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Abstract

Dirichlet Twists of L-functions of Elliptic Curves over Function Fields

Antoine Comeau-Lapointe, Ph.D.
Concordia University, 2022

Some of the most fundamental questions about L-functions are concerned with the location
of their zeros, in particular at the central point, or on the critical line. Following the work
of Montgomery [51], and then of Katz and Sarnak [38], number theorists have learned that
it is very fruitful to study families of L-functions rather than individual L-functions. Given
a family of L-functions, it is common to classify it according to its symmetry type. The
symmetry type can be either symplectic, orthogonal, or unitary, which refers to the corre-
sponding ensemble from random matrix theory that models most accurately the distribution
of the zeros of the family.

This thesis presents two papers studying the zeros of the family of Dirichlet twists of the
L-function of an elliptic curve E over F[t]. In the first paper (Chapter 2), we show that the
one-level density (the study of the low-lying zeros) for this family agrees with the conjecture
of Katz and Sarnak based on random matrix theory, for test functions with limited support
on the Fourier transform. For quadratic twists, the support of the Fourier transforms of the
test functions is restricted to the interval (—1,1), and we observe an orthogonal symmetry.
For higher order twists, the support is restricted to (—1/2,1/2) and we observe a unitary
symmetry.

In the second paper (Chapter 3), we are taking the opposite point of view, and we
construct certain elliptic curves over F[t] with infinitely many twists of high order vanishing
at the central point, generalizing a construction of Li and Donepudi-Li |40} 24] for Dirichlet
L-functions. This construction only works when E/F,[t] is a constant curve. In the general
case where F is not a constant curve, we performed extensive numerical computations that
are compatible with the conjectures of David-Fearnley-Kisilevsky and Mazur-Rubin [18, [44]
over number fields, which predict that such vanishing should be rare.

The last chapter presents an algorithm to construct the factorizations of the monic poly-
nomials, a description of the zeros of L(E ® x,u), and a family of quadratic twists such that

the rank of L(x,u) goes to infinity.
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Chapter 1
Introduction

This thesis consists of two research papers, both accepted in refereed journals, namely the
Journal of Number Theory, and the proceedings of the Algorithmic Number Theory Sym-
posium, associated to the Research in Number Theory journal. Both papers are about

L-functions of elliptic curves over function fields twisted by Dirichlet characters.

The study of L-functions is a central theme of modern number theory, and many of the

deepest questions in number theory surround the study of L-functions.

Some of the most fundamental questions about L-functions are concerned with the loca-
tion of their zeros, in particular at the central point, or on the critical line. Following the
work of Montgomery [51], and then of Katz and Sarnak [38], number theorists have learned
that it is very fruitful to study families of L-functions rather than individual L-functions.
Given a family of L-functions, it is common to classify it according to its symmetry type.
The symmetry type can be either symplectic, orthogonal, or unitary, which refers to the
corresponding ensemble from random matrix theory that models most accurately the distri-

bution of the zeros of the family.

One very important statistics for a family of L-functions is the one-level density, which
is the study of the low-lying zeros. The conjectures of Katz and Sarnak predict that the
one-level density for a family of L-functions is given by the statistics of the corresponding
random matrix theoritic object, which determines the symmetry type of the family of L-

functions. Evidence for those conjectures can be obtained by choosing a test function with



Fourier transform of limited support, and this was addressed in the literature for various

families (see the references in the introduction of Chapter 2).

In the first paper, we show for quadratic twists xp of a fixed elliptic curve E/F[t], we

have
1

> ordy—1/L(E @ xp,u) < 3/2

DeMy;
and more generally
1
lim —— Z ordy—1/L(E ® xp,u) < 3/2.
N—oo |%N,C’ DE'HN,C
Since the sign of the functional equation is constant over Hy ¢, we conclude that at least
12.5% of the family have rank zero, and at least 37.5% have rank one. This result is in line

with a conjecture of Goldfeld [30], predicting that 50% of the family have rank zero, and

50% have rank one.

Over number fields, analogous results of the same strength were obtained by Heath-Brown

[35]. The proofs are different, as we follow the method developped by Rudnick [55] via du-
ality (see Lemma [2.3.2)).

For twists of order ¢ > 2 coprime to ¢, duality cannot be used and we obtain

]%iinoo ﬁ X;N ordy—1/¢L(E ® x,u) < 5/2.

In the second paper, we investigate a generalization of the recent results of Donepudi and
Li [40, 24] from Dirichlet L-functions to twisted L-functions of an elliptic curve. For Dirichlet
L-functions over Q, Chowla [14] conjectured that L(x, s) never vanishes at s = 1/2, but over
function fields, Li [40] showed that if one character exists such that L(x,1/,/q) = 0, then
there are infinitely many characters with L-functions vanishing at u = 1/,/¢ when ¢ = 1
mod /. In particular, Theorem 4.2 of [24] states that for p = —1 mod ¢, there exists d > 1
such that if ¢ is a power of p?, then the number of characters over F,[t] with conductors of

degree bounded by n such that their L-functions vanish at the central point is >, ¢**/3+.



We investigate the family of twists of the L-function of a fixed elliptic curve. Over Q,
it is predicted ([19, Conjecture 1.2], [44]) that there are only finitely many characters or
order > 7 with L-functions that vanish at the central point. By generalizing |40} 24] to the
non-Kummer case using a result of Bary-Soroker and Meisner [2], we prove that for E, an
elliptic curve over F, considered over F[t], if there exists one character over F,[t] of order
¢ > 3 prime and of conductor of degree dy such that L(Ey ® x,1/q) = 0, then the number
of characters with conductors of degree bounded by n such that their L-functions vanish at

the central point is >, ¢>*/%+¢. Explicit examples of such Fy and y are given in Section m

The thesis has the following structure. The rest of this chapter gives a brief introduc-
tion to the L-functions of elliptic curves over function fields. Chapters 2 and 3 present the
two publications. Chapter 4 presents various unpublished results related to the numerical

computations performed for the second paper.

The code used in Chapter 3 and 4 can be found at github.com/AntoineComeau/Lfunctf.
It was coded from scratch in Java, using only the Biglnteger and Arrays libraries, and the

Math library for the floor and power functions on integers.

1.1 Elliptic Curves over Finite Fields and Function
Fields

In addition to the papers, we give more details about the L-functions of varieties over finite

fields and function fields.

1.1.1 Varieties over F,

We denote the finite field with ¢ elements by F,. The only possibilities for ¢ are powers of a
prime number. All finite fields having the same number of elements are isomorphic to each
other.

The simplest finite fields are given by reducing Z modulo a prime number. Similarly, by tak-
ing an irreducible polynomial P(t) of degree n in [F,[t], we can construct F,» = F,[t]/(P(t)).

Finite fields of higher orders also appear when reducing the ring of integers of a number field


https://github.com/AntoineComeau/Lfuncff

by one of its prime. Many questions about finite fields are still unanswered to this day. For
example, it is not known if there exists a polynomial time algorithm to solve find b in a® = c,

which is known as the discrete logarithm problem.

The geometry over finite fields is an important area of modern research. Given a poly-
nomial over [F;, we want to compute the number of solutions over the extensions Fy». These

quantities are collected into what is called a local zeta function, defined by

Z(F,u) = exp (Z Nn%n)

n=1
where F' € F,[X,...,X,,] and N,, is the number of solutions of F' defined over Fy» in
the projective space. The polynomial F' must be homogenized so that its set of zeros is
a projective variety. Then, the following facts have been proved to hold for Z(F,u) if the
variety is non-singular (they are called the Weil’s conjectures, although they have been

proved [64]). We have
o P1<u) Ce Pgm_1<u)

Z(F,u) = Py(u) ... Poyp(u)

where m is the dimension of the projective variety induced by F', Py(u) = 1 — u, Pop(u) =

(1.1.1)

1 —q™u, and
My,

Py(u) = H (1- qk/2ei9’“»ju) (1.1.2)

j=1
where M; < oo and 6 ; € [0,27). Furthermore, we have P, € Z[u]. The numbers N, are

then given by
2m My,

N, = Z Z(_l)kan/2eni0kd.

k=0 j=1
The analogy with the L-functions comes from the point of view of function fields. We con-
sider the set F,[t]. The irreducible polynomials are the primes of this set. We have the
following relation between the primes of F,[t] and the points of F,. Given a € F,, we define
its degree to be the smallest n such that a € Fy» and we denote it by deg(a). If deg(a) = n,
then there exists a unique prime P(t) of degree n in F [t] such that P(a) = 0. The other
roots are given by a?,a?,...,a" . In the other direction, we have F[t]/(P(t)) = F,n if
P(t) is a prime of degree n. The element ¢ is a root of P(t) under this quotient. This means
that there is a one-to-one correspondence between the primes of F [t] and the Galois orbits

of F,/F,.



Given a polynomial F' € F [ X, ..., X,,], if we evaluate, say Xy, at a € Fyn, we get a poly-
nomial Gy over Fy» and we lose one variable. If we evaluate X, at a?, we get a polynomial

that we call Gy. Then, under the map
(X1, Xon) = (X X))

we get that the affine variety associated to (G; is isomorphic to the one associated to Gs.
This means that if we want to count the number of solutions of F' fiber by fiber on X, it is
sufficient to go over the Galois orbits of F,/F,. This gives a way to define L-functions using
the Euler product. At each prime there is a fiber with an associated local zeta function.
It is difficult in general to understand how the product over the fibers relates to the local
zeta function of the variety, since the object lies in the projective space. A prime at infinity
is introduced to the Euler product, the fiber at this prime is related to the subvariety at
infinity. We recover the equation at this fiber using the substitution ¢ — 1/t and evaluating
at t = 0. The difficult problem of resolving singularities is another obstacle in computing the
local zeta function using the polynomial F'. Elliptic curves over F,[t] correspond to elliptic

surfaces over F,, which are better understood than general surfaces.

Equation is the analogue of the Riemann hypothesis in the function fields setting.

If we do the change of variables u = ¢~*, the zeros can be seen to share the same real part.

The local zeta functions have a finite number of zeros as a polynomial in u. To study
the asymptotic distribution of the angles 0y ;, it is necessary to consider a family of zeta
functions or L-functions. We can associate a matrix to each P;(u) in (1.1.1) if we interpret
it as the characteristic polynomial of a matrix. The discussion of the previous section about
the symmetry of a family also apply in the function field settings. In fact, Katz and Sarnak
proved some equidistribution results. For example [55, B8], if we consider all the curves of
the form

2 2g+1 2
y:xg‘i’ +a29x9_'_...+a0

with a; € [, such that the polynomial in z is square-free and monic, then the matrices asso-
ciated to the P;(u) factor of the local zeta functions of these curves are equidistributed in the
unitary symplectic group of dimension 2¢g as ¢ — oo. In the other direction, when ¢ is fixed

and g grows to infinity, equidistribution results are predicted to hold for suitable families, but



no proofs have been given yet. This is the direction that the two papers of this thesis focus on.

We refer to [54] for an in-depth analysis of number theory in function fields.

1.1.2 Elliptic Curves

Let E be an elliptic curve over Q, which is a smooth projective curve of genus one with affine
model given by
y* =2 +ax +b.

By reducing modulo a prime number, we obtain either an elliptic curve or a singular object.
We say the elliptic curve has good reduction if we obtain an elliptic curve, and has bad
reduction otherwise. There is only a finite number of primes of bad reduction and they are
collected into what is called the conductor of the elliptic curve. For primes of good reduction,

the local zeta function of the reduced elliptic curve has the form

1 — ayu)(l —ayu)
(1 =u)(1 = pu)

Z(E/Fyu) = ¢

1/2

where |a,| = p"/?. We define the L-function of an elliptic curve E using these local factors

—S

in the Euler product with the change of variable u = p

L(E,s) =TT (1= (0 =) [T

p good p bad
where a, = —1,0, or 1 depending on the type of bad reduction. This product converges ab-
solutely for Re(s) > 3/2. The meromorphic continuation and the functional equation were
conjectured by Shimura and Taniyama and proved by Wiles, and Wiles, Conrad, Diamond,
Taylor, and Breuil [65] 15]. An important motivation for the study of the analytical rank of
L(E, s) is the Birch and Swinnerton-Dyer conjecture. It states that the rank of the abelian
group E(Q) should be the order of the zero of L(E,s) at s = 1.

In the function fields setting, the L-functions are defined similarly. At every good prime

P we have an elliptic curve over F aesr) with local zeta function equal to

(1 — apu)(1 — apu)
(1= u)(1 — giesPlu)




deg(P) /2

with |ap| = ¢ The L-function is then given by

L(E,u) = H (1-a udeg(P)) 1-a udeg(P)) H (1-—a udeg(P))
P good P bad
where ap = —1,0, or 1 depending on the type of bad reduction. The conductor of £, denoted
by Ng, is defined by the product of the bad primes, and we square the bad primes such that
a, = 0. Under the change of variables © = ¢, we have that L(E,u) is a polynomial of
degree deg(Ng) —4 and all zeros have norm 1/¢ [37] when the prime at infinity is considered
in the Euler product.

Since a,b € Fy[t], we can also consider E/F,[t] as a surface over F,. This is a good ex-
ample of how the local zeta function of the variety is related to the product of the local zeta
functions of the fibers. This is called an elliptic fibration. There is a morphism E — P*(F,)
given by the projection on ¢t. Then

= ) deg(P)-#E/P(Fy)

deg(P)|n

where the prime at infinity is considered and has degree one. This implies

Z(B,u) = [[ 2(E/Pu'D).

Then

P (U)Pg(u> - H (]_ — apudeg(P))(]_ — Oé_Pudeg(P)) (1 _ CLPUdeg(P))

(1 —u)Pa(u)(1 — ¢?u) o (1 — udes(P))(1 — (qu)des(P)) (1 — udee(®))(1 — (qu)des(P))’

P good P bad

It is known that Pj(u) = P3(u) = 1, so we conclude

PQ(U)
(1 —qu)*

More information about elliptic curves can be found in the book of Silverman [5§].

L(E,u) =



Chapter 2

One-level Density of the Family of
Twists of an Elliptic Curve over
Function Fields

This first paper presents the computation of the one-level density of the family of twists of
an elliptic curve over function fields. For quadratic twists, the functional equation is used
to increase the allowed support for the test functions. For higher order twists, the trivial

bound is used.

This paper was accepted for publication in the Journal of Number Theory in March 2022.
The format has been adjusted for this thesis, a paragraph in the introduction has been

relocated, and the bibliography has been relocated to the end of the thesis.



One-level Density of the Family of Twists of an Elliptic Curve
over Function Fields

Antoine Comeau-Lapointe, Concordia University

Abstract. We fix an elliptic curve E//F,(t) and consider the family { EQ xp} of E twisted by
quadratic Dirichlet characters. The one-level density of their L-functions is shown to follow
orthogonal symmetry for test functions with Fourier transform supported inside (—1,1).
As an application, we obtain an upper bound of 3/2 on the average analytic rank. By
splitting the family according to the sign of the functional equation, we obtain that at least
12.5% of the family have rank zero, and at least 37.5% have rank one. The Katz and Sarnak
philosophy predicts that those percentages should both be 50% and that the average analytic
rank should be 1/2. We finish by computing the one-level density of E twisted by Dirichlet
characters of order ¢ # 2 coprime to g. We obtain a restriction of (—1/2,1/2) on the support
with a unitary symmetry.

Keywords: Zeta functions; Elliptic curves; L-function; Finite fields; Function fields; One-

level density; Dirichlet characters; Twisted L-functions; Average rank

2.1 Introduction

We study the one-level density of the family of twists of an elliptic curve defined over F(t).
Throughout this paper, a prime p # 2,3 is fixed and we fix ¢ = p" for any integer n > 1.
We also fix an elliptic curve E : y* = 23 + Az + B over F,[t] under its minimal Weierstrass
model such that it has at least one prime of multiplicative reduction, has good reduction at
infinity, and such that its j-invariant isn’t zero (see [58] for background). We write A instead
of A(t) for elements of F,[t]. The conductor of E is denoted by Ng.

Let My C F,[t] be the set of monic polynomials of degree N and let Hye C My be
the set of square-free polynomials of degree N congruent to C' modulo Ng where C' is co-
prime to Ng. We denote by H} the set of square-free polynomials of degree N that are
coprime to Ng. In particular, we have the partition Hy = Jc mod vy Hn,c. The main fam-
ily of this paper is the set of quadratic twists of £. Each twi(sctJ\c[)?:E1 is denoted by F ® xp

where xp is the unique quadratic Dirichlet character of conductor D, where D € H}. To



each twist is associated a unitary matrix (up to conjugacy class) called the Frobenius of
E ® xp denoted by
D1
Op = (2.1.1)

eiel)’M

where the €Pi are called the Frobenius eigenvalues of £ ® yp and 0 < 0p; < 27. The

average of traces of powers of ©p over Hy ¢ is defined by

" L Py
(tr O o = ol SN e,

DE’HNyc j=1

We prove the following.

Theorem 2.1.1. Fore>0,n >0, and N > 4deg(Ng)

1, if nis even 1 1 /2
0, ifnisodd q q q
This is in agreement with the mean values over O(M) given in [23]
1, if n is even
/ tr ©7d6 = (2.1.2)
O(M) 0, if nis odd

with respect to the Haar measure where O(M) is the orthogonal group of dimension M. The
subgroup of matrices with determinant 1 is denoted by SO(M). Two different symmetry
types exist depending on the parity of M. They are denoted by SO(even) and SO(odd).

As an application we compute the one-level density of the family. The Schwartz space

S(R) is a space of rapidly decreasing functions on R and is defined by
S(R) :={f € C®(R)[Va, B €N, |[fllas < 00} where |[f]la,s = sup,ep|z® P (2)].

For an even function ¢ € S(R) and M > 0, we define

- Zol(24)

kEZ

10



which has period 27 and is localized on an interval of size ~ 1/M around 0 in R/27Z. Let

© be an M x M matrix with eigenvalues €% where 0 < 6; < 2r. We define

M
Zs(©) =Y F(6;). (2.1.3)
j=1
The one-level density of the family Hy ¢ is the average

(Zs)n,c ! > Zy(©n)

[Hcl DEHN ¢

where ©p is given by (2.1.1). The one-level density picks up the 6; near 0 and it reveals the

symmetry type of our family. We prove the following result on the one-level density.

Corollary [2.10.1} For ¢ € S(R) an even function such that supp(¢) C (=1,1), we have
for the one-level density of the family of quadratic twists of E

Zoxe= [ 2i©)i0+0p,(1/N)
o(M)
where M = 2N + deg(Ng) — 2.

As an application, we get an upper bound on the average analytic rank. The analytic
rank of £ ® xp is defined as the number of p ; = 0 in ©p, and we denote it by 7(E ® xp).
We define

1
<T>N,C = |7—[ ‘ Z T(E@XD)
N,C DeHn,c
and the average analytic rank is defined as
o= b

if the limit exists. We prove the followings.

Theorem [2.11.1. We have limsupy_, . (r)nc < 3/2.

In particular, the average analytic rank is < 3/2 in the whole family of twists D € HY,.
By splitting the family according to congruence classes we get the following result on the

non-vanishing at the central point.

Theorem [2.11.3| At least 12.5% of the family of quadratic twists of E have rank zero and
at least 37.5% have rank one as N — oo.

11



In the final section, we study the one-level density for the family of twists of E of order
¢ coprime to gq. However, the results are too weak to produce any significant bound on
the average analytic rank. We get the following restriction on the support of the Fourier

transform of ¢ where U(M) is the unitary group of dimension M.

Theorem [2.12.1, For ¢ € S(R) an even function such that supp(¢) C (—1/2,1/2), we
have for the one-level density of the family of twists of E of order £ # 2 and ({,q) =1

(Zo)nc = / 1 Z4(0)0 + 00/ (1/3)

where M = 2N + deg(Ng) — 2.

The condition supp(¢) C (—1/2,1/2) for twists of E is the analogous result of the con-

dition supp(¢) C (—1/m,1/m) for twists of a given cuspidal representation of GL,,(Ag)
obtained by Cho and Park over Q [13].

Over Q, the one-level density of the family of this paper was studied by Heath-Brown [35]
for quadratic twists. The first results obtained in the present paper are analogous to what
he obtained. Under a hypothesis slightly stronger than the Riemann Hypothesis for elliptic
curves, Fiorilli [26] showed that the average analytic rank of this family is exactly 1/2. Over
cyclic extensions such that the degree is a fixed odd prime, Cho [10] has shown that the
average analytic rank of E is at most 2 + rg(E) where rg(£) is the analytic rank of £ over
Q. For cubic Dirichlet L-functions over QQ, Cho and Park [I1] computed the one-level den-
sity and obtained the restriction of (—1,1) on the support of the test functions along with
a unitary symmetry. They also computed [12] the n-level densities for the family of cubic
twists of any given cuspidal representation of GL,,(Ag), and they showed that the symmetry
is unitary. Over cubic Galois number fields, Meisner [48] computed the one-level density of
the associated L-functions and showed that the symmetry is unitary with a restriction of
(—1/2,1/2) on the support. For the one-level density of Dirichlet L-functions of order r over
@Q, Cho and Park [I3] showed that the symmetry is unitary, and obtained the restriction of
(-1,1) on the support. They also obtained the restriction of (—1/m,1/m) on the support for
the family of twists of order r of any given cuspidal representation of GL,,(Ag). All of the
above results are under the Generalized Riemann Hypothesis. Over function fields, results

are unconditional since the Weil’s conjectures have been proved.
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Over F,(t), the one-level density of the family of quadratic Dirichlet L-functions was studied
by Rudnick [55] where he obtained a restriction of (—2,2) on the support, with a symplectic
symmetry. Under further restrictions on the support, Bui and Florea [7] were able to com-
pute lower order terms for the one-level density of this family. The first four moments of this
family were obtained by Florea [28], [27]. For cubic Dirichlet L-functions over F,(¢), David,
Florea, and Lalin [20] computed the mean values of the L-functions. They also proved that a
positive proportion of these L-functions do not vanish at the central point [21]. For twists of
order r such that ¢ = 1 mod r, Meisner determined the number of IF;-points of the associated

curves [47].

2.2 Background

2.2.1 Elliptic Curves

The degree of a polynomial A € F,[t] is denoted by deg(A). We define Ng, the conductor of
B, by
Ng = H plfeE)

PeF[t]
P prime

where

0, if F has good reduction at P
fp(E) = 1, if F has multiplicative reduction at P
2, if E has additive reduction at P.

The prime at infinity does not divide the conductor since we assumed F has good reduction
at infinity. A good reduction means that E/P, the reduction of E at a prime P € F[t], is
an elliptic curve over Fy[t]/(P) = Fjacxr), which is a finite field. By the Weil’s conjectures,
its zeta function is equal to
(1= ap(B)u)(1 - GR(E))

(1= u)(1 — gtePlu)

where ap(E) and @p(E) may be swapped. We call those values the Frobenius eigenvalues

Z(B/P,u) =

of F at P and since we fixed F, we simply write them as ap and @p. For primes of good

reduction, they may be computed using
ap = ap+ap =" +1 - #(E/P)

13



where #(E/P) is the number of F acer)-points of E/P. When E/P isn’t an elliptic curve,
we say that the reduction is bad. If the reduction is multiplicative, we have ap = 41, and
if the reduction is additive, we have ap = 0. We will often use the fact that |ap| = gdes()/2

from the Weil’s conjectures for primes of good reduction.

2.2.2 [-functions

Let x be a primitive Dirichlet character on F,[t] (see [54] for background). Its L-function is
defined by

L(x,u) := H(l - X(P)udeg(P))—l

where the product is over the primes of F,[t] excluding the prime at infinity.

The L-function of E is defined by

L(E,u) := H (1— apudeg(P))—l(l _ aPudeg(P))—l H (1— (Zpudeg(P))_l
PN PINg
and the L-function of E twisted by y is defined by
L(E® x,u) = H (1 — x(P)aputeP)) =1 (1 — y(P)apule®)-1 H (1 — x(P)apudes®))-1
e P|Ng

excluding the prime at infinity.

A Dirichlet character is uniquely factored into

X = XXo (2.2.1)

where Y is primitive and yg is principal with minimal modulus. The principal character of

modulus C' is given by

o) = 1, if (A,0)=1

0, otherwise.

We get
Lixu) ] (=x@us)™" = L(x,u).

P|modulus(xo)
P prime

14



A character is said to be even if it is trivial on F,. It is called odd otherwise.

We also split Hy = Hn+ U Hy_ depending on if the sign of the functional equation of
L(E ® xp,u) for D € H% is 1 or —1 respectively.

2.2.3 Gauss Sums

As done by Hayes [34], we define the following function on F,(t)
27Titr]];q/[[;p (A1)

e,(A) :=e P

where A; is the coefficient of 1/t in the Laurent expansion of A.

The Gauss sum of a primitive character x of conductor F' is defined as
A
Glx) == Y. x(Ae, (f)
Amod F

and it does not depend on the choice of representatives.
We also define

(x) = ) xla)e* @,

acFy
We denote by w(x) the sign of the functional equation of L(x,w) and it is given in Lemma
2.3.2l When x is quadratic, w(x) is always 1 (see [53]).

2.3 Duality

We remark that the conductor of a primitive character of order ¢ coprime to ¢ is always

square-free.

Proposition 2.3.1 (Riemann Hypothesis). Let x be a primitive Dirichlet character of order
¢ coprime to q of conductor F' # 1 on F,[t]. Then

M
L(X> 1 . ’LL )\ H 1/2 7
7j=1

where M = deg(F) —1 and A =0 if x is odd or else M = deg(F) —2 and X\ = 1.
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Proof. We have by Theorem 9.16B of [54]

M
L(Xa H 1/2 16

where
Koo(x,u) = (1 = x(Pao)u) ™

is the Euler factor of the prime at infinity. This implies L(y,u) have at most one zero on

lu| = 1 and all others are on |u| = ¢~ /2.

We remark that Theorem 9.16B [54] only holds for geometric extensions. To each char-
acter x is associated a cyclic field extension K, /F,[t] of degree equals to the order of x. It is
called a geometric extension if its field of constants is IF,. A character associated to a field

of constants extension has the form
XC(D) = gdeg(D)

where ( is a root of unity in C. Those characters aren’t Dirichlet characters since they are
not periodic to any modulo (x. is never 0), which shows that K, is geometric in the case of

Dirichlet characters.

We have the expansion

When h > deg(F), the polynomials become equidistributed modulo F' so the coefficient of
u” is zero. We also have by [54] that

> x(D)#0

DeMyeg(ry—1

meaning that L(x,u) is a polynomial of degree deg(F') — 1.

When yx is even

deg(F)—1
(=D = (D xla) | > ( > X(D)> = Y xp=o

a€lFy n=0 DeM,, DeFyt]
deg(D)<deg(F)-1
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so a zero is forced at u = 1.

When x is odd, we refer to Tao’s blog [61] Theorem 2 where it is stated that all zeros
of L(,u) have norm ¢~'/2. O

The following lemma can also be obtained using Poisson summation formula (see [7]).
In this case, the character y doesn’t have to be primitive, but the summands become Gauss

suis.

Lemma 2.3.2 (Duality). Let x be a primitive Dirichlet character of order { coprime to q of
conductor F' £ 1. Then

‘ deg(F)—1—j
> x(B) =wl)g =2 N oy (k) > X(B)
BeM; k=0 BEMdeg(F)fl—j—k

where w(y) is given by and o,(k) is given by . Furthermore, o, (k) only depends
on the parity of the character, |o, (k)| < g, and |w(x)| = 1.

Proof. This was proven by Rudnick ([55] Proposition 7) for quadratic Dirichlet characters.

We adjust his computations for arbitrary orders.

Assume first that y is odd. By the above proposition

M
Liv.u) =[]0 - ¢ )
j=1
where M = deg(F') — 1. Since
M
L(x,u) = [[(1 = ¢ u)
j=1
we have
M M —i0; M
_ 1 —i0 1 J 1€ ’ 0; _ 1
t(v) - 1 (1= ) = T LI =) = g )
(2.3.1)
where



Now, using
M
Lixu)=) | > x(B) |«
7=0 BeM;
and the last equation, we get by comparing powers of u
> Xx(B)=wl)d™* Y x(B).
BeM; BEMij

When x is even, we have to deal with the extra factor (1 — u). Let

M
L(X>u) _ ZAjuj~
=0

1—u
Since we removed the extra zero,
Ay = w0 M Ay

Also, we have
Y X(B) =454,
BEMJ‘

which implies

.

A; = X(B). (2.3.3)

Then
> x(B)=A4;— A =w(X)¢ M qAy—; — Avia))
BeM;

and by Equation (2.3.3]) above

M-y
dox(B)=—wl)d ™M > x(B)=(@—1)) > X(B)
BEM]' BEMM+1_j k=0 BeMy
where M = deg(F') — 2. For ease of use we define
¢7? ifk=0
oy (k) = (2.3.4)
0 otherwise
when y is odd and
-1 itk=0
oy (k) = )
q — 1 otherwise
when Y is even. O
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2.4 The Explicit Formula

Proposition 2.4.1 (Riemann Hypothesis). For x a primitive Dirichlet character of order ¢

coprime to q of conductor F' # 1 coprime to Ng

Hj]vﬁl (1 — geiu) if x 1s odd

(1= /geu)(1 — \/ge~"=u) H (1 — qeiu) if x is even
where M = 2deg(F') + deg(Ng) — 2 and 0, is the eigenangle of E at infinity.

L(E®x,u) = (2.4.1)

Proof. Let £ be the order of x. We first assume ¢ to be prime. Let K, /F,(t) be the cyclic
field extension associated to y. By Artin’s conjecture, which has been proved over function

fields, we have
-1

L(E/Ky,u) = L(E,u) [[LN(E @ X', u)
i=1
and all of these functions are entire. The star indicates the factor at infinity is included in
the Euler product of the L-functions. When no field is specified in the parameters of the
L-function, the Euler product is assumed to be over F,[t], otherwise it is over the specified

field. By [9] Theorem 1.1 (ii)

L
LY( H 1 — ge® Ju
7=1

where L = (- deg(Ng) + 2(2g — 2) and g is the genus of K.

The factor at infinity of L*(F ® %, u) is

(1= X' (Poo)v/ge™>u) 7 (1 = X' (Poc) /e~ u) ™!
where P, is the prime at infinity. If x is even, then x'(Py) = 1. We also have 29 =
(¢ — 1)(deg(F) — 2) and L*(F,u) has degree deg(Ng) — 4 ([5], Appendix). This implies
L*(E ® x*,u) has degree 2deg(F) + deg(Ng) — 4. If x is odd, then x*(P) = 0 and 2g =
(¢ — 1)(deg(F) — 1). This implies L*(E ® x*,u) has degree 2deg(F) + deg(Ng) — 2. The

result can be generalized to composite orders using induction. O]

Lemma 2.4.2 (Explicit Formula). For x a primitive Dirichlet character of order ¢ coprime

to q of conductor F # 1 coprime to Ng

M-5
Z Z (n/d)(ap +ap)x?(P) = —¢" Z e’ +0(q"?)
dn PEP, 4 =1
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where ab + ab is replaced by ad for primes dividing Ng, 6 = 0 if x is odd and § = 2 is x is

even.

Proof. We get the result by comparing the coefficients of the powers of u in the logarithmic
derivative of (4.2.1)) to those coming from the logarithmic derivative of the Euler product. [

2.5 The Sieve

We sieve for two conditions, the polynomials must be square-free and congruent to C' modulo
Ng for some C' coprime to Ng. We use the techniques of [7] Lemma 2.2. The notation A | B>

means that if a prime divides A, then it must divide B.

Lemma 2.5.1.
> xo(P) =
DeHp,c
1 o N k
Ea , 2, VO 2o

S Q@) (PYa@) S $(D)xn(P)

Q1| My, DMy,

Q2|(PNy)>

deg(Q1)+2deg(Q2)=k—m

where g 1= 2, P = by and Yy = wAg(zﬁg)o as in Equation (2.2.1)). The modulus of g
is denoted by My and the modulus of (2)o is denoted by Ny. The function oy, is given by
B53) and lay(m)| < misNergni2

Proof. Polynomials D € F,[t] that are congruent to C' mod N are picked up using

1 — 1 if D=C mod Ng
EE, 20 " 70 orterwie (25.)

where the sum is over all Dirichlet characters modulo Ng. So

1 —

DeHpn,c ¢ mod Ng DeHn
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and we write the generating series as

S [To(1 — a(Q)xg (P)u**s@)
u = udes(@y — 119
hZO (Déh 1/J<D)XD(P)> Q!);i[me(l ' w(Q)XQ(P> ) HQ(l - @b(Q)X (P)udeg

))
(2.5.3)
[To(1 = H(Qxo(P)u™s D) Ty, (1 — (Q)xo(P)u*s?)

[To(1— 1 (Q)u2des(@)) -1 HleN (1 — 1 (Q)u2des(@) '

We now expand all four products. We first have

[ = d(Q)xoP)u's @) = Z ( > xD<P>) u. (2.5.4)

Q

Also

L1 = da(@)ur*s @)™ = L(4, u?).
Q

We assume first that 7,52 isn’t trivial. We use Proposition m to expand
1 M 00 A M
§ _ (1 . u2)_)‘ H(l q1/2 i0; ¢ 2 (Z u%) H Z h/26ih9j,¢u2h'
L(v)a, u?) j=1 h=0 j=1 h=0

We expand again to get

i (2.5.5)

B qh/4.

¢2> U2

and bounding trivially gives |ay (k)| < hdes®
If 4, is trivial, then 1/L(¢A2,u2) =1—qu* and so ay(0) =1, ay(2) = —¢q, and it is 0 every-
where else, which is the case of [7] Lemma 2.2. We use the bound |ay (k)| < hdsNE)gh/2 1o

deal with both cases at once.

For the two remaining products, we use

(1 . wAZ(Q 2deg(Q Z 2hdeg (Q)
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to get

o Q P)udes@) o0 . .
Lo, (1~ 0(Q)xa(P) >_Z > p(@Q)Y(Q1)xa (P)2(Q2) | ul.

HQ\pr( —¢2(Q)U2deg(Q)) h=0 Q1| My
Q2|(PNy)>
deg(Q1)+2deg(Q2)=h
(2.5.6)
We multiply the series (2.5.4), (2.5.5)), and (2.5.6) and we compare powers of u in Equation
(2.5.3). We put the result into Equation (2.5.2)) to conclude. O

We now compute the size of Hy ¢ in a similar fashion, but we use Perron’s formula

instead of multiplying the generating series together.

Lemma 2.5.2. For (C, Ng) =1 and any € > 0

N
_ q -1 —deg(Q)\~1 N(1/4+e)
Hnel = (1-q7) (L4 ¢ )" + Opgelq ).
/() 11 q
Q@ prime

In particular, the family Hy is equidistributed in the invertible congruence classes modulo

Ng as N — oo. Furthermore, |Hyc| <pq q" .

Proof. We deal with the congruence condition using (2.5.1)). So

> 1= /(NE))| > wE) Y ) (2.5.7)

DEHNC’ ¥ mod Ng DeH

and we write the generating series as

2deg )

Lpyu) = ( > w<D>) = I @+ u@ui=?) = I}ﬁ(( ﬁg;udeg )

h=0 \D€eH, Q@ prime
HQ(l - &(deeg(@)_l HQ|Mw<1 - &(Q) utE@) ( y U HQ\Mw(l - &(Q)Udeg(@)
g, (1= 1o (Q)udeE(Q))

" ot — $2(Quds @)1 [ (1 — to(Q)utes(@) — L(iy,u?

where 1y = 2, 1 = Yy and 1y = Us(1hs)o as in Equation ([2.2.1). The modulus of
is denoted by M, and the modulus of (12)o is denoted by N,. Perron’s formula works by

)
)

dividing the generating series by u*! in order to create a pole at u = 0 such that its residue
is the Nth coefficient of the series. Here

L5 (3w
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This sum is the Laurent expansion of £ N +1) at u = 0, so the residue at © = 0 is the coefficient

> (D).

DeH N

-1

of u~*, which is

We're going to use Cauchy’s residue theorem by integrating on the complex circle C : |u| =

g~ Y/*=¢ the following function

L(Y,u) L(t), u) HQ|Mw< —(QuiE@)
—4

T L, u2) T, (1 — da(Quedes@) uh+

(2.5.8)

If 1& is trivial
1

L) = y—

and it has a unique simple pole at u = 1/q of residue —1/q. If ¢ isn’t trivial, then

Ky

L) = (1 =0 [(1 = g2 )

j=1
where K < deg(Ng) and it has no poles. If ¢, is trivial
1

— =1 qu?
L<¢27 u2)
and it has no poles. If @22 isn’t trivial
1 e
- =(1- u)_’\% H(l _ q1/2ei9¢2,ju2)—1
L(¢27 UQ) j=1

where Ky, < deg(Ng) and it has poles of norm ¢~/4. The two remaining products of (2.5.8)

have poles and zeros of norm one.

We define
L) TTopag, (1 — H(Q)utes@)
L (02, 0) Ty, (1 — G2(Q)us@) |

We have A(E, g, €) < oo since these functions have no poles on C.. We also have |1/u
qN(1/4+5)+1/4+e on Ce7 S0

§ o

A(E, g, €) 1= SUDy, mod N SUD|y|=g-1/4—¢

N+ =

< om A(E q, € ) N(1/4+e€) LBqe qN(1/4+e)' (2.5.9)
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If lﬂ is trivial, then 1) is the principal character modulo Ng. In this case, we have by Cauchy’s

residue theorem

L[ L) L(Y,u) L(Y,u) -1 e
i ]i Wt T Resu=0 U+ + Resu=1/¢ Wt T D;:, (D) + ( Qllj\/[ 5@
Q@ prime

since 122 is also trivial, and M, and N, are both equal to the product of all the primes
dividing Ng.
If ¢ isn’t the principal character modulo Ng, then there is only a pole at u = 0 and

1 LY, u
%]g U(:VZ)—H) - Z b(D).

DeH N

We use those two results along with (2.5.9) in (2.5.7)) to get

N
Z 1= (1—q¢h H (14 q—deg(Q))—l + 0E7q76(qN(1/4+e))'
DEHNC (NE)) | Q‘N
Q prir]fie

By Proposition 1.4 and 1.6 [54] we have |(F,[t]/(Ng))*| < ¢%#"#) | so we can conclude

Hyel <pq q"-

2.6 Contribution of the Primes

The contribution of the primes in Equation (2.9.1)) corresponds to the terms with d = 1,
which is

Sl = e 3 o 1) T )

PeP, DEHN,C

We start with a lemma that will be useful for bounding some quantities coming from the

sieve.
Lemma 2.6.1.
Z 1< (N + 1)deg(NE)
QINg®
deg(Q)=N
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Proof. In the worst case scenario, Ng is a product of distinct primes of degree one. We use
induction on the degree of Ng. If Ng is prime, then there is only the possibility Q = N5,
the lemma is true in this case. Now, we assume the lemma is true for deg(Ng) = k. Let
deg(Ng) = k + 1 and fix a prime P, that divides Ng. We split the terms depending on the
powers of Py dividing them

doo1=) ) 1N+

QINg J=0 Q|(Ng/Po)>™
deg(Q)=N deg(Q)=N—j
and this concludes the induction. O

Proposition 2.6.2. For any ¢ > 0 and N > 4deg(Ng)

1 1 qn/2
2deg(Ng)+3 (_+ .+ 4"
Sc(N,n) Lpgq (n+ N)N=EEE <qN/8 + N + q(l_E)N> :
Proof. We apply the sieve (Proposition [2.5.1)) and quadratic reciprocity
Xp(P) = (1) "D 2y p (D)

to write

. Nk
Sc(N,n) = - IHNcl Z aP+aP)|(IFq[t]/(NE))*| Z w(C)ZZ%(m

PePy, % mod Ng k=0 m=0 =0

(2.6.1)
> (—1)"NPED20Q1)d(Q1)xa) (P)a(QaPY) Y dhxp(D
Q1|My, DeMp_

Q2|Ng®
deg(Q1)+2deg(Q2)=k—m—2nt
where we split the sum over () according to powers of P, so we define Nw = Ny/P if
P | Ny, and ]% = Ny if P { Ny. Assume first that n < N/4. The degree of the conductor
of 1 p is then bounded by N/4 + deg(Ng). Then, when N — k > N/4 + deg(Ng), the sum
over the monic polynomials is zero, so it is bounded by ¢¥/4+de(Ne) = Using Lemma
and Lemma and noticing @, has at most 29°8(Ne) possibilities gives

N2deg(Ng)+3
(2.6.2)



by bounding everything else trivially. Therefore, the contribution of the primes of low de-

grees tends to zero as N — oo.

Now, assume n > N/4. We also assume N > 4deg(Ng) so that ¢yp is primitive. We
split into two cases depending on whether £ > eN or k < e/V.

We start with the case £ > eN. We want to bring the sum over P inside in order to
use the explicit formula (Lemma [2.4.2)). The sum is then

N | A5 ]
—1 1 _
s T AT, 2, VC) 2 2 0um) 2 > 2.6

Q2|]\7;Z°
deg(Q1)+2deg(Q2)=k—m—2nt

QDVQ)2(Q2) Y (D) > nlap +ap)xp(P)xe, (P)a(P)

DeEMpy_ PeP,

where we reapplied quadratic reciprocity on xp(D). Let ¥ := XDQN% and U = U, as in
(2.2.1). The explicit formula for L(E ® ¥, u) gives the bound

Z Z (n/d)(ab +a%)¥(P) <5 Nq".

dn PGPn/d

It is important to mention here that the conductor of ] might not be coprime to Ng.
The Riemann hypothesis is still valid for L(F ® \i/,u), but the number of zeros given in
Proposition could be changed by a quantity bounded by 2deg(Ng), which is why the
bound remains valid. This bound also holds when W is trivial, since then we get L(E,u)

which has deg(Ng) — 4 zeros of norm 1/¢ and two of norm 1/,/q. Now, since

S2 S b +ab)¥(P) = Y nlap+ap)B(P)+ Y] S (n/d)(ah+ab)ii(P)

dln PEPyq PeP, (;l‘n PeP, /4
>1

and

> Y (n/d)(af +ap)¥(P) = O(ng")
din PEPn/d
d>1

we have

> nlap +ap)¥(P) <p ¢"(N +n). (2.6.4)
pPeP,
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Also, we have

> nlap+ap)¥(P)= > nlap+ap)¥(P)— Y n(ap+ap)¥(P)

PePy, PePy, I;lelg‘n
v

where Ky is the modulus of ¥y. We have assumed n > N/4 and N > 4deg(Ng), so only

Xp can contribute to Ky, and it contributes at most two different primes. So

> nlap+ap)¥(P)= > nlap+ap)¥(P)+ O(ng"?).
PePy PeP,
Then

> nlap +ap)¥(P) <g ¢"(N +n).
pPeP,

This sum is exactly the sum over P, in (2.6.3). We use |ay(m)| < ¢*/2N4Ve) from Lemma
since m < k and we bound everything else trivially as we did for (2.6.2). We get that

(2.6.3)) is bounded by
(n + N)N2d‘3g(NE)+3

which goes to zero as N — oc.
For the case k < eN, we apply duality (Lemma [2.3.2)) to (2.6.1]) to get
1 1 LeN] &k L55)
—_— n(ap + ap) . P(O) ay(m) (2.6.6)
Tl 2 EIAT 2y, O 2 20 2
Z (—1)" R (Q1)(Q1) xqu (P)a(Q2PY)
Q1|Mw
Q2|Ng?
deg(Q1)+2deg(Q2)=k—m—2nt
n+deg(C’J))—1—N+k
w(thxp)g A/ > T nn(T) > Uxp(D)
r=0 DGMn-}—deg(C"Z))—I—N-kk—r

where C}; is the conductor of 1@

The goal is again to sum over P, first in order to use the explicit formula (Lemma [2.4.2]).

To bring the sum inside, we must deal with w(qﬁx p) to remove its dependency on P.
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Definitions related to Gauss sums can be found at the end of Section Corollary 2.4

[20] states that for primitive characters of conductor F'

%q—(deg(}?)—l)ﬂG(X) if xy odd

w(x) =
qsN2G () if ¥ even

and adjusting Lemma 2.12 (i) [20] for general Dirichlet characters gives

G(xp) = (P)xp(Cs)G()G(xr)

because deg(P) is large enough for P to be coprime to Cy- Then, assuming the most

complicated case where all characters are odd

1 1 A

P — ~(deg(Cy)+n=1)/2 (7 — —(deg(Cy)+n=1)/2,] p CHG(D)G
w(¥xp) T(Wp)q ¢ (xp) T(wxp)q b Y(P)xp(Cy)G(W)G(xp)
= Py (Cp ()T () (xp)T ().
7'(¢XP)

If deg(P) is even, then xp(a) = 1 for all @ € F;; and if deg(P) is odd, xp(a) = 1 if a is a
square in I} and yp(a) = —1 otherwise. This implies T(¥xp) and 7(xp) does not depend
on the actual P, only on its degree, since the sum defining these quantities is over F;. We

recall w(xp) = 1 since yp is quadratic. This implies

w A W(EZXP)
" T P henlCy)

only depends on deg(P) = n, hence the notation.
The other quantity that might depend on P is o (r). We recall that it only depends

on the parity of the character, and by the discussion above, the parity of &X p only depends
on ¢ and the degree of P. We therefore use the notation oy, (r) := o, (7).
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Replacing in ([2.6.6) gives

4 ] [N & 5
- ¥(C) a(m)
P E ], 2o P2 2 vtm 2 2
Q2| Nge
deg(Q1)+2deg(Q2)=k—m—2n¢
(2.6.7)
n—l—deg(CQZ))—l—N-&—k
M(Ql)&(@l)wAQ(QZ)wn(&)qN_k_(n—’—deg(Clz)))/Q Z (_1)n(n—r—1)(q—l)/2
r=0
04a(r) > $(D) Y nlap+ap)xp(P)Y(P)xc, (P)xq, (P)ia(P")
DEMn-Fdeg(Cl[))—l—N-Hc—r PePy

after applying quadratic reciprocity on xp(D) and xp(Cy). We use (2.6.4) to bound the
sum over P,. We have an extra @X% in the character, so it adds at most 2deg(Ng) to the

degree of the conductor. Bounding everything else trivially, we have that (2.6.7) is
Lpgg (n+ N)N2deg(NE)+3qn/2q—N+eN/2‘

Combining this bound with (2.6.2) and (2.6.5)) concludes to proof. O

2.7 Contribution of the Squares

The contribution of the squares comes from the terms with even d in Equation (2.9.1)).

Proposition 2.7.1.

1+ O0g (t(n)g™™*), if2|n

q |HNC’|Z Z n/d Q{P4>O'/P) Z XdD(P):

d\n deg(P)=n/d DeHN ¢ 0, if 2t n

where a% + @ is replaced by ad for bad primes.

Proof. 1f 2 1 n, there are no terms, hence no contribution.

When 2 | n, we rewrite the sum as

2m|HNC|Z S mfd) (@ +ap) Y xH(P) (2.7.1)

dlm deg(P)=m/d DeHN,c
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where m := n/2. The character equals 1p;p because its power is even. A simple sieving

gives
N/deg(P)]
DTS SRS SR
DeHn,c Jj=0 DEHN—jdeg(P),CP_j

(D,P)=1
if (P, Ng) =1 so that P is invertible modulo Ng. If P | Ng, then

> 1= [Hycl

DeHn,c
(D,P)=1

since every D is coprime to Ng because (C, Ng) = 1. In the case (P, Ng) = 1, the sum with
j =0 1is exactly |Hn |- When j >0

LN/deg(P)] LN/deg(P)]

Z (—1)7 Z 1 = Z (=1)7gN7 deg(P) qN—deg(P) i g7 deg(P) qN—deg(P)‘
j=1 DEM N dog(P),cP— j=1 j=0
Then
> B(P) = Hycl + O(gV D) (2.7.2)
DeHn ¢

which holds in both cases.

Now, ([2.7.1)) is equal to

Z Z (m/d) (o +ap™®) + O (r(m)g™).
dlm deg(P)=m/d
We retrieve the double sum by looking at the symmetric square of L(E, ), which is defined
by
L(Sym?E, u) := H (1 oﬁgudeg(m) (1 — Ozp@pudeg(P))_1 (1 a%udeg(P)) H (1-— a%udeg(m)
PINg P|Ng

It is related to the variety
Sym?FE : y* = (2° + Ax + B)(2* + Az + B).

It is known that ([9] Theorem 1.1)

E

L*(Sym?E, u) H ¢ Psvm2eay)

J=1
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for some M < oo that only depends on E. We have

M
Z Z (m/d) (a?}d + qd-deg(P) + a—PQd) _ q3m/2 Z@imesmeE’j + O<qm>
dlm deg(P)=m/d j=1

where we replace a2 + ¢%9°8(") 1 &5% by a! for bad primes. By Proposition 2.1 of [54], we

Z Z (m/d>qd~deg(P) _ q2m

dlm deg(P)=m/d

have

and we split the sum as

Z Z (m/d)qd-deg(P):Z Z (m/d)q d-deg(P) +Z Z (m/d)qd-deg(P).

dlm deg(P)=m/d dlm deg(P)=m/d dlm deg (P)=m/d
P good bad

Since there are at most deg(Ng) bad primes

Z Z (m/d)q**e") <« deg(Ng)m

P)=m/d
d

dlm deg(P)
P ba

This implies

> ) (o ) = "+ Onlg™)

dlm deg(P)=m/d

where we replace a? + ap>? by a?! for bad primes and this concludes the proof. O

2.8 Contribution of Higher Powers

Proposition 2.8.1.

|HNC| Z Z (n/d) (o +ap) Z X5 (P) < 7(n)g"".
/d

d|n deg(P)=n DetHn,c

Proof. We bound everything trivially. O]

2.9 Average of Traces

The main theorem of this paper is the following.
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Theorem 2.9.1. Fore >0, n >0, and N > 4deg(Ng)

1, if nis even 1 1 n/2
(tr @n>N,C — + OE,q <<n+ N)NQdeg(NE)+3 (W + qe_N + q(ql—e)N) +T(n)q_"/6) .
0, ifnis odd

Proof. By the explicit formula (Lemma [2.4.2)

(tr O")no = \7—[ | Z Z (n/d)(a}p +a}) Z X4 (P) (2.9.1)
7" N.C din deg(P)=n/d DeHpn,c
Combining each estimate of Sections [2.6] and [2.8| concludes the proof. O

2.10 One-level Density
The definition of Z, is given by .
Corollary 2.10.1. For ¢ € S(R) an even function such that supp(é) C (—1,1), we have
(Zwe = [ Z:(©)d0 + Op,(1/N)
O(M)

where M = 2N + deg(Ng) — 2.

Proof. The Fourier expansion of Z4(0) is

/qb d:v+—z¢< >tr@".

n#0

When n is negative, we use tr ©™" = tr ©" to apply Theorem Averaging over Hy ¢
and applying Theorem [2.9.1] gives

1 /n 2deg(Ng)+3 1 1 q"? —n/6
+OE,q (MZQb(M) ((n—i—N)N g(Ne) m—i-qe—N—f‘q(l_—e)N +T(n)q /
1

where

1, if nis even

0, if nis odd.
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By Equation ([2.1.2))

$(0) + % 34 <%> T = /O(M) Z,(©)de. (2.10.1)

For the error term, we have that

(n + N)deeg(NE)'f‘?’ L + L + Lﬂ
qN/8 qu q(lfe)N

tends to zero as N — oo provided that n < 2(1 — 2¢)N. The range of n is controlled by
restricting the support of QAS, so it must be inside (—1,1) since M ~ 2N as N — oo. For the

second term of the error, notice that

n=1
converges, SO
LS5 () r(mg e
M — M
tends to zero as N — oo. O

Remark 1. By (6) [66], we cannot distinguish between the symmetry types O, SO(even),
and SO(odd) since they all have the same one-level density when the support ofngS 18 contained
inside (—1,1).

2.11 Average Rank and Non-vanishing

One application of the one-level density is getting a bound on the average analytic rank.

Theorem 2.11.1. The family Hy o of quadratic twists of an elliptic curve over F[t] has

average analytic rank ro < 3/2.

Proof. We adjust [66] Section 5.5. We use Corollary [2.10.1| with

e = (DY G =L (1 W)

where ¢, is supported in [—v,v] and is the Fourier transform of ¢,. Since ¢,(0) = 1 and
¢u(x) > 0, we have F(0) > 1 and F(#) > 0, where we defined F(6) in Section 2.2l This
implies ordy—1/iL(E ® Xp,u) < Z4,(Op), so ry.c < (Zy,)n,c. By Corollary 2.10.1

TN,C S / Z¢V(®)d@+OE7q(1/N)
O(M)
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By Equation ([2.10.1f), we need to evaluate

1 AL 1 2 2n
03y 2 () =y 2 (1-7)
0w /2]
1 2
2= v
i | M/
1 2 (M2
1 1
_li240
V+2 (MV)

Setting v = 1 — € for any € > 0, we have

1 1
rync < 1—+§+0E,q(1/N)

meaning that

limsup y_, "N < 3/2.

If the limit exists, then
re < 3/2.

We remark that unlike [7], we cannot optimize the choice of the test function in order to

improve our result as in [36] Appendix A, Corollary 2 since the symmetry is orthogonal. [J

Let € and ep be the sign of the functional equation of L(F,u) and L(E ® xp, u) respec-
tively. They are both 1.

Lemma 2.11.2. The order of the central zero ord,—;,,L(E® xp, u) is even or odd depending

on whether ep =1 or ep = —1 respectively.

Proof. Since L(E,u) € Z[u], we also have L(F ® xp,u) € Z[u] because xp is quadratic. The

functional equation is then

1 1
LFE =——IL(F
( ®XD,q u) i (E®xp,u)

where M is the number of zeros of L(E ® xp,u). Applying the functional equation twice
shows that ep = £1.
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If (1/q)e' is a zero of L(E® xp,u), then (1/q)e~ is also a zero by the functional equation.

This means all zeros come in pairs expect those at u = —1/¢ and u = 1/q. We have
M
€p = H _eiaj _ (_1)M(_1)ordu:,1/qL(E®XD,u)
=1

So for example if ep = 1 and M is even, then ord,—_,/,L(E ® xp,u) must be even and

ordy—1/L(E ® xp,u) must be even too. The argument is the same for the other cases. [

Theorem 2.11.3. At least 12.5% of the family of quadratic twists of an elliptic curve have

rank zero and at least 37.5% have rank one as N — oo.

Proof. By (1.2) [§]

ep=a-€-Xug(D)
for D € H} where My is the product of the primes of multiplicative reduction of F, a = £1
depending only on the degree of D, and Xy, is the unique quadratic Dirichlet character of
conductor Mp. We recall that we assume Mg # 1. Since x s, is periodic modulo Mg and

since Mg | Ng, we have that x,s, is constant on Hy c.

We recall that we split Hy = Hy,+ U Hy,— depending on if ep = 1 or ep = —1 respec-
tively.

Let xn, (D) := 1(p,np)=1 X, (D), which is a Dirichlet character modulo Ng since Mg | Ng.
We have xn, = xa, on H} since all elements are coprime to Ng. By Lemma [2.5.2] H}
becomes equidistributed modulo Ng as N grows, and since xn, = 1 on half of (F,[t]/(Ng))*

and xn, = —1 on the other half, we have
L
"N | ~ | Hn | ~ 5 8 N — occ. (2.11.1)

By Theorem assuming all limits exist, the average analytic rank is < 3/2 for both
Hy+ and Hy —, since both sets are disjoint unions of congruence classes modulo Ng. Then,
by Lemma , the rank must be zero for at least 25% of the twists of Hy +, and for
Hn,—, the rank must be one for at least 75% of the twists in order to satisfy the bound as

N — oo. We must divide these quantities by two to conclude. O
Remark 2. We have the relation
€Ep = (—1)Md6t @D = (—1)deg(NE)d6t @D
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where M is the number of zeros of L(E ® xp,u). When deg(Ng) is even, the matriz ©p lies
in SO(M) or O(M)\SO(M) depending on if D € Hx+ or D € Hy _ respectively. Since
M is even, the twists from Hn 4 have SO(even) symmetry, and the twists from Hy _ have
SO(odd) symmetry.

When deg(Ng) is odd, the matriz Op lies in SO(M) or O(M)\SO(M) depending on if
D € Hy_ or D € Hy 4 respectively. Since M is odd, the twists from Hy _ have SO(odd)

symmetry, and the twists from Hy 4 have SO(even) symmetry.

By (2.11.1), the twists from HYy have orthogonal symmetry. See (6) [66] for a table of

statistics of the one-level density of some symmetry types.

Remark 3. The Katz and Sarnak philosophy predicts that Corollary should hold
without any restriction on the support of (5 Howewver, it is important to integrate over the
appropriate symmetry group, since it matters when the support oquS is greater than (—1,1).
Then, we ezxpect the average analytic rank of the family of twists from HY, to converge to 1/2
as N — oo. For the family of twists from Hy 4, we expect an average analytic rank of zero,
and for Hy,_ we expect an average of one. In other words, we expect half of the twists from
Hy to have rank zero, and the other half to have rank one. Numerical computations done

by Baig and Hall [1)] seem to support these conjectures, even when N is small.

Remark 4. The contribution of the primes can be trivially bounded using the Riemann

hypothesis (Proposition

S(Non):= Y > (n/d)(ap+ap)xp(P) = Opa(Ng"™).

DeHyy deg(P)=n

The analogue of Hypothesis M from [26]] is
S(N.n) = opq(q""™").

This bound tmplies that the contribution of the primes goes to zero as N — oo for any n,
which is what we need to remove the restriction on the support ofgzg and to show that the

average analytic rank is 1/2.
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2.12 Trivial Bound for Arbitrary Order

We now study the one-level density when the order ¢ # 2 of the Dirichlet characters is
coprime to ¢. Using the Lindelof hypothesis, we obtain the following restriction on the

support of the Fourier transform of the test functions

~ 11
cl—-==).
supp ¢ ( 5 2>
This is the analogue of supp ngS C (—=1,1) for cubic Dirichlet L-functions. It is not clear how
to use duality to extend the support in this case, as was done for quadratic characters. By

restricting to a subfamily (of density zero), David and Giiloglu [22] were able to increase the

support for cubic Dirichlet L-functions over Q((3).

~

Theorem 2.12.1. For ¢ € S(R) an even function such that supp(¢) C (—1/2,1/2), we
have for the one-level density of the family of twists of order £ # 2 and (¢,q) =1

(Zo) e = /U 1 Z4(0)40 + O, (1/3)

where M = 2N + deg(Ng) — 2.

Proof. Let a > 1 be a divisor of £ and let k be the smallest integer such that a | ¢ — 1, so k
depends on a. We fix an isomorphism 1 from the a-roots of unity in F to those in C and

we define the a-power residue symbol as

qkdeg( )71
<§> = (A - mod q>

for A,q € F[t] where q is prime. If q | A, the symbol equals zero by definition. This

symbol is a Dirichlet character of modulus q of order a over F[t]. Let Frob, act on IFt]
by raising each coefficient to the gth power. On F . C F[t], this operator permutes the
a-roots of unity and can be associated via ¥ to some o € Gal(Q(({,)/Q) which generates a

normal cyclic subgroup H < Gal(Q((,)/Q) of order k. Furthermore, we have

(T ). =7 (3).

Now, over F[t], a prime modulus has primitive Dirichlet characters of order a if and only if

its degree is divisible by k. In other words, the modulus must split totally in the extension
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IF . [t]. Moduli of prime powers do not have primitive characters of order a. For each prime
@ such that k | deg(Q), we define x, g, for 1 <i < ¢(a) to be the collection of characters of
order a with conductor @, and they are Gal(Q((,)/Q) conjugates. We extend this definition
to composite conductors by multiplicativity. In the following generating series, we consider
all primitive characters of order a | ¢ of conductor of degree h for a > 1. In the Euler
product, we include for each prime all of its possible characters of order a > 1 dividing /.

Let |u| = ¢~/ for any € > 0. We have

00 #(a)
SUES 51 IS SR I P | J ERR o ORI

h=0 x of order a|l Q prime all i=1

X primitive QtNg alqdes(@ 1

deg(cond(x))=h a>1

(cond(x),Ng)=1

a>1
#(a)

| T TII TI0 - xeauPou™ @)™ +0uy(1)

Q@ prime all i=1
alqdes(@ —1
a>1
—1

¢(a)
I Y 3 vadpue

Q@ prime all =1
Q|Ng alqdes(@) _1
a>1

The error comes from the fact that the terms v’ 4°8(@) with j > 2 in the product are negligible

—1/2—¢

over C. : |u| = ¢ , since there are at most ¢ primes of degree m and the sum

i qmq(—l—Ze)m

m=1
converges absolutely. We also have

-1

¢(a)
IT {1+ X Dxea@u™@ | <p,1

Q@ prime all =1
QINE algdes(@) _1
a>1
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over C.. Now, we fix a > 1 dividing ¢ and we collect the primes () having characters of order
a. Let k be the smallest integer such that a | ¢* — 1. When we write “q totally split” under
the product, we mean that the prime in Fy[t] under g splits completely in F«[t]. We have

#(a) d(a)/k
[T IO xeeuPyu=@) = [T 0 xegi(Pputte®)™
Q prime =1 i=1 quqk [¢]
alqdes(@ 1 q prime
q totally split
by defining

A
Xa,q,i(A) =05 (E)

where the o; are a set of representatives of Gal(Q((,)/Q)/H where H was defined above.
Since Frob,(P) = P, and since a character of conductor q of order a over F[t] restricted to
IF,[t] gives a character of conductor @ of order a over F,[t], we have a one-to-one correspon-

dence between these characters. By the a-power reciprocity law ([54] Theorem 3.5)

k_q
[T O xaaiPI ) = Lo, ()40 T (= xaqa(P)a )
q€F 1 [t] q€F 1 [t]
q Prqime q prqime
q totally split q not totally split

where the index ¢* indicates that the L-function is taken over F.[t]. When q is not totally
split, we have kdeg(q) > 2deg(Q), so the last product converges absolutely on C. since the
number of primes above a given prime () is bounded by /. Finally, by the Lindelof hypothesis
([20] Lemma 2.6), we have for any 6 > 0

Lyt (Xa,pi, uF) g6 957 for |u| < ¢V,

Combining everything gives

Lp(u) Lgseneq D

on C.. We now apply Perron’s formula

Y. x(P)= QLM]Q Ezgu)%

x of order a|l
X primitive
deg(cond(x))=h
(cond(x),N)=1
a>1

1/2+e)h+1

Since Lp(u) is entire inside C, and since |1/u"1| < ¢ , we have

Z X(P) <<q,6,e,E,€ qh/Qqehqé deg(P)

x of order all
X primitive
deg(cond(x))=h
(cond(x),Np)=1
a>1
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for any €, > 0. Since this holds for any ¢, we may isolate the characters of order ¢

Z X(P) <<q,6 B4 qh/Qqehq5 deg(P)

x of order /¢

X primitive
deg(cond(x))=h
(cond(x),Ng)=1

As in the quadratic case, the average of traces is given by

(tr O™y =

(n/d)(af +ap) Z x!(P)
n deg(P)=n/d x of order ¢

X primitive
deg(cond(x))=N
(cond(x),N)=1

where Fy denotes the family of primitive twists of order ¢ of conductor of degree N coprime

to Ng. Using |Fx| < ¢V and the above, we have

<t1" @n>N <<q,e EJ n2qn/2q N/qu(n—l—N)
since x? isn’t principal and higher powers are trivially bounded. This translates to a re-
striction of (—1/2,1/2) on the support of the test function for the one-level density. The

symmetry is unitary since the contribution of the primes vanishes. O]

We remark that for even twists, the L-functions are missing two zeros of norm 1/q
compared to odd twists for conductors of the same degree. We show in this section how to
go over the family by considering the set of all L-functions that have the same number of
zeros of norm 1/q. We show this change has no influence on the results. We can control
the parity of the characters here by fixing s := (¢,q — 1) and x a character of order s on
7. The indexing of the collection {Xa,q,i}1<i<g(a) Of characters over F,[t] described above is
now important. We set x, 1 to be any character from the collection such that it is equal
to 8@ when restricted to F; where t, = (¢,q — 1)/(a,q — 1). Then, we set the other
characters as x,.q. := XZGQI where b, ; is the ith element of (Z/aZ)*. To keep track of the

values of the characters over F;, we modify the Euler product as

II 11+ > Z o P)tabaides(@)ydeg(@)

Q prime all i=1
QiNg algdes(@ —1
a>1
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where (; is the sth complex root of unity and 0 < r < s — 1. Doing so will change the

L-function obtained above as

g -1

qu (Xa,P,ia (_1) @

deg(P) (C;taba’iU)k)

so it doesn’t change the bound we obtained

Z X(P)Cgb(X) <<q,§,€,E,Z qh/2qehq6 deg(P)

x of order ¢

X primitive
deg(cond(x))=h
(cond(x),Ng)=1

where 0 < b(x) < s — 1 is the unique number such that

X

We can now control the congruence of b(x) modulo s by summing over all r

IR DD D

x of order ¢ x of order ¢
X primitive X primitive
deg(cond(x))=h deg(cond(x))=h
(cond(x),Ng)=1 (cond(x),Ng)=1
b(x)=c mod s

so the bound also holds for this sum. We know that x is even if and only if b(y) = 0 mod

s, so controlling the congruence gives us control over the genus.
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Chapter 3

On the Vanishing of Twisted
L-functions of Elliptic Curves over
Rational Function Fields

This second paper is joint work with Chantal David, Matilde Lalin, and Wanlin Li. It
presents numerical data computed for the family of Dirichlet twists of an elliptic curve over
function fields. By computing explicit Dirichlet L-functions, we were able to contradict some
conjectures of David-Fearnley-Kisilevsky and Mazur-Rubin for constant elliptic curves in the

function field setting.
This paper has been accepted for publication in the proceedings of the Fifteenth Algo-

rithmic Number Theory Symposium. It has been reformatted for this thesis. The paper uses

different notations than the rest of this thesis.
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On the Vanishing of Twisted L-functions of Elliptic Curves over
Rational Function Fields

Antoine Comeau-Lapointe, Concordia University
Chantal David, Concordia University
Matilde Lalin, Université de Montréal

Wanlin Li, Centre de Recherches Mathématiques

Abstract. We investigate in this paper the vanishing at s = 1 of the twisted L-functions of
elliptic curves E defined over the rational function field F,(¢) (where F, is a finite field of ¢
elements and characteristic > 5) for twists by Dirichlet characters of prime order ¢ > 3, from
both a theoretical and numerical point of view. In the case of number fields, it is predicted
that such vanishing is a very rare event, and our numerical data seems to indicate that this
is also the case over function fields for non-constant curves. For constant curves, we adapt
the techniques of [40 24] who proved vanishing at s = 1/2 for infinitely many Dirichlet
L-functions over F,(¢) based on the existence of one, and we can prove that if there is one xq
such that L(F, xo,1) = 0, then there are infinitely many. Finally, we provide some examples
which show that twisted L-functions of constant elliptic curves over F,(¢) behave differently
than the general ones.

Keywords: Nonvanishing of L-functions; Twisted L-functions of Elliptic Curves; Function

Fields; Elliptic Curve Rank in Extensions

3.1 Introduction

Let E be an elliptic curve over Q with L-function L(E,s) = )" a,n*, and x be a Dirichlet
character. Let L(E,x,s) = Y. ay,x(n)n™® be the twisted L-function. By the Birch and
Swinnerton-Dyer conjecture, the vanishing of L(E, x,s) at s = 1 should be related to the
growth of the rank of the Mordell-Weil group of F in the abelian extension of QQ associated to
X. Heuristics based on the distribution of modular symbols and random matrix theory ([19,
Conjecture 1.2], [44]) have led to conjectures predicting that the vanishing of the twisted
L-functions L(E, x,s) at s = 1 is a very rare event as y ranges over characters of prime

order ¢ > 3. For instance, it is predicted that there are only finitely many characters y
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of order ¢ > 5 such that L(F,x,1) = 0. Mazur and Rubin rephrased this in terms of
“Diophantine Stability”, and conjectured that if F is an elliptic curve over Q and K/Q is
any real abelian extension such that K contains only finitely many subfields of degree 2, 3, or
5 over Q, then the group of K-rational points E(K) is finitely generated. They also proved
that for each ¢ (under some hypotheses that can be shown to hold in certain contexts),
there are infinitely many cyclic extensions K/Q of order ¢ such that F(K) = E(Q) (and
then, assuming the Birch and Swinnerton-Dyer conjecture, such that the twisted L-functions
L(E, x, s) associated to the extensions K/Q do not vanish) [45].

We remark that the case of vanishing of quadratic twists is very different from the higher
order case ¢ > 3 considered in this work, as the L-function of F twisted by a quadratic
character of conductor D corresponds to the L-function of another elliptic curve Ep, and
for half of the quadratic twists, L(E, xp,1) = 1. Goldfeld has conjectured that half of
the twists Ep/Q have rank 0, and half have rank 1 (asymptotically) [31]). Furthermore,
Gouvea and Mazur [32] have shown that the analytic rank of Ep is at least two for >
X1/2=¢ of the quadratic discriminants |D| < X. It is conjectured that the number of such
discriminants |D| < X should be asymptotic to C5X?*log"(X) [IT], for some constants
Cg and bg depending on the curve E. The case of nonabelian extensions K/Q of degree d
with Galois group Sy is also different from the abelian extensions of order ¢ > 3: in recent
work, Lemke Oliver and Thorne [39] showed that there are infinitely many such extensions
where rank(E(K)) > rank(E(Q)), for each d > 2, and Fornea [29] has shown that for some
curves E/Q, the analytic rank of F increases for a positive proportion of the quintic fields
with Galois group Ss.

The vanishing (and non-vanishing) of twisted L-functions of elliptic curves is closely
related to the one-level density, which is the study of low-lying zeroes, or the average analytic
rank. This was studied over number fields and functions fields, for quadratic and higher order
twists. For quadratic twists, it is possible to prove results on the one-level density strong
enough to deduce that a positive proportion of twists with even (respectively odd) analytic
rank do no vanish (respectively vanish of order 1) at the central critical point [35] 16]. The
one-level density, or average rank, of higher order twists for elliptic curves L-functions was
studied by [10] over number fields and [49], [16] over function fields. Quadratic twists of elliptic
curve over functions fields were also studied by [§] who obtained results on the correlation
of the analytic ranks of two twisted elliptic curves. The behavior of the algebraic rank of

elliptic curves in cyclic extensions of Q was investigated by Beneish, Kundu, and Ray [3].
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We investigate in this article the vanishing at s = 1 of the twisted L-functions of elliptic
curves E defined over the rational function field F,(t), E| for twists by Dirichlet characters
of prime order ¢ > 3, from both a theoretical and numerical point of view. It is natural to
ask if the recent results of Li [40] and Donepudi and Li [24], who have found infinitely many
instances of vanishing for L-functions of Dirichlet characters at s = 1/2, can be extended to
L-functions of elliptic curves twisted by Dirichlet characters. We find that this is the case
when F is a constant elliptic curve over [, (t)EL and we can produce infinitely many cases of
vanishing at the central critical point for characters of order ¢ provided we find one (Theorem
3.1.2)). Then, the conjectures of [19 [46] do not hold in the special case of constant elliptic
curves, and we present specific numerical examples in Section [3.5.2]

We also study non-constant elliptic curves over [F,(¢) where ¢ is a power of a prime p > 5,
say B : y? = 23 + a(t)z + b(t), for some polynomials a(t),b(t) € F,[t]. The L-function of
E/F,(t) is defined analogously as for £/Q, by an infinite Euler product over the primes of
F,(t) (see (3.2.6)), but in this case, it follows from the work of Weil and Deligne that, after
setting u = ¢~°, L(F,s) = L(E,u), a polynomial in Z[u|. Similarly, the twisted L-function
L(E, x,u) is a polynomial in Z[(][u], where x is a Dirichlet character of order ¢ over F(t).
More details and all relevant definitions are given in Section |3.2

We present in Section [3.5.3] computational results for the vanishing of numerous twists
of two base elliptic curves over F (), the Legendre curve and a second curve, chosen to have
good reduction at infinity. The data seems to indicate that the conjectures of [19] 46] also
hold for non-constant elliptic curves over function fields, while presenting some unexpected
features. To our knowledge, this is the first data about the vanishing of L-functions of elliptic
curves twisted by characters of order £ > 3, over function fields. The case of quadratic twists
of elliptic curves over function fields was considered by Baig and Hall [1] to test Goldfeld’s
conjecture in that context, and our numerical computations are similar.

The case of a constant curve E/F,(t) is defined by taking an elliptic curve E,/F, and
considering its base change to F,(t), denoted by E = Ey xg, F4(t). In this case, the roots of
L(E, x,u) can be described in terms of the roots of the L-functions £(Ey,u) and L(C,u),

where the L-functions are respectively associated to the elliptic curve Ey/F, and the ¢-cyclic

!Throughout this article, we assume that [, is a finite field of ¢ elements and characteristic > 5.
2Constant elliptic curves, i.e. elliptic curves over [, considered as a curve over [Fy(t), were studied by many

authors because of their special properties. In particular, Milne showed that the Birch and Swinnerton-Dyer

conjecture is true for constant elliptic curves [50].
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cover C' over IP’Iqu corresponding to the Dirichlet character x (see Section . This allows us
to use a generalized version of the results of Li [40] and Donepudi-Li [24] about vanishing
of the Dirichlet L-functions L£(x,u) to obtain some vanishing for L(E,x,u) at v = ¢~
The argument of [40, 24] has two distinct parts, first finding one character xo such that
L(x0,ug) = 0 for some fixed ug, and then sieving to produce infinitely many such characters.
The order of ¢ mod / is related to the presence/absence of ¢-th roots of unity in F,(¢), which
makes the study of the characters of order ¢ delicate, and the authors of [40), 24] restrict to
the Kummer case where ¢ = 1 mod ¢. As we need to treat all the cases (in particular, we
often work over the finite field I, where p is prime), we generalize their sieving beyond the
Kummer case. We also need to consider vanishing at any ug where L£(Fy,ug) = 0, and not
only ug = ¢~/? as in their work.

We recall that an algebraic integer « is called a g-Weil integer if |a| = ¢'/? under every

complex embedding.

Theorem 3.1.1. Let ¢ be a prime and q be a prime power coprime to £. Let uy be a q-Weil
integer. Suppose there exists a Dirichlet character xo over Fy(t) of order ¢ and with conductor
of degree dy such that L(xo,ug"') = 0. Then, there are at least > ¢**/% Dirichlet characters
x of order ¢ over F,(t) with conductor of degree bounded by n such that L(x,uy") = 0.

We prove the above theorem in Section [3.4f The next result is then a direct consequence

of Theorem [3.1.1] using the properties of constant elliptic curves discussed in Section (3.3

Theorem 3.1.2. Let Ey be an elliptic curve over F,, and let E = Ey xg, Fy(t). Suppose
there exists a Dirichlet character xo over F,(t) of order € and with conductor of degree dy
such that L(E, xo,q~') = 0. Then, there are at least > ¢*™/% Dirichlet characters x of order
¢ over F,(t) with conductor of degree bounded by n such that L(E,x,q~") = 0.

Then, to guarantee that a constant elliptic curve E/F,(t) has infinitely many twists of
order ¢ such that L(F,y,u) vanishes at ¢~', it suffices to find one. Using the results of
Section , this can be rephrased in terms of finding curves C'/F, which are ¢-cyclic covers
of P and such that £(Ep, u) divides £(C,u), and we investigate this question numerically
in Section [3.5.2] where we find isogeny classes of elliptic curves Ey over different prime fields
such that £(E,x,q™ ') = 0 for characters x of prime order ¢ = 3,5,7,11. One observation
from the data is the existence of supersingular curves defined over primes fields I, which

admit a degree £ cyclic map to P! ramifying at 4 points where p = —1 mod /. The existence
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of such curves does not follow from previous results on the topic and one may hope to prove
this statement following the strong evidence presented in Table

It is natural to ask if the same dichotomy (no instances of vanishing or infinitely many
cases of vanishing) also holds for non-constant elliptic curves over F,(¢), but there is no
reason to believe it would be the case. The ideas leading to the proof of Theorem |3.1.2
for constant curves do not apply to the general case, as the change of variable trick used
to produce infinitely many extensions where E acquires points would send points on E to
points on a different elliptic curve when F is not constant. However, there are results of that
type for an elliptic curve E over Q due to Fearnley, Kisilevsky, and Kuwata [25], where the
authors prove that if there is one cyclic cubic field K such that E(K) is infinite, then there
are infinitely many, and there are always infinitely many such K when F(Q) contains at
least 6 points. On the non-vanishing side, Brubaker, Bucur, Chinta, Frechette and Hoffstein
[4] use the method of multiple Dirichlet series to prove that if there exists a single non-
vanishing order ¢ twist of an L—function associated to a cuspidal automorphic representation
of GL(2,Ak), then there are infinitely many.

The structure of this article is as follows: we define in Section3.2the L-functions attached
to Dirichlet characters and elliptic curves over F,(¢), and we recall their properties. We
discuss in Section the case of L-functions of constant elliptic curves. We describe the
(-cyclic covers of ]P’}Fq and their characters in Section for all cases (not only the Kummer
case ¢ = 1 mod /) using the work of Bary-Soroker and Meisner [2], and we then generalize

the sieves of [40, 24] to those general ¢-cyclic covers. We then use those results to prove

Theorems [3.1.1 and [3.1.2] Finally, we describe our computations in Section [3.5.1, and we
present our numerical data in Sections|3.5.2| and [3.5.3]
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3.2 Dirichlet characters, elliptic curves and L-functions

over F (1)

3.2.1 Dirichlet characters of order ¢

Let ¢ be a prime not dividing q. We review here the theory of Dirichlet characters of order
¢ over F,(t) and their L-functions. We refer the reader to [20] and [2] for more details.

Let n, be the multiplicative order of ¢ modulo ¢. We say that we are in the Kummer
case if n, = 1 and in the non-Kummer case otherwise. We also say that a monic irreducible
polynomial P € F[t] is n,-divisible if n, | deg P.

We fix once and for all an isomorphism €2 from the ¢-th roots of unity in Fin, to e, the
(-th roots of unity in C*.

We first define the /-th order residue symbol

xp  Fy[t]/(P) — e,

for P an irreducible n,-divisible monic polynomial in F,[t]. It is clear that the ¢-th residue
symbols xp can be defined only for the n,-divisible primes P, since we must have ¢ | ¢4 —1:
indeed, unless n, | deg(P), the order of the group of non-zero elements in the residue field
Fp =TF,[t]/(P) is not divisible by ¢, and therefore it does not contain any non-trivial ¢-th
root of unity.

For any a € F,[t], if P | a, then xp(a) = 0, and otherwise xp(a) = «, where « is the
unique ¢-th root of unity in C* such that

qdeg(P)71 1
a ¢ =Q (a)modP. (3.2.1)
If F € F,[t] is any monic polynomial supported only on n,-divisible primes, writing F' =

Pt .- P& with distinct primes P;, we define

S
_.el e
XF = Xp " Xp.-

Then, y is a character of order dividing ¢ with conductor P, - - - P;. Conversely, the primitive
characters of order ¢ and conductor P, - - - Ps, where the P; are n,-divisible primes, are given
by taking all choices 1 < e; < £ — 1. Then, the conductors of the primitive characters are

the square-free monic polynomials F' € F,[t] supported on n,-divisible primes, and for each
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such conductor, there are (¢ — 1)“) such characters, where w(F) is the number of primes
dividing F'.

We can also write each primitive character of order ¢ with conductor F as

XF = XFlX%Q e ‘va;_ll (3.2.2)

corresponding to a decomposition F' = Fj - - - F, where the F}’s are square-free and coprime.
For any Dirichlet character y, we say that x is even if its restriction to F, is trivial;
otherwise, we say that x is odd.
Dirichlet characters are also defined at the prime at infinity P,,. The following statement

clarifies how to compute x(Px).

Lemma 3.2.1. Let F' be a monic squarefree polynomial in F,[t], and x be a Dirichlet char-
acter on Fy[t| of order ¢ with conductor F'.

If ¢ £ 1 mod ¢, then x does not ramify at infinity, x(Px) = 1, and x is even.

Ifg=1mod ¢, let x = Xp X5, - -X%;L as in (3.2.2). Then,
X ramifies at Py, <= ({deg(F\F}---F/7}) <= x is odd, and

1 €| deg(FyF5 - FyT)),

X(POO): )1
0 (1deg(F F3- - F).

Proof. We first discuss under which conditions the characters are odd or even. Let P be an

ng-divisible prime. We remark that for a € Fy,

qdes(P) _q deg(P)(q"9-1)
xp(a) =Q (a 7 ) =Q (a nal ) : (3.2.3)

Indeed, writing deg(P) = n,k, we have

qdeg(P) -1 _ qnqk -1 _ qnq -1

l l 14

(1 + qnq 4. _'_qnq(kfl))
and we use the fact that 1 4 ¢ + -+ + ¢™*~Y = Lk mod /.
Then by applying multiplicativity to equation (3.2.3)), we find

deg(Fy F - F,— ) (a™1-1)
)

xr(a) =Q (a nqf

If n, = 1, then ¥ is trivial on F, iff ¢ | deg(FLF3--- F/7}).
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Now suppose that n, > 1. Then, ¢ { (¢ — 1), and in fact, (¢,q — 1) = 1 since ¢ is prime.
Now we have that both £ | (¢"« — 1) and (¢ — 1) | (¢"@ — 1). It follows that (¢ — 1) | L°=L,

1
deg(Fy F3 - Ff~1)(q"a-1)
xr(a) =Q | a nql =1,

and therefore yr is an even character.

Since a € F}, we have

The statement that P,, does not ramify in the non-Kummer case follows from the fact
that the cyclic field extension associated to x can only ramify at primes of degree divisible
by n, > 1 and P, is a prime of degree 1. In the Kummer case, the character xp is
associated with the cyclic cover y* = FyF}- -‘Ff’l, and there is ramification at P, iff
0t deg(FLF2---F/7!), and xr(Px) = 0 in this case. If xr does not ramify at P, then

xr(Ps) = 1 since we are only considering the case in which F}F}--- F/~! is monic. O

3.2.2 [-functions of Dirichlet characters

Let x be a Dirichlet character, and let L(,u) be the Dirichlet L-function defined by

L(x,u) =1 = x(Pute?),

P

where the product includes the prime at infinity.
We define ¢, by
0 when y is even,

0y 1= (3.2.4)
1 when y is odd,

and we remark from Lemma that x(Px) =1—9,.
For a primitive character x of conductor F, it follows from the work of Weil [64] that

L(x, ) is a polynomial of degree deg(F') — 2+ ¢, and satisfies the functional equation

L(x,u) = wy (Vau)* =LY, 1/ (qu)). (3.2.5)

The sign of the functional equation is

Igg;\ when y is even,
Wy =
a .
T\/f) ‘G%' when y is odd,
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where if y odd,
() = Y xla)em O,

acFy
and for any x, G(x) is the Gauss sum

Glx)= > xla)e, (%) :

a mod F
Here e, is the exponential defined by Hayes [34] for any b € F,((1/7)):

2mitry JF (b1)
eq(b) =€ o,
where b; is the coefficient of 1/7" in the Laurent expansion of b. We refer the reader to [20]

for a proof of those results.

3.2.3 L-functions of elliptic curves over F,(¢)

Let E be an elliptic curve over F,(t). Let P be a prime of F,(t), i.e P = P(t) € F,[t] is
a monic irreducible polynomial or P = P, the prime at infinity. If P is a prime of good
reduction, then the reduction of E (which we also denote by E) is an elliptic curve over the
finite field Fp = Fy[t]/(P) = Fae:r (where Fo, = I, since the prime at infinity has degree
1), and

#E(Fp) = ¢*" +1 —ap, ap=ap+ap, |ap| = \/qde?.

Let

Lp(E,u):=1—apu+ ¢ u? = (1 — apu)(1 — apu)

be the L-function of E/Fp.

If P is a prime of bad reduction, we define
Lp(E,u)=(1—apu),

where ap = 0,1, —1 depending on the type of bad reduction (additive, split multiplicative,
and non-split multiplicative respectively).

Let Ng be the conductor of E, which is the product of the primes of bad reduction with
the appropriate powersﬂ Let Mg (respectively Ag) be the product of the multiplicative
(respectively additive) primes of E. Then Np = MpAZ,.

3We emphasize that we include the prime at infinity in the conductor of the elliptic curve (if the curve

has bad reduction at infinity of course). Our conductor is an effective divisor, written multiplicatively.
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The L-function of E is defined by

L(E u):= H Lp(E,utst)~ H Lp(E, ute?)™ (3.2.6)

PiNg P|Ng
It is proven by Weil [37, [I] that £(E, ) is a polynomial of degredﬂ deg Ng — 4 for any
non-constant elliptic curve defined over the rational function field F,(¢) and it satisfies the

functional equation

L(E,u) =wg (qu)deg(NE)_4£(E, 1/(q*u)), (3.2.7)

where wg = %1 is the sign of the functional equation. We refer the reader to [5 Appendix]
and [I] for more details.

Let x be a Dirichlet character of order £ and conductor F', and suppose that (F, Ng) = 1.
If x is odd, we also assume that F has good reduction at P, (since the prime at infinity is
not included in the conductor of the Dirichlet character, we need this additional condition to
ensure that the places where x ramifies and the places of bad reduction for E are disjoint).
The L-function of E twisted by x is defined by

‘C’(Ev X?U) = H (1 - X(P>apudeg(P))—1<1 _ X(P)apudeg(P))_l
x [T (= x(P)aput=t™), (3.2.8)

Let K be the cyclic field extension of degree ¢ of F (t) corresponding to x. Then,

LE/K,u)=L(F,u) ﬁE(E, X' u). (3.2.9)

=1

It follows from the Riemann Hypothesis that
B
L(E/K, u) :H 1— qeiu)
j=1

Since (Fy, Ng) = 1 and E has good reduction at P, when x is odd, (3.2.9) and Theorem
3.2.2| (stated and proven below) imply that B = ¢(deg Ng — 4) +2(¢ — 1)(deg F' + d,).

4The formula for the degree of £L(E,u) implies in particular that there are no non-constant elliptic curves
over F,(t) with conductor of degree smaller than 4, which can be thought of as the analogue to the fact that

there are no elliptic curves over Q with conductor smaller than 11.
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It is well-known that L(E, x, u) satisfies a functional equation from the work of Weil [64].
The explicit formula for the sign of the functional equation is contained in [64] in a very
general context, but we need a precise formula for the numerical computations, so we deduce
it below from the work of Tan and Rockmore [59] 60].

Theorem 3.2.2. Let ¢ be a prime, x a primitive Dirichlet character of conductor F' and
order £, and let E be a non-constant elliptic curve with conductor Ng such that (Ng, F') = 1.
If Py | Ng, we also assume that x is even. The L-function L(E, x,u) is a polynomial of
degree

n:=deg Ng + 2deg ' — 4 + 20,,

where &, is given by (3.2.4). Each L(E, x,u) satisfies the functional equation
L(E, x,u) = wrey (qu)" L(E,X,1/(¢*w)), (3.2.10)
where wgg, 15 the sign of the functional equation for L(E, x,u), given by
WE®x = wi wi X(NE).

Proof. The sign of the functional equation (and the functional equation itself) can be deduced
from the modularity of elliptic curves over function fields. We follow [59, [60] who use modular
symbols over function fields. They consider different normalizations, so we explain here how
to adjust their work to get the result that we need. Let K = F,(¢). For any place v, let O,

be the associated ring of integers. If N =) N,v is an effective divisor over K, let

a b a, by,
FO(N)_{<C d>_<(cv dv>> GIZIGL2(OU):CEOmodN}.

Let Ak be the ring of adeles over K. Then A} embeds in GLy(Ag) as diagonal matrices.
Also GLy(K) embeds in GLy(Ak) by the diagonal map.

A C-valued function on GLo(Ak) is called a modular function of level N if it satisfies
that f(yrk) = f(7) for all 7 € GLy(Ak), v € GLy(K), and k € A} - To(N). It is a
fundamental result that if F is a non-constant elliptic curve over K, then there is a normalized
cuspidal modular function f of level Ng such that the L-function of E is the L-function of
f. This also holds for the twisted L-functions. To make that statement precise, and use it
to get the functional equation, we will follow the notation of [59, 60], where the L-functions

are normalized differently (and we will go back to our L-function at the end). Let f be
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the normalized cuspidal modular function corresponding to F, x a Dirichlet character of
conductor coprime to Ng and we define as [59, (1.10)]

Li(x,s) =) —Cf(|]]\\/[4)|§(fw),

M

where M runs through all effective divisors, x is naturally extended over effective divisors,
and the c;(M) are the normalized coefficients obtained from the Fourier expansion of f.
This is also true when y is a quasi-character, which for our purposes is the product of a
Dirichlet character and a map x given by xs(M) = |M|~*.

We now use the modular symbols ©¢p to get the functional equation. The modular
symbols O p are elements of the group ring R[Wp|, where Wp = K*\Aj}/Up is the Weil
group of a divisor D of K, and R is a ring containing all the Fourier coefficients of f. We
refer to [59] for all the relevant definitions. The modular symbols are used to interpolate

special values of the twisted L-functions, and we have [59, Proposition 2],

Li(x,1) = 7 'x(©rp), (3.2.11)

where 7, is a Gauss sum. Using quasi-characters, we also have

Ly(x:) = Liloxe1:1) = 75, (06-1)(©10). (3.2.12)

Using the Atkin-Lehner involution wy,,, we have when (D, Ng) = 1 (including at P.,) [59,
Proposition 3]
Osp = 6!

wNE(f)vD

Ng, (3.2.13)

where ¢ is the involution on R[Wp] sending >°, oy, w0 t0 32, oy aww ™"

Applying a quasi-character x to © = > . a,w results in x(©) = > . awx(w),
while applying x together with the involution ¢ results in x(©') = Y= . awx (w) =
X1(©).

We apply xxs—1 to (3.2.13)), and we combine it with (3.2.12) to get

Ly(xs) = xxs 1<XXs 1)(©¢p)
=T (0X6-1) (Ol (9),0) X(N) [N |~
Ty, B »
:LLWNEU)(X Xl—s,l)X(NE)‘NE| (s—1)

Txxs—1
Ty—1yq_4 _ C(s—
=220 Ly (X 2 = 8)x(Ng) [ Ng| =67,

Txxs—1
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The third line above follows from using with f replaced by wy,(f) and xxs—1
replaced by (xxs_1)" ', together with the observation that the involution ¢ has the effect
of inverting the character. Using the fact that f is an eigenvector for the self-dual Atkin—
Lehner operator, we have wy,(f) = wgf, where wg = +£1 is the sign of the functional
equation ([3.2.7)), and then Loy, () (xh2—5)=weL;(x 12— 2s).

To compute the Gauss sums associated with the quasi-characters, we use [60] (2.2.3)]

Taxe = qs(degD—Z),]_X’
where 7, is the Gauss sum of the Dirichlet character x of conductor D. Replacing above,

this gives
T Ly(x,8) = wpmy-1 X (Ng)qt o) desWe)12deaD)=0  (\ =1 2 — ), (3.2.14)

where [59, (3.4)] is a particular case (for s = 1). The twisted L-function of the elliptic curve

is given by
cr(M)|Mx(M
L(E,x,s) =) i )|£WI| ( )ZE(E,X,U)
M

for u = ¢~°. The functional equation can be obtained by noticing that L;(x, s) = L(E, x, s),
and replacing in (3.2.14])). This leads to

nL(E, x,s) = wETX,lX(NE>q(1—8)(deg(NM+2deg(D)—4)L<E7 X_17 2 — ).
Using u = ¢*, we finally get
L(E, x,u) = wpgy (qu)deeNe)t2deeD)=4) £ g =1 1 /(g2)), (3.2.15)

where )
=
WEQx = (W) wEX(NE)-

In order to get exactly the statement of the theorem, we need to take into account the
difference of notation between [59] and this paper. When x is odd and there is ramification
at P., the conductor D of is P, D', where D' € F,[t], and so D’ is the definition of
the conductor in this paper. Adjusting the formula to make it compatible with our notation,

we get for all cases

L(B, X, u) = wpgy(qu)eeNe)+2desD)=40200 £ =1 gy 71,
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which is the functional equation (3.2.10)). Finally, we remark that |DT‘—>1</2 is by definition the
sign of the functional equation of L(x,u), since it is the product of the same local Gauss
sums because (D, Ng) = 1, and we have wgg, = winx(NE).

]

Remark 5. When E is a constant elliptic curve, we prove in the next section that L(E, x, u)
satisfies the same functional equation with n = 2deg I’ — 4 + 20, and wpgy, = wi. This is
consistent with the fact that such E has good reduction at all primes of K, and therefore

Ng =0.

3.3 L-functions of constant elliptic curves over F(?)

By class field theory, Dirichlet characters of order ¢ over F () correspond to cyclic extensions
K/F,(t) of order ¢, where K = [F,(C) is the function field of a projective smooth curve C
defined over F,. We call such a curve a ¢-cyclic cover of IP’%FLZ, or simply a ¢-cyclic cover.

Let C be a f-cyclic cover of P]qu of genus ¢, and let K = F,(C) be the corresponding

extension of F (t). The zeta function of C' can be expressed as

H(l — Bju)
Z(Cou) = Z(u)L(C,u) = EIErTE (3.3.1)
where |3;| = ¢*/? for 1 < j < 2g, and
1
W=

We also have
-1
L(Cu) =[] LK ),
i=1

where the x’ are the characters of order ¢ associated to the extension K/F,(t).

Let Ej be an elliptic curve over F, with L-function

L(Ey,u) = (1 —aju)(1l — asu).
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Theorem 3.3.1. Let £ = Ey xg, Fy(t), and let C, K and oy, oz, and the §;’s be as above.
Then,

LE/K,u) = Z(C,aqu)Z(C, asu) (3.3.2)
H (1 - Oéiﬁju)

1<i<2
1<5<2g

H (1 —au)(1 — aiqu)'

1<i<2

Moreover, L(E, x,u) = L(x, a1u)L(x, asu), and writing
‘C(Xa U) = H (1 - ’}/ju)a
1<j<2g/(¢-1)

then
L(E,x,u)= H (1 — ayyju).

1<i<2
1<5<2g/(¢-1)

Proof. We refer the reader to [50, Section 3] and to [52], Section 3.2] for the general proof.
To illustrate the ideas, we prove (3.3.2)) when K = F,(¢). Since #Ey(Fpn) = ¢"+1—a} —ab,

if P is a prime, then
H#E(Fp) = #Ey(Fp) = ¢28F) 41 — o8lP) _ o Je8(P),
Since all the primes are of good reduction, we have
LE[F(t),u) = L(E,u) =] (1= ()" + ag?)u s 4 glealP)y2des(P)) 1
:ﬁ (1 _ afeg(P)udeg(P))—l (1 _ ageg(P)udeg(P))—l
P

1
(1 —aqu)(1 — goqu) (1 — au)(1 — gagu)
=Z(au) Z(asu). O

Remark 6. From the above result, it is easy to get the functional equation for L(E, x,u)
when E is a constant curve, using the functional equation of L(x,u) given by (3.2.5)). Let
m = deg, L(x,u) = 2g/(¢ — 1). In the notation of Section[3.3, we have m = 2g/({ — 1) =
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deg F' — 2 +9,, and

L(E,x,u) = L(x,oqu)L(x, xmu) = w, (y/qoau)™ L(X, 1/qoru) wy(y/qaeu)™ L(X, 1/qasu)
= W ()" L(X, o2/ (¢*u) L(X, aa / (¢°u))
= w? (qu)*™ L(E,X,1/(q°u)) = w? (qu)** "% L(E,X,1/(¢°u))

Corollary 3.3.2. Let E = Ey xg, Fy(t), and let x be a Dirichlet character over Fy(t) with
associated curve C' and function field K = F,(C) respectively. Then, L(E/K,q') = 0 if
and only if L(C,a;") = L(C,a5") =0,

Proof. From equation (3.3.2)) in Theorem [3.3.1, L(E/K,q™') = 0 if and only if there is one

Bj = q/a1 = ay or Bj = q/ay = o, where the 3;’s are given by (3.3.1]), and both a;' and
o, ! are roots of £(C,u), because of the functional equation of £(C,u). O]

3.4 Cyclic extensions of degree ¢ over F(?)

We prove in this section the following result which extends the result of [24] to general ¢ and

¢ (removing the restrictions ¢ = 1 mod ¢ and y* = F(t) with ¢ | deg F').

Proposition 3.4.1. Let ¢ be an odd prime. Fix an (-cyclic cover Cy over IP}FQ with conductor
of degree dy. Then there are at least > ¢>V/% (-cyclic covers C over IP’]qu with conductor of

degree bounded by n admitting a non-constant map from C' to Cy.

The proof of this result is fairly long and will require several intermediate steps.

3.4.1 General (-cyclic covers over Py

The affine equations of ¢-cyclic covers over ]P)ﬂqu are well-known in the Kummer case ¢ =
1 mod ¢, which is the case treated in [24]. In this case, such a cover C' over IP’]qu has an
affine equation y* = FyFZ - - Ff:ll, where F; € F[t] are square-free and pairwise co-prime of
degree d;. The conductor of the ¢-cyclic cover is Fj--- Fy_; and by the Riemann-Hurwitz
formula, the genus of C'is St(dy + -+ +dp_y — 2) if £ | (dy +2ds + -+ + (€ — 1)d,—1) and
Z_Tl(dl + .-+ dy_1 — 1) otherwise. In this later case, there is ramification at infinity since

(4 (dy+2dy+ -+ (0 —1)de—1) by Lemma [3.2.1]
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To treat the general case and prove Proposition we use the work of Bary-Soroker
and Meisner [2], who explicitly give the affine equations of general ¢-cyclic covers over IP)Iqu.
We summarize their results in this section.

As before, let n, be the multiplicative order of ¢ modulo £. As seen in Section [3.2] the
conductors of the ¢-cyclic covers of IP’%Fq (or of Dirichlet characters of order ¢) are monic
square-free polynomials in F,[t] supported on n,-divisible primes. In order to count all the

(-cyclic covers, or characters of order ¢, with such conductors, let

Foo:={FeF,t] : F=P"---P* n,|degh;, 1<e <{—1},

s

where the P; are monic irreducible n,-divisible polynomials in IF,[¢].
Let ¢, be the Frobenius automorphism of F,. Then, ¢, acts on f(t) € Fyn[t] by acting

on the coefficients, and we define

No, (f) = [oq(N)og(f) - & (f) € Fylt).

Notice that N, (f) has degree n,deg(f), which is always divisible by n,.
By hypothesis, each prime F; in the factorization of F' € F,, splits as a product of n,

primes in F nq[t], and we can write any F' € F,, as

F = Sl t 'any gz S IE‘Iq"q [t]u ¢q(%@) - Si-{—l 1 S ? S nNg — ]-7 gbq(%nq) - 31- (341)
In other words, for F' € Fyy, F' = N, (3;) for any i. Since §; determines §; for all 4, it
suffices to work with §;. Let
FU) = 1{§1 € Fpralt] : Noy(F1) € Fp)-
Thus, §; € ]:(5712 when F' € F,,. We also have
1= fuf3 - L (3.4.2)

where the f; € Fynq[t] are pairwise co-prime and square-free.

For any vector v = (v1,...,v,,) € V=1{0,1,2,..., —1}", and any F' € F,, written as
in B410), let Fy = FV - Fna?. For 0 < k <ny— 1, let vi, = ([¢°]s, [¢" Vo, - - -, [ 4]0),
where [a], = a (mod /) and 0 < [a], < ¢ — 1, in other words, [a], indicates the reduction
modulo ¢ of a. Thus, we have v, € V. Let (; € Fynq be a fixed primitive th root of unity.
For any F' € Fyy, let Cr be the curve over F, with affine model

/—1 ng—1
Cr: [] <y -> (quf/ka> = 0. (3.4.3)
k=0

j=0
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Notice that there is no canonical choice for \‘/F_Vk , but the above equation is still well defined,
since the factors include all the Galois conjugates.

In the Kummer case n, = 1, Fy,, = §1 = F, and Cr has affine model y* = F(t). In the
case { = 3 and ¢ = 2 mod 3, F = §;§2 and by , CF has equation

C%r@—V&%—Vﬁ&)Gﬁ@ﬁ&%—iﬂﬁ&)
X (Z/ - C;? \/ 5155 — C3\3/ 3332) =0

= y® — 35152 — $152(F1 + T2) =0,

which is defined over F,. In general, Cr is birationally equivalent to y* = F, over Fq. More
explicit versions of ([3.4.3)) are given in Section [3.4.3] including a precise formula for the case
ng = 2.

Proposition 3.4.2. [2, Proposition 2.14] Let B = {b € Fin, /(Fin,)'}. There is a (£ —1)-
to-1 correspondence between F,, x B and the (-cyclic covers of F,(t), and then a 1-to-1

correspondence between F,y x B and the characters of order { over Fy(t).

We restrict in this paper to characters with monic conductors, and it then suffices to
work with the set F, ;.

Lemma 3.4.3. With notation as above, assume ng > 1. Then for each 0 < k < n, — 1, we
have £ | deg(Fy,).

Proof. By construction,

deg(F, ka] deg(3;) Zng deg ¢] ' (flfz ))

= Z " Z hdeg(¢’~'(f)) = Z hdeg(fr) Z ¢"™7 mod /.
Jj=1 h=1 h=1 j=1

Since ng > 1,
k+1—ngq (qnq _ 1)

= 0 mod /. O
qg—1

Nq
qu+1—j _ q
j=1
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3.4.2 From one to infinitely many /-cyclic covers

Given an /-cyclic cover Cy, we can build ¢-cyclic covers C' with a non-constant map to Cy
by a change of variables, as done in [24, Lemma 3.2] for the Kummer case when ¢ | deg F'.

We can detect the curves Cp with F' € F,, using the following lemma.

Lemma 3.4.4. Let f € Fyna[t]. Then, N, (f) is square-free iff f = py---ps where the p;

are such that N, (v;) are distinct ng-divisible primes of Flt].

Proof. If f =y ---ps, where the p; are such that N, (p;) are distinct n,-divisible primes of
IF,4[t], then it is clear that N, (f) = Ny, (p1) - - Nn, (ps) is square-free.

Now assume that N, (f) = Ny, (p1) - Np,(ps) is square-free. Then it is clear that the
Ny, (p;) are distinct primes in [F,[t]. Finally, they are n,-divisible, since they are the result

of taking the N, -norm. O

Definition 3.4.5. For a one-variable polynomial f(t) € F,[t], let f*(u,v) := vie) f(u/v)
denote the homogeneous polynomial in variables u,v resulting from the change of variables

t=u/v.

Lemma 3.4.6. Let F' € F,,, with §; € .7-"571() given by (3.4.1) and Cp given by (3.4.3). As in

(3.4.2), we write 1 = fif3--- 5:11, where f; € Fynq[t] are pairwise co-prime and square-free.

o Let h(t) be a non-constant polynomial in F,[t] such that

Ny (fr(h(8)) f2(R(2)) - - - fe-1(R(2)))

is square-free. Then, (F o h)(t) = Ny, (§1(h(t))) € Fge. Let Cpop be given by (3.4.3)).
Then,

Cron — Cp
(ty) = (h(t),y)

15 a non-constant map from Crop to Cp.

o Assume that n, > 1. Let u(t),v(t) be non-constant polynomials in F,[t] such that

Ny (7 0,0) - iy (,0)
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is square-free. Then G(t) = Ny, (§7(u(t),v(t))) € Fye. Let Cq be given by (3.4.3).
Then

CG — CF
(ty) = (u(t)/o(t),yo(t)” <=0

is a non-constant map from Cg to CF.

o Assume that n, = 1 and write deg F' = Al — 6, where 0 < § < ¢ — 1. Let u(t),v(t)
be non-constant polynomials in F[t] such that ff(u,v)f5(u,v) - 1 (u,v) is square-
free. Let gf = fF fori # 9§ and gf = vfs. Then, gf(u,v)gs(u,v)---g; {(u,v) is also
square-free and G(t) = gi(u,v)gs(u,v)? - g (u,v)r € Fyp. Let Cq : y* = G(t).
Then

OG — CF
(ty) = (ult)/v(t).yo(t)™")
1s a non-constant map from Cg to Ck.

Proof. We prove the second and third point in the statement, as the first point is a conse-

quence of them. First consider the case where n, > 1. We replace ¢ by u(t)/v(t) in equation

(3.4.3) and we get

1 el (u,v)

Y= Z deg F\,k) =0

Recall from Lemma that for the non-Kummer case, ¢ | deg(Fy,). Notice also that

7=0

the v, are all permutations of each other. In fact, v;,; can be constructed from vy by
shifting each element one place to the right cyclically and using the fact that ¢ = 1 mod /.

Writing A = degllv, )

—%=, and making the change of variables Y = vy, we finally have

H( ZCM “F* )):O,
which is Cg for G(t) = N, (7 (u(t),v(t))).

We now consider the Kummer case. We replace ¢ by u(t)/v(t) in y* = F(t) to get

UAZyZ = U(SF* (u, U) = QTW? v)g;‘(u, U>2 . 'ngl(uv U)Zia
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and with the change of variables Y = v4y, we get

Y= g1 (u,0)g5(u0) . gpy (u,0) 7,

which is Cg for G(t) = g} (u,v)gs(u,v)? ... g5 (u,v)* "t O

Then Lemma translates the conditions for finding curves C¢ with a map to Cr to

detecting when N, (fik (w,v) -+ f; 4 (u, U)) is square-free. We can now proceed to the proof
of Proposition [3.4.1]

Proof of Proposition[3.4.1. Our proof follows the argument of [24], but without restricting
to the particular case where n, = 1 and ¢ | deg F'. We concentrate on the parts of their
argument where using the general setting explained above introduces some changes, and we
just refer to their article for the parts of their argument that can be directly used.

Let F = Iy be as in Lemma and let Cy = Cp, be the curve . Let dy be
the degree of the conductor. We now give a lower bound for the number of ¢-cyclic covers
with conductor of degree smaller than n that can be obtained by the process of Lemma|3.4.6
applied to Fp, by using the square-free sieve over F[t].

Let

P(n) = {(D1,...,Dp_1) € (Fygng[t])*™ : Dy,..., Dy pairwise co-prime, monic, square-free,
§1 =D, Dl € FUY), deg(Dy -~ Dyy) < n}
={(D1,...,Dy_q) € (Fpnqt Y= Dy, ..., Dy, monic, Ny, (Dy - -+ Dy_y) square-free,
deg (Dy -+ Dy—1) < n},

where the second line follows from Lemma [3.4.4]

By the above discussion, each tuple (D1, ..., Dy_1) € P(n) gives rise to the (-cyclic cover
Cr where §, = D, D3- --ij and F' = N, (F1). The conductor is N, (D;---Dy_y) of
degree < ngn, and then the genus is such that g < St (nen —2).

We write §0 = fif2--- fi—} where f; € Fpa[t] and N, (F)) = Fp. Notice that dy =
deg(Nyp, (fi--- fiz1)) = ng(deg(fi) + -+ + deg(fe—1)). We count the number of distinct
(D1, ...,D;1) € P(n) such that there exists (u,v) € F,[t]* with

Di(t) = fi(u(t),v(t), .-, Der(t) = fi_y (u(t), v(t)). (3.4.4)
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We then need to detect when N, (D;---Dy_1) is square-free. Let G(u,v) denote the

homogeneous polynomial such that

Ny (fi (w,0) - fia (u,0)) = G(u, 0).

We now apply a result of Poonen [53] which counts the number of square-free values
of G(u,v) as u,v runs over polynomials in F [t], as given in [24] in a form suitable for our

application.

Proposition 3.4.7. [53, Theorem 8.1] [2]], Proposition 3.4] Let P be a finite set of primes in
[F,[t], B be the localization of F,[t] by inverting the primes in P, K = F(t), f € Blx1,..., %]
be a polynomial that is square-free as an element of K[z1,...,xy] and for a choice of x €
F,[t]™, we say that f(x) is square-free in B if the ideal (f(x)) is a product of distinct primes
in B. For b € B, define |b| = |B/(b)| and for b = (by,...,b,) € B", define |b| = max|b;].
Let

Sy ={x € F,[t]" : f(x) is square-free in B},
. be S,:|bl < N
syt OSSP

For each nonzero prime © of B, let ¢, be the number of v € (A/7*)™ that satisfy f(x) = 0
in A/m*. The limit ps, exists and is equal to [T (1 — cq/|7[*™).

We then apply Proposition to G(u,v). Following [24, Remark 3.5], let B be the
localization of F[t] by the set of primes 7 with |7| < deg(N,,(fi--- fi-1)) = do. This

guarantees that

> 0.

. |{b eTF,[t]? |b] < N: G(b) is square-free in B}|
fse = N2
The curve C associated to F' = N, (D1D3---D;"}) = Fg(u(t),v(t)) as in ([3.44) has
genus bounded by 51 (dy deg(u(t) /v(t)) —2), and therefore, if we want to guarantee that the
genus of Cr is less or equal than g, we can prescribe that

deg(u(t) /u(t)) = max{deg u(t), deg v(1)} < L L1

where gy is the genus of Cfp,.
Now we want to give an upper bound for the b = (u,v) € F,[t]* satisfying condition
(3.4.5) such that equation (3.4.4) is satisfied. Now take N = ¢", with n = i—gl + 2, and we
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impose the condition max{deg u,degv} < n/dy. Notice that
n_ 29+2(0-1) 29+2(0—1) g+i-1

dy  do(l—=1)  (do—2)l—1)+2({—1) go+(—1
and therefore condition (3.4.5)) is satisfied. Applying Proposition , we get a positive

proportion of > puN% = ;,g>"/% such that N, (D;---Dy_y) is square-free.

To conclude, for a fixed tuple (Dy,...,D,—1) we need to find an upper bound on the
number of pairs (u(t), v(t)) such that (3.4.4]) is satisfied in order to correct a double counting.
Following a similar reasoning to [24], we bound this number by ¢n?¢".

In total, for n sufficiently large, we have
> plqn(Q/dofs)

elements in P(n) corresponding to ¢-cyclic covers of IF’}FQ with conductor of degree bounded

by n that admit a non-constant map to Cj. O]

We then need a geometric condition for the vanishing of £(C,u) at some point u = u*,

where C' is a curve over F,. This is given by the following theorem of Li [40, Section 2]
relating the existence of a rational map between curves to the divisibility of the L-functions.
The proof uses Honda—Tate theory, which states that every g-Weil number is an eigenvalue
of the geometric Frobenius acting on the f-adic Tate module of a simple abelian variety over
[F,,, which is unique up to isogeny. We refer the reader to [40, Section 2| for the details, and
the proof of the following theorem.

Theorem 3.4.8. Let ug be a g-Weil number and let Ay be (the isogeny class of) the unique
simple Abelian variety over F, having uy as a Frobenius eigenvalue, as guaranteed by the
theorem of Honda—Tate. Let C be a curve over F,. Then, L(C,uy") = 0 if and only if there
ezists a non-trivial map C — Ay if and only if L(Ag,u) divides L(C,u).

Proof of Theorems|53.1.1 and|3.1.2. The proof of Theorem follows directly from Propo-
sition and Theorem : let Cp be the (-cyclic cover associated to xo, i.e. £(Co,uy’) =
0. By Proposition and Theorem , there are at least ¢>"/% (-cyclic covers with con-
ductor of degree < n such that £(Co,u) | £(C,u) = [T'—1 £(x*,u), and then at least ¢*/%
characters of order ¢ and conductor of degree < n such that L£(x,uy") = 0.

The proof of Theorem follows directly from Corollary and the above. Indeed,
if E = Ey xr, F,(t) and there exists xo such that £L(E, xo,¢") = 0, then by Corollary ,

L(Cy,,a7") =0, and we reason as above. O
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3.4.3 Explicit equation for /-cyclic covers

We now give more information about the equation , including a precise formula for
n, = 2, using the work of Gupta and Zagier [33]. We used these general formulas for n, = 2
to obtain the equations for the curves C,Cs and C3 in Section [3.5.2]

Let ¢ be an odd prime number coprime to ¢, let wy, denote a complex ¢-root of unity,
and let Ry, denote a set of coset representatives of (Z/¢Z)* modulo the cyclic subgroup (g).

Following [33], we define the polynomial the complex polynomial

Ve, () = |1 (y - Z wqu) , (3.4.6)

j€72&q

This is a polynomial of degree % Notice that for n, = 1, Uy, (y) gives the ¢th cyclotomic
polynomial and for n, = 2, ¥,5(y) gives the (th real cyclotomic polynomial.

Gupta and Zagier prove various results regarding the coefficients of ¥, (y), and in
particular, they recover a formula of Gauss:

-1
2

Vea(y) = 2 (~pl=e] (LHTHHJP”. (3.4.7)

n

In the following result we relate the coefficients in the equation defining CF in m to
those of W, . Together with the results of [53] and in particular, this allows us to
compute a more explicit formula for equation (3 in the case ny = 2.

Proposition 3.4.9. Let { be an odd prime coprime to q and let Wy, (y) be defined as in
(3.4.6). Let a,, be the coefficients of the following polynomial

VoY amy™ = W, (1) (y — ). (3.4.8)

Then, a,, € Z, and there exists certain coefficients by, .
equation defining Cg in (3.4.3)) can be written as

€ F, C F, such that the

»Sng—1

Cr: y+z Z bSO,---,an_l %ZZiolsk[qk]e 2%2210181@&1’“_1}@” 32 Ly sl k+1—nq]£ym
O<s;c
Zk 0 Sk ={—m
10t ¢Fs,=0 mod £

(3.4.9)
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Furthermore, the by, s, . satisfy

-----

Z bso,...,an,1 = Qp, (3410)

0<sg
Z:igl sp=0—m
Z:igl q*s,=0 mod ¢
where the a,, are given by (3.4.8)) and the equality takes place in F, C F, after reducing the
an, modulo p (the characteristic of F,).

In particular, for ng = 2, we have

Z 1

Cr:y +Za% ((F132) T T T = HS @43 = 0. (3.4.11)

Before proceeding to the proof, we remark that the condition qu:;]l ¢"s;, = 0mod ¢
implies that Z:"Bl ¢" 735, = 0mod ¢ (since (q,¢) = 1), and therefore each of the exponents
of the §; in is an integer. One can also see that the by, .,

permutation of the subindexes. Each of these cyclic permutatlons results in a permutation

_, are invariant by cyclic

in the exponents of the §;. Thus, the final polynomial is symmetric in the §;.

Proof. The initial step of the proof follows from the elementary fact that
/—1 ng—1
Uy, ()" (y —ng) =[] (y - Z W] ) -
7=0

Since the above polynomial has coefficients in the algebraic integers Z, and is invariant under
Galois action, we conclude that W, ,, (y)"(y — ng) € Z[y] and a,, € Z.

Following some ideas from [33], we consider more generally

/-1 ng—1
fong (A, Ay 1) = <1 - Ak>
0

Jj=

and we remark again that this polynomial has coefficients in Z.

67



Taking the formal logarithm,

- IOg ff,nq <A07 SR nq—l

> 1 m ng—1l. kp h
= — k=0 JOIE b gl
- h h L 0 ng—1
m 0y ltng—1

J=0 m=1"" hotthing -1 =m
h; >0
9] 1 =1 ng—1 g
_ il m Aho .. _Ah”zz*1 W 2eto 4 Pk
- h h 0 ng—1 l
m 1y ling

m=1 h0+---+hnq,1:m 7=0
h; >0

. . ng—1
and the innermost sum is zero unless Y ;%" ¢"h; = 0 mod .

In conclusion, the only powers of Ay, ..., A, 1 appearing in the Taylor series of log f; 5, (Ao, - . ., An,—1)
and consequently in the Taylor series of fy,, (Ao, ..., An,—1) are of the form Ag°-- -A:qu:f
such that )
> ¢Fsk=0mod ¢. (3.4.12)
k=0

But the total degree of fy,, is ¢, and therefore 0 < so + -+ + s,,1 < £. Putting this

information together, we obtain

fong(Agy - An 1) = Z > Dagosny 1 A0+ Ay (3.4.13)

m=0 0<sy,

ng—1

Zk 0 sp=0—m
Zk:o q"s,=0 mod ¢

Reducing modulo p (the characteristic of F,), making the change of variables

VE, 1 m [~ 114 [q’““;"qu
Ay = =-5"°% ° - -Tn ;
Yy Y

and multiplying by ¢, we obtain equation . Identity follows from comparing
with .

When n, = 2, we have ¢ = —1 mod /. Equation and condition qu:_ol sg=L0—m
reduce the choices of sg, s1 to two cases: either sy = s; and m # 0 or (so,s1) = (0,¢), (¢,0)
and m = 0.

For the case sy = s1, we can set Ay = A; and reduce to the case of [33, Theorem 3]

L/ -1 L [al—1
to find the coefficients of each (AgA;)**. We then replace Ay = 51—%, A = Vi 5

Y Y
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(or equivalently, we replace AgA; by %), and obtain the coefficients a,, for m # 0 from
the statement. In this case one can see from working with W,,(y) that a,, = 0 for m even
different from 0.

The cases (sg,s1) = (0, ), (¢,0) only occur for the constant coefficient in which is

(—1)fwp™ V(AL + AL = —(Af + AL,

J l—1 L /nl—1
Replacing again Ay = ng , A= % and multiplying by 3* gives equation (3.4.11]).
[

3.5 Numerical data

3.5.1 Description of the code

We want to compute L-functions L(FE, x,u) described by , where y is a character of
conductor F'. To simplify, we are choosing ¢ = p to be prime.

Following Section the L-functions are polynomials of degree n = deg Ng + 2deg F' —
4 4 26,, and

n

L(E, x,u) = Z ( Z afx(f)) u" = chu”,

n=0 \feM, n=0

where M,, is the set of monic polynomials of degree n in IF,[t].
Using the functional equation (3.2.10)), we get

Cn = WEgy p?-2m) e — 0 < p <, (3.5.1)

and it suffices to compute ¢; for 0 <14 < [n/2].[]
We then need to compute the ay appearing in (3.2.8)), for deg f < n/2. It follows from
the Euler product that ay, = ayra, for (f,g) =1, and for P € F,[t] and n > 1,

apQpn-1 — PApn-2, if P 1’ NE,
aApn =
G/PG/Pn—17 lf P | NE‘

5Tt follows from that we can compute numerically the sign of the functional equation by computing
Cn/2 When n is even, and c|4/2) and c¢|/2)41 when n is odd. We used this in the numerical data to compute
twists of the Legendre curve by odd characters, as in this case Theorem [3:2.2] does not apply. Of course, this
requires ¢, /9 # 0. When ¢,/ = 0, we computed the next coefficient c(,/2)41 to get the sign of the functional

equation. In all the cases considered, c(y/2)4+1 Was not zero (when ¢,/ = 0), so this was enough.
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We now turn to the computation of the ap of a fixed curve FE : y? = z® + a(t)x? + b(t)x +

¢(t). For P prime, we compute ap using

ap = — Z (x3 +a(t)z? + b(t)r + c(t)) |

P
z€F,[t]
deg(z)<deg(P)

After we have computed all a; for deg f < (deg Ng + 2d — 4 + 26,,)/2, we can evaluate
L(E, x,u) for any Dirichlet character with conductor of degree d over F,[t]. We go through
the characters of order ¢ and conductor degree d in the following way. Let n, be the multi-
plicative order of p modulo ¢ as before. Let F' € F,[t] be a polynomial of degree d supported
on n,-divisible primes. We can enumerate all characters of order ¢ and conductor F' by choos-
ing only one character per cyclic extension of order ¢ of F,(t), since the L-functions of the
¢ — 1 characters associated to the same extension K vanish together. Writing F' = P, - - - P,
where the P; are distinct n,-divisible primes, and P; = 9, ; - - - B, ,, over Fpnp (¢), we consider

the (non-conjugate) characters of conductor F' over F,(¢) given by

X(A) = xy,, (4 meﬂ : (3.5.2)

for a; € {1,...,£ — 1}, and where each xy,, is the {th-power residue symbol modulo *B;,
over Fyn (t) defined in Section [3.2]

3.5.2 Vanishing of twists of constant curves: numerical data

Let Ey be an elliptic curve over F, with L(Ep,u) = (1 — apu)(l — apu), and let E =
Eo xg, Fy(t). By (3:2.9), L(E, x,p~") = 0 for some character y associated to K/F,(t) if and
only if ﬁ(E JK,p~!) =0, and using the results of Section this is equivalent to

1
E(E07 u) ’ E(CX7 u) = Hﬁ(Xj7 U)
j=1
By Theorem [3.1.2, once we have found one ¥, such that £(C,,,ag") = 0, then there are
infinitely many, so we concentrate on finding x,. We examined degree 2 factors of £(x’,u)
which arise as L£(Ep, u) for some E, over F,.
In particular, we considered the case where L£(x,u) has degree 2, which in the case of

even (respectively odd) characters means that the conductor of x is a polynomial of degree
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4 (respectively 3) in F,[t]. Table |1| presents results for this case: for fixed values of ¢ and p,
we computed L(x,u) for all characters such that £(, u) is a polynomial of degree 2, and we
listed all the cases that we found where L(x,u) = L(Ey, u) for some elliptic curve Ey/F,.
Notice that this means £(C,,u) = L(FEy,u)"'. Each entry in Table [I| may correspond to
many characters y. We did not count them, but our program keeps an instance for each

case. For example, the curve C /F5 given by
Y (2t 2 At Ay + (B2 2t 28 P+t 4+ 3) =0
has L-function £(C1,u) = (1 4 5u?)?; the curve Cy/Fs9 given by

Yo+ (54t + 183 4+ 34t + 18t + 39)y> + (5t + 23t + 4415 + 2065 + 35¢* + 3063 + 1742 + 33t + 21)y
+ (570 + 187 + 24¢% + 587 + 141° + 9t° + 41¢* + 17t% + 38t> + 48t + 44) = 0

has L-function £(Cy,u) = (1 4+ 59u?)*; and the curve C3/F;3 given by

y"+ (66" 4+ 663 + 612 + 12t + 1)y° + (£® + 267 + 3t° + 6t° + t* + 5t + 4)y>+
(612 + 5" + 10610 + 7% + 2¢7 + 3t° + 967 + 3t* + 28° + 6% + ¢ + 4)y+
(11" + 612 4 126" + 106 + 5810 + 87 + 6¢5 + 267 + 265 + 107 + Tt* + 126 + 32 + 3t +9) =0

has L-function £(Cs,u) = (1 + 13u?)®.

Of course, it would be interesting to prove some criteria which guarantees the existence
of a character of degree ¢ over F, such that L(Ep,u) divides L(x,u). From the data, we
are led to believe that this could always be the case when n, = 2 and L(FEy,u) = 1 + pu?,
corresponding to the isogeny class of supersingular elliptic curves over IF,,, but we currently
do not have a proof. We present further evidence for larger values of ¢ in Table 2 Since
this becomes more time-consuming, we only consider a thin family of the characters of order
¢, where a; = 1 for all j in (3.5.2). In some cases ((¢,p) = (13,103),(17,101), (31,61), and
(37,73)), we did not go over all characters in the thin family, we stopped after we found
L(x,u) = (1 + pu?), so there might be other characters where L(x,u) = (1 + a,u + pu?).
In summary, the following is true for all the cases that we tested: for every ¢,p such that

n, = 2, there exists a character y of order ¢ over F, such that £(x,u) = 1+ pu®.

Remark 7. There is a large amount of work in the literature on Newton polygons of cyclic
covers of P!, in particular on the existence of supersingular and superspecial curves. See

or example, [42, [/1, [/3]. But the existence of the curves we present in this paper does not
Z
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follow from previous work. In fact, the existence of supersingular curves in families of cyclic
covers which ramify at 4 points with growing degree € is surprising from a dimension counting

perspective. More surprisingly, these curves are defined over the prime field IF),.
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¢ p | n L(x,u) =1+ ayu+ pu?
5 2 0,3
711 2 1,1,2,4
1| 2 ~3,0,3,6
3
13 1 5, —4,-2 —1,1,2,4,5
171 2 —6,—-3,0,3,6
19 1] =8 —7,-5—4,-2-1,1,2.4,5 7.8
3 4 %]
7 4 3
11 —2.2.3
50113 4 1,4
19 2 0,5
29 2 0
31 1 —-2,2,3,8
13 2 0
7
29 | 1 22,5
23 1 &)
11
43 2 0
13 5 4 %)
61 | 11 | 4 %]

Table 1: All instances of Ej for which there is a x of order ¢ over F, such that L£(x,u) =
L(Ey,u) for some elliptic curve Ey/F,.
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| p |Iny | LOx,u) =1+ ayu+pu?
131103 | 2 0
67 | 2 0
17
101 || 2 0
19 37 | 2 0
31 || 61 2 0
37 73 | 2 0

Table 2: More cases where there is a character x of order ¢ over F, such that L(x,u) =
(14 p*u). For the cases (¢,p) = (17,67) and (19, 37), we considered all characters in the thin
family, and we did not find any other cases where L£(x,u) = L(Ey, u) except for L(FEy,u) =
(14 p?u). For the other cases, we stopped after finding x such that £(x,u) = (1+ p?u), and
we did not find any other £(FEy,u) up to that point.
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3.5.3 Vanishing of twists of non-constant curves: numerical data

We now present data for the vanishing of L(E, x, p~!), where y varies over characters of order
¢ over the finite field F,, for some prime p, and where £ is a non-constant curve. We used the
Legendre curve F; : y?> = z(x —1)(z —t) and the curve Fy : y* = (x —1)(z — 2t* — 1)(z — t?).

We remark that E; has conductor Ny = (¢t — 1)P2, discriminant A; = 16t%(t — 1), and
J-invariant j; = %. Thus, it is smooth and non-constant and has bad reduction at
P... Since deg(N;) = 4, we conclude that L(E},u) = 1. Since the algebraic rank is bounded
by the analytic rank (see [62]) and this last one equals 0, we conclude that E; has (algebraic)
rank 0 over F,(t).

Similarly, F has conductor Ny = t(t—1)(t+1)(t*+1), discriminant Ay = 64t*(t —1)2(t+
1)%2(t* + 1)?, and j-invariant j, = t4(t71;22(8t(4tr41§21()t32+1)2'
and has good reduction at P.,. Since deg(Ns) = 5, we have L(FE2,u) = 1+ pu, and the rank

of Fy over F,(t) is at most 1. Let i be a primitive four root of unity in F,, and consider the

Thus, it is smooth and non-constant

point
P=((1+)+ (1+i)t+ 1, (=1 +i)t(t + 1)(t — i)

in Ey(K'), where K = IF,(¢)(7). One can see that the Néron-Tate height of P is positive, and
therefore P has infinite order (see the book of Shioda and Schiitt [56] for a general reference).
As before, we use that the algebraic rank is bounded by the analytic rank [62]. If p = 1
mod 4, then K = F,(¢), and we conclude that E, has (algebraic) rank exactly 1 over F,(t).
Therefore L(E>,u) =1 —pu. If p=3 mod 4, then K =TF,2(t), and K/F,(t) is a quadratic
constant field extension. Therefore L(E/K,u) = 1 — p?u, since deg Ny —4 = 1. We also

have
L(Ey/K,u*) = L(Ey,u)L(—Ey,u), (3.5.3)
where
—Ey:—y? = (z— 1)(x —2t* — 1)(xz — 7).

We remark that we have L£(Fy,u?) and not £(Es, u) in because K /F,(t) is a constant
field extension (see [54, Chapter 8] for more details). When p = 3 mod 4, the point 2P =
(t2 +1,4t?) defined over F,2(t) yields a (non-torsion) point P = (2 + 1,#?) defined over F,(t)
on —F5. Thus the algebraic rank of —FE; over F,(t) is 1 and £(—FE>,u) = 1 — pu. Now
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(3.5.3)) implies that £(F>,u) = 1 + pu. In conclusion, we have that

C(Byou) = 1—pu if p=1mod4,
1+pu if p=3mod4.

We present in Tables [3| 4] and [5] our results for twists of the Legendre curve with charac-
ters of order 3, 5, and 7 respectively, and various ground fields IF,,(¢). For the curve given by
y? = (z—1)(z —2t* —1)(x — t2), we present in Tables [7] [8| and [9 our results for twists of this
curve with characters of order 3, 5, and 7 respectively, and various ground fields F,(t). We
have also tested higher order twists (¢ = 11,13 for Fy and ¢ = 11,31, 71 for E5) but without
finding any vanishing. This data is presented in Tables [6] and [10}

Each table has the same format: the first three columns are the values of ¢, p and n,
and the fourth column is the degree d of the conductors of the characters of order ¢ over
[F,(t) considered (then, n, always divides d). The L-functions L(E, x,u) are then computed
for all x of order ¢ over [F,(¢) with conductor of degree d, and they are classified according
to their analytic rank, which is defined as rank(x) = ran(E, x) = ord,—;—1L(E, x,u). Since
rank(y’) = rank(x’), we only count one power per character in our data. Then, the next
columns give the number of such y where the analytic rank is 0, or 1, or 2,... The most
extensive computation that we did was for twists of order ¢ = 3 of the curve Es for conductors
of degree 8 over F5(t), where we needed to compute ap for primes of degree < 8, which is
the most involved part of computing the twisted L-functions £(Es, x,u) for characters with
conductors of degree 8. This took approximately 20 days on an Intel(R) Core(TM) i5-4300U
CPU. This is also the only case where we found a twist of analytic rank 3.

The data for the Legendre curve is very compatible with the conjectures of [I8] and [46],
as we have found no instances of vanishing for any character of order 7 or higher. For the
curve Ey, we have found many instances of vanishing for characters of order 7, but none for

characters of higher order.
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twist order || p || n, || deg conductor d | rank O | rank 1 | rank 2
2 6 4 0
4 205 32 3
51 2
6 5784 260 16
8 302640 | 116 4
3
1 5 0 0
2 37 4 0
71
3 324 37 1
4 2935 73 0

Table 3: Twists of order 3 for the Legendre curve.
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twist order | p | n, || deg conductor d || rank O | rank 1
7 4 4 585 3
1 9 0
2 199 0
5 11 1
3 3759 5
4 65143 11
19| 2 2 170 1

Table 4: Twists of order 5 for the Legendre curve.

twist order | p || n, | deg conductor d || rank 0
5 6 6 2580
11 3 3 440
2 78
13 2
4 25116
23 || 3 3 4048
1 27
7
29 1 2 2512
3 179192
41 || 2 2 820
197 | 1 1 195
337 || 1 1 335
379 || 1 1 377

Table 5: Twists of order 7 for the Legendre curve. We have found no instances of vanishing

in this case.
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twist order | p || n, || deg conductor d || rank 0
51 5 5 624
23| 1 1 21
11 43 | 2 2 903
67 || 1 1 65
89 || 1 1 87
5 | 4 4 150
29 || 3 3 8120
13
1 51
53 || 1
2 16678

Table 6: Twists of order 11 and 13 for the Legendre curve. We have found no instances of

vanishing in this case.
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twist order || p | n, | deg conductor d | rank O | rank 1 | rank 2 | rank 3

2 8 2 0 0
4 214 26 0 0

5 2
6 5780 280 0 0
8 149222 | 2136 20 2
1 4 0 0 0
2 30 2 0 0
3 264 22 2 0

7 1
4 2299 49 4 0
5 18670 240 2 0
6 148537 | 1343 32 0
11 || 2 2 53 0 1 0
1 8 0 0 0

3

13 || 1 2 122 12 0 0
3 2140 56 4 0
17 | 2 2 116 20 0 0
1 14 2 0 0

19 || 1
2 380 28 2 0
23 || 2 2 244 6 2 0
29 || 2 2 364 42 0 0
1 26 2 0 0

31 | 1
2 1190 24 6 0
103 || 1 1 100 0 0 0
109 || 1 1 104 0 0 0
151 || 1 1 146 2 0 0

Table 7: Twists of order 3 for the curye = (z—1)(x —2t* — 1)(z — t?).




twist order || p | n, | deg conductor d || rank 0 | rank 1 | rank 2
7 4 4 587 0 1
1 8 0 0
11 || 1 2 166 0 0
3 3064 0 0
19 | 2 2 170 0 0
5 29 | 2 2 388 18 0
1 28 0 0
31 || 1
2 1975 0 1
41 || 1 1 36 0 0
101 || 1 1 96 0 0
131 || 1 1 128 0 0

Table 8: Twists of order 5 for the curve y? = (x — 1)(z — 2t* — 1)(z — t?).

twist order | p || n, || deg conductor d || rank 0 | rank 1
5| 6 6 2560 20
11 3 3 440 0
2 72 6
13 ] 2
7 4 24984 132
1 24 0
29 | 1
2 2046 16
41 || 2 2 800 20

Table 9: Twists of order 7 for the curve y* = (x — 1)(z — 2t* — 1)(z — t?).
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twist order || p | n, || deg conductor d | rank 0
5 5 5 624
1 20
23 || 1 2 2152
3 168448
11 43 || 2 2 902
1 64
67 | 1
2 22370
89 | 1 1 84
199 || 1 1 196
31 5 3 3 40
71 5 5 5 624

Table 10: Twists of order 11, 31, and 71 for the curve y* = (z — 1)(z — 2t — 1)(z — t*). We

have found no instances of vanishing in this case.
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Chapter 4
Numerical Computations

This chapter presents some unpublished results useful for numerical computations, and one
result that was found by looking at the numerical data. An algorithm to cycle through
the monic polynomials to obtain their factorizations and to construct the list of primes is
presented. Then, a theorem that gives the number of zeros and their norms for L(E ® x, u)
depending on the parity of x and the type of reduction at infinity of E is presented. Finally,

a sequence of curves such that the analytical rank grows to infinity is presented.

83



4.1 Factorization of the Monic Polynomials

Let My be the set of monic polynomials of degree N, Py be the set of prime polynomials of
degree N, and Sy := My — Py. Suppose that we want to find the factorizations of all the
polynomials in M. The algorithm cycles through the factorizations of all the polynomials
of Sy and computes their products. The remaining polynomials are primes. The algorithm

is recursive, so the primes polynomials of degree < N are already constructed in the memory.

Let 7(/N) be the number of primes of degree N. We write P, ; to denote the jth prime
of degree ¢ in the lexicographical order. We define two functions on the primes: deg(P; ;) =i
and ind(P; ;) = j. The variable Fi(k) is used to denote the ith prime factor of the kth poly-
nomial constructed by the algorithm. They are ordered the following way. For any ¢ < 7,
deg(Fi(k)) > deg(Fj(k)) and if deg(Fi(k)) = deg(Fj(k)), then ind(Fi(k)) < ind(Fj(k)). The variable

n is the number of Fl-(k) # 1 for a given k.

The algorithm starts with Fi(o) =t for 1 <7 < N, so the initial polynomial is Fl(o) . F](\? ) =

). F,Sk), the next monic polynomial is found the following way.

The algorithm cycles through the factors, starting from E® to Fl(k), until it finds a factor

tV. Given a polynomial F l(k

that can be increased either on the index or the degree, with a priority given to the index.

If no factors can be increased, the algorithm ends. The degree can be increased only if

)

deg(Fi(k)) < deg(Fi(fi), to preserve the order among the prime factors. If Fi(k is the factor

that is changed by the algorithm, then Fj(kH) = Fj(k) for all 1 < j < 4. If the degree of Fi(k)
is to be increased and deg(FZ-(k)) +1= deg(Fi(f)l), then Fi(kﬂ) is set to Fi(ffl), to preserve

Fi(kﬂ) If the index of Fi(k) is to be increased

the order, otherwise is set to P,

eg(Fi(k))+1,l ’
and deg(ﬂ(k)) = 1, then Fj(kﬂ) = Piina(r,) for j > ¢ until the degree reaches N, otherwise

(k+1)
£

algorithm, all monic polynomials of degree N that have not been constructed are prime.

= P, is used. The following factors are then set to 1, if any. At the end of the

We give an example of the algorithm for polynomials of degree four over Fs.
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ind degree 1 degree 2  degree 3

1 t Zrt+1 B4+t+1
2 t+1 B +2+1

Table 11: Primes of degree < 3 over Fs.

koo R o & 5
1 t t t t
2 t t t t+1
3 t t t+1 t+1
4 t t+1 t+1 t+1
5 t+1 t+1 t+1 t+1
6 t*+t+1 t t 1
7T P+t +1 t t+1 1
8 t*+t+1 t+1  t+1 1
9 t?24+t4+1 t2+t+1 1 1
10 B3+t+1 t 1 1
11 B +t+1 t+1 1 1
12 B+ +1 t 1 1
13 #+t2+1  t+1 1 1

Table 12: Example of Algorithm [l over Fy with N = 4. It finds all composite monic

polynomials of degree 4 over F,. The remaining ones are prime.
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Algorithm 1: Factorization of the Monic Polynomials of Degree N

1 fori<1to N do

2

3

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

F; < P 1;

end

n <+ N;

do

14 n+1;
(< 1;
do
11— 1;
if ind(F;) < w(deg(F;)) then
Fy < Peg(F) ind(Fy)+1:
if deg(F;) =1 then
| 0+ ind(F);
end
else
if 7+ < n then
if i > 1 and deg(F;_1) = deg(F;) + 1 then
Fi < Fiq;
else
if i =1 or deg(F;_1) > deg(F;) then
Fy <= Paeg(Fy)+1,15

end

end

end

end

until F; has been changed;

n < 1;

while deg(F; ... F,) < N do
n<<n—+1;

F, < Py

end

32 until deg(F}) = N;
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One interesting feature of this algorithm is that it improves by log(V)loglog(/N) the
asymptotic complexity of the algorithm presented in [6], at the cost of an exponential memory

usage. Their method computes the product

t—a)t—a?) ... (t—a )
where o € F ~ is a root of the prime polynomial. Their algorithm computes the prime
polynomials of degree N, so the algorithm presented in this section computes N times more
polynomials by the prime number theorem. However, their algorithm computes the prime
polynomials over F ~, where multiplication of two elements requires Oy (N log(V) loglog(NV))

bit operations ([57] Theorem A), while multiplication over F, requires O,(1) bit operations.
Proposition 4.1.1. The asymptotic complezity of Algom'thm is Oy(¢"V N log?(N) loglog(N)).

Proof. The above pseudocode only describes how to cycle through Sy. For an accurate
computation of the asymptotic complexity, it is necessary to detail how the products of
the prime factors should be computed. The products Fl(k), Fl(k)FZ(k), Fl(k)FQ(k)Fg(k), cee
Fl(k) e Fj(k) where Fj(k) is the last factor such that deg(F;k)) # 1 are kept and updated
in the memory during the construction of each polynomial. When the factor E(k) that is
increased has deg(Fi(k)) > 1, two multiplications are needed to compute the polynomial, and
each multiplication requires O(N log(N) loglog(V)) operations by [57] Theorem B. The first
multiplication is between F( ) F-(k)1 and Fi(k), since F( ) F(f)l is already in the mem-

ory. The second multiplication is between F; l(k) . F%® and p Fqgk), where the latter are

] z+1
factors of degree one, and their product is computed in O(N log®(N)loglog(N)) operations
using [57] Theorem B. When the factor Fi(k) that is increased has deg(Fi(k)) = 1, only one

multiplication is necessary.

Finding which factor to increase for the next monic polynomial requires O, (N log(N)) op-

erations, since the comparison on line 10 of Algorithm [I| contributes at most

Zlog (deg(F; <Zlog deg(F, (k) = O,(N)

operations, and there are also at most N comparisons on the degree where each comparison
takes O(log(/V)) operations. Increasing the factor and appending the degree one factors is

done in O,(N) operations.
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We need to keep track of the monic polynomials constructed by the algorithm. Each co-
efficient needs [log,(q)] bits to be stored, meaning that the memory addresses have length

Nlog,(q)] by concatenating the coefficients, which implies a memory access in O,(N).

After running the algorithm, it is necessary to cycle through all the ¢ monic polynomi-
als in order to find the ones that have not been constructed. Finding and writing the primes

in the memory is done in O,(¢" N).

We note that the above only holds if the primes of degree smaller than N are already
constructed in the memory. Including their construction in the running time does not affect

the asymptotic complexity, as

N-1
Z rq'ilog? (i) loglog(i) < kg™ Nlog*(N)loglog(N)
i=1

where k is the complexity constant of Algorithm [1]

4.2 Zeros of L(E® x,u)

It is important to know how many zeros the L-functions have to know how many coefficients
need to be computed. It is also important to know about the norms of the zeros to apply

the functional equation. We recall a few definitions.

The prime(s) at infinity are excluded in the following products. However, they are included

in Ng, the conductor of E.

The L-function of E is defined by

L(E,u) := H (1 — apude®))=1(1 — gpydeed))-1 H (1 — apudee™))=L,

PiNg P|Ng

The L-function of E twisted by x of conductor F' such that (F, Ng) = 1 is defined by

LE® ) = [] (1= x(Papu® ™) (1= x(PYapute®) T] (1 - x(Papu’=) .

PINE P|Ng

88



The L-function of E/K for a field extension K/F,[t] is defined by
L(E/K,u) = H (1 — apudeex®)=1(1 — gy deex®)-1 H (1 — ayuicex®)~1
PMNE PINE

where the product is over the primes of K and N is the conductor of E over K. The func-
tion degy; is defined by degy (p) := log,|K/(p)| and extended using degy (pq) = degy(p) +
degk(q). In particular, for P a prime of F [t], we have degy (P) = ¢ - deg(P).

Definition 4.2.1. If E has additive reduction at infinity, the reduction type at infinity might
change over an odd quadratic extension. We say E has type 0,1, or 2 if ay = 0,1, or —1

respectively for the given extension. If the reduction becomes good, we say E has type 3.

Remark 8. We will see that the type number only depends on E and the order of the

extension. Furthermore, for extensions of order > 3, only type 0 is possible.

Proposition 4.2.2 (Riemann Hypothesis). Let ¢ be prime and let x be a primitive Dirichlet

character of order £ of conductor F' # 1 coprime to Ng
M
L(E® x,u) = G(u) [] (1 - geu) (4.2.1)
j=1

where G(u) and M are given in the table at the end of the proof.

Proof. Let K/F,(t) be the cyclic field extension associated to x. The following theorems
hold with the prime(s) at infinity included in the product and we write L*(-,-) to indicate

so. By Artin’s conjecture, which has been proven over function fields, we have

L*(E/K,u) = L*(E,u) 1:[ L'(E® Y, u)

i=1

and all of these functions are entire. By [5, Appendix]
L
L*(E/K,u) :H (1 — geiu)
7j=1
where L = degy (Ng) + 49 — 4 and g is the genus of K.
When y is even, the prime at infinity is totally split in K and x(Ps) = 1. This means
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degy (Ng) = € - deg(Ng). Also, we have 2g = (¢ — 1)(deg(F) — 2) and L*(E,u) has degree
deg(Ng) — 4 ([, Appendix]). The factors at infinity in Artin’s conjecture are

J4 -1
[T =, w)™ = —apuw) T = ¥/ (P)ap,u) ™

j=1 7=1

~

The twisted L-functions have the same number of zeros, so we can conclude.

When Yy is odd, the prime at infinity is totally ramified in K, which means P, = (ps ). We
write (1— o ju) or (1— I ju) 1 (1— I ju) ! for the factor at infinity of L*(E®x’,u). The
ramification prevents I, ; from being given by x’(Ps)ap,. We first assume the reduction

remains bad over K. The factors at infinity in Artin’s conjecture are

/-1

(1—ap u) =1 —ap,u)™ H(l — I u) "
j=1
If ap, = %1, then there is only the possibility a, = ap_ and I ; = 0 for all j. Then
degr (Ng) = £ - deg(Ng) — (¢ — 1) and we can conclude using 2g = (¢ — 1)(deg(F) — 1). If
ap,, = 0, then the reduction at infinity might change from F[¢] to K since the I ; are not
necessarily zero. Using the fact that if I ; = 0 for some j then they are all zero, we can see

that the reduction type at infinity can only change for quadratic twists.

For type 0, we write Ng = PfoN . Since the reduction at infinity stays additive, we have
Ng = p2 Ng. We also have deg(Ng) = £ - deg(Ng). So degy(Ng) =2+ € - deg(Ng). This
along with deg(Ng) = 2 4 deg(Ng) gives degy(Ng) = € - deg(Ng) — 2¢ + 2 for type 0. The
computation is similar for types 1 and 2 and gives degy (Ng) = ¢ - deg(Ng) — 2 + 1.

We now assume the reduction becomes good in K (type 3). The factors at infinity are

-1
(1—ap u) ' (1—a, u) "t =(1-ap,u)’ H (1 — Lo ju) t(1 — I ju)™?
7j=1

so we need ap, = 0 and ¢ = 2 for this to possibly happen. This gives degy(Ng) =
2 deg(Ng) — 4 and the factor at infinity of L*(F ® x,u) is (1 — apu) (1 — @, u)~'. We
note that |ap.| = /g. We refer to [49] Appendix A for details on how to compute the
reduction at infinity and to see how the type only depends on E for quadratic twists. O
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CLPOOIO

(IPOOZO

CLPOOIO

type 0 type 1 (x quadratic) type 2 (x quadratic)

x even | M = 2deg(F) + deg(Ng) —4 | M = 2deg(F) + deg(Ng) —4 | M = 2deg(F') + deg(Ng) — 4
G(u) =1 Gu) =1 G(u) =1

x odd | M =2deg(F)+ deg(Ng) —4 | M =2deg(F) + deg(Ng) —5 | M = 2deg(F) + deg(Ng) — 5
Gu) =1 Gu)=1-u Gu)=14u
ap, =0 ap, = %1 E has good reduction at P
type 3 (x quadratic)

x even | M = 2deg(F) + deg(Ng) —4 | M =2deg(F) + deg(Ng) —4 | M = 2deg(F) + deg(Ng) — 4
G(u) =1 Gu)=1—ap_u Gu)=(1—-ap,u)(l —ap_u)

x odd | M =2deg(F)+deg(Ng) —6 | M =2deg(F)+ deg(Ng) —3 | M = 2deg(F) + deg(Ng) — 2

G(u) = (1 —op u)(l —ap u)

Gu) =1

G(u) =1

Table 13: Zeros of L(E ® x,u)

4.3 Unbounded Rank for Quadratic Dirichlet Charac-

ters

The following result comes from looking at the conductors of Dirichlet L-functions with

large ranks. Hyperelliptic curves over function fields having arbitrarily large ranks were first

constructed by Ulmer [63]. We construct a family of quadratic Dirichlet characters such that

the rank of their L-functions is unbounded. It is already known [38, Introduction| that the

number of different eigenvalues for these curves is dominated by the genus as it increases.

Theorem 4.3.1. The following curve over F,

has zeta function

Zc(u) ==

unless n =0 and ¢ = 3 mod 4.

omn

C:y?=29 —=x

on 2n+1 ‘12’"‘771
(I—g”u” ")

(1= u)(1 = qu)
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Proof. Let m = 2¢ with £ < n. Let x,, be the quadratic character on F m. Then

Z Xm(xqgn—x>: Z Xm (x — ) = 0.

IEFq'm :DG]qu

Let m = 2", Since the degree of the extension Fym /F2n is even

> o (- 2) = o (5 - 0) T @) = @~ )Y v (o )

xEIqu aGFqgn TEA

where A is any set of representatives when F2n\{0} acts on Fym by multiplication. Fix a

primitive element o € Fq2n+1 and let
A={a+c|ceFp}uU{0,1}.

Then
2mn —1

(o + c)an —(a+c) = o —a= ala® 71 =1).

We have Xm(ozqw*l —1) = 1 since it is a non-zero element of F2». We also have x,,(a) = —1
since « is not a square. To see this, let 1 be a character of order 4 on Fon. Then (o) = i
since 1% = yon and yon(a?) = —1. This means that the square roots of « lie in F 2tz S0
Z Xm (qun — a:) =—¢"(¢* —1). (4.3.1)
JEEqu

Since

mq2n —xr = P
11

P prime
deg(P)[2"

is square-free, the number of eigenvalues is ¢" — 1. For m > 0

2"71

2m im0

S = g Xm (:pq — :1:) = —¢™? E emi
CEE]qu j=1

by the Weil’s conjectures. From we get e = 1 for all j, which implies the
eigenvalues are (2""1)th roots of unity. We also have Syn = 0, which means "% is equidis-
tributed in {—1,1}. If €2"® = 1, then " ' = +1. If 2% = —1, then €2 ' = 4.
Since we also have Syn—1 = 0 and since [Q(Cy) : Q] = ¢(2¢) = 2/, we must have that 2" %
is equidistributed in {—1, 1, —i,i}. Repeating this argument shows that the eigenvalues are

equidistributed in the (2"1)th roots of unity and this concludes the proof. O

Remark 9. This gives unbounded rank in the p,q, or g directions.
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