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ABSTRACT 

Development, Modeling and Design Optimization of a Variable Stiffness and Damping 

Bypass MR Fluid Damper with Annular-Radial Gap 

 

Moustafa Abdalaziz, Ph.D. 

Concordia University, 2022. 

 

Magneto-rheological (MR) fluid dampers (MRFDs) are adaptive semi-active devices that hold 

great promise for real-time vibration control applications due to their field-dependent damping 

properties, fail-safe feature, fast response (in milliseconds), and low power requirement. While 

MRFDs have been successfully developed for on-road vehicles and civil engineering applications, 

very limited studies have been conducted on the development of MRFDs for off-road and 

particularly tracked vehicles. Furthermore, MRFDs with combined annular and radial bypass fluid 

channels have recently shown superior performance compared with those conventional MRFDs 

with single annular/radial fluid gaps. However, limited studies have been dedicated toward 

developing such MRFDs with the combined fluid flow path. There are also limited research studies 

on MRFDs with variable damping and variable stiffness (VSVD), which can significantly enhance 

the vibration isolation performance as compared with traditional variable damping MRFDs. Many 

key aspects of VSVD-MRFDs, such as design, physic-based modelling, and experimental 

characterization, have yet to be addressed. The existing VSVD devices are complicated in design 

and have a limited capacity to be implemented in practical applications. 

To address the above-mentioned knowledge gaps, in this research dissertation, a large-scale 

bypass MRFD with an annular-radial valve was designed and developed. The developed MRFD 

possesses VSVD properties and can be implemented in off-road tracked vehicles. For this purpose, 

first, a quasi-static physic-based model of the proposed MRFD was formulated using the Bingham 

plastic characteristics of the MR fluids. The magnetic circuit of the MR valve (MRV) was 

analytically formulated to evaluate the magnetic flux densities in MR fluid gap regions. Magneto-

static finite element model of the MR valve has also been conducted to verify the analytical results. 

A design optimization problem was subsequently formulated to identify the optimal geometrical 

parameters of the MRV to maximize the damper dynamic range under specific volume, 

geometrical and magnetic field constraints. The optimized MRV can theoretically generate an on-

state damping force and high dynamic range of 7.4 kN and 6.7 under a piston velocity of 12.5 

mm/s. The damper also has a large piston stroke of 180 mm that makes it suitable for off-road 

vehicle applications. 

In the next step, a physic-based model was developed to theoretically investigate the non-

linear dynamic behaviour of the proposed MRFD. The developed physic-based model, which is 

also based on MR fluid Bingham behaviour, can consider the unsteady behaviour of the MR fluid. 

In contrast to widely use phenomenological models, which are experiment based in which their 

characteristic parameters must be identified from experimental data, the proposed dynamic model 

depends only on the physics of the problem with no parameters to be identified experimentally. 

This is of paramount importance for the analysis and design of MRFDs at early design stages. 

Results from the model suggest that the MRFD experiences non-linear hysteresis behaviour due 

to the unsteady MR fluid behaviour at high loading conditions (e.g., large deformation and high 

frequency). The dynamic model was further modified to consider the fluid compressibility effect, 
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which has been mostly neglected in previous studies, despite its significant contribution to the 

hysteretic response of MRFDs at low-velocity regions.  

The proposed MRFD was fabricated and experimentally characterized to validate the design 

optimization strategy and examine the developed quasi-static, dynamic, and modified dynamic 

models. Extensive experimental tests were conducted to investigate the dynamic characteristics of 

the proposed MRFD considering wide ranges of excitation frequency, loading amplitude, and 

electrical currents. Figure of merits, including equivalent viscous damping and dynamic range 

obtained from experiential data under varied loading conditions were in good agreement with those 

obtained theoretically. Results also suggest the proposed modified physic-based dynamic model 

could provide an accurate description of the non-linear hysteresis behaviour of the MRFDs 

observed experimentally. 

Finally, the developed bypass MRFD has been designed and integrated with a mechanical 

spring to realize VSVD capability for the MRFD. The proposed bypass VSVD-MRFD with an 

annular-radial gap was also experimentally characterized. The dynamic characteristics of the 

VSVD-MRFD were conducted under a wide range of excitation frequency, loading amplitude, and 

electrical current. The force-displacement, and the force-velocity hysteresis curves were obtained. 

Both the equivalent stiffness and damping, dynamic range, and their dependency on the loading 

conditions were investigated. The results revealed that the VSVD-MRFD is capable of adjusting 

its stiffness and damping properties to a large extent, thereby providing a high damping force and 

dynamic range. 

The developed dynamic physic-based model can provide an essential guidance on 

development of bypass MRFD with annular-radial gap at early design stages. The proposed novel 

VSVD-MRFD can also be potentially employed in off-road suspension systems for suppressing 

the vibration amplitude under unexpected loading conditions. 
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NOMENCLATURE 

 
  

𝐹𝑑 Static damper force 𝐵 Magnetic flux density 

𝐹𝑠𝑔 Spring force 𝐴𝑓 Floating piston cross-sectional area 

𝐹𝜂  Viscous force 𝐷𝑓  Floating piston diameter 

𝐹𝜏 Controllable yield force 𝐶𝑣𝑖𝑠 Passive viscous coefficient 

∆𝑃𝜂 Pressure drop due to viscous 𝑅d 
Annular channel radius 

∆𝑃𝜏  Pressure drop due to shear stress 𝑅o 
Radial gap outer radius 

∆𝑃𝑎 Pressure drop in the annular gap 𝑅i 
Radial gap inner radius 

∆𝑃𝜂𝑎 Pressure drop due to viscous in the annular gap 𝜆𝑑 Dynamic range 
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CHAPTER 1 

2. INTRODUCTION AND SCOPE OF THE THESIS 

Vibration has a significant adverse effect on human operating ground vehicles which may 

range from chronic neck and back pain and reduced functionality to spinal injury under prolonged 

exposure to whole-body vibration (WBV) [1–4]. Moreover, excessive vibration can cause the 

premature failure of elements in vehicles[5,6]. The vehicle’s primary suspension system plays a 

major role in the mitigation of WBV [7,8]. Suspension systems can be categorized as passive, 

active, and semi-active systems. The passive suspension systems typically consist of spring and 

damping elements in which their constant parameters are designed for specific operating condition 

(e.g., around a fixed frequency). Although passive systems have been widely used in vehicle 

suspension systems due to their reliability and cost-effective features, they have shown 

performance limitations under varied operating conditions [9]. The active suspension systems can 

perfectly neutralize vibration in a broad range of excitation frequencies by providing variable 

external actuation forces. However, the practical implementation of such active systems has been 

generally limited mainly partly due to the complex control hardware and large power requirements 

to generate the required control forces, apart from reliability issues [9]. Semi-active suspension 

systems, alternatively, are able to provide a unique compromise between the passive and active 

suspension systems. Since they have a fail-safe system, thereby providing the reliability of passive 

systems while maintaining the fast response and adaptability of active systems without requiring 

complex control systems and large power [10–12]. Semi-active systems are being designed based 

on smart materials, in which their properties can be reversibly controlled via external stimuli. 

Among many smart stimuli-responsive materials for developing semi-active systems, magneto-

rheological (MR) materials (MR fluids and elastomers) have shown great promise for such 

applications as they possess fast and adjustable properties in response to an external magnetic field. 

Compared with MR elastomer devices, MR fluid-based devices, such as MR fluid dampers 

(MRFDs), have received growing interest in developing semi-active seat suspensions. This is due 

to the unique capability of MR fluid devices that can provide variable large damping force by 

changing their rheological properties (yield strength and apparent viscosity) through the 

application of an external magnetic field while, more importantly, allowing larger 

stroke/deformation as compared with MR elastomer based devices [13]. 
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MRFDs consist of typical cylinder-piston units integrated with an MR valve. MRFDs can also 

be classified into internal and external (or bypass) configurations depending on the location of 

their MR valves [14–17]. The internal MRFDs typically offer a more compact design as compared 

to bypass MRFDs. Internal MRFDs, however, can generate quite lower damping force, and they 

also offer lower stroke limits in comparison with bypass MRFDs. Moreover, the assembly, 

fabrication and maintenance of the internal MRFDs are associated with many complexities and 

limitations. In contrast, bypass MRFDs can provide larger damping force and permit larger strokes 

with easy maintenance and design modifications compared to internal MRFDs. Bypass MRFDs 

unavoidably require more space to be integrated within mechanical systems as compared with 

internal MRFDs. 

MRFDs, typically possess annular or radial fluid paths, can offer mainly variable damping 

characteristics without offering any significant stiffness modulation [18]. MRFDs with combined 

annular and radial fluid channels have recently shown superior performance as compared with 

those conventional MRFDs with single annular/radial fluid gap [19–21]. Nonetheless, limited 

studies have focused on developing MRFDs with a combined annular-radial gap. Besides, the 

current state-of-the-art  MRFDs have been designed and commercialized in small-scale sizes for 

applications in on-road vehicles [22,23]. However, the development of large-scale MRFDs has 

been mainly limited to civil infrastructures [24,25]. Limited works have considered designing 

MRFDs for off-road vehicles especially tracked vehicles, which generally operate in extreme road 

excitation conditions that affect the vehicle’s dynamic performance. 

Vehicle suspension systems consist mainly of two major components, the elastic element and 

the damping element. Apart from damping elements, as the controllability of the elastic elements 

increases, they can provide better vibration isolation performance under a wider range of 

frequencies [26]. Recently, MRFDs with variable stiffness and variable damping (VSVD) 

capabilities have become increasingly desirable as they can provide vibration control over a wider 

range of frequencies compared with traditional MRFDs with just damping variability. The 

damping adjustability can only reduce the vibration amplitude, particularly at the resonance 

frequency, whereas stiffness tuneability can vary the natural frequency, thereby mitigating 

vibration significantly. Using VSVD devices, the transmission of vibrations across a wide range 

of frequencies can be efficiently reduced [27,28]. Furthermore, being able to vary the stiffness 
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allows for good ride comfort without sacrificing good handling. This is because good ride comfort 

requires a soft suspension, whereas good handling demands a stiffer suspension. VSVD-MRFDs 

are currently in their infancy stage. The design, and developments of VSVD-MRFDs, have yet to 

be addressed. It is also worth noting that most of the developed models that permit designing 

MRFDs in their early stage of design, are based on quasi-static models. While these models can 

effectively use to predict the damping force as well as the equivalent viscous and MR effect, they 

are not able to capture the dynamic hysteresis behaviour of MRFDs due to ignoring the unsteady 

behaviour of MR fluids. Moreover, despite the important effect of fluid compressibility, it has been 

mostly neglected in the literature [29,30]. Hence, the development of physic-based dynamic 

models for MRFDs has also yet to be addressed. 

This dissertation research, thus, presents the development, modelling, optimal design, and 

dynamic characterization of large-capacity bypass VSVD-MRFDs with annular-radial MR valve 

(MRV) for applications in off-road vehicles. A theoretical quasi-static model was firstly 

formulated using the Bingham plastic behaviour of MR fluids. In parallel, analytical and numerical 

evaluations have been implemented to analyze magnetic flux density within the magnetic circuit 

of the designed MR valve. In order to achieve a high dynamic range, the magnetic circuit 

parameters and geometrical dimensions of the MR bypass valve were optimized. The dynamic 

range is defined as the ratio of the maximum damping force occurring at the maximum applied 

current to the corresponding damping force at the off-state condition. In the early stages of the 

design process, without experimental identification of the damper's parameters, a physics-based 

dynamic model based on the Bingham-plastic model was also developed to predict the proposed 

MRFD behaviour considering unsteady fluid behaviour. The proposed model was further modified 

to consider the fluid compressibility effect on the hysteretic responses of MRFDs. For validation 

of the design optimization strategy, the developed quasi-static, dynamic, and modified dynamic 

models, a comprehensive experimental dynamic characterization of the fabricated MRFDs has 

been conducted under various magneto-mechanical loading conditions (displacement, rate, and 

current). The dynamic properties of the proposed VSVD-MRFD in terms of dynamic range, 

equivalent viscous damping, and equivalent stiffness were also investigated. 
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2.1 Literature review  

In this section, the pertinent reported studies related to the development of MRFDs and 

VSVD-MRFDs are briefly discussed to illustrate the critical knowledge gaps and formulate the 

dissertation's scope. The subsequent chapters summarize the reported studies relevant to the 

specific topics. 

2.1.1 MR fluid  

Magnetorheological (MR) fluids are smart materials that their behaviour can be varied under 

the application of a magnetic field. MR fluid (first discovered by Jacob Rabinow in the late 1940s) 

was employed in the development of adaptive variable damping devices that were realized in the 

early 1990s [31,32]. The rheological properties (e.g., apparent viscosity) of MR fluids can be 

rapidly, reversibly, and dramatically changed by applying an external magnetic field. Significant 

research was conducted by Lord Corporation [33] to design and fabricate different types of stable 

MR fluids that could be practically utilized under different environmental conditions. The MR 

fluid is basically composed of micron-sized ferromagnetic particles such as carbonyl iron particles 

dispersed in a carrier liquid such as silicon oil, surfactants and other additives for improving 

oxidation stability. Typically, ferromagnets that cause changes in fluid properties are preferred to 

have high saturation magnetization amplitudes, low coercivity and are coated with anticoagulant 

materials of low density [13]. Optimizing the volume fraction of the particles is essential since a 

lower volume fraction makes sedimentation easier to control, but also results in lower yield stress. 

These particles within a specific diameter size distribution (approximately in the range of 0.1 to 

10 μm) can have a maximum volume fraction without causing an unacceptable increase in zero 

field-viscosity. Ideally, carrier fluids should have low viscosity, high lubricity, low-temperature 

viscosity dependent properties, and low cost. They also should be compatible with ferromagnetic 

particles and be environmentally friendly [34]. Surfactants such as ferrous naphthenate, stearic and 

oleic acids are generally added to reduce the sedimentation of the heavy magnetic particles in the 

liquid medium and also to enhance the distribution of the particles in the carrier [35,36].  

In the absence of the applied magnetic field, the MR fluid particles are randomly dispersed 

inside the fluidic medium, as shown in Figure 2-1(a). Once the magnetic field is applied, the 

magnetic particles form chain-like structures along the direction of the applied magnetic field, as 

shown in Figure 2-1(b), thus varying the rheological properties (yield strength and apparent 
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viscosity) of the MR fluid. Therefore, MR fluids can vary from free-flowing fluid condition to a 

semi-solid state through variation in the applied magnetic field. Like other non-Newtonian fluids, 

the MR fluid does not flow (pre-yield) until the induced shear stress reaches and exceeds the yield 

strength of the material (post-yield). The yield strength and apparent viscosity of MR fluids 

directly depend on the applied magnetic field and increase by increasing the applied magnetic field 

intensity. It is preferred that MR fluids have low zero-field viscosity and coercivity of particles 

and can achieve maximum yield stress in the presence of the magnetic field. The MR fluid yield 

stress can be increased by increasing the volume fraction of MR particles or increasing the strength 

of the applied magnetic field. However, increasing the volume fraction of MR particles results in 

increasing the material’s overall off-state viscosity besides increasing the weight of the MR-based 

devices. On the other side, increasing the magnetic field demands a higher power requirement.  

  
Figure 2-1. Effect of magnetic Field on MR fluid (a) magnetic field off and (b) magnetic field 

on. 

It has been shown that the developed shear yield stress in MR fluids can be approximated as 

either the exponential function or the polynomial function of order two or three with respect to the 

applied magnetic field density as [37]: 

Exponential function:  𝜏𝑦(𝐻) = 𝜏0 + 𝛼𝐻
𝛽 (2-1) 

Polynomial function:  𝜏𝑦(𝐻) = 𝜏0 + 𝐶1𝐻 + 𝐶2𝐻
2 + 𝐶3𝐻

3 (2-2) 

The exponential function can accurately predict the magnetic saturation of MRF yield stress; 

however, at low magnetic fields, it exhibits large errors. When the intensity of the applied magnetic 

field is low, the polynomial function is effective at predicting MRF yield stress. Furthermore, the 

higher order polynomials can predict the yield stress more accurately. Practically, third order 

polynomials are appropriate. Polynomial functions, however, cannot accurately describe the 

saturation of yield stresses. Consequently, a saturation constraint needs to be included in the 

function. 
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It is noted that MR fluids in MR fluid-based devices may operate under the valve (flow), shear, 

squeeze, combined valve and shear, and pinch modes, as shown in Figure 2-2 [38]. 

  

(a) (b)  

 
 

(c) (d) 

Figure 2-2. MR fluid operation modes [38] 

(a) valve mode, (b) shear mode, (c) squeeze mode, (d) pinch mode. 

In the flow mode, shown in Figure 2-2(a), the pressure difference between two points on the 

fluid path causes an MR fluid to move between two parallel surfaces (plates). The valve or flow 

mode is typically used in MRFDs for primary vehicle suspension systems and seat suspension [39–

41], bridges and buildings stable cables [42–44] and recoil systems [45]. Also, the flow mode can 

be used in landing gear [46] and vibration isolation mounts for large magnitude excitation [47]. 

The shear mode is illustrated in Figure 2-2(b), in which fluid flows between two parallel plates 

due to the relative motion of one plate with respect to the other plate. Since it requires a large area 

to generate enough force, the shear mode is generally less efficient than the valve mode [48]. 

Vibration isolation mounts for small magnitude excitation [49,50], MR fluid brakes [51–53] and 

MR fluid clutches [54] typically operated in the shear mode. A squeeze mode, exhibited in Figure 

2-2(c), involves the fluid being squashed between two parallel plates moving perpendicular to the 

fluid flow direction. In order to squeeze the MR fluid, a considerable amount of force is required, 

thus the squeeze mode is used in locking devices and vibration isolation systems for small 
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magnitude excitations, such as the engine mount [55], journal bearing [38] and MR fluid dampers 

[56]. In the pinch mode, depicted in Figure 2-2(d), the magnetic poles are arranged axially with 

the MR fluid flow and separated by a non-magnetic material. Consequently, the magnetic flux 

passes in a parallel direction to the fluid flow and generates a non-uniform concentrated magnetic 

field in the vicinity of the non-magnetic spacer. This mode is utilized in controllable orifice valves 

[57,58] and medical applications [59]. 

Modelling of MR fluids is a fundamental necessity for the development of physic-based 

modeling and optimal design of MR fluid based-devices. Different models have been formulated 

to describe the linear visco-elasticity (pre-yield region) and visco-plasticity (post-yield region) 

behaviour of MR fluids. Maxwell and Kelvin–Voigt models [60] have been widely employed to 

describe the linear viscoelastic behaviour of MR fluids in pre-yield region. In MRFDs, MR fluids 

are mainly operating in post-yield region and thus the effect of pre-yield region is generally 

neglected [61–63]. The Bingham plastic and the Herschel-Bulkley models [64,65] are the most 

popular visco-plastic models to describe the post-yield behaviour of MR fluids. Bingham plastic 

model has been widely used to model the MR fluids shear stress-shear strain-rate behaviour in the 

post-yield region [66,67]. At a very high shear rate, MR fluids may experience shear thinning or 

shear thickening behaviour. Hershel-Bulkley's model has been effectively utilized to capture these 

phenomena [68]. The Bingham and Hershel-Bulkley models can be described by the following 

equation in which n=1 represents the Bingham model while (n<1) and (n>1) represent the Hershel-

Bulkley model addressing the shear thinning and shear thickening behaviour, respectively. 

𝜏 = 𝜏𝑦 + 𝜂 (
𝑑𝑢

𝑑𝑦
)
𝑛

 (2-3) 

Figure 2-3 shows the behaviour of MR fluids based on these models in the post-yield region. 

It should be noted that in the pre-yield region, MR fluids typically behave like linear viscoelastic 

materials with field-dependent complex shear modulus. 



 

8 

 

 
Figure 2-3. General behaviour of MR fluids in post-yield region. 

 

2.1.2 MR fluid dampers (MRFDs) Technology 

MRFDs are semi-active adaptive devices that utilize the field-dependent properties of MR 

fluids to generate controllable damping forces for many vibration control applications. A typical 

internal MRFDs mainly consists of a piston with an orifice and embedded magnetic coil travelling 

inside a cylindrical housing filled with the MR fluid, an accumulator with a diaphragm, and 

sealing, as shown in Figure 2-4(a). In bypass MRFDs, the MR valve is placed outside of cylindrical 

housing, as shown in the double-ended bypass MR damper shown in Figure 2-4(b). 

 

(a) 

 

(b) 

Figure 2-4. Construction of MRFD (a) internal valve [37] (b) bypass valve [69]. 
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MRFDs are mainly operating in valve mode. The MR fluid passes through the small orifice 

in the piston (also MR valve) due to the pressure drop across the orifice caused by the movement 

of the piston inside the cylinder. The MR fluid is then magnetically activated through the orifice 

passage using an embedded electromagnet. Through the application of the magnetic field, the 

apparent viscosity and yield strength of the MR fluid vary and subsequently, change the equivalent 

viscous damping of the device. Thus, by applying current to the electro-magnetic coil, the damping 

force can be continuously controlled. The amount of damping force is proportional to the applied 

current and excitation velocity but only can be controlled via the applied current. 

MRFDs have been implemented in various applications including suspension systems of 

many luxury cars [70,71], motorcycles [72], military vehicles [73–75], helicopters [76], 

ambulances [77] and railway [78], vehicles seat suspension [79,80], civil buildings and bridges 

cushions [24,81], medical applications such as prosthetic leg, dental implant surgery and robotic 

surgery [82,83], washing machines [84], aircraft landing gears [85,86], and gun recoil systems 

[87,88]. The performance of different MRFDs used in various applications is represented in 

Appendix A. The data manifest that MRFDs can offer a wide range of force, velocity and 

displacement for integrating with real-world applications. The force scales of MRFDs in 

automotive applications are relatively lower than those being used for railway and civil 

applications. In the households and prosthetics applications, the scale of damping forces is 

significantly smaller than in the other applications mentioned. Also, commercial MRFDs for 

automotive applications operate at low values of motion frequency and amplitude. However, 

military tracked vehicles operate at a wider range of frequencies and large-scale amplitudes. In 

addition, these types of vehicles require high damping forces and dynamic ranges [89]. 

Nonetheless, designing large-scale MRFDs are associated with many challenges as compared with 

small-scale MRFDs, largely due to the effects of inertia (which can cause unsteady behaviour of 

MR fluid), turbulence, viscoelasticity and fluid compressibility [87,90]. MRFDs can be classified 

according to the design and application requirements into three types: the mono-tube [91], the 

twin-tube [92], and the double-ended [93]. Among them, the mono-tube MRFDs are the most 

common and widely used MRFDs due to their simple design and compactness. Another 

classification of MRFD is based on the number of coils known as single coil and multiple coils 

MRFDs [94,95]. Single-coil MRFDs are compact and have less design complexity, but they have 

lower dynamic range, efficiency and responsiveness [96]. According to geometrical arrangements 
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of the fluid gaps, MRFDs may also be categorized into annular gaps, radial gaps and multiple 

annular and radial gaps [94,97]. Advantages of the annular gap in MRVs include but not limited 

to compact design, faster response time and high efficiency in on/off state [98]. However, it leads 

to elongation of the MRV, especially when high damping force is required. On the other hand, the 

radial gap MRVs have the flexibility to generate high damping force with the shorter longitudinal 

flow channel length. Besides, they are easier to be fabricated. However, the radial gap MRVs are 

hard to be designed in a compact size [99]. Multiple annular-radial MRVs can attain greater 

performance by producing higher yield stress, but they have a complex design and are difficult to 

be manufactured [19,100,101]. An annular-radial gaps MRV was investigated by Wang et al.[102]. 

In contrast to other types of MRVs, this arrangement offered a high-pressure drop. 

MRVs are the main unit of the MRFDs, which are responsible for controlling the damping 

force and magnetic actuation [103]. According to the placement of the MR valve with respect to 

the MRFDs cylinder, these valves can be categorized as internal (bypass) valves [104–107] and 

external (bypass) valves [108–111], as shown in Figure 2-4. Internal valves are typically fitted 

within damper main pistons, with their magnetic circuits supplied by current flowing through the 

piston rod [106]. The viscous damping force is controlled by changing the ratio of the MR fluid 

gap cross-sectional area to the piston cross-sectional area [75]. Due to their high performance, 

compactness, sedimentation controllability, and ease of design, internal valve MRFDs have been 

implemented in a variety of applications [15,93,112,113]. The internal valve MRFDs, however, 

have many drawbacks, such as limited damping force and stroke in a specific volume, and 

restricted valve installation space. In addition to wiring complexity, difficulty in fabrication, 

assembly, maintenance and modifications, excessive thermal heat affects the operation of the 

magnetic circuit [114]. External coil or bypass MRFDs are simpler in design, have more heat 

transfer capability, and more importantly, offer higher damping force as compared with internal 

MRFDs [94]. 

The bypass valve is not integrated into the damper main piston, thus there is no need for the 

magnetic wire to pass through the piston rod [109,111]. The performance of the bypass MRFDs is 

largely dependent on the MRV materials properties, piston area, cylinder length, thickness and 

arrangement of bypass fluid flow gaps. As mentioned above, the MRFDs with bypass MRV can 

provide large damping force as well as a dynamic range while also providing larger stroke 
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[105,115]. Idris et al. [105], for instance, developed an external bypass  MRFD that outperformed 

1.5 times the conventional MRFDs. Placing the bypass valve outside the damper cylinder has many 

benefits such as easy installation, maintenance, design modification and easy accessibility to all 

the valve components. Moreover, there are no constraints on the MR valve dimensions due to the 

size of the damper piston and cylinder. However, the current state-of-the-art bypass MRFDs 

possess either an annular gap or radial gap, thereby relatively having a bulky configuration, as 

shown in Figure 2-4(b) when a large damping force is required. As a result, the development of a 

compact bypass MRFD to be installed in a specific space is of paramount importance.  

The magnetic circuits in MRVs are being designed in such a way that the apparent viscosity 

and yield strength of the MR fluid are maximum in the presence of the magnetic field. In some 

MRFDs, a permanent magnet is combined with an electromagnet to shift the off-state viscosity of 

the MR fluid to a specific value, while the electromagnet is used to control the variations around 

this value [37]. In order to calculate the controlled damping force, the magnetic circuit should be 

fully analyzed. Solving the magnetic circuit can be accomplished using two approaches: analytical 

analysis and numerical analysis using the finite element method (FEM). By applying Ampere's 

circuital law to a magnetic circuit with constant flux and assuming uniform flux density and linear 

relation between magnetic flux density (B) and magnetic field intensity (H), an analytical 

procedure can be formulated for MRVs to evaluate the magnetic flux density in the fluid gap 

regions. Magnetostatic finite element models can provide a more accurate estimation of the 

generated non-uniform magnetic flux density in MR fluid gaps by relaxing the above assumptions. 

The generated damping force in an MRFD depends on the analysis of both electromagnetic 

and fluid systems. Therefore, improving MRFDs performance depends on the multidisciplinary 

design optimization MRVs considering geometrical dimensions and magnetic circuit parameters. 

The objective function may include the damping force, dynamic force range [116], inductive time 

constant of the damper [117], valve ratio [97,118], control energy, time response or power 

consumption [119]. Rosenfield and Wereley [120] presented an analytical design optimization for 

their proposed MRV magnetic circuit to prevent the magnetic circuit from premature saturation. 

Gavin et al.[121] optimized an MRFD by considering force capacity, electrical characteristics, and 

the size of the damper to minimize the power consumption and induction time constant. The 

optimized damper generated a 4 kN force at 10 A current, but for a very short period of time of a 
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few milliseconds. Nguyen et al. [118] established an analytical design optimization methodology 

for maximizing the damping force of an MRFD in a constrained specific volume. Nguyen and 

Choi [122] also optimized MRV dimensions for vehicle suspension systems by finite element 

analysis to maximize the damping force and dynamic range. 

Despite the fact that MRFDs can exhibit exceptional characteristics, their inherent non-linear 

dynamic hysteresis behaviour is a major drawback for practical implementation. Therefore, the 

development of dynamic models that can accurately predict the hysteresis behaviour and generated 

MR damping force at any time instant is of paramount importance for the design, control synthesis 

and practical implementation of real-time vibration control applications. Different models have 

been developed to predict the generated damping force and hysteresis behaviour in MRFDs. These 

models may be classified into quasi-static and dynamic models. 

Quasi-static models have been investigated in many studies and they are generally based on 

Bingham and Herschel-Buckley fluid behaviour [123–125]. Philips [67] used the Bingham model 

to determine the gradient of pressure in a parallel duct using a set of nondimensional variables. 

Using the same approach, Gavin et al. [126] developed an axisymmetric model to describe the 

MRFD’s quasi-static behaviour. Kamath and Wereley [127] developed an axisymmetric quasi-

static model for an MRFD with annular gaps and assumed constant yield stress. Wang and 

Gordaninejad [125] and Lee and Wereley [128], described the MR fluid shear thickening/thinning 

characteristics using the Hershel-Bulkley model. However, the above-mentioned quasi-static 

models contain many assumptions such as incompressible steady-state fluid, laminar flow, 

axisymmetric flow, unidirectional flow and pressure variation and generally the gravity and inertial 

effects are being neglected. More importantly, while the significant effect of MR fluid 

compressibility on MRFDs hysteretic response have been confirmed in several proof-of-concept 

investigations, they have not been considered in most of the developed models. Despite the 

limitation of quasi-static models, these models can provide a relatively good estimation of damping 

force and MR effect. Moreover, they can reasonably predict the force-displacement and force-

velocity behaviour of MRFDs operating under very low frequencies and small amplitude 

excitations. 

Various dynamic models have alternatively, been developed to alleviate the above-mentioned 

shortcomings of quasi-static models in describing MRFD nonlinear behaviour [123]. For instance, 
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fluid compressibility, inertia, viscoelasticity and potential turbulence are the main factors that 

contribute to hysteretic behaviour, which is a nonlinear phenomenon [85,129,130]. Dynamic 

models can be classified into parametric and non-parametric models [130]. Parametric models 

such as the Bingham, Bouc-Wen, and modified Bouc-Wen models [42,90,131] are based on 

mechanical idealization involving different arrangements of springs and viscous dashpots. 

According to Stanway et al. [132], a dashpot is placed in parallel to a Coulomb friction element in 

the simple Bingham model. Gamota and Fillsko [133] proposed a viscoelastic-plastic model based 

on the Bingham model. A smooth hysteretic model has been formulated and generalized as the 

Bouc-wen model [134,135] which is capable of capturing the force roll-off in the low-velocity 

region that is observed in the experimental testing. Based on the Bouc-Wen hysteresis model, 

phenomenological models for MRFDs have been proposed to describe a wide range of hysteretic 

behaviour [42]. Several nonlinear hysteresis systems have been modelled using the Bouc-Wen 

model, which can capture a wide range of hysteresis loop shapes in a continuous manner. 

Nevertheless, determining the Bouc-Wen model parameters is a complex and time-consuming 

process and also require extensive experimental data. This model is also not suitable for varying 

loading conditions since these parameters are only valid under specific excitation condition. 

Therefore, the estimated parameters must be re-evaluated if a different combination of excitation 

parameters is desired. This can be extremely cumbersome and computationally expensive [136]. 

Non-parametric models are, also, being developed using regression models, whose parameters 

are identified though curve-fitting procedure using available experimental data. These curve fitting 

methods are included but not limited to Chebyshev polynomials [137], the black-box model [138], 

the multifunction model [139], the query-based model [140], the neural network model [141], 

Ridgenet model [142] and self-tuning Lyapunov-based fuzzy model [143]. While these models do 

not possess the physical elements representing the mechanics of the MRFDs like those in 

parametric models, they have been shown to be robust and applicable to linear, non-linear and 

hysteretic systems [42] These models can also be effectively utilized for the development of 

inverse models, which greatly facilitate the control synthesis of MRFDs [129,130]. 

The current state-of-the-art developed dynamic models are generally empirical as their 

characteristic’s parameters must be identified through experimental study. While, these models 

may be efficiently used for the development of control strategies, they are mainly applicable to 
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excitation conditions considered during experimental tests. Moreover, they do not provide any 

physical insight on the behaviour of the MRFD and thus cannot be used to evaluate the dynamic 

performance of MRFDs at early stages of design. For instance, Nguyen and Choi [29] developed 

a physic-based dynamic model based on unsteady MR fluid behaviour through an annular duct to 

describe the hysteresis behaviour of an electrorheological (ER) damper. Simulation results were 

validated with experimental data. The parameters identification of the model did not require any 

experimental measurement. However, the fluid compressibility was neglected in their analysis. 

Nguyen and Choi [122] also proposed another dynamic model using the lumped parameters 

method for the same ER damper. Unsteady fluid behaviour and fluid compressibility were 

considered in this model. The simulation results were compared with experimental results under 

various piston rod excitation. Du et al.[144] recently developed a dynamic model for predicting 

the unsteady behaviour of MR fluid in an MRFD. But the fluid compressibility has been neglected 

in their analysis. However, the literature lacks a physic-based dynamic model for the MRFDs 

considering both the compressibility and unsteady behaviour. 

2.1.3 Variable stiffness and damping MRFDs. 

MRFDs with variable stiffness and variable damping (VSVD) capability have recently 

received growing interest as they have shown better performance to control vibration in a broad 

range of frequencies compared with conventional MRFDs with only damping variability. Damping 

is mainly effective to reduce vibration amplitude, particularly at the resonance frequency. In 

contrast, variation in the stiffness allows to adaptively vary the natural frequency of the system. 

This is extremely important as the transmitted vibration can be efficiently attenuated over a broad 

range of frequencies [27,145]. Moreover, the stiffness variability permits overcoming the conflict 

between ride comfort and good handling of suspension stiffness design as good ride comfort 

requires a soft stiffness while good handling and vehicle stability requires the suspension system 

to be stiff. Liu et al. [146] proposed a VSVD structure and the experimental results manifested that 

the system equipped with an MRFD exhibited perfect vibration isolation performance [147,148]. 

Sun et al. [149] experimentally proved that the sprung mass acceleration of quarter car system with 

the VSVD suspension can be reduced significantly. Besides, it can improve the ride comfort when 

comparing with other types of the suspension system. Deng et al. [150] integrated a VSVD device 

in an off-road military vehicle seat suspension subjected to harsh operation excitations with low 

frequencies and large amplitudes. The results revealed the importance of the VSVD characteristics 
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in reducing the vibration amplitude at resonance and changing the natural frequency of the system, 

respectively. 

MRFD can control the system stiffness through two working principles. The first one is a 

series connection between the MRFD and stiffness element, as shown in Figure 2-5(a). This type 

is easier to be applied in the suspension vibration control. The second type is a parallel connection, 

and it is also called Voigt element as shown in Figure 2-5(b). This kind of variable stiffness is 

suitable for large stiffness variation range applications [151]. The configuration, however, will be 

bulky and costly. The equivalent stiffness and damping relationships for each type can be derived 

as:  

Connection in Series 
𝐾𝑒𝑞 = 𝑘2 +

𝑐𝑘1𝜔
2

𝑐2𝜔2 + 𝑘1
2 (2-4) 

𝐶𝑒𝑞 =
𝑐𝑘1

2

𝑐2𝜔2 + 𝑘1
2 (2-5) 

 

Connection in Parallel 
𝐾𝑒𝑞 =

𝑘1𝑘2(𝑘1 + 𝑘2) + 𝑘2𝑐
2𝜔2

𝑐2𝜔2 + (𝑘1 + 𝑘2)2
 (2-6) 

𝐶𝑒𝑞 =
𝑐𝜔𝑘2

2

𝑐2𝜔4 + (𝑘1 + 𝑘2)2
 (2-7) 

  

(a) (b) 

Figure 2-5. VSVD working principles (a) connection in Series (b) connection in Parallel. 

Based on these two working principles, there are three methods to accomplish stiffness 

variability by using MR elastomer [152–154], air spring based on MRV (damper) or a mechanical 

system [148,155]. Analysis of Table B-1 in Appendix B shows that the development of VSVD 

systems using MR fluid dampers in connection with spring elements manifests the importance of 
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such systems in vibration isolation. While there are a number of studies to realize the stiffness and 

damping variability devices and several conceptual designs have been provided, the research in 

this area is still at the early stages.  

Pneumatic springs generally offer high payload, good reliability, low maintenance cost, and 

low natural frequency that can meet wide applications [156]. However, VSVD systems featuring 

MR air spring have also many drawbacks associated with the high cost and non-compactness as 

well as the complex control design due to the coupling between the dynamics of the fluid and 

pneumatic dynamics to obtain the required damping force. Youn and Hac´ [155] proposed a VSVD 

suspension system based on using air spring. The system stiffness varied between three definite 

values. This system was tested experimentally to demonstrate the effectiveness of stiffness 

variability on vibration control. Li et al. [157] developed a system based on the variation of the air 

spring stiffness and damping by controlling the applied current passing through the MRV coil. 

Zhang et al. [158] presented an MR fluid with VSVD isolator. Stiffness variability was attained 

using MRV to control the MR fluid flow between two connectors. MRV can control the fluid flow 

by applied external current, and consequently the stiffness and damping characteristics can be 

controlled. However, the developed VSVD isolator was very bulky, thus limiting its practical 

application. Moreover, an air pump or accumulator was required to control the air spring that’s 

lead to the high cost and complex design and control. Zhu et al. [156] proposed an MRFD with an 

embedded pneumatic vibration isolator in a compact structure. The stiffness was adjusted through 

changing the average pressures of the working gas chambers using four pneumatic high speed on-

off valves.  

Generally, the developed VSVD mechanical systems have a bulky design as they require two 

spring elements and two controllable dampers to achieve variable stiffness and damping 

independently. Liu et al. [148] proposed a compact VSVD system by using two Voigt elements in 

series and they subsequently utilized two independent MR controllable dampers to mitigate the 

lateral vibration for a single DOF system. They also explored different control strategies to 

demonstrate the effectiveness of the system in vibration isolation. It is noted that although the 

stiffness of the spring elements is constant, the equivalent stiffness of the system varies by varying 

the damping coefficient in the Voigt element. They showed that the equivalent stiffness and 

damping coefficient of the single DOF system can be varied by 2.8 and 3.6 times, respectively. It 
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was also found that the stiffness variation significantly depends on the ratio between the two 

springs. The smaller the stiffness ratio, the larger the stiffness variation. 

Sun et al. [145] proposed a mechanical system based on a series connection. The system 

consists of two damping cylinders (upper and lower) that are connected in series using a spring 

element. The stiffness and damping can be varied through the application of the current to the 

upper and lower cylinders respectively. Sun et al. [159] later enhanced their design by presenting 

another mechanical device based on the parallel connection assembly of two coaxial damping 

cylinders, two springs, and two connectors. The results stated that the loading frequency has a 

negligible effect on the equivalent stiffness and damping. However, the two designs proposed by 

Sun [145,159] have a short stroke that limits their applications, in addition to design complexity, 

unreliability, stiffness control difficulty, and high cost associated with two dampers and other 

components. While the design proposed by Zhu et al. [27] seems to be compact with a large stroke 

of 105 mm, their cost is high due to requiring another adjustable damper for achieving both 

damping and stiffness variability. Although the proposed system of Petter et al. [160] is a simple 

design with no moving parts, it is not suitable for application due to complex control between 

stiffness and damping, and discrete stiffness variation. The maximum achievable stroke by 

previous designs is not suitable for off-road vehicles that require a large stroke. 

In summary, the compact design, low cost, limited stiffness variation, small strokes and 

independent stiffness and damping control are the major challenges that are facing the design of 

VSVD devices. The current VSVD MR based adaptive systems have many issues concerning 

practical implementation and compactness. Moreover, the current designs have a limited 

variability of stiffness and damping besides restricted stroke for adaption in real applications. The 

detailed modelling and characterization of the VSVD MR based devices suitable for off-road 

vehicles have not yet been addressed. adapted VSVD suspension system. 

2.2 Motivations and objectives 

Although considerable research has been conducted on the development of small-scale 

MRFDs for cars and seat suspension, as presented in previous sections, these dampers are only 

able to control the energy dissipation properties (damping). Many applications require large-scale 

controllable MRFDs for vibration suppression. Limited studies have been conducted on the 

development of large-scale MRFDs suitable for automotive applications, especially for off-road 
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and tracked vehicles suspension system. Also, developing a high dynamic force range with a large 

damping force MRFD required developing a long annular gap MR valve which necessities 

complicated design and manufacturing of MR valve. To develop an MRFD with a high dynamic 

range that can be fitted in a specific space in the vehicle, it is essential to develop a practical design 

optimization strategy for the MR valve geometrical parameters. There are no studies on the design 

optimization of annular-radial MRFDs that can generate high damping force suitable for tracked 

vehicle suspension systems. Development of physic-based models that can accurately predict 

dynamic hysteresis behaviour of MRFDs are of paramount importance at early design stages. The 

reported quasi-static and dynamic models are not able to fully predict the hysteresis behaviour of 

MRFDs. The development of large-scale MRFDs featuring variability in damping and stiffness 

suitable for off-road vehicles have not been yet addressed.  

The overall goal of this dissertation research is thus the development of a large-scale VSVD 

MRFD with a bypass MR valve with an annular-radial gap capable of generating high damping 

force and dynamic range for applications in off-road tracked vehicles. The specific objectives of 

this research dissertation are summarized as: 

I. Development of a quasi-static model to predict the generated damping force and force-

displacement behaviour of the proposed MRFD with an annular-radial bypass fluid valve. 

II. Development of a multidisciplinary design optimization strategy for the proposed MRFD 

considering both the geometric and magnet circuit parameters as design variables to maximize 

the dynamic force range of the MRFD.  

III. Development of a physic-based dynamic model considering both fluid inertia and 

compressibility to accurately capture the nonlinear hysteresis behaviour of the proposed MRFD. 

IV. Fabrication and experimental characterization of the proposed optimally designed MRFD under 

different excitation conditions to validate the design optimization strategy and the developed 

physic-based models. 

V. Characterization of the proposed VSVD-MRFD under different loading conditions and 

magnetic field excitation to investigate its dynamic properties and stiffness and damping 

variability. 
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2.3 Organization of the Dissertation 

This dissertation has been compiled according to the requirements described in “Thesis 

Preparation and Thesis Examination Regulation” booklet of the School of Graduate Studies at 

Concordia University. This dissertation research is organized into six chapters which address the 

research goals mentioned above. Introduction and critical literature review are included in Chapter 

1, while Chapter 6 concludes the dissertation with some recommendations for future work. It is 

noted that the research has resulted in 4 journal articles representing Chapters 2-5. These articles 

are published/summited in premium journals in the area including the journal of smart materials 

and structures (SMS, published), Journal of Intelligent Material Systems and Structures (JIMSS, 

under review), Journal of Sound and Vibration (JSV, under review) and journal of smart materials 

and structures (SMS, under review). 

In Chapter 2 firstly a quasi-static model was formulated based on the quasi-static Bingham 

plastic characteristic of MR fluids. The magnetic flux density in the MR valves’ gaps was solved 

analytically and the solution was compared numerically using the developed magnetostatic finite 

element model. Next, a multidisciplinary design optimization problem has been formulated to 

identify the MR valve geometrical and magnetic parameters to maximize the damper dynamic 

range under specific volume and magnetic field constraints. The proposed design optimization 

formulation allowed to realize a miniaturized MR fluid bypass valve with both annular and radial 

gaps to generate a relatively large damping force and dynamic range for the MRFD. 

The optimized MRFD can theoretically generate 1.1 kN of the off-state damping force and 

7.4 kN of controllable damping force at 12.5 mm/s damper piston velocity. The proposed damper 

was also designed in such a way that permits the realization of a large piston stroke of 180 mm. 

The optimally designed MRFD was subsequently fabricated and experimentally characterized to 

investigate its performance in view of peak damping force, equivalent viscous damping coefficient 

and dynamic range to validate the developed model. The results show that the proposed MRFD 

damper is able to provide large damping forces with a high dynamic range under different 

excitation conditions. 

In Chapter 3 a non-linear dynamic model was formulated to predict the unsteady behaviour 

of the designed MRFD with an annular-radial bypass valve under sinusoidal excitation on the basis 

of MR fluid Bingham plastic behaviour. Using the Laplace transform technique and Cauchy 
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residue theory, the velocity profile and the pressure drop have been derived by solving the fluid 

momentum equation. The dynamic model was further modified to consider the fluid 

compressibility effect on the hysteretic response of the designed MRFD. The force-displacement 

and force-velocity results based on the formulated dynamic and modified dynamic models were 

then compared with those obtained based on the quasi-static model as well as experimental results 

under varied mechanical and magnetic loading conditions. Results showed that the MRFD 

experience non-linear hysteresis due to unsteady behaviour at high loading conditions. Also, fluid 

compressibility is the main source of the non-linear hysteresis behaviour, especially at low velocity 

regions. 

Chapter 4 presents a comprehensive experimental characterization of the designed large-

capacity MRFD equipped with a compact annular-radial MRV. Extensive experimental tests were 

conducted to investigate the dynamic characteristics of the proposed MRFD considering wide 

ranges of excitation frequency, loading amplitude, and electrical current. The equivalent viscous 

damping together with the dynamic range were calculated as functions of loading conditions 

considered. A maximum damping force and dynamic range of 5.54 kN and 2.3, were, obtained, 

respectively under a maximum current of only 1.5 A using the initial MRV design. The 

effectiveness of the proposed MR damper was subsequently identified by comparing its dynamic 

range with other conventional MR dampers in previous studies. The results confirmed the potential 

of the proposed MR damper for the development of highly adaptive ground vehicle suspensions 

for off-road wheeled and tracked vehicles. The MRV was further modified to expand the damping 

force and dynamic range of the MRFD. The modification yielded dramatically higher dynamic 

indices, including a maximum dynamic range of 5.06 and a maximum damping force of 6.61 kN. 

Chapter 5 presents the development and experimental characterization of a novel compact 

large-scale VSVD-MRFD with an annular-radial bypass valve. A wide range of excitation 

frequencies, loading amplitudes, and electrical currents was used to determine the dynamic 

characteristics of the proposed MR damper. Responses including force displacement, and 

hysteresis force-velocity curves were obtained. Further investigation of damper dynamic 

properties was conducted in terms of equivalent damping, equivalent stiffness dynamic range, and 

their dependence on loading conditions. Results show a good damping force, a high dynamic 

range, and a good stiffness variability for the proposed novel VSVD MR damper.  
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CHAPTER 2 

3. QUASI-STATIC MODELING AND DESIGN OPTIMIZATUON OF A 

LARGE-CAPACITY ANNULAR-RADIAL BYPASS 

MAGNETORHEOLOGICAL DAMPER 

3.1 Introduction 

The MR fluid valves typically consist of a magneto-conductive body with an embedded 

electromagnet which can magnetically activate the MR fluid during passage through a valve 

orifice. This will yield variation in the fluid apparnet viscosity and yield stength that results in 

resistance to the fluid flow [161]. The MR fluid valve is typically fitted internally in the MRFD or 

externally, so-called as a MR fluid bypass valve. The configuration of valve gaps can be annular, 

radial or a combination of both. The geometrical structure of MR valves can significantly impact 

its dynamic performance, thus optimizing the valve’s geometrical structure is a crucial part of 

designing MR valves, irrespective of their application. For instance, the gap size has been 

identified as an important parameter to be optimized as it significantly affects the dynamic 

performance of the MR valves [162,163]. Wider gaps generally reduce viscous and controllable 

yield damping forces, while a smaller gap increases the pressure drop but it may also cause valve 

blockage. Practically, the gap size ranges between 0.5 mm and 2 mm [94,163,164], depending on 

the design requirements.  

At the early design stages of MRFDs, the Bingham plastic model based on quasi-static fluid 

behaviour has been extensively used to predict the damping force as a function of applied currents 

[165]. Later in the design process, phenomenological or parametric dynamic models can be applied 

to predict the damping forces based on the magnetic field, excitation frequency, and displacement 

amplitude. Significant research studies have been conducted on the design and optimization of MR 

valves to maximize dynamic range (high on-state and low off-state damping forces) while 

minimizing the time response [116,166,167]. Rosenfeld et al. [120], for instance, presented a 

design strategy guideline for analytical optimization under constrained volumes based on assuming 

a constant magnetic flux through the magnetic circuit. This assumption may result in suboptimal 

results since the MR valve performance depends on the magnetic circuit as well as the geometrical 

dimension of the valve. Nguyen et al. [166] introduced an optimal design for the determination of 

geometrical dimensions of MR valves featuring annular configurations to minimize the 
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electromagnetic coil energy consumption and time response. The golden-section algorithm and 

local quadratic fitting technique were used as optimization methods to find the optimum solution. 

The results asserted the importance of the optimal design of the MR valve structural parameters. 

It was also reported that the wire diameter has less importance and thus can be neglected in 

minimizing power consumption. Nguyen et al. [118] later presented analytical design optimization 

for the identification of geometrical parameters of single and double coil annular MR valves that 

are constrained in a specific volume to maximize the controllable pressure drop. The optimum 

analytical solution was verified with a finite element optimal solution. The error between the two 

methods was reported to be less than 7 % . Hadadian et al. [168] proposed an optimum design 

strategy for an annular MR valve with a single-coil constrained in a specific volume. They 

developed smooth response surface functions for magnetic field intensity in active MR fluid region 

using the response surface method and design of experiments. The genetic algorithm (GA) and the 

sequential quadratic programming (SQP) methodology were used to capture the global optimum 

solution.  

Most of the above-mentioned studies have conducted design optimization of MR valves based 

on annular gap configuration. However, enhancing the valve dynamic performance generally 

requires increasing the annular gap length or increasing the number of coils which both 

substantially increase the MR valve size, complicity and cost. The annular-radial integration 

design may overcome the limitations associated with the annular-gap design. In a few studies, the 

integrated annular-radial gap design has been successfully applied to the development of high-

performance MR valves [169,170]. Hu et al. [171], for instance, developed an MR fluid valve with 

a tunable conical annular gap between 1 mm to 2 mm by rotating the valve spool to increase the 

pressure drop without enlarging the valve size or consuming more power. The experimental results 

showed that the pressure drop could fluctuate between 130 kpa to 1150 kpa. They later proposed 

an annular-radial MR valve with variable radial gaps to meet different working conditions [162]. 

The gap variability has been achieved by replacing washers with different thicknesses. A 

maximum damping force of 4.72 kN at applied current 2 A and a dynamic range of nearly 7 were 

achieved. Imaduddin et al. [172] proposed an MR valve with multiple annular and radial gaps in 

order to extend the MR fluid path. Also, the effect of the gap size on the pressure drop was 

discussed. The experimental results reported that the valve could cause a pressure drop of more 

than 2.5 Mpa.  
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Although the reported studies focusing on designing MR valves with annular-radial gap 

confirmed that the dual gap configurations can offer high damping force and dynamic range, the 

current designs may not suitable for off-road vehicles as they don’t permit large stroke, apart from 

large dynamic force and dynamic range. It should be noted that off-road vehicles are normally 

subjected to harsh loading conditions (e.g., high frequencies and amplitudes) that require high 

damping force, and dynamic range, together with large piston stroke. Furthermore, the current 

designs do not meet the reasonably well compact design requirement to be easily integrated into 

such applications. 

In this chapter, a compact bypass annular- radial MRFD adapted for off-road tracked vehicles 

has been developed, modeled and optimally designed. The mathematical formulation was 

established based on the MR fluid Bingham plastic model. The performance of the valve's 

magnetic circuit has been first evaluated analytically by calculating the magnetic flux density in 

the MR fluid active region. The analytical results were then verified using a magnetic finite 

element method. The valve's geometrical dimensions have been subsequently optimized to achieve 

a high dynamic range. The GA and SQP algorithms in a successive manner were utilized to obtain 

the global optimum solution. The developed optimally designed MRFD has been finally fabricated, 

assembled and experimentally tested. The validation of the analytical model and high dynamic 

range of the proposed MRFD were furhter provided. 

3.2 Principal and configuration of the proposed MRFD 

3.2.1 Principal of the design. 

The proposed MRFD was designed to be adapted for off-road tracked vehicles operating in 

harsh conditions for defense applications (a review of tracked vehicles suspension system is 

presented in Appendix C). Even at low excitation frequencies and modest displacement 

amplitudes, these vehicles require substantial damping force, high dynamic range, and a large 

stroke shock absorber. The focus in this research is on M113 tracked vehicles (Appendix C). The 

existing hydraulic shock absorber of M113 tracked vehicles, shown in Figure 3-1, limit the vehicle 

mobility, speed, maneuverability and adaptability for various operating conditions and excitations 

[120]. Thus, it is important to develop a compact VSVD-MRFD with a large stroke while 

providing large dynamic range in view of both the stiffness and damping variability. The 

conventional damper used in M113 has a stroke of 180 mm and it can generate a constant damping 
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force equal to 467 N at low piston rod speed of 12.5 mm/s [173]. As a result, the proposed MRFD 

in this study was developed in order to match the size and capacity of the M113 tracked vehicle’ 

shock absorber that has the dimension show in Figure 3-1(b). The aim is to replace the passive 

shock absorber with an MRFD having large dynamic range and stroke to reduce the vehicle 

vibration under a wide range of loading circumstances. It is noted that while the focus in this 

research is on the development and design of MRFDs for this type of tracked vehicles, the 

developed modelling and design optimization strategies can be generally applied to MRFDs 

designed for other types of vehicles. 

  

(a) (b) 

Figure 3-1. M113 off-road vehicle suspension system (a) M113 tracked vehicle 

undercarriage components [174] and (b) shock absorber’s dimensions. 

3.2.2 Configuration of the MRFD 

The proposed MRFD, shown in Figure 3-2, consists of a single rod cylinder-piston and 

integrates an external MR bypass valve. The cylindrical housing is composed of two chambers, 

upper and lower chambers which are filled with MR fluid. As shown in Figure 3-2, the piston rod 

has an internal hole from one side, while from the other side is connected to the end connectors. 

Conventionally, gas chambers have been employed to compensate the added volume of the rod 

entered into the cylinder. To compensate for volume change and also prevent the cavitation 

phenomenon, occurred on the lower pressure side of dampers, an internal spring has been placed 

inside the internal hole of the piston rod and pre-loaded with a floating piston, as shown in Figure 

3-2. The proposed internal spring provides a more compact design and allows increasing the 

damper stroke even for large-scale applications-based MRFDs compared with conventional gas 
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accumulator. The piston rod is attached to the housing by a sealed sliding guider. The MR valve, 

shown in Figures 2-2(a) and (b) consists of an outer shell, a bobbin with an embedded coil and a 

spacer. The designed MR valve has both the annular and radial fluid flow channels, thereby 

dramatically increasing the resistance to the fluid passing through the MR valve, as shown in 

Figure 3-2(b). The MR fluid moves from the lower chamber (compression) to the upper chamber 

(rebound) during downward movement of piston, thus creating damping force. 

It is worth noting that the designed MRFD with a MR valve having both the annular and radial 

fluid flow has a large stroke of 180 mm. Also, the assembly and maintenance of the proposed 

damper as well as MR valve are quite simple due to the absence of the gas chamber and internal 

MR valve. 

  

(a) (b) 

Figure 3-2. Cross-sectional view of the proposed outer bypass MRFD (a) its related MR valve 

consists of both annular and radial fluid flow channels and (b). annular-radial MR fluid bypass 

valve gaps. 



 

26 

 

3.3 Quasi-static Formulation for the MR fluid damper 

The proposed MR bypass valve is used to regulate the damping force via activation of MR 

fluids passing through both annular and radial gaps as shown in Figure 3-2(b). By assuming 

Bingham plastic characteristics for MR fluid and neglecting the unsteady MR fluid effect, friction 

force, inertia effect and compressibility of the MR fluid, the generated total damper force can be 

written as: 

𝐹𝑑 = 𝑃𝑙𝐴𝑝 − 𝑃𝑢(𝐴𝑝 − 𝐴𝑟) (3-1) 

where 𝑃𝑙  and 𝑃𝑢  respectively are the pressure in the lower and upper chamber. 𝐴𝑝  and 𝐴𝑟 

respectively, are the cross-sectional area of the piston and piston rod. At equilibrium position, the 

pressure inside the lower and upper chambers of MR Fluid dampers with an accumulator chamber 

can be expressed as follows: 

𝑃𝑙 ≅ 𝑃𝑎;                      𝑃𝑢 = 𝑃𝑎 − ∆𝑃   (3-2) 

where 𝑃𝑎  is the pressure inside the accumulator chamber. The total damping force can be 

calculated as: 

𝐹𝑑 = 𝑃𝑎𝐴𝑟 + ∆𝑃(𝐴𝑝 − 𝐴𝑟) (3-3) 

In the proposed MRFD, a floating piston connected to a mechanical spring is used to serve as 

an accumulator. The accumulator force can be approximated as a spring force, thus: 

𝑃𝑎𝐴𝑟 = 𝐹𝑠𝑔 (3-4) 

Now, the total damping force can be represented as: 

𝐹𝑑 = 𝐹𝑠𝑔 + ∆𝑃(𝐴𝑝 − 𝐴𝑟) (3-5) 

The generated total damper force can also be written as: 

𝐹𝑑 = 𝐹𝑠𝑔 + 𝐹𝜂 + 𝐹𝜏 (3-6) 

The total damper force is a combination of the spring force (𝐹𝑠𝑔), viscous force (𝐹𝜂), and 

controllable yield force (𝐹𝜏). 𝐹𝜂 and 𝐹𝜏 are, respectively, related to the pressure drop due to viscous 

resistance (∆𝑃𝜂) and yield shear stress (∆𝑃𝜏 ) generated due to the application of the magnetic field 

to MR fluid through gaps. Hence Eq. (3-6) may be written as: 

𝐹𝑑 = 𝐹𝑠𝑔 + (∆𝑃𝜂 + ∆𝑃𝜏 )(𝐴𝑝 − 𝐴𝑟) (3-7) 

where 𝐴𝑝 and 𝐴𝑟 respectively, are the cross-sectional area of the piston and piston rod. 
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Based on the Bingham-plastic model, the mathematical expression describing the pressure 

drop in the annular gap (∆𝑃𝑎) and the pressure drop in the radial gap, ( ∆𝑃𝑟) due to viscous and 

fluid shear stress and the pressure drop in the orifice duct (∆𝑃𝑜), due to viscous damping can be 

formulated as: 

∆𝑃𝑎 = ∆𝑃𝜂𝑎 + ∆𝑃𝜏𝑎 =
12𝜂𝐿𝑎𝑄

𝜋𝐷𝑚𝑑3
+
𝑐𝑎(𝐿𝑎 − 𝐿𝑐)

𝑑
𝜏𝑦𝑎(𝐵)  (3-8) 

 

∆𝑃𝑟 = ∆𝑃𝜂𝑟 + ∆𝑃𝜏𝑟 =
6𝜂𝑄

𝜋𝑑3
ln (

𝐷𝑜
𝐷𝑖
) +

𝑐𝑟𝜏𝑦𝑟(𝐵)

2𝑑
(𝐷𝑜 − 𝐷𝑖) (3-9) 

 

∆𝑃𝑜 =
128 𝜂𝐿𝑜𝑄

𝜋𝐷𝑖
4  (3-10) 

where 

𝐷𝑚 = (𝐷𝑜 + 𝑑) (3-11) 

where in the above equations, ∆𝑃𝜂𝑎, ∆𝑃𝜏𝑎, ∆𝑃𝜂𝑟, and ∆𝑃𝜏𝑟 are the pressure drop due to viscous and 

shear stress in the annular and radial gaps respectively. d is the flow channel annular or radial gap 

size, η is the fluid base viscosity (the field-independent plastic viscosity), 𝑄 is the volume flow 

rate, 𝐿𝑜  is the orifice duct length, La is the length of the annular flow duct, Lc is the MR valve coil 

length, Dm is the annular channel diameter, Di and Do represent the radial duct length from input 

to the output of the flow channel, τ (B) is the field-dependent yield stress of the MR fluid, B is the 

magnetic flux density. 𝑐𝑎, and 𝑐𝑟 are  the flow velocity profile function coefficient of the annular 

(radial) gap. 

Since the MR fluid bypass valve consists of two orifices, two radial gaps and one annular gap, 

then the total pressure drop within the MR valve (∆𝑃𝑣) can be calculated as: 

∆𝑃𝑣 = (∆𝑃𝜂𝑎 + 2∆𝑃𝜂𝑟 + 2∆𝑃𝑜) + (∆𝑃𝜏𝑎 + 2∆𝑃𝜏𝑟) (3-12) 

Thus, by subsituting Eqs. (3-8) to (3-10) into Eq. (3-12),  the total pressure drop can be 

expressed as:  
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∆𝑃𝑣 = [
12𝜂𝐿𝑎𝑄

𝜋𝐷𝑚𝑑3
+
12𝜂𝑄

𝜋𝑑3
𝑙𝑛 (

𝐷𝑜
𝐷𝑖
) +

256 𝜂𝐿𝑜𝑄

𝜋𝐷𝑖
4 ]

+ [
𝑐𝑎(𝐿𝑎 − 𝐿𝑐)𝜏𝑦𝑎

𝑑
+
𝑐𝑟(𝐷𝑜 − 𝐷𝑖)𝜏𝑦𝑟

𝑑
] 

(3-13) 

It is noted that the 𝑄 in Eq. (3-8) can be obtained as: 

𝑄 = (𝐴𝑝 − 𝐴𝑟)�̇�𝑝  (3-14) 

 where �̇�𝑝 is the piston velocity, 𝑐𝑎(𝑟), the flow velocity profile function coefficient of the annular 

(radial) gap which can be evaluated with respect to the ratio between pressure drop due to field-

dependent shear stress to the viscous pressure drop. 𝑐𝑎(𝑟) ranges from a minimum value of 2.07 to 

a maximum value of 3.07 based on Eq. (3-15) or it can be calculated approximately using Eq. 

(3-16), which is described in [166] as: 

𝑐𝑎(𝑟) =

{
 
 

 
 2.07,            

∆𝑃𝜏𝑎(𝑟)

∆𝑃𝜂𝑎(𝑟)
< 1 

3.07,           
∆𝑃𝜏𝑎(𝑟)

∆𝑃𝜂𝑎(𝑟)
> 1 

}
 
 

 
 

 (3-15) 

𝑐𝑎(𝑟) = 2.07 +
12𝑄𝜂

12𝑄𝜂 + 1.6𝜋𝐷𝑚𝑑
2𝜏𝑦𝑎(𝑟)

 (3-16) 

Hence, the total damping force presented in Eq. (3-6) can also be described in the following 

form: 

𝐹𝑑 = 𝐹𝑠𝑔 + 𝑐𝑣𝑖𝑠�̇�𝑝 + 𝐹𝜏𝑠𝑔𝑛(�̇�𝑝) (3-17) 

where 𝑐𝑣𝑖𝑠 is the passive viscous coefficient.  The spring force can be calculated as: 

 𝐹𝑠𝑔 = 𝑘 (
𝐴𝑟 − 𝐴𝑓

𝐴𝑓
) 𝑥𝑝 (3-18) 

where 𝑘 is the stiffness coefficient of the inner spring that is set at 120 kN/m, and 𝐴𝑓 is the floating 

piston area (floating piston diameter, 𝐷𝑓 , is equal to 19.05 mm). Using Eqs. (3-7) and (3-12) to 

(3-14), the 𝑐𝑣𝑖𝑠 and 𝐹𝜏,  can be obtained as:  

𝐶𝑣𝑖𝑠 = [
12𝜂𝐿𝑎
𝜋𝐷𝑚𝑑3

+
12𝜂

𝜋𝑑3
ln (

𝐷𝑜
𝐷𝑖
) +

256𝜂𝐿𝑜

𝜋𝐷𝑖
4 ] (𝐴𝑝 − 𝐴𝑟)

2 (3-19) 

and  
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𝐹𝜏 = [
𝑐𝑎(𝐿𝑎 − 𝐿𝑐)𝜏𝑦𝑎

𝑑
+
𝑐𝑟(𝐷𝑜 − 𝐷𝑖)𝜏𝑦𝑟

𝑑
] (𝐴𝑝 − 𝐴𝑟) (3-20) 

The equivalent field-dependent viscous damping coefficient may also be formulated as: 

𝐶𝑒𝑞 =
 𝐹𝑠𝑔 + 𝐶𝑣𝑖𝑠�̇�𝑝 + 𝐹𝜏𝑠𝑔𝑛(�̇�𝑝)

�̇�𝑝
 (3-21) 

It should be noted that providing a wide control range of the MRFD force depends on the 

dynamic range of the damper. It is defined as the ratio of the peak damping force under a maximum 

current input to the damping force generated under zero current input. Alternatively, it is the ratio 

of the total force to the viscous force and can be mathematically described as: 

𝜆𝑑 =
𝐹𝑜𝑛
𝐹𝑜𝑓𝑓

=
 𝐹𝑠𝑔 + 𝐹𝜂 + 𝐹𝜏

 𝐹𝑠𝑔 + 𝐹𝜂
=
 𝐹𝑠𝑔 + 𝐶𝑣𝑖𝑠�̇�𝑝 + 𝐹𝜏𝑠𝑔𝑛(�̇�𝑝)

 𝐹𝑠𝑔 + 𝐶𝑣𝑖𝑠�̇�𝑝
 (3-22) 

The employed MR fluid (MRF-132DG) for the proposed MRFD is purchased from the Lord 

corporation [175]. This MR fluids has a dark gray appearance with viscosity of 0.112 Pa.s and 

average density of 3.05 g/cm3. Using available experimental testing of the MRF-132DG [176], 

Figure 3-3 shows the varation between shear yield strength of MRF-132DG and applied magnetic 

flux density. 

 

 

Figure 3-3. Shear yield strength of MRF-132DG. 
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Using Figure 3-3, field-dependent shear yield stress (𝜏𝑦𝑎(𝑟)(𝐵)) in the annular and radial gaps 

𝜏𝑦𝑎(𝑟) can be estimated using following polynomial equation of order 3: 

𝜏𝑦𝑎(𝑟)(𝐵) = 2.866𝐵𝑎(𝑟)
3 − 28.22𝐵𝑎(𝑟)

2 + 66.87𝐵𝑎(𝑟) + 0.132 (3-23) 

By evaluating the magnetic flux density in the annual and radial gaps at different applied 

currents, the 𝜏𝑦𝑎(𝑟)(𝐵)can be calculated using Eq. (3-23). Subsequently by having the geometrical 

parameters of the MR valve, damper and piston velocity, the generated damping force can be 

subsequently determined using Eqs. ( 3-17) to ( 3-20). In this study, the initial geometrical 

parameters of the MRFD valve geometrical parameters (shown in Figure 3-4) are chosen based on 

the capacity, size and damping force of the conventional shock absorber of M113 tracked vehicle, 

mentioned in section 3.2. These geometrical parameters are summarized in Table 3-1. 

 

Figure 3-4. MR fluid bypass valve main dimensions. 

 

Table 3-1. The proposed MRFD initial parameters. 

Parameter Symbol Value (mm) 

Duct gap 𝑑 0.9 

Coil width 𝑤𝑐 7 

Piston diameter 𝐷𝑝 55 

Piston rod diameter 𝐷𝑟 30 

Radial duct outer diameter 𝐷𝑜 32.1 

Radial duct inner diameter 𝐷𝑖 10 

MR valve whole diameter 𝐷 90 

Annular duct length 𝐿𝑎 50 
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Coil length 𝐿𝑐 10 

MR valve height 𝐿 67.8 

 

3.3.1 Analytical analysis of MR valve magnetic circuit 

In this study, the magnetic circuit analysis has been conducted to evaluate the magnetic flux 

density in the MR fluid within active regions of the MR valve for different coil currents. First an 

approximate analytical approach based on the Ampere’s law has been formulated and the results 

have then been compared with those found using numerical approach based on the open-source 

magneto-static finite element method magnetic (FEMM) software. The equivalent magnetic circuit 

path for the proposed MR fluid bypass valve with annular and radial gaps is shown in Figure 3-5. 

Using the Ampere’s law, the relation between the magnetic field intensity and the applied current 

through the MR valve coil can be described as: 

𝑁𝑐𝐼 =∑𝐻𝑗𝐿𝑗 (3-24) 

where 𝑁𝑐 is the number coil turns in the electromagnet, 𝐼 is the applied current, 𝐻𝑗 is the magnetic 

field intensity for 𝑗th circuit links (or elements) and 𝐿𝑗  is the effective length of this link. The 

mathematical expression for the magnetic flux conservation through the circuit as well as the 

relation between the magnetic flux density and the magnetic flux intensity can be written as: 

∅ = 𝐵𝑗𝐴𝑗  (3-25) 

𝐵𝑗 = 𝜇𝑜𝜇𝑟𝑗𝐻𝑗 = 𝜇𝑗𝐻𝑗 (3-26) 

where ∅ is the magnetic flux passing within the circuit and 𝐴𝑗 is the effective cross-sectional area 

at the midpoint of 𝑗th link, 𝐵𝑗  is the magnetic flux density of the 𝑗th link. 𝜇𝑜  is the magnetic 

permeability of free space (𝜇𝑜 = 4𝜋 × 10−7 H/m) and 𝜇𝑟𝑗 is the relative magnetic permeability of 

the material, which has a considerable effect in the evaluation of the magnetic flux density. It is 

noted that at low applied magnetic field the relationship between 𝐵 and 𝐻 is linear, however as the 

applied magnetic field intensity increases, the relationship becomes nonlinear due to the saturation 

of the magnetic induction at high magnetic fields. This is mainly due to the dependency of 𝜇𝑗 to 

the applied magnetic field, as the magnetic field intensity increases. In analytical magnetic circuit 

analysis, it is assumed that the applied magnetic field intensity is well below the saturation so that 

the linear assumption is valid.  
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(a) (b) 

Figure 3-5. MR valve Magnetic Circuit (a) annular gap circuit and (b) radial gap circuit. 

The magnetic flux within the designed MR valve perpendicularly crosses both the annular and 

radial gaps as shown, respectively, in Figures 2-5(a) and (b). The magnetic circuit of the single-

coil MR bypass valve configuration for both gaps is divided into total eight links. Six of these links 

represent the metallic core links for bobbin and the remaining two links represent the MR fluid 

within two gaps. Hence, Eqs. (3-24) and (3-25) can be formulated for the annular and radial gaps 

as: 

𝑁𝑐𝐼 =∑𝐿𝑗

6

𝑗=1

𝐻𝑗 + 2𝑑𝐻𝑓 (3-27) 

∅ = 𝐵𝑓𝐴𝑓 = 𝐵𝑗𝐴𝑗 (3-28) 

where 𝐻𝑓 and 𝐵𝑓 are magnetic flux intensity and density through the MR fluid gap respectively. 

By substituting Eq. (3-26) into Eq. (3-27), the Eq. (3-27) can be further simplified as:  

𝑁𝑐𝐼 =∑
𝐵𝑗𝐿𝑗

𝜇𝑗

6

𝑗=1

+ 2𝑑
𝐵𝑓

𝜇𝑓
 (3-29) 

It is noted that 𝜇𝑗 is the permeability of the valve core and housing material and 𝜇𝑓 is the 

permeability of the MR fluid. Subsituting the Eq. (3-33) into Eq. (3-29) yields:  

𝑁𝑐𝐼 =∑
𝐵𝑓𝐴𝑓𝐿𝑗

𝜇𝑗𝐴𝑗

6

𝑗=1

+ 2𝑑
𝐵𝑓

𝜇𝑓
 (3-30) 

or 
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𝑁𝑐𝐼 = 𝐵𝑓 [𝐴𝑓∑(
𝐿𝑗

𝜇𝑗𝐴𝑗
)

6

𝑗=1

+ 2
𝑑

𝜇𝑓
] (3-31) 

where 

𝐴𝑓 = {
𝜋𝐷𝑚𝑑              , 𝑓𝑜𝑟 𝑎𝑛𝑛𝑢𝑙𝑎𝑟  𝑑𝑢𝑐𝑡
𝜋

4
(𝐷𝑜

2 − 𝐷𝑖
2) , 𝑓𝑜𝑟 𝑟𝑎𝑑𝑖𝑎𝑙 𝑔𝑎𝑏

} (3-32) 

Now using Eq. (3-31), the induced magnetic flux density in the MR fluid within active regions 

can be estimated as: 

𝐵𝑓 =
𝑁𝑐𝐼

2𝑑
𝜇𝑓
+ 𝐴𝑓𝑆𝑗

 
(3-33) 

where 𝑆𝑗 is the total reluctance of the bobbin’s links, which can be described as: 

𝑆𝑗 = ∑
𝐿𝑗

𝜇𝑗𝐴𝑗

6

1

 (3-34) 

The magnetic circuit parameters for both annular and radial gaps of the MR valve have been 

formulated and are summarized in Tables 3-2 and 3-3 respectively. The number of coil turns in 

electromagnet can also be estimated using relation reported in [177] as:  

𝑁𝑐 =
 2𝑤𝑐𝐿𝑐
1.68𝑑𝑤2

 (3-35) 

Table 3-2. Magnetic circuit parameters of the MR fluid bypass valve (Annular gap). 

Link No Length 𝐿𝑗 Area 𝐴𝑗 Reluctance 𝑆𝑗 

1 𝐿1 =
(𝐷𝑜 + 2𝑤𝑐)

4
 𝐴1 = 2𝜋 (

𝐿𝑎 − 𝐿𝑐
2

) (
3𝐷𝑜 + 2𝑤𝑐

8
) 𝑆1 =

𝐿1
𝜇𝑠𝐴1

 

2 𝐿2 =
(𝐷 − 𝐷𝑜 − 2𝑑)

4
 𝐴2 = 2𝜋 (

𝐷 − 𝐷𝑜 − 2𝑑

2
) (
𝐷 + 3𝐷𝑜 + 6𝑑

8
) 𝑆2 =

𝐿2
𝜇𝑠𝐴2

 

3 𝐿3 =
𝐿𝑎 + 𝐿𝑐
2

 𝐴3 = 𝜋 [
𝐷2

4
− (

𝐷 + 𝐷𝑜 + 2𝑑

4
)
2

] 𝑆3 =
𝐿3
𝜇𝑠𝐴3

 

4 𝐿4 =
(𝐷 − 𝐷𝑜 − 2𝑑)

4
 𝐴4 = 2𝜋 (

𝐷 − 𝐷𝑜 − 2𝑑

2
) (
𝐷 + 3𝐷𝑜 + 6𝑑

8
) 𝑆4 =

𝐿4
𝜇𝑠𝐴4

 

5 𝐿5 =
(𝐷𝑜 + 2𝑤𝑐)

4
 𝐴5 = 2𝜋 (

𝐿𝑎 − 𝐿𝑐
2

)(
3𝐷𝑜 + 2𝑤𝑐

8
) 𝑆5 =

𝐿5
𝜇𝑠𝐴5

 

6 𝐿6 =
𝐿𝑎 + 𝐿𝑐
2

 𝐴6 = 𝜋 (
𝐷𝑜 − 2𝑤𝑐

2
)
2

 𝑆6 =
𝐿6
𝜇𝑠𝐴6
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Table 3-3. Magnetic circuit parameters of the MR fluid bypass valve (Radial gap). 

Link No Length 𝑳𝒋 Area 𝑨𝒋 Reluctance 𝑺𝒋 

1 𝐿1 = (
𝐷 + 2𝑑 + 2𝑤𝑐

4
) 𝐴1 = 2𝜋 (

𝐿 − 𝐿𝑐
2

) (
2𝐷 + 𝐷𝑜 + 2𝑤𝑐

8
) 𝑆1 =

𝐿1
𝜇𝑠𝐴1

 

2 𝐿2 =
𝐿 + 𝐿𝑎 + 2𝑑

2
 𝐴2 = 𝜋 [

𝐷2

4
− (

𝐷 + 𝐷𝑜 + 2𝑑

4
)
2

] 𝑆2 =
𝐿2
𝜇𝑠𝐴2

 

3 𝐿3 = (
𝐷 + 2𝑑 + 2𝑤𝑐

4
) 𝐴3 = 2𝜋 (

𝐿 − 𝐿𝑐
2

) (
2𝐷 + 𝐷𝑜 + 2𝑤𝑐

8
) 𝑆3 =

𝐿3
𝜇𝑠𝐴3

 

4 𝐿4 =
𝐿 − 𝐿𝑎 − 2𝑑

4
 𝐴4 =

𝜋

4
[𝐷2 − 𝐷𝑖

2] 𝑆4 =
𝐿4
𝜇𝑠𝐴4

 

5 𝐿5 = 𝐿𝑎 𝐴5 = 𝜋 (
𝐷𝑜 − 2𝑤𝑐

2
)
2

 𝑆5 =
𝐿5
𝜇𝑠𝐴5

 

6 𝐿6 =
𝐿 − 𝐿𝑎 − 2𝑑

4
 𝐴6 =

𝜋

4
[𝐷2 − 𝐷𝑖

2] 𝑆6 =
𝐿6
𝜇𝑠𝐴6

 

 

3.3.2 Magneto-static finite element analysis 

Finite element analysis of the MR fluid bypass valve has also been conducted using an open 

source Finite Element Method Magnetics (FEMM) software [178]. FEMM can be effectively used 

to accurately predict the intensity and distribution of magnetic flux in the magnetic circuits (DC 

or low frequency applied currents) on two-dimensional axisymmetric domain. The FE model was 

then developed using FEMM corresponding to the designed MR fluid bypass valve. The B–H 

curves of the employed MR fluid (MRF-132DG) and the magnetic material of the valve core and 

housing (AISI 1006) are shown in Figures 2-6(a) and (b), respectively. 

  

(a) (b) 

Figure 3-6. The B-H curve of MR fluid and bypass valve material (a) B-H curve MRF-132 

DG [175] and b) B-H curve steel 1006 [179]. 
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Using the curve-fitting, the following piecewise linear relations can be used in FEMM to 

describe the B-H behaviour of MR fluid as well as magnetic core material and housing as: 

𝐵𝑓 = {
0.00049 𝐻                 ,    0 ≤ 𝐻 ≤ 200
0.6814 + 0.00012𝐻   , 200 ≤ 𝐻 ≤ 700

1.6 ,                            𝐻 > 700
} (3-36) 

𝐵𝑠 = {

1.5                            ,                        𝐻 ≤ 1
1.6467 + 0.0159𝐻    ,          1 ≤ 𝐻 ≤ 30
2.0969 + 0.0013𝐻   , 30 ≤ 𝐻 ≤ 300
2.5,                                               𝐻 > 300

} (3-37) 

where 𝐵𝑓is the MR fluid magnetic flux density and 𝐵𝑠 is the magnetic flux density of the valve’s 

material (AISI 1006). 

The MR valve coil wire is chosen to be Gauge 22 AWG copper wire with a resistance per unit 

length of 52.96 mΩ/m and maximum applied current of 7 A. As mentioned before the field-

dependent yield strength of the employed MR fluid, MRF-132DG, under varied applied magnetic 

flux density can be obtained using Eq. (3-23). The average magnetic flux density in the MR fluid 

active regions for annular and radial gaps has been evaluated by averaging the induced magnetic 

flux density along the length of the annular and radial gaps using the following relation: 

𝐵𝑎𝑣 =
1

𝑙
∫ 𝐵(𝑠) 𝑑𝑠
𝑙

0

 (3-38) 

3.4 Design optimization formulation of the of the MRFD 

The dynamic range of the MR fluid bypass valve is an important performance index to be 

considered in design optimization of MRFDs. Increasing the dynamic range of the MRFD will 

greatly enhance its capability to attenuate vibration under wide range of frequencies. The objective 

of the proposed design optimization is to formulate a multidisciplinary problem in order to identify 

the geometrical and magnetic circuits parameters, which  maximize the dynamic range of the 

proposed MRFD under given volume, magnetic and damping force constraints.  

The main design variables that represent the geometrical parameters of the MRFD and MR 

fluid bypass valve and its magnetic circuit are 𝑑,𝑤𝑐, 𝐷𝑝, 𝐷𝑟 , 𝐷𝑜 , 𝐷𝑖 , 𝐷, 𝐿𝑎, 𝐿𝑐 and 𝐿, as shown in 

Figure 3-7. For the sake of clarity, the description of the design variables together with their lower 
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and upper bounds are summarized in Table 3-4. The MR fluid and the magnetic circuit properties 

are also provided in Table 3-5. The piston velicty is conidered to be 12.5 mm/s. 

 

Figure 3-7. By-pass MRFD with main identified design parameters. 

 

Table 3-4. Main design parameters and their assigned lower and bounds. 

No Description Variables 
Bound 

(mm) 

1 Duct gap 𝑥1 = 𝑑 0.5-2 

2 Coil width 𝑥2 = 𝑤𝑐 5-20 

3 Piston diameter 𝑥3 = 𝐷𝑝 40-70 

4 Piston rod diameter 𝑥4 = 𝐷𝑟 20-50 

5 Radial gap outer diameter 𝑥5 = 𝐷𝑜 10-80 

6 Radial duct inner diameter 𝑥6 = 𝐷𝑖 5-30 

7 MR valve whole diameter 𝑥7 = 𝐷 50-90 

8 Annular gap length 𝑥8 = 𝐿𝑎 20-70 

9 Coil length 𝑥9 = 𝐿𝑐 5-25 

10 MR valve height 𝑥10 = 𝐿 50-80 

 

Table 3-5. MR fluid and valve material properties. 

Parameter Symbol Value Unit 

MR fluid density 𝜌 3050 kg/m3 

MR fluid viscosity 𝜂 0.112 pa.s 

MR fluid relative permeability 𝜇𝑟𝑓 5  

Steel (1006) relative permeability 𝜇𝑟𝑗 1404  

Permeability of free space 𝜇𝑜 4π × 10−7 TmA-1 

Copper wire (gage AWG22) diameter 𝑑𝑤 0.7131 mm 
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Constraints imposed on the MR fluid bypass valve have been categorized into geometrical, 

and physical (e.g., magnetic circuit) constraints. Side constraints are considered for all design 

parameters (see Table 3-4), so that design optimization can be conducted within a given design 

space and volume (𝑉𝑚𝑟) , thus allowing a compact design of the MR fluid bypass valve. Moreover, 

the induced magnetic flux density in the MR fluid’s active regions should be lower than the 

saturation limit of the MR fluid. This avoid temprature rise in the coil, thereby alowing valve to 

operate continuiously over a longer period of time. Also, the magnetic flux saturation of the MR 

valve’s core material should not occur before that of MR fluid. Here a factor (𝛾) is defined as the 

ratio of the magnetic flux in the MR valve bobbin to that in the MR fluid. To guard against 

saturation limits and also provide compact design the factor 𝛾 has been limited to be between the 

range of 1.02 to 1.07 [180]. It is noted that the saturation limit of the MR fluid is approximately 

1.6 Tesla, as shown in Figure 3-6(a) and the core (steel AISI 1006) is saturated approximately at 

2.5 Tesla. 

The off-state damping force should not be less than 467 N based on the specification of the 

vehicle conventional shock absorber in Figure 3-1. The minimum yield damping force of the 

MRFD is also considered to be at least 950 N to assure dynamic range of greater than 2. 

Considering the above-mentioned design requirements, the design optimization problem can be 

formally formulated as:  

Find 𝑋 = [𝑑, 𝑤𝑐, 𝐷𝑝, 𝐷𝑟 , 𝐷𝑜 , 𝐷𝑖 , 𝐷, 𝐿𝑎 , 𝐿𝑐, 𝐿], a design variable vector of dimension ten, to 

minimize 

𝑓(𝑋) =
 𝐹𝑠 + 𝐶𝑣𝑖𝑠�̇�𝑝

 𝐹𝑠 + 𝐶𝑣𝑖𝑠�̇�𝑝 + 𝐹 𝜏𝑠𝑔𝑛(�̇�𝑝) 
=
𝐹𝑜𝑓𝑓

𝐹𝑜𝑛
=
1

𝜆𝑑
 (3-39) 

Subject to  
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 −

𝐹𝑜𝑓𝑓

467 
+ 1 ≤ 0 𝑁  

−
𝐹𝜏
950

+ 1 ≤ 0 𝑁

𝑉𝑚𝑟
4.31 × 105

− 1 ≤ 0 𝑚𝑚3

−𝛾 + 1.02 ≤ 0
𝛾 − 1.07 ≤ 0

0.5 ≤ 𝑥1 ≤ 2 𝑚𝑚
     5 ≤ 𝑥2 ≤ 20 𝑚𝑚
   40 ≤ 𝑥3 ≤ 70 𝑚𝑚
     20 ≤ 𝑥4 ≤ 50  𝑚𝑚
   10 ≤ 𝑥5 ≤ 80 𝑚𝑚
      5 ≤ 𝑥6 ≤ 30 𝑚𝑚
    50 ≤ 𝑥7 ≤ 90 𝑚𝑚
    20 ≤ 𝑥8 ≤ 70 𝑚𝑚
       5 ≤ 𝑥9 ≤ 25 𝑚𝑚
      50 ≤ 𝑥10 ≤ 80 𝑚𝑚 }

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 (3-40) 

 

The formulated design optimization problem was successfully solved using the successive 

implementation of GA, which is a stochastic-based optimization technique, and the SQP algorithm, 

which is a powerful nonlinear gradient-based optimization technique, to accurately capture the 

global optimum solution. Due to its stochastic nature, the GA can provide near global optimum 

solution. The optimum solution from GA is then used as the initial point for the SQP algorithm to 

accurately catch the global optimum solution. Using this hybrid approach, same optimal solutions 

were obtained using different randomly generated initial population for the GA.  

3.5 Results of Simulations 

The performance (e.g., damping force and dynamic range) of the initial design of the MR 

bypass valve (Table 3-1) are firstly evaluated and compared with those of optimally designed 

MRFD. The results of the magnetic circuit analyses including analytical and numerical 

approaches, have also been presented in this section. 

3.5.1 Optimization results 

As mentioned in section 3.4, the optimization problem was solved using a hybrid approach by 

combining GA and SQP algorithms to capture the true global optimum solution. Starting using 

different initial populations for GA resulted in different optimum solutions near the global 
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optimum. Table 3-6 provides the sample of optimum points obtained using GA. Using optimum 

GA values in Table 3-6 as initial points for the SQP algorithm has rendered a unique global 

optimum solution provided in Table 3-7. The iteration history of the SQP using different initial 

points (Table 3-6) is shown in Figure 3-8.  

 

Figure 3-8. Iteration history of the optimized parameters. 

The optimized damper can generate on-state damping force of 7.41 kN and dynamic range of 

6.7 under applied current of 1.5 A. However, the initially designed damper (Table 3-1) revealed 

on-state damping force of 3.63 kN and and dynamic range of 4. The optimized and initially 

designed geometrical parameters are compared and summarized in Table 3-8. As it can be realized 

the dynamic range of the optimized damper has been improved by 67.5% as compared with 

initially designed damper. Using Eq. (3-35), the number of coil turns in optimal configuration is 

175.  

Table 3-6. Genetic Algorithm optimum points in (mm). 

Iteration No 
Design variables 

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8 𝑥9 𝑥10 

1 2 6 50 40 50 10 50 60 24.6 80 

2 0.9 12.3 70 21.2 25.6 5.1 51.3 35.5 13 50.5 

3 0.5 4.4 47.2 34.9 26.8 5.3 80 30 10.3 80 

4 0.6 15 65 30 49 6.5 90 26 13 60.3 

5 0.7 7 69.9 30.6 45 10 70 30 11 61.6 
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Table 3-7. SQP global optimum solution (mm). 

𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 𝒙𝟓 𝒙𝟔 𝒙𝟕 𝒙𝟖 𝒙𝟗 𝒙𝟏𝟎 

0.788 7 50 30 38.1 10 64.5 43.9 10.7 55.5 

 

Table 3-8. Initial base design and Optimized geometrical dimensions and performance indices.  

Parameter Symbol Initial Design (mm)  Optimized Design (mm) 

Duct gap 𝑑 0.9 0.788 

Coil width 𝑤𝑐 7 7 

Piston diameter 𝐷𝑝 55 50 

Piston rod diameter 𝐷𝑟  30 30 

Radial duct outer diameter 𝐷𝑜 32.1 38.1 

Radial duct inner diameter 𝐷𝑖  15 10 

MR valve whole diameter 𝐷 90 64.5 

Annular duct length 𝐿𝑎 50 43.9 

Coil length 𝐿𝑐 10 10.7 

MR valve height 𝐿 67.8 55.5 

Performance Indices:    

Damping force (field-off), kN 𝐹𝑜𝑓𝑓 0.91 1.1 

Max damping force (field-on), kN 𝐹𝑜𝑛 3.63 7.41 

Dynamic range 𝜆𝑑 4 6.7 

3.5.2 Magnetic circuit results  

The solution of the magnetic circuit for the optimized MR valve was estimated analytically. 

The density (𝐵) and intensity (H) of magnetic flux were approximately evaluated for both the 

annular and radial ducts under different excitation currents, as given in Table 3-9. 

Table 3-9. Analytical results for annular and radial ducts magnetic circuit. 

Current 

(𝐴) 

Annular duct Radial duct 

Magnetic 

flux density 

(Tesla) 

Magnetic 

field intensity 

(A/m) 

Magnetic 

flux density 

(Tesla) 

Magnetic 

field intensity 

(A/m) 

0.10 0.054 7.16 × 103 0.0455 6.03 × 103 

0.25 0.135 1.79 × 104 0.1138 1.51 × 104 

0.50 0.270 3.58 × 104 0.2277 3.02 × 104 

0.75 0.405 5.37 × 104 0.3420 4.53 × 104 

1.00 0.540 7.16 × 104 0.4553 6.04 × 104 

1.50 0.621 8.24 × 104 0.5236 6.94 × 104 
 

The magnetic circuit analytical results were then compared with simulation results based on 

the magnetic circuit finite element model developed in FEMM. A triangular mesh of 9327 



 

41 

 

elements and 4822 nodes were created with a precision of 1e-08. The meshing and the magnetic 

flux density distribution in the MR valve gaps and the MR valve linkages under excitation current 

1.5 A are shown in Figure 3-9. The results for magnetic flux density and the distribution of the 

magnetic field intensity along the annular-radial path length (from A to F shown in Figure 3-9) are 

shown in Figures 2-10 and 2-11, respectively. The average results of the numerical solution for 

the magnetic circuit for different applied currents are summarized in Table 3-10. 

 

  

 

 

Figure 3-9. Magnetic flux distribution at excitation current 1.5 A. 

 

 
Figure 3-10. Magnetic flux density along the annular-radial path length under different 

applied current. 
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Figure 3-11. Magnetic flux intensity along the annular-radial path length under different 

applied current. 

Table 3-10. Average numerical results for annular and radial gaps magnetic circuit using 

FEMM. 

Current (𝐴) 

Annular duct Radial duct 

Magnetic flux 

density (Tesla) 

Magnetic field 

intensity (A/m) 

Magnetic flux 

density (Tesla) 

Magnetic field 

intensity (A/m) 

0.1 0.058 7.5 × 103 0.0504 6.6 × 103 

0.25 0.146 1.85 × 104 0.125 1.68 × 104 

0.5 0.293 3.82 × 104 0.253 3.34 × 104 

0.75 0.426 5.73 × 104 0.378 5 × 104 

1 0.584 7.71 × 104 0.504 6.6 × 104 

1.5 0.667 8.79 × 104 0.58 7.7 × 104 

 

The comparison of the numerical and analytical results for the average magnetic flux density 

in the annular and radial gaps are shown in Figures 2-12(a) and (b), respectively. Results show a 

reasonably good agreement between the analytical and numerical results. Besides, results show 

that the relation between magnetic flux density and applied coil current is linear when coil current 

is below 1 A, irrespect of the gap type. Furthermore, the induced magnetic flux density is relativley 

higher within annular gap than that of radial gap, irrespecitve of coil current. 
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(a) (b) 

Figure 3-12. Magnetic flux density at different coil currents (a) annular gap and (b) radial 

gap. 

3.6 Experimental Method 

A prototype of the proposed MRFD is fabricated based on the optimal geometric and magnetic 

circuit parameters with some modifications. Figure 3-13 shows the components and assembled 

configuration of the fabricated MRFD. These components have been fabricated with the proper 

tolerances and surface roughness. Alloy steel 4140 is selected as the material for cylinder housing 

and piston rod, while low carbon steel 1117 is selected for the main and floating pistons. The 

damper is filled with the commercial MR fluid 132-DG from Lord coporation. A three-

dimensional model and the detailed drawing of the proposed MRFD can be seen in Appendix D. 
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(a) (b) 

Figure 3-13. Fabricated MRFD (a) MRFD components and (b) the prototype MRFD. 

Due to the limitation of the manufacturing tools and processing as well as cost-effectiveness, 

the manufactured MRFD slightly differs from the optimized MRFD. MR valve has a fluid gap of 

1.2 mm instead of the optimal value of 0.778 mm while maintaining the dynamic range of at least 

2 by enlarging the damper main piston diameter to 70 mm. The MR coil wire is chosen to be Gauge 

24 AWG copper wire, thus the number of coil turns was increased to 215 turns to enhance the time 

response and overcome the short-circuit problem that occurred. The core material is chosen to be 

steel AISI 1117 that has a relative permeability of 1777 for overcoming the magnetic saturation 

due to increasing the number of turns. All the amendments are summarized in Table 3-11. The 

performance of the MR valve in terms of off-stat damping force, maximum damping force, and 

dynamic range has been subsequently re-evaluated based on the fabricated MRFD, via the 

mathematical formulations presented in Section 3.3. Table 3-11 also compares the performance 

indices of the fabricated MR valve with the firstly optimized MR valve under a peak piston velocity 

of 12.5 mm/s. As it can be realized the fabricated MRFD has nearly the same performance indices 

as the optimized configuration.  

An experimental test has been designed to validate the simulation results for magnetic circuit 

of bypass MR valve and also to validate the predicted damping forces and dynamic range. Also, 
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the fabricated MRFD has been experimentally characterized for evaluating its dynamic 

performance. 

Table 3-11. Comparison between the parameters and performance of the optimized and 

fabricated MR bypass valve. 

Parameter Symbol 
Optimized MRFD 

(mm) 

Modified MRFD 

(mm) 

Duct gap 𝑑 0.788 1.2 

Coil width 𝑤𝑐 7 7 

Piston diameter 𝐷𝑝 50 70 

Piston rod diameter 𝐷𝑟 30 30 

Radial gap outer diameter 𝐷𝑜 38.1 38.1 

Radial gap inner diameter 𝐷𝑖 10 10 

MR valve whole diameter 𝐷 64.5 64.5 

Annular gap length 𝐿𝑎 43.9 43.9 

Coil length 𝐿𝑐 10.7 10.7 

MR valve height 𝐿 55.5 60 

Copper wire gauge 𝑑𝑤 AWG22 AWG24 

Number of coils (turns) Nc 175 215 

Bobbin core material  AISI 1006 AISI 1117 

Performance Indices:    

Damping force,(field-off), kN 𝐹𝑜𝑓𝑓 1.1 1.16 

Max damping force (field-on), kN 𝐹𝑜𝑛 7.41 5.78 

Dynamic range 𝜆𝑑 6.7 4.98 

 

3.6.1 Experimental validation of the magnetic circuit model 

The FE model developed for solving the magnetic circuit of the MR valve (along the annular 

MR fluid gap) was validated by measuring the steady-state magnetic flux density in the MR fluid 

gap. As it was not possible to directly measure the magnetic flux density in the MR fluid gaps 

regions in-situ, the measurement has been conducted in the absence of MR fluid (in the air gap) 

by removing the valve from its enclosure. Then, the magnetic flux density was measured along the 

annular MR fluid gap. The magnetic flux density distribution using FEMM at the excitation current 

of 2 A is shown in Figure 3-15. The results were compared to those obtained experimentally by 

locating Gaussmeter at different locations along the annular gap. The setup of the experiment is 

shown in Figure 3-14. The MR valve coil was energized with different applied currents using a 

DC power supply (10 A, 100 V).  
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Figure 3-14. Measurement of the magnetic flux density along the MRFD’s annular gap. 

 

 

  

 

Figure 3-15. Magnetic flux distribution at excitation current 2 A. 

The experimental results for the average magnetic flux density along the annular gap and their 

comparison with FE results as in sub-section 3.3.2 under different applied currents are shown in 

Figure 3-16. Results are suggestive of a relativlety well agreement between the experimentally and 

numerically obtained magnetic flux density. 
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Figure 3-16. Comparison of the measured and FE estimation of the average magnetic flux 

density along the annular gap of the MR valve. 

3.6.2 Experimental validation of the otimization strategy of the fabricated MRFD  

Experimental characterization of the fabricated MRFD was performed to verify the modelling 

and design optimization formulation of the proposed bypass MRFD. The measurements were 

performed on a Material Testing System (MTS) machine, as shown in Figure 3-17. The MRFD 

was fixed between the upper and lower horizontal crossbeams of the loading frame of the MTS 

machine. The lower crossbeam contains a servo actuator that can apply sinusoidal excitations to 

the damper’s cylinder. A built-in Linear Voltage Displacement Transducer (LVDT) measures the 

displacement of the damper cylinder. The upper crossbeam contains a load cell to measure the 

damping force. The measurements are transmitted to a National Instruments Data Acquisition 

board (DAQ) and then digitized and monitored on a PC using LabView software. The experimental 

measurements were performed for measuring force-displacement and force-velocity of the MRFD 

at low frequencies (1 and 2 Hz) and amplitudes of 1 mm respectively and under different excitation 

currents (0-2A). 
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Figure 3-17. Test setup of the fabricated bypass MRFD. 

Experimental characterization of the MRFD is conducted by measuring the force-

displacement and force velocity at each loading condition. Figure 3-18 shows force-displacement 

and force-velocity hysteresis behaviour of MRFD under harmonic excitation with frequency of 1 

Hz and loading amplitude of 1 mm, respectively. The presented results in Figure 3-18 were 

obtained at applied input current of (0-2 A). Figure 3-19 shows similar results for the excitation 

frequency of 2 Hz and loading amplitude of 1 mm. The results show that the area encircled by the 

force-displacement curve (representing the energy dissipation) substabtially increases with 

increasing the applied current. The force-velocity curves also show that the damping force 

increases with increasing current as well as velocity. For instance, the damping force at a frequency 

of 2 Hz and displacement of 1 mm (peak velocity of 12.5 mm/s) ranges between 1.31 kN to 6.61 

kN from off-state to on state (current 2 A), yielding a large dynamic range of nearly 5.06. These 

experimentally obtained indices are in good agreement with those indices presented in Table 3-11, 

which were obtained using analytical relation in Section 3.3. 
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(a) (b) 

Figure 3-18. The measured data at excitation frequency of 1 Hz and displacement of 1 mm 

(a) force-displacement and (b) force-velocity. 

  

(a) (b) 

Figure 3-19. The measured data at excitation frequency of 2 Hz and displacement of 1 

mm(a) force-displacement and (b) force-velocity. 

In order to validate the developed mathematical model of the proposed MRFD, the measured 

data has been compared with the design optimization results. Figure 3-20 shows the comparison 

of the controllable damping force obtained experimentally and using an analytical approach, Eq. 

(3-20), under varied applied currents and different excitation conditions. It is noted that the yield 

stress in the active region of annular and radial MR fluid gaps (𝜏𝑦𝑎(𝑟)(𝐵)) was obtained using Eq. 

(3-23). The yield stress depends on the magnetic flux density, as obtained using magnetic circuit 
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analysis in Eq. ( 3-33). Figure 3-21 also illustrates the equivalent damping coefficient 𝐶𝑒𝑞  

evaluated experimentally using the energy dissipation obtained from the enclosed area in force-

displacement hysteresis loops (Figures 2-18 and 2-19) and also analytically using Eq. (3-21). The 

variation of the MRFD dynamic range evaluated experimentally and analytically (using Eq. (3-22) 

with respect to applied current under different excitation conditions are also shown in Figure 3-22. 

Results show a reasonably good agreement between the simulation and experimental results and 

confirm the significant field-dependent controllability of the damper at different operation 

conditions. The slight deviation between the experimental and simulation modeling was observed. 

This may be partly attributed to the quasi-static modeling based on the Bingham plastic fluid 

behaviour in which other factors such as the inertia effect, fluid compressibility, non-uniform 

distribution of the magnetic flux and temperature effects, have been ignored. 

  

(a) (b) 

Figure 3-20. Variation of the controllable damping force with applied currents(a) excitation 

frequency of 1 Hz and amplitude of 1 mm and (b) excitation frequency of 2 Hz and amplitude of 

1 mm. 
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(a) (b)  

Figure 3-21. Variation of the damping coefficient with applied currents (a) excitation 

frequency of 1 Hz and amplitude of 1 mm and (b) excitation frequency of 2 Hz and amplitude of 

1 mm. 

.

 
 

(a) (b) 

Figure 3-22. Variation of the dynamic range of the novel MRFD with respect to the applied 

current (a) excitation frequency of 1 Hz and amplitude of 1 mm and (b) excitation frequency of 2 

Hz and amplitude of 1 mm. 

3.7 Summary 

In this chapter, a compact annular-radial magnetorheological damper has been modelled and 

optimally designed for the replacement of conventional shock absorbers in off-road applications. 
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Using the Bingham plastic model, a quasi-static model for determining the total damping force as 

a function of the MR bypass valve geometrical parameters, piston velocity and MR fluid yield 

shear stress has been developed. The magnetic circuit of the MR fluid bypass valve has been solved 

analytically to obtain the magnetic flux density through the MR fluid annular and radial gaps under 

different applied currents. The magnetic finite element analysis has also been conducted to validate 

the analytical magnetic circuit model and also better realize the distribution of the magnetic field 

in the MR fluid active regions. A formal multidisciplinary optimization problem based on both 

geometrical and magnetic circuit parameters was subsequently formulated to maximize the 

MRFD's dynamic range in a constrained specific volume to meet off-road vehicles requirement. 

Using a combination of GA and SQP algorithms, the global optimum solution was accurately 

evaluated. The optimally designed MRFD with some slight modifications has been fabricated and 

experimentally tested to evaluate the damper performance under different applied currents and 

excitation conditions. A steady-state magnetic flux density in the annular MR fluid gap was 

experimentally measured to validate the FE model developed for solving the magnetic circuit of 

the MR valve. Results showed very good agreement between simulation and experimental results 

for both magnetic circuit and damper performance (dynamic range and damping force). Under 

applied current of 2 A, the simulation and experimental results revealed a large damping force of 

6.61 kN and 7.41 kN, respectively, as well as a high dynamic range of 5.06, and 6.7, 

correspondingly, under piston velocity of 12.5 mm/s. The prototyped MRFD can be effectively 

employed for vibration control applications, particularly, in off-road tracked vehicles. 
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CHAPTER 3 

4. DYNAMIC PHYSIC MODELING OF ANNULAR-RADIAL 

MAGNEORHEOLOGICAL DAMPER 

4.1 Introduction 

Utilizing semi-active adaptive devices such as magnetorheological (MR) dampers can 

attenuate undesirable vibration in many application systems. For this, many models have been 

developed to predict damping force behaviour of MRFDs under varied excitations and applied 

magnetic fields. Such models can cost-effectively facilitate the early-stage design process and help 

design optimization, control and prototype developments. These models may be classified into 

quasi-static and dynamic models. Most of the studies have focused on developing the quasi-static 

models, which generally have considered Bigham plastic (BP) and Herschel-Buckley (HB) 

behaviour for MR fluids as [123–125,181–183]. These models are useful in early design, 

understanding the working principles along with optimization of MRFDs and have the ability to 

describe their dynamic behaviour. However, the quasi-static models mainly assume the MR flow 

behaviour in steady-state conditions and mostly neglect the gravity and inertial effects as well as 

fluid compressibility. These can lead to a considerable error when one would predict the unsteady, 

particularly rapid transient response of MR fluids/dampers as well as the dynamic hysteresis 

response of MRFDs [43]. MRFDs typically demonstrate hysteresis behaviour at low velocity 

region and have non-zero damping forces at instantaneous locations of zero velocity. 

Alternatively, to alleviate the shortcomings associated with quasi-static models, several 

dynamic models have been proposed. These models can be classified into physic-based and 

phenomenological models. Phenomenological models can also be classified into parametric and 

non-parametric models. Parametric models include the Bingham model, and mathematical-based 

models, such as Chebyshev polynomials [137], the Bouc-Wen model and the modified Bouc-Wen 

model [42,90,131,184,185], which the latter group usually consists of several springs and viscous 

dashpots, apart from a hysteresis operator. The non-parametric models are included but not limited 

to the black-box model [139], the query-based model [140], the neural network model [141], the 

Ridgenet model [142] and self-tuning Lyapunov-based fuzzy [143]. Except for physic-based 

models, the rest of the models’ characteristic parameters are required to be identified via costly 

experimental data. These experimentally derived dynamic models have been successfully 
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developed and improved for capturing the MRFD hysteresis phenomena accurately at the cost of 

expensive experimental characterization. Yang [43], for instance, proposed a dynamic model 

based on the Bouc-Wen hysteresis model incorporating the excitation current to describe the field-

dependent hysteresis phenomenon in a full-scale MRFD. They demonstrated a good agreement 

between the model-predicted behaviour and the experimental results. Dominguez et al. [186] 

developed a model based on the modified Bouc–Wen model considering frequency, amplitude and 

current excitation as input variables to efficiently predict the hysteresis phenomenon of MRFD 

under varying mechanical and magnetic field excitations. The developed model was able to 

accurately capture the hysteresis behaviour of the MRFD under varying mechanical and magnetic 

field excitations. While the dynamic models are able to capture the non-linear hysteresis behaviour 

of MRFDs, they are experiment-based, thereby lacking physical insight and thus not suitable for 

analysis and design of MRFDs at the early stage of design. Typically, the dynamic models with 

experimentally derived parameters are being developed to characterize the behaviour of the tested 

MRFDs under specific excitation conditions and must be re-evaluated if a different combination 

of excitation parameters is desired. Therefore, these data-derived models may not be efficient in 

predicting the MRFDs’ nonlinear behaviour due to the considerable influence of the rheological 

properties of MR fluids, particularly under higher loading rates [85,187–189]. It is noted that the 

non-linear behaviour of MRFDs can be in part attributed to the mechanical properties of the MR 

fluid, such as fluid compressibility [189–191], magnetic saturation [192], viscoelastic effect [191], 

unsteady fluid behaviour (fluid inertia effect, slow and rapid transient flow)), [193], heat 

generation, dry friction between damper components and wet friction between MR fluid and 

damper components [63,189,191,194]. Among the above-mentioned factors, the unsteady flow of 

MR fluids, which is due to the unsteady laminar boundary layer flow in a narrow-long gap of 

MRFDs [195], has been investigated to a far lesser extent. Thus, it is essential to develop models 

(particularly physic-based) to predict such nonlinear behaviour of MR fluids, especially in large-

scale MRFDs under a wide range of loading conditions. 

There are, albeit, a few studies that have developed a physic-based dynamic model to predict 

the unsteady behaviour of electrorheological (ER) fluids and MR fluids, especially within the gap 

channels of ER/MRFDs. For instance, Chen et al.[196] took advantage of Laplace transform to 

derive the velocity profile and subsequently model the pressure gradient of unsteady ER fluid 

passing unidirectionally between parallel plates. This method was further expanded in another 
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study by Yu et al. [29] for the ER dampers. They developed a dynamic model considering the 

unsteady behaviour of the ER fluids with experimental identification of the parameters. Using the 

variable separation method and considering the Bingham Plastic (BP) behaviour for the ER fluids, 

they analyzed the unsteady ER fluid flow on the ER damper’s hysteresis behaviour, especially at 

high excitation frequencies. A small-scale MRFD was modeled to predict the unsteady fluid 

behaviour under sinusoidal excitation using Navier–Stokes equation [30]. Employing the average 

inertia method, Mao et al. [197] presented an unsteady flow model, based on the Bingham plastic 

behaviour of MR fluids. Despite the fact that the above-mentioned studies were able to consider 

the unsteady behaviour of MR fluids but they could not capture the hysteresis behaviour of MRFDs 

at low velocity regions. Du et al. [144] recently developed a dynamic model based on the BP 

behaviour of MR fluids for estimating the unsteady and hysteretic behaviour of an MRFD. 

However, in their analysis, the effect of loading displacement, and compressibility were not 

considered. More importantly, the parameters of the developed model for predicting the hysteresis 

phenomenon require experimental data. 

It is worth mentioning that the MR fluid compressibility can considerably contribute to the 

hysteresis behaviour in MRFDs, apart from the friction force of the damper [144,189,190,198]. 

The compressibility effect can be attributed to the existence of air/gas volumes in MRFDs that 

result in reducing the bulk modulus of the fluid. The lower value of the fluid bulk modulus results 

in a wider hysteretic area. Çeşmeci and Engin [198] predicted the performance of an MRFD under 

low displacement-rate conditions using a quasi-static BP model. In their model development for 

predicting the hysteresis behaviour of the MRFD, an algebraic modification was applied to the 

model using several experimentally-derived parameters. Apart from BP fluid behaviour, other 

quasi-static models such as Herschel-Bulkley fluids model have also been developed to represent 

the hysteresis behaviour of MRFDs [124,190,199]. These model developments mostly represent 

the compressibility effect as a function of the fluid’s compressibility index rather than the fluid 

bulk modulus. However, the utilization of the fluid bulk modulus in representing the 

compressibility effect permits the employment of different bulk moduli in compression and 

rebound chambers. Having considered varied bulk moduli in compression and rebound cycles has 

yielded a more accurate estimation of MR fluid compressibility effect on MRFD behaviour. 

However, the contribution of the MR fluid compressibility on the hysteresis behaviour of MRFDs 

has been mostly neglected [63,189]. 
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All in all, despite the recent advancements in modeling the unsteady and hysteretic 

characteristics of MRFDs under quasi-static conditions, much work is needed to look at the role 

of such nonlinear behaviour of MRFDs under dynamic loading conditions. When it comes to 

bypass MRFDs, however, modeling these nonlinear features can be nontrivial in many cases, 

especially when the geometry valves become complicated such as that for bypass MRFDs with 

annular-radial MR valves. These MRFDs have shown superior performances (high damping force 

and dynamic force range) compared with annular or radial MRFDs only [200–203]. Thus, 

developing dynamic models for predicting these types of dampers' behaviour including unsteady 

and hysteretic characteristics, is required for the accurate analysis and design of advanced MRFDs. 

In this chapter, a physic-based dynamic model was developed to predict the non-linear 

dynamic response of a large capacity bypass MRFD with an annular-radial MR valve. The 

proposed model considers the unsteady fluid behaviour as well as the fluid compressibility effect 

on the hysteresis response with no experimentally-driven parameters. For this, the dynamic 

pressure drop was firstly derived from the fluid momentum equation based on BP fluid behaviour 

in a rectangular channel. The Laplace transform technique combined with the Cauchy residue 

theorem was effectively used to analytically solve the governing equation of motion for the 

velocity profile and pressure drop of the unsteady MR fluid. Utilizing the derived dynamic pressure 

drop, the non-linear hysteresis behaviour of the annular-radial bypass valve due to unsteady fluid 

behaviour was captured. The dynamic model was subsequently modified by considering the MR 

fluid compressibility effect on the hysteretic response due to the variation of the fluid’s bulk 

moduli. The continuity equation was utilized to evaluate the actual volume flow rate through the 

determination of the pressure inside the chambers of the MRFD. The results based on the 

developed theoretical dynamic model were afterward compared with those obtained from the 

quasi-static formulation and experimental results to reveal the important effect of the unsteady 

fluid flow and the compressibility on the MRFD dynamic behaviour. 

4.2 Configuration of the annular-radial MRFD 

A bypass MR damper with an annular-radial MR valve is designed and prototyped. Figure 

4-1(a) shows its schematic. As shown in Figure 4-1, an internal spring was employed instead of 

an accumulator gas chamber, typically used in conventional MR dampers. This spring-based 

volume compensator has been integrated inside the damper in such a way that its upper side is 
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attached to the piston rod and from the lower side is connected to a floating piston, thereby 

providing a compact design. The spring’s role is basically to compensate for the change of volume 

due to the movement of the piston rod within the cylinder. The external bypass MR valve 

comprises an outer shell and a bobbin integrated with an electromagnet coil. The valve is designed 

with both the annular and radial fluid gaps for generating high damping force in a given specific 

volume. The main geometrical parameters of the designed MR valve are shown in Figure 4-1(b). 

The commercial MRF-132 DG from Lord Corporation is used to fill the MRFD. The damper 

geometrical and material parameters together with the MR fluid 132 DG properties (identified in 

Chapter 2) are repeated in Table 4-1 for sake of clarity. 

 

  

(a) (b) 

Figure 4-1. (a) Annular-radial MRFD, (b) MR bypass valve geometrical parameters. 
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Table 4-1. Annular-radial MRFD parameters and MR fluid properties. 

Parameter Symbol Value  Unit 

Duct gap 𝑑 1.2 mm 

Coil width 𝑤𝑐 7 mm 

Piston radius 𝑅𝑝 35 mm 

Piston rod radius 𝑅𝑟 15 mm 

Floating Piston radius 𝑅𝑓 9.525 mm 

Radial duct outer radius 𝑅𝑜 19.05 mm 

Radial duct inner radius 𝑅𝑖 5 mm 

MR valve whole radius 𝑅 32.25 mm 

Annular duct length 𝐿𝑎 48.5 mm 

Coil length 𝐿𝑐 10.7 mm 

MR valve height 𝐿 60 mm 

MR fluid density 𝜌 3050 kg/m3 

MR fluid viscosity 𝜂 0.112 pa. s 

Copper wire (AWG24) diameter 𝑑𝑤 0.511   Mm 

 

4.3 Quasi-static model of MRFD with bypass annular-radial gaps considering friction effect 

Prior to formulating the proposed dynamic model, this section presents the derivation of a 

quasi-static model for predicting the force response of the designed bypass MRFD. As shown in 

Figures 3-1(a) and (b), the clearances between the outer shell and bobbin create an annular and 

two radial gaps. In the absence of an external magnetic field, the damping force is only generated 

by the viscous fluid resistance in the annular-radial MRV. However, in the presence of the applied 

magnetic field, additional damping force will be generated due to the MR fluid yield stress. This 

generated damping force can be continuously varied by controlling the applied current to the 

electromagnet coil. The direction of the magnetic flux in the active radial and annular regions is 

perpendicular to the MR fluid flow motion. As discussed in Chapter 2, by assuming quasi-static 

BP rheological fluid behaviour and neglecting the unsteady fluid behaviour and compressibility of 

the MR fluid, the generated force by the MRFD consists of the contribution of the viscous force 

and yield stress. These forces can be related to the pressure drop within the valve as well as the 

spring force due to the internal spring embedded with the piston rod according to the configuration 

of the designed MR valve. The detailed derivation of generated static damping force (𝐹𝑑) is 

described in section 3.3 in Chapter 2. It is noted in section 3.3, the effect of friction forces was 

neglected. Considering the effect of static and dynamic friction, the quasi-static damping force can 

be modified as: 



 

59 

 

𝐹𝑑 = 𝐹𝑠𝑔 + ∆𝑃(𝐴𝑝 − 𝐴𝑟) + 𝐹𝑓𝑠𝑔𝑛(�̇�𝑝)

= 𝐹𝑠𝑔 + (∆𝑃𝜂 + ∆𝑃𝜏 )(𝐴𝑝 − 𝐴𝑟) + 𝐹𝑓𝑠𝑔𝑛(�̇�𝑝) 
(4-1) 

in which 𝐹𝑓  is the friction force due to the sealing O-rings embedded between the piston and 

cylinder as well as friction between MR fluids and cylinder internal surfaces. 

In a similar approach described in section 2.3, the quasi-static damping force considering 

friction effect can be written as: 

𝐹𝑑 = 𝐹𝑠𝑔 + 𝐶𝑣𝑖𝑠�̇�𝑝 + 𝐹𝜏𝑠𝑔𝑛(�̇�𝑝) + 𝐹𝑓𝑠𝑔𝑛(�̇�𝑝) (4-2) 

It is noted that total friction force friction force,  𝐹𝑓 , can be represented as the summation of 

static and dynamic components as: 

 𝐹𝑓 =  𝐹𝑠 +  𝐹𝛽 (4-3) 

where,  𝐹𝑠 and 𝐹𝛽 are the static friction of the MRFD and the dynamic friction due to the friction 

between the MR fluid and MRV surfaces, respectively. The static friction can be estimated by the 

following relation as reported in [204]: 

 𝐹𝑠 = 32 (
𝜔

2𝜋
)
−0.17

 (4-4) 

while the dynamic friction can be determined as [205]. 

 𝐹𝛽 = 𝜋𝛽𝑅𝑑  [𝐿𝑎
𝐵𝑎
2

𝜇𝑓
+ (𝑅𝑜 − 𝑅𝑖)

𝐵𝑟
2

𝜇𝑓
] (4-5) 

where 𝛽 is the dynamic friction coefficient which  is assumed to be 0.075, as reported in [205] and 

𝜇𝑓 is the magnetic permeability of MR fluid.  In above equation, 𝐵𝑎 and 𝐵𝑟 are estimated using 

magnetostatic finite element model (section 3.3.2) and using Eq. (3-38) under varied currents for 

the modified optimally designed MRFD. Results for variation of 𝐵𝑎 and 𝐵𝑟 with respect to current, 

I, are shown in Figures 3-2(a) and (b), respectively. 
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(a) (b) 
Figure 4-2. Variation of the magnetic flux density with respect to current in (a) annular gap and (b) 

radial gap. 

Considering Figure 4-2, the following equations represent the relation between the magnetic 

flux density and applied current for the annular and radial gaps as: 

𝐵𝑎 = 0.367(1 − 𝑒
2.427𝐼) (4-6) 

𝐵𝑟 = 0.361(1 − 𝑒
2.402𝐼) (4-7) 

 

It is worth mentioning that the above exponential functions can accurately described the 

magnetic saturation phenomenon observed at high magnetic field. 

 

4.4 Dynamic Modelling of bypass MRFD  

In the following sections, first mathematical model considering unsteady fluid behaviour due 

to MR fluid inertia is developed. The model is subsequently refined by considering the MR fluid 

compressibility. 

4.4.1 Mathematical modeling of unsteady fluid behaviour 

The quasi-static model of the MRFD assumes steady behaviour of the MR fluid flow annular 

and radial gaps. This assumption is valid only for small stroke dampers that operate at low 

frequencies and no longer suitable for large stroke dampers under high frequency excitations. 

Quasi-static models may represent the force-displacement behaviour of MRFDs with reasonable 

accuracy however they can’t describe the force-velocity hysteresis behaviours of MRFDs. In this 

section the dynamic modelling of the proposed MR fluid bypass valve with annular-radial fluid 
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gaps is carried out by considering the unsteady unidirectional fluid flow through parallel 

rectangular plate. Parallel rectangular passage is a resorbable as the mean diameter of annular duct 

is much large than the gap (more than an order of magnitude). For revealing the influence of the 

unsteady fluid behaviour on the MRFD behaviour, the fluid is assumed to be incompressible and 

operating to in the laminar regime. Gravity and the pressure drop into damper’s upper and lower 

chambers are also neglected. The MR fluid is restricted between two parallel plates of length L 

and width w, as shown in Figure 4-3. Considering differential fluid element shown in Figure 

4-3(b), the governing dynamic momentum equation of flow motion can be written as: 

−𝑚�̈� + 𝑃𝑤𝑑𝑦 + (𝜏𝑦𝑥 +
𝜕𝜏𝑦𝑥

𝜕𝑦
𝑑𝑦)𝑤𝑑𝑥 − (𝑃 +

𝜕𝑃

𝜕𝑥
𝑑𝑥)𝑤𝑑𝑦 − 𝜏𝑦𝑥𝑤𝑑𝑥 = 0 (4-8) 

where the element mass can be expressed as 

𝑚 = 𝜌𝑤 𝑑𝑥 𝑑𝑦 (4-9) 

 

  
(a) (b) 

Figure 4-3. (a) MR fluid in rectangular flow duct schematic and (b) differential fluid element. 
 

 

By substituting Eq. ( 4-9) into Eq. ( 4-8), the momentum equation of the flow can be 

represented as: 

−𝜌
𝜕𝑢

𝜕𝑡
+
𝜕𝜏𝑦𝑥

𝜕𝑦
=
𝜕𝑃

𝜕𝑥
 (4-10) 

where 𝑢 is the flow velocity and 𝜏𝑦𝑥 is the shear stress in 𝑥 − 𝑦 plane Assuming the BP behaviour 

for the MR fluid, the fluid shear stress can be described as: 
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𝜏𝑦𝑥 = 𝜏𝑜 + 𝜂
𝜕𝑢

𝜕𝑦
 (4-11) 

where 𝜏𝑜 is the yield shear stress. Substituting Eq. (4-11) into Eq. (4-10) yields:  

𝜌
𝜕𝑢

𝜕𝑡
= −

𝜕𝑃

𝜕𝑥
+ 𝜂

𝜕2𝑢

𝜕𝑦2
 (4-12) 

As it can be observed from Figure 4-3(a), the fluid velocity profile, between two parallel 

plates, can be separated into three regions: the viscous regions (Post-yield) (I, III), as well as the 

plug region (Pre-yield, II). The shear stress is higher in the viscous zones than yield shear stress, 

consequently, the fluid flows with a velocity varying from non-slip zero velocity to the plug region 

velocity Umax. The plug region has lower shear stress than the yield region, so there is no shear 

flow and the fluid moves as a rigid body. As a result, the following boundary conditions are held 

as: 

𝑢(ℎ, 𝑡) = 0 (4-13) 

𝜕𝑢(ℎ𝑜 , 𝑡)

𝜕𝑦
= 0    (4-14) 

Having known the fluid flow rate, 𝑄(𝑡) and formulating the mass conservation law, yields: 

∫ 𝑈𝑚𝑎𝑥

ℎ𝑜

0

(ℎ𝑜 , 𝑡)𝑑𝑦 + ∫ 𝑢(𝑦, 𝑡)𝑑𝑦 = 𝑢𝑝(𝑡)ℎ =
𝑄(𝑡)

2

ℎ

ℎ𝑜

 (4-15) 

where 𝑢𝑝 is the inlet fluid velocity and ℎ𝑜 is the maximum height of the plug region, which can be 

determined from the plug flow equilibrium equation as [183]: 

ℎ𝑜 =
𝜏𝑦𝐿

∆𝑃
 (4-16) 

Using Laplace transform, the Eqs. (4-12)- (4-15) can be transferred to Laplace domain as:  

𝜕2𝑢(𝑦, 𝑠)

𝜕𝑦2
−
𝑠

𝑣
𝑢(𝑦, 𝑠) =

1

𝜂

𝑑𝑃(𝑥, 𝑠)

𝑑𝑥
 (4-17) 

  𝑢(ℎ, 𝑠) = 0 (4-18) 
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𝑑𝑢(ℎ𝑜 , 𝑠)

𝑑𝑦
= 0   (4-19) 

∫ 𝑈𝑚𝑎𝑥

ℎ𝑜

0

(ℎ𝑜 , 𝑠)𝑑𝑦 + ∫ 𝑢(𝑦, 𝑠)𝑑𝑦 = 𝑢𝑝(𝑠)ℎ =
𝑄(𝑠)

2

ℎ

ℎ𝑜

 (4-20) 

where 

𝑣 =
𝜂

𝜌
 (4-21) 

and 𝜂 and 𝑣 are the dynamic and kinematic viscosities. The general solution of Eq. (4-17) can be 

written as: 

𝑢(𝑦, 𝑠) = 𝐶1𝑒
√
𝑠
𝑣
𝑦
+ 𝐶2𝑒

−√
𝑠
𝑣
𝑦
+ 𝜓𝑝 (4-22) 

where 𝐶1 , 𝐶2, and are integration constants and, 𝜓𝑝 is the particular solution. Under harmonic 

excitation, we can write: 

𝑢𝑝(𝑡) = 𝐴0 sin(𝜔𝑡) (4-23) 

where 𝐴0 and 𝜔 are amplitude and excitation frequency, respectively. Laplace transform of Eq. 

(4-23) yields: 

𝑢𝑝(𝑠) =
𝐴0𝜔

𝑠2 + 𝜔2
 (4-24) 

Appling, the boundary conditions presented in Eqs. ( 4-18) and ( 4-19) and the mass 

conservation law in Eq. (4-20), the general solution for the flow velocity in the gaps can be written 

using the method of separation of variables as: 

𝑢(𝑦, 𝑠) = 𝜓𝑝 [1 −
cosh m(ℎ𝑜 − 𝑦)

cosh m(ℎ − ℎ𝑜)
] (4-25) 

in which 𝑚 = √
𝑠

𝑣
 . The detailed derivation of Eq. (4-25) is provided in Appendix E. The particular 

solution can also be represented as: 
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𝜓𝑝 =
𝑢𝑝(𝑠)𝑚ℎΔ

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (4-26) 

where Δ and ∈ can be determined as: 

Δ = −coshm(ℎ − ℎ𝑜) (4-27) 

∈= −𝑠𝑖𝑛ℎ𝑚(ℎ𝑜 − ℎ) (4-28) 

Finally, the flow velocity can be described by substituting Eq. (4-26) into Eq. (4-25) as: 

𝑢(𝑦, 𝑠) =
𝑢𝑝(𝑠)𝑚ℎ[cosh𝑚(ℎ𝑜 − 𝑦) − cosh𝑚(ℎ − ℎ𝑜)]

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (4-29) 

The pressure gradient due to damper piston excitation can also be calculated by substituting 

velocity in Eq. (4-25) into momentum equation, Eq. (4-17), as: 

−𝜓𝑝𝑚
2𝑠 =

1

𝜂

𝑑𝑃(𝑥, 𝑠)

𝑑𝑥
 (4-30) 

𝑑𝑃(𝑥, 𝑠)

𝑑𝑥
= −𝜌𝑠𝜓𝑝 (4-31) 

𝑑𝑃(𝑥, 𝑠)

𝑑𝑥
= −𝜌𝑠

𝑢𝑝(𝑠)𝑚ℎΔ

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (4-32) 

By taking the Laplace inverse for the flow velocity profile in Eq. (4-29) using complex 

variable theory [206] and applying residue theorem (Appendix E), the flow velocity profile in the 

time domain can be expressed as: 

𝑢(𝑦, 𝑡) =
𝐴0𝑖

2
[Ω(𝑦,−𝑖𝜔)𝑒−𝑖𝜔𝑡 − Ω(𝑦, 𝑖𝜔)𝑒𝑖𝜔𝑡 ]

+∑
2𝐴0𝜔𝛼𝑛

2𝑣ℎ

(𝛼𝑛4𝑣2 + 𝜔2)

[𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜) − 𝑐𝑜𝑠𝛼𝑛(𝑦 − ℎ𝑜)]

𝜉
𝑒−𝛼𝑛

2𝑣𝑡 

∞

𝑛=1

 

(4-33) 

It is noted that the volume flow rate through the annular-radial MR valve can be obtained as: 

𝑄(𝑡) = (𝐴𝑝 − 𝐴𝑟)𝑢(𝑦, 𝑡)  (4-34) 

Also, in a similar manner, the pressure gradient in Eq.(4-32) for duct with length L can be 

obtained as: 



 

65 

 

∆𝑃(𝑡) = −
𝜌𝐿𝜔𝐴0
2

[Γ(−𝑖𝜔)𝑒−𝑖𝜔𝑡 + Γ(𝑖𝜔)𝑒𝑖𝜔𝑡]

+ 2𝜌𝐿𝐴0𝜔𝑣
2ℎ∑

𝛼𝑛
4

(𝛼𝑛4𝑣2 + 𝜔2)

[𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜)]

𝜉
𝑒−𝛼𝑛

2𝑣𝑡 

∞

𝑛=1

 

(4-35) 

where 

𝜉 = ℎ𝑜[(1 − 𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜)] + 𝛼𝑛ℎ(ℎ − ℎ𝑜)𝑠𝑖𝑛𝛼𝑛(ℎ − ℎ𝑜) (4-36) 

The pressure drop in Eq. (4-35) is a combination of pressure drop due to viscous and field-

dependent yield stress  as represented in Eq. (4-1). The pressure drop due to yield stress fluid is 

not generally affected by the fluid unsteady behaviour [29] and can be represented as: 

∆𝑃𝜏 =
𝑐𝐿𝜏𝑦

𝑑
    (4-37) 

The pressure drop due to the viscous contribution (∆𝑃𝜂) can be derived by making the distance 

from the centreline to the point that the fluid begins to yield as shown in Figure 4-3 equals to zero 

(ℎ𝑜 = 0). ∆𝑃𝜂 thus, can be represented as: 

∆𝑃𝜂 = −
𝜌𝐿𝜔𝐴0
2

[Γ𝑜(−𝑖𝜔)𝑒
−𝑖𝜔𝑡 + Γ𝑜(𝑖𝜔)𝑒

𝑖𝜔𝑡]

+ 2𝜌𝐿𝐴0𝜔𝑣
2ℎ∑

𝛼𝑛
4

(𝛼𝑛4𝑣2 + 𝜔2)

cos (𝛼𝑛ℎ)𝑒
−𝛼𝑛

2𝑣𝑡

𝛼𝑛ℎ2sin (𝛼𝑛ℎ)
 

∞

𝑛=1

 

(4-38) 

where 

Γ𝑜(𝑠) =
𝑚ℎ𝑐𝑜𝑠ℎ(𝑚ℎ)

𝑚ℎ𝑐𝑜𝑠ℎ(𝑚ℎ) − sinh(𝑚ℎ)
 (4-39) 

The pressure drop through the designed MR valve shown in Figure 4-1 can be obtained by 

superposition of the pressure drop through the annular and two radial gaps, which can thus be 

obtained via Eq. (4-35). The total pressure drop for the designed MR valve can be represented as: 

∆𝑃𝑀𝑅𝑉 = 2∆𝑃𝑜𝑟𝑖𝑓𝑖𝑐𝑒+∆𝑃𝑎𝑛𝑛𝑢𝑙𝑎𝑟 + 2∆𝑃𝑟𝑎𝑑𝑖𝑎𝑙 (4-40) 

where 
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∆𝑃𝑜𝑟𝑖𝑓𝑖𝑐𝑒 =
8𝜂𝐿𝑜𝑄

𝜋𝑅𝑖
4  (4-41) 

∆𝑃𝑎𝑛𝑛𝑢𝑙𝑎𝑟 = −
𝜌(𝐿𝑎 − 𝐿𝑐)𝜔𝐴0

2
[Γ𝑜(−𝑖𝜔)𝑒

−𝑖𝜔𝑡 + Γ𝑜(𝑖𝜔)𝑒
𝑖𝜔𝑡]

+ 2𝜌(𝐿𝑎 − 𝐿𝑐)𝐴0𝜔𝑣
2ℎ∑

𝛼𝑛
4

(𝛼𝑛4𝑣2 + 𝜔2)

cos(𝛼𝑛ℎ) 𝑒
−𝛼𝑛

2𝑣𝑡

𝛼𝑛ℎ2 sin(𝛼𝑛ℎ)
 

∞

𝑛=1

+
𝑐(𝐿𝑎 − 𝐿𝑐)𝜏𝑦𝑎

𝑑
 

(4-42) 

∆𝑃𝑟𝑎𝑑𝑖𝑎𝑙 = −
𝜌(𝑅𝑜 − 𝑅𝑖)𝜔𝐴0

2
[Γ𝑜(−𝑖𝜔)𝑒

−𝑖𝜔𝑡 + Γ𝑜(𝑖𝜔)𝑒
𝑖𝜔𝑡]

+ 2𝜌(𝑅𝑜 − 𝑅𝑖)𝐴0𝜔𝑣
2ℎ∑

𝛼𝑛
4

(𝛼𝑛4𝑣2 + 𝜔2)

cos(𝛼𝑛ℎ) 𝑒
−𝛼𝑛

2𝑣𝑡

𝛼𝑛ℎ2 sin(𝛼𝑛ℎ)
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(4-43) 

where, the field-dependent yield stress 𝜏𝑦𝑎(𝑟) for the MRF-132DG in the annular and radial gaps 

can be estimated according to Eq. (3-23). 

Thus, the dynamic damping force 𝐹𝐷 of the designed bypass MR damper with annular-radial 

MR valve can be finally represented as: 

𝐹𝐷 = 𝐹𝑠𝑔 + ∆𝑃𝑀𝑅𝑉(𝐴𝑝 − 𝐴𝑟) + 𝐹𝑓𝑠𝑔𝑛(�̇�𝑝) (4-44) 

4.4.2 Modified dynamic model: considering the fluid compressibility effect 

As discussed in the introduction section, MR fluid compressibility can considerably contribute 

to the hysteretic response of MR dampers. Therefore, in this section, the developed dynamic model 

in the previous section (see Eq. (4-44)) is further modified to also predict the MR fluid’s 

compressibility effect on the hysteretic response of the designed MR damper. As the piston moves 

downward due to the excitation condition, the pressure inside the lower (compression) chamber 

increases, compressing the internal spring while increasing the air pressure inside the spring 

chamber. When the pressure exceeds the minimum pressure drop of the MR valve, the MR fluid 

moves from the lower chamber to the upper (rebound) chamber. When the piston motion is 

reversed, the MR fluid moves from the upper chamber to the lower chamber, releasing the spring 
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force and reducing the air pressure. Due to the compressibility effect, this process causes a 

significant non-linearity in the MRFD behaviour. For considering the compressibility effect, the 

volume flow rate in Eq. (4-34) should be re-evaluated through the determination of the dynamic 

pressure inside the upper (rebound) and lower (compression) chambers instantaneously using the 

continuity equation [207]. The continuity equation in the upper chamber can be represented as: 

𝑄 − (𝐴𝑝 − 𝐴𝑟)�̇�𝑝 − [
𝑉𝑢𝑖 + (𝐴𝑝 − 𝐴𝑟)𝑥𝑝

𝐵𝑢
]
𝑑𝑃𝑢
𝑑𝑡

= 0 (4-45) 

in which 𝑉𝑢𝑖 and  𝐵𝑢 are the initial volume and bulk modulus of MR fluid in the upper chamber, 

respectively. It is noted that the last term, in Eq. (4-45) represents the compressibility effect in the 

upper chamber. The initial volume in the upper chamber, 𝑉𝑢𝑖, can be evaluated as: 

𝑉𝑢𝑖 = (𝐴𝑝 − 𝐴𝑟)𝐿𝑢 (4-46) 

where 𝐿𝑢 is the length of the upper chamber. In a similar manner, the continuity equation in the 

lower chamber can be described as: 

𝐴𝑝�̇�𝑝 − 𝑄 − 𝐴𝑓�̇�𝑓 − [
𝑉𝑙𝑖 + 𝐴𝑝𝑥𝑝 + 𝐴𝑓𝑥𝑓

𝐵𝑙
]
𝑑𝑃𝑙
𝑑𝑡

= 0 (4-47) 

in which 𝑉𝑙𝑖 and  𝐵𝑙 are the initial volume and bulk modulus of MR fluid in the lower chamber. 

The last term in Eq. (4-47) also represents the compressibility effect in the lower chamber. The 

initial volume in the lower chamber , 𝑉𝑙𝑖, can also be written as: 

𝑉𝑙𝑖 = 𝐴𝑝𝐿𝑙 (4-48) 

in which 𝐿𝑙 is the length of the lower chamber.The piston motion contributes to the dissolution of 

air bubbles in the MR fluid [208]. The variation of bulk moduli for the air-fluid mixture of the 

upper and lower chambers can be calculated as [190]: 

𝐵𝑢 = (
1

𝐵𝑓
+
𝜑𝑢
𝐵𝑎𝑖𝑟

)

−1

 (4-49) 

𝐵𝑙 = (
1

𝐵𝑓
+
𝜑𝑙
𝐵𝑎𝑖𝑟

)

−1

 (4-50) 
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𝐵𝑓 and  𝐵𝑎𝑖𝑟  are the reference bulk moduli of the MR fluid and air, respectively. 

𝜑𝑢  and  𝜑𝑙 are the air volume fractions in upper (rebound) and lower (compression) chambers, 

respectively. Moreover, the variation of the bulk modulus in the compression chamber is also due 

to the variation of the pressure inside the spring chamber. Thus, this pressure should be added to 

the calculated pressure inside the compression chamber. The variation of the gas pressure in the 

spring chamber can be obtained via assuming adiabatic process, as: 

𝑃𝑔 = 𝑃𝑎𝑖𝑟 (
𝑉𝑠𝑖

𝑉𝑠𝑖 + 𝐴𝑓𝑥𝑓
)

𝛾

 (4-51) 

in which 𝛾 is adiabatic gas index which is about 1.4 for the air, 𝑃𝑎𝑖𝑟  is the reference atmospheric 

pressure, and 𝑉𝑠𝑖 is the initial volume of the spring chamber which can be obtained as: 

𝑉𝑠𝑖 = 𝐴𝑓𝐿𝑓 (4-52) 

in which 𝐴𝑓 and 𝐿𝑓  are the cross-sectional area and length of the cylindrical spring chamber, 

respectively. Air content in the compression chamber is typically higher than rebound chamber air 

content due to the presence of air in the spring chamber. However, improper sealing caused by 

piston rod motion may result in aeration in the rebound chamber. It is also possible that dissolved 

air bubbles in the MR fluid is responsible for the air in both chambers. Thus, the bulk modulus in 

the rebound chamber is generally much higher than that in the compression chamber. It is assumed 

that the air volume fraction in rebound is 0.0001%, while the air volume fraction in the 

compression chamber is assumed to be 0.01%The required data to consider the compressibility 

effect are listed in Table 4-2. It is noted that Eqs. (4-45) and (4-47) are solved with the volume 

flow rate based on the unsteady fluid behaviour described by Eq. (4-35) to determine the pressure 

inside each chamber. Thus, the pressure drop between the upper and lower chamber can be 

evaluated with considering the unsteady MR fluid behaviour and compressibility effect. 
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Table 4-2. Main parameters of the model. 

Parameter Symbol Value units 

Reference bulk modulus of MR fluid 𝐵𝑓 1.05 Gpa 

Reference bulk modulus of air 𝐵𝑎𝑖𝑟  0.142 Gpa 

Length of the upper chamber 𝐿𝑢 0.02 m 

Length of the lower chamber 𝐿𝑙 0.16 m 

Length of the air chamber 𝐿𝑓 0.064 m 

Atmospheric pressure 𝑃𝑎𝑖𝑟  1.013 bar 

Adiabatic coefficient of air 𝛾 1.4  

 

4.5 Validation of the Dynamic modeling 

The optimally designed MRFD has been experimentally characterized under harmonic 

excitation to validate the proposed analytical dynamic model. The experimental test setup and 

procedure were explained in section 2.6.2. The results presented in Figures 3-4 to 3-6 compare the 

MRFD response predicted by the quasi-static and the proposed analytical dynamic model based 

on the unsteady fluid behaviour with those obtained experimentally. The force-displacement and 

force-velocity results are obtained under an excitation frequency of 2 Hz and amplitude of 1mm 

at applied currents of 0.5 A, 1 A and 2 A. Results reveal relatively a good agreement between the 

quasi-static model and dynamic model (ignoring effect of fluid compressibility) at low excitation 

conditions. This is partially due to the fact that at relatively lower levels of frequency and 

amplitude the effect of the unsteady fluid behaviour is not notable. Both static and dynamic models 

were able to accurately predict the peak damping force compared with experimental results. It is, 

however, noted that the hysteresis observed in the experimental force-velocity curve, as shown in 

Figures 3-4(b), 3-5(b) and 3-6(b) could not be captured by the static model and developed dynamic 

model in which the effect of fluid compressibility has been ignored. The force-velocity hysteresis 

characteristics are in part attributed to other factors, such as the viscoelastic effect and fluid 

compressibility effect. Also, the quasi-static and dynamic models have a dead zone or 

discontinuous jump in force-velocity response near zero velocity region. This jump is due to the 

fact that these models utilize BP behaviour which can only describe post-yield region of MRFD 

[165,209,210]. 
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(a) (b) 

Figure 4-4. MRFD characteristics under sinusoidal excitation of frequency 2 Hz and 

displacement of 1 mm at applied current of 0.5 A(a) force-displacement, (b) force-velocity. 

  

(a) (b) 

Figure 4-5. MRFD characteristics under sinusoidal excitation of frequency 2 Hz and 

displacement of 1 mm at applied current of 1 A (a) force-displacement, (b) force-velocity. 

 



 

71 

 

  

(a) (b) 

Figure 4-6. MRFD characteristics under sinusoidal excitation of frequency 2 Hz and 

displacement of 1 mm at applied current of 2 A (a) force-displacement, (b) force -velocity. 

To highlight the influence of the unsteady fluid behaviour on the damper hysteresis behaviour, 

the MRFD response was simulated by the proposed static and dynamic models at a higher loading 

frequency and displacement. For instance, Figures 3-7 and 3-8 show the predicted force-

displacement and force-velocity of the MRFD under an excitation frequency of 20 Hz and 

amplitudes of 10 mm and 30 mm, respectively. The simulation results are obtained at an applied 

current of 1 A. These figures reveal that the effect of the unsteady fluid behaviour is remarkable 

at higher ranges of loading conditions. By increasing the excitation amplitude from 10 mm to 30 

mm, a low to a medium deviation between the quasi-static and dynamic results is observed, as 

shown in Figures 3-7 and 3-8. Thus, for higher amplitudes, the MRFD shows a hysteresis 

phenomenon due to the effect of the unsteady fluid behaviour, as shown in Figures 3-7(b) and 3-

8(b). Figure 4-9 shows the force-displacement and force-velocity characteristics at an excitation 

displacement of 30 mm but at a higher loading frequency of 40 Hz. Results demonstrate a 

considerable difference between the quasi-static and the dynamic modelling by increasing 

frequencies due to the effect of the unsteady fluid behaviour. The hysteresis in the quasi-static 

modelling in the post-yield region is due to the high stiffness of the spring-based volume 

compensator and the friction force as presented in Eq. (4-1) and shown in Figures 3-7(b) and 3-

8(b) and 3-9(b). Therefore, the quasi-static modelling is not valid at high frequencies and 

amplitudes conditions. As a result, the dynamic modelling based on the unsteady fluid behaviour 
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has to be considered in the earlier stage of the design of MRFDs operating at high frequencies and 

large displacements. 

  

(a) (b) 

Figure 4-7. MRFD characteristics under sinusoidal excitation of frequency 20 Hz and 

displacement of 10 mm at applied current of 1 A (a) force-displacement, (b) force-velocity. 

  

(a) (b) 

Figure 4-8. MRFD characteristics under sinusoidal excitation of frequency 20 Hz and 

displacement of 30 mm at applied current of 1 A (a) force-displacement, (b) force -velocity. 
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(a) (b) 

Figure 4-9. MRFD characteristics under sinusoidal excitation of frequency 40 Hz and 

displacement of 30 mm at applied current of 1 A (a) force-displacement, (b) force -velocity. 

For improving the dynamic model in capturing the non-linear hysteresis of the proposed 

MRFD, the dynamic model was modified to consider the MR fluid compressibility effect as 

illustrated in section 4.4.2. Force-displacement and force-velocity responses of the designed 

MRFD tested under the same excitation frequency of 2 Hz and amplitude of 1 mm at applied 

currents of 0.5 A, 1 A and 2 A are shown in Figures 3-10 to 3-12. Results demonstrate a good 

agreement between the proposed modified dynamic model and experimental data at different 

applied magnetic fields. It is worth mentioning that the friction effect, spring force, unsteady fluid 

behaviour and compressibility effect are considered in the modified dynamic model. Comparing 

Figures 3-10 to 3-12 with Figures 3-4 to 3-6 reveals that the compressibility effect is the main 

source of hysteresis at low ranges of frequencies and amplitudes as mentioned also in [198,208]. 

As mentioned before, unlike the phenomenological models, the proposed physic-based modified 

dynamic model does not require any characteristic parameters to be identified experimentally 

[42,90,131,184,185]. In the recent work of Du et al. [144], for instance, the hysteresis part was 

obtained via a data-driven model from another study using experimental data to identify the model 

parameters [211]. 
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(a) (b) 

Figure 4-10. MRFD characteristics under sinusoidal excitation of frequency 2 Hz and 

displacement of 1 mm at applied current of 0.5 A(a) force-displacement, (b) force-velocity. 

 

  

(a) (b) 

Figure 4-11. MRFD characteristics under sinusoidal excitation of frequency 2 Hz and 

displacement of 1 mm at applied current of 1 A(a) force-displacement, (b) force-velocity. 
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(a) (b) 

Figure 4-12. MRFD characteristics under sinusoidal excitation of frequency 2 Hz and 

displacement of 1 mm at applied current of 2 A (a) force-displacement, (b) force-velocity. 

4.6 Summary 

In this chapter, the response of a bypass MRFD with annular and radial fluid gaps was 

modelled under quasi-static and dynamic loading conditions based on Bingham Plastic fluid 

behaviour. The developed dynamic model considered the unsteady fluid behaviour. The Laplace 

transform technique together with the complex variable theory and Cauchy residue theorem were 

utilized to derive the fluid pressure drop in rectangular duct due to viscous and yield shear stress. 

The damping force-displacement and the damping force-velocity of the designed MRFD were 

subsequently estimated by the proposed models for different amplitudes and frequencies. To 

validate the developed models, the dynamic response of the designed MRFD was experimentally 

characterized under sinusoidal excitation. The results showed that the effect of the unsteady fluid 

behaviour at small amplitudes and low frequencies is negligible. Thus, both the developed quasi-

static and dynamic models were able to predict the MRFD behaviour effectively at low frequencies 

and small amplitude ranges. However, the unsteady fluid effect is becoming significant at large 

amplitude and high frequencies, and subsequently, a considerable difference between the quasi-

static and the unsteady fluid behaviour dynamic model was observed at this range of loading 

conditions. Also, results showed that the developed models were not able to predict the hysteresis 

force-velocity characteristic response of the MRFD. The dynamic model was then modified by 

considering the fluid compressibility, which has a substantial effect on the non-linear hysteresis 

behaviours of MRFDs, especially at a low range of loading conditions (low-velocity region). 
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Results were indicative of a good agreement between the modified dynamic model and the 

experimentally obtained data. The proposed physic-based modified dynamic model based on the 

unsteady fluid behaviour and compressibility effect can provide an accurate description of the non-

linear behaviour of the MRFDs in the early stage of design without experiment identification 

requirement. 

  



 

77 

 

CHAPTER 4 

5. COMPREHENSIVE DYNAMIC CHARACTERIZATION OF A LARGE-

CAPACITY ANNULAR-RADIAL MAGNETORHEOLOGICAL 

DAMPER 

5.1 Introduction 

To develop MRFDs, many studies have reported the design, modelling and prototyping of 

MR valves with varied configurations [94,198,203]. The MR valves, as the main part of MRFDs, 

generally consist of an electromagnetic circuit together with a hydraulic channel [212]. MR valves, 

which can be designed to be inside or outside of a cylinder-piston system, basically resist the 

passage of the MR fluids within a narrow channel. The resistance can be effectively enhanced with 

the application of a magnetic field, thereby increasing the inlet pressure, and thus the damping 

force of MRFDs. Many efforts have been dedicated toward designing complicated MR valves to 

enhance the field-controllable dynamic force range of MRFDs while minimizing their response 

time, power consumption, size, and weight [114,213]. These studies are included but not limited 

to advancing and optimizing electromagnet units (magnetic cores and coils) [166,214,215], 

designing MR valves with complex fluid flow paths and geometries [216], and developing 

innovative arrangements of MR valves and cylinder-piston systems [217,218]. 

MR valves can be also categorized into annular gaps, radial gaps and multiple annular and 

radial gaps. Advantages of the annular gap in MR valves include but are not limited to a compact 

design, faster response time and high efficiency in on/off state. However, it leads to elongation of 

the MR valves, especially when high damping force is required [124,183,219,220]. On the other 

hand, radial gap MR valves have the flexibility to generate high damping force with a shorter 

longitudinal flow channel length. Besides, they are easier to be fabricated. However, radial gap 

MRFDs are hard to be designed in a compact size [101,221–223]. Multiple annular-radial MR 

valves have shown great potential for producing higher yield stress, but they have a complex design 

and manufacturing [100,224–226]. There is a trade-off between the MR valve’s damping force 

and its flow channel capacity for MR fluid passage. Increasing the effective fluid volume channel 

can guarantee producing higher field-dependent damping force but at the expense of large-size 

MR valves, and the associated higher power consumption. Hence, the miniaturization of the MR 
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valve continued to be challenging, especially for applications that require high damping force. 

Among the above-mentioned factors, the position of MR valve units with respect to MRFDs 

together with a type of fluid flow channel may substantially affect the dynamic range of MRFDs 

[48,213]. For instance, it has been shown that the bypass MRFD can yield a superior dynamic 

force range (ratio of maximum forces generated by the MRFD at the maximum applied current to 

the one at zero current) compared to traditional cylinder-piston MRFD [227], albeit at expense of 

relatively lower response time [228] and bulkier configuration [75]. MR bypass dampers, which 

were firstly developed by Crowell [229], hold great promise for a wide scalability of damping 

force in different applications [108,230].  

Bypass MR valves can be designed to be placed in the exterior part of the cylinder-piston 

system of dampers, namely the outer bypass MR valve. They generally offer a higher dynamic 

force range, lower sedimentation rate, easier maintenance and better heat dissipation as compared 

with inner bypass valves and also traditional bobbin-in-piston MRFDs [110]. Gue et al. [231] 

developed an MRFD equipped with an outer bypass MR valve for lateral vibration suppression of 

railway vehicles. The damping force increased from 1 kN to 9 kN, corresponding to a high dynamic 

range of nine, under a loading frequency of 1Hz and excitation amplitude of 15 mm. However, the 

lower off-state dynamic force of the damper is quite high at a relatively lower frequency of 1 Hz. 

McLaughlin et al. [232] characterized the dynamic behaviour of an MRFD with three different 

bypasses MR valve configurations (spiral channel, spiral channels with beads and straight channel 

with beads) under a constant amplitude of 12.7 mm. Results showed that the spiral channels 

without beads can offer the highest controllable dynamic force range, varying from 4.6 to 3.5, 

when the frequency increased from 0.25 Hz to 1 Hz. Hitchcock et al. [108] also designed and tested 

a novel bypass MRFD under varied levels of frequency (0.0625-2 Hz), and amplitude (3.2-12.8 

mm). They observed dynamic range of the damper varying from 1.4 to 4 when the loading 

frequency decreased from 2 Hz to a 0.0625 Hz. To obtain a higher dynamic range and larger stroke, 

Bai et al. [75] designed and tested a novel inner bypass damper for advancing the seat suspensions 

of ground vehicles. They showed that the inner bypass MRFDs possess a higher dynamic range 

than traditional bobbin-in-piston MRFDs in a velocity range of 0-5.2 m/s. Their results were 

indicative of an exceptional dynamic range of 13 under a constant amplitude of 38.1 mm and 

frequency of 1 Hz. However, the maximum controllable damping force was limited to only 3.6 

kN.  
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Apart from employing bypass flow, it has been theoretically [100] and experimentally [19] 

shown that the dynamic range of MRFDs can be substantially enhanced when their MR valves 

equipped with both annular and radial flow channels. Ai et al. [100] , for instance, presented a 

theoretical model for predicting the pressure drop of MR valves with both annular and radial flow 

paths. Their simulation results were indicative of the superior performance of MR valves with both 

radial and annular flow channels compared to MR valves with only annular or radial flow paths. 

Zhu et al. [20] designed and tested a novel MRFD with both annular and radial channels. Results 

showed a dynamic controllable range of two. However, the effect of loading displacement and 

displacement rate on its force-displacement characteristics were not investigated. These 

characteristics are of paramount importance for developing a reliable model that can predict 

dynamic characteristics of MRFDs over wide ranges of loading conditions. Bai et al. [225] 

developed a new MRFD possessing both annular and radial fluid flow resistance gaps and tested 

the damper under sinusoidal oscillations with a constant amplitude of 10 mm. Results revealed a 

dynamic range of 2.81 corresponding to a relative increment of 3 kN damping force at 3 Hz but 

the stroke of the designed damper was limited to about 34mm. The effect of loading frequency and 

displacement amplitude on both force-displacement and force-velocity characteristics of the 

presented MRFDs were also not investigated. The development of miniaturized MR valves has 

been received much more attention in the last decade. Hu et al. [162] designed and experimentally 

investigated a relatively compact MR valve (outer diameter of 62 mm and overall length of 80 

mm) having both radial and annular fluid flow paths, which can be potentially used for the design 

development of MRFDs. The proposed MR valves can yield an improved pressure drop of 2.65 

MPa under 1.2 A.  

Recently fewer studies have improved the dynamic range and damping force of MRFDs by 

taking advantage of both bypass arrangements and enhanced effect of annular-radial MR valves. 

For instance, Wang et al. [222] proposed a novel bifold inner bypass MRFD where its design of 

MR valves permits field-dependent pressure drop in both annular and radial fluid flow channels. 

The dynamic performance of the MRFD was experimentally examined under varied sinusoidal 

excitations, and they observed a dynamic range of 5.1 under 2 Hz. The effect of loading frequency 

and displacement amplitude on hysteresis force-displacement characteristics of the damper were 

not assessed over the entire range of loading condition considered. Idris et al.[105] also designed 

and prototyped a novel MRFD with an outer concentric bypass valve, where its gaps resistance 
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path includes both radial and annular channels via a serpentine flux path. Despite the relatively 

large dynamic range of 3.8, the maximum damping force was limited to 0.75 kN which is quite 

low for automotive suspension applications. 

Table A-1 (Appendix A) further summarizes the reported studies on design development and 

experimental characterization of different MRFDs under harmonic excitation. Generally, low off-

state and high on-state dynamic force and dynamic range besides large stroke are desirable 

requirements for the development of effective on-and off-road ground vehicle suspensions. 

However, according to Table A-1, very few studies have considered these requirements 

simultaneously, unless at a relatively limited range of dynamic loading conditions. For instance, 

Hu et al. [233] and McLaughlin [232] have designed outer bypass MRFDs with a large dynamic 

force range of 8 and 8.6, respectively; however, the dynamic performances of their prototyped 

dampers were limited to only 1 Hz, which is not adequate for vehicle suspension applications. In 

addition, the developed MRFDs for automotive applications have a limited damping force and 

damper travel that restricted their integration in off-road vehicles. Examination of Table A-1 

further reveals that employing either outer/inner bypass MR valves or hybrid annular-radial fluid 

flow channels can contribute to larger dynamic range, yet few studies have considered these two 

enhancement techniques simultaneously. Moreover, designing a bypass MRFD with annular-

radial fluid flow channels has not been presented yet for high-payload applications, such as off-

road vehicle suspensions. This chapter include detailed experimental investigation of the dynamic 

properties of the proposed optimally designed bypass MR damper featuring annular-radial gap 

under a relatively wide range of sinusoidal oscillations (displacement and frequency) and electrical 

currents. The equivalent viscous damping coefficient together with the dynamic range of the 

proposed MR damper were subsequently calculated from the force-displacement/velocity curves 

as functions of loading amplitude, frequency, and applied current. Additionally, the MR bypass 

valve was modified to increase the damper's dynamic range and damping force. The efficiency of 

the proposed MR damper was consequently confirmed by comparing its dynamic range with that 

of the conventional MR dampers reported in the literature. 

5.2 Development of the MRFD prototype 

The proposed MRFD has been initially fabricated, as shown in Figure 5-1 based on the 

optimally designed parameters with modifications as mentioned in Table 3-11. A low carbon steel 
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AISI 1006 that has high magnetic permeability was used in the design of the MR valve. The MRF-

132DG purchased from Lord Corporation was used in the MR damper. This MR fluid has the 

specific gravity of 3, a viscosity of 0.112 Pa.s. at 40 °C. The MR valve contains a miniaturized 

electromagnet with 340 turns of conductor wire with American Wire Gauge of 24. The 

electromagnetic unit is capable of operating up to 3 A over a relatively limited working time 

whereas under 1 A, it can continuously operate. The MR valve is connected to the MRFD via a 

high-pressure rubber-based hydraulic hose, as shown in Figure 5-1. 

 

 

Figure 5-1. MRFD prototyped. 

5.3 Experimental characterization 

An extensive experimental investigation was carried out to evaluate the dynamic hysteresis 

performance of the prototyped outer bypass MRFD over a relatively wide range of mechanical and 

magnetic loadings. The experiments are included but not limited to the identification of the force-

displacement and force-velocity characteristics together with friction feature of the prototyped 

MRFD in both static and dynamic regimes. In the following the test-setup design and experimental 

measurements are discussed. 

5.3.1 Test setup 

Figure 5-2 shows a test rig, designed to realize the aforesaid experimental characterization of 

the designed MRFD. A material testing system (MTS) machine was utilized to provide a series of 

sinusoidal loadings. The pictorial view of the MRFD is illustrated in Figure 5-2(a) and the full test 

setup for implementing the dynamic analysis is presented in Figure 5-2(b). Two grippers (upper 

and lower) were used to connect the MRFD to the MTS machine. The rod of the MRFD was 
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attached to the upper gripper to a loadcell with force capacity of 9 kN (A-Tech Instrument Ltd, 

Canada). From the lower side, the MRFD was connected to an electrodynamic hydraulic actuator 

via the lower gripper. The displacement of the actuator can be controlled using a digitally 

supervised servo-controller (MTS Model 407 Controller) capable of providing both DC and AC 

transducer conditioning. The displacement was measured employing an electromechanical 

transducer. The recorded force and displacement were transferred to a workstation through a data 

acquisition board (BNC 2110, National Instruments Corp.), as shown in Figure 5-2(b). The 

LABVIEW software was utilized to analyze, filter, and export the force-displacement and force-

velocity data. The electrical current, ranging from 0.25 A to 2 A, was provided to the MR valve’ 

coil using a power supplier. 

  

(a) (b) 

Figure 5-2. Experimental characterization test setup: (a) the prototyped MRFD filled with MR 

fluid, and (b) the full test rig for implementing the dynamic analysis of the MRFD. 

5.3.2 Experimental measurements 

The experimental measurements were performed for measuring force-time, force-

displacement and force-velocity of the MRFD at different frequencies and amplitudes of the piston 

motion as well as different excitation currents supplied to the MR valves. The experiment involved 

factorial combinations of five levels of excitation frequency (𝑓= 0.5, 1, 2, 3, and 4 Hz), five 

displacement amplitudes (X= 1, 2.5, 5 and 7 mm) and six levels of the applied currents (I= 0, 0.25, 

0.5, 1,1.5 and 2 A). For each testing condition mentioned above, force-time, force-displacement 

and force-velocity were measured for five consecutive cycles once the data become steady-state, 
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and subsequently, averaged for characterization of the MRFD performance. Before testing the 

magneto-mechanical testing of the MRFD, a series of harmonic tests were applied to identify the 

friction force of the MRFD with and without MR fluid. 

5.3.3 Friction test 

The friction force between a damper's moving contact surfaces, as shown in Figure 5-3(a) via 

red encircled paths, affects the damper's behaviour. The friction force become especially 

considerable at the start of a movement between rod and cylinder. Friction within the damper 

increases the damping force throughout the entire excitation spectrum, which tends to improve 

vibration dissipation. Generally, the friction force is measured for a fully assembled damper filling 

with oil at a very low velocity to remove the effect of viscous damping force from the 

measurement. However, this method doesn’t guarantee to describe the damper friction behaviour, 

especially at relatively large amplitudes. It is noted that the purpose of the friction test is to 

characterize the friction properties by measuring the output friction force without considering the 

influence of the viscous damping. Thus, in this study, to evaluate the damper friction force, a series 

of experiments was performed by measuring force-time, force-displacement and force-velocity at 

different loading conditions before filling the damper with MR fluid. These experiments involve 

sinusoidal excitation of the damper under different frequencies and displacement amplitudes as 

listed in Table 5-1. 

Table 5-1. The test matrix of the friction experiments. 

Excitation frequency Displacement amplitude 

1 Hz 3 mm 5 mm 10 mm 

2 Hz 3 mm 5 mm 10 mm 

5 Hz 3 mm 5 mm 10 mm 
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Figure 5-3. Friction surfaces in the proposed MRFD. 

 

5.4 Experimental analysis 

5.4.1 Friction analysis 

This section provides the friction characteristics of the prototyped MRFD for two cases: (a) 

when the damper is empty, and (b) when the damper is filled with the MR fluid. Figure 5-4, for 

instance, shows the measured friction force in the absence of MR fluid in the damper in terms of 

the force-time behaviour together with the force-displacement and the force-velocity hysteresis 

characteristics under sinusoidal loading frequency of 1 Hz and varied displacement amplitudes of 

(3, 5 and 10 mm). Figure 5-4(a) implies that the friction force of the MRFD is quite nonlinear due 

to the contribution of higher harmonics, showing a peak force of about 200 N. Relatively slightly 

higher peak force is observed at higher amplitude, as shown in Figure 5-4. Besides, higher 

amplitude yielded a greater enclosed area by the force-displacement, thereby suggesting more 

energy dissipation properties as shown in Figure 5-4(b). As expected, Figure 5-4(b) also shows 

nearly abrupt changes in the force at peak displacements which is indicative of the existence of 

Coulomb-type friction force. This behaviour was also consistently observed at other loading 

frequencies. The crossover regions, shown in Figure 5-4(c), are in part due to time-dependent 

viscoelastic properties associated with the rubber-like O-ring seal, thereby leading to the 

occurrence of the peak force before the velocity reaches its maximum value. The time-dependent 

viscoelastic behaviour of the O-ring seal, thus, yielded the friction force that lagged behind the 

displacement at higher velocities. This sub-hysteresis/secondary loop has also been observed in 

other studies focusing on the characterization  of MRFDs [234,235] 
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(a) 

  

(b) (c) 

Figure 5-4. The measured friction force of the MRFD under loading frequency of 1 Hz in the 

absence of the MR fluid: (a) force-time, (b) force-displacement and (c) force-velocity. 

Figures 4-5 and 4-6 also show the measured friction force of the MRFD in terms of the force-

displacement and force-velocity characteristics under two different peak-to-peak displacement 

amplitudes of 3 mm and 5 mm, respectively and loading frequency of 1, 2 and 5 Hz. According to 

Figures 4-5(a) and 4-6(a), the friction force of the MRFD is relatively frequency independent 

particularly at higher loading amplitude. In other words, the friction force is more dominant by 

displacement amplitude and show a slight frequency dependence property at lower amplitude. 

Figures 4-5(b) and 4-6(b) also illustrate that the crossover regions which are more dominant by 

the loading amplitude rather than loading frequency. 
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(a) (b) 

Figure 5-5. The measured friction force of the MRFD under displacement amplitude of 3 mm in 

the absence of the MR fluid: (a) force-displacement and (b) force-velocity. 

 

  

(a) (b) 

Figure 5-6. The measured friction force of the MRFD under displacement amplitude of 5 mm 

in the absence of the MR fluid: (a) force-displacement and (b) force-velocity. 

The friction force of the MRFD filled with the MR fluid is presented in Figure 5-7. The friction 

force is measured at a very low loading frequency of 0.09 Hz under varied amplitude of 3, 5, and 

10 mm. Again, the influence of Coulomb friction type force can be observed in sudden vertical 

changes in damping force at peak displacements. The substantial increase in damping force (nearly 

550 N) is mainly due to existence of viscous effect of MR fluid, even at very low frequencies. 
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(a) (b) 

Figure 5-7. The measured friction force of the MRFD under excitation frequency of 0.09 Hz 

and displacement of 3, 5 and 10 mm in the presence of the MR fluid: (a) force-displacement and 

(b) force-velocity. 

 

5.4.2 Nonlinear hysteresis dynamic analysis of the MRFD 

In this section, the dynamic characteristics of the prototyped MRFD under a wide range of 

mechanical and mangetic loadings are presented and discussed. Figure 5-8 shows the force-time 

response as well as the force-displacement and the force-velocity features of the MRFD at loading 

frequency of 0.5 Hz, displacement amplitude of 5 mm and different electrical currents of 0, 0.5, 

1.5 and 2 A. Results show typical hysteresis characteristics which become more enhanced with 

increasing the current. Similar behaviour was also observed at other loading conditions. The area 

enclosed by the force-displacement loops represents the amount of energy dissipation per cyclic 

loading of the damper, while the slope of the main axis of the force-velocity curves represents the 

equivalent damping characteristic of the damper. These are important criterion for evaluating the 

dynamic performance of MRFDs. Results show that the peak force increased from about 510 N in 

the absence of the current to nearly 1173 N under current 1.5 A, showing a dynamic range of 2.3. 

As shown in Figures 4-8(b) and (c), the difference between peak forces decreases as the applied 

current increases demonstrating the magnetic saturation of the MR fluid when applied current 

exceeds 1.5 A. 
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(a) 

  

(b) (c) 

Figure 5-8. The measured time-response (a), force-displacement (b) and force-velocity (c) 

characteristics of the MRFD under loading frequency of 0.5 Hz at the displacement amplitude of 

5 mm. 

Figure 5-9 shows the dynamic response of the MRFD at a loading frequency of 1 Hz under a 

displacement amplitude of 2.5 mm. The applied current was limited to 1.5 A due to the observed 

saturation in Figure 5-8. The MRFD shows higher peak force as the loading frequency increases. 

The peak force at this loading condition increases from nearly 600 N in the absence of the current 

to about 1320 N under an applied current of 1.5 A, indicating a dynamic range of 2.2. Figure 5-9 

also reveals that the dynamic response of the fabricated MR damper has good repeatability over 

the five cycles. Results consistently show that the area encircled by the force–displacement curve 
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gradually increases with increasing the applied current. This indicates that the amount of energy 

dissipated by the damper becomes higher by increasing the applied currents, and the damping force 

of the MRFD is controllable. 

 

(a) 

  

(b) (c) 

Figure 5-9. The measured time-response (a), force-displacement (b) and force-velocity (c) 

characteristics of the MRFD under loading frequency of 1 Hz at the displacement amplitude of 

2.5 mm. 

Figures 4-10 and 4-11 show the effect of loading frequency on the force-displacement and 

force-velocity characteristics of the MRFD under electrical current of zero and 0.5 A, respectively. 

The results are presented for the constant displacement amplitude of 2.5mm, as example. Results 

illustrated in Figure 5-10 reveal that the increasing the loading frequency from 0.5 H to 4 Hz 

substantially increases the energy dissipation properties together with the damping force of the 
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MRFD. The peak force of the MRFD also increases with loading frequency, as shown in Figure 

5-10(a). Figure 5-10(b) shows that the loading curve of force-velocity curve is relatively 

independent of the loading frequency. At the same time, the slope of the force-velocity curves, 

representing the equivalent damping coefficient of the MRFD, tends to decrease with increasing 

the loading frequency. Moreover, Figures 4-8(b) and 4-9(b) show light variations in the slope of 

loading/unloading cycles in the corners of the force-displacement curves by increasing the applied 

currents. This may be in part due to the stiffness variability of the proposed damper. This is because 

of the presence of the high stiffness spring inside the damper. Rather than using an air accumulator 

for compensating the added volume of the rod entered into the cylinder, a hollow piston rod with 

an internal spring was designed to be connected to a floating piston, as shown in Figure 5-3. It 

should be also noted that, when applied current increases, MR fluids become solid-like materials 

and show field-dependent stiffness property before shear stress reaches the yield stress during 

displacement of the piston. This stiffness together with the stiffness of possible air trapped within 

MRFD may become series with the stiffness of the spring within the piston, thereby showing a 

field-stiffening effect. This means that when the current increases, the force-displacement 

characteristics of the damper show a slight stiffening effect.  

  

(a) (b) 

Figure 5-10. The frequency dependent characteristics of the MRFD under zero electrical 

current and constant displacement amplitude of 2.5 mm: (a) force-displacement and (b) force-

velocity. 

Figure 5-11 shows the frequency-dependent properties of the MRFD when 0.5 A is provided 

to the MR valve’s coil. As compared with the off-state properties presented in Figure 5-10, the 



 

91 

 

increasing the loading frequency yielded more nonlinear hysteresis effect on both force-

displacement and force-velocity characteristics of the MRFD. For instance, at higher frequencies 

such as 3 Hz, and 4 Hz, the loading paths of the corresponding hysteresis loops presented in Figure 

5-11(b), tend to turn toward up, showing an enhancement in intra-cycle damping coefficient 

locally. Further analysis of Figures 4-10 and 4-11 also reveals that increasing the current from zero 

to 0.5 A dramatically enhanced the energy dissipation properties, and damping force of the MRFD. 

Furthermore, the force-displacement hysteresis characteristics presented in Figure 5-10(a) and 

Figure 5-11(a) show peaks at different locations rather than when displacement is zero. 

Correspondingly, the force-velocity curves presented in Figure 5-11(b), reveals secondary 

loop/sub-hysteresis (cross-over points) near the maximum and minimum velocities particularly at 

higher frequencies. In other words, the peak force location is occurred before the instance of the 

maximum velocity. The reasons for shifting the maximum damping force from the instance of the 

maximum and minimum velocities (or zero displacement) may be in part due to the friction force 

originating from the mechanical friction between the seals and the shaft/piston, which has also 

been observed in other studies [234–236]. Moreover, such behaviour may also be partially 

attributed to the inertia effect of the MR fluid (1000 ml of MR fluid is inside the damper) [237,238], 

together with possible entrapped air in the damper [239–241]. 

 

  

(a) (b) 

Figure 5-11. The frequency dependent characteristics of the MRFD under 0.5 A electrical 

current and constant displacement amplitude of 2.5 mm: (a) force-displacement and (b) force-

velocity. 
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(a) (b) 

Figure 5-12. The amplitude dependent characteristics of the MRFD under zero electrical 

current and constant loading frequency of 1 Hz: (a) force-displacement and (b) force-velocity. 

Figures 4-12 and 4-13 explain the effect of displacement amplitude on the force-displacement 

and force-velocity attributes of the MRFD under electrical current of zero and 1.5 A, respectively. 

The results are given for the constant loading frequency of 1 Hz, as an example. Results in Figure 

5-12 show that the increasing the displacement amplitude, ranging from 1 mm to 7 mm, 

considerably increases the energy dissipation properties together with the damping force of the 

MRFD. The peak force of the MRFD also increases with loading amplitude, as shown in Figure 

5-12(a). Figure 5-12(b) reveals that the loading path of the force-velocity curves are relatively 

independent of the displacement amplitude. However, the slope of the main axis of the force-

velocity loops, representing the equivalent damping coefficient of the MRFD, tends to slightly 

decrease with increasing the displacement amplitude.  

It is worth noting that similar amplitude dependencies were also observed at the same loading 

frequency under electrical current of 1.5 A, as shown in Figure 5-13. Results presented in Figures 

4-10 to 4-13 further emphasize that even at low frequencies (0.5-2 Hz) and small amplitudes, the 

proposed MRFD can generate a high peak damping force, which is quite essential for applications 

requiring high damping force, such as high-pay load/off road ground vehicle suspension system. 

For instance, the damping force at a frequency of 2 Hz and displacement amplitude of 1 mm varies 

between 520 N to 1200 N when electrical current increased from zero to 1.5 A. Furthermore, the 

force-velocity curve presented in Figure 5-13(b) also shows a crossover point occurrence near the 

maximum velocity for higher displacement amplitude of 7 mm. 
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(a) (b) 

Figure 5-13. The amplitude dependent characteristics of the MRFD under 1.5 A electrical 

current and constant loading frequency of 1 Hz: (a) force-displacement and (b) force-velocity. 

It should be noted that the maximum force generated by the proposed bypass MRFD were 

measured as 5.54 kN corresponding to the loading frequency and displacement amplitude of 4 Hz 

and 7 mm, respectively, as shown in Figure 5-14. 

  

(a) (b) 

Figure 5-14. The measured data (a) force-displacement and (b) force-velocity characteristics 

of the MRFD under loading frequency of 4 Hz at the displacement amplitude of 7 mm. 

5.4.3 Dynamic range and equivalent viscous damping 

Apart from dynamic analysis of the MRFD in qualitative manner presented in the previous 

section, here we present a quantitative investigation of the prototyped MRFD in terms of two 

important figure of merits, namely, dynamic range and equivalent viscous damping coefficient. In 

this section, these indices have been evaluated considering wide ranges of loading conditions and 
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electrical current. Dynamic range plays a crucial role in evaluating the overall control performance 

of MRFDs. Wide bandwidth MRFDs are expected to have a wide control range with a large 

dynamic range. The dynamic range can thus be mathematically represented as:  

𝜆𝑑 =
𝐹𝐼𝑚𝑎𝑥
𝐹𝐼0

 (5-1) 

where 𝐹𝐼0 is the measured off-state damping force while 𝐹𝐼𝑚𝑎𝑥  is the measured damping force at 

the maximum applied current. The dynamic range was measured over the entire range of loading 

conditions considered. Figures 4-15(a) and (b), for instance, show the calculated dynamic range 

considering the effect of displacement amplitude and loading frequency, respectively, apart from 

the electrical current. Results clearly show that the dynamic range substantially increases as the 

applied current increases. The dynamic range of the MRFD slightly decreases at higher loading 

frequencies and amplitudes, although the effect of displacement amplitude on the dynamic range 

is more noticeable than that of loading frequency. This may be partly attributed to higher off-state 

damping forces at relatively higher loading frequencies and displacement amplitudes, thereby 

leading to a lower dynamic range. The maximum dynamic range of the proposed damper was 

calculated as 2.3 under a loading frequency of 2 Hz and displacement amplitude of 1 mm. Such a 

large controllable damping force of 5.54 kN together with a large dynamic range of 2.3 for a bypass 

MRFD with both annular-radial gap were not simultaneously presented before, as can be noted 

from Appendix A. 
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(a) (b) 

Figure 5-15. The effect of displacement amplitude and loading frequency on the dynamic 

range of the fabricated MRFD under: (a) loading frequency of 2 Hz and (b) displacement 

amplitude of 2.5 mm. 

The damping characteristics of the proposed MRFD can be quantitatively evaluated from the 

enclosed area of the force-displacement curves together with the slope of the major axis of the 

force-velocity curves as discussed in previous section. The equivalent viscous damping coefficient 

𝐶𝑒𝑞 has been traditionally calculated using the energy dissipation method. The energy dissipated 

over one cycle (U) is calculated from the enclosed area of the force-displacement curve at a certain 

frequency f as: 

𝑈 = ∮ 𝐹(𝑡)𝑑𝑥

2𝜋/𝜔

0

= ∫ 𝐹(𝑡)
2𝜋/𝜔

0

𝑣(𝑡)𝑑𝑡 (5-2) 

The equivalent viscous damping coefficient (𝐶𝑒𝑞) can be, thus, calculated as [242]: 

𝐶𝑒𝑞 =
𝑈

2𝜋2𝑓𝑋0
2 (5-3) 

where 𝑋𝑜 is the excitation amplitude of a sinusoidal oscillation. The equivalent viscous damping 

coefficient may also be obtained from the slope of major axis of the force-velocity curves as: 

𝐶𝑒𝑞 =
𝐹|𝑣𝑚𝑎𝑥 − 𝐹|𝑣𝑚𝑖𝑛
𝑣𝑚𝑎𝑥 − 𝑣𝑚𝑖𝑛

 (5-4) 
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𝐹|𝑣𝑚𝑎𝑥  and 𝐹|𝑣𝑚𝑖𝑛  are the measured force of the MRFD corresponding to the maximum and 

minimum values of the piston velocity, namely, as 𝑣𝑚𝑎𝑥 , and 𝑣𝑚𝑖𝑛 , respectively. This 

schematically is shown in Figure 5-16. 

 

Figure 5-16. The schematical representation of the equivalent viscous damping coefficient 

(𝐶𝑒𝑞) as the slope of major axis of the measured force-velocity curves under loading frequency 

of 2 Hz and displacement amplitude of the 1 mm. 

The 𝐶𝑒𝑞  was calculated using the above two methods and summarized in Table 5-2, as 

example, for the loading frequency of 1 Hz. Analysis of the Table 5-2 reveals comparable values 

of 𝐶𝑒𝑞 calculated via two methods. The maximum relative difference between the two approaches 

was found to be nearly 4.5% at the displacement amplitude of 1mm and the applied current of 0.5 

A. Besides, increasing the displacement amplitude resulted in decrement in the 𝐶𝑒𝑞, as noticed 

before in results presented in section 5.4.2. 

 

 

 

 

 



 

97 

 

Table 5-2. The calculated equivalent viscous damping coefficient (𝐶𝑒𝑞) of the MRFD using 

two methods. 

Amplitude 
Applied 

current 

Energy dissipated 

method (kN.s/m) 

Slope of force-velocity 

curve (kN.s/m) 

1 mm 
0.5 A 120.3 125.7 

1.5 A 156.3 158 

2.5 mm 
0.5 A 63.6 62.1 

1.5 A 75.74 78.56 

5 mm 
0.5 A 39.84 37.79 

1.5 A 46.24 45.55 

 

The variation of 𝐶𝑒𝑞  with respect to loading frequency and displacement amplitude were 

shown in Figures 4-17 and 4-18. Figures 4-17(a) and (b) show the variations of the calculated 𝐶𝑒𝑞, 

obtained by means of the two aforementioned approaches, with respect to the applied current 

considering varied displacement amplitude, ranging from the 1mm to 5 mm and loading frequency 

of 1 Hz. The 𝐶𝑒𝑞 increases with applied current from 0 to 0.5 A in a nonlinear manner, while tends 

to increase with current nearly linearly, when applied current increased from 0.5 A to 1.5 A. 

Results are also suggestive of a considerable decrement in 𝐶𝑒𝑞  with increasing displacement 

amplitude as predicted before. 

  

(a) (b) 

Figure 5-17. The variations of the calculated the equivalent viscous damping coefficient (𝐶𝑒𝑞) 

with respect to applied current considering different displacement amplitudes. 𝐶𝑒𝑞 calculated by 

the energy method (a) and the slope of major axis of the measured force-velocity curves (b) 

under loading frequency of 1 Hz. 
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Figures 4-18(a) and (b) also show the variations of the calculated 𝐶𝑒𝑞, obtained through the 

two aforementioned methods, with respect to the applied current considering various loading 

frequency, ranging from the 0.5 Hz to 3 Hz and displacement amplitude of 2.5 mm. Results 

consistently show an increase in 𝐶𝑒𝑞 with increasing applied current in a nonlinear manner while 

diminishing with increasing loading frequency, which is consistent with previous observation in 

section 5.4.2. Further examination of results in Figures 4-17 and 4-18 also reveal that the 𝐶𝑒𝑞 tends 

to saturate at higher level of applied current. 

  

(a) (b) 

Figure 5-18. The variations of the calculated the equivalent viscous damping coefficient (𝐶𝑒𝑞) 

with respect to applied current considering varied loading frequencies. 𝐶𝑒𝑞 calculated by the 

energy method (a) and the slope of major axis of the measured force-velocity curves (b) under 

displacement amplitude of 2.5 mm. 

 

5.5 Modification in the MR bypass valve design 

One of the main advantages of bypass MR dampers is ease of modification in the design of 

MR valve in order to further expand damper’s dynamic range and damping force without 

modifying the damper design, apart from ease of maintenance, assembly, and better heat transfer 

of coils, as compared with those typical cylinder-piston MR dampers embedded MR valves. For 

instance, in this study, the magnetic materials of the MR valve bobbin in the design of MR valve 

is changed from low carbon steel AISI 1006 to a new magnetic core with higher magnetic 

permeability (AISI 1117), in addition to changing the material of the spacer between the bobbin 

and the outer cover from AISI 1018 to Nylon 6/6 in the annular gap and stainless-steel SS 304 in 
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the radial gaps. These modifications yielded a dramatic improvement in the dynamic indices of the 

proposed MR damper. Table 5-3 shows the comparison of the physical parameters of the coil in 

the initial design of MR valve and those at the modified design. A significant increase was 

observed via modification of the valve design. The proposed by-pass MR damper has the flexibility 

that modification by can be added to the initial design in order to satisfy multiple design conditions 

and requirements for broad range of vibration mitigation application in different off-road vehicles. 

Table 5-3. Comparison of physical parameter and dynamic index of the initial MR valve with 

the modified design. 

Parameter Initial design Modified design 
Bobbin core material AISI 1006 AISI 1117 

spacer material in annular gap AISI 1018 Nylon 6/6 

spacer material in radial gap AISI 1018 SS 304 

Number of turns 340 215 

Duct gap 1.2 mm 1.2 mm 

Dynamic indices at velocity 12.5 mm/s   

Max. Dynamic range 2.3 5.06 

Max. damping force 1.21 kN 6.61 kN 

 

The modified MR valve was fabricated and assembled to the MR bypass damper and its 

dynamic performance was investigated under different dynamic loading conditions at different 

levels of applied currents. The results, qualitatively, presented in Figures 4-19(a) and (b) for 

loading frequency of 2 Hz, as example, display that the bypass MR damper with new modified 

MR valve has substantially higher dynamic force range as compared with initial design of MR 

valve’s performance presented in Figures 4-19(c) and (d). 



 

100 

 

  

(a) (b) 

  

(c) (d) 

Figure 5-19. The comparison of force–displacement and force-velocity characteristics of the 

MR damper with modified MR valve (a), (b) with the initial design of MR valve (c), (d) under at 

excitation frequency of 2 Hz and displacement of 1 mm. 

Figure 5-20 quantitatively compares the dynamic performance of the modified MR valves 

with initial design valve in terms of dynamic range as well as equivalent viscous damping 

coefficient under loading frequency of 2 Hz and displacement amplitude of 1 mm under varied 

levels of applied current. The results were indicative of a dramatic improvement in dynamic 

indices of the prototyped MR damper with modified MR valve over the initially design valve. For 

instance, the maximum dynamic range was increased from 2.3 to 5.06 via valve modification, 

corresponding to a relative increment of 120 %. 
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(a) (b) 

Figure 5-20. The comparison of the dynamic indices (dynamic range (a) and equivalent 

damping (b)) characteristics of the modified MR valve with the initial design of MR valve under 

at excitation frequency of 2 Hz and displacement of 1 mm. 

Table 5-4 compares the dynamic performance of the prototyped MRFD with both initial and 

modified designs with those MR bypass dampers with annular-radial gap flow reported in the 

previous studies. Even though Keslo et al. [243] obtained a high dynamic range of 5.5, however, 

their damper’s maximum force is limited to only 2.2 kN, which is far below the requirement for 

many off-road applications especially tracked vehicles. The proposed bypass MRFD even with the 

initial design of the MR valve can simultaneously reach a reasonably good dynamic range of 2.3 

and also a maximum force of 5.54 kN as well as a large stroke of 180 mm, considering the fact 

that a lower dynamic range at high frequencies leads to reducing damping ratios that are required 

for good ride quality at higher speeds [244]. The prototyped MRFD in this study with the modified 

valve even reached to a dramatic dynamic range of 5.06 and a maximum dynamic damping force 

of 6.61 kN, outperforming the reported studies in terms of dynamic indices. It is also noted that 

the fail-safe capability of the current damper (off-state configuration) is quite more noticeable than 

the current state of the art, which can assure high damping force in case of malfunction in the 

electromagnetic circuit. The current MRFD can be easily integrated into an off-road tracked 

vehicle such as M113 suspension system that requires a damping force of 4.4 kN at a 

corresponding piston velocity of 0.2 m/s and a large stroke of 180 mm [173].  
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Table 5-4. Comparison of research MRFD to reported studies for off-road vehicles. 

Reference 
Corresponding 

Velocity (m/s) 

Off-state damping 

force (kN) 

Max damping 

force (kN) 

Max dynamic 

range 
Stroke (mm) 

Keslo [243], 1998 0.13 1.1 2.2 5.5 122.6 

Makowski [245], 2018 0.15 2 2.5 1.34 40 

Zhang [246], 2020 0.26 1.07 3.73 4.66 100 

Current study (Initial valve) 0.2 4.5 5.54 2.3 180 

Current study (Modified valve) 0.0125 1.31 6.61 5.06 180 

 

5.6 Summary 

In this chapter, a novel outer bypass MRFD equipped with a miniaturized MR valve 

possessing an annular-radial fluid flow gap was tested over a wide range of mechanical and 

magnetic loadings. The friction force of the damper was initially measured with and without MR 

fluid in the damper under different loading conditions. The force-displacement and force-velocity 

characteristics of the prototyped MRFD were measured and discussed as a function of loading 

conditions and applied current. The equivalent viscous damping coefficient together with dynamic 

range were also calculated over the entire ranges of loading conditions considered. The 

experimental characterization was performed for the MRFD with initial and modified bypass 

valve. The friction force of the MR damper showed a relatively frequency-independent tendency, 

particularly at higher loading amplitude. Increasing displacement amplitude did not affect the peak 

friction force while showing an enhancement in the friction-based energy dissipation by increasing 

the amplitude of displacement. The peak force and area enclosed by force-displacement hysteresis 

loops of the MR damper increased with increasing applied current, loading frequency and 

displacement amplitude. Results also show that both the equivalent viscous damping, calculated 

via two approaches, as well as the dynamic range increased with increasing applied current while 

decreasing with increasing loading frequency and displacement amplitude. Results also were 

suggestive of a large controllable force of 5.54 kN and a good dynamic range of 2.3, 

simultaneously. The bypass configuration of the MR damper allowed modification of MR valve 

design in terms of physical parameters, which yielded dramatically higher dynamic indices, 

including a maximum dynamic range of 5.06 and maximum damping force of 6.61 kN.  
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CHAPTER 5 

6. DYNAMIC CHARACTERIZATION OF VARIABLE STIFFNESS- 

VARIABLE DAMPING MAGNETORHEOLOGICAL DAMPER 

6.1 Introduction 

Semi-active suspension systems utilizing MRFDs are a compromise between passive and 

active systems. Since they have fail-safe and reliability of passive systems while maintaining the 

fast-response and damping force adaptability of active systems without requiring complex control 

systems and high power [10–12]. Therefore, semi-active systems have recently received growing 

interest in improving the ride comfort, handling and stability of ground vehicles [247,248]. 

In recent years, VSVD-MRFDs capability have received growing interest as they have shown 

better performance to control vibration in a broad range of frequencies compared with MRFDs 

with only damping variability. Damping variability is mainly effective to reduce vibration 

amplitude, particularly at the resonance frequency. In contrast, variation in the stiffness allows 

adaptively to vary the natural frequency of the system in such a way that can efficiently reduce the 

transmitted vibration over a broad range of frequencies [27,145]. Furthermore, variability of 

stiffness permits to overcome the conflict between the ride comfort and good handling stability of 

vehicle suspension design. Since good ride comfort requires soft stiffness while good handling and 

vehicle stability requires the suspension system to be stiffer [149,249]. Liu et al. [148] proposed a 

theoretical model and an experimental configuration to accomplish the VSVD system using two 

springs and two MRFDs based on the parallel connection. Results revealed superior vibration 

isolation performance. Sun et al. [149] experimentally stated that the sprung mass acceleration of 

quarter car system with the VSVD suspension is reduced significantly besides improving the ride 

comfort when compared with other types of suspension system. Deng et al. [150] integrated a 

VSVD device in an off-road military vehicle seat suspension subjected to harsh operation 

excitations with low frequencies and large amplitudes. The results show the importance of the 

VSVD in reducing the vibration amplitude at resonance and changing the natural frequency of the 

system, respectively. 

Different configurations were proposed for realizing the VSVD System, as shown in Table B-

1 in Appendix B. Sun et al. [145] proposed a mechanical system based on a series connection. The 
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system consists of two MRFDs that are connected in series using a spring element. The equivalent 

stiffness varies through the application of the current to one MRFD while applying the current to 

the other MRFD provides damping variability. Sun et al. [159] later enhanced their design by 

presenting another mechanical device based on the parallel connection assembly of two coaxial 

MR damping cylinders, two springs, and two connectors. The equivalent stiffness of the system 

was varying between two modes by adjusting the applied current to the outer damping cylinder. 

The stiffness and damping variability were tested experimentally. It was shown that the damping 

coefficients can vary from 16.24 to 29.72 kN s/m by adjusting the current of the inner damping 

cylinder from 0 to 2 A. The equivalent stiffness was also varied from 8.7 to 24.5 kN/m by 

controlling current to the outer damping cylinder from 0 to 1 A. Moreover, the results stated that 

the loading frequency has a negligible effect on the equivalent stiffness and damping. The 

maximum stroke of the proposed adaptive device was reported to be 71 mm. Zhu et al. [27] 

developed a compact long-stroke VSVD-MRFD of 105 mm with self-powered generation 

capability. The damper consists of two springs with different stiffness and a MR damping cylinder. 

The piston rod is connected to the generator hollow shaft through a ball screw. The equivalent 

stiffness can vary between three modes corresponding to the applied current. The proposed damper 

was tested experimentally under a harmonic motion of 0.15 Hz and 30 mm displacement. The 

testing results stated that the effective stiffness can increase from 17.6 to 30 N/mm as the excitation 

current changes from 0 to 2 A. While the equivalent damping coefficients fluctuated between 11.78 

to 18.68 kN/(m/s). It is noted that the proposed VSVD-MRFD systems in previous studies 

generally composed of two MRFDs and two mechanical springs. One MRFD provides damping 

variability, while the other MRFD controls the stiffness variability. While damping and stiffness 

can be varied independently in these systems, they have a complex design, bulky shape, high cost 

and limited stroke to be implemented in a vehicles suspension system. 

Petter et al. [160] proposed, analyzed and tested a simple variable VSVD system. The system 

consists of three fluid chambers (one input and two output chambers). The two output chambers 

are connected to the input chamber using two MR fluid valves that are also connected to two 

springs with different stiffness coefficients through two pistons. However, the system stiffness 

could only be varied among three discrete values, depending on the state of the two MR valves 

(open/close), besides it has a limited damping force and stroke. 
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Another configuration for achieving the concept of VSVD systems was proposed based on 

connecting a pneumatic spring with MRVs. Youn and Hac´ [155] proposed a VSVD suspension 

system based on using air springs. The system stiffness varied between three definite values. Li et 

al. [157] achieved VSVD through controlling air spring stiffness and damping by controlling the 

applied current to the MRV coil. Zhang et al. [158] presented an MR fluid with a VSVD isolator. 

Stiffness variability was attained through using the MRV to control the MR fluid flow between 

two air connectors. Zhu et al. [156] proposed an MRFD with an embedded pneumatic vibration 

isolator in a compact structure. The stiffness is adjusted through changing the average pressures 

of the working gas chambers using four pneumatic high speed on-off valves. The suspension 

system performance was improved by MRV control of the air spring to achieve the VSVD 

principle also due to the nonlinearity and capability of air springs in absorbing more shocks. 

However, VSVD systems based on the MR air spring are bulbous, high cost and have complicity 

in control and design due to the coupling between the fluid dynamics and the pneumatic dynamics. 

Examination of Table B-1 further reveals that the previous studies provided several conceptual 

designs for realizing VSVD-MRFDs. However, these VSVD-MRFDs have many drawbacks 

regarding complexity in design and control, besides the bulky shape, unreliability and high cost. 

Also, the reported VSVD-MRFDs have low damping force and low strokes and thus very limited 

applications. Limited research has also been conducted on design and dynamic characterization of 

VSVD based MRFD systems with large dynamic range in view of both stiffness and damping. 

This chapter thus aims to provide conceptional design and experimental dynamic characterization 

for a compact large-capacity VSVD-MRFD with an annular-radial bypass valve. The proposed 

VSVD-MRFD has been fabricated and tested under a wide range of loading conditions and applied 

electric currents. The dynamic properties in terms of dynamic range, equivalent damping and 

equivalent stiffness have been experimentally investigated. Also, the effect of loading conditions 

(frequencies, amplitudes, and applied currents) on the dynamic properties has been discussed. 

6.2 Design and analysis of the VSVD-MRFD 

6.2.1 Structure configuration of the proposed VSVD-MRFD 

Figure 6-1 shows the proposed VSVD-MRFD with an annular-radial bypass valve. The 

VSVD-MRFD mainly composes of main piston, piston rod inside a cylindrical housing, two 

different stiffness springs and external bypass fluid valve. The cylindrical housing is divided by 
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main piston into two upper and lower chambers that are filled with the MR fluid. The housing is 

connected with end cap and cylinder cover at both its ends. The main piston is threaded with the 

piston rod and is sealed with the cylindrical housing. The piston rod is connected to external 

mechanical spring, end cap and attached to the cylindrical housing by a sliding guider. The piston 

rod has a chamber with certain dimensions which accommodates a floating piston connected to 

mechanical spring. This chamber with internal mechanical spring basically serves as an 

accumulator to compensate the change in MR fluid volume due to movement of the piston rod. 

Compared with conventional bulky gas accumulator (gas spring), the proposed design yielded a 

compact and reliable MRFD with no issues related to gas leakage and fluid-gas dynamics.  

 

Figure 6-1. Cross-sectional view of the proposed VSVD-MRFD with annular-radial bypass 

valve. 

The external bypass fluid valve, shown by the dashed line in Figure 6-1 consists of housing, 

MR valve bobbin with impeded magnetic coil and also spacer to allow annular-radial gaps. The 

annular-radial bypass valve provides design freedom to generate high dynamic force and dynamic 

range and also facilitates installation and maintenance. Moreover, the bypass MR valve provides better 
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heat dissipation compared with internal MR valves under high currents thus allowing the damper to 

operate for a longer time under harsh environmental conditions. 

6.2.2 Working principle  

The working principle of the proposed VSVD-MRFD is based on the series connection 

between the MR damping element and the spring as demonstrated in Figure 6-2. The series 

connection type provides easy practical implementation of the VSVD-MRFD in real world 

applications. The damping variability is realized by controlling the applied magnetic field to the 

annular-radial bypass valve. Since the damping element is in series connection with the internal 

spring k1, the equivalent damping is not depending only on the damping constant of the valve but 

also, it depends on the stiffness rate of the internal spring and excitation frequency as represented 

in Eq. (6-1). The stiffness variability of the proposed damper is achieved via a spring element k2 

in parallel with the series connection of MR damping element and internal spring. By adjusting 

the applied current, the force applied on the internal spring and external spring will be varied. The 

equivalent stiffness of the damper can be expressed as in Eq. (6-2). 

𝐶𝑒𝑞 =
𝑐𝑘1

2

𝑐2𝜔2 + 𝑘1
2 (6-1) 

 

𝑘𝑒𝑞 = 𝑘2 +
𝑐𝑘1𝜔

2

𝑐2𝜔2 + 𝑘1
2 (6-2) 

 

 

Figure 6-2. Scheme of the working principle of the VSVD-MRFD. 
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6.2.3 Fabrication of the proposed VSVD-MRFD 

The basic geometry of the fabricated VSVD-MRFD is shown in Figure 6-3 and its main 

dimensions are listed in Table 6-1. Figures 5-4(a) and (b) show the prototype and components of 

the VSVD-MRFD. The housing cylinder of the damper is fabricated from heat-treated alloy steel 

4140 that has good hardness and surface roughness to withstand the friction of the other parts. The 

carbon steel 1045 was used in the manufacturing of the main piston, piston rod and floating piston. 

A bronze guider was used to connect the piston rod with the housing cylinder and to provide 

sufficient lubricant for the piston rod during movement. For reducing the magnetic circuit 

reluctance, a low carbon steel AISI 1117 was used as the material of the bobbin and steel AISI 

1006 was used for shell of the MR bypass valve. The spacer material between the bobbin is Nylon 

6/6 in the annular gap and stainless-steel SS 304 in the radial gaps. Lord Corporation's MRF-

132DG MR fluid was utilized to fill the MRFD. The specific gravity of this MR fluid is 3, and its 

viscosity is 0.112 Pa.s at 40°C. The MR valve electromagnet coil has 215 turns of the copper 

American Wire Gauge 24. Two heavy duty spring from Lee Company with different stiffness 

coefficients were utilized in to provide stiffness variability. Table 6-2 shows the details parameters 

of the two springs. 

 

Figure 6-3. Basic dimensions of the proposed VSVD-MRFD. 
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1 Damper cylinder 7 End cap 13 MR valve-Bobbin 

2 Main piston 8 Guider 14 MR valve-Coil 

3 Floating piston 9 Cylinder cover 15 MR valve-Lower shell 

4 Internal spring 10 Hydraulic elbow 16 Connetor 

5 Piston rod 11 Hydraulic hose 17 Filling hole bolt 

6 External spring 12 MR valve-upper shell 18 Cylinder end cap 
 

(a) 

 
(b) 

Figure 6-4 (a). The main components of the proposed VSVD-MRFD and (b) the prototyped 

VSVD-MRFD. 
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Table 6-1. Main parameters of the proposed VSVD-MRFD. 

Parameter Symbol Value (mm) 

Duct gab 𝑑 1.2 

Coil width 𝑤𝑐 7 

Piston diameter 𝐷𝑝 70 

Piston rod diameter 𝐷𝑟  30 

Floating piston diameter 𝐷𝑓 19.05 

Radial duct outer diameter 𝐷𝑜 38.1 

Radial duct inner diameter 𝐷𝑖  10 

MR valve whole diameter 𝐷 64.5 

Annular duct length 𝐿𝑎 43.9 

Coil length 𝐿𝑐 10.7 

MR valve height 𝐿 60 

 

Table 6-2. Specification of the Springs. 

Specification Internal spring  External spring 

Stiffness 120 N/mm 15.5 N/mm 

Free Length 44.5 mm 127 mm 

Outside diameter 18.29 mm 42.85 mm 

Hole diameter 19.05 mm 44.45 mm 

Rod diameter 9.53 mm 30.58 mm 

 

6.3 Experimental characterization of the VSVD-MRFD 

6.3.1 Test setup 

A comprehensive experimental investigation was conducted to evaluate the dynamic 

performance of the fabricated VSVD-MRFD in terms of force-displacement and force-velocity 

under a variety of mechanical and magnetic loading conditions. The designed test rig and 

specifications utilized in measurements were discussed in section 5.3.1. A photograph of the full 

test setup for implementing the dynamic analysis is illustrated in Figure 6-5. 
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Figure 6-5. Photograph of the full test setup implemented with the fabricated VSVD-MRFD. 

6.3.2 Experimental measurements 

The experimental measurements were conducted to measure force-time, force-displacement, 

and force-velocity of the MRFD under various piston motion frequencies and excitation currents. 

Experiments were performed with five levels of excitation frequency (f = 0.5, 1, 2, 3, and 4 Hz), 

two levels of displacement amplitude (X = 1 and 2.5mm), and six levels of applied current (I = 0, 

0.25, 0.5, 1, 1.5 and 2 A). For each test condition, force-displacement and force-velocity were 

measured in five consecutive cycles once steady-state was achieved and then averaged for 

characterization. 

6.4 Results and discussion  

6.4.1 Nonlinear hysteresis dynamic analysis of the VSVD-MRFD  

The dynamic characteristics of the prototyped VSVD-MRFD under a wide range of loading 

conditions are stated and discussed in this section. Figure 6-6 shows the force-displacement and 

the force-velocity characteristics of the VSVD-MRFD at an excitation frequency of 0.5 Hz, 

displacement amplitude of 1 mm and applied electrical currents ranging from 0 to 2 A. Results 

show that hysteresis characteristics become more noticeable and enhanced with increasing the 

applied current. As it can be realized, the area enclosed by the force-displacement hysteresis loops 

(representing the amount of energy dissipation per cyclic loading) is substantially increasing with 
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increasing the applied current. This is also confirmed by the slope of the main axis of the force-

velocity curves (representing the equivalent damping) which is increased by increasing the applied 

current. Similar behaviour was also observed at other loading conditions. Figure 6-6 demonstrates 

that under this loading condition, the peak force is increased from about 1.53 kN in the absence of 

the current to nearly 5.44 kN under current 2 A, thus yielding a dynamic range of 3.56. The 

saturation phenomenon can also be observed as the applied current above increases beyond 1.5 A. 

  
(a) (b) 

Figure 6-6. The measured dynamic characteristics of VSVD-MRFD under loading frequency of 

0.5 Hz at the displacement amplitude of 1 mm (a) force-displacement and (b) force-velocity. 

 

Figure 6-7 exhibits the dynamic characteristics of the VSVD-MRFD at an excitation 

frequency of 1 Hz and displacement of 2.5 mm. At this loading condition, the damper’s peak force 

ranges between 2 kN to 7.2 kN as the applied current ranges from zero to 2 A, rendering a dynamic 

range of 3.6. Results consistently confirm that the encircled area by the force-displacement loops 

(energy dissipation) amplifies as the applied current increases. Figures 5-6(b) and 5-7(b) also 

demonstrate that the damping force increases with increasing velocity of the damper piston rod. 
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(a) (b) 

Figure 6-7. The measured dynamic characteristics of VSVD-MRFD under loading frequency of 

1 Hz at the displacement amplitude of 2.5 mm (a) force-displacement and (b) force-velocity. 

 

Figure 6-8 exhibits the dynamic characteristics of the VSVD-MRFD at an excitation 

frequency of 2 Hz and displacement of 1 mm. At this loading condition, the damper’s peak force 

ranges between 1.64 kN to 6.73 kN as the applied current ranges from zero to 2 A, representing a 

higher dynamic range of 4.1. 

  

(a) (b) 

Figure 6-8. The measured dynamic characteristics of VSVD-MRFD under loading frequency of 

2 Hz at the displacement amplitude of 1 mm (a) force-displacement and (b) force-velocity. 
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Figures 5-9 and 5-10 reveal the effect of excitation frequency on the dynamic properties of 

the VSVD-MRFD in terms of force-displacement and force-velocity characteristics at a constant 

displacement amplitude of 1 mm under applied current of 1 A and 2 A, respectively. Results show 

the damping force of the MRFD, are substantially enhanced when the loading frequency increases 

from 0.5 to 4 Hz. Moreover, as the loading frequency increases, the slope of the force-velocity 

curves, representing the equivalent damping coefficient of the MRFD, decreases. It should be 

noted that the loading passes, as observed in force-velocity hysteresis loops in Figure 6-9(b) is 

relatively independent of the excitation frequency. 

  

(a) (b) 

Figure 6-9. The frequency dependent characteristics of the VSVD-MRFD under 1 A electrical 

current and constant displacement amplitude of 1 mm: (a) force–displacement, (b) force–

velocity. 

 

Figure 6-10 presents the frequency dependent characteristics of the VSVD-MRFD when 2 A 

is applied to the MR valve’s coil. Results show that by increasing the current to 2 A, the excitation 

frequency yields more nonlinear hysteresis effect on both force-displacement and force-velocity 

characteristics of the VSVD-MRFD. For instance, at a higher frequency, such as 4 Hz, the loading 

paths of a hysteresis loop presented in Figure 6-10(b), tend to be upward, enhancing the intra-cycle 

damping coefficient locally. Further analysis of Figures 5-9 and 5-10 also reveals that increasing 

the magnetic field of the MR valve leads to a substantial increase in the energy dissipation 

properties, and damping force of the VSVD-MRFD, as also confirmed by results presented in 

Figures 5-6 to 5-8. 
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(a) (b) 

Figure 6-10. The frequency dependent characteristics of the VSVD-MRFD under 2 A electrical 

current and constant displacement amplitude of 1 mm: (a) force–displacement, (b) force-

velocity. 

 

Figures 5-11 and 5-12 explain the displacement dependent properties of the fabricated VSVD-

MRFD in terms of force-displacement and force-velocity under excitation currents of 0.5 A and 

1.5 A, respectively. Here, these characteristics were studied at a constant excitation frequency of 

1 Hz as an example. Results show that the energy dissipation properties and damping force of the 

VSVD-MRFD is considerably increased by increasing the displacement amplitude from 1 mm to 

2.5 mm. Figures 5-11(a) and 5-12(a) clearly show the increase in the peak force as the loading 

displacement increases from 1 mm to 2.5 mm. Figures 5-11(b) and 5-12(b) also manifest that the 

loading paths of the force-velocity curves are relatively independent of the excitation 

displacement. Similar to Figures 5-9 and 5-10, the slope of the main axis of the force-velocity 

loops, which represents the equivalent damping coefficient of the MRFD, tends to decrease with 

increasing the displacement amplitude. 
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(a) (b) 

Figure 6-11. The amplitude dependent characteristics of the VSVD-MRFD under 0.5 A electrical 

current and constant loading frequency of 1 Hz: (a) force-displacement, (b) force-velocity. 

 

  
(a) (b) 

Figure 6-12. The amplitude dependent characteristics of the VSVD-MRFD under 1.5 A electrical 

current and constant loading frequency of 1 Hz: (a) force-displacement, (b) force-velocity. 

 

It should be noted that the maximum force generated by the modified bypass MRFD was 

measured as 7.82 kN corresponding to the loading frequency and displacement amplitude of 4 Hz 

and 2.5 mm, respectively as shown in Figure 6-12. The damper could not be tested at higher 

frequencies and amplitudes due to the limitation of the MTS system and load cell capacity. 
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(a) (b) 

Figure 6-13. The measured data (a) force-displacement and (b) force-velocity characteristics 

of the VSVD-MRFD under loading frequency of 4 Hz at the displacement amplitude of 2.5 mm. 

 

Results shown provide a qualitative analysis of the prototyped VSVD-MRFD. The following 

subsections will present quantitative assessments of the fabricated VSVD-MRFD in terms of 

dynamic range, equivalent viscous damping coefficient, and equivalent stiffness coefficient. An 

investigation of these indices under various loading conditions and magnetic fields is discussed. 

6.4.2 Dynamic range analysis 

The dynamic range is an important figure of merit which is indicative of bandwidth and 

control performance of VSVD-MRFDs to mitigate vibrations under different environmental 

conditions. The dynamic range (𝜆𝑑) can be calculated as in Eq.(5-1). The dynamic range was 

evaluated under the entire range of mechanical and magnetic loading conditions considered. 

Figures 5-14(a) and (b) illustrate the influence of the excitation displacement and loading 

frequency on the evaluated dynamic range under different applied currents, respectively. Results 

clearly reveal that for the given loading condition, the dynamic range substantially increases as the 

magnetic field increases. Further examination of results shows that the dynamic range decreases 

at higher displacement and loading frequency, while the influence of displacement is more obvious 

than that of loading frequency. This is in part due to the greater off-state damping forces at higher 

loading frequencies and displacement amplitudes, which decreases the dynamic range. Results 

show that the damper can reach a maximum dynamic range of 4.5 at the loading frequency of 1 

Hz and a displacement amplitude of 1 mm. 
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(a) (b) 

Figure 6-14. The effect of displacement amplitude and loading frequency on the dynamic 

range of the VSVD-MRFD under: (a) loading frequency of 1 Hz, (b) displacement amplitude of 

2.5 mm. 

 

6.4.3 Damping variability 

Similar to MRFD characteristics discussed in section 6.4.1, VSVD-MRFD characteristics can 

be quantified either using the enclosed area of the force-displacement curves (the equivalent 

viscous damping coefficient (𝐶𝑒𝑞)) using the energy dissipation method or the slope of major axis 

of the force-velocity. These methods are represented in Eqs. (5-2) to (5-4). The equivalent viscous 

damping was evaluated using the above two approaches for loading frequency of 2 Hz and was 

summarized in Table 6-3 as an example. Results show that the equivalent viscous damping 

evaluated using both approaches are nearly comparable. It was found that the maximum relative 

difference between the two approaches was almost 2.1%. Furthermore, increasing the excitation 

displacement leads to a decline in the equivalent viscous damping confirming the observation in 

Figures 5-11 and 5-12. 
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Table 6-3. The calculated equivalent viscous damping coefficient (𝐶𝑒𝑞) of the MR damper using 

two approaches. 

Amplitude 
Applied 

current 

Energy dissipated method (kN 

s/m) 

The slope of idealized force-velocity 

(kN s/m) 

1 mm 

0.0 A 143.5 135.19 

0.5 A 318.09 320.66 

1.0 A 397.75 405.38 

2.0 A 485.58 505.61 

2.5 mm 

0.0 A 74.99 78.22 

0.5 A 158.56 165.84 

1.0 A 203.04 208.4 

2.0 A 221.54 224.6 

 

The influence of loading displacement and frequency on the variation of the equivalent 

viscous damping versus applied current is also shown in Figures 5-15 and 5-16. Figures 5-15(a) 

and (b) show the variation of the calculated equivalent viscous damping based on the two 

approaches, considering different displacement amplitudes of 1mm and 2.5 mm, as a function of 

applied current. Results indicate a significant decrease in the equivalent viscous damping as 

displacement amplitude increases. 

  

(a) (b) 

Figure 6-15. The variations of the calculated the equivalent viscous damping coefficient (𝐶𝑒𝑞) 

with respect to applied current considering different displacement amplitudes. 𝐶𝑒𝑞 calculated by 

the energy method (a) and the slope of major axis of the measured force-velocity curves (b) 

under loading frequency of 2 Hz. 
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Furthermore, Figures 5-16(a) and (b) show the variations of calculated equivalent viscous 

damping versus applied current for various loading frequencies, ranging from 0.5 Hz to 3 Hz, 

calculated by two aforementioned methods. Results reveal a nonlinear increment in equivalent 

viscous damping with increasing applied current while it diminishes for higher loading frequency, 

which confirms the observation in section 6.4.1. A closer examination of Figures 5-15 and 5-16 

also reveal that the equivalent viscous damping is prone to saturation at higher levels of the applied 

current. 

  
(a) (b) 

Figure 6-16. The variations of the calculated the equivalent viscous damping coefficient (𝐶𝑒𝑞) 

with respect to applied current considering varied loading frequencies. 𝐶𝑒𝑞 calculated by the 

energy method (a) and the slope of major axis of the measured force-velocity curves (b) under 

displacement amplitude of 2.5 mm. 

 

6.4.4 Stiffness variability 

The proposed VSVD-MRFD is also characterized to examine its stiffness variability by 

evaluating the equivalent stiffness of the system. MRFD featuring stiffness variability can be 

effectively utilized to significantly reduce the transmitted vibration by varying the natural 

frequency of the system to avoid resonance occurrence. Moreover, it can also overcome the 

conflict between good handling and ride comfort for off/on-road vehicles. The equivalent stiffness 

(𝐾𝑒𝑞) of the fabricated VSVD-MRFD can be evaluated from the slope of the axis line intersecting 

the point at maximum and minimum force-displacement hysteresis cycle. This slope is varied 

according to the applied current and can be estimated from the following equation as [145]: 
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𝐾𝑒𝑞 =
[𝐹𝑑]𝐷𝑚𝑎𝑥 − [𝐹𝑑]𝐷𝑚𝑖𝑛

𝐷𝑚𝑎𝑥 − 𝐷𝑚𝑖𝑛
 (6-3) 

where [𝐹𝑑]𝐷𝑚𝑎𝑥 and [𝐹𝑑]𝐷𝑚𝑖𝑛 are the maximum and minimum forces generated by the damper at 

the maximum and minimum value of the stroke, respectively; 𝐷𝑚𝑎𝑥 and 𝐷𝑚𝑖𝑛 are the maximum 

and minimum value of the stroke, respectively.  

Figures 5-17 and 5-18 exhibit the effect of the loading displacement and frequency on the 

variation of the equivalent stiffness of the proposed VSVD-MRFD with respect to the applied 

current. Figures 5-17 (a) and (b) reveal the influence of the excitation displacements of 1 mm and 

2.5 mm on the evaluated equivalent stiffness at loading frequencies of 1 Hz and 2 Hz, respectively 

as a function of the applied current. The results indicate that the 𝐾𝑒𝑞 significantly increases as the 

magnetic field increases. However, similar to the equivalent viscous damping, the rate of 

increasing is reduced as the applied electric current increases from 1 A to 2 A indicating the 

saturation. Moreover, results reveal a remarkable reduction in the 𝐾𝑒𝑞  as the excitation 

displacement increases. 

  
(a) (b) 

Figure 6-17. The variations of the calculated equivalent stiffness coefficient (𝐾𝑒𝑞) with respect to 

applied current considering different displacement amplitudes (a) under loading frequency of 1 

Hz and (b) under loading frequency of 2 Hz. 

 

Additionally, Figures 5-18(a) and (b) show the variation of the evaluated 𝐾𝑒𝑞 under various 

loading frequencies, ranging from 0.5 Hz to 3 Hz, as a function of the applied current, calculated 

for excitation displacements of 1 mm and 2.5 mm, respectively. Results also reveal a nonlinear 
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increasing in 𝐾𝑒𝑞 with increasing applied current while it has a slightly increasing tendency for 

higher loading frequency. Further observation of Figures 5-17 and 5-18 reveal the saturation of 

the 𝐾𝑒𝑞 at higher levels of applied current. 

  
(a) (b) 

Figure 6-18. The variations of the calculated equivalent stiffness coefficient (𝐾𝑒𝑞) with respect to 

applied current considering varied loading frequencies. (a) under displacement amplitude of 1 

mm and (b) under displacement amplitude of 2.5 mm. 

 

The equivalent stiffness coefficient was quantitively evaluated for loading frequency of 1 Hz 

and displacement of 2.5 mm under various applied currents and was summarized in Table 6-4 as 

an example. Results show that wide range variability of the 𝐾𝑒𝑞 with the applied current. The 

equivalent stiffness increases from 7.78kN/cm at zero current to almost 27.57 kN/cm at the applied 

current of 2 A, rendering a dynamic range of almost 3.5 in view of stiffness. 

Table 6-4. The calculated equivalent stiffness coefficient (𝐾𝑒𝑞) of the VSVD-MRFD under 

different applied currents. 

Applied current 
Equivalent Stiffness, 

𝐾𝑒𝑞 (kN/cm)  

0 7.78 

0.25 11.44 

0.5 17.81 

1 23.05 

1.5 26.47 

2 27.57 
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6.5 Summary 

In this chapter, a novel VSVD-MRFD featuring annular-radial bypass fluid valve was 

experimentally characterized over a wide range of loading conditions and the applied magnetic 

field. The fabricated VSVD-MRFD was tested and characterized with regard to their force-

displacement and force-velocity response behaviour for varied loading conditions and the applied 

current. Figure of merits, including equivalent viscous damping coefficient, dynamic range, and 

equivalent stiffness coefficient were quantitatively evaluated over the entire range of loading 

conditions. The proposed VSVD-MRFD exhibits increasing peak forces and areas enclosed by 

force-displacement hysteresis loops as loading frequency, displacement amplitude, and current 

increase. Additionally, results reveal that both the equivalent viscous damping and dynamic range 

increase as the applied current increase, whereas they decrease with increasing loading frequency 

and displacement amplitude. The observed decrement was more noticeable with increasing the 

displacement amplitude. Further results demonstrate that the proposed VSVD-MRFD has a high 

uniformity and repeatability performance and it has wide stiffness variability according to the 

loading and magnetic conditions. The equivalent stiffness significantly increases as the magnetic 

field increases and slightly increases with loading frequency while it has a remarkable reduction 

as the excitation displacement increases. Based on the presented results, the concept of large-

capacity VSVD-MRFD has been accomplished in a compact design. Results also suggest that the 

proposed VSVD-MRFD can be effectively utilized in off-road vehicle suspension systems for 

avoiding the harmful vibration under different environmental conditions. 
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CHAPTER 6 

7. CONTRIBUTIONS, CONCLUSIONS AND RECOMMENDATIONS 

7.1 Major contributions  

This dissertation presents a development, optimal design, modelling, fabrication and dynamic 

characterization of a large-capacity VSVD-MRFD with an annular-radial bypass valve for off-

road and high payloads applications. The mathematical modeling based on the quasi-static 

modelling based using Bingham plastic MR fluids behaviour has been first formulated. The MR 

valve magnetic circuit has been solved analytically and numerically. Subsequently, a formal design 

optimization problem was formulated to maximize the MRFD's dynamic range. The optimally 

designed MRFD was finally fabricated considering the design requirements. Moreover, a novel 

physic-dynamic model has been developed for capturing the hysteresis phenomenon observed in 

MRFD. The fabricated MRFD featuring VSVD has been comprehensively characterized to 

evaluate its dynamic performance in view of damping and stiffness variability. The major 

contributions of this PhD dissertation research are summarized below: 

I. Using the Bingham plastic model, a quasi-static model for a large-capacity annular-radial 

MRFD and large stroke was formulated for determining the total damping force as a function 

of the MR valves’ geometrical and magnetic parameters, piston velocity and MR fluid 

property. 

II. The magnetic circuit of the MR valve has been analytically solved to evaluate the magnetic 

flux density in the MR fluid within active regions of the MR valve for different coil currents. 

A Finite element simulation using FEMM software was also performed to further realize the 

distribution of magnetic flux density within the gaps using geometrical and material 

specifications corresponding to the designed MR fluid bypass valve. 

III. Development of a formal multidisciplinary design optimization strategy using magnetic 

circuit analysis and geometrical and magnetic parameters of the MRFD in order to maximize 

the MRFD's dynamic range and improve its dynamic performance. Genetic Algorithm (GA) 

combined with Sequential Quadratic Programming (SQP) has been effectively used for 

capturing the global optimal geometric and magnetic circuit parameters of the proposed 

MRFD. 
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IV. Design and fabrication of large-capacity MRFD with an annular-radial bypass valve with the 

optimal dimensions and the proper tolerances and surface roughness. A mechanical spring 

accommodated into the piston rod was used as the accumulator to provide the compact 

design.  

V. Developing a novel physic-based dynamic model based on MR fluid Bingham plastic 

behaviour to predict the non-linear hysteresis behaviour of MRFDs with an annular-radial 

bypass valve without experimental identification parameters. The proposed model considers 

the unsteady behaviour of the MR fluid, compressibility effect, and friction effect. The 

effectiveness of the proposed model has been demonstrated by comparing the model-

predicted responses with the experimental data. 

VI. A comprehensive dynamic characterization of the fabricated MRFD has been performed 

under a board range of loading conditions and applied currents. The friction force of the 

damper was measured with and without MR fluid in the damper under different loading 

conditions. The dynamic properties in terms of the equivalent viscous damping coefficient 

and dynamic range have also been investigated over the entire ranges of loading conditions 

considered. 

VII. Developing and experimental characterization of VSVD-MRFD with an annular-radial 

bypass valve under a wide range of excitation frequencies, displacement and electrical 

current. The dynamic properties in terms of equivalent damping, equivalent stiffness 

dynamic range, and their dependency on the loading conditions were thoroughly 

investigated. 

7.2 Major Conclusions 

In light of the results presented in the dissertation, the major conclusions drawn from the study are 

summarized below: 

• A relatively well agreement between the analytical and numerical solution of the magnetic 

circuit of the MR valve was observed. These solutions have been validated experimentally by 

measuring the average steady-state magnetic flux density along the annular gaps without MR 

fluid. 
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• The proposed optimally designed MRFD has a considerable enhancement in the dampers’ 

performance (large damping force and dynamic range) compared with the initial design. Also, 

utilizing the GA combined with SQP can accurately capture the global optimum solution. 

• Comparing the quasi-static modelling with experimental results reveals a very good agreement 

between simulation and experimental results for damper performance (dynamic range and 

damping force). Under applied current of 2 A, the simulation and experimental results 

revealed a large damping force of 6.61 kN and 7.41 kN, respectively, as well as a high dynamic 

range of 5.06, and 6.7, correspondingly, under piston velocity of 12.5 mm/s. The proposed 

MRFD has a large stroke of 180 mm compared with the previously developed MRFDs. With 

these specifications, the prototyped MRFD can be effectively employed for vibration control 

applications, particularly in off-road tracked vehicles and high payload applications. 

• The response of the bypass MRFD with annular and radial fluid gaps has been modelled using 

the quasi-static model and the physic-dynamic model based on Bigham fluid behaviour. The 

mathematical formulation of the dynamic model has been derived for considering the unsteady 

fluid behaviour, friction effect and compressibility effect. The Laplace transform technique, 

the complex variable theory, the Cauchy residue theorem and the continuity equation have 

been utilized in the dynamic model. 

• Both the quasi-static and dynamic models have been validated with measured data. Results 

revealed that the effect of unsteady fluid behaviour at small amplitudes and low frequencies 

is negligible. However, the unsteady fluid effect is becoming significant at large amplitudes 

and high frequencies. Subsequently, a considerable difference between the quasi-static and 

the unsteady fluid behaviour dynamic model was observed in this range of loading conditions. 

• Results also showed that the quasi-static model and the dynamic model considering the fluid 

inertia and friction effect can effectively capture the damping force. However, these developed 

models were not able to predict the hysteresis force-velocity characteristic response of the 

MRFD. 

• The proposed physic-based modified dynamic model based on the unsteady fluid behaviour, 

friction effect and compressibility effect can provide an accurate description of the non-linear 

hysteresis behaviour of the MRFDs in the early stage of design without experiment 

identification requirement. 
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• Results revealed that the fluid compressibility effect is the main source of the non-linear 

hysteresis behaviour of MRFDs, especially at a low range of loading conditions. 

• Utilization of a bypass MR valve gains the advantages of ease of maintenance and 

modification in the design for further expanding the damper’s performance without modifying 

the damper design. Thus, a comprehensive characterization of the MRFD with two MR bypass 

valves (initial and modified) has been carried out under a wide range of loading conditions 

and applied currents. 

• Results showed that the friction force of the MRFD offered a relatively frequency-independent 

tendency, particularly at higher loading amplitude. Increasing displacement amplitude did not 

affect the peak friction force while showing an enhancement in the friction-based energy 

dissipation by increasing the amplitude of displacement. 

• The peak force and area enclosed by force-displacement hysteresis loops of the MRFD 

increased with increasing applied current, loading frequency and displacement amplitude. 

Results also show that both the equivalent viscous damping, calculated via two approaches, 

as well as the dynamic range increased with increasing applied current while decreasing with 

increasing loading frequency and displacement amplitude. 

• Results also were suggestive of a large controllable force of 5.54 kN and a good dynamic 

range of 2.3, simultaneously with the initial bypass MR valve. The bypass configuration of 

the MRFD allowed modification of the MR valve design in terms of physical parameters, 

which yielded dramatically higher dynamic indices, including a maximum dynamic range of 

5.06 and a maximum damping force of 6.61 kN. 

• The proposed VSVD-MRFD exhibits increasing peak forces and areas enclosed by force-

displacement hysteresis loops as loading frequency, displacement amplitude, and applied 

current become higher. Additionally, results reveal that both the equivalent viscous damping 

and dynamic range increased as the applied current increased, whereas they decreased with 

increasing loading frequency and displacement amplitude. 

• The observed decrement was more noticeable with increasing displacement amplitude. 

Further results demonstrate that the novel VSVD-MRFD has a high uniformity and 

repeatability performance and it has stiffness variability according to the loading and magnetic 

conditions. 
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• The equivalent stiffness significantly increases as the magnetic field increases and slightly 

increases with loading frequency while it has a remarkable reduction as the excitation 

displacement increases. 

• High dynamic range and damping force have been obtained using the VSVD-MRFD. For 

instance, the damping force and the dynamic range at an excitation frequency of 1 Hz and 

displacement of 1 mm are equal to 7.2 kN and 4.5, respectively. 

 

7.3 Publications 

1. Abdalaziz M, Sedaghati R and Vatandoost H, (2022), Design Optimization and 

Experimental Evaluation of a Large Capacity Magnetorheological Damper with 

Annular and Radial Fluid Gaps, Journal of Intelligent Material Systems and Structures 

(Under review). 

2. Abdalaziz M, Sedaghati R and Vatandoost H, (2022), Development of a New Dynamic 

Hysteresis Model for Annular-Radial Magnetorheological Dampers considering Fluid 

Inertia and Compressibility, Journal of Sound and Vibration (Under review). 

3. Abdalaziz M, Vatandoost H, Sedaghati R and Rakheja S, (2022), Development and 

Experimental Characterization af a Large-Capacity Magnetorheological Damper with 

Annular-Radial Gaps, Smart Mater. Struct. 31 (11): 115021 (Published). 

4. Abdalaziz M, Sedaghati R, Vatandoost H and Rakheja S, (2022), Design and 
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7.4 Recommendations for future works 

The presented dissertation established a comprehensive framework for the development, 

design optimization, modelling and characterization of a VSVD-MRFD with an annular-radial 

bypass valve. The proposed damper has a large capacity of damping force, high dynamic range 

and large stroke to be able to attenuate vibration in heavy-duty automotive and high payload 

applications. Furthermore, the developed physic-dynamic models may serve as a significant design 

tool for designing and predicting the non-linear hysteresis behaviour of MRFDs in the early stages 

of design. More efforts, however, are desirable for the implementation of VSVS MRFD within the 

vehicle suspension system. Some of the desirable further studies are listed below: 

• The effect of the Reynolds number on the performance of developed MRFD is a significant 

factor to be investigated. 

• Developing a phenomenological model capable of predicting the performance and capturing 

the non-linear hysteresis of VSVD-MRFD over a wide range of loading conditions and 

applied magnetic field. 

• Development of suitable control strategies to provide effective VSVD under unpredicted 

environmental conditions. 

• There are many design factors, which have a significant influence on the VSVD design, such 

as the shapes of the MR valve, the types of the valve orifice (annular, radial, or combined), 

and the number of valve coils. Thus, it is of paramount importance to systematically 

investigate the effect of different geometrical and material design factors on the VSVD 

capability of the adaptive devices. 

• Further efforts in integrating the VSVD-MRFD in tracked vehicles' suspension system 

model and evaluating its dynamic performance are required.  

• The influence of the VSVD-MRFD designs on the whole-body vibration and reducing the 

transmitted vibration at low and high frequencies are also important issues that required to 

be explored. 
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9. Appendix A 

 

Table A-1. Summary of studies reporting experimental characterization of MRFDs. 

Reference Application 

Off-state 

force 

(kN) 

Max 

force 

(kN) 

Dynamic 

range 
Fluid path type 

frequency 

(Hz) 

Max 

displacement 

(mm) 

Stroke 

(mm) 

Hu [227], 2007 

Automotive 

Applications 

1.23 8 6.5 Tortuous Channel 0.1-1 12.7-25.4 152.4 

Çeşmeci et al [198], 2010 0.75 2 2.67 Annular 2.45 12.5 55 

Sapiński [250], 2011 - 0.6 - Annular 4.5 6 - 

Boada et al. [251], 2011 0.65 2.4 3.7 Annular 2 16 - 

Bai [75], 2013 0.2 2.4 12 Annular 1 38.1 - 

Bai [169], 2013 0.14 3.15 2.81 at 3 Hz Annular-radial 1-3 10 ~34  

Kasprzyk [252], 2014 0.15 1.8 12 Annular 0.5-6 5-25 74 

Sohn [253], 2015 0.1 4.65 10 Annular 0.1-12 20 - 

Kim [254], 2016 0.24 3.15 13.5 Bifold annular 1-3 10-20 31 

Zhu [20], 2016 2 4 2 Annular-radial 0.16-6 50 150 

Kubík [255], 2017 0.225 2 8 Annular 0.1-8 5 - 

Gurubasavaraju et al. [256], 2018 0.06 0.117 1.95 Annular 2 0.005 10 

Cheng [257], 2018 0.1 3.4 34 Annular 1-2 4-12 ~57 

Huang et al. [258], 2019 0.075 0.17 2.26 Annular 2 0.01 - 

Yoon [259], 2019 0.34 1.34 3.9 Annular 5 10 - 

Meng [260], 2019 0.2 1.4 7 Shear-valve mode 2 4 - 

Wang [222], 2019 0.7 3.6 5.1 at2 Hz Annular-radial 2 10-15 32 

Hu [233], 2019 1 4 4 Annular-radial 0.25-1 5-10 - 

Liu et al. [261],2020 0.442 2.53 5.7 Annular 3.32 25 - 

Idris [105], 2020 0.5 0.75 3.8 Annular-radial 0.016-0.1 10 100 

Devikiran et al.[262] ,2021 0.17 0.2 1.17 Annular 1 16 - 

Devikiran et al.[263], 2022 0.71 0.9 1.2 at3 Hz Radial 2.5-3 5-10 - 

Marathe and Nagler [264],2022 0.17 0.26 1.5 Annular 1-10 - - 

Keslo [243], 1998 0.4 2.2 5.5 Rectangular  2-4 2.5-10 122.6 
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Yang [244], 2011 
High payload 

vehicle and railway 

vehicle 

0.5 3.5 7 Annular 0.5-4 30-150 - 

Raja [265], 2014 2.5 4.8 1.92 Annular 0.1-1 2.54-12.7 80 

Zhang [246], 2020 0.8-1.23 3.95 4.86 Radial 0.16-1.66 50 100 

Kim et al. [78], 2017 5.52 15.36 2.78 Annular 3.2 15 150 

Ahmadian et al [129], 2007  25.8 27.6 1.07 Annular - - 104.14 

Hu et al. [87], 2012 
Guns 

1.4 2.3 1.64 Annular - 0.6 350 

Deng et al.[266] ,2022 1.05 1.31 1.24 Annular - 10 - 

Sun [267], 2003 

Civil Engineering 

Applications 

2.3 8 3.8 Annular 0.5-2 10 - 

Fujitani [230], 2003 3 300 3 Annular 0.01-3 10-250 950 

Hitchcock [108], 2007 0.5 4 8 Annular 0.0625-2 3.2-8 50.8 

Caterino et al. [268], 2011 2 27 13.5 annular 1.5 20 50 

Ding et al. [269], 2013 3.89 20.3 17.3  1 0.01 - 

Chae and Choi [77], 2014 Ambulance bed 0.07 0.294 4.2 annular 2.4 0.013 - 

Ulasyar et al [270], 2018 Washing machine 0.01076 0.19 17.65 Annular 3 0.006 30 

Case et al. [271], 2014 
Prosthesis and 

medical devices 

0.0061 0.0095 1.56 Annular 10 25 60 

Liu [272], 2021, 0.179 1.24 6.88 Annular 1 10 54 

Lee [273], 2021 0.02 0.26 281 Annular 0.17 25-35 70 
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10. Appendix B 

 

Table B-1. Developed VSVD-MRFDs. 

Reference Schematic of VSVD system 
Objective and 

method of analysis 

Stiffness 

element 

type 

Major findings 

Force 

range 

(N) 

Stiffness 

range 

(kN/m) 

Stroke 

(mm) 

Protentional 

applications 

Youn and 

Hac´ [155], 

1995 

 

Proposed synthesis of 

control for a variable 

stiffness and damping 

suspension system Air spring 

• Improve ride comfort 

• The stiffness was varied 

between three definite 

levels - 

Between 

3 discrete 

levels 

- 
Automotive 

suspension 

Liu et al 

[148], 2008 

 

Proposed 

configuration and 

control for VSVD 

system using two 

MRFD and two 

constant springs 

Mechanical 

spring 

• Superior vibration 

isolation performance. 

• Stiffness variation is 

affected by spring ratio. 

• the system on-off control 

exhibited perfect 

vibration isolation 

performance. 

- 1.64-4.67 - 
Automotive 

Application 

Li et al 

[157],2009 

 

Development of 

MRFD based variable 

stiffness using MR 

valve and bladders Air spring 

Continuous variable 

stiffness and damping 

 
2.82-

12.37 
5-29 - 

Earthquake 

applications 
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Zhang et al 

[158],2009 

 

Presented MR 

variable stiffness and 

damping isolator 

using MR fluid valve 

and two connectors 

Air spring 

• Simple, cheaper, and easy 

maintenance 

• bulky, costly and complex 2.5-

113.1 
5.5-25 - 

Civil 

engineering  

Zhu et al 

[156], 2011 

 

Proposed an MRFD 

with an embedded 

pneumatic vibration 

isolator for adjusting 

stiffness and damping 

of the system 

Air spring 

• Changing the gas pressure 

leads to a variation in the 

system stiffness. 

• Pneumatic isolators can 

provide high payload, 

reliable and inexpensive 

maintenance for low 

natural frequency 

applications 

- - - 
Civil 

engineering 

Petter et al 

[160], 2014 

 

Proposed a compact 

VSVD MR based 

device using two MR 

valves and two 

different stiffness 

springs. 
Mechanical 

spring 

• The system stiffness could 

be varied among three 

discrete values; depending 

on the state of the two MR 

valves (open/close). 

• Stiffness and damping vary 

independently. 

2-19 
1.67-

14.433 
- - 

    •      
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Sun et al, 

[145] 2015 

 

Proposed variable 

damping and stiffness 

damper using two 

MRF damping units 

and a spring 

Mechanical 

spring 

• Stiffness and damping can 

be controlled dependently. 

• VSVD-MRFD is feasible 
120-

300 
11.3-30.5 - 

Automotive 

Application 

Sun et al 

[159], 2015 

 

 

Designed variable 

damping and stiffness 

shock absorber using 

two coaxial damping 

cylinders, two springs Mechanical 

spring 

• Stiffness varies between 

two modes 

• Stiffness and damping are 

in depending on frequency. 

300-

600 
8.7-24.5 71 

Automotive 

Application 

Deng et al 

[274], 2017 

 

• Provided a 

theoretical 

investigation for the 

force transmissions 

between the 

elements of the 

VSVD system of 

Sun et al. [108P]. 

Obtaining The 

relationships between 

the equivalent 

stiffness and the 

geometrical 

parameters 

Mechanical 

spring 

• The stiffness variability is 

influenced by the structural 

parameters such as the 

effective length, cross-

sectional area and gap of 

the piston. 

• The stiffness and damping 

variability are affected by 

stiffness ratio and current, 

also. 

140-

200 
11.9-20 71 

Automotive 

Application 

Sun et al  

[149], 2019 

 

• Designed variable 

damping and 

stiffness shock 

absorber using two 

coaxial damping 

Mechanical 

spring 

• Significantly reducing in 

sprung mass acceleration. 

• Improving the ride comfort 

when comparing with other 

500-

900 
25.4-45.2 71 

Automotive 

Application 
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cylinders, two 

springs for 

Improving the 

previous design 

[108P]  

• study of the effect of 

variable stiffness 

and damping 

suspension on a 

quarter car system 

types of the suspension 

system 

Deng et al. 

[150],2019 

 

Implemented a 

VSVD-MRFD in an 

off-road military 

vehicle seat 

suspension to 

enhance ride comfort. Mechanical 

spring 

• In comparison to passive 

and VD controls, the seat 

suspension with VSVD 

control has the lowest seat 

acceleration and most 

effective vibration 

attenuation.  

• VSVD system reduces seat 

acceleration by 22.1% 

compared to the excitation 

one. 

100-

250 
5.06-10.4 - 

Seat 

suspension 

Zhu et al. 

[27], 2019 

 

Developed a long-

stroke VSVD-MRFD 

with self powered 

generation capability 

 

Mechanical 

spring 

• The stiffness can be varied 

up to 70.4% with variation 

of the applied current from 

0 to 2 A. 

• An effective power output 

of 2.595 W is possible from 

the damper. 

1600-

2000 

17.6-

25.93 
105 

Automotive 

Application 
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Ning et al. 

[151], 2020 

 

proposed a rotary 

semi-active variable 

stiffness and damping 

device for seat 

suspension based on 

series. Connection 

using electromagnetic 

MR device 

Mechanical 

spring 

• The mechanical spring 

methods with is suitable for 

a large stiffness variation 

range application 

• The acceleration of seat 

suspension with VSVD 

device reduced by 19.0% 

compared passive seat 

suspension. 

(170-

480) 

Nm 

0.084-

13.259 
 

Seat 

suspension 
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11. Appendix C 

Suspension systems utilize in off road tracked vehicles. 

Tracked vehicles undercarriage has the most arduous operating conditions. Undercarriages of 

various tracked vehicles have widely different configurations in terms of arrangement and 

construction of individual components. The undercarriage of tracked vehicles consists of two main 

systems: track drive system and suspension system [275]. The track drive system provides the 

vehicle motion by converting the drive sprocket rotary movement into vehicle translational 

movement. Vehicle suspension systems comprise all linked elements between the road wheel. 

They have to mitigate vibration that the vehicle body experience from the road irregularities 

generated during its cross-country drive. Moreover, high vehicle maneuverability and maintaining 

combat activities have to be achieved. Further, vehicle mobility performance is limited by the 

operator’s endurance to withstand the transmitted shocks and impacts and his ability to conserve 

control. Thus, suspension systems permit a sufficient level of comfort for the vehicle crew to 

enhance their field operation effectively [276]. 

Tracked vehicle suspension systems are categorized, according to the wheel-hull connection 

to block suspension and individual suspension. In block suspension, two or more road wheels join 

together in a group to connect a vehicle hull. While the individual suspension is the most utilized 

suspension system in a tracked vehicle where each road wheel is linked to the vehicle hull 

independently. The Armored Personnel Carrier (APC) M113 undercarriage is a clear example of 

a tracked vehicle suspension system. M113 undercarriage, as shown in Figure C-1 composed of a 

track drive system and suspension system. The former system includes two driving sprockets, two 

idler wheels and a track. The subsequent system consists of five road wheels with five road wheel 

arms on each side connecting the vehicle hull to the track. Each road wheel arm is anchored to the 

vehicle hull using a torsion bar (elastic element). Also, there are three shock absorbers (damping 

element) attached to the first, second and last road wheel station on each side. The torsion bar 

softens the generated shocks form uneven terrain to minimize vehicle hull vibration while, the 

hydraulic shock absorber damps the transmitted vibration to the hull.  
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Figure C-1 APC M113 undercarriage b- M113 half mathematical model [277]. 

 

In 1960, the Armour personal carrier M113 was produced to replace the M59 vehicle in the 

US army. The tracked vehicle M113 and its family have to improve continuously to increase 

compact activity and weights. Thus, the vehicle’s suspension system should be improved. Some 

studies have been done for the vehicle suspension dynamics, as summarized in Table C-1. 

Table C-1. Summarized studies for improving M113 suspension dynamics 

Reference Objective and method of analysis Major Conclusion 

Long and 

Comito [278] 

- Improved M113 suspension system through.  

- changing the torsion bar with a high-strength 

steel. 

- Removing support arm bump stops 

- Increasing the number of the shock absorber to be 

3 instead of 2 in each side. 

- Increasing the vehicle ground clearance 

- decreasing its spring rate by 17% for 

more ride comfort. 

- lengthening wheel travel 

- increasing the damping ability for 

absorbing more shocks. 

Siorek [279] - Investigated the effect of increasing the M113 

wheel travel on the vehicle mobility capabilities 

to cross the countered obstacles 

- the vehicle's capability to overcome the 

barrier will increase with   

- These capabilities will be enhanced to 

be 25%, 55 %, 65% and 75 % if the 

wheel travel becomes 6-814, 17, and 30-

35 inches respectively. 

Ata and Salem 

[280] 

- Developed 7 DOF suspension systems fitted with 

commercial MRFDs to theoretically investigate 

the proper control algorithm among skyhook, 

hybrid and fuzzy-hybrid controllers 

- the performance of the vehicle 

suspension system has been improved 

with using MRFDs. 

- Fuzzy-hybrid controller manifests 

considerable improvement in reducing 

the vehicle hull accelerations. 

Anil and 

Sankar [281] 

- Evaluated the ride comfort for M113 through 

developing a time-domain computer simulation 

- The effect of the conventional suspension system 

and hydro-gas suspension system on ride 

performance has been investigated. 

- The ride comfort is considerably 

enhanced by increasing the number of 

shock absorbers. 

- replacing the conventional suspension 

with hydro-gas suspension at all 
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roadwheels will improve the ride 

acceleration response 

Anil and 

Sankar [282] 

- Developed a computer simulation to study the 

ride dynamic behaviour for M113 under different 

road configurations and speeds. 

- validated the simulation result by field testing 

- a good agreement between the field 

results and simulation can be a tool in 

evaluating the ride performance for 

tracked vehicles. 

 

The existing M113 tracked vehicle conventional suspension system prevents its high mobility, 

speed and maneuverability, apart from its inadaptability to various operating conditions and 

excitation [9]. Further enhancing the vehicle's cross-country ability is required to enlarge the 

vehicle’s wheel travel. However, enlarging the vehicle wheel travel requires considerable 

improvements in the torsion bar spring rate, the shock absorber damping rate and the wheelbase, 

all of that is limited by the existing torsion bar. Moreover, the crossed-vehicle torsion bar has many 

drawbacks, such as increasing the vehicle height, easy vehicle observation, increasing the 

possibility of the vehicle’s crew being shot, and decreasing ground clearance. 
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12. Appendix D 

Detail drawings of the proposed MRFD 

 

Figure D-1. MRFD cylinder. 
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Figure D-2. MRFD piston rod.
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Figure D-3. MRFD main piston. 
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Figure D-4. Floating piston. 
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Figure D-5. Upper cylinder cover. 
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Figure D-6. Piston rod guider. 
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Figure D-7. Piston rod end cap. 
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Figure D-8. Cylinder end cap. 
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Figure D-9. MRV- Lower shell. 
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Figure D-10. MRV- Upper shell. 
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Figure D-11. MRV-Bobbin with spacers. 
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13. Appendix E 

 

(a) Solving the differential Eq. (4-17) using variable separation method and obtaining the 

constants in Eq. (4-22) 

Let  

𝑚 = √
𝑠

𝑣
   , 𝐶1 =

𝐴 + 𝐵

2
  , 𝐶2 =

𝐴 − 𝐵

2
 (13-1) 

Using trigonometry relations, the homogenous solution 

𝑢𝐻(𝑦, 𝑠) = (
𝐴 + 𝐵

2
)𝑒𝑚𝑦 + (

𝐴 − 𝐵

2
) 𝑒−𝑚𝑦 (13-2) 

𝑢𝐻(𝑦, 𝑠) =
𝐴

2
[𝑒𝑚𝑦 − 𝑒−𝑚𝑦] +

𝐵

2
[𝑒𝑚𝑦 + 𝑒−𝑚𝑦] (13-3) 

𝑢𝐻(𝑦, 𝑠) = 𝐶1sinh (𝑚𝑦) + 𝐶2 cosh(𝑚𝑦) (13-4) 

The general solution can be written as 

𝑢(𝑦, 𝑠) = 𝐶1 sinh(𝑚𝑦) + 𝐶2 cosh(𝑚𝑦) + 𝜓𝑝    (13-5) 

Using separation of variable method and applying the boundary conditions in Eqs. (4-18) and 

(4-19) into the general solution in Eq. (4-22), the constants can be calculated as  

 

𝐶1 =
−𝜓𝑝sinh (𝑚ℎ𝑜)

sinh(𝑚ℎ) sinh(𝑚ℎ𝑜) − cosh (𝑚ℎ)cosh (𝑚ℎ𝑜)
 (13-6) 

  

𝐶2 =
𝜓𝑝cos (𝑚ℎ𝑜)

sinh(𝑚ℎ) sinh(𝑚ℎ𝑜) − cosh (𝑚ℎ)cosh (𝑚ℎ𝑜)
 (13-7) 

  

Substituting of Eqs. (13-6) and (13-7) into Eq. (13-5), the general solution can be calculated 

as  
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𝑢(𝑦, 𝑠) = 𝜓𝑝 [1 +
cosh(𝑚ℎ𝑜) cosh(𝑚𝑦) − sinh(𝑚ℎ𝑜) sinh(𝑚𝑦)

sinh(𝑚ℎ) sinh(𝑚ℎ𝑜) − cosh(𝑚ℎ) cosh(𝑚ℎ𝑜)
]

= 𝜓𝑝 [1 −
cosh m(ℎ𝑜 − 𝑦)

cosh m(ℎ − ℎ𝑜)
] 

(13-8) 

Let  

Δ = sinh(𝑚ℎ) sinh(𝑚ℎ𝑜) − cosh(𝑚ℎ) cosh(𝑚ℎ𝑜)

= −cosh m(ℎ − ℎ𝑜) 
(13-9) 

 

The particular solution can be evaluated by Substituting in additional condition 

𝜓𝑝 {ℎ𝑜 [1 +
(cosh𝑚ℎ𝑜)

2 − (sinh𝑚ℎ𝑜)
2

Δ
]

+ ∫ [1
ℎ

ℎ𝑜

+
cosh𝑚ℎ𝑜 cosh𝑚𝑦 − sinh𝑚ℎ𝑜 sinh𝑚𝑦

Δ
] 𝑑𝑦}

= 𝑢𝑝(𝑠)ℎ 

(13-10) 

then 

𝜓𝑝 =
𝑢𝑝(𝑠)𝑚ℎΔ

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (13-11) 

where 

∈= cosh𝑚ℎ𝑜 (sinh𝑚ℎ−sinh𝑚ℎ𝑜)

− sinh𝑚ℎ𝑜 (cosh𝑚ℎ−cosh𝑚ℎ𝑜)  

= −𝑠𝑖𝑛ℎ𝑚(ℎ𝑜 − ℎ) 

(13-12) 

Substituting from Eq. (13-11) into Eq. (13-8), the flow velocity can be evaluated as: 
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𝑢(𝑦, 𝑠) =
𝑢𝑝(𝑠)𝑚ℎ(Δ + cosh𝑚ℎ𝑜 cosh𝑚𝑦 − sinh𝑚ℎ𝑜 sinh𝑚𝑦)

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (13-13) 

then 

𝑢(𝑦, 𝑠) =
𝑢𝑝(𝑠)𝑚ℎ[cosh𝑚(ℎ𝑜 − 𝑦) − cosh𝑚(ℎ − ℎ𝑜)]

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (13-14) 

Let  

Ω(𝑦, 𝑠) =
𝑚ℎ[cosh𝑚(ℎ𝑜 − 𝑦) − cosh𝑚(ℎ − ℎ𝑜)]

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (13-15) 

(b) Obtaining the flow velocity profile in Eq. (4-29) using Laplace inverse techniques ( Cauchy 

Residue theory and complex variable theory) [283]. 

𝑓(𝑦, 𝑡) =
1

2𝜋𝑖
∫ 𝑓(𝑦, 𝑠) 𝑒𝑠𝑡𝑑𝑠 =  ∑𝑅𝑒𝑠(𝑓(𝑠), 𝑧𝑗)

∞

0

𝛾+𝑖∞

𝛾−𝑖∞

 (13-16) 

Since  

𝑅𝑒𝑠(𝑓(𝑠), 𝑧𝑗) =
1

(𝑁 − 1)!
𝑙𝑖𝑚𝑠→𝑠𝑗

𝑑𝑁−1

𝑑𝑠𝑁−1
[(𝑠 − 𝑧𝑗)𝑓(𝑠)] (13-17) 

Substituting of Eqs. (4-23), (4-28) into Eq. (13-16). 

𝑢(𝑦, 𝑡)

=
1

2𝜋𝑖
∫

𝐴0𝜔

𝑠2 + 𝜔2
𝑚ℎ(Δ + cosh𝑚ℎ𝑜 cosh𝑚𝑦 − sinh𝑚ℎ𝑜 sinh𝑚𝑦)

𝑚ℎΔ +𝑚ℎ𝑜+∈
𝑒𝑠𝑡𝑑𝑠

𝛾+𝑖∞

𝛾−𝑖∞

= ∑𝑅𝑒𝑠(𝑓(𝑠), 𝑧𝑗)

∞

0

 

(13-18) 

Where 

𝑓(𝑠)

=
𝐴0𝜔

𝑠2 + 𝜔2
𝑚ℎ(Δ + cosh𝑚ℎ𝑜 cosh𝑚𝑦 − sinh𝑚ℎ𝑜 sinh𝑚𝑦)

𝑚ℎΔ +𝑚ℎ𝑜+∈
𝑒𝑠𝑡 

(13-19) 
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The poles (𝑧𝑗) of the Eq. (13-18) that is equal to the two simple poles of the piston velocity 

motion and the roots of Eq. (13-21) 

𝑧1,2 = ±𝑖𝜔 (13-20) 

  

𝑧𝑛 = 𝑚ℎΔ +𝑚ℎ𝑜+∈

= 𝑚ℎ𝑜 − 𝑐𝑜𝑠ℎ𝑚(ℎ − ℎ𝑜) − 𝑠𝑖𝑛ℎ𝑚(ℎ𝑜 − ℎ)  = 0 
(13-21) 

The solution of the flow velocity profile in Eq. (13-18) can be evaluated as:  

𝑢(𝑦, 𝑡) = 𝑅𝑒𝑠(𝑓(𝑠), −𝑖𝜔) + 𝑅𝑒𝑠(𝑓(𝑠), 𝑖𝜔) + 𝑅𝑒𝑠(𝑓(𝑠), 𝑧𝑛) (13-22) 

Where 

𝑅𝑒𝑠(𝑓(𝑠),−𝑖𝜔) = [(𝑠 + 𝑖𝜔)𝑓(−𝑖𝜔)] =  
𝐴0𝑖

2
Ω(𝑦,−𝑖𝜔)𝑒−𝑖𝜔𝑡 (13-23) 

𝑅𝑒𝑠(𝑓(𝑠), 𝑖𝜔) = [(𝑠 − 𝑖𝜔)𝑓(𝑖𝜔)] = −
𝐴0𝑖

2
Ω(𝑦, 𝑖𝜔)𝑒𝑖𝜔𝑡 (13-24) 

For calculation of the residue function of the poles (𝑧𝑛)  

Let  

𝑚 = 𝑖𝛼  ⟹ 𝑠𝑛 = −𝛼𝑛
2𝑣       , 𝑛 = 1,2,3,⋯⋯⋯⋯∞ (13-25) 

 

Since all (𝛼𝑛) are symmetrically placed about zero on the real axis and all the poles (𝑧𝑛) lie 

on the negative real axis. Then the residues of the other poles can be obtained as in [196]. 

𝑅𝑒𝑠(𝑓(𝑠), 𝑧𝑛)

= ∑
2𝐴0𝜔𝛼𝑛

2𝑣ℎ

(𝛼𝑛4𝑣2 +𝜔2)

[𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜) − 𝑐𝑜𝑠𝛼𝑛(𝑦 − ℎ𝑜)]

𝜉
𝑒−𝛼𝑛

2𝑣𝑡 

∞

𝑛=1

 
(13-26) 

Since (𝛼𝑛) has the values that makes Eq. (50) equals to zero 

𝛼𝑛ℎ𝑜 + 𝛼𝑛ℎ𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜) − 𝑠𝑖𝑛𝛼𝑛(ℎ𝑜 − ℎ) = 0 (13-27) 

Now, from Eqs. (13-23)-(13-26), the flow velocity profile can be expressed as:  
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𝑢(𝑦, 𝑡)

=
𝐴0𝑖

2
[Ω(𝑦,−𝑖𝜔)𝑒−𝑖𝜔𝑡 − Ω(𝑦, 𝑖𝜔)𝑒𝑖𝜔𝑡 ]

+∑
2𝐴0𝜔𝛼𝑛

2𝑣ℎ

(𝛼𝑛4𝑣2 + 𝜔2)

[𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜) − 𝑐𝑜𝑠𝛼𝑛(𝑦 − ℎ𝑜)]

𝜉
𝑒−𝛼𝑛

2𝑣𝑡 

∞

𝑛=1

 

(13-28) 

Similarly, the pressure gradient of Eq. (4-32) can be obtained by taking the same Laplace 

inverse techniques 

𝑑𝑃(𝑥, 𝑡)

𝑑𝑥
=

1

2𝜋𝑖
∫ −𝜌𝑠

𝑢𝑝(𝑠)𝑚ℎΔ

𝑚ℎΔ +𝑚ℎ𝑜+∈
 𝑒𝑠𝑡𝑑𝑠

𝛾+𝑖∞

𝛾−𝑖∞

= ∑𝑅𝑒𝑠(𝑔(𝑠), 𝑧𝑗)

∞

0

 

(13-29) 

𝑔(𝑠) = −𝜌𝑠
𝑢𝑝(𝑠)𝑚ℎΔ

𝑚ℎΔ +𝑚ℎ𝑜+∈
 𝑒𝑠𝑡 (13-30) 

Let  

Γ(𝑠) =
𝑚ℎΔ

𝑚ℎΔ +𝑚ℎ𝑜+∈
 (13-31) 

The poles of the Eq. (13-29) are the same poles of the flow velocity profile in Eqs. (13-20) 

and (13-21) therefore the pressure gradient can be described as:  

𝑑𝑃(𝑥, 𝑡)

𝑑𝑥
= 𝑅𝑒𝑠(𝑔(𝑠), −𝑖𝜔) + 𝑅𝑒𝑠(𝑔(𝑠), 𝑖𝜔) + 𝑅𝑒𝑠(𝑔(𝑠), 𝑧𝑛) (13-32) 

Where 

𝑅𝑒𝑠(𝑔(𝑠),−𝑖𝜔) = [(𝑠 + 𝑖𝜔)𝑔(−𝑖𝜔)] =  −
𝜌𝜔𝐴0
2

Γ(−𝑖𝜔)𝑒−𝑖𝜔𝑡 (13-33) 

𝑅𝑒𝑠(𝑔(𝑠), 𝑖𝜔) = [(𝑠 − 𝑖𝜔)𝑔(𝑖𝜔)] = − 
𝜌𝜔𝐴0
2

Γ(𝑖𝜔)𝑒𝑖𝜔𝑡 (13-34) 

For calculation of the residue function of the poles (𝑧𝑛)  
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𝑅𝑒𝑠(𝑔(𝑠), 𝑧𝑛) = ∑
2𝜌𝐴0𝜔𝛼𝑛

4𝑣2ℎ

(𝛼𝑛4𝑣2 + 𝜔2)

[𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜)]

𝜉
𝑒−𝛼𝑛

2𝑣𝑡 

∞

𝑛=1

 (13-35) 

Using Eqs. (13-33)- (13-35), the pressure gradient can be expressed as:  

𝑑𝑃(𝑥, 𝑡)

𝑑𝑥

= −
𝜌𝜔𝐴0
2

[Γ(−𝑖𝜔)𝑒−𝑖𝜔𝑡 + Γ(𝑖𝜔)𝑒𝑖𝜔𝑡]

+ 2𝜌𝐴0𝜔𝑣
2ℎ∑

𝛼𝑛
4

(𝛼𝑛4𝑣2 + 𝜔2)

[𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜)]

𝜉
𝑒−𝛼𝑛

2𝑣𝑡     

∞

𝑛=1

 

(13-36) 

For duct with length 𝑥 → 𝐿, the pressure drop can be calculated as the following:  

∆𝑃(𝑡)

= −
𝜌𝐿𝜔𝐴0
2

[Γ(−𝑖𝜔)𝑒−𝑖𝜔𝑡 + Γ(𝑖𝜔)𝑒𝑖𝜔𝑡]

+ 2𝜌𝐿𝐴0𝜔𝑣
2ℎ∑

𝛼𝑛
4

(𝛼𝑛4𝑣2 + 𝜔2)

[𝑐𝑜𝑠𝛼𝑛(ℎ − ℎ𝑜)]

𝜉
𝑒−𝛼𝑛

2𝑣𝑡 

∞

𝑛=1

 

(13-37) 

 


