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Abstract

Data-Driven Optimization Models for Shared Mobility-on-Demand

Systems

Xiaoming Li, Ph.D.

Concordia University, 2022

Shared Mobility-on-Demand (MoD) has tremendously reshaped the transportation

patterns in urban areas. The prosperity of Big Data and 5G network technology

brings new challenges to shared MoD systems. Specifically, the major challenges in

shared MoD systems under the data-driven environment include dynamic environ-

ment, stochasticity, large-scale optimization, and Big Data characteristics. In this

research, we identify shared MoD management as a resource allocation problem in

the two-sided market environment. Further, we adopt optimization under uncertainty

modeling techniques to address the resource allocation issues for shared MoD sys-

tems. To improve the performance of the shared MoD systems under the data-driven

environment considering uncertain parameters, we propose a generic learning-based

data-driven optimization framework and apply it to three shared MoD optimization

issues.

Specifically, we develop a generic learning-based data-driven optimization frame-

work that integrates data processing, feature engineering, machine & deep learning

approaches, reformulation, and decomposition algorithms to optimize the resource

allocation problems in shared MoD systems. The research involves three synergistic

shared MoD areas. (1) Kernel density enabled stochastic programming modeling for

proactive vehicle allocation and reactive relocation in the car-sharing system. We

design a data-driven optimization framework that seamlessly integrates kernel den-

sity estimation and a two-stage stochastic programming model to address the issue.

(2) Mixture density networks enabled stochastic programming modeling for dynamic

proactive idle vehicle guidance in the ride-hailing system. We design a novel deep neu-

ral network and integrate it with a one-stage stochastic programming model to guide

the idle vehicle to alleviate the supply-demand gap in the ride-hailing region. (3)
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Dynamic data-driven robust optimization modeling for ride-sharing matching prob-

lems under travel time uncertainty. We develop a data-driven robust optimization

framework that organically integrates gated recurrent networks, a one-stage robust

optimization model, model reformulation, and a hybrid meta-heuristic algorithm to

address the ride-sharing participants matching issue. Based on these research points,

this Ph.D. thesis is a compilation of three published or submitted journal papers.

To sum up, this Ph.D. thesis presents a general data-driven optimization frame-

work that organically integrates the artificial intelligence (AI) paradigm, including

machine and deep learning approaches with optimization under uncertainty modeling

techniques. Driven by AI techniques, the learning-based data-driven optimization

framework can address the resource allocation problems in shared MoD systems by

hedging against the uncertainty in a decent way. Further, the proposed approach is

not limited to the shared MoD systems. Still, it can be applied to other relevant fields

by replacing the learning and optimization components in the framework.
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Chapter 1

Introduction

With the rapid development and broad application of 5G networks and mobile Apps,

shared Mobility-on-Demand (MoD) has significantly reshaped the public transporta-

tion mode in the urban area. Compared to the regular transportation mode, shared

MoD companies, users (including drivers and riders), and municipalities benefit from

the merits and advantages from different perspectives, such as traffic congestion al-

leviation, gas emission reduction, travel cost saving, etc. [94]. Meanwhile, managing

the shared MoD platform and allocating the resource effectively have become one of

the promising research points in intelligent transportation systems (ITS).

To optimize the resource allocation problems in a shared MoD platform, the con-

ventional deterministic modeling technique tackles the problem by assuming all the

input parameters of the mathematical model are known [155]. The assumption, how-

ever, is too strong in real practice in the Big Data environment. In fact, the pa-

rameters involved in mathematical models are subject to uncertainty due to various

reasons such as data inappropriate collection, estimation bias, data noise, etc. Hence,

optimization under uncertainty modeling techniques is considered a powerful tool to

address optimization issues in shared MoD systems under the Big Data environment.

Ideally, optimization under uncertainty can make reasonable decisions while hedg-

ing against uncertainty for specific shared MoD applications with perfect information.

However, in practice, the uncertainty that exists in shared MoD historical data is too

complex to be estimated and quantified. In fact, Shared MoD systems generate a

huge volume of data daily, including users’ GPS and trajectory, trip transactions,

service rating data, etc., which brings more challenges to the shared MoD systems.
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Considering the optimization under the uncertainty modeling technique under the

Big Data environment, we adopt the data-driven optimization paradigm in this re-

search. Although there is no agreement on the definition of data-driven optimization,

it is deemed as the uncertainty is formulated based on the real data, which enables the

data ”speak” for themselves in the mathematical models and algorithms [9]. Conse-

quently, the hidden information underlying the data could be leveraged in a way that

the optimization models could better describe the realistic scenarios. Along with this

research trend, we investigate the state-of-the-art machine learning and deep learning

approaches to extract accurate information and knowledge to facilitate the optimiza-

tion under uncertainty since machine and deep learning approaches have been proved

as effective and efficient tools to discover useful knowledge among historical data.

To this end, this Ph.D. thesis aims to explore and exploit the state-of-the-art

machine and deep learning-enabled data-driven optimization models for the shared

MoD applications in the Big Data era. The key innovation is to design a learning-

based data-driven optimization framework that seamlessly integrates machine and

deep learning models and optimization under uncertainty modeling techniques to

improve the performance of the shared MoD platforms.

The structure of this chapter is organized as follows. Firstly, we briefly introduce

the background of shared MoD systems with basic problem settings in car-sharing,

ride-hailing, and ride-sharing applications. Next, we present the research scope and

methodology. Then, we identify the three applications in shared MoD systems as

resource allocation problems and discuss the major challenges in the data-driven

environment. Finally, we highlight our contributions and show the thesis outline.

1.1 The Ecosystem of Shared Mobility on Demand

Systems

Shared mobility is one of the variants of MoD systems. The rapid growth of shared

MoD platforms such as Uber, Didi, and Lyft have significantly reshaped urban mobil-

ity due to intrinsic merits such as energy-saving, traffic improvement, cost reduction,

etc. It is roughly estimated that the global shared MoD market is expected to reach

36 million users by 2025 [38].

Along with the sharing economy, numerous shared mobility and services have
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pushed shared MoD systems from the fringe to the mainstream, including car-sharing,

ride-sharing / hailing, bike-sharing, vehicle dispatching, electric vehicle charging, etc.

In this study, we concentrate on three shared MoD resource allocation issues: one-way

car-sharing vehicle relocation in car-sharing systems, idle vehicle proactive guidance

in ride-hailing systems, and one-to-many traveler matching in ride-sharing systems.

The basic concepts and backgrounds are introduced in the following sections.

1.1.1 Car-Sharing

Car-sharing is a typical business-to-customer (B2C) service model [140]. Motivated by

the idea that members share vehicle usage for their trips, the car-sharing service allows

members to benefit from private vehicles while alleviating purchase and maintenance

costs. Customers can access the shared vehicles owned by car-sharing firms by using

a mobile app or the Internet. A Majority of car-sharing problems can be categorized

from two dimensions, namely, rules of vehicle return and the planning period of

decision-making which can be summarized as follows [37].

In terms of the rules of vehicle return, B2C car-sharing service involves one-way

station-based, round-trip station-based, and free-floating car-sharing services, which

are compared as follows.

• One-way station-based car-sharing service provides more flexibility for the cus-

tomers by allowing a customer picks up the reserved vehicle at one service area

and park in any other designated service area after use.

• Round-trip station-based car-sharing service enforces that the customers must

return the vehicles to the service area where the vehicles were picked up.

• In the free-floating mode, the shared vehicles are permitted to park in the public

operational areas. The relevant cost (fee) incurs when the customer parks the

shared vehicle.

In terms of the planning period of decision-making, car-sharing problems can

be classified into strategic level, tactical level, and operational level decision-making

problems.

• Strategic level (or long-term) decision-making is associated with customer be-

havior, price policies, vehicle parking lot design, etc.
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• Tactical level (or medium-term) decision-making refers to fleet size manage-

ment, urban area boundaries, local demand management, etc.

• Operational level (or short-term) decision-making is related to the daily service,

including vehicle relocation strategies, vehicle re-fueling or re-charging, etc.

1.1.2 Ride-Hailing

Ride-haling is a typical for-hire service model [140] in shared MoD systems. Trans-

portation Network Companies (TNCs) provide ride-hailing services that can be at-

tributed to the convenience of mobile app access and a higher availability compared

to traditional taxi services. Generally, a ride-hailing service platform involves three

parts: riders who request rides, drivers who offer rides, and a central decision-maker

who operates the ride-hailing platform. The central decision-maker handles order

dispatching, trip fare, and vehicle management by optimizing different ride-hailing

objectives.

The ride-hailing service process can be described as follows. The riders hail service

by sending requests that include their identities and the exact pick-up and drop-off

locations to the central platform. The platform dispatches orders to idle drivers based

on their proximity to the pick-up locations. Both sides (driver and rider) can decide

whether to accept the matched order. The platform can trace the drivers’ real-time

locations by their equipped sensors when they approach the pick-up locations. Once

the driver and rider meet, a notification is sent to the platform to indicate that the

service starts. Upon reaching the destination, the driver notifies the platform that

the ride has ended. Finally, the platform computes the trip fare and automatically

charges the rider. The driver and rider may also rate each other based on the service

experience. Further, the idle vehicle could re-fuel / recharge (based on the type of

vehicle) or wait for the notification from the platform.

From the aforementioned ride-hailing service period, we identify that there are

quite a few research points throughout the entire service process. For example, the

significant difference between the level of rider demand and the level of idle vehicles

(imbalance of demand and supply) in the ride-hailing regions leads to idle vehicle

guidance operation [41, 42, 84]; the matching and pricing mechanism greatly impacts

the system performance and user experience [52, 127, 57]; and the management of
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vacant vehicles for the next service period [171].

1.1.3 Ride-Sharing

Ride-sharing is a typical peer-to-peer (P2P) service model [140]. Ride-sharing service

involves a joint trip of at least two participants who share a vehicle with similar

itineraries and schedules. Thanks to rapid development in GPS navigation devices,

ride-sharing has become a popular transportation mode by which travelers can quickly

match up. Social issues such as traffic congestion and air pollution can be alleviated

by sharing trips, travel costs such as gas, toll, and parking fees. Due to the advantages

compared to regular taxis, ride-sharing has gained much attention and attracted more

research. The critical problem in a ride-sharing system is quickly determining the

matching solutions between riders and drivers or the optimal routes for drivers.

In literature, ride-sharing problems can be roughly classified into two categories

in terms of planning horizon: static and dynamic [1]. The static ride-sharing prob-

lems assume that both riders and drivers must provide information on their origins,

destinations, and time schedule before the matching decision is made by the plat-

form. By contrast, dynamic ride-sharing problems assume that the platform collects

information from riders and drivers in real-time, and the platform matches up drivers

and riders using the rolling horizon method. In the latter paradigm, operating time

is discretized into several planning horizons (the time duration could be identical or

different), and the rolling horizon framework is adopted.

In terms of objectives in the ride-sharing matching optimization, there are three

types of objectives in existing ride-sharing matching models shown as follows.

• To minimize system-wide vehicle miles.

• To minimize system-wide travel time or cost.

• To maximize the number of participants.

1.2 Scope and Methodology

In this section, we discuss our research scope along with the approaches studied in

this work. Specifically, we introduce the background and basic concepts of sharing
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economy [116], two-sided market [120], optimization under uncertainty, and machine

& deep learning, as well as their contributions to the shared MoD systems. Along this

research line, this section aims to guide the readers to understand the big picture of

our research by targeting the research position in relevant theories and applications.

1.2.1 Sharing Economy

Sharing economy (SE) [25], also known as collaborative economy, has recently at-

tracted more attention from academia and industry. Sharing economy and MoD

systems are strongly correlated in that the economic models in sharing economy field

have been ubiquitously applied in most applications in MoD systems such as car-

sharing, bike-sharing, and ride-sharing problem [66]. Shared MoD under the context

of sharing economy can be classified into the following two types - shared vehicle and

shared ride in terms of what is being shared [128].

• Shared Vehicles. Such as car-sharing, electric vehicle sharing, automated

vehicle sharing, bike-sharing, scooter-sharing, etc.

• Shared Services. Such as ride-sharing, ride-sourcing, ride-splitting, crowd-

sourcing, crowd-shipping, etc.

1.2.2 Two-Sided Market

There are typically three aspects in the two-sided market environment: the demand

side, the supply side, and the service provider side. By mapping the sharing economy

from the perspective of a two-sided market [62], in this study, we identify the shared

MoD applications as a resource allocation problem in the context of a two-sided

market by defining a four-tuple theme: 〈α|β|γ|ω〉, where α, β, γ, and ω denotes

demand side, supply side, operational (platform) side, and objectives, respectively.

The four aspects are introduced as follows.

• Demand Side (α). Demand side refers to passenger/customer/rider’s re-

quest/order during a service period or rolling horizon window.

• Supply Side (β). Supply side refers to the resource for allocation, it could be

available vehicles, idle drivers, vacant seats, etc.
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• Operational Side (γ). We define the operational side as the centralized op-

timization model, the central decision-maker can obtain the optimal or near-

optimal solutions by adjusting the input parameters.

• Objectives (ω). The typical objectives in shared MoD applications include

minimizing cost, travel time, travel distance, supply-demand ratio, etc., and

maximizing profit, service rate, social welfare, etc. The objectives are quite

correlated to the specific applications and environment. Notice that there would

be more than one of the objectives that are considered in some applications 1.

1.2.3 Optimization under Uncertainty

Optimization under the uncertainty modeling technique is a powerful tool for opti-

mization in the data-driven environment, where part (or all) of the parameters in

the optimization models are subject to uncertainty. In this research, We identify

two modeling paradigms. Namely, stochastic programming and robust optimization,

from the perspective of objectives and parameter forms. For each paradigm, we will

introduce the basic concepts followed by the applications in the shared MoD systems.

Stochastic programming

Stochastic programming (SP) is a powerful modeling technique for optimization un-

der uncertainty whose objective is to optimize the expected objective value across

all the uncertainty realizations [11]. It has been ubiquitously applied in diverse ar-

eas of science and industry, including healthcare [142, 183], energy [105, 83, 53],

scheduling [126, 99], supply chain management [122, 187] etc. The key idea is to

model the uncertainty (randomness) by uncertain parameters with probability distri-

butions. Generally, SP can effectively accommodate decision-making processes with

various time stages, among which two types of SP models are extensively discussed

in the existing literature. Namely, one-stage SP and two-stage SP. In one-stage SP

models, no recourse (also known as ’wait-and-see’) decision variables are involved; all

the decisions must be made before the uncertainty realize. By contrast, two-stage SP

models divide the decision variables into first-stage type (also known as ’here-and-

now’) that are determined prior to the uncertainty being realized, and second-stage

1Multiple objectives will lead to multiple objective optimization models. Without loss of gen-
erosity, in this research, we only consider a single objective function for all the research points
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type (also known as ’wait-and-see’) that are made after the uncertainty is known. In

addition, the two-stage SP can be extended to a multi-stage SP that can be imple-

mented by rolling horizon framework [159].

Robust Optimization

Robust Optimization (RO) [5, 175], on the other hand, does not require accurate

knowledge of probability distributions that SP heavily relies on. Like SP, RO also

has been extensively applied in diverse areas of science and industry, including health-

care [4, 71], energy [80, 129, 85], supply chain management [96, 49, 60] etc. Com-

pared to the deterministic model, RO can hedge against the uncertainty by finding

sub-optimal solutions that can work under the ’worst-case’ scenario with a very low

probability of constraint violation. RO models uncertainty by assuming the uncertain

parameters range in uncertainty set(s), which includes all the possibilities of the un-

certainty. The range of the uncertain parameters is controlled by the decision-maker

to determine the sub-optimal solution. Theoretically, the solution under a low degree

of conservatism (uncertainty) is close to the optimal solution but with less robustness

(high violation probability). On the contrary, the solution under a high degree of

conservatism is of lower quality but with more robustness. Therefore, the essential

problem is constructing an appropriate uncertainty set to describe the parameters’

randomness and find the best trade-off between optimality and robustness. Like SP,

RO can also formulate decision-making processes with various time stages, which

leads to one-stage RO and two-stage RO.

1.2.4 Machine Learning Approaches

In recent years, machine and deep learning techniques have witnessed overwhelming

success in shared MoD systems and ITS. By leveraging the historical data, the ma-

chine and deep learning models can forecast accurate outcomes that facilitate further

decision-making in shared MoD systems. Although machine and deep learning ap-

proaches can apply various ITS domains such as visual recognition [177, 180] and

traffic flow prediction [164, 173], we mainly summarize those domains that are closely

related to our study.

• Destination Prediction. Destination prediction focuses on where a trip ends
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that plays a vital role in shared MoD, such as ride-hailing and ride-sharing. A

few works have been done by Convolutional Neural Network (CNN) [98] and

Recurrent Neural Network (RNN) [35].

• Demand Prediction. In contrast to destination prediction, demand prediction

studies where a trip may start. Shared MoD firms can be incredibly benefi-

cial from demand prediction by increasing revenue/income or maximizing so-

cial welfare. Various machine and deep learning approaches have demonstrated

this task, such as least squares support vector machine [65], and ensemble learn-

ing [93] for short-term demand prediction for car-hailing systems, convolutional-

LSTM [68] and graph-CNN [44] to forecast demand in ride-hailing systems.

• Travel Time Estimation. In shared MoD systems, the travel time in a route

or trajectory greatly impacts the optimization solutions. A few research has

been conducted to take advantage of machine and deep learning models for the

travel time prediction, such as support vector regression (SVR) [76], gradient

boosting regression tree method (GBM) [182], Restricted Boltzmann Machines

(RBM) [137], and LSTM [157, 162, 179].

Since machine and deep learning techniques have been successfully applied in

shared MoD systems and ITS under a stochastic environment, we believe that the

quality of the decision-making solutions could be tremendously improved by leverag-

ing the machine and deep learning techniques, which is the major motivation of this

study.

1.3 Problems and Challenges of Shared MoD sys-

tems under Data-Driven Environments

In this section, we summarize and discuss the following four challenges in the shared

MoD systems under the data-driven environment.

• Dynamic Environment. One possible way of describing the shared MoD sys-

tem is to divide the entire framework into demand and supply sides. From this

perspective, one significant characteristic of the shared MoD system is that the

demands (riders/passengers/customers) and supplies (drivers/cabs/vehicles) in
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shared MoD markets change over time. Unless properly managed, mismatches

between demands and supplies (such as a sudden increase of ride requests in a

city zone with fewer drivers/cabs nearby) can cause a significant loss of revenue

to MoD businesses and discourage customers and drivers. Since the drivers

of many shared MoD (e.g., ride-sharing) platforms are often freelancers rather

than full-time workers, it is difficult in practice to enforce their spatial-temporal

availability directly.

• Stochasticity. One of the significant challenges in the MoD applications un-

der the data-driven environment is that uncertainty exists due to the inherent

characteristics. As discussed in the previous section, the shared MoD systems

can be considered as the integration of the four-element tuple from the two-

sided market perspective. Namely, demand side (α), supply side (β), the op-

erational (platform) side (γ), and the objectives (ω). In fact, all four sides

are likely to be subject to uncertainty. For example, on the demand side, the

rider/passenger/customer demand is subject to uncertainty since the number

of service requests during each operational window (time slot) is a sequence of

outcomes that follows a specific type of stochastic process; on the supply side,

the number of drivers (fleet size) is subject to the uncertainty because of the

unexpected vehicle or service availability; on the operational side, such as driver

travel time, travel cost, etc. are also subject to the uncertainty because of the

traffic congestion or the road capacity.

• Large-Scale Optimization. A variety of applications in shared MoD can be

formulated as mathematical optimization models with uncertain parameters us-

ing optimization under uncertainty (will be discussed in the following section)

modeling techniques. These mathematical optimization models will always re-

fer to large-scale optimization problems. For example, stochastic programming

models contain at least one parameter that follows a type of probability distri-

bution (either discrete or continuous), which involves many (infinite for contin-

uous type) scenarios. Consequently, many scenarios are denoted by a huge set

of decision variables and constraints, namely, large-scale optimization models.

In addition, robust optimization considers at least one parameter whose value

varies in a given uncertainty set that may contain infinite scenarios. Therefore,

stochastic and robust optimization models (after reformulation) also lead to
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large-scale optimization models.

• Big Data Characteristics. The real and popular shared MoD applications

are often working under a rich data environment. Specifically, quite a few at-

tributes are formulated in the optimization model; on the other hand, big data’s

spatial-temporal attributes must be considered spatial-temporal features for pa-

rameter prediction 2. For example, in the New York city green and yellow taxi-

cab systems 3, there are over millions of trip records each month. In particular,

the trip record data sets provide spatio-temporal data (rider pickup/drop-off

time and vehicle pickup/drop-off coordinates incorporated).

To sum up, the four challenges significantly impact the optimal solutions for the

decision-maker on the shared MoD platform. Furthermore, the four challenges are

not independent but highly correlated. Specifically, data quality greatly impacts the

predicted (or evaluated) outcomes such as the number of requests on the demand side;

meanwhile, the predicted outcomes involve randomness (or uncertainty) which are

modeled by stochastic programming or robust optimization technique. The different

types of uncertainty lead to different large-scale optimization models.

1.4 Major Contributions

To tackle the issues and challenges in shared MoD systems under the data-driven en-

vironment, we propose a generic learning-based data-driven optimization framework

that integrates the state-of-the-art machine/deep learning algorithms with optimiza-

tion under uncertainty modeling techniques. The holistic framework is illustrated in

Fig 1.

The framework is capable of handling the challenges above in a decent way. Specifi-

cally, the learning component can address challenges 1 and 4. The learning component

involves data processing and various machine learning algorithms. The optimization

component can address challenges 2 and 3. In our research, the optimization com-

ponent refers to stochastic programming or robust optimization along with various

model reformulation and decomposition algorithms such as Benders decomposition,

Lagrangian relaxation, etc. since we mainly focus on optimization under uncertainty.

2In most cases, the prediction using spatial-temporal feature data refers to time-series prediction
3http://www.nyc.gov/html/tlc/html/about/trip record data.shtml
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Figure 1: The generic learning-based data-driven optimization framework

However, the deterministic models and the corresponding algorithms such as branch

& bound, branch & cut, branch & price, and column generation can also seamlessly

be embedded in our framework.

By applying and extending the generic learning-based data-driven optimization

framework, the major contributions based on the three research points are summa-

rized as follows.

• To reduce the vehicle relocation rate and relieve the disequilibrium of the supply-

demand ratios across regions for car-sharing systems, in Chapter 3, we propose

a data-driven optimization framework by integrating the non-parametric learn-

ing algorithm and two-stage stochastic programming modeling technique to

address the one-way station-based car-sharing relocation problem. In contrast

with most existing work that deals with demand uncertainty using predefined

probability distributions, the learning-based framework can handle demand un-

certainty by learning the intrinsic pattern from large-scale historical data and

computing high-quality solutions. To validate the performance of our proposed

approach, we conduct a group of numerical experiments based on the New York

taxicab trip record data set. The experimental results show that our proposed

data-driven approach outperforms the parametric and deterministic models in

terms of business profit, relocation rate, and value of the stochastic solution

(VSS). Most significantly, compared with the deterministic approach, the ve-

hicle relocation rates are reduced by approximately 80%, 70%, and 40% under

small fleet size, medium fleet size, and large fleet size, respectively. In addition,

the VSS of our approach is more than three times higher than the one of Poisson

distribution by average.

Papers related to this research point have been published in the Proceedings
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of International Journal of Intelligent Transportation Systems Research, with

the title of A Data-Driven Approach for Vehicle Relocation in Car-Sharing Ser-

vices with Balanced Supply-Demand Ratios, and the Proceedings of 2020 IEEE

23rd International Conference on Intelligent Transportation Systems (ITSC),

with the title of Reducing Car-Sharing Relocation Cost through Non-parametric

Density Estimation and Stochastic Programming.

• Proactive vehicle guidance strategies are used by ride-hailing platforms to miti-

gate supply-demand imbalance across regions by directing idle vehicles to high-

demand regions before the demands are realized. In Chapter 4, we presents a

data-driven stochastic optimization framework for computing idle vehicle guid-

ance strategies. The objective is to minimize drivers’ idle travel distance, riders’

wait time and the over-supply and under-supply costs of the platform. Specif-

ically, we design a novel neural network that integrates gated recurrent units

(GRUs) with mixture density networks (MDNs) to capture the spatial-temporal

features of the rider demand distribution. The outcome of the neural network is

fed into a stochastic optimization process to compute near-optimal idle vehicle

guidance solutions. The performance of the proposed framework is validated

through numeric experiments using New York yellow taxi trip record data. Our

results show that the MDN-enabled stochastic optimization approach outper-

forms other machine learning-based vehicle guidance models that only utilize

the point estimates of rider demands. In terms of managerial implications, it is

clear from our experiment results that, by adopting data-driven stochastic op-

timization models in their vehicle guidance systems, ride-hailing platforms can

improve rider and driver satisfaction and reduce their operating costs. Most

significantly, we quantify how much benefit we obtain from the data-driven

guidance approach compared with the idle vehicles under negatively correlated

and uniform distributions without guidance. The gap between the idle vehicles

is under positively correlated distribution.

Papers related to this research point have been published in the Proceedings

of 2020 IEEE International Conference on Parallel & Distributed Processing

with Applications (ISPA), with the title of A Data-Driven Dynamic Stochas-

tic Programming Framework for Ride-Sharing Rebalancing Problem under De-

mand Uncertainty, Proceedings of 2021 IEEE 7th International Smart Cities
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Conference (ISC2), with the title of Driver Guidance and Rebalancing in Ride-

Hailing Systems through Mixture Density Networks and Stochastic Program-

ming, and one journal paper has been submitted to Transportation Research

Part C: Emerging Technologies, with the title of Mixture Density Networks

Enabled Stochastic Optimization for Idle Vehicle Proactive Guidance in Ride-

Hailing Systems.

• In ride-sharing services, a vehicle’s travel time significantly impacts the driver

and rider matching solutions for the ride-sharing matching problem. In Chap-

ter 5, we study a one-to-many ride-sharing matching problem where travel time

between locations could be uncertain. The goal is to generate robust ride-

sharing matching solutions that minimize the total system cost. To this end,

we formulate the ride-sharing matching problem as a robust vehicle routing

problem with time window (RVRPTW). To effectively capture the travel time

uncertainty, we propose a learning-based data-driven approach that can dynam-

ically estimate the uncertainty set through deep learning and uses the results

as an input for the robust optimization model. Since this problem is NP-hard,

we further design a hybrid meta-heuristic algorithm that can handle large-scale

instances in a time-efficient manner. We then conduct a set of numeric experi-

ments based on real traffic data to verify the proposed method. The results con-

firm that the proposed data-driven approach outperforms the non-data-driven

one in several important performance metrics, including a proper balance be-

tween robustness and inclusiveness of the matching solution.

Papers related to this research point have been published in the Proceedings

of 2021 IEEE International Conference on Autonomous Systems (ICAS), with

the title of Order Dispatching in Ride-Sharing Platform under Travel Time Un-

certainty: A Data-Driven Robust Optimization Approach, and Proceedings of

2021 IEEE 24th International Conference on Intelligent Transportation Systems

(ITSC), with the title of Ride-Sharing Matching under Travel Time Uncertainty

through A Data-Driven Robust Optimization Approach, and one paper has been

submitted to IEEE Transactions on Intelligent Transportation Systems, with

the title of Dynamic Ride-Sharing Matching under Travel Time Uncertainty

through Data-Driven Robust Optimization.

Furthermore, the three research points are not independent but highly correlated
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in terms of the proposed generic learning-based data-driven optimization framework.

Specifically, we consider two types of data for the learning component, one is indepen-

dent and identically distributed (i.i.d.), and the other is spatio-temporal data. Also,

we consider two types of optimization under uncertainty modeling techniques for the

optimization component. Namely, stochastic programming and robust optimization,

where the former paradigm aims to optimize the objective considering expected sce-

narios, while the latter paradigm focuses on optimizing the objective considering the

worst-case scenario. The connection of the three research points corresponding to the

chapters is shown in Table 1.

Table 1: The connection of the three research points in the corresponding chapters

stochastic programming robust optimization

i.i.d. chapter 3 N/A

spatio-temporal chapter 4 chapter 5

1.5 Outline of the Thesis

The rest of this thesis is organized as follows. In Chapter 2, we classify and summarize

the literature in terms of modeling techniques and methodology. In Chapter 3, we

present our research work on the kernel density estimation-based stochastic program-

ming approach for vehicle relocation problems in one-way reserved car-sharing sys-

tems. In Chapter 4, we present our research on the mixture density networks enabled

stochastic optimization for idle vehicle proactive guidance strategy in the ride-hailing

systems. In Chapter 5, we present our research on the dynamic ride-sharing match-

ing problem considering driver travel time uncertainty through a data-driven robust

optimization perspective. In Chapter 6, we conclude our research work, highlight the

contribution, and discuss the potential research directions.
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Chapter 2

Literature Review

As the theory of machine learning and optimization under uncertainty modeling tech-

niques with their applications in shared MoD systems is evolutionary, this chapter

provides a taxonomy and summary of shared MoD applications in the literature. In

addition, we position our research in the literature.

2.1 Taxonomy

In view of the related work, we present a taxonomy for the shared MoD problems

according to the operational environment. The classification standard is based on two

environmental factors: information availability which involves a deterministic and

stochastic environment, as well as information control, which involves a centralized

and decentralized environment.

The deterministic environment assumes that all the inputs (e.g., rider demand

and supply under the shared MoD context) for the optimization models are known

with perfect information in advance. On the contrary, the stochastic environment

considers that the input parameters are subject to uncertainty which may involve a

group of scenarios, a family of distributions, or uncertainty sets.

The centralized environment aims to solve the shared MoD problems in that a

central operator is in charge of the decision-making solution and allocates the available

resource to the requested users. In this paradigm, the users send information to the

central operator and communicate through the central operator. Compared to a

centralized environment, the decentralized environment allows users on both supply
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and demand sides to work as intelligent agents. The entire shared MoD systems are

formulated as multi-agent systems (MAS) [135] where the agents are assumed to be

self-interested and intelligent to maximize their utility.

In the following section, we summarize the most recent related literature according

to the taxonomy from the perspectives of modeling and methodology.

2.2 Modeling and Methodology

In this section, we review most of the recent relevant literature regarding the opti-

mization of shared MoD problems. Specifically, we mainly focus on the applications

close to our research, namely, car-sharing, ride-hailing, and ride-sharing. Meanwhile,

relevant topics such as EV charging are also incorporated. We classify the literature

with applications according to two dimensions, (1) information availability including

the centralized and decentralized environment, and (2) information control includ-

ing the deterministic and stochastic environment. Therefore, there are four types of

modeling paradigms as shown in Table 2.

Table 2: The classification of existing approaches regarding the shared MoD applica-
tions in literature

Deterministic Stochastic

Centralized

Mathematical Optimization

Decomposition

Meta-heuristic

Stochastic Programming

Robust Optimization

Distributionally Robust Optimization1

Decentralized
Game Theory

Auction
(Deep) Reinforcement Learning

2.2.1 Centralized & Deterministic Approach

In theory, a deterministic model under the centralized environment can reach the op-

timum (if it exists). However, the major difficulty of this method lies in the problem

1Distributionally Robust Optimization (DRO) is one type of optimization under uncertainty
modeling paradigms that aims to optimize the objective function over a family of distributions
(controlled by an ambiguity set). We summarize a few share MoD applications modeled by DRO
although we do not use this modeling paradigm in this research.
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characteristic. For example, the vehicle routing problem (VRP) is inherently NP-

hard. Moreover, as the large-scale optimization challenge discussed in the previous

section, the scalability and computational tractability also hinder the solution solving

in deterministic modeling in real-time. Therefore, decomposition algorithms are usu-

ally utilized to accelerate the problem solving by finding either the upper bound (for

maximization problem) or the lower bound (for minimization problem) of the original

models. By contrast, meta-heuristic algorithms such as Simulated Annealing (SA),

Genetic Algorithm (GA), Particle Swarm Optimization (PSO) can effectively explore

a large search space, although they do not guarantee the global optimal solutions.

These meta-heuristic algorithms are tremendously implemented in real-time shared

MoD applications. In this section, we summarize the decomposition approaches for

exact solutions and meta-heuristic algorithms for approximate solutions in recent

related work.

Decomposition Methods for Exact Solutions

Decomposition algorithms such as column generation, Lagrangian relaxation, and

Branch & X family (X includes Bound, Cut, and Price. Namely, B & B, B & C,

B & P in literature) are normally applied for the large-scale optimization models to

derive the exact or near-optimal solutions. The decomposition algorithms can be

classified into row (constraint) generation and column (decision variable) generation,

and the essential idea is that the original model is separated into a (restricted) master

problem and multiple sub-problems. The optimal solution can then be obtained by

the convergence of upper and lower bounds.

Lagrangian relaxation approach-based work can be found in [149, 123]. For ex-

ample, [149] study a customized bus service network design problem to optimize the

utilization of the vehicle capacity as well as satisfy the customer demand through the

space-time windows. The problem is formulated as a multi-commodity network flow-

based model that is known as a vehicle routing problem with pickup and delivery with

time windows (VRPPDTW). The VRPPDTW variant model is then tackled by the

Lagrangian relaxation technique, where the primal problem is decomposed into two

sub-problems that are solved with the updated Lagrangian multipliers in an iterative

way. Using a similar decomposition strategy, a general queuing-based formulation to

deal with the idle vehicles relocating operation in the on-demand mobility service is
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proposed in [123]. The model is then solved by a Lagrangian decomposition heuristic

to derive a high-quality upper bound. Decompostion-based algorithms are applied

in [91, 147, 102, 174]. For instance, Liu et al. [91] study the endogenous traffic patterns

with uncertainty for future transportation planning and management in ride-sharing

services. The problem is formulated as one arc-based & agent-based integer linear

programming and one path-based & flow-based linear programming model. Further,

multiple decomposition algorithms, including Dantzig-Wolfe decomposition and col-

umn generation are designed to solve the two models. A network flow-based model

to address the carpooling problem is proposed in [147]. The objective is to minimize

the overall cost that involves travel times, vehicle use, and vehicle delays. A tailored

branch and bound algorithm with node selection rule is developed to solve the large-

scale optimization instance. In [102], a multi-hop P2P ride-sharing matching problem

is formulated as a many-to-many matching problem. The original model is processed

by reducing the problem size and then solved by a decomposition algorithm through

solving multiple small sub-problems. Yu et al. [174] explore a green ride-sharing prob-

lem considering the drivers’ interests with dual objectives: one is to minimize carbon

emissions, and the other is to maximize the average profit of all the rides. The issue

is then formulated as a non-linear multi-objective problem where the Pareto optimal

solution is found by a tailored decomposition algorithm.

Meta-Heuristic Algorithms for Approximate Solutions

Meta-heuristic algorithms are a family of intelligent optimization algorithms that are

used to obtain approximate solutions for those problems that are difficult and complex

to solve. Based on the solution generation strategies, the meta-heuristic algorithms

can be divided into single solution-based and population-based meta-heuristics [146].

For the single solution-based algorithms, neigborhood search, Tabu search, and

simulated annealing are used to address the shared MoD issues. For example, Nasri et

al. [110] address a customer-oriented MoD problem where the problem is formulated

as a mixed-integer linear programming model. To overcome the exponential compu-

tational time issue in the large-scale instance, they design an evolutionary descent

method (EDA) that is based on a neighborhood local search strategy. To minimize

the time of the trips, a dynamic ride-sharing problem is studied in [136]. The work

provides a computational efficiency ride-sharing federated optimization architecture
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by proposing a distributed heuristic algorithm that involves an insertion heuristic and

local neighborhood search strategy. [23] discusses a particular type of ride-sharing

problem considering meeting points and return restrictions. The problem is formu-

lated as an MILP model, which is solved by a constructive heuristic based on the

saving concept. The dynamic greedy-based heuristic strategy can effectively con-

struct the ride-sharing plan as the near-optimal solution. Jung et al. [67] investigate

a dynamic shared MoD dispatch problem aiming at two objectives: minimizing the

customers’ total travel time and maximizing the system profit from the served cus-

tomers on the current schedule. The problem is repeatedly solved by the assignment

optimization of the new requests and the updated schedules where three heuristic

strategies - nearest vehicle dispatch, insertion heuristic, and hybrid-simulated anneal-

ing are applied. Cheikh et al. [21] present a dynamic carpooling optimization system

that automatically supports the ride-sharing matching process within short notice and

en-route. To enable the ride-sharing system to operate in real-time, a meta-heuristic

algorithm based on Tabu search is proposed where a transfer process is introduced

to allow the customer to walk a distance to his destination at a transfer node. In

addition, detour operation is used to avoid entrapment by local solutions.

For the population-based algorithms, genetic algorithm (GA) and particle swarm

optimization (PSO) are the most frequently used methods in shared MoD systems.

For instance, Chu et al. [29] study a joint rebalancing and vehicle-to-grid (V2G) coor-

dination strategy for autonomous vehicle public transportation systems. The problem

is formulated as a linear integer programming model where the decision variables are

controlled by Model Predictive Control. Further, GA is introduced to overcome the

original model’s NP-hard property, which can reach very close to the optimal. [56]

studies the ride-sharing matching problem with time windows (RMPTW) in dynamic

ride-sharing systems. The objective is to minimize the total travel distance and travel

time while maximizing the number of matches. The problem is then formulated as a

mixed-integer linear programming model. Since the problem is intrinsically NP-hard,

they propose a tailored GA to solve the large-scale instances under the dynamic en-

vironment. A long-term carpooling system - a particular type of car-sharing system

is investigated in [141]. The long-term carpooling problem with the time window is

explored for the riders with a similar destination. To obtain a solution that guar-

antees fairness, a hybrid algorithm that combines an artificial bee colony, variable
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neighborhood search, and tabu list is proposed. Further, five neighborhood search

strategies are designed to accelerate algorithm convergence and enable the algorithm

to obtain better solution quality. Chou et al. [26] discuss a carpooling service problem

that aims to provide a satisfactory matching solution. A carpooling algorithm based

on PSO with stochastic coding for the particle augment is proposed. The algorithm

process can be realized by local exploration.

2.2.2 Centralized & Stochastic Approach

Since we will systematically summarize and review the shared MoD applications using

stochastic programming and robust optimization modeling techniques in the following

three chapters, in this section, we only consider those share MoD applications for-

mulated by distributionally robust optimization (DRO). We primarily focus on two

research points, the DRO models for the problem formulation and the construction

strategies for the ambiguity set.

Miao et al. study a dynamic vehicle balancing problem [103] and a ride-sharing

vehicle proactive allocation problem [104] in shared MoD systems considering a family

of probability distributions through one-stage DRO models. In [103], to minimize

the worst-case expected cost, the problem is formulated as a one-stage DRO model.

The ambiguity set is constructed on bootstrapping mean and covariance matrix by

leveraging spatial-temporal demand data. In [104], the problem is formulated as

a one-stage DRO model to minimize the worst-case expected cost. In addition, a

novel algorithm is designed for constructing the ambiguity set by leveraging a quad-

tree dynamic region partition approach. The DRO model is then reformulated as a

regular convex optimization model by utilizing duality theory that is computationally

tractable. To improve the electric vehicle (EV) supply-demand ratio and charging

station utilization balancing, [54] develops a data-driven DRO model considering both

demand and supply uncertainty. The goal is to minimize the worst-case expected cost

under the two uncertain factors. Further, an ellipsoid uncertainty set is constructed

from the real traffic data while computational efficiency is guaranteed.

In addition, a few works have attempt to utilize two-stage DRO modeling tech-

nique. For instance, a variety of challenges in shared MoD, including order dispatch,

vehicle repositioning, and vehicle fuel levels management are explored in [185] in a

systematic way. Considering the stochastic demand with partially known statistical
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information, the issue is formulated as a max-profit-min-cost problem through a two-

stage DRO model. The ambiguity set is constructed based on the first and second-

order moment information. The DRO model is then reformulated as a second-order

cone programming (SOCP) model that can be solved by off-the-shelf solvers. She-

hadeh et al. [132] study the fleet sizing and allocation problem for the on-demand

Last-Mile Transportation Systems (LMTS). Assuming the passengers’ demands are

subject to uncertainty with known and unknown probability distributions, they pro-

pose an SP and a DRO model to formulate the problem. The two-stage DRO model

aims at minimizing a linear cost function of the passengers’ total waiting time and

riding time where the number of vehicles along with their routes and the number

of trips on each route are determined during the first-stage. At the same time, the

passenger assignment and waiting time computation are determined during the sec-

ond stage. In addition, a mean-support ambiguity set is constructed from a real data

set. A fleet sizing, routing, and scheduling problem (MFRSP) for the mobile facility

(MF) is studied in [131]. To find out the appropriate fleet size of MFs within the

planning horizon and schedule, they propose a DRO model to minimize the fixed cost

of establishing the MF fleet and a risk measure of the operational cost over a family of

demand distributions. Two construction strategies for the ambiguity set are studied

in this work, where the first ambiguity set is based on the demand’s mean, support,

and mean absolute deviation, and the second ambiguity set is built on Wasserstein

distance.

2.2.3 Decentralized & Deterministic Approach

The supply and demand sides in the shared MoD systems are modeled as intelligent

agents under decentralized environments. Among the modeling approaches under the

decentralized environment, we explore and exploit game theory and auction methods

that are applied for shared MoD systems in this section.

Game Theory

Zhu et al. [188] study ride-sharing services with electric cars as public transporta-

tion vehicles (PV). To tackle the challenges of transportation balance and charging

demand while ensuing long-term operations, a cake-cutting game model is proposed

to capture the interactions among the PVs. The objective is to maximize the PVs
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joint transportation and charging utilities. An algorithm based on the KKT condi-

tion is designed to obtain the unique normalized Nash equilibrium point. To balance

the supply and demand in the ride-hailing systems, [124] study a dynamic pricing

mechanism through game theory and time-series analysis. Furthermore, they iden-

tify how the dynamic pricing mechanism induces anomalous supply shortages. Ruch

et al. [121] present a three-node network model for a one-way MoD system where

the drivers and vehicles are modeled as agents playing a non-cooperative game to

maximize their individual expected profit. Furthermore, Nash equilibria outperform

the system with coordinate agents under different customer load cases. By lever-

aging mechanism design, Bian et al. [10] design a ride-sharing platform with mixed

scheduled and on-demand passenger requests. Specifically, an online hybrid mecha-

nism combing multiple incentive objectives is designed to dynamically optimize for

re-matching and re-routing operations. Meanwhile, a hybrid real-time pricing mech-

anism is also proposed. Zardini et al. [176] present a game-theoretic framework to

explore the interactions between mobile service providers (MSP) in the MoD sys-

tems. The framework involves a parallel-arc congestion game and a game-theoretic

model that optimize the pricing strategy, fleet size, and vehicle design. In more re-

cent work [27, 28, 153], share MoD systems are formulated and tackled as a ‘mobility

game’ to find out the conditions that guarantee the stability of vehicle assignments.

The problem is formulated as linear programming models that maximize the social

welfare of all the participants while guaranteeing the stability of the assignment.

Auction

Nourinejad et al. [112] study a multi-passenger multi-driver dynamic ride-sharing

matching problem where drivers and passengers are modeled as agents. The problem

is formulated as decentralized optimization based on a dynamic auction-based multi-

agent. The auction algorithm returns the optimal solution if no other driver can

offer a ride. Zheng et al. [186] present an auction mechanism for order dispatch and

pricing in the ride-sharing system. The objective is to maximize the overall auction

utility with truthfulness, and individual rationality is ensured. In addition, a greedy

and ranking approach for order dispatching and pricing strategies are proposed to

reach the goal. Shi et al. [133] investigate real-time ride-sharing matching problems

considering the drivers are selfish and heterogeneous. The objective is to maximize
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the social welfare of the ride-sharing platform and vehicles. Two reverse auction-based

incentive order matching mechanisms where drivers bid for the published orders from

the platform are proposed to achieve the goal. Yu et al. [172] explore the intra-city

freight transportation service transaction problem under the carpooling model. To

overcome the problem of underutilized spaces, a truthful carpooling double auction

mechanism is proposed to improve the social welfare and vehicle utilization rate. A

recent work [95] develop a MAS approach to address the multiple pickup and delivery

problem through vehicle routing optimization. Autonomous vehicles are modeled as

independent agents interacting with auctioneers for transportation orders.

2.2.4 Decentralized & Stochastic Approach

Reinforcement learning (RL) [143] is a sequential decision-making paradigm that op-

timizes agents’ utility via the optimal actions interacting with the environment mea-

sured by the total cumulative reward. The objective is to maximize the overall reward

by finding the optimal action sequence. Deep reinforcement learning (DRL) [87], on

the other hand, is one type of RL where the merit of DL is utilized and integrated

with RL. As a state-of-the-art machine learning paradigm, DRL has demonstrated

great potential to address the problems in shared MoD and ITS [117]. In this section,

we summarize a few recent five years of work regarding shared MoD applications that

are solved by (D)RL approaches.

Among the ride-hailing applications, Shi et al. [134] design a framework that is

characterized by DRL and centralized decision-making to address the electric vehicle

(EV) fleet dispatch problem. During the decentralized learning process, DRL is uti-

lized to allow vehicles to report their individual information, and then the centralized

model solves the vehicle fleet coordination problem. The objective is to minimize

the rider’s waiting time, electricity cost, and operational cost by operating the EV

fleet. To reduce the rebalancing cost in Autonomous MoD systems, Gammelli et

al. [40] propose a graph neural networks (GNN) based DRL framework where the idle

vehicles attempt to learn the rebalance behavior such that the ride demand can be

satisfied. With the similar objective but applied in ride-sharing applications, Gueriau

et al. [47] study vehicle relocation and ride request assignment by proposing an RL de-

centralized approach where each vehicle learns the rebalancing and requests selecting

behavior autonomously by leveraging the local current and historical observations.
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Zhang et al. [181] discuss a ride-hailing vehicle routing problem where the dynamic

routing strategy is expected. The problem is formulated as a Markov decision process

(MDP). Moreover, all the drivers are considered as playing an MDP routing game

under the decentralized environment. By accumulating the maximum total expected

reward of all the drivers over time, the ride-hailing system can archive the optimum.

Among the ride-sharing applications, Guo et al. [50] study a ride-sharing vehicle

dispatching and route problem where the vehicle routing decision is formulated as an

MDP, the look-ahead decision is implemented via CNN and double deep Q-learning.

The objective is to improve the service rate, average waiting time, and travel dis-

tance. To proactively dispatch vehicles towards riders, an MoD coordination-learning

mechanism that is formalized into an RL framework is proposed in [55]. The MoD

platform then optimizes the best potential rewards by learning the supply-demand

dynamics. Xie et al. [165] investigate a hybrid shared MoD platform that involves

autonomous vehicles (AV) and conventional vehicles (CV). They focus on the real-

time fleet management decision-making in the shared MoD platform where demand

is subject to spatial-temporal uncertainty, and complex interactions among human

drivers are considered. To tackle the complex challenges, the issue is formulated as a

decentralized decision-making problem where a two-sided multi-agent DRL approach

is applied.

2.3 Summary

In this chapter, we categorize the mainstream literature related to the applications

in shared MoD systems into four different types according to the information avail-

ability and system environment. We summarize the existing work and discuss the

characteristics and challenges of each type. By classifying the related work, we iden-

tify the position of this research in literature, namely, the shared MoD applications

under centralized & deterministic settings considering data-driven environments. We

believe that this taxonomy can enable us to better understand the research gaps in

the current shared MoD systems and highlight our contributions clearly.
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Chapter 3

Kernel Density Estimation

Enabled Stochastic Programming

Model for Vehicle Relocation in

Car-Sharing Services with

Balanced Supply-Demand Ratios

3.1 Introduction

Riding on the wave of the sharing economy, car-sharing services such as Car2go1,

Wunder Mobility2, TURO3, Zipcar4 and Communauto5 play an increasingly impor-

tant role in terms of offering economical and environmentally conscious mobility op-

tions to citizens, especially in highly populated urban areas. For society, car-sharing

services can save parking places and reduce traffic congestion and air pollution [18].

For individual users, it requires fewer ownership responsibilities and fewer costs to

satisfy their mobility needs. In addition, car-sharing systems provide users with a

range of vehicles, which allows them to match vehicles to trip purposes. Despite its

1https://www.car2go.com
2https://www.wundermobility.com
3https://www.turo.com
4https://www.zipcar.com
5https://www.communauto.com
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rather earlier origins, only the past decade has seen significant growth in large-scale

car-sharing businesses in Europe and North America [138, 150, 139, 81, 20], which

can be mainly attributed to the proliferation of the mobile Internet.

For car-sharing services, typically, a customer pays a modest fixed charge plus

a usage fee each time they use a vehicle. Vehicles are usually deployed in a lot lo-

cated in a neighborhood or at a transit station. A customer can reserve a vehicle

through a phone call or the Internet. Once approved, the reserved vehicle is assigned

to the customer who picks it up at an appointed time and leaves it at a specific car-

sharing location, which may be the same as the pick-up point (one-way car-sharing

systems [154]) or anywhere in a specified zone (free-floating car-sharing systems). If

the demand is exactly known in advance, vehicles will be accordingly dispatched to

the car-sharing stations where the demands are expected. However, it is rarely the

case that the demand and supply are perfectly matched. Hence, vehicle relocation

operation is necessary to be taken into consideration. In this context, we are inter-

ested in answering the following two questions, what is the most appropriate initial

inventory level for each car-sharing station, and how to relocate the vehicles between

stations to minimize the vehicle relocation cost (maximize the overall profit) while

balancing the supply-demand ratios across stations.

Recently, combining machine learning (ML) / deep learning(DL) [78] with op-

timization techniques becomes the trend in operations research community [6, 77],

which is known as data-driven optimization. You et al. attempt to leverage the

advantages of ML / DL to make optimization models more realistic in the chemical

industry [111, 130]. In light of the results from recent work using data-driven opti-

mization technique [79], we propose an innovative data-driven approach to address

the car-sharing relocation problem under demand uncertainty. Specifically, we study

a one-way station-based car-sharing relocation problem with multiple stations under

customer demand uncertainty. This problem contains two levels of operational deci-

sions which are formulated as a two-stage decision-making problem where both active

relocation operations (first-stage decision-making) and passive relocation operations

(second-stage decision-making) are considered. The major contributions of this work

are summarized as follows.

• We propose a novel data-driven stochastic programming framework that seam-

lessly integrates parameter learning and optimization under uncertainty.

27



• We address the car-sharing allocation and vehicle relocation problem by formu-

lating a two-stage stochastic programming model, which is solved by combing

sample average approximation and L-shaped decomposition algorithm effec-

tively and efficiently.

• We validate our proposed approach on the New York taxi data sets from July

2016 to June 2019 to show the advantages and merits of our method.

• We discuss the framework extension and shed light on some other potential

applications.

The remainder of the paper is organized as follows. The related literature is dis-

cussed in section 3.2. In section 3.3, we provide the problem statement and formulate

the problem using a two-stage stochastic programming technique. The data-driven

methodology is described in detail in section 3.4. Experimental validations are dis-

cussed in section 3.5. Finally, we conclude our work and shed light on the contribu-

tions in section 3.6.

3.2 Related Work

Three levels of decision-making, namely, strategic level, tactical level and operational

level are involved in the management of car-sharing [16]. Strategic decisions include

determining the station locations, the capacity of stations, and fleet size. Tactical

decisions mainly focus on the management policies that govern the service in the

medium term, such as reservation and pricing policies. Operational decisions include

placing initial inventories at each location and relocating vehicles across the network

to accommodate the realized customer demands. In this chapter, we propose a data-

driven two-stage stochastic programming model to support vehicle relocation decision-

making and initial inventory placing decisions.

Within the realm of city transportation, vehicle relocation problems are exten-

sively studied in the literature. The recent summary of study can be found in [63],

[107]. For the contribution purpose, in the context of car-sharing relocation, we

categorize the problems addressed in the literature into deterministic modeling and

stochastic modeling methods based on their problem settings in terms of handling

uncertainties.
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Due to the tractability of the mathematical model, the deterministic modeling

method is widely applied in a major stream of work, where no uncertainty is consid-

ered in the problem environment. For example, Nourinejad et al. [113] address vehicle

relocation and staff rebalancing by integrating two multi-traveling salesman formu-

lations, where a decomposition strategy is deployed to find the heuristic solution.

To compute profit maximizing relocation solutions for operating hours of car-sharing

services, Gambella et al. [39] develop two model-based heuristic algorithms to solve

the relocation model on large-scale systems where the near-optimal solutions can be

achieved. In [33], the one-way car-sharing vehicle relocation problem is formalized

as a constrained non-linear mixed-integer programming problem. Using the model

decomposition technique, the sub-problems are solved by branch-and-bound and gra-

dient approaches, respectively. Boldrini et al. [13] investigate the relocation of the

shared stackable vehicle from the view of queue theory. The queuing network is con-

structed in their work to study the evolution of vehicle rebalancing under general

user-based relocation policies. Considering a free-floating electric car-sharing system,

the operator-based vehicle repositioning problem is addressed to minimize relocation

drivers’ walking time [75]. Wang et al. [160] explore a framework for the relocation

operations of the one-way electric car-sharing system without reservation information,

where vehicle relocation and staff rebalancing are optimized in two phases. A more

recent work [168] studies the vehicle imbalance issue, which is close to our problem.

An integrated model to determine the optimal requested served, relocation, and route

planning to minimize the daily operational cost is proposed. Besides the conventional

vehicle, an electric vehicle assignment and relocation problem is addressed in [178]

where a novel space-time-battery network flow model is constructed to determine the

optimal solutions.

Although deterministic models are able to formulate the car-sharing relocation

problem in a tractable way, they do not consider the uncertainties in the problem

environments, which hinders their applicability to real-world settings. Therefore, in

another major stream of the current study, stochastic programming is introduced

to address the problem in the uncertain environment. Among others, customer de-

mand is considered as the main source of uncertainty in the car-sharing relocation

literature. Most of the work fall in one-stage or multiple-stage stochastic program-

ming. For example, a systematic approach for planning and operating a one-way
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vehicle-sharing system under demand uncertainty is proposed in [32]. A stochastic

model is formulated to minimize overall cost while achieving a certain level of ser-

vice. Simulation-based methods, particle swarm optimization algorithm, and optimal

computing budget allocation approach are devised to solve the SP model. In [163],

the vehicle rebalancing problem is formulated in a more general shared mobility way,

in which randomly-appearing customers rent generic shared vehicles and the system

operator uses generic rebalancing vehicles to rebalance the system. In particular,

the Poisson arrival process is used to parameterize the probability distribution of de-

mand. Like most of the existing works, the demand arrival process at each of the

stations at each time step is assumed as Poisson distribution. Hua et al. [59] propose

a framework to deploy a one-way electric vehicle sharing system considering demand

uncertainty. A multistage stochastic model is proposed to address the critical chal-

lenge of time-varying uncertain demand. A more recent work [61] studies a one-way

electric car-sharing system (ECS) with unbalanced vehicle distributions and high re-

location costs problems. A data-driven optimization model with the consideration

of demand uncertainty is proposed to construct the ECS relocation problem in this

work, which combines a probability expectation model and a linear programming

problem with real-time data as input. The customer demands are assumed to follow

Poisson distribution, which allows a comprehensive consideration of all possible future

demands.

The above works assume that the uncertain parameters (demand uncertainty, in

most cases) follow a specific probability distribution. For example, Poisson distribu-

tion in many cases. However, this may not be practical in many real applications

since real data is too complex to be estimated by parametric approaches. Unlike the

existing works, we propose a learning-based stochastic programming model to formu-

late the problem by integrating the non-parametric learning approach - KDE and the

stochastic programming modeling technique. The description of the problem is pro-

vided in the following Section 3.3, and the learning-based approach will be discussed

in Section 3.4.
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Figure 2: The workflow of the studied car-sharing system

3.3 The One-Way Station-Based Car-Sharing Re-

location Problem

In this section, we present the one-way, station-based car-sharing relocation problem.

Specifically, we display the system overview and discuss the problem setting in Sec-

tion 3.3.1. In Section 3.3.2, we elaborate on how the system operates for the vehicle’s

active and passive relocation during operating hours. Finally, in Section 3.3.3, the

problem is formulated as a two-stage SP model to maximize the profit by reducing

the holding and moving costs combined. For the sake of clarity, we refer readers to

Table 3 and Table 4 for the acronyms and notations, respectively.

3.3.1 System Overview

We consider a one-way car-sharing system with a set of stations and a fleet of cars

serving a predefined urban area. As illustrated in Fig. 1, this system takes a rolling-

horizon approach by periodically making a time window say, [T1, T2] available for

customers to pick up their reserved cars from the stations. This time window is also

called the operating time window in our work. Before the operating time window,

i.e., during the night, initial car inventories are placed in each of the stations by the

service operator. For the customers, since we consider a ”last-minute reservation”

car-sharing system [15] that means reserving vehicles for a period of time in the near

future, they need to submit their requests within a prescribed time period shortly

before the operating time window, i.e., [T0, T1].

The service operator thus has two levels of operational decisions to make for

each of the operating time windows, namely initial inventory placing and relocation

planning. Before the operating time window, the service operator needs to decide
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the initial inventories in each station and fill the inventory accordingly. Then, at

the beginning of the operating time window (at time T1), all customer requests are

collected. The operator needs to make a relocation plan to minimize the gap between

customer requests and the number of cars in each station. The staff in the car-sharing

firm will be dispatched to the car-sharing stations to finish the relocation operations.

Relocation is necessary since the first operational decision is made before time point

T1, in which the customer requests are unknown to the service operator. Once all

the requests are collected at time T1, relocation decisions are made to deal with the

shortage of inventoried cars at stations and relieve the disequilibrium of the supply-

demand ratios across the stations according to the Value of Disequilibrium of Supply-

Demand Ratios (VDSDR). This is defined in Definition 1. VDSDR is introduced

to describe the equilibrium of the supply-demand ratios between the service regions.

During the relocation phase, the vehicles will be moved from the station with a high

supply-demand ratio) to the station with a low supply-demand ratio to balance the

car-sharing service system. By adopting vehicle relocation operations, the supply-

demand gaps in the regions could be reduced, although not all customer requests

may be satisfied. Notice that the customer requests are collected during the first

operating time window [T0, T1]. Hence, the exact customer demand at each region

is unknown before time T1; while after time T1, the request collection is finished.

Therefore, the real customer demand in each region is known to the service operator.

In this sense, the vehicle relocation operations can be treated as a two-stage decision-

making problem which will be discussed in the following section.

Definition 1. Value of Disequilibrium of Supply-Demand Ratios (VDSDR) is defined

as the absolute difference of supply-demand ratios between two car-sharing stations.

3.3.2 Problem Statement

The two operational decisions form a two-stage stochastic decision-making problem

since the initial inventory decision (first-stage solution) has to be made before the

customer demands realize, and the relocation decisions (second-stage solution) are

made after the customer demands realize. We assume that random customer demands

ω are from the infinite demand sample space Ω with the associated probability π(ω).

Let R be the set of stations. For a station i ∈ R, holding cost hi incurs when placing
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a vehicle at that station. We assume that the holding cost follows a constant daily

rate for the sake of simplicity. Vehicle moving between two stations i, j ∈ R incurs

a relocation cost, denoted by ti,j which involves personnel cost, fuel cost, and other

overheads. Let xi be the first-stage decision variable which denotes the number of

cars to be placed at location i before operating hours. Let yi,j(ω) be the second-stage

decision variable which is the number of cars moving from station j to station i under

demand scenario ω. Let di(ω) represent the random customer demand at station i

under scenario ω, C be the number of available vehicles, and ri be the daily revenue

rate of using a car initially placed in station i. In the proposed optimization model,

these parameters are carefully calibrated based on the real business data and will

be discussed in Section 3.5.1. With the problem settings and notations, the studied

car-sharing relocation problem is formulated as a two-stage stochastic programming

model discussed in the following subsection.

3.3.3 Model Formulation

With the objective of maximizing expected profits given the demand PDF π(ω), the

operator’s decision-making problem can be modeled as two-stage stochastic program-

ming as follows:

max

∫
ω∈Ω

(∑
i∈R

min

{
xi +

∑
j∈R

yi,j(ω)−
∑
j∈R

yj,i(ω), di(ω)

}
ri

−
∑
i∈R

(
hixi +

∑
j∈R

ti,jyi,j(ω)

))
π(ω)dω (1)

s.t.
∑
i∈R

xi 6 C, (1a)

∑
j∈R

yj,i(ω) ≤ max {0, xi − di(ω)} ∀i ∈ R, ,∀ω ∈ Ω (1b)
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∣∣∣∣∣min

{
1,

(
xi +

∑
j∈R

yi,j(ω)−
∑
j∈R

yj,i(ω)

)/
di(ω)

}
−

min

{
1,

(
xk +

∑
j∈R

yk,j(ω)−
∑
j∈R

yj,k(ω)

)/
dk(ω)

}∣∣∣∣∣ 6 β ∀i, k ∈ R, i 6= k, (1c)

x ∈ Z|R|+ , (1d)

y(ω) ∈ Z|R|×|R|+ . (1e)

The objective function (1) is to maximize the overall profit, which is denoted

by the difference between revenue and overall cost (the summation of holding cost

and moving/transferring cost). Constraint (1a) enforces that the overall number of

vehicles placed at the car-sharing stations cannot exceed the number of available

vehicles. Constraints (1b) imply two-fold meanings. Specifically, if the number of

allocated cars at station i is higher than the customer demand at station i, then the

number of vehicles that move out under scenario ω must be less than the difference

of the number of cars at this station and customer demand of this station under

scenario ω. Otherwise, no cars move out from station i under scenario ω. Constraints

(1c) ensure that the VDSDR must be less than the predefined numeric value β under

scenario ω. This group of constraints is introduced to control the balance of the car-

sharing system. Notice that the parameter β greatly impacts the relocation operation.

To be specific, a small value of β will lead the car-sharing system more balanced, which

indicates that more vehicles will be moved between the car-sharing stations, and a

large value of β will lead the car-sharing system less balanced, which implies that

fewer vehicles will be moved between the car-sharing stations. Constraints (1d) and

(1e) specify the types of decision variables.
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3.4 The Non-Parametric Learning-Based Stochas-

tic Programming Framework

In this section, we present the proposed learning-based framework that consists of

three major components, the customer demand PDF learning approach Kernel Den-

sity Estimation (KDE) [46], the two-stage stochastic programming model, and Sam-

ple Average Approximation (SAA) & L-shaped algorithms. Specifically, KDE is in

charge of extracting the demand probability distribution from historical data, the

stochastic programming model focuses on problem modeling, and SAA & L-shaped

decomposition algorithms aim at model reformulation & decomposition.

3.4.1 Extraction of Demand Probability Distribution

Demand estimation uses machine learning algorithms to estimate demand PDFs based

on historical demand data. For the problem addressed in this chapter, we select the

unsupervised learning algorithm - KDE to extract the daily demand PDF of each sta-

tion. In contrast with the parametric methods that assume a distribution type, KDE

is a typical non-parametric approach that can obtain PDF without specifying the

distribution in advance. In fact, KDE can coverage to any PDF asymptotically [125]

which is capable of extracting the exact distribution for any given data set. In the

problem settings, we assume that the daily customer demand at each car-sharing

region is independent and identically distributed (i.i.d.), and the demand follows a

specific probability distribution. If we denote the mapping f : Rl −→ R as the

PDF of customer daily demand at a station, given a set of N i.i.d. daily demands

d1, d2, ..., dN , then the KDE for f can be obtained by the following formula:

fKDE(d) =
1

N

N∑
i=1

l∏
j=1

K

(
dj − dji
hj

)
(2)

where K(·) is the kernel function, hj is the bandwidth for the jth dimension of data,

and l is the dimension of the data. Notice that KDE is subject to the curse of

dimensionality. Therefore, this nonparametric approach cannot perform well under

high-dimensional data. In this work, l = 1 since only customer demands need to be

estimated. We select Gaussian kernel function K(·) : Rl −→ R as the kernel in our
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estimation, which is given below.

K(x) =
1

(2π)l/2
exp

{
−‖x‖

2

2

}
(3)

Finally, given a set of N daily demands, the PDF of d estimated by KDE using

the Gaussian kernel function is displayed below.

fKDE(d) =
1

N

N∑
i=1

1

(2πh2)1/2
exp

{
−(d− di)2

2h2

}
(4)

3.4.2 Model Reformulation

The demand PDF estimated by KDE turns out to be a continuous probability dis-

tribution, implying that there are infinite scenarios in the SP model that lead to

computational intractability. To improve this, we deploy the SAA method as the

sampling strategy to tackle the problem. After that, the two-stage SP model be-

comes a Deterministic Equivalent Model (DEM) shown in the following. The model

then can be decomposed and solved by any off-the-shelf commercial solvers.

max N−1
∑
s∈N

(∑
i∈R

min

{
xi +

∑
j∈R

ysi,j −
∑
j∈R

ysj,i, d
s
i

}
ri −

∑
i∈R

∑
j∈R

ti,jy
s
i,j

)
−
∑
i∈R

hixi

(5)

where N is the number of scenarios.

Since the objective function is non-linear, and constraint (1b) is a non-linear

constraint, we introduce the following auxiliary variables and adopt Big-M method to

linearize the DEM model.

f si = min

{
xi +

∑
j∈R

ysi,j −
∑
j∈R

ysj,i, d
s
i

}
(6)

gsi = max {0, xi − dsi} (7)

zsi = min

{
1,

(
xi +

∑
j∈R

ysi,j −
∑
j∈R

ysj,i

)
/dsi

}
(8)

36



Finally, the two-stage SP model becomes the following large-scale deterministic

model.

max N−1
∑
s∈S

(∑
i∈R

rif
s
i −

∑
i∈R

∑
j∈R

ti,jy
s
i,j

)
−
∑
i∈R

hixi (9)

s.t. f si ≤ xi +
∑
j∈R

ysi,j −
∑
j∈R

ysj,i ∀i ∈ R, ∀s ∈ S, (9a)

f si ≤ dsi ∀i ∈ R,∀s ∈ S, (9b)

f si ≥ xi +
∑
j∈R

ysi,j −
∑
j∈R

ysj,i −Musi ∀i ∈ R,∀s ∈ S, (9c)

f si ≥ dsi −M(1− usi ) ∀i ∈ R,∀s ∈ S, (9d)

∑
i∈R

xi 6 C, (9e)

gsi ≥ xi − dsi ∀i ∈ R,∀s ∈ S, (9f)

gsi ≥
∑
j∈R

ysj,i ∀i ∈ R,∀s ∈ S, (9g)

gsi ≤ xi − dsi +Mvsi ∀i ∈ R,∀s ∈ S, (9h)

gsi ≤
∑
j∈R

ysj,i +M(1− vsi ) ∀i ∈ R,∀s ∈ S, (9i)
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∣∣∣∣∣zsi − zsk
∣∣∣∣∣ ≤ β ∀i, k ∈ R, i 6= k, ∀s ∈ S, (9j)

zsi ≤

(
xi +

∑
j∈R

ysi,j −
∑
j∈R

ysj,i

)/
dsi ∀i ∈ R,∀s ∈ S, (9k)

zsi ≤ 1 ∀i ∈ R,∀s ∈ S, (9l)

zsi ≥

(
xi +

∑
j∈R

ysi,j −
∑
j∈R

ysj,i

)/
dsi −Mwsi ∀i ∈ R,∀s ∈ S, (9m)

zsi ≥ 1−M(1− wsi ) ∀i ∈ R,∀s ∈ S, (9n)

x ∈ Z|R|+ , (9o)

y ∈ Z|R|×|R|×|S|+ , (9p)

z ∈ R|R|×|S|+ , (9q)

f ∈ Z|R|×|S|+ , (9r)

g ∈ Z|R|×|S|+ , (9s)

u, v, w ∈ {0, 1}|R|×|S|. (9t)
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3.4.3 Model Decomposition

Depending on the number of samples chosen in SAA, the reformulated two-stage

SP model leads to a large-scale optimization model. In this work, the L-shaped

decomposition algorithm [152] is introduced to solve the reformulated model. In

particular, the large-scale optimization model is decomposed into a master problem

(MP)

max

(
−
∑
i∈R

hixi + θ

)
(10)

s.t.
∑
i∈R

xi 6 C, (10a)

θ 6 Q(y) (10b)

and a group of subproblems (SUBP)

Q(y) = max N−1
∑
s∈N

(∑
i∈R

rif
s
i −

∑
i∈R

∑
j∈R

ti,jy
s
i,j

)
(11)

s.t. constraints from (9a) to (9n) except (9e) and (9o)

TheMP and SUBP (in the dual form) are solved iteratively to compute the solu-

tions. During each iteration,MP is solved, and the resulting values are adjusted and

assigned to SUBP . The complete algorithm can be summarized as in Algorithm 1,

where UB and LB denote the upper and lower bound of the solution, respectively. ξ

is a small factional number.

3.5 Numerical Experiment

We evaluate the performance of the proposed approach through a group of numerical

experiments using the daily demands derived from New York City taxi trip data
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Algorithm 1 L-shaped Decomposition for the Proposed Two-Stage SP Model

Input: MP ,SUBP , ξ

Output: the first-stage optimal solution x∗

1: UB ← +∞,LB ← −∞;

2: while UB−LBUB ≥ ξ do

3: solve SUBP

4: if SUBP is infeasible then

5: the original model is infeasible

6: else

7: add the optimal or feasible cuts to MP

8: LB ← max
{
LB , value of SUBP − hT x̄

}
9: end if

10: solve the MP model to obtain x∗

11: UB ← min {UB , value of MP}

12: end while

13: return x∗
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sets 6. KDE and two other parametric approaches, including Laplace and Poisson

are used to derive demand probability distributions for the SP model. We compare

KDE with these parametric methods in terms of how they impact the revenue and

moving costs of initial inventory placing and relocation after demand is revealed. The

performance of a deterministic model using average demand as inputs without using

SP is also added to the comparison. Finally, we explore and show the two-stage

decision-making under different approaches based on a daily record.

3.5.1 Experiment Setup

The SAA, KDE, L-shaped, and parametric density estimation methods are imple-

mented using Python 3.7. The mathematical models are solved by Gurobi 7 9.0

academic version. The time limit of SP model solving is set to 600 seconds. The pa-

rameters α, ξ and N in SAA are set to 5%, 1% and 200, respectively. All experiments

are run on a PC with Intel i7, 16GB RAM, Windows 10. There are two types of

renting rates in the real car-sharing business, namely, hourly rate and daily rate. As

we do not know how long the individual customer will use the vehicle, for the sake of

simplicity, we set the daily rate to $90, which is the same as Car2GO New York city

daily rate 8 9. However, the value of this parameter should be set according to the

customer’s trip duration. The daily holding cost of a car is set to be $40 10. The vehi-

cle relocation cost is estimated as the cost of taking a taxi between the two locations

in question, roughly $3.2 per kilometer plus initial charge $2.5 11 where the fuel and

personnel costs are included. The gaussian kernel function is selected as the KDE

kernel. Notice that a small bandwidth value will lead to KDE overfitting; a large one

will lead to underfitting. To avoid this, the value of bandwidth h is determined by

the demand data cross-validation in the following experiment.

6https://www1.nyc.gov/site/tlc/about/tlc-trip-record-data.page, visited April 13th, 2021
7https://www.gurobi.com/academia/academic-program-and-licenses/, visited April 13th, 2021
8https://www.zipcar.com/pricing, visited April 13th, 2021
9https://www.enterprisecarshare.ca/ca/en/home.html, visited April 13th, 2021

10https://www.cbtnews.com/dealers-experts-discuss-inventory-holding-cost-erosion, visited April
13th, 2021

11https://www1.nyc.gov/site/tlc/passengers/taxi-fare.page, visited April 13th, 2021

41




