j) = P(xt = i, xt+1 = j|y,Λ) (53)

where ζt(i) et ξt(i, j) are respectively the conditional state probabilities and the condi-

tional transition probabilities. These quantities are calculated using the forward-backward

algorithm. As a result, the following quantities are what the E-step probabilities turn out to

be after iterating the forward-backward algorithm

δilmt = p(ylt, zl = 1|φmt = 1, xt = i,Λ′)

= ρlp(ylt|αilm, βilm),

(54)

εilmt = p(ylt, zl = 0|φmt = 1, xt = i,Λ′)

= (1− ρl)q(ylt|αλ,ilm, βλ,ilm),

(55)

τilmt = p(ylt|φmt = 1, xt = i,Λ′)

= δilmt + εilmt,

(56)
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uilmt = p(zl = 1, xt = i, φmt = 1|y,Λ′)

= ζt(i)

(
δilmt
τilmt

)(
ωim

∏L
l=1 τilmt∑M

m ωim
∏L

l=1 τilmt

)
,

(57)

and

vilmt = P(zl = 0, xt = i, φmt = 1|y,Λ′)

= ζt(i)

(
εilmt
τilmt

)(
ωim

∏L
l=1 τilmt∑M

m ωim
∏L

l=1 τilmt

)
,

(58)

The Q function is expanded into a sum of terms where each term can be maximized

independently. These terms are the Q function applied to the initial state π, the state-

transition b, and the parameters for the emission distribution θ = {α, β, λ, ρ}. Conse-

quently, for all parameters, except for the GID distribution ones, the maximization step

gives, as a result, the following parameters and their updates

π̂i = ζt(i), (59)

b̂ij =

∑T−1
t=1 ξt(i, j)∑T−1
t=1 ζt(i)

, (60)

ω̂im =

∑T−1
t=1

∑L
l=1 uilmt∑T−1

t=1

∑L
l=1

∑M
m=1 uilmt

(61)
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ρ̂l =

∑T−1
t=1

∑L
l=1

∑M
m=1 uilmt∑T−1

t=1

∑L
l=1

∑M
m=1 uilmt +

∑T−1
t=1

∑L
l=1

∑M
m=1 vilmt

=

∑T−1
t=1

∑L
l=1

∑M
m=1 uilmt

T

(62)

3.3.3.2 Estimation of GID parameters

Here, the estimation of the GID parameters is equivalent to maximization of the following

log-likelihood function

log(p(
−→
X i|Θ) =

N∑
i=1

M∑
j=1

pj

D∏
l=1

pIBeta(Xil|θjl))

=
N∑
i=1

M∑
j=1

D∑
l=1

(log(pj) + logpIBeta(Xil|θjl))

(63)

In the E-step, we compute the conditional expectation of log-likelihood, which is re-

duced to the computation of the posterior probabilities meaning the probability that a vector
−→
X i is assigned to a cluster j, such as following

p(j|
−→
X i,Θ,

−→p j) =
pjp(
−→
X i|θj)∑M

j=1 pjp(
−→
X i|θj)

=
pj
∏D

l=1 pIBeta(Xil|θjl)∑M
j=1 pj

∏D
l=1 pIBeta(Xil|θjl)

(64)

where −→p j = (p1, ..., pM), pj > 0 and
∑M

j=1 pj = 1

Hence, we have

logp(X|Θ,−→p j) =
N∑
i=1

M∑
j=1

D∑
l=1

p(j|
−→
Xi,Θ,

−→pj )(log(pj) + logpIBeta(
−→
Xi|θjl)) (65)
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Whence, the conditional expectation of the complete-data log likelihood

Q(X ,Θ,−→p j,Υ) = logp(X|Θ,−→p j) + Υ(1−
M∑
j=1

pj) (66)

where Υ is the Lagrange multiplier.

We move forward in maximizing the log-likelihood function by finding the roots to

its derivations with respect to the set of parameters. The mixture weights can be easily

estimated as follows

pj =

∑N
i=1 p(j|

−→
X i,Θ,

−→p j)

N
(67)

Regarding the derivatives with respect to αjl and βjl, we have

∂Q
∂αjl

=
N∑
i=1

p(j|
−→
X i,Θ,

−→p j)
∂logpIBeta(

−→
X i|θjl)

∂αjl

=
N∑
i=1

p(j|
−→
X i,Θ,

−→p j)(Ψ(αjl + βjl)−Ψ(αjl) + log(
Xil

1 +Xil

))

(68)

∂Q
∂βjl

=
N∑
i=1

p(j|
−→
X i,Θ,

−→p j)
∂logpIBeta(

−→
X i|θjl)

∂βjl

=
N∑
i=1

p(j|
−→
X i,Θ,

−→p j)(Ψ(αjl + βjl)−Ψ(βjl) + log(
1

1 +Xil

))

(69)

where Ψ(.) is the digamma function. We can clearly see that a closed form solution to

estimate θjl does not exist. Therefore, we ought to use the Newton-Raphson method [157]
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such as

θoldjl = θnewjl −H−1
jl (70)

where Hjl is the Hessian matrix associated with Q(X ,Θ,−→p j,Υ) with first derivatives

vector Gjl =

(
∂Q(X ,Θ,−→p j ,Υ)

∂αjl
,
∂Q(X ,Θ,−→p j ,Υ)

∂βjl

)

Hjl =

∂2Q(X ,Θ,−→p j ,Υ)

∂α2
jl

∂2Q(X ,Θ,−→p j ,Υ)

∂αjl∂βjl

∂2Q(X ,Θ,−→p j ,Υ)

∂αjl∂βjl

∂2Q(X ,Θ,−→p j ,Υ)

∂β2
jl

 (71)

with the following second and mixed derivatives

∂2Q(X ,Θ,−→p j,Υ)

∂α2
jl

=
N∑
i=1

p(j|
−→
X i,Θ,

−→p j)
(

Ψ′(αjl + βjl)−Ψ′(αjl)
)

(72)

∂2Q(X ,Θ,−→p j,Υ)

∂β2
jl

=
N∑
i=1

p(j|
−→
X i,Θ,

−→p j)
(

Ψ′(αjl + βjl)−Ψ′(βjl)
)

(73)

∂2Q(X ,Θ,−→p j,Υ)

∂αjl∂βjl
=

N∑
i=1

p(j|
−→
X i,Θ,

−→p j)
(

Ψ′(αjl + βjl)
)

(74)

3.3.3.3 MAP estimation

A standard choice for the mixing parameters vector −→p j is the Dirichlet distribution (Dir),

given its definition on the simplex {(p1, ..., pM) :
∑M−1

j=1 pj < 1}[209]. We pick the same

distribution for both initial and transition probabilities π and B as well as for the observa-

tion weights such that

π ∼ Dir(π|p)
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Bi ∼ Dir(Bi|bi)

ωi ∼ Dir(ωi|Ωi)

ρl ∼
1

Z
e−klρl

where Z is the normalizing constant and Ωi is the hyperparameter vector of the observation

weights.

The prior for the mixing parameters vector −→p j can be written as follows

p(−→p j|M,
−→
∆) =

Γ(
∑M

j=1 ∆j)∏M
j=1 Γ∆j

M∏
j=1

p
∆j−1
j (75)

where
−→
∆ = {∆1, ...,∆M} is the Dirichlet parameters vector.

For the GID parameters, the Gamma (G) function is chosen as a prior given its expo-

nential nature under the assumption of parameters independence. Thus we have the priors

p(αjl) = G(αjl|νjl, ϑjl) =
ϑ
νjl
jl

Γ(νjl)
α
νjl−1

jl e−νjlαjl (76)

p(βjl) = G(βjl|κjl, ςjl) =
ς
κjl
jl

Γ(κjl)
β
κjl−1

jl e−κjlβjl (77)

where ν, ϑ, κ and ς are positive hyperparameters.

3.4 Experiments and results

In this section, extensive experiments are conducted and we have implemented several real-

world topical yet challenging applications using the FSHMM with GID emission probabil-

ities. We are mainly comparing our new approach to its classical FSHMM competitors and

other new adaptations that we executed for the sake of comparison and testing, e.g., inverted

Dirichlet-based FSHMM (ID-FSHMM) and Dirichlet-based FSHMM (Dir-FSHMM), not
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to mention the widely used GMM-FSHMM. It is noteworthy that the learning of the men-

tioned adaptations has been based on the same methodology described in the previous sec-

tion to learn the GID mixture-based FSHMM. Two real-world applications, facial expres-

sions recognition, and scene categorization are here tested and explained. Experimentation

and results presented in this section have been yielded on a macOS environment over a 2.3

GHz Dual-Core Intel Core i5 MacBook Pro, using Python.

3.4.1 Facial expressions recognition

Facial expression recognition is a powerful process that usually commends the way we

interact with other people. It is one of the non-verbal communication media that humans

naturally use in everyday interactions. Besides its role in supporting humans’ understand-

ing of people’s intentions and feelings, facial expression recognition plays a major role in

making decisions about relationships or situations. For all these reasons, substantial efforts

have been devoted to automating this recognition [75, 86] and using it as a fundamental

step within multiple decision-making systems. A human being is naturally empowered

to interpret these expressions and make his decisions in a real-time matter. Nonetheless,

this task is still approached as a complex and challenging process in the field of machine

learning [118, 97]. Facial Expression Recognition is applied in a wide range of contexts

and is used in numerous applications such as Human-Computer Interaction [214], student

automatic E-learning [169], Behavioural Science [143], psychological studies [151], image

understanding, and synthetic face animation. The principal purpose of researchers working

on these applications is to produce automated systems capable of automatically recogniz-

ing the emotional state of a person and further draw an analysis or make a decision based

on a specific context [65].
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3.4.1.1 HMM-based facial expression recognition

Classification is the most significant part of a facial expression recognition system [230].

Methods applied to classify this type of images are generally sorted into static or dynamic

[256]. Static methods are based on the information acquired from the input image, they

take benefit from the use of support vector machines, neural network, Bayesian network to

perform the assigned task. HMMs are dynamic classifiers that exploit temporal records to

analyze facial expressions. Hence, they are highly recommended by psychological experi-

ments carried out as indicated in [13].

As early as 1990, [215] used HMMs to come up with a solution for the challenging

task of automating facial expressions recognition. Authors in [215], used an HMM along

with the integration of a priori structural knowledge with statistical information. HMMs

offer a perfect analogous representation to the experience of observing a particular feeling

through the way they statistically handle the behaviour of an observable symbol sequence.

These models provide a specification of the probability distribution over all hidden events

that are behind a certain symbol sequence. The performances of HMMs when dealing

with such challenges are promising, especially in the case when they learn through an en-

tire sequence of images describing a group of actions taken by a person when undergoing

a certain feeling. The learning process is conducted in a much smoother way thanks to

HMMs capability of handling the Spatio-temporal nature of the debated application. In

fact, there is a metaphorical resemblance between human performance when naturally pro-

cessing the recognition task, and the stochastic nature of the HMM process inasmuch as it

analyses the measurable (observable) actions in order to infer the immeasurable (hidden)

feelings of the person.

In this particular context, we choose to apply our model on the challenging Dollar facial

expression database [67], see figure16. This application is unprecedented as it uses for the

first time an embedded model-based feature selection into the HMM structure.
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Figure 16: Samples of facial frames from the Dollar facial expressions dataset

3.4.1.2 Experimental trials and results

The Dollar database is composed of 192 sequences performed by 2 individuals, each ex-

pressing 6 different basic emotions 8 times under 2 lighting setups. Each subject starts

with a neutral expression, then expresses emotion, and returns to a neutral expression. For

our simulations, we follow the experimental setting considered in [178], which consists of

using three peak frames of each sequence for 6-class expression recognition (576 images:

anger, disgust, fear, joy, sadness, and surprise). The pre-processing steps are also the same

and consist of extracting features from the whole face region by cropping original face

images into 110×150 pixels, keeping only the central part of facial extraction. A Local

Binary Pattern (LBP) descriptor [190], is used for feature extraction. More specifically,

each cropped face image is first divided into small regions from which LBP histograms

are extracted and then concatenated altogether into a single feature histogram representing

the face image. We use a 59-bin LBP operator in the (8, 2) neighbourhood. This means

8 sampling points on a circle of radius 2, then we divide each image (110 × 150) into 18

× 21 pixels regions. Therefore, each face image is divided into 42 (6 × 7) regions and is

then represented by LBP histograms with a length of 2478 (59 × 42). After that, these his-

tograms are normalized. The procedure is applied as the one originally used in [223]. We

figured that if we reduce the feature vector the algorithm tends to diverge early, however

since features will later be reduced by the model itself, and in order to give the algorithm

the time to learn we will not reduce the feature vector ourselves and will leave it as it
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is. The obtained feature vector is actually handled with our GIDHMM where the feature

saliency is considered. Hence, recognition is carried out via a single HMM recognizer. A

collection of HMMs each representing a different subject is matched against the test image

and the highest match is selected as explained in figure 17. For the sake of comparison,

we conduct several experiments with different used models, with and without taking into

consideration feature relevancy, then we report the results including features relevancies

and the confusion matrix for each experiment.

Figure 17: Block diagram for FSHMM-based face recognizer

In order to evince the advantages of the proposed approach and most importantly un-

derline the crucial role of feature selection integration in improving results, we compare the

latter with other emotion recognition approaches that are mainly based on mixture models.

These approaches, have been personally implemented, and include inverted Dirichlet-based

HMM without feature selection (IDHMM) [178], inverted Dirichlet-based HMM with fea-

ture selection (ID-FSHMM), generalized inverted Dirichlet-based HMM without feature
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selection (GIDHMM), and generalized inverted Dirichlet-based HMM with feature selec-

tion (GID-FSHMM). On top of that, we put a special emphasis on the improvements no-

ticed from the use of GID mixtures measured against the Gaussian mixtures-based HMM

with feature selection (GM-FSHMM). Results obtained are displayed in Figure 18, where

we present the average recognition rates for the different used methods.

(a) Average recognition rate of each used model
for facial recognition application without applying
feature selection

(b) Average recognition rate of each used model
for facial recognition application with applying
feature selection

Figure 18: Average recognition rates for facial expressions recognition with and without
applying feature selection

There is an interesting observation to make after nailing these results, that is the ame-

lioration in average recognition results after using the GIDHMM as a model. Initially,

using only the latter allowed for a slight but worth mentioning amelioration in the average

recognition rate from 96.11% to 96.16%, this itself shows that the GIDHMM is better in

modelling our data than the IDHMM.
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(a) GIDHMM without feature selection (b) GIDHMM with feature selection

Figure 19: Confusion matrices for facial expressions recognition with and without applying

feature selection for GID-FSHMM

Further, we noticed when incorporating feature selection into our previously established

IDHMM model, the average recognition rate improved from 96.11% to 96.44%. On top of

that, we plainly succeeded to bear out our theoretically anticipated projections regarding

recognition rates. In fact, the feature selection-based GIDHMM executed the task of recog-

nizing each facial expression considerably better than GIDHMM without FS. This conclu-

sion comes after several trials on each emotion type separately. The individual recognition

rates per category and confusion matrices for the mentioned trials are displayed in table 6

and figure 19.
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Anger Disgust Fear Joy Sadness Surprise

Anger 0.96 0.01 0 0 0.03 0

Disgust 0 0.97 0.03 0 0 0

Fear 0.02 0.01 0.94 0 0.03 0

Joy 0 0.03 0 0.97 0 0

Sadness 0.02 0.03 0 0 0.95 0

Surprise 0 0 0 0.02 0 0.98

(a) Recognition rates without applying feature selection

Anger Disgust Fear Joy Sadness Surprise

Anger 0.97 0 0 0 0.03 0

Disgust 0 0.98 0.02 0 0 0

Fear 0.01 0 0.96 0 0.03 0

Joy 0 0.02 0 0.98 0 0

Sadness 0.02 0.01 0 0 0.97 0

Surprise 0 0 0 0.02 0 0.98

(b) Recognition rates when feature selection is applied

Table 6: Detailed recognition rates in the case of facial recognition application with and

without applying feature selection for GIDHMM

As indicated in Figure 18, average recognition rates for GIDHMM with and without

feature selection integration are respectively 97.33% and 96.16% with the corresponding

average misclassified images of 22.11 and 15.32 per dataset. There is also a significant

variation in the run time when using each of the cited methods, 36.4 min for GIDHMM,

and 41.6 min for GIDHMM-FS.

Needless to say, the integration of feature selection in our models brought an obvious

amelioration to the yielded results for all adopted distributions, this shows the important
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role of taking into consideration the feature saliency when dealing with image classifica-

tion tasks. Further investigations with respect to features relevancy are conducted in the

following applications to emphasize this role.

3.4.2 Scene categorization

Recently, there has been an abundance of research works and experimental trials aiming to

bridge the semantic gap between the perceptual ability of human vision and the capacity of

automated systems when performing the same related tasks. This challenge is prompted by

the impressive trait of the human visual system to rapidly, accurately, and comprehensively

recognize and understand a complex scene [99, 98, 251]. Thus, it would be worthwhile if

each image in a studied collection could be annotated with semantic descriptions allowing

for a better automatic interpretation and hence an improved visual recognition ability. In

this section, we work on a challenging problem related to the mentioned area of research,

which is recognizing scene categories. Visual scenes classification has many applications in

robot navigation and robot path planning [232], video analysis [244], content-based image

retrieval [58].

Inasmuch as this application is complex due to the variety of scenes and variations of

viewing angles and changing backgrounds, choosing efficient features plays a major role

in the accuracy level of the recognition task.

In this section, we test the effectiveness of our proposed feature-selection-based GIDHMM,

in categorizing images of real-world scenes from the notorious MIT benchmark [192]

1. The indicated database contains about 2688 diverse outdoor scene images in colours

from 8 categories: coast (360 images), mountain (374 images), forest (328 images), open

country (410 images), inside city (308 images), street (292 images), tall building (356

1http://people.csail.mit.edu/torralba/code/spatialenvelope/
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images) and highways (260 images). Images come in 256 × 256 pixels resolution. We

choose to randomly select 200 images from each category for training and leave the rest

for testing purposes. Figure 20, shows example images from the MIT outdoor data set.

Figure 20: Sample images from the 8 categories MIT data set: (a) Tall buildings, (b)
Mountain, (c) Street, (d) Forest, (e) Open country, (f) Highway, (g) Inside city, (h) Coast.

A crucial step for the scene categorization task is feature extraction. For this matter, we

adopt a process where we normalize images which will afterward be represented each by a

collection of local image patches. These patches are scanned and low-level feature vectors

are thereafter extracted. We then use the bag of words approach (BOW) method, adapted

likewise by [249] for scene classification, in which Yang et al. mapped the key points of

an image into visual words. Hence, each image could be represented as a "bag of visual

words" BoVW, and in this instance as a vector of counts of each visual word in that image.
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This will allow for an overall representation for each image through a feature vector, upon

which the task of image classification is built. Following [34], and after obtaining the in-

tended histograms, we apply a probabilistic Latent Semantic Analysis (pLSA) [123, 125] in

order to represent each image by a D-dimensional vector with D being the number of latent

aspects (hidden aspects, features, or hidden states in our analogy). Ultimately, our objec-

tive is to identify the right category for each image by applying our previously developed

model.

In this work, we use dense SIFT 16× 16-pixel patches calculated over a grid of 8 pixels.

Besides, we build a bag of words dictionary using a K-means algorithm [125] to cluster our

descriptors in a V visual words vocabulary. For each SIFT point in a candidate image, the

nearest neighbour within the vocabulary is computed, and thereby a feature vector with

dimension V is built. Hence, each image can be represented as a frequency histogram

over the V visual words. As previously explained, in this work we apply pLSA to allow

for a description through a D-dimensional vector where D is the number of aspects. We

employ our GIDHMM to model the set of images designated for training. We compute the

class-relationship likelihood of each input image and classify it to the class that maximizes

its likelihood. In our approach, each image class is characterized by its own behaviour,

therefore each class is described by its own HMM. That being the case, for each scenery

type, a distinct 8-state HMM is trained. Experiments are carried out 30 times with the

average accuracy reported for both feature-saliency-based and non-feature-saliency-based

methods.

Through these experiments, we aim to evaluate not only the effectiveness of GIDHMM

measured against IDHMM and GHMM but also the effectiveness of embedding the pro-

cess of feature selection in the core of each of the aforementioned models. Experiments

are chosen to be conducted in the following order: first, we compare the performance of
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GIDHMM, IDHMM, and GHMM without taking into consideration the relevancy of fea-

tures. Then we reproduce the same experiments by taking into account feature relevancy.

Table 7 presents the confusion matrix when GIDHMM is applied without feature selection.

According to this table, we get an average accuracy of 91.37%. On the other hand, Table

8 shows the confusion matrix when GIDHMM is used along with feature selection: the

average accuracy is 93.12%.

Tall building Mountain Street Forest Open country Highway Inside city Coast

Tall building 0.94 0.02 0 0 0 0 0.04 0

Mountain 0.01 0.92 0 0 0.07 0 0 0

Street 0 0 0.92 0 0 0.06 0.02 0

Forest 0 0.02 0 0.95 0.03 0 0 0

Open country 0 0.03 0 0.01 0.87 0 0 0.09

Highway 0 0.01 0 0 0.03 0.88 0 0.08

Inside city 0.01 0.01 0.05 0 0.03 0 0.90 0

Coast 0 0.01 0.01 0 0.05 0 0 0.93

Table 7: The confusion matrix in the case of MIT scene recognition problem when applying

GIDHMM without feature selection
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Tall building Mountain Street Forest Open country Highway Inside city Coast

Tall building 0.96 0.02 0 0 0 0 0.02 0

Mountain 0.01 0.95 0 0 0.04 0 0 0

Street 0 0 0.93 0 0 0.06 0.01 0

Forest 0 0.02 0 0.96 0.02 0 0 0

Open country 0 0.03 0 0.01 0.90 0 0 0.06

Highway 0 0 0 0 0.02 0.91 0 0.07

Inside city 0.02 0.01 0.05 0 0.03 0 0.89 0

Coast 0 0.01 0.01 0 0.03 0 0 0.95

Table 8: The confusion matrix in the case of MIT scene recognition problem when applying

GIDHMM with feature selection

Results of other experimentation on the different used models are presented in Table

9 and confirm our previous assumptions about the role of feature selection in improving

recognition rates. Our algorithm analyzed all extracted features and succeeded to deter-

mine their saliency, hence the use of the better features yielded better results. Figure 21

shows the feature saliencies obtained by our GID-FSHMM.

Method Average recognition Rate (%) Integrating Feature Selection

GHMM 87.60 88.14

DHMM 88.79 89.05

IDHMM 90.01 90.66

GIDHMM 91.37 93.12

Table 9: Average recognition rates for different used HMMs in the context of natural scenes

recognition, with and without feature selection.
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Figure 21: Feature saliencies obtained in the case of natural scenes recognition problem

when performing feature selection-based GIDHMM

3.5 Conclusion

While there are multiple general techniques of applying feature selection, and despite the

buildup of standardized procedures for features and dimensionality reduction, the literature

reveals time and again that custom methods keep outperforming the general methods. Be-

sides there is an overwhelming need for some sort of supervised data and knowledge when

applying general feature selection models. In our context, this supervised data can take the

form of information about the class, a label of each observation, or even a piece of knowl-

edge about the latent variable. This additional information is often not readily accessible

especially in areas where mixture models and HMMs are applied, considering that those

models account for the fact that supervised data is unavailable. Therefore, unsupervised

feature selection methods are essentially needed when using HMMs, allowing for signif-

icantly better performing models compared to those based upon general feature selection

methods. Further, the interest in adopting the GID for modelling our data arose from the

limitations encountered when inverted Dirichlet was adopted, in particular its restraining
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strictly positive covariance. In this paper, we proposed a framework in which all the afore-

mentioned problems are addressed simultaneously in the case of automatic recognition.

The developed approach applies feature selection to a GID-based HMM. Parameters are

learned via a MAP method adding a huge advantage in raising both accuracies of param-

eter estimates and feature saliencies. Experimental results involving challenging real-life

applications such as facial expressions recognition and natural outdoor scene recognition

showed that the proposed approach is highly promising. Future works are intended to be

done in the near future, extending this work to different flexible distributions and consider-

ing online learning for more precise results.
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Chapter 4

Online learning of Inverted

Beta-Liouville HMMs for Anomaly

Detection in Crowd Scenes

Abnormal behavior detection in crowd scenes has become a topic of great interest in the

computer vision field. In this paper, an online inverted Beta-Liouville-based hidden Markov

model (HMM) is presented and applications related to crowd scenes analysis illustrating its

performance are demonstrated. Often referred to as “adaptive” or “recursive”, the online

approach is a topic of great interest in time series modeling. Here, we put forward an online

parameter estimation algorithm based on an Expectation-Maximization (EM) methodology

to tackle the problem of activity recognition. In some cases, when processing large sets of

data or big data streams, EM becomes intractable due to the acute demand in terms of data

but mostly to the need of providing the whole data set at each iteration of the algorithm.

In this manuscript, we present a new online EM algorithm for model parameter inference.

This algorithm allows the update of parameter estimates after several increments of ob-

servation are processed (online). We also give positive vectors a special focus by using
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Inverted Beta-Liouville (IBL) mixtures as emission probabilities for our HMM. Using this

distribution is expected to improve the modeling accuracy considering that it contains in-

verted Dirichlet distribution as a special case, hence the additional flexibility. Experimental

results on several publicly available crowd video data sets verify the effectiveness of the

proposed model.

4.1 Introduction

Data categorization is rapidly becoming one of the most important parts of data analysis,

particularly with the exponential growth of data under all sorts of formats. Thereby, it

is crucial to study and discover hidden patterns in order to extract valuable information

promoting accurate and solid decision making.

When modeling data, it is a notable fact that Gaussian mixture models (GMMs) are not

always the perfect solution for all data types. Through HMM deployment, most existing

related works have not considered the characteristics of data sets. In fact, most of the work

present in the literature relies on the use of Gaussian distributions. Although HMMs were

mainly developed for discrete and Gaussian data [203], diversity of applications in contexts

and domains such as activity recognition, image categorization, and dynamic forecasting,

increased the necessity of modifying the underlying HMM model so that it efficiently suits

those new data types [178, 221].

Thanks to the proliferation of carried research on these distributions and their math-

ematical simplicity, most finite mixture models mainly consider Gaussian as their basic

distributions. Nevertheless, it is undeniable that the least appropriate way of modeling

non-Gaussian data is to use Gaussian distributions. For example, inverted Dirichlet or

generalized inverted Dirichlet [24, 80, 78] can often outperform the Gaussian mixture

model for modeling positive vectors in many applications such as image categorization,
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human action video recognition, etc. Recently, numerous works have been achieved in

order to model positive vectors based on inverted Dirichlet mixture models [24, 178].

However, the inverted Dirichlet distribution has a very restraining covariance structure that

significantly limits its flexibility. In our work, we propose to model positive vectors based

on a finite mixture model with inverted Beta-Liouville (IBL) distributions embedded into

the framework of HMMs as emission probabilities.

Inverted Beta-Liouville mixture models have recently arisen as an efficient way to

model positive vectors [41]. Thanks to its general covariance structure and its smaller

number of parameters compared to the inverted Dirichlet and generalized inverted Dirich-

let, IBL has proven its effectiveness when dealing with positive vectors modeling [127].

Originally derived from the Liouville distributions family [114]. As earlier mentioned,

one of the main advantages of the IBL is its general covariance structure that can either

be positive or negative. It’s noteworthy to mention that the discussed distribution has not

been extensively investigated and that only a handful of works have adopted it, giving

more room to further exploitation of this surprisingly underrated distribution. Even more

effectively, this choice is mainly motivated by the fact that the IBL distribution contains

inverted Dirichlet distribution as a special case and therefore can provide more flexibility

compared to previously investigated distributions [178]. Also, compared with Gaussian

which can only approximate symmetric distributions, IBL allows both symmetric and

asymmetric distributions.

The work presented in this manuscript can be viewed intellectually at two different

levels. First, it allows the application, for the first time to the best of our knowledge, of

IBL-based HMMs to effectively handle positive vectors, second, it proposes to undertake

online-based learning of parameters by applying an online EM procedure for HMMs.
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The remainder of this chapter is organized as follows: in section 2, we present some of the

work related to online and incremental learning, and we discuss the choice of application

in this paper. Section 3 presents HMMs, their formulation, and the online EM derivations.

Section 4 explains the choice of the IBL mixture models and details derivations and pa-

rameters estimation. Then, in section 5 we present our applied model as well as results and

interpretations. Finally, we conclude with some insights and future work perspectives.

4.2 Related work

The performance of hidden Markov models (HMMs) is often acclaimed through their mas-

sive use in several complex real-world applications namely image categorization [81], ac-

tion recognition [92], occupancy estimation in smart buildings [178] and unusual events

detection [80]. HMMs are highly capable of representing probability distributions corre-

sponding to these complex real-world phenomena when they are fed an adequate number

of states as well as a sufficiently rich set of data. Nevertheless, the mentioned applications

tend to often drain HMMs’ performance particularly when results need to be inferred from

very long sets of data such as videos in an action recognition context. In fact, in the con-

text of HMMs, analyzing large sets of training data is costly, laborious, and long sustained.

Thus, there is often not enough analyzed data to be representative of the underlying distri-

bution, causing the HMM to incorporate some uncertainty.

In such cases, it is suitable to update the model’s parameters online [229]. Online learn-

ing of new data sequences permits the adaptation of the HMM parameters whilst new data

becomes available. This way of feeding data to the model is also called an incremental

method. It is actually common for a model to be fed additional data after its training. This

allows for a more adaptation of HMMs as a result of newly acquired data. Therefore, in-

cremental learning is an undeniable asset to refine HMMs’ behavior toward any novelties

encountered in the environment and thus reducing their level of uncertainty by maintaining
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a high level of performance.

When applying incremental learning for HMM parameters estimation, there are com-

monly standard techniques used that mostly involve batch learning. Those techniques can

either rely on specialized EM techniques [63] such as Baum-Welch (BW) algorithm [21]

or on numerical optimization techniques such as the Gradient Descent algorithm [153],

where regardless of the used technique, parameters are estimated after numerous training

repetitions prior to maximizing an objective function over certain independent validation

data. In most cases, when applying a batch learning technique, a fixed-length sequence

O = o1, o2, .., oT of T training observations, oi is hypothetically available during the whole

learning process. If we suppose that O is assembled into a block D of training data, each

training iteration involves observing all sub-sequences in D prior to updating HMM pa-

rameters. When a new block of data comes through, the previously trained HMM cannot

accommodate the second batch without accumulating and storing all the training data in

memory. It will eventually train again for the beginning making use of all the cumulative

data involving both batches. This procedure is deemed to be necessary in order to prevent

any sort of corruption of the previously acquired knowledge, and that could compromise

the HMM performance. Notwithstanding, there are clearly some significant costs relating

to processing time and storage requirements when using batch learning methods. Time and

memory complexity would grow linearly with the length and number of training observa-

tion sequences and quadratically with the number of HMM states.

As a viable alternative, numerous online learning techniques have been proposed

in the literature, this includes techniques based on EM [46, 173] where numerical

optimization and recursive estimations are performed, and EM variants such as BOEM

(Block Online EM) [148]. These methods assume the observation is a stream of data

and are particularly used in situations where training symbols are organized into a block

of one or more sub-sequences. Their parameters are re-estimated upon observing each
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new sub-sequence of symbols. Some of the aforementioned techniques are tailored to

update HMM parameters at a symbol level, also perceived as recursive or sequential

estimation techniques. Symbol-wise updated techniques are designed for situations in

which training symbols are received one at a time where parameters are then re-estimated

upon observing each new symbol. Across the full range of contexts, HMMs parameters

are updated from new training data, beyond any requirement for access to the formerly

learned training data and most plausibly preventing corruption of any previously acquired

knowledge [48]. In this manner, the main takeaway of the stated techniques is essential to

allow sustaining a high level of performance while preserving the memory requirements,

given the fact that storing data from previous training phases is completely unnecessary.

Besides, bearing in mind that training is only performed on the new training sequences,

and not all accumulated data, online learning also provides lower time complexity when

learning new data. In this work, we aim to study the effectiveness of online-based

HMMs compared to standard-learning-based HMMs when used along with a remarkably

interesting distribution, that is the Inverted Beta-Liouville, as emission probabilities.

Further to the raised interest in online learning as a technical concern, the studies

carried out in this work revolve around analyzing human-related visual data. We choose

to bring a special focus on disclosing information from looking at videos with humans

doing certain activities and analyzing, in particular, security surveillance to predict certain

anomalies. Indeed, it would be of great help to assist in detecting either normal or

abnormal events or behaviors and use this as a starting point to make decisions such as

in the contexts of smart cities where there is a growing need to improve security. In fact,

this can be achieved by quickly and accurately identifying criminal activities in a real-time

fashion [50]. Similarly, in an entertainment environment, activity recognition can notably

improve users’ experience by automatically recognizing different player’s actions during
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a game of tennis or a soccer game for example [141, 219], with the goal of understanding

the action of each player and how they interact with each other.

What is challenging in performing this type of analysis, is that crowded scenes and

dynamic environments are bound to a degraded performance as soon as the crowd becomes

too dense [79]. In fact, the number of independent objects moving at the same time and the

occlusions it involves degrades the performance of detection. Additionally, the dynamic

background is an important restriction when it comes to tracking movements.

As far as HMMs are concerned, modeling normal scenes and determining whether

an unseen video sequence deviates from normality is an achievable task, which serves

perfectly the anomaly detection aim. In the work of Bettini et al. in [28], the features used

are histograms that can be seen as positive vectors once extracted. The likelihood criterion

for anomaly detection is somehow efficient despite the simple adaptive threshold adopted

by the classifier. The work is obviously relying on different processes leading together

to detection results, which constitutes a clear limitation to the improvement of the global

approach and the use of a standardized, unique model, capable of providing a more compact

representation of the data and thus a more accurate anomaly detection. In a related context,

the author in [245] exploits the notion of profiling and online anomaly sampling to model

dynamic scenes in a way that optimizes the intrusion detection rate by refraining from using

any manual labeling of the training data set. The method relies on a Dynamic Bayesian

Network (DBN) to model each behavior pattern. Further, an online Likelihood Ratio Test

(LRT) method is used to detect abnormal behavior, while normal behavior is recognized

when sufficient visual evidence is available. The mentioned procedure lacks accuracy since

some events can sometimes be undetected by the model due to missing visual evidence or

ambiguities between event classes. This can be avoided by taking the temporal information
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into consideration by developing a Baum-Welch EM algorithm to the mixture of DBNs

to learn the behavior model directly rather than taking a phased approach such as the one

adopted. Andrea et al. [14, 15, 16] used HMMs with Gaussian mixtures to characterize the

normal behavior of a crowd by learning normal motion patterns from the optical flow of

image blocks. The method relied mainly on Principal Component Analysis (PCA) to build

feature prototypes, along with spectral clustering to find the optimal number of models to

group video segments containing similar motion patterns. An HMM was trained for each

model and used for event recognition and anomaly detection.

4.3 Hidden Markov Models

Hidden Markov Models are described according to Ghahramani [110], as an ubiquitous

tool to model time series data. They have been used for decades in speech recognition sys-

tems as well as artificial intelligence and pattern recognition applications. These models are

a generalization of mixture models [112]. In fact, the probability density functions overall

observable states defined by an HMM, are considered as a mixture of densities defined by

each state.

HMMs allow us to represent probability distributions over sequences of observations, with

the assumption that observations are discrete. An observation at time t is denoted by the

variable OT .

Hidden Markov Models are governed by two main properties. First, it assumes that the ob-

servation at time t is generated by some process whose state ht is hidden from the observer.

Second, it assumes that the state of this hidden process satisfies the Markov property; that

is, given the value of ht−1; the current state ht is independent of all the states prior to the

time t− 1.

A hidden Markov model is characterized by a set of parameters that will be specified later

in this paper. The task of the learning algorithm is to find the best set of state transitions
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and emission probabilities between the states of the model. Therefore, an output sequence

or a set of these sequences is given. To illustrate our model, we are first listing various

HMM notations and enumerating the upcoming used work script.

4.3.1 Notations and offline EM for HMMs

We consider a HMM with continuous emissions and K states. We put y = {y0, y1, ..., yT}

the sequence of observed data with yt ∈ RL. The observation for the l-th feature at time t,

which is represented by the the l-th component of yt, is denoted by ylt.

Let x = {x0, x1, ..., xT} be the sequence of hidden data. The transition matrix of the

Markov chain associated to this sequence is denoted as B = {bij = P (xt = j|xt−1 = i)}

and π is the initial state probability. Thus the complete data likelihood can be expressed as:

p(x, y|Λ) = πx0cx0(y0)
T∏
t=1

bxt−1,xtcxt(yt) (78)

where Λ is the set of model parameters, πx0 is the initial state (x0) probability, and cxt(yt)

is the emission probability given state xt.

The M-step aims to maximize the data log-likelihood. By denoting Z as hidden vari-

ables and X as the data, we can express the data likelihood L(θ|X) = p(X|θ) by:

E(X, θ)−R(Z) =
∑
Z

p(Z|X) log(p(X,Z))−
∑
Z

p(Z|X) log(p(Z|X))

=
∑
Z

p(Z|X) log(p(X|θ))

= log(p(X|θ))
∑
Z

p(Z|X) log(p(X|θ))

= log(p(X|θ)) = L(θ|X)

(79)

with θ representing all the HMM parameters, E(X, θ) is the value of the complete-data
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log-likelihood with the maximized parameters θ, and R(Z) is the log-likelihood of the

hidden data given the observations.

The expected complete-data log-likelihood is:

E(X, θ, θold) =
∑
Z

p(Z|X, θold) log(p(X,Z|θ)) (80)

In the following, we take the case of a unique observation sequence, X , then the complete-

data likelihood is expanded as

p(X,Z|θ) = p(h0)
T−1∏
t=0

p(ht+1|ht)
T∏
t=0

p(mt|ht)p(xt|ht,mt) (81)

When considering an HMM, as defined earlier in this section, where the final time

T may be unbounded in the online case, offline learning consists of adjusting the model

parameters to maximize the likelihood of a given training sequence y0−→T . This procedure

results in the following update equations that can be reviewed in detail in a previous work

[178].

b̂
(n+1)
ij =

∑T
t=1 P (xt−1 = i, xt = j|y0−→T , θ̂n)∑T

t=1 P (xt−1 = i|y0−→T , θ̂n)
(82)

ĉ
(n+1)
jk =

∑T
t=1 P (xt = j, yt = k|y0−→T , θ̂n)∑T

t=1 P (xt = j|y0−→T , θ̂n)
(83)

where k = 1, . . . , K and the probabilities on the right-hand side are conditioned on the

training sequence y0−→T and on the current parameters’ estimate θ̂n ≡ ({b̂(n)
ij }, {ĉ

(n)
jk }).
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Computation of these quantities can be done efficiently using the forward-backward proce-

dure, although this will imply storing the whole training sequence.

4.3.2 Online EM for HMMs

Online learning has proven to be an effective way to improve learning, mainly in large-

scale settings [35, 173]. In this work, we build upon the work presented by Mongillo et

al. in [173] and Cappé in [46], to put forward an online and incremental EM algorithm

for HMMs. For the matter, a recall of Cappés’ online EM is desired. The latter uses a

stochastic approximation approach in the scope of sufficient statistics in order to achieve a

limiting EM recursion. This EM recursion is nothing but a batch-based EM algorithm with

infinite data. All the parameter updates are handled in a recursive manner. This procedure is

built around a forward-only smoothing recursion, in which the expected sufficient statistics

needed for parameter updates are computed recursively. This can be achievable thanks

to an expectation-maximization algorithm that updates and improves lower bounds on the

likelihood after each observation.

In this phase, we focus on calculating the likelihood of an observation sequence of a given

length to classify it. After determining the sequence category, we use the corresponding

data to train a specific HMM and use its parameters to update the previously trained HMM

corresponding to the said category.

The adopted method consists of applying the online EM developed in [173], which

we expand to handle positive vector modeling thanks to the adoption of IBL mixtures as

emission probabilities.

We here derive a version of the EM procedure that does not require the storage of

the inputs by reproducing the EM update (equations 82 and 83) in terms of sufficient

statistics updated recursively
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4.3.2.1 Sufficient statistics for parameter estimation

The required sufficient statistics are

φijk(T ; θ) =
1

T

T∑
t=1

δ(yt − k) · P (xt−1 = i, xt = j|y0−→T , θ) (84)

with 1 ≤ i, j ≤ K and 1 ≤ k ≤ M , where δ(·) is the Kronecker delta: 1 when its

argument is 0 and 0 otherwise. The prefactor 1
T

ensures that φijk(T ; θ) do not diverge for

an infinitely long training sequence T −→∞.

The update equations can thus be written as follows

b̂
(n+1)
ij =

∑
k φijk(T ; θ̂n)∑
jk φijk(T ; θ̂n)

(85)

ĉ
(n+1)
jk =

∑
i φijk(T ; θ̂n)∑
ik φijk(T ; θ̂n)

(86)

4.3.2.2 Recurrence relations

φγijk(T ) =
1

T

T∑
t=1

δ(yt − k) · P (xt−1 = i, xt = j, xT = γ|y0−→T ) (87)

where we drop the explicit independence on the model parameters θ assumed to be

constant and hence
∑

γ φijk(T ) = φijk(T ). We can then write

P (xt−1 = i, xt = j, xT−1 = ζ, xT = γ, y0−→T ) = P (yT |xT = γ)

× P (xT = γ|xT−1 = ζ)P (xt−1 = i, xt = j, xT = ζ, y0−→T−1)

(88)

where we used the product rule and the dependency conditions. Dividing both sides by
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P (y0−→T−1) and summing over ζ we get

P (xt−1 = i, xt = j, xT = γ|y0−→T )

=
∑
ζ

ηζγ(yT ) · P (xt−1 = i, xt = j, xT−1 = ζ|y0−→T−1)
(89)

with

ηζγ(yT ) ≡ P (yT |xT = γ)P (xT = γ|xT−1 = ζ)

P (yT |y0−→T−1)
(90)

Equation 90 inserted into equation 87 provides the following recurrence relation for

the φγijk

φγijk(T ) =
1

T
· δ(yT − k) · ηij(yT ) · P (xT−1 = j|y0−→T−1) +

1

T

T−1∑
t=1

δ(yt − k)

·
∑
ζ

ηζγ(yT ) · P (xt−1 = i, xt = j, xT−1 = ζ|y0−→T−1)

(91)

by changing the order of summation we can write the second term on the right-hand side

of the equation as

1

T

T−1∑
t=1

δ(yt − k) ·
∑
ζ=1

ηij(yT ) · P (xt−1 = i, xT−1 = ζ|y0−→T−1)

=

(
1− 1

T

)∑
ζ

ηζγ(yT ) · φζijk(T − 1)

(92)

Finally by inserting equation 92 into equation 91 and changing terms order we obtain

φγijk(T ) =
∑
ζ

ηζγ(yT )

× φζijk(T − 1) +
1

T
[δ(yT − k) · gij(ζ, γ) · ωζ(T − 1)− φζijk(T − 1)]

(93)
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with gij(ζ, γ) ≡ δ(i − ζ) · δ(j − γ), and ωζ(T − 1) ≡ P (xT−1 = ζ|y0−→T−1)

which can be computed recursively, and ηζγ(yT ) is expressed in terms of the model’s

parameters as

ηζγ(yT ) =
bζγcγ,yT∑

m,k bm,kck,yTωm(T − 1)
(94)

with cγ,yT is the probability of emitting an output yT in state γ , that is cγ,yT ≡
∑

k cγk ·

δ(yT − k)

4.4 Inverted Beta-Liouville Mixture Model

We suppose a D-dimension vector ~X = (X1, . . . , XD) is drawn from an inverted Beta-

Liouville distribution [94], then we have

p( ~X|αd, . . . , αd, α, β, λ) =
Γ
(∑D

d=1 αd

)
Γ(α + β)

Γ(α)Γ(β)

D∏
d=1

Xαl−1
d

Γ (αd)

× λβ
( D∑

d=1

Xd

)α−∑D
d=1 αd

(
λ+

D∑
d=1

Xd

)−(α+β)
(95)

where Xd > 0 for d = 1, . . . , D, α > 0, β > 0 and λ > 0. In fact, the IBL distri-

bution can be viewed as a generalized form of the inverted Dirichlet distribution that

involves multiple symmetric and asymmetric modes. The mean, variance and covariance

of the IBL distribution are given by:

E(Xd) =
λα

β − 1

αd∑D
d=1 αd

(96)
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V ar(Xd) =
λ2α(α + 1)

(β − 1)(β − 2)

αd(α + 1)∑D
d=1 αd(

∑D
d=1 αd + 1)

− λ2α2

(β − 1)2

αd
4

(
∑D

d=1 αd)
4

(97)

Cov(Xm, Xn) =
αmαn∑D

d=1

[
λ2α(α + 1)

(β − 1)(β − 2)(
∑D

d=1 αd + 1)

− λ2α2

(β − 1)2(
∑D

d=1 αd)

] (98)

If a set of data contains N vectors: X = { ~X1, . . . , ~XN}, where each

~Xi = (Xi1, . . . , XiD) is drawn from the IBL mixture model with M components and is

defined as follows

p( ~Xi|~π,Θ) =
M∑
j=1

πjp( ~Xi|θj) (99)

where Θ = (θ1, . . . , θM), p( ~Xi|θ) denotes the IBL distribution in Eq.(95) associated with

the jth component with parameters θj = (αj1, . . . , αjD, αj, βj, λj), and

~π = (π1, . . . , πM) are the mixing coefficients where 0 ≤ πj ≤ 1 and
∑M

j=1 = 1.

Maximum likelihood estimation

In order to learn the models’ parameters, we choose a learning approach based on Maxi-

mum Likelihood (ML). The values of different parameters are obtained by maximizing the

log-likelihood function such as:

Θ̃ = argmax
Θ

log p(X|~π,Θ) (100)
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where the log-likelihood function is given by

L(X|~π,Θ) = log p(X|~π,Θ) = log
N∏
i=1

p( ~Xi|~π,Θ)

=
N∑
i=1

log

( M∑
j=1

πjp( ~Xi|θj)
) (101)

We define latent variables as indicators for a set of observed data. Let Z = { ~Z1, . . . , ~ZN},

each ~Zi = (Zi1, . . . , ZiM) corresponds to an observed data vector ~Xi, where Zij ∈ {0, 1}

and
∑M

j=1 Zij = 1, and Zij = 1 if ~Xi belongs to component j, and 0 otherwise. The

log-likelihood of the complete data can thus be expressed as follows:

Φ(X ,Z|~π,Θ) =
N∑
i=1

M∑
j=1

Zij
{

log πj + log p( ~Xi|θj)
}

(102)

Next, the conditional expectation of the complete data log-likelihood is maximized in the

M-step of the EM algorithm which is given by

Ω(X|Θ) =
N∑
i=1

M∑
j=1

〈Zij〉
{

log πj + log p( ~Xi|θj)
}

(103)

with the posterior probability 〈Zij〉 being the expected value of the indicator variable and

is given by

〈Zij〉 =
πjp( ~Xi|θj)∑M
k=1 πkp(

~Xi|θk)
(104)
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We maximize the conditional expectation of the complete-data log-likelihood by comput-

ing the first derivatives with respect to all parameters

∂Ω(X|Θ)

∂αj
=

N∑
i=1

〈Zij〉
[

log
D∑
d=1

Xid − log(λj +
D∑
d=1

Xid)

]

+ [Ψ(αj + βj)−Ψ(αj)]
N∑
i=1

〈Zij〉

(105)

∂Ω(X|Θ)

∂βj
=

N∑
i=1

〈Zij〉
[

log λj − log(λj +
D∑
d=1

Xid)

]

+ [Ψ(αj + βj)−Ψ(βj)]
N∑
i=1

〈Zij〉

(106)

∂Ω(X|Θ)

∂αjd
=

N∑
i=1

〈Zij〉
[

logXid − log
D∑
d=1

Xid

]

+ [Ψ(
D∑
d=1

αjd −Ψ(αjd)]
N∑
i=1

〈Zij〉

(107)

∂Ω(X|Θ)

∂λj
=

N∑
i=1

〈Zij〉
[
βj
λj
− αj + βj

λj +
∑D

d=1 Xid

]
(108)

with Ψ(.) being the digamma function. It is obvious that a closed-form solution for

θj does not exist.Thus, to estimate these parameters, we use the Newton-Raphson method

[186] such as

θ
(t+1)
j = θ

(t)
j −H(θ

(t)
j )−1∂Ω(X|~π(t),Θ(t))

∂θ
(t)
j

(109)

where H(θ
(t)
j )−1 represents the inverse Hessian matrix for parameter θj and is described in

detail in [127].
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4.4.1 Online update for the sufficient statistics and model parameters

To set up an online EM, we start with an initial guess for the model parameters θ̂(0), the

initial state probabilities, ωζ ≡ P (x0 = ζ), and the sufficient statistics, φ̂γijk(0). After

removing the contribution of the sufficient statistics such as performed in [173], state es-

timates, ωζ(T ) which represent the probability of being in the state ζ at time T are then

expressed such as

ω̂ζ(T ) =
∑
m

ηmζ(yT ; θ̂(T − 1)) · ω̂m(T − 1) (110)

Finally, the parameters are re-estimated according to the following equations

b̂ij(T ) =

∑
k

∑
ζ φ

ζ
ijk(T )∑

j,k

∑
ζ φ

ζ
ijk(T )

(111)

ĉjk(T ) =

∑
i

∑
ζ φ

ζ
ijk(T )∑

i,k

∑
ζ φ

ζ
ijk(T )

(112)

4.5 Experiments and results

In this section, extensive experiments are conducted and we have implemented several real-

world topical yet challenging applications using the online HMM with IBL emission prob-

abilities. We are mainly comparing our new approach to its classical online Gaussian-based

HMMs competitors and other new adaptations that we executed for the sake of comparison

and testing, e.g., inverted Dirichlet-based online HMM (Online ID-HMM) and Dirichlet-

based online HMM (Online Dir-HMM). It is noteworthy that the learning of the mentioned

adaptations has been based on the same methodology described in the previous section

to learn the IBL mixture-based HMM. Real-world applications on two video data sets, an

anomaly in a crowd context and direction-related anomaly detection in an airport, are tested
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to validate the performance of our model.

Recognition of human action in videos gained a great deal of attention thanks to the

multitude of applications in many domains such as human-computer interfaces, video

surveillance [254, 208] and activity biometry [70]. Applications involve but are not lim-

ited to, detecting violence, hostile behavior, and sexual harassment [222], not to mention

life-threatening events such as pedestrians accidents, criminality [226].

It is worthwhile to mention that dealing with crowded scenes analysis often involves a

sizable amount of individuals acquiring irregular directions in an exceedingly vast region

hence the complexity of the task. Anomalies or abnormal events can be intuitively defined

as any occurrence of a deviation from the conventional crowd behavior in an exceedingly

vast video. Moreover, an anomaly could eventually be a pattern that doesn’t follow ex-

pected traditional behavior in a given context.

Hidden Markov Models are indeed an appropriate tool to tackle this problem since they

are particularly suitable when working with dynamic data such as videos, and attempting

to unveil unknown natures of anomalies.

4.5.1 Anomaly detection in a crowd of pedestrians

The main goal of this experiment is to detect any anomalies in the surveillance video of

the publicly available UCSD Ped1 and Ped2 data set [133]. Both data sets are formed from

video sequences of pedestrians on a walkway and divided into a training set, with normal

frames only, and a testing set composed of both normal and abnormal frames. These two

data sets only differ in the camera viewpoint from which footage has been captured. We

still are able to benefit from ground truth, provided for all test sequences. Sample frames

from the training set with different crowd densities and anomalies are presented in figures

22 and 23. In the following we proceed to the feature extraction in a procedure we describe

briefly (see [79] for further details).
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Figure 22: Frames from the Ped1 normal (upper row) and abnormal activities (bottom row)
with anomalies highlighted

Figure 23: Frames from the Ped2 normal (upper row) and abnormal activities (bottom row)
with anomalies highlighted

The pre-processing involves a gray-level re-sampling of the frames to a size of 160 ×

240 pixels, with a filter-based Gaussian noise reduction where the filter size is [3, 3] and

σ = 1.1. Next, we perform some dimensional sampling steps in order to meet HMMs

use requirements such as lowering the length of our histograms (12 in this application),

small volumes extracted from sequences, called cuboids, are repeated several times in a

sequence in order to avoid model overfitting. The dimensional sampling adopted here

consists in dividing sequences into cuboids each of them subdivided into 8 subregions, 2
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along each direction. Pixels’ contribution within a subregion is weighted by its magnitude

and is computed in the same fashion as in [79]. We model each cuboid by a series of 8

normalized histograms through which a dynamic mechanism embedded in each cuboid is

illustrated. An HMM is trained for each cuboid location taking into account all the available

observations.

We set a threshold to compare each computed likelihood from the testing videos in

order to fulfill the classification task. This threshold is tied to the location of cuboids and

is set using the minimum likelihood value of training samples at each location multiplied

by a factor k chosen depending on the frequency of anomalous sequences and can either be

k = 1, k < 1 or k > 1 [79].

Eventually, when dealing with applications such as anomaly detection, we wish, as far

as practicable, to achieve the optimal Equal Error Rate (EER). However, the latter is not

the only point of performance on which we should rely when assessing our results. The

overall performance can thus be studied by computing the Area Under the Curve (AUC).

We choose to set our model to a number of states K = 2 and a number of mixtures

per state M = 3. It is better to keep those two values low as they drastically contribute

to the simplicity of computing. We also carry offline and online trials for the sake of

comparison. Results will be detailed later in this section. The number of states K and

mixture components M is set using K-means [120] clustering of the training data, with the

number of clusters varying from 2 to 20.

We train each HMM with a set of training features for each of the classes 10 times. Then

we keep track of the scored results as an average across the training times. Results and

comparison with different used models in the same experimental context can be observed

in table 10.

The results show an apparent improvement each time we chose to integrate the online

EM into the HMM framework. This is related to the gradual adjustment of the parameters
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that allow for better fitting of the data by the proposed model. Nonetheless, it is noteworthy

to mention that Online IBL-HMM performed significantly better than its offline peer, plus

even better than the inverted Dirichlet-based HMM and the generalized inverted Dirichlet-

based HMM as well. The online setup combined with an appropriate choice of distribution

contributed to this decent amelioration.

Method Ped1 Ped2

GMM-HMM 72.03 73.19

ID-HMM 75.28 77.51

GID-HMM 89.99 87.27

IBL-HMM 90.09 90.41

Online GMM-HMM 88.60 84.53

Online ID-HMM 91.13 91.72

Online GID-HMM 89.03 84.33

Online IBL-HMM 95.10 92.69

Table 10: Average recognition rates for different used HMMs in the context of video

anomaly detection UCSD, ped1 and ped2 datasets

4.5.2 Anomaly detection: Airport security line-up

This application permits identifying people going in the wrong direction in an airport se-

curity line-up. The videos are treated as sequences extracted from the anomalous Behavior

data set [253]. The latter has been gathered from a surveillance camera hung up to the ceil-

ing and filming vertically downwards. One part of the data set is clear from any anomalies

and hence used for the training step, while the other is used for testing purposes. Figure 24

shows some frames from the data set.

Anomalies displayed in this data set are of a larger scale compared to the previous
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Figure 24: Frames from Anomalous Behavior airport wrong direction with highlighted
anomalies

application, we then choose to increase the cuboid size to prevent as many false positive

cuboids. Here we choose 80 × 80 pixels. We use AUC-ROC curve [43] as a performance

assessment measure. What’s interesting, is that in this binary classification context, a model

has to predict whether the frame is an anomaly or not. The AUC curve measures the

models’ performance depending on various thresholds. The highest AUC score will help

us determine the best model. The AUC-ROC curve is plotted with True Positive Rate

(TPR) and False Positive Rate (FPR). We thought it would also be interesting to allow

some interest in evaluating the Equal Error Rate (EER) as a performance assessment. EER

is an optimized value where a false-positive intersects with a false negative. The better a

model is, the lower its EER score. Results are displayed in figure 25.

TPR =
TruePositive

TruePositive+ FalseNegative
(113)

FPR =
FalsePositive

TrueNegative+ FalsePositive
(114)

Performances of different tested methods displayed in table 11, show the signifi-

cant role played by the online learning method in improving the detection performance
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Figure 25: AUC-ROC curve comparison of the proposed Online IBL-HMM with other
methods for Anomalous Behavior dataset

of anomalous events.

Method Online Offline
GMM-HMM 86.13 79.02

ID-HMM 89.64 80.11
GID-HMM 91.17 86.98
IBL-HMM 94.83 92.06

Table 11: Average recognition rates for different used HMMs in the context of video
anomaly detection Anomalous Behavior data set both online and offline

4.5.3 Abnormal Crowd Behavior: Escape scene

This experiment aims to capture abnormal crowd behavior in three different scenes in the

video sequence of unusual crowd events captured synthetically by the University of Min-

nesota (UMN) [188]. The data set is composed of videos of 11 different scenarios of an

escape event in 3 different indoor and outdoor scenes: Lawn, Indoor and Plaza. Each video
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is composed of an initial part of normal behavior followed by sequences of abnormal be-

havior where people run from the center of the scene to simulate an escaping event. All

footage is recorded at a frame rate of 30 frames per second at a resolution of 640 × 480

using a static camera. Figure 26 shows sample frames of these scenes. Here, the process

for identifying the likely patterns is performed in a similar way as in [171], where we use

the bag of words [135] method to identify the events and normal videos for training LDA

[32]. For computational simplicity, the resolution of the particle grid is kept at 25% of the

number of pixels. We partition our frames into blocs of C clips. Then, from each clip Cj ,

W visual words are extracted. We randomly pick visual words of size 5× 5× 10 and code

a book of size S using K-means clustering. In this case, we extract W = 30 visual words

from a block of 10 frames. Thus a final codebook contains C = 10 clips. To evaluate our

model, 50 different frames of each scene are selected.

Figure 26: Frames from the UMN data set with normal (upper row) and abnormal escape

scenes (bottom row) from three different indoor and outdoor scenes

Table 12 shows the average accuracy comparison of several tested methods namely
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online-based and offline-based HMMs implemented for the sake of this particular compar-

ison. We specifically want to focus on the role played by online HMMs compared to offline

models but in detecting escape scenes, we also want to focus on the role played by the IBL

as a distribution to improve the average recognition accuracy of anomalous scenes. Over-

all, the proposed method achieves the best accuracy with an average of 89.12%, which is

higher than the average accuracy of 83.53% where we did not use the online-based model.

We also observe that both online and offline IBL-HMM perform better compared to other

methods.

Method Online Offline

GMM-HMM 71.13 69.80

ID-HMM 76.08 73.42

GID-HMM 83.40 78.55

IBL-HMM 89.12 83.53

Table 12: Average recognition rates for different used HMMs in the context of a crowd

escape scene detection on the UMN data set, both online and offline

For further performance evaluation, we have presented the ROC curves in figure 27 for

the different used models and can thus observe that our method achieves a better ratio and

the number of false positives is significantly lower.
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Figure 27: AUC-ROC curve for each of the tested models on the UMN dataset

One of the main takeaways is the crucial role that online learning plays in reducing

false positive detection of anomalous behavior especially in binary contexts where only

two scenarios such as "normal" or "escape scene" are possible. Clearly, in the mentioned

situations we aim for the least false positive detection rate possible to avoid false alerts and

thus reduce unnecessary alarming situations.

4.6 Conclusion

There are a multitude of techniques that researchers are adopting to address the challenge

of abundant and massive data modeling. Online learning methods are one of the most

powerful tools to handle big streams of data such as videos in a real-time context. Using
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HMMs is also a suitable way to deal with dynamic data such as videos, but the biggest chal-

lenge remains in finding the most powerful distribution to faithfully model specific types of

data such as positive vectors. Further, the interest in adopting IBL mixtures for modeling

our data arose from the limitations encountered when other distributions such as Gaussian

mixtures and inverted Dirichlet were adopted. In fact, IBL mixtures provided a smaller

number of parameters compared to the generalized inverted Dirichlet, not to mention that it

showed its effectiveness when dealing with positive vector modeling in contrast to the rest

of the tested distributions. In this paper, we proposed a model in which all the aforemen-

tioned problems are addressed simultaneously in the case of human activities modeling and

anomalies detection. The developed approach applies online learning of parameters within

the HMM framework. Experimental results involving challenging real-life applications

such as anomaly detection in a human crowd context showed that the proposed approach

is highly promising. We have demonstrated that the proposed method is highly effective

at discriminating between scenes of normal and abnormal behavior, and that our approach

operates in real-time. Future works are intended to be done in the near future extending this

work to different flexible distributions and considering a hybrid Generative-Discriminative

model using Support Vector Machines kernels to improve classification capabilities and to

further reduce error rates.
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Chapter 5

Hybrid Generative Discriminative

Approach with Hidden Markov Models

and Support Vector Machines

5.1 Indoor Activity Recognition Using a Hybrid

Generative-Discriminative Approach with Hidden

Markov Models and Support Vector Machines

Human activity recognition is used for many practical applications such as context mod-

eling in smart cities, surveillance and assisted living. In this chapter, we apply a hybrid

generative-discriminative approach using Fisher kernels with inverted Dirichlet-based and

inverted Beta-Liouville-based hidden Markov models (HMMs) to improve the recognition

performance. We propose a method that combines HMMs as a generative approach, with

the discriminative approach of Support Vector Machine (SVM). This strategy allows us

to deal with Spatio-temporal motion data, and at the same time use the special focus on
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the classification task that SVM could provide us. Experiments on the challenging activity

recognition benchmark UCF101, demonstrate an effective improvement of the recognition

performance compared to the standard generative and Gaussian-based HMM approaches.

5.1.1 Introduction

Human activity recognition has recently gained prominent interest as an active area of

computer vision research. Indeed, being able to accurately identify different performed ac-

tivities allows for further understanding of people’s lifestyle and their needs over a period

of time. Ranging from assisted living [61, 56], elderly fall detection [252], to smart homes

technologies [205], applications of activity recognition (AR) are numerous and equally

critical.

AR in computer vision focuses mainly on extracting information from pre-segmented video

sequences, which is not necessarily the case in real-life scenarios where videos are not

segmented beforehand. In realistic scenarios, the challenge lies in localizing an action

of potential interest in time in a video. While most recent works focused on power-

ful pre-processing techniques to extract motion-related features within images and videos

[96, 76, 62, 27], there has also been a rising need to understand more about the context

of these multimedia and invest in reliable model-based techniques [129, 177, 92]. In fact,

a better performance suggests that more global spatial and temporal information could be

necessary for activity detection. Therefore, HMM has become one of the most widely used

models thanks to its maturity and high efficiency in handling spatio-temporal aspects of

human behaviour while moving or performing certain actions [9, 227].

Two main approaches are used in machine learning to perform recognition tasks: generative

techniques that model the underlying distributions of classes, and discriminative techniques

that give a sole focus on learning the class boundaries [211]. Both techniques have been

widely used in computer vision to effectively recognize action patterns [178].
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In a broader sense, generative models, such as HMM, are considered to be one of the ma-

chine learning methods that aspire to empower machines with the fundamental capacity to

examine objects, events or observations and speculate on the upcoming aftermath. There-

fore, they tend to require less training data than discriminative models. In particular, if the

task to be performed is classification, SVM can clearly distinguish the differences between

categories and can thus outperform generative models especially if a large number of train-

ing examples are available. SVM is extensively used due to their great capacity to gener-

alize, often resulting in better performance than traditional classification techniques [130].

They have proven that they can yield good results in several recognition tasks [247, 38, 7].

As a discriminative approach, the main process of SVM is to find surfaces that better

separate the different data classes. The main idea is to use a kernel that allows efficient

discrimination in non-linearly separable input feature spaces. One of the key best practices

when using SVM is to adopt the convenient kernel function which has to be suitable for the

classified data and the objective task. Conventional kernels include linear, polynomial and

radial basis function kernels[25]. Applying these kernels is not always possible, especially

when it comes to classifying objects represented by sequences of different lengths [239].

Therefore, the mentioned kernels may not be a wise choice to model our action data. Con-

sequently, a hybrid generative-discriminative method is adopted to allow the conversion

of data into fixed-length and hence provide additional performance to the model. In this

work, we propose the use of Fisher Kernels (FK) generated with inverted Dirichlet-based

and inverted Beta-Liouville-based HMMs (IDHMM and IBLHMM respectively) to model

the temporal variations.

The main contributions of this paper are the following: First, we apply for the first time two

non-Gaussian HMMs, i.e. inverted Dirichlet-based HMM and the inverted Beta-Liouville-

based HMM on the challenging Human Action benchmark UCF101 by the University of

Central Florida. Second, we derive a hybrid generative-discriminative approach for both
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of the aforementioned HMMs with FK for SVM-based modeling of positive vectors. This

novel approach is also tested on the UCF101 recorded activities, as an unprecedented at-

tempt of using Fisher Vectors-based hybrid generative-discriminative models to handle this

challenging dataset. The remainder of the paper is organized as follows, Section 2 discusses

the proposed model. Section 3 presents the performed experiments and obtained results.

We finally conclude the paper in section 4.

5.1.2 Hybrid Generative-Discriminative approach with Fisher Ker-

nels

In this section, we present the proposed approach. To illustrate our model, we are first

listing various HMM notations and enumerating the upcoming used work script. We then

recall the main process behind the forward-backward algorithm. Lastly, we perform a

complete derivation of the FK-based model.

5.1.2.1 Hidden Markov Models

We consider a HMM with continuous emissions and K hidden states. We put a set of hid-

den states H = {h1, ..., hT};hj ∈ [1, K].

The transition probabilities matrix: B = {bij = P (ht = j|ht−1 = j′)} and the emission

probabilities matrix: C = {cij = P (mt = i|ht = j)}; i ∈ [1,M ] where M is the number

of mixture components associated with state j. We define the initial probability: πj which

is the probability to start the observation sequence from the state j.

We denote an HMM as: ∆ = {B,C, ϕ, π}whereϕ is the set of mixture parameters depend-

ing on the chosen type of mixture. In this work, we focus on inverted Dirichlet and inverted

Beta-Liouville distributions. Let a D-dimensional positive vector ~X = (X1, X2, ..., XD)

follow an Inverted Dirichlet (ID) distribution, the joint function is given by Tiao & Cuttman
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[233] as follows:

ID( ~X|~α) =
Γ(|~α|)∏D+1
d=1 Γ(αd)

D∏
d=1

Xαd−1
d

(
1 +

D∑
d=1

Xd

)−|~α|
(115)

where Xd > 0, d = 1, 2, ..., D, ~α = (α1, ..., αD+1) is the vector of parameters and

|~α| =
∑D+1

d=1 αd, αd > 0, d = 1, 2, ..., D + 1.

For the inverted Beta-Liouville, we suppose a D-dimension vector ~X = (X1, . . . , XD)

is drawn from an inverted Beta-Liouville distribution [94], then we have

p( ~X|αd, . . . , αd, α, β, λ) =

Γ
(∑D

d=1 αd

)
Γ(α + β)

Γ(α)Γ(β)

D∏
d=1

Xαl−1
d

Γ (αd)

× λβ
( D∑

d=1

Xd

)α−∑D
d=1 αd

(
λ+

D∑
d=1

Xd

)−(α+β)

(116)

where Xd > 0 for d = 1, . . . , D, α > 0, β > 0 and λ > 0. Γ(x) =
∫ +∞

0
tx−1e−tdt is the

Gamma function. In fact, the IBL distribution can be viewed as a generalized form of the

inverted Dirichlet distribution that involves multiple symmetric and asymmetric modes.

5.1.2.2 Inference on hidden states: Forward-Backward Algorithm

The forward algorithm computes the probability of being in state hj up to time t for the

partial observation sequence produced by the model ∆. We consider a forward variable

γt(i) = P (X1, X2, . . . , Xt, , it = hi|∆). There is a recursive relationship that is used to

compute the former probability. We can resolve for γt(i) recursively as follows:
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1. Initialization:

γt(i) = πiϕi(X1) 1 ≤ i ≤ K (117)

2. Recursion:

γt+1(j) =

[
K∑
i=1

γt(i)bij

]
ϕj(Xt+1)

for 1 ≤ t ≤ T − 1, 1 ≤ j ≤ K

(118)

3. Termination:

P (X|∆) =
K∑
i=1

γT (i) (119)

The backward variable, which is the probability of the partial observation sequence

Xt+1, Xt+2, . . . , XT given the current state is denoted by δt(i) and can similarly be deter-

mined as follows:

1. Initialization:

δt(i) = 1, 1 ≤ i ≤ K (120)

2. Recursion:

δt(i) =
K∑
j=1

bijϕj(Xt+1δt+1(j))

for t = T − 1, T − 2, . . . , 1 1 ≤ i ≤ K

(121)

3. Termination:

P (X|∆) =
K∑
i=1

γi(T )

=
K∑
i=1

πibi(X1)ϕi(1)

=
K∑
i=1

K∑
j=1

γt(i)bijϕj(Xt+1)δt+1(j)

(122)
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5.1.2.3 Fisher Kernels

Non-linear SVM serves our discrimination needs in the context of realistic recognition

tasks. The strategy is to use a Kernel method to avoid calculation cost and memory

consumption problems that might arise from performing inner product calculation of

high-dimensional feature vectors. It will allow us to implicitly project objects to high-

dimensional space by using a kernel function κ(xζ , xη) = 〈φ(xζ), φ(xη)〉 and solving the

problem with observations xζ and xη represented as Bag of Features (BoF) or Bag of Visual

Words (BoVW) [119, 249] in general with φ being a projection function and 〈·, ·〉 meaning

the inner product. Here we choose Fisher Kernel as the kernel function. This choice is

motivated by FK being a general way of fusing generative and discriminative approaches

for classification. FK is formulated as

FK(Xζ , Xη) = 〈FS(Xζ ,∆), FS(Xη,∆)〉 (123)

where Xζ and Xη are two observations, ∆ is the parameters set of a generative model

defined by P (X|∆) and FS(Xζ ,∆) is the Fisher score.

FS(X,∆) = ∇∆ logP (X|∆) (124)

Given a particular HMM:

L(X|∆) = logP (X|∆)

= log
K∑
i=1

γT (i)

= log
K∑
i=1

πiϕi(X1)δ1(i)

(125)

The derivatives for the inverted Dirichlet-based HMM can be defined as follows:
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∇∆L(X|∆) =

[
∂L(X|∆)

∂πi
,
∂L(X|∆)

∂bij
,
∂L(X|∆)

∂αid
,
∂L(X|∆)

∂αi

]
(126)

Also, the derivatives for the inverted Beta-Liouville-based HMM can be defined as

follows:

∇∆L(X|∆) =

[
∂L(X|∆)

∂πi
,
∂L(X|∆)

∂bij
,
∂L(X|∆)

∂αid
,
∂L(X|∆)

∂αi

∂L(X|∆)

∂βi
,
∂L(X|∆)

∂λi

]
(127)

Each derivative with respect to the parameter is calculated using Eq.(155) in the fol-

lowing manner. Common entities derivatives can be expressed as:

∂L(X|∆)

∂πi
=

ϕi(X1)δ1(i)∑K
i=1 πiϕi(X1)δ1(i)

(128)

∂L(X | ∆)

∂bij
=

1

P (X | ∆)

K∑
k=1

∂γT (k)

∂bij

=
1

P (X | ∆)

K∑
k=1

(
∂

∂bij

K∑
l=1

γT−1(l)blkϕk (XT )

)

=
1

P (X | ∆)

K∑
k=1

K∑
l=1

∂γT−1(l)

∂bij
blkϕk (XT )

+ ∂γT−1(i)ϕij (XT )

(129)

Inverted Dirichlet related derivatives can be expressed as follows:

∂L(X | ∆)

∂αid(ID)
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂αid
bkjϕj (XT ) +

K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂αid

)
(130)
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∂L(X | ∆)

∂αi(ID)
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂αi
bkjϕj (XT ) +

K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂αi

)
(131)

∂ϕi (Xt)

∂αid(ID)
= Ψ

( D∑
d=1

αid

)
−Ψ (αid) + log (Xd)− log

(
1 +

D∑
d=1

Xd

)
(132)

∂ϕi (Xt)

∂αi(ID)
= Ψ

( D∑
d=1

αi

)
−Ψ (αi)− log

(
1 +

D∑
d=1

Xd

)
(133)

Figure 28: Frames from the used UCF101 subset with 10 different activities respectively
from left to right: Mopping Floor(A1), Brushing Teeth(A2), Mixing Batter(A3), Writ-
ing On Board(A4), Shaving Beard(A5), Pizza Tossing(A6), Jump Rope(A7), Blow Dry
Hair(A8), Blowing Candles(A9), and Pull ups (A10)

Inverted Beta-Liouville related derivatives can be expressed as follows:

∂L(X | ∆)

∂αid(IBL)
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂αid
bkjϕj (XT )

+
K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂αid

) (134)
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∂L(X | ∆)

∂αi(IBL)
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂αi
bkjϕj (XT )

+
K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂αi

) (135)

∂L(X | ∆)

∂βi
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂βi
bkjϕj (XT )

+
K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂βi

) (136)

∂L(X | ∆)

∂λi
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂λi
bkjϕj (XT )

+
K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂λi

) (137)

∂ϕi (Xt)

∂αi(IBL)
= Ψ(αi + βi)−Ψ(αi) + log

D∑
d=1

Xd − log(λi +
D∑
d=1

Xd) (138)

∂ϕi (Xt)

∂αid(IBL)
= Ψ

( D∑
d=1

αid

)
−Ψ(αid) + logXd − log

D∑
d=1

Xd (139)

∂ϕi (Xt)

∂βi(IBL)
= Ψ(αi + βi)−Ψ(βi) + log λi − log(λi +

D∑
d=1

Xd) (140)

∂ϕi (Xt)

∂λi(IBL)
=
βi
λi
− αi + βi

λi +
∑D

d=1Xd

(141)

with Ψ(.) being the digamma function.
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5.1.3 Experiments

We choose to test our model on the notorious UCF101 dataset1[228]. The task is to recog-

nize different actions of daily life (ADLs) in an indoor setting.

UCF101 is an action recognition dataset of realistic action videos, collected from YouTube,

having 101 action categories. This data set is an extension of the UCF50 dataset which has

50 action categories. UCF101 is the largest and one of the most challenging action datasets

in terms of complexity and scale, with a broad variety of actions with large variations in

camera motion and cluttered backgrounds. It consists of 13,320 videos of a maximum of

150 frames per video with the resolution of 320× 240, for 101 human actions divided into

five types: Human-Human Interaction, Playing Musical Instruments, Body-Motion Only

and Sports. In this work, we choose to evaluate the proposed method on a chosen subset of

indoor activities.

The used subset contains 10 different activities: Mopping Floor (A1), Brushing Teeth

(A2), Mixing Batter (A3), Writing On Board (A4), Shaving Beard(A5), Pizza Tossing

(A6), Jump Rope (A7), Blow Dry Hair (A8), Blowing Candles (A9), and Pull-ups (A10).

Subjects filmed in the dataset have different appearances, genders and ethnicity. Video

clips are 1-71s long on average. Sample frames from the adopted activities are displayed

in figure 28.

The frame size is 320 × 240 and the frame rate is 25 frames/s. We extract cuboids

from each sequence by considering 100-150 frames of the actions and fixing the size of

the bounding box to 200 × 200. We first extract features on a frame basis (at a rate of one

frame/second) considering a combination of both low-level and high-level cues. For low-

level cues, we perform quantization of the motion vectors into 8 different directions. For

high-level cues we apply an enhanced pose estimator as in [210], however, we only detect

the location of 9 body parts. We then construct a descriptor for each body part, modeled by

1The UCF101 dataset is publicly available at: https://www.crcv.ucf.edu/data/UCF101.php
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an 8 bin histogram with optical flows assigned to the corresponding body part. As a final

step, we concatenate all histograms to create a 72 bin histogram for each frame. We use the

extracted features as training and testing data.

For each activity, a separate HMM is trained using the extracted features. In the testing

step, we calculate the likelihood of each testing video sequence and class labels are assigned

according to the maximum likelihood calculated. The main goal here is to use the generated

outcome to train our SVM for an enhanced recognition rate. In the performed experiments,

we set the number of states K = 2 for all trained HMMs with mixture components M = 2

for both used distributions (ID and IBL). In total, four model combinations are tested for

comparison ends ID-HMM, Hybrid ID-HMM (HyID-HMM), IBLHMM and Hybrid IBL-

HMM (HyIBL-HMM).

The obtained results displayed in table 13 show that both hybrid IDHMM and

IBLHMM-based methods demonstrate relatively similar performance, nonetheless, the dif-

ference between them and the generative approach is conspicuous. We notice indeed that

the IBLHMM outperforms its IDHMM analogue in the generative approach.

Table 13: Average recognition accuracies for different used activity recognition models

Generative approach Hybrid SVM-HMM
ID-based HMM 84.99% 91.72%

IBL-based HMM 89.04% 96.91%

This increasing recognition capacity was expected and is once more validated when

it comes to positive vector modeling. Using IBL as an emission probability distribu-

tion, improved the modeling accuracy considering that it contains the inverted Dirichlet

distribution as a special case, and hence generates additional flexibility. Furthermore, re-

sults achieved by applying the hybrid generative-discriminative approach demonstrate the

striking increase in terms of the modeling accuracy and further validate the improved per-

formance that SVM provided to the generative technique. Figures 29 and 30 present the
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Figure 29: Confusion matrix for the inverted Beta-Liouville HMM with UCF101 subset

confusion matrices of the tested dataset. They describe recognition rates of SVM-HMM

and generative HMMs for each activity. There are some similarities in the appearance

of Jump Rope and Pull-ups. This results in a lower recognition rate for the generative

approach which emphasizes the similarity of intra-class, whereas quite the opposite hap-

pened for the hybrid approach with the role played by SVM in emphasizing the difference

of inter-class. This proves that our hybrid approach is effective to improve the performance

of our activity recognition model.

5.1.4 Conclusion

In this work, we presented a hybrid generative-discriminative approach to automatically

identify indoor human activities in video sequences using a combination of HMMs as a

generative approach, along with the discriminative SVM. The main motivation behind this

choice is to be able to enhance the model’s capacity by taking advantage of the powerful
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Figure 30: Confusion matrix for the hybrid inverted Beta-Liouville HMM-SVM with
UCF101 subset

classification role that SVM plays without neglecting the Spatio-temporal aspects of motion

data. We also gave a special focus on modeling positive vectors by using non-Gaussian in-

verted Dirichlet and inverted Beta-Louiville distributions as emission probabilities for our

HMM. We carried out what we believe to be the first attempt of applying IDHMM and

IBLHMM both in generative and hybrid modes on the challenging UCF101 benchmark. A

comprehensive solution for activity detection and recognition was introduced, where large

videos are initially split into video subsequences containing potentially interesting activi-

ties, which are then processed in for accurate activity recognition. According to the results

obtained from the conducted experiments, we proved that the proposed approach obtained

highly accurate recognition rates compared to both generative IDHMM and IBLHMM.

Future works are intended to be done in the near future extending this work to different

computer vision applications with the use of the Generalized inverted-Dirichlet distribu-

tion as emission probabilities to deal with the strictly positive covariance structure imposed
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by the inverted Dirichlet form.

5.2 Sentiment Analysis from User Reviews Using a

Hybrid Generative-Discriminative HMM-SVM Ap-

proach

Sentiment analysis aims to empower automated methods with the capacity to recognize

sentiments, opinions and emotions in text. This recognition capacity is now highly de-

manded to process and extract proper knowledge from the exponentially-growing vol-

ume of user-generated data. Applications such as analyzing online products reviews on

e-commerce marketplaces, opinion mining from social networks and support chat-bots op-

timization are putting into practice various methods to perform this complex natural lan-

guage processing task. In this work, we apply a hybrid generative-discriminative approach

using Fisher kernels with generalized inverted Dirichlet-based hidden Markov models to

improve the recognition performance in the context of textual analysis. We propose a

method that combines HMMs as a generative approach, with the discriminative approach

of Support Vector Machine. This strategy allows us to deal with sequential information

of the text, and at the same time use the special focus on the classification task that SVM

could provide us. Experiments on two challenging user reviews datasets i.e Amazon for

products reviews and IMDb movies reviews, demonstrate an effective improvement of the

recognition performance compared to the standard generative and Gaussian-based HMM

approaches.
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5.2.1 Introduction

Opinion mining received massive interest in recent years, particularly with the important

role that reviews and shared experiences over e-commerce and marketplaces platforms play

in shaping purchase intentions. User-generated data is increasing drastically, especially

when it comes to reviews and feedback shared over the internet [51]. This huge volume of

data calls for automated methods to process and extract proper knowledge from it [160].

Analyzing users’ opinions from different perspectives can considerably help not only the

customer to buy or adopt the best product available in the market, but also the merchant, to

better understand what are the good or bad features related to their products and determine

their effect on the buyers’ opinion and feeling regarding the product [241]. These reviews

are for the most part available in a text format in an unstructured way and naturally need

to be modeled appropriately in order to provide useful insights to both customer and

seller. Therefore, recognizing sentiments and attitudes in textual data can provide a better

understanding of trends and tendencies related to products [175, 155].

Sentiment analysis, also known as opinion mining, analyzes people’s opinions as well

as their emotions towards a product, an event or an organization [159]. It has been widely

investigated in different research works and approached through different methodologies

such as lexicon-based approaches as well as hybrid approaches [57]. Nevertheless, there

has been rarely a solid explainability or knowledge behind decisions resulting from these

methods, and the latter were oftentimes handled as black-box methods. Challenges in

sentiment analysis as a natural language processing application are numerous. In fact,

analyzing text reviews implies dealing with text sequences that are usually limited in length,

have many misspellings and shortened forms of words [255]. As a result, we have an

immense vocabulary size and vectors representing each review are highly sparse.

Two main approaches are used in machine learning to perform recognition tasks: generative
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techniques that model the underlying distributions of classes, and discriminative techniques

that give a sole focus on learning the class boundaries [211]. Both techniques have been

widely used in sentiment analysis to effectively recognize divergent users’ attitudes [197,

212, 40].

Hidden Markov Models (HMMs) represent a powerful tool to properly model sequen-

tial information within textual data. Their generative aspects constitute a quite potent way

to handle sentiment recognition and they tend to require less training data than discrimina-

tive models. In the case where the task to be performed is classification, Support Vector

Machines (SVM) can clearly distinguish the differences between categories and can thus

outperform generative models especially if a large number of training examples are avail-

able. SVM is extensively used due to its great capacity to generalize, often resulting in

better performance than traditional classification techniques [213].

As a discriminative approach, the main functioning of SVM is to find surfaces that

better separate the different data classes using a kernel that allows efficient discrimination

in non-linearly separable input feature spaces. Hence the importance of adopting the

convenient kernel function which needs to be suitable for the classified data and the

objective task. Standard kernels include linear polynomial and radial basis function

kernels [25]. Adopting these kernels is not always possible, especially when it comes to

classifying objects represented by sequences of different lengths [239]. Consequently,

the mentioned kernels may not be a good fit to model our text data. Therefore, a hybrid

generative-discriminative approach is adopted to permit the conversion of data into

fixed-length and hence provide additional performance to the model.

In this work, we introduce a novel implementation of a hybrid generative-discriminative

model and examine its performance on real-life benchmark datasets. We propose the

use of Fisher Kernels (FK) generated with Generalized inverted Dirichlet-based HMMs

(GIDHMM) to model textual data. Moreover, the use of GID (Generalized Inverted
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Dirichlet) to model emission probabilities is backed by the several interesting mathemati-

cal properties that this distribution has to offer. These properties allow for a representation

of GID samples in a transformed space where features are independent and follow inverted

Beta distributions. Adopting this distribution allows us to take advantage of conditional

independence among features. This interesting strength is used in this paper to develop a

statistical model that essentially handles positive vectors.

In light of the existing methods in sentiment analysis, the main contributions of this

paper are the following: First, we apply for the first time a non-Gaussian HMM, i.e. gen-

eralized inverted Dirichlet-based HMM on the challenging product reviews benchmark by

Amazon and the IMDb movie reviews dataset. Second, we derive a hybrid generative-

discriminative approach of our HMM-based framework with FK for SVM-based modeling

of positive vectors. This novel approach is also tested on the aforementioned datasets, as

an unprecedented attempt of using Fisher Vectors-based hybrid generative-discriminative

models to handle textual data analysis. The remainder of the paper is organized as follows,

Section 2 presents background topics on sentiment analysis and examines related works.

Section 3 discusses the proposed model. Section 4 presents the performed experiments and

obtained results. We finally conclude the paper in section 5.

5.2.2 Related work

Sentiment analysis has been the focus of numerous research works, where it has been

approached in different levels namely document, sentence and aspect level [100]. While

the document level focuses on classifying the whole opinion document into either a

positive or negative sentiment, sentence-level looks at determining whether the sentence

expresses the nature of opinion (negative, positive, neutral). On the other hand, the

aspect-level analysis provides a detail-oriented approach to handle the broad aspect. Thus,
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it focuses on determining whether or not a part of the text is opinion-oriented towards a

certain aspect. It can present a positive polarity towards one aspect and a negative polarity

towards another. Classifying the text as positive or negative depends on the chosen aspect

and applied knowledge [162, 161].

It is noteworthy to mention that expressions associated with sentiment are mainly the

words or features that express the sentiment of the text, such as adjectives or adverbs.

Furthermore, when tackling sentiment analysis, there are mainly three types of machine

learning approaches, i.e. supervised, unsupervised and semi-supervised learning and they

are respectively used in cases where data is labelled, unlabeled and partially labelled

[107, 121].

In HMM-based sentiment analysis, models analyze the input textual data and formulate

clusters. After that HMMs are utilized to perform the categorization by considering

the clusters as hidden states. Every model analyzes a given instance in order to specify

its sentimental polarity. In comparison to related works in the literature, HMM-based

methods possess higher interpretability and can model the changing aspects of sentiment

information. Multiple sentiment analysis applications adopt HMMs as the main model.

In [204] Rabiner proposes a method of predicting sentiments from voice. Also, in [134]

authors use HMMs to detect sentiments by considering the label information as positive,

negative or neutral. Knowledge about the words’ position and hidden states is available

and injected into the model. While this approach has shown effective results, it clearly

assumes knowledge of the labels and thus requires a significant human effort.

In our work, we do not require knowledge about the states labels and we propose an-

other alternative where we estimate the similarity between the pattern of input text and that

of sentences expressing either a positive or negative sentiment, plus we make use of SVM
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to increase the model’s performance when it comes to the classification accuracy. We detail

our method in the next section.

5.2.3 Hybrid Generative-Discriminative approach with Fisher Ker-

nels

When it comes to our adopted approach, a single HMM is trained for every class in the data

depending on the context aspect. The resulting likelihoods will be further classified by the

SVM classifier to identify the sentiment.

In this section, we present the proposed approach. To illustrate our model, we are first

listing various HMM notations and enumerating the upcoming used work script. We then

recall the main process behind the forward-backward algorithm. Lastly, we perform a

complete derivation of the FK-based model.

5.2.3.1 Hidden Markov Models

A Hidden Markov Model is a statistical model that can be used to describe real-world

processes with observable output signals. HMMs are defined as an underlying stochastic

process formed by a Markov chain that is not observable (hidden). For each hidden state, a

stochastic model creates observable output signals or observations, based on which hidden

states can be estimated [203]. We consider a HMM with continuous emissions and K

hidden states. We put a set of hidden states H = {h1, ..., hT};hj ∈ [1, K].

The transition probabilities matrix: B = {bij = P (ht = j|ht−1 = j′)} and the emission

probabilities matrix: C = {cij = P (mt = i|ht = j)}; i ∈ [1,M ] where M is the number

of mixture components associated with state j. We define the initial probability: πj which

is the probability to start the observation sequence from the state j.

We denote an HMM as: ∆ = {B,C, ϕ, π} where ϕ is the set of mixture parameters

depending on the chosen type of mixture.
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In this work, we focus on the generalized inverted Dirichlet distribution. Let
−→
X a D-

dimensional positive vector following a GID distribution. The joint density function is

given by Lingappaiah [158] as:

p(
−→
X |−→α ,

−→
β ) =

D∏
d=1

Γ(αd + βd)

Γ(αd)Γ(βd)

Xαd−1
d(

1 +
∑d

l=1Xd

)ηd (142)

where −→α = [α1, ..., αD],
−→
β = [β1, ..., βD]. η is defined such that ηd = αd + βd − βd+1 for

d = 0, ..., D with βD+1 = 0.

The GID estimation is made simple thanks to an essential propriety, that is if there exists

a vector
−→
X that follows a GID distribution, then we can come up with another vector

−→
W n =

[
−→
W n1, ...,

−→
W nD] where each element follows an inverted Beta (IB) distribution following the

transformation:

Wnd = f(Xnd) =


Xnd, d=1

Xnd

1+Xn1+,...,+Xnd−1
, d=2, ..., D

(143)

Then, the multivariate extension of the 2-parameters inverted Beta distribution is given

by:

pIBeta(Wnd|αjd, βjd) =
Γ(αjd + βjd)

Γ(αjd)Γ(βjd)

W
αjd−1

nd

(1 +Wjd)(αjd+βjd)
(144)

The mean of IB is given by:

E(Wd) =
αd

βd − 1
(145)
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The variance of IB is given by:

V ar(Wd) =
αd(αd + βd − 1)

(βd − 2)(βd − 1)2
(146)

5.2.3.2 Inference on hidden states: Forward-Backward Algorithm

The forward algorithm computes the probability of being in state hj up to time t for the

partial observation sequence produced by the model ∆. We consider a forward variable

γt(i) = P (X1, X2, . . . , Xt, , it = hi|∆). There is a recursive relationship that is used to

compute the former probability. We can resolve for γt(i) recursively as follows:

1. Initialization:

γt(i) = πiϕi(X1) 1 ≤ i ≤ K (147)

2. Recursion:

γt+1(j) =

[
K∑
i=1

γt(i)bij

]
ϕj(Xt+1)

for 1 ≤ t ≤ T − 1, 1 ≤ j ≤ K

(148)

3. Termination:

P (X|∆) =
K∑
i=1

γT (i) (149)

The backward variable, which is the probability of the partial observation sequence

Xt+1, Xt+2, . . . , XT given the current state is denoted by δt(i) and can similarly be de-

termined as follows:

1. Initialization:

δt(i) = 1, 1 ≤ i ≤ K (150)
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2. Recursion:

δt(i) =
K∑
j=1

bijϕj(Xt+1δt+1(j))

for t = T − 1, T − 2, . . . , 1 1 ≤ i ≤ K

(151)

3. Termination:

P (X|∆) =
K∑
i=1

γi(T )

=
K∑
i=1

πibi(X1)ϕi(1)

=
K∑
i=1

K∑
j=1

γt(i)bijϕj(Xt+1)δt+1(j)

(152)

5.2.3.3 Fisher Kernels

Non-linear SVM serves our discrimination needs in the context of realistic recognition

tasks. The strategy is to use a Kernel method to avoid calculation cost and memory

consumption problems that might arise from performing inner product calculation of

high-dimensional feature vectors. It will allow us to implicitly project objects to high-

dimensional space by using a kernel function κ(xζ , xη) = 〈φ(xζ), φ(xη)〉 and solving the

problem with observations xζ and xη represented as Bag of Features (BoF) or Bag of Words

(BoW) [119, 249] in general with φ being a projection function and 〈·, ·〉meaning the inner

product. Here we choose Fisher Kernel as the kernel function. This choice is motivated by

FK being a general way of fusing generative and discriminative approaches for classifica-

tion. FK is formulated as

FK(Xζ , Xη) = 〈FS(Xζ ,∆), FS(Xη,∆)〉 (153)

where Xζ and Xη are two observations, ∆ is the parameters set of a generative model
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defined by P (X|∆) and FS(Xζ ,∆) is the Fisher score.

FS(X,∆) = ∇∆ logP (X|∆) (154)

Given a particular HMM:

L(X|∆) = logP (X|∆)

= log
K∑
i=1

γT (i)

= log
K∑
i=1

πiϕi(X1)δ1(i)

(155)

The derivatives for GID-based HMM can be defined as follows:

∇∆L(X|∆) =

[
∂L(X|∆)

∂πi
,
∂L(X|∆)

∂bij
,
∂L(X|∆)

∂αid
,
∂L(X|∆)

∂βid

]
(156)

∂L(X|∆)

∂πi
=

ϕi(X1)δ1(i)∑K
i=1 πiϕi(X1)δ1(i)

(157)

∂L(X | ∆)

∂bij
=

1

P (X | ∆)

K∑
k=1

∂γT (k)

∂bij

=
1

P (X | ∆)

K∑
k=1

(
∂

∂bij

K∑
l=1

γT−1(l)blkϕk (XT )

)

=
1

P (X | ∆)

K∑
k=1

K∑
l=1

∂γT−1(l)

∂bij
blkϕk (XT ) + ∂γT−1(i)ϕij (XT )

(158)
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∂L(X | ∆)

∂αid
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂αid
bkjϕj (XT )

+
K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂αid

) (159)

∂L(X | ∆)

∂βid
=

1

P (X | ∆)

(
K∑
j=1

K∑
k=1

∂γT−1(k)

∂βid
bkjϕj (XT )

+
K∑
k=1

∂γT−1(k)bki
∂ϕi (XT )

∂βid

) (160)

∂ϕi (Xt)

∂αid
= Ψ (αid + βid)−Ψ (αid) + log

(
Xd

1 +Xd

)
(161)

∂ϕi (Xt)

∂βid
= Ψ (αid + βid)−Ψ (βid) + log

(
1

1 +Xd

)
(162)

5.2.4 Experiments

5.2.4.1 Problem Modeling

The main motive behind the use of HMMs in sentiment analysis is the strong analogy

behind the process of understanding a sentiment from a text in real-life and the predictive

aspect of HMMs. In fact, an opinion consists of a number of words that together represent

what the person is trying to express. To understand it, a person would first proceed by

reading the words sequentially from left to right, knowing that each word would normally

be related to the previous one in a certain way to create a meaningful sentence.

Accordingly, words forming an emotion are modeled as observations in a HMM, while the

emotion is the hidden state, which needs to be unveiled. In this work, we propose to tackle

this problem of sentiment analysis in a hybrid way; where the HMM states can be modeled
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approximately by considering a hidden variable given by patterns that are independent

of the class of text. An abstraction of this process is illustrated in figure 31. We first

perform word clustering to indicate a certain word pattern, in a way that all negative and

positive connotations are clustered separately. After that, we make use of our SVM to

further classify the output into negative and positive classes. This treatment requires a

dictionary constructed for use by sentiment analysis models.

Figure 31: Problem modeling through hidden state-observation HMM

5.2.4.2 Datasets

We choose to experiment on the Amazon2 reviews dataset from the Stanford Network

Analysis Project (SNAP), which spans 18 years period of product reviews [170]. Amazon

dataset is a popular corpus of product reviews collected from the Amazon marketplace,

which includes ratings and plain text reviews for a multitude of product niches. In this

work, we choose to work on the Electronics niche and randomly pick a mix of 30,000

sample reviews from training and testing sets with a vocabulary size of 72.208 unique

words. As a word segmentation approach, we use the Part-of-Speech tagger designed

by the Stanford NLP group applying default settings. We have also removed numerals,
2Publicly available at: https://snap.stanford.edu/data/web-Amazon.html
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auxiliary words and verbs, punctuation and stop words as a part of the pre-processing

[196]. An output vector is then generated corresponding to the input word. Each review is

modeled by a text vector that is obtained after adding up all the word vectors and dividing

by the number of words.

We also test our work on the IMDb dataset [165], which is mainly developed for the

task of binary sentiment classification of movie reviews. It consists of an equal number of

positive and negative reviews. The dataset is evenly divided between training and test sets

with 25,000 reviews each. We choose to work on both subsets uniformly and we hence

deal with 50,000 samples from each group with 76,340 unique words in total. A similar

pre-processing to the one adopted with the Amazon dataset is then applied.

Experiments are carried out in a total of 10 independent runs, each time starting with a

different initial observation. The resulting log-likelihoods and accuracies are averaged on

these 10 independent runs. It is worth mentioning that through the training process our aim

is to maximize the log-likelihood of the data and we target by performing these experiments

a higher recognition accuracy each time. Therefore we will not focus on assessing the time

complexity in this work. We also use the totality of the dataset for training and testing and

do not opt for splitting the data into train and test segments for both datasets.

5.2.4.3 Results

A HMM is trained for each class, in this case, positive and negative. A test text is sent

to each model and the probabilities of occurrence are computed. Each HMM returns a

probability and the model with the highest probability of occurrence will indicate the class

of this text. We choose the number of hidden states to be K = 2 for both experiments. In

our discussion, we focus on the effect of using a hybrid model as opposed to a HMM-based
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model. We also shed some light on the usefulness of using the GID distribution as emission

probabilities. Results on both datasets are presented in figure 32.

Figure 32: Average accuracies for sentiment recognition on the Amazon and IMDb datasets
with each of the tested models

We notice that, on both datasets, Hybrid HMM-SVM models perform remarkably bet-

ter than Generative-only models, be it GID-based or Gaussian-based. The hybrid GID-

based HMM/SVM model achieved average accuracies of 86.40% and 88.94% on the Ama-

zon and IMDb datasets respectively, while we only yielded 79.72% and 82.09% using the

GID-HMM Generative-only model. Most importantly, we notice that GID-based models

achieved the highest accuracy on both hybrid and generative approaches compared to the

Gaussian-based models. This increasing recognition capacity was expected and is once

more validated when it comes to positive vector modeling. Using GID as an emission

probability distribution, clearly improved the modeling accuracy. Conclusively, results
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achieved by applying the hybrid generative-discriminative approach demonstrate the strik-

ing increase in terms of the modeling accuracy and further validate the improved perfor-

mance that SVM provided to the generative technique.

5.2.5 Conclusion

In this work, we presented a hybrid generative-discriminative approach to automatically

identify sentiments expressed in user reviews online, using a combination of HMMs as a

generative approach, along with the discriminative SVM. The main motivation behind this

choice is to be able to enhance the model’s capacity by taking advantage of the powerful

classification role that SVM plays without neglecting the sequential aspect of text data.

We also gave a special focus on modeling positive vectors by using non-Gaussian Gener-

alized Inverted Dirichlet distributions as emission probabilities for our HMM. The interest

in adopting the GID for modeling our data arose from the limitations encountered when

inverted Dirichlet was adopted, in particular its restraining strictly positive covariance. We

carried out what we believe to be the first attempt of applying GIDHMM both in gener-

ative and hybrid modes on the challenging Amazon product reviews and IMDb reviews.

A comprehensive solution for sentiment detection was introduced, where we allowed the

automatic recognition of positive and negative emotions, in textual data. According to the

results obtained from the conducted experiments, we proved that the proposed approach

obtained highly accurate recognition rates compared to both generative GIDHMM and

Gaussian-based HMM. Future works are intended to be done in the near future extending

this work to different Natural Language Process applications, such as product recommen-

dation and understanding user intent.
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Chapter 6

Conclusion

In this thesis, we studied HMMs and developed a number of their extensions. We focused

on one major difficulty that has yet to be addressed when investigating HMMs, namely the

use of appropriate distributions as emission probabilities when modeling positive vectors.

In reality, despite their widespread use, HMMs are rarely used in a fashion that priori-

tizes their ability to handle positive vectors. This omission can result in poorly performing

HMMs in real-life applications such as image and video categorization or unusual event

detection. Conjointly, three other essential challenges that became increasingly critical as

we shift towards a modern and data-driven regime, have been brought up: (i) embedding

a feature selection method into the framework of HMMs, (ii) adopting an online environ-

ment when learning HMM and mixtures parameters and (iii) adopting a hybrid generative-

discriminative set up to explore what value can discriminative models add to our generative

ones. The above-mentioned challenges have been tackled in a novel manner by proposing

unprecedented methods and implementations putting to experiment powerful but rarely uti-

lized distributions such as the Inverted Dirichlet, the Generalized Inverted Dirichlet, and the

Inverted Beta-Liouville.

In Chapter 2 we developed a new extension to HMMs by adapting them to handle

positive vectors and showcase their capabilities compared to the traditionally GM-based
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HMMs. We used Inverted Dirichlet mixtures to bring some light to the powerful modeling

capabilities that this distribution has when dealing with non-Gaussian data. Thus we proved

that our method is very effective in dynamic texture categorization, recognizing facial ex-

pressions from pictures and estimating occupancy in an office setting implemented in the

context of smart building development. At that particular point of our research journey, we

figured that a generalized ID form could help us deal with the strictly positive covariance

structure imposed by the inverted Dirichlet form. We also presumed that to further enhance

the accuracy of the model training in recognition applications, we could integrate a fea-

ture selection approach qualified to discard irrelevant but compromising features and thus

improve the classification task.

In Chapter 3, we addressed problems such as the restraining strictly positive covariance

that the Inverted Dirichlet distribution has and adopting a feature selection technique to

overcome the need for external knowledge when dealing with features. Therefore, we pro-

posed a framework that applies feature selection to a GID-based HMM. Parameters were

learned via a MAP method adding a huge advantage in raising both accuracies of param-

eter estimates and feature saliencies. Experimental results involving challenging real-life

applications such as facial expressions recognition and natural outdoor scene recognition

showed that the proposed approach is highly promising.

Chapter 4 was devoted to tackle the challenge of abundant and massive data modeling.

We adopted IBL mixtures as emission probabilities for our HMM. The need to utilize this

distribution came from the limitations encountered when other distributions such as Gaus-

sian mixtures and inverted Dirichlet were adopted. In fact, IBL mixtures provided a smaller

number of parameters compared to the generalized inverted Dirichlet, not to mention that

it showed its effectiveness when dealing with positive vector modeling in contrast to the

rest of the tested distributions. This work came along with an online learning set up that

takes into account the eventual availability of new training data during the learning process.

155



Our model showed that it could easily incorporate new data without necessarily having to

retrain the model.

Finally, yet importantly, in Chapter 5, we proposed a hybrid generative-discriminative

approach which we applied to two different real-life applications namely indoor activities

recognition and sentiment analysis from text data in a customer experience setting. The

motive behind merging those two approaches is the quest to enhance models’ capacities

by taking advantage of the powerful classification role that SVM plays without neglecting

the sequential aspect of data. Always with the goal of modeling data with the appropriate

distribution, we tested this hybrid framework using ID, GID and IBL mixtures as emission

probabilities. The proposed methods showed high classification capacities in the previously

mentioned applications.

This work is the culmination of several research routes pursued with the purpose of

fully exposing and exploiting the potential of HMMs. When employing HMMs and not

receiving nearly the intended results due to restrictive distributions, the work we completed

has long been alluded to as the insightful prospective future work, in research papers and

dissertations. Our methods can be used in a variety of academic and industrial settings, and

they can assist bridge the semantic gap between system levels and human understanding.

The learning of the associated infinite-form mixture-based HMMs could be the focus

of future research. This can contribute to improving the modeling capacity by examining

an infinite possible number of classes when we have a stream of new data that can form

new classes that were not considered at the start. We’re also considering moving in another

different route in the future. In fact, deep learning approaches may be one of the most

promising directions for modeling very large data sets. Indeed, deep learning is one of

the most widely studied methods today, with promising findings in feature representation,

classification and categorization. Therefore future work on developing a deep structured

generative model based on the proposed methods as a powerful generalization to multiple
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layers could be considered.
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[235] H. Uğuz. A two-stage feature selection method for text categorization by using
information gain, principal component analysis and genetic algorithm. Knowledge-
Based Systems, 24(7):1024–1032, 2011.

[236] M. A. ul Haq, M. Y. Hassan, H. Abdullah, H. A. Rahman, M. P. Abdullah, F. Hussin,
and D. M. Said. A review on lighting control technologies in commercial buildings,
their performance and affecting factors. Renewable and Sustainable Energy Reviews,
33:268–279, 2014.

[237] S. Uziel, T. Elste, W. Kattanek, D. Hollosi, S. Gerlach, and S. Goetze. Networked
embedded acoustic processing system for smart building applications. In 2013 Con-
ference on Design and Architectures for Signal and Image Processing, pages 349–
350. IEEE, 2013.

176



[238] M. Varma and R. Garg. Locally invariant fractal features for statistical texture clas-
sification. In 2007 IEEE 11th international conference on computer vision, pages
1–8. IEEE, 2007.

[239] C. Wang, X. Zhao, Z. Wu, and Y. Liu. Motion pattern analysis in crowded scenes
based on hybrid generative-discriminative feature maps. In 2013 IEEE International
Conference on Image Processing, pages 2837–2841. IEEE, 2013.

[240] J. Wang, X. Chen, and W. Gao. Online selecting discriminative tracking features
using particle filter. In 2005 IEEE Computer Society Conference on Computer Vision
and Pattern Recognition (CVPR’05), volume 2, pages 1037–1042. IEEE, 2005.

[241] Y. Wang and A. Pal. Detecting emotions in social media: A constrained optimiza-
tion approach. In Proceedings of the 24th International Conference on Artificial
Intelligence, IJCAI’15, page 996–1002. AAAI Press, 2015.

[242] T.-T. Wong. Generalized dirichlet distribution in bayesian analysis. Applied Mathe-
matics and Computation, 97(2-3):165–181, 1998.

[243] C. Wu, S. Wang, and Q. Ji. Multi-instance hidden markov model for facial ex-
pression recognition. 2015 11th IEEE International Conference and Workshops on
Automatic Face and Gesture Recognition (FG), 1:1–6, 2015.

[244] T. Xiang and S. Gong. Activity based surveillance video content modelling. Pattern
Recognition, 41(7):2309 – 2326, 2008.

[245] T. Xiang and S. Gong. Video behavior profiling for anomaly detection. IEEE trans-
actions on pattern analysis and machine intelligence, 30(5):893–908, 2008.

[246] L. Xie, P. Xu, S.-F. Chang, A. Divakaran, and H. Sun. Structure analysis of soccer
video with domain knowledge and hidden markov models. Pattern Recognition
Letters, 25(7):767–775, 2004.

[247] W. Xu, Y. Pang, Y. Yang, and Y. Liu. Human activity recognition based on convolu-
tional neural network. In 2018 24th International Conference on Pattern Recognition
(ICPR), pages 165–170. IEEE, 2018.

[248] Y. Xu, H. Ji, and C. Fermüller. Viewpoint invariant texture description using fractal
analysis. International Journal of Computer Vision, 83(1):85–100, 2009.

[249] J. Yang, Y.-G. Jiang, A. G. Hauptmann, and C.-W. Ngo. Evaluating bag-of-visual-
words representations in scene classification. In Proceedings of the international
workshop on Workshop on multimedia information retrieval, pages 197–206. ACM,
2007.

[250] D. Yu and L. Deng. Hidden markov models and the variants. In Automatic Speech
Recognition, pages 23–54. Springer, 2015.

177



[251] Y. Yu, H. Zhu, L. Wang, and W. Pedrycz. Dense crowd counting based on adap-
tive scene division. International Journal of Machine Learning and Cybernetics,
12(4):931–942, 2021.

[252] Y. Yun and I. Y.-H. Gu. Visual information-based activity recognition and fall detec-
tion for assisted living and ehealthcare. In Ambient Assisted Living and Enhanced
Living Environments, pages 395–425. Elsevier, 2017.

[253] A. Zaharescu and R. Wildes. Anomalous behaviour detection using spatiotemporal
oriented energies, subset inclusion histogram comparison and event-driven process-
ing. In European Conference on Computer Vision, pages 563–576. Springer, 2010.

[254] N. Zamzami and N. Bouguila. Deriving probabilistic svm kernels from exponen-
tial family approximations to multivariate distributions for count data. In Mixture
Models and Applications, pages 125–153. Springer, 2020.

[255] N. Zamzami and N. Bouguila. High-dimensional count data clustering based on an
exponential approximation to the multinomial beta-liouville distribution. Informa-
tion Sciences, 524:116–135, 2020.

[256] Z. Zeng, M. Pantic, G. I. Roisman, and T. S. Huang. A survey of affect recognition
methods: Audio, visual, and spontaneous expressions. IEEE Transactions on Pattern
Analysis and Machine Intelligence, 31(1):39–58, 2009.

[257] B. Zhang. Regression clustering. In Third IEEE International Conference on Data
Mining, pages 451–458. IEEE, 2003.

[258] J. Zhang, M. Marszałek, S. Lazebnik, and C. Schmid. Local features and kernels for
classification of texture and object categories: A comprehensive study. International
journal of computer vision, 73(2):213–238, 2007.

[259] W. Zhang and Z. Yin. Eeg feature selection for emotion recognition based on cross-
subject recursive feature elimination. In 2020 39th Chinese Control Conference
(CCC), pages 6256–6261. IEEE, 2020.

[260] Y. Zheng, B. Jeon, L. Sun, J. Zhang, and H. Zhang. Student’s t-hidden markov model
for unsupervised learning using localized feature selection. IEEE Transactions on
Circuits and Systems for Video Technology, 28(10):2586–2598, Oct 2018.

[261] J. Zhou and X. Zhang. An ica mixture hidden markov model for video content analy-
sis. IEEE Transactions on Circuits and Systems for Video Technology, 18(11):1576–
1586, Nov 2008.

[262] X. Zhou, X. Huang, and Y. Wang. Real-time facial expression recognition in the
interactive game based on embedded hidden markov model. Proceedings. Interna-
tional Conference on Computer Graphics, Imaging and Visualization, 2004. CGIV
2004., pages 144–148, 2004.

178



[263] H. Zhu, Z. He, and H. Leung. Simultaneous feature and model selection for con-
tinuous hidden markov models. IEEE Signal Processing Letters, 19(5):279–282,
2012.

179


	List of Figures
	List of Tables
	Introduction
	Hidden Markov Models
	Related Work
	Model Specification

	Mixture Models
	Contributions

	A Novel Approach for Modeling Positive Vectors with Inverted Dirichlet-Based Hidden Markov Models
	Introduction
	Related Work
	Hidden Markov Models
	HMM Notations
	Structures and underlying HMM problems:

	ID mixture models integration into the HMM framework
	Maximum likelihood estimation
	Update equations of HMM and ID parameters estimation
	Estimation of ID parameters
	Inference on hidden states
	Model evaluation

	Experimental Results
	Image texture categorization
	Adopted methodology
	Results and discussion

	Dynamic texture recognition
	Adopted methodology
	Results and discussion

	Facial expressions recognition
	Adopted methodology
	Results and discussion

	Estimating occupancy in an office setting
	Problem statement and adopted methodology
	Results and discussion


	Conclusion

	A novel Feature Selection method using Generalized Inverted Dirichlet-based HMMs for image categorization
	Introduction
	Related work
	Hidden Markov Models
	Feature selection and its application with HMMs

	The proposed GID-FSHMM model
	Feature selection integration in Hidden Markov Model
	The Hidden Markov Model
	Feature saliency-based Hidden Markov Model 

	GID mixtures and integration into the FSHMM framework
	Generalized Inverted Dirichlet
	GID mixture model
	GID mixture-based FSHMM

	Parameter estimation of the GID-FSHMM 
	Update equations for FSHMM parameters
	Estimation of GID parameters
	MAP estimation


	Experiments and results
	Facial expressions recognition
	HMM-based facial expression recognition
	Experimental trials and results

	Scene categorization

	Conclusion

	Online learning of Inverted Beta-Liouville HMMs for Anomaly Detection in Crowd Scenes
	Introduction
	Related work
	Hidden Markov Models 
	Notations and offline EM for HMMs
	Online EM for HMMs
	Sufficient statistics for parameter estimation
	Recurrence relations


	Inverted Beta-Liouville Mixture Model
	Online update for the sufficient statistics and model parameters

	Experiments and results
	Anomaly detection in a crowd of pedestrians
	Anomaly detection: Airport security line-up
	Abnormal Crowd Behavior: Escape scene

	Conclusion

	Hybrid Generative Discriminative Approach with Hidden Markov Models and Support Vector Machines
	Indoor Activity Recognition Using a Hybrid Generative-Discriminative Approach with Hidden Markov Models and Support Vector Machines
	Introduction
	Hybrid Generative-Discriminative approach with Fisher Kernels
	Hidden Markov Models
	Inference on hidden states: Forward-Backward Algorithm
	Fisher Kernels 

	Experiments
	Conclusion

	Sentiment Analysis from User Reviews Using a Hybrid Generative-Discriminative HMM-SVM Approach
	Introduction
	Related work
	Hybrid Generative-Discriminative approach with Fisher Kernels
	Hidden Markov Models
	Inference on hidden states: Forward-Backward Algorithm
	Fisher Kernels 

	Experiments
	Problem Modeling
	Datasets
	Results

	Conclusion


	Conclusion
	Bibliography

