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Abstract

Formation Control of Nonlinear Multi-agent Systems Using Neural Networks

Kiarash Aryankia, Ph.D.

Concordia University, 2023

This dissertation presents five main contributions to the field of distance-based formation control

and target tracking for multi-agent systems.

The first contribution proposes a neural network-based backstepping controller for distance-

based formation control in the presence of disturbance. Agents are modeled as second-order non-

linear systems, and a rigid graph theory is used to develop the controller. The radial basis function

neural network (RBFNN) is used to compensate for unknown nonlinearities in the system dynamics,

and the neural network (NN) weights tuning law is derived using the Lyapunov stability theory. The

uniform ultimate boundedness of the formation distance error and NN weights norm estimation er-

ror is proven, and simulation results demonstrate the proposed method’s performance on nonlinear

multi-agent systems.

The second contribution establishes the properties of the normalized rigidity matrix in two- and

three-dimensional spaces. The upper bounds of the normalized rigidity matrix singular values are

derived for minimally and infinitesimally rigid frameworks, and it is proven that transformations

of a framework do not affect the normalized rigidity matrix properties. The maximum smallest

singular value for a three-agent rigid framework in two-dimensional space is derived, along with the

necessary and sufficient conditions to reach that value. The results are applied to stability analysis

and control design of distance-based formation control, and numerical simulations are provided to

illustrate the theoretical results.

The third contribution proposes an adaptive neural network-based backstepping controller for

distance-based formation control and target tracking in the presence of bounded time delay and

disturbance. The RBFNN is used to overcome unknown nonlinearities and disturbances, and the
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control signal is designed based on a Lyapunov function and Young’s inequality to alleviate the

effect of state time delay. The adaptive NN weights tuning law is derived using the Lyapunov

function, and the uniform ultimate boundedness of the formation distance error is proven. The

performance of the proposed method is validated through simulation results and comparisons with

an existing displacement-based method.

The fourth contribution addresses the leader-following formation control problem for hetero-

geneous, uncertain, input-affine, nonlinear multi-agent systems modeled by a directed graph. A

tunable three-layer NN is proposed to approximate unknown nonlinearities, and the NN weights

tuning laws are derived using the Lyapunov theory. The leader-following and formation control

problems are addressed using a robust integral of the sign of the error feedback and NN-based con-

trol. The results are rigorously proven using the Lyapunov stability theory, and the performance of

the proposed method is compared with two other results.

The fifth contribution is the study of formation control with constant communication delays for

second-order, uncertain, nonlinear multi-agent systems with asymmetric control gain matrix and

unknown control direction. A three-layer NN is proposed to approximate unknown nonlinearities,

and the NN weights tuning law is derived using the Lyapunov stability theory. The leader-following

formation control problem with communication delay is addressed using a delayed integral of er-

ror variables, NN-based control, and a robustifying term. The semi-globally uniformly ultimately

bounded solution of closed-loop signals is rigorously proven using a barrier Lyapunov function, and

simulation results are provided to evaluate the efficiency and performance of the proposed method.

The thesis concludes with a summary of the contributions, limitations of the proposed methods,

and suggestions for future work.
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Chapter 1

Introduction

Multi-agent systems have gained increasing attention recently. The inspiration for formation

control stems from group behaviors of animals in nature, e.g., a flock of birds, a school of fish, and

colonies of bees. There are various formation control applications, such as guidance and navigation

of autonomous unmanned aerial vehicles (UAV) deployed to perform surveillance, exploration, and

search and rescue missions. The general categorization of formation control is based on sensing ca-

pability and interaction among the agents and includes position-based control, displacement-based

control, and distance-based control [1, 2]. Some studies in the literature still do not fit in these

classifications, such as containment control and cyclic pursuit [2].

1.1 Motivation

The formation control has been motivated by group behaviors in nature, for instance, the flock

of birds. The V-shaped formation helps a flock of birds during their migrations as they save their

fuel and energy. Birds flying in a V-shaped formation benefit from the air currents generated by the

leading bird, with each bird following behind experiencing less air resistance and saving energy.

This reduced air resistance helps to reduce fatigue during extended flights. In addition to this, birds

in the V-formation are able to work together and navigate by following the path of the lead bird

and adapting their own flight accordingly [3]. By ”riding wakes” - the air currents created by the

flapping wings of the birds ahead - they are able to conserve energy and maintain their position in

1



Figure 1.1: Flock of birds flying in a V-shape pattern.

the formation. This allows them to travel greater distances with less effort, making their migration

journeys more efficient [4].

Also, the formation makes their seasonal movements easier as they follow the leader [5,6]. The

formation control can also be observed in air patrols or groups of autonomous vehicles deployed to

perform reconnaissance [7].

The advantages in both cases is clear – reduced energy expenditure or better fuel efficiency

and quicker harvesting or data collection. These enable humans and machines to “behave” more

efficiently, effectively, and intelligently [8, 9]. The applications of formation control in multi-agent

systems are not limited to the cases mentioned earlier. Multi-agent systems have also been employed

to optimize the number of satellites required in the sky and to make the gathered information of area

coverage productive, as well as to allocate resources [9, 10].

1.2 Categorization of Formation Control

In the literature, various varieties for the formation control problem can be categorized into

position-based, distance-based, and displacement-based control techniques. Also, there are other

terms in the literature, such as shape-producing, consensus, leader-follower, etc.

In a position-based formation control, each agent senses its position in the global coordinate

system and moves towards the desired position (formation). In the displacement-based method, the

agents control their relative positions with respect to their neighboring agents to achieve the desired

2



Displacement-based
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Position-based

More

 interactions
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capability

Figure 1.2: Characterization of different formation control methods (source: [2]).

formation. The agents access their neighbors’ relative positions with respect to the global coordinate

system. In distance-based formation control, agents control inter-agent distances to form the desired

formation. The agents sense the relative positions of their neighboring agents and use their local

coordinate system to reach desired formation [2, 11]. The relation between the required amount of

interactions among agents and the sensing capability for each method is illustrated in Figure 1.2.

1.3 Contributions

In this section, the brief contribution of each chapter is given. More details about each contri-

bution can be found in the chapters that follow.

In this dissertation, we first provide a contribution to the rigid graph theory. We use the normal-

ized rigidity matrix and establish the upper bound of the singular value of minimally and infinites-

imally rigid (MIR) graphs in 2D and 2D spaces. Then, we focus on a rigid graph of three vertices

and prove that the maximum smallest singular value of a normalized rigidity matrix for a rigid graph

with three vertices in 2D space is equal to
√

3
2 . Furthermore, the necessary and sufficient conditions

for triangular formations to reach this limit value are established.
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Moreover, we derive two essential lemmas about three-layer NN and use them to design a con-

trol law later in this dissertation.

We develop a controller using backstepping and RBFNN for nonlinear, multi-agent systems

in the presence of disturbance to address distance-based formation and target tracking problems.

Compared with existing distance-based formation control methods, which considered single- or

double-integrator dynamics for agents, the novelty is to consider second-order nonlinear systems

with unknown nonlinearity and disturbance. We also provide a rigorous Lyapunov stability analysis

for the formation control and target tracking for such a system. We also do not use the Laplacian

matrix to model relations among the agents and apply the rigid graph theory.

Second, we extend the results and consider nonlinear multi-agent systems with state time delay.

Established results about the normalized rigidity matrix are used to address the formation control

problem and target tracking of second-order nonlinear multi-agent systems. This study is the first

contribution proposing a formation control using inter-agent distance for nonlinear multi-agent sys-

tems with state time delay and disturbance. Compared with the existing methods, we use the rigid

graph theory instead of graph Laplacian and design the neuro-adaptive controller using the back-

stepping technique to address the formation control problem of nonlinear multi-agent systems.

Moreover, using a tunable three-layer NN and robust integral of the sign of the error (RISE)

feedback, the leader-following formation control problem of second-order, nonlinear multi-agent

systems is addressed. We consider the leader connected to at least one of the other agents. The

novelty is that the desired trajectory signals (information from the leader) are not fed into the first

layer of the NN. The effects of the leader dynamics and unknown disturbances in the tracking

error of each agent are ameliorated by the RISE feedback controller. Unlike commonly-used NN,

we determine the number of neurons in each layer and derive the tuning laws for the NN weights

matrices. The semi-global, asymptotic, leader-following performance is proved rigorously using a

Lyapunov stability theorem.

Finally, we focus on formation control with constant communication delays for second-order,

uncertain, nonlinear multi-agent systems with nonsymmetric control gain matrix and unknown con-

trol direction. The novelty is that the method does not require the existence or solvability of linear

matrix inequalities (LMIs). Moreover, we address the unknown control direction in the presence of
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the time-invariant communication delay. Compared with existing results, we also consider a three-

layer NN to approximate the nonlinearity in closed-loop systems with a predetermined number of

neurons in each layer. Only the last layer of the neural network is tuned to improve the online

computational burden. Moreover, we use the barrier Lyapunov function to prove the stability of the

closed-loop system and prove that the leader-following formation control of second-order, nonlin-

ear multi-agent systems with communication delay is semi-globally uniformly ultimately bounded

(SGUUB).

1.4 Thesis Overview

This thesis is organized as follows:

• In Chapter 2, the related notation and preliminaries, as well as the basic graph theory basic,

the neural networks, and Nussbaum functions are presented.

• In Chapter 3, the spectral properties of the normalized rigidity matrix for an infinitesimally

and minimally rigid graph in two- and three-dimensional spaces are given. For a rigid graph

of three vertices, the maximum smallest singular value of the normalized rigidity matrix is

given. The results of this Chapter have been published in [J3, C3].

• In Chapter 4, with a backstepping technique and radial basis function neural network, distance-

based formation control and target tracking for input-affine, second-order, nonlinear multi-

agent systems in the presence of disturbance using rigid graph theory are addressed. The

results of this Chapter have been published in [J2, C1].

• In Chapter 5, for nonlinear multi-agent systems with bounded time delay and disturbance, an

adaptive neural network-based backstepping controller that uses the normalized rigidity ma-

trix is proposed to address the distance-based formation control problem and target tracking

problem. The results of this Chapter have been published in [J1, C2].

• In Chapter 6, using RISE feedback and a three-tunable-layer NN, the leader-following for-

mation control of heterogeneous, second-order, uncertain, input-affine, nonlinear multi-agent
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systems is addressed when a directed graph models the interactions among the agents. The

results of this Chapter appeared in [J4, C4].

• In Chapter 7, using a Nussbaum function, the leader-following formation control problem

of second-order, uncertain, nonlinear multi-agent systems with constant communication de-

lays is addressed. The multi-agent systems are considered to have asymmetric control and

unknown control direction. The results of this Chapter appeared in [J5].

• In Chapter 8, the conclusion, limitations of each proposed method, and future works are given.
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Chapter 2

Background and Related Works

2.1 Introduction

In this chapter, the related notation and preliminaries used in this manuscript are given. The for-

mation control problem is briefly introduced, and the basic graph theory is covered. The definition

of the normalized rigidity matrix is provided, and the necessary background and established results

on the neural networks are presented.

2.1.1 Notations and Preliminaries

The notations that are used in the report are given here. Let Rn indicate n-dimensional Euclidean

space and Rn×m denotes the set of n ×m real matrices. Let In denotes n × n identity matrix and

1N = [1, ..., 1]T is N × 1 vector of ones. With diag(a1, a2, ...), we denote a block diagonal matrix

with diagonal elements of ai. The notation vec(.) represents a stacked vector of a matrix column-

wise. Let tr(A) denote the sum of diagonal terms of matrix A and let ⊗ denote the Kronecker

product. With AT , we denote the transpose of a matrix A. Also, by ∥.∥, we denote the Euclidean

norm and ||.||F , denotes Frobenius norm where for any matrix A, ||A||F =
√
tr(ATA). For

any vector x ∈ Rn, the Manhattan norm is ||x||1 =
∑n

i=1 |xi|. The notation λi(A) indicates i-th

eigenvalue of matrixA, and with λ̄(A), and λ(A), we denote maximum and minimum eigenvalue of

matrix A, respectively. Also, with σ(A) and σ̄(A), we denote the maximum (largest) and minimum

(smallest) singular value of matrix A, respectively. The signum function is denoted by sgn(.). The
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notation ∩
µ(H)=0

denotes the intersection over all sets H of Lebesgue measure zero, and co denotes

the convex closure. With F(s) = L[f(t)], we denote the Laplace transform of f(t) and its inverse

by f(t) = L−1[F(s)].

2.2 Formation Control Problem

A formation control problem [2] can be described as follows. Consider a set of N agents

described by

ẋi = fi(xi, ui),

zi = hi(xi),

(2.1)

where xi ∈ Rni , ui ∈ Rmi , and zi ∈ Rd, i = 1, ..., N denote the state, input and output of the

agent, respectively; n, m, and d are dimensions of state, input, and output, respectively. Also,

fi : Rni × Rmi → Rni , and hi : Rni → Rd. Defining a variable z as the output vector z =

[zT1 , ..., z
T
N ]T ∈ RdN , where a desired formation [2], is described by a set of M -constraints

F (z) = F (z∗), (2.2)

where F : RdN → RM , for some given z∗ ∈ RdN . The main goal in a general formation control

problem described by a set of N agents as (2.1), is to design a control law ui, i = 1, ..., N such that

the set

Ez∗ =
{

x| F (z) = F (z∗)
}
, (2.3)

becomes asymptotically stable under the control law, where x = [xT1 , ..., x
T
N ]T [2].

In formation control problem, position-based, displacement-based, and distance-based approaches

can be defined through the given problem formulation (2.3) as follows: [2]:

• In the position-based approach, each agent has access to its information in a global coordinate.

The constraint (2.2) is defined as

F (z) := z = F (z∗), (2.4)
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where each agent controls zi.

• In the displacement-based approach, although the measurements do not contain the absolute

states like the position-based method, it is assumed that agents access relative states that are

sensed in a global coordinate system. Also, the constraint (2.2) is defined as

F (z) := [...(zj − zi)
T ...]T = F (z∗), (2.5)

where each agent i controls (zj − zi) and j denotes its neighboring agent.

• In the distance-based approach, it is assumed that measurements yi contain only relative vari-

ables sensed in the local coordinate system. Unlike position-based and displacement-based

methods, agents do not have access to any absolute or relative variables information in the

global coordinates system. The constraint (2.2) for this method is defined as

F (z) := [...||zj − zi||...]T = F (z∗), (2.6)

where each agent actively controls ||zj − zi|| .

Note that the consensus problem can be generally considered as a specific form of formation control

where z∗ = 0 and F (z) := [...(zj − zi)
T ...]T for i, j = 1, ..., N .

2.3 Graph Theory

The relation among agents is described by an undirected graph that is denoted by G = (V,E),

with V = {v1, ..., vN} set of vertices and E ⊂ V × V set of edges. With |V | = N and |E| we

indicate the number of vertices and edges, respectively. We assume the graph is simple, i.e., without

repeated edges and no self-loops. Adjacency, or connectivity matrix is A = [aij ] with aij > 0, if

(vj , vi) ∈ E, and aij = 0, otherwise. Note that we consider aii = 0.

Let us define an in-degree matrix D = diag(degi), with degi =
∑

j∈Ni
aij , as the sum of

incoming edges weights to the vertex i. The graph Laplacian is L = D − A, where the sum of all

rows equals zero.
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The leader adjacency matrix is defined as B = diag(b1, ...bN ), with bi > 0, if the leader sends

its information to the i-th agent, and bi = 0, otherwise. It is assumed that the leader is connected to

at least one agent.

Lemma 2.1 ([12]). The directed graph G is strongly connected if and only if its Laplacian matrix

is irreducible.

Definition 2.1 ([13,14]). A square matrix P ∈ RN×N is said to be a non-singular M-matrix, if it is

positive definite, and the off-diagonal elements have non-positive values.

We present a lemma that extends the results of [15, Lemma 2] and offers greater flexibility by

considering a connected graph instead of a strongly connected graph. This lemma is utilized later

in this dissertation.

Lemma 2.2 ([16]). Let the directed graph G = (V,E) be strongly connected. If the leader is

connected to at least one of the agents, then L + B is a non-singular M-matrix, and the following

inequality holds

Π ≜ P (L+B) + (L+B)TP > 0, (2.7)

where P = diag(pi) ≜ diag(1/qi) is a positive definite matrix and q ≜ (L + B)−11N , with

q = [q1, ..., qN ]T .

A pair of F = (G, p) is known as a framework, where p = (p1, ..., pN ) and pi ∈ Rd, d ∈ {2, 3}

is the position of vertex i in 2- or 3-dimensional space. Related to any arbitrary ordering of edges

in E, let us define the edge function of ϕ : RdN → R|E| as follows:

ϕG(p) = (..., ||pi − pj ||2, ...), (i, j) ∈ E, (2.8)

where ||.|| denotes the Euclidean norm. The rigidity matrix Rp : RdN → R|E|×dN for the frame-

work (G, p) is defined as

Rp =
1
2
∂ϕG(p)

∂p . (2.9)

For instance, consider an undirected graph shown in Figure 2.1. The corresponding rigidity
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Figure 2.1: Graph model of a system with four agents.

matrix Rp is given by

Rp =



pT12 pT21 0 0

0 pT23 pT32 0

0 pT24 0 pT42

pT14 0 0 pT41

0 0 pT34 pT43


, (2.10)

where pTij = pTi − pTj = [xi − xj , yi − yj ], and xi, yi denote coordinates of the vertex i. Without

the loss of generality, the rigidity matrix can also be defined in 3D [7].

Lemma 2.3 ([17]). Let a framework (G, p) be given in 2D. For any vector vr ∈ R2, an N -size

vector of ones denoted by 1N , and an |E|-size vector of zeros denoted by 0|E|, the following identity

holds

Rp(1N ⊗ vr) = 0|E|, (2.11)

where Rp is the corresponding rigidity matrix.

Two frameworks (G, p) and (G, h) are equivalent, if ϕG(p) = ϕG(h), and congruent if ||pi −

pj || = ||hi − hj || for all i, j ∈ V , [18, 19]. Two noncongruent equivalent frameworks are called

ambiguous. Figure 2.2 shows that the flip ambiguity of vertex 4 causes the framework to be non-

congruent.

Definition 2.2 ([20]). Consider two frameworks F = (G, p) and F1 = (G1, q). These two frame-

works, with G = (V,E) and G1 = (V1, E1), are said to be isomorphic if they have similar vertex

and edge sets where there exists a bijection f1 : V → V1 such that vivj ∈ E if and only if

f1(vi)f1(vj) ∈ E1.
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Figure 2.2: Noncongruent framework due to flip ambiguity of vertex 4.

Isomorphic frameworks to a framework F are denoted by Iso(F ) [21]. For a framework of F ,

the notation Amb(F ) denotes the set of all ambiguities [21].

The number of edges is important in determining the rigidity of a formation, as well as the

distribution of the edges among the graph vertices. Laman’s theorem relates rigidity and the number

of edges and vertices in 2D.

Theorem 2.1 ([22]). An undirected graph G(V,E) in 2D is rigid, if and only if there exists a

subgraph G1 = (V,E1) where E1 ⊂ E with |E1| = 2|V | − 3 such that for any V1 ⊂ V , the

associated induced subgraph G2 = (V1, E2) of G1 with E2 ⊂ E1, satisfies |E2| ≤ 2|V1| − 3.

A graph is flexible if it is not rigid [23]. Based on Theorem 2.1, one can conclude that a triangle

in 2D is rigid.

Definition 2.3 ([20]). A graph is said to be minimally rigid if it is rigid but does not remain rigid

after the removal of an edge.

A minimally rigid graph in 2D and 3D satisfies |E| = 2N − 3 and |E| = 3N − 6, respectively

[24].

Corollary 2.1 ([23, 25]). A framework with N vertices (N > 2) in 2D and 3D is infinitesimally

rigid, if and only if rank(Rp) = 2N − 3 and rank(Rp) = 3N − 6, respectively.

Lemma 2.4 ([7]). Let the framework (G, p) be MIR in d-dimensional (d ∈ {2, 3}), then RpR
T
p is

invertible.
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Definition 2.4. The neighborhood Ni of the vertex vi is the set of all edges adjacent to vi:

Ni = {vj ∈ V | vivj ∈ E}. (2.12)

2.3.1 Normalized Rigidity Matrix

Let us define the normalized rigidity matrix, R̄p, as follows.

Definition 2.5 ([26]). A normalized rigidity is obtained by row normalization of the rigidity matrix

by the length of the corresponding edges.

For instance, consider an undirected graph shown in Figure 2.1. The corresponding normalized

rigidity matrix R̄p is given by

R̄p =



pT12
∥pT12∥

pT21
∥pT21∥

0 0

0
pT23

∥pT23∥
pT32

∥pT32∥
0

0
pT24

∥pT24∥
0

pT42
∥pT42∥

pT14
∥pT14∥

0 0
pT41

∥pT41∥

0 0
pT34

∥pT34∥
pT43

∥pT43∥


, (2.13)

As row operations would not affect the rank of a matrixwe can also define the MIR graph based

on the normalized rigidity matrix.

2.4 Neural Networks (NN)

2.4.1 Radial Basis Function Neural Networks (RBFNN)

We use an NN to compensate for the unknown nonlinearity in the system. Additional details

on NNs can be found in [27, 28]. We assume that the unknown nonlinearity in system dynamics

(f(z) ∈ Rm) is smooth; therefore, it can be approximated on a compact set Ω as:

f(z) =W Tφ(z) + ϵ(z), (2.14)
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Hidden layer 1 Output layerInput layer

Figure 2.3: Radial basis function neural network architecture.

where z ∈ Ω ⊂ Rn, and φ(z) ∈ Rη is a known smooth function, η is the number of neurons,

W ∈ Rη×m is a set of unknown NN weights, and ϵ is an approximation error [29, 30].

The architecture of the RBFNN is shown in Figure 2.3. The estimation, f̂ using RBFNN, is

given by

f̂ = Ŵ Tφ(z), (2.15)

where Ŵ is the tunable NN weights matrix, and φ(z) = [φ1(z), φ2(z), ..., φη(z)]
T . The activation

function φi(z) is selected as

φi(z) = exp[−(z−µi)
T (z−µi)

Φ2
i

], (2.16)

and µi = [µi1, ..., µin]
T ∈ Rn is the center of the activation function, and Φi is the width of the

Gaussian function.

Assumption 2.1. The unknown, ideal NN weights matrix is bounded by ||W ||F ≤WM , with a fixed

bound WM .

Assumption 2.2. The NN approximation error ϵ(z) over a compact set Ω is bounded by ||ϵi(z)|| ≤

ϵM .

Remark 2.1. Consider the nonlinear function f(z) in be smooth and defined on a compact set of

Ω. Since f is a smooth function and Weierstrass high order approximation theorem can be applied,

there exists a sufficient number of neurons such that NN approximation error ϵ is bounded by a fixed
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Hidden layer 1 Hidden layer 2 Output layerInput layer

Figure 2.4: Three-layer neural network architecture.

bound ||ϵ|| ≤ ϵM [27, 29].

2.4.2 Three-Layer Neural Networks

Based on the universal approximation theorem, for a smooth nonlinear function of y(X ), over

a compact set of ΩX , there exists a three-layer NN [30], such that

y(X ) =W Tσ1(Z
Tσ2(V

TX )) + ϵ, (2.17)

where V , Z, and W are ideal NN weights matrices, σ1 and σ2 are the activation functions, and ϵ is

the NN approximation error. We establish some standard assumptions to estimate the nonlinearity

[14, 27, 31].

Assumption 2.3. The unknown ideal neural network weights matrices V , Z, and W are bounded

with fixed bounds such that

||V ||F ≤ Vm,

||Z||F ≤ Zm,

||W ||F ≤Wm.

(2.18)
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Assumption 2.4. For the vector X ∈ L∞, the approximation error ϵ, and its first and second time

derivatives are bounded with a fixed bound.

In this section, we introduce a three-layer NN, as shown in Figure 2.4, to approximate an un-

known nonlinear function over a compact set ΩX . The first hidden layer has m1 neurons and the

second hidden layer has m2 neurons. Considering ŷ = [ŷ1, ..., ŷn2 ]
T ∈ Rn2 , the output of NN

(Figure 2.4) can be written as

ŷ = Ŵ Tσ1(Ẑ
Tσ2(V̂

TX )), (2.19)

where X = [1, X̄ T ]T ∈ Rn1+1 with X̄ = [x1, ..., xn1 ]
T ∈ Rn1 , the NN weights matrices V̂ ∈

R(n1+1)×m1 , Ẑ ∈ R(m1+1)×m2 , and Ŵ ∈ R(m2+1)×n2 . We use σ1(.) ∈ Rm2+1 and σ2(.) ∈ Rm1+1

to denote the activation functions of hidden layers. We consider the sigmoid function for both

hidden layers, i.e., for a scalar si, one has σk(si) = 1
1+e−si

for k ∈ {1, 2}. The activation function

of the output layer is considered to be linear. The ideal NN weights matrices V , Z, and W are

defined as follows:

V,Z,W = argminV̂ ,Ẑ,Ŵ

{
supX∈ΩX ||y(X )− ŷ(X )||

}
. (2.20)

Remark 2.2. For any sufficiently smooth function over a compact set, the Stone-Weierstrass The-

orem stipulates that the function can be approximated using enough number of neurons, and the

universal approximation property of NN guarantees the boundedness of the approximation er-

ror [14, 29, 30, 32].

2.4.3 Nussbaum Functions

Nussbaum functions were used to estimate the sign of the control gain matrix when the control

direction was unknown.

Definition 2.6 ([33, 34]). A function N (ζ) is called a Nussbaum function (type A) if the following
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Figure 2.5: Examples of Nussbaum functions ζ2 sin(ζ) (left y-axis) and eζ
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properties hold

lim
s→+∞

sup
1

s

∫ s

0
N (ζ)dζ = +∞,

lim
s→+∞

inf
1

s

∫ s

0
N (ζ)dζ = −∞.

(2.21)

Commonly used Nussbaum functions (type A) are ζ2 cos(ζ), ζ2 sin(ζ), and eζ
2
cos
(
π
2 ζ
)
. The

Figure 2.5 illustrates ζ2 sin(ζ) and eζ
2
cos
(
π
2 ζ
)
.

Lemma 2.5 ([35]). Let V (·) and ζ(·) be smooth functions defined on [0, tf ) with V (t) ≥ 0, ∀t ∈

[0, tf ), and N (ζ) be an even smooth Nussbaum function (type A). If the following inequality holds:

V (t) ≤ c0 +

∫ t

0
(Γ(τ)N (ζ) + 1)ζ̇e−c1(t−τ)dτ, (2.22)

where constants c0, c1 > 0, and Γ(.) is a time-varying parameter that takes an unknown value in

the closed interval of I ≜ [g−, g+] with 0 /∈ I, then V (t), ζ(t), and
∫ t
0 (Γ(τ)N (ζ)+1)ζ̇dτ must be

bounded over [0, tf ).

A reader may refer to [34], where the Nussbaum Functions type B-L were introduced, and a

lemma similar to the Lemma 2.5 was proven for them. We use N (ζ) = ζ2 cos(π2 ζ) for the purpose

of this thesis.
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Chapter 3

Spectral Properties of the Normalized

Rigidity Matrix for Triangular

Formations

3.1 Introduction

In this chapter, we provide an explanation of the normalized rigidity matrix and analyze its

singular values. Additionally, we present an upper limit for the smallest and largest singular values

of the normalized rigidity matrix in both two-dimensional and three-dimensional spaces. We also

discuss the maximum smallest singular value of a normalized rigidity matrix for a rigid graph with

three vertices in 2D space, along with the necessary and sufficient conditions to achieve this value.

3.1.1 Related Works on Normalized Rigidity Matrix

The rigidity can be used as a fundamental characteristic of a graph that models sensing and

communication topologies to achieve distance-based formation [36].

The relation between graph connectivity and its rigidity is studied in [37], where a necessary

condition relates connectivity to rigidity. Related to our work, authors in [36] defined a symmetric

rigidity matrix and its eigenvalues. The normalized rigidity matrix was first introduced in [26],
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where it was used to design the controller for single- and double-integrator multi-agent systems.

The normalized rigidity matrix is a specific representation of the weighted rigidity matrix [36].

Authors in [36] addressed the formation rigidity of a multi-agent system, while this chapter focuses

on the normalized rigidity matrix and establishes the properties of this matrix.

A triangular formation modeled by an undirected graph with three edges is a connected and

rigid graph. The Laplacian matrix for any triangular formation always provides position-invariant

algebraic connectivity. However, the advantage of the rigid graph theory is that it offers a different

normalized rigidity matrix and smallest singular value for different triangular formations in two-

dimensional (2D).

We study MIR graphs and provide specific spectral properties for triangular formations. We

present a normalized rigidity matrix and its singular values. Moreover, we prove specific properties

of the normalized rigidity matrix. Also, for a framework in 2D or 3D spaces, we provide upper

bounds for the smallest and largest singular values of the normalized rigidity matrix. We show that

the transformation of a framework in 2D and 3D spaces does not affect the rigidity matrix properties.

The proposed results can be exploited to design controllers based on eigenvalues and eigenvec-

tors of the normalized rigidity matrix. Similar to [38], one can develop a practical, fully distributed

controller based on the eigenvalue and eigenvector of the symmetric rigidity matrix to achieve the

desired formation while maintaining the framework rigidity. Also, the proposed theoretical results

can be used for future stability analyses of distance-based formation control and the selection of

controller parameters.

We describe the normalized rigidity matrix and its singular values. We study the minimally rigid

graphs from a spectral graph theory perspective. We also provide an upper bound of the normalized

rigidity matrix’s smallest and largest singular values in 2D and 3D spaces.

Although the Laplacian matrix does not provide any information about the formation of a frame-

work, we seek to extract some information from the normalized rigidity matrix. We also show that

the transformation of a framework on 2D and 3D spaces not affect this matrix’s properties. The

main contribution is to show and prove the maximum smallest singular value for a rigid graph with

three vertices in 2D space and to provide the necessary and sufficient conditions for it. These results

can be used in future stability analyses of distance-based formation control and formation control
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design in general.

The main contributions here are: (i) The maximum smallest singular value of a normalized

rigidity matrix for a rigid graph with three vertices in 2D space is proved to be equal to
√
3/2.

(ii) The necessary and sufficient conditions for triangular formations to reach this limit value are

established.

3.2 Preliminaries on Normalized Rigidity Matrix

Consider the definition of the normalized rigidity matrix (R̄P ) in Section 2.3.1. Then, the fol-

lowing lemmas are valid.

Lemma 3.1. For a MIR graph in 2D and 3D, the matrix R̄P is a full-rank matrix.

Proof. A MIR graph in 2D and 3D has (2N −3) and (3N −6) edges, respectively. From Corollary

2.1, the rigidity matrix has a rank of (2N − 3) and (3N − 6) in 2D and 3D for an infinitesimally

rigid framework, respectively. Moreover, as the row-normalization does not affect a matrix’s rank,

then the normalized rigidity matrix is full rank. Thus, the result of Lemma 3.1 holds.

Lemma 3.2. For a MIR graph in 2D and 3D, the diagonal elements of R̄pR̄
T
p are equal to two.

Proof. Proofs for 2D and 3D cases are similar; hence, we only show proof for 3D. Let R̄p(m, :) be

an arbitrary row in the normalized rigidity matrix as

R̄p(m, :) =[[0], R̄m,3n−2, R̄m,3n−1, R̄m,3n, [0],−R̄m,3n−2, −R̄m,3n−1, −R̄m,3n, [0]], (3.1)

with R̄m,3n−2 = (xmn)/(
√
x2mn + y2mn + z2mn) and R̄m,3n−1 = (ymn)/(

√
x2mn + y2mn + z2mn)

and R̄m,3n = (zmn)/(
√
x2mn + y2mn + z2mn) being the consecutive elements of m-th row. Then, it

is straightforward to verify that R̄p(m, :)R̄
T
p (m, :) = 2.

In the following theorem, we establish an upper bound for the smallest singular value of a

normalized rigidity matrix.
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Theorem 3.1. Let the desired formation of N agents be modeled by an undirected MIR graph in

d-dimensional (d ∈ {2, 3}) space. The upper bound of the smallest singular value of the normalized

rigidity matrix is
√
2.

Proof. Proofs for 2D and 3D cases are similar; hence, we only show proof for 3D. Consider a

normalized rigidity matrix for a MIR graph with N vertices. The normalized rigidity matrix has

3N − 6 rows (Corollary 2.1), diagonal terms in the matrix R̄ = R̄pR̄
T
p have a value of two (Lemma

3.2), and R̄ is full rank (Lemma 3.1). For any symmetric matrix A, one has
∑
λi(A) = tr(A).

Therefore,
∑
λi(R̄) = 2(3N−6). As R̄ is a positive definite, one has (3N−6)λ(R̄) ≤ 2(3N−6),

which yields to σ(R̄p) ≤
√
2.

In the following theorem, we establish an upper bound for the singular values of a normalized

rigidity matrix.

Theorem 3.2. Let the desired formation of N ≥ 3 agents be modeled by an undirected MIR graph

in d-dimensional (d ∈ {2, 3}) space. The upper bound of singular values of the normalized rigidity

matrix in d-dimensional space is
√
d
√
N − 1.

Proof. The diagonal elements of matrix R̄ = R̄pR̄
T
p have a value of two in d-dimensional space.

Consider any row in matrix R̄; the number of off-diagonal terms in matrix R̄ in 2D (3D) is 2N − 4

(3N − 7). Using Gershgorin Circle Theorem, it is evident that the largest singular value is upper

bounded by
√
d
√
N − 1.

Lemma 3.3. A graph G(V,E) is infinitesimally rigid if and only if the normalized rigidity matrix

singular values are strictly positive.

Proof. Similar proof for the weighted rigidity matrix can be found in [36], so we skip the proof

here.

The following theorem stipulates that the singular values of the normalized rigidity matrix are

transformation-invariant.

Theorem 3.3. Let the desired formation of N agents be modeled by an undirected MIR graph in

d-dimensional (d ∈ {2, 3}) space. The smallest singular value of the normalized rigidity matrix is
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invariant under uniform scaling (dilation), translation, and rotation transformations of the frame-

work.

Proof. The proof considers (i) uniform scaling, (ii) translation, and (iii) rotation.

(i) Uniform scaling: consider any arbitrary element, R̄p(m,n), of the normalized rigidity ma-

trix. This element can be written as R̄p(m,n) =
a√

a2+b2+c2
, where a, b, c are constants (

√
a2 + b2 + c2

cannot be zero, otherwise the rigidity condition is violated). One can see that the uniform scaling of

each constant does not change elements of normalized rigidity as well as its smallest singular value.

(ii) Translation: one can see that a framework’s shift in any direction does not change the nor-

malized rigidity matrix as each tuple is in the form of (pi − pj)
T . Thus, the smallest singular value

of the normalized rigidity matrix is not affected.

(iii) Rotation: let Td denote the rotation matrix. The rotation matrix in 2D and 3D is an orthog-

onal matrix. The normalized rigidity of a rotated framework by an angle θ is expressed by R̄θ. Let

R̄p(i, :) and R̄p(k, :) be two arbitrary rows in normalized rigidity matrix

R̄p(i, :) = [[0], pTij , [0],−pTij , [0]],

R̄p(k, :) = [[0], pTkm, [0],−pTkm, [0]].
(3.2)

Let R̄p(i, :)R̄
T
p (k, :) ≜ pTijpkj . The i-th and k-th rows for a rotated framework can be written as

R̄θ(i, :) = [[0], pTijT
T
d , [0],−pTijT T

d , [0]],

R̄θ(k, :) = [[0], pTkjT
T
d , [0],−pTkmT T

d , [0]].

(3.3)

Using the orthogonal property of Td, one can have R̄θ(i, :)R̄
T
θ (k, :) = pTijpkj . For the two arbitrary

rows, we have R̄θ(i, :)R̄
T
θ (k, :) = R̄p(i, :)R̄

T
p (k, :); thus, it is valid for the other rows. The inner

product of any two rows in the matrix R̄θ can have a value of two (diagonal terms), or zero, or

a value within the interval of (−1, 1), which is identical to inner products of the same rows in the

matrix R̄p; consequently, R̄θR̄
T
θ = R̄pR̄

T
p .

Thus, the singular value of a framework’s normalized rigidity matrix is invariant under rotation

transformation.
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Figure 3.1: The transformation of a MIR framework with three vertices in 2D (η ̸= 0).
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Figure 3.2: A rigid graph of three vertices in 2D.

Corollary 3.1. For an undirected MIR graph in d-dimensional space where d ∈ {2, 3}, a combi-

nation of scaling, translation, and rotation does not change the singular value of the normalized

rigidity matrix.

The proof of this Corollary is similar to Theorem 3.1; hence we skip the proof here.

Example 3.1. This example demonstrates the Corollary 3.1 in 2D. The smallest singular value of a

rotated framework (F2) is the same as the smallest singular value of the normalized rigidity matrix

for a MIR graph (F1) in 2D, as shown in Figure 3.1.
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3.3 Main Results on the Normalized Rigidity Matrix for Triangular

Formations

We establish two spectral properties of the normalized rigidity matrix for a rigid triangular

formation in 2D: (i) the largest singular value; and (ii) the maximum smallest singular value.

Theorem 3.4. For a rigid graph of three vertices in 2D, the largest singular value of the normalized

rigidity matrix is
√
3.

Proof. We show that (i) one of the eigenvalues of the matrix of R̄ has the value of three, and (ii)

this is the largest eigenvalue of R̄. As a result,
√
3 is the largest singular value of the normalized

rigidity matrix.

(i) Consider an arbitrary triangular formation shown in Figure 3.2, where α, β, and γ are angles

between the edges. From Theorem 3.1, the diagonal elements of R̄ have a value of two. Moreover,

one can show that the off-diagonal elements have absolute values of less than or equal to one.

The positive definite matrix R̄ = R̄pR̄
T
p can be written as

R̄ =


2

pT12p13
||p12|| ||p13|| − pT12p23

||p12|| ||p23||

∗ 2
pT13p23

||p13|| ||p23||

∗ ∗ 2

 =


2 cos(α) − cos(γ̄)

∗ 2 cos(β)

∗ ∗ 2

 . (3.4)

As R̄ is a symmetric matrix, we only show the upper triangular elements. The eigenvalues of R̄ are

roots of the following equation

(λi − 2)3 − (λi − 2)(a2 + b2 + c2)− 2(abc) = 0, (3.5)

where a = cos(α), b = − cos(γ̄) = − cos(α + β) and c = cos(β). Substitute λ1 = 3 in (3.5) and

recall that the following is valid

1− (cos2(α) + cos2(β) + cos2(γ))− 2 cos(α) cos(β) cos(γ) = 0. (3.6)

One can conclude that λ1 = 3 is a root of (3.5).
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(ii) Here we show that the matrix λ̄I3 − R̄ is a positive semi-definite matrix, where λ̄ is the

maximum eigenvalue of R̄. Consequently, λ̄ = 3 is the maximum eigenvalue of R̄.

One can show that the leading principal minors are either positive or zero, which implies λ̄I3−R̄

to be a positive semi-definite matrix. The matrix R̄ is a positive symmetric matrix; therefore, all of

the eigenvalues are real and positive. As matrix λ̄I3 − R̄ ≥ 0, there is no eigenvalue of R̄ that has

a value greater than λ̄; thus, λ̄ is the maximum eigenvalue of R̄ and
√
λ̄ is the largest singular value

of the normalized rigidity matrix.

Remark 3.1. From Lemma 3.1, one can conclude that the rank(R̄) = 3, λ1 = 3, and
∑
λi =

6, i = 1, 2, 3. Thus, one has λ2 + λ3 = 3, implying λ2 < 3 and λ3 < 3. Thus, the eigenvalue λ̄ is

the maximum eigenvalue of the positive definite matrix R̄.

Remark 3.2. Theorem 3.4 provides the largest singular value of the normalized rigidity matrix for

rigid frameworks with three vertices in 2D, while Theorem 3.2 establishes an upper bound.

The necessary and sufficient conditions to reach the maximum smallest singular values for three

vertices in 2D are given next.

Theorem 3.5. Every rigid framework of three agents in 2D satisfies σ(R̄p) ≤
√
3/2, with the small-

est singular value of the normalized rigidity matrix reaching the limit if and only if the framework

is an equilateral triangle.

Proof. Let us define auxiliary variables x = λ − 2 and y = a2 + b2 + c2. From Theorem 3.4 and

(3.6), one can write (3.5) as

x3 − xy + y − 1 = (x− 1)(x2 +Ax+B), (3.7)

where A = 1 and B = 1− y. Thus, two other eigenvalues of R̄ can be obtained as follows:

λ2,3 = 2 +
−1±

√
4y − 3

2
. (3.8)

From (3.8), it is evident that the smallest eigenvalue of R̄ has a value of less than 3
2 . Therefore,√

3
2 is an upper bound for the smallest singular value of the normalized rigidity matrix for a rigid
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Figure 3.3: (a) Function of F (α, β) on αβ-plane; (b) Contour plot and gradient of F (α, β) on αβ-plane.

framework with three vertices in 2D. One can show that α = β = γ = π
3 yields y = 3

4 , and thus

the smallest singular value of
√

3
2 is achieved. As a result, all the edges have the same length. We

have shown that for a rigid graph of three vertices (agents) in 2D if the lengths of edges are equal,

the maximum smallest singular value of the normalized rigidity matrix is reached. Now we show

that the maximum smallest singular value (
√

3
2 ) of the normalized rigidity matrix of three vertices

in 2D is reached only for equilateral triangular frameworks.

Consider Figure 3.3, where eigenvalues of R̄ are λ1 = 3 and λ2,3 = 2 + −1±
√
4y−3

2 . The

maximum smallest singular value of the normalized rigidity matrix implies y = 3
4 . Setting y = 3

4

implies

cos(α) cos(β) cos(γ) = 1/8. (3.9)

Let us write (3.9) in the form

f(α, β, γ) = cos(α) cos(β) cos(γ)− 1/8. (3.10)

Function f(α, β, γ) achieves its maximum over the set S = {α, β, γ | α + β + γ = π}, at 0 for

α = β = γ = π
3 . To find the maximum value of the function f(α, β, γ) over the set S, let us define
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the Lagrangian function of L(α, β, γ, λ) as follows:

L(α, β, γ, λ) = f(α, β, γ) + λ(π − α− β − γ), (3.11)

where λ is the Lagrange multiplayer. Taking the partial derivatives of L and setting zero, one can

obtain
∂L
∂α

= − sin(α) cos(β) cos(γ)− λ = 0, (3.12)

∂L
∂β

= − cos(α) sin(β) cos(γ)− λ = 0, (3.13)

∂L
∂γ

= − cos(α) cos(β) sin(γ)− λ = 0, (3.14)

∂L
∂λ

= α+ β + γ = π. (3.15)

Subtracting (3.12) from (3.13), one can conclude

sin(α− β) cos(γ) = 0, (3.16)

implying α = β or γ = 0. Excluding γ = 0 (implies λ = 0) yields α = β. Similarly, one can show

that α = γ and β = γ. Considering (3.15), one has α = β = γ = π
3 , which implies the equilateral

triangular framework.

For a rigid framework of three vertices in 2D, (3.11) can be written as

F (α, β) = cos(α) cos(β) cos(π − (α+ β))− 1/8, (3.17)

which is shown in Figure 3.3(a). As the singular values of a real symmetric matrix are real, one

can show that y ≥ 3
4 , implying F (α, β) ≤ 0. The gradient of F (α, β) is shown in Figure 3.3(b)

in αβ-plane (x- and y-axis are α and β, respectively). Figure 3.3(b) illustrates that the pair of

(α, β) = [π3 ,
π
3 ] is the location of the maximum smallest singular value for three vertices in 2D (it

can be shown that the gradient is zero at this point).

Remark 3.3. The proof of Theorem 3.5 can alternatively be based on Cardano Method to solve a
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Figure 3.4: Formation of a MIR framework with four agents in 2D.

depressed cubic equation.

Example 3.2. The maximum smallest singular value of a normalized rigidity matrix for a MIR

square framework in 2D (Figure 3.4) is
√

2−
√
2.

3.4 Simulation Results

Here we provide numerical simulation results in order to verify and validate the theoretical

results.

Example 3.3. Consider a nonlinear multi-agent system with three agents in a plane, where the

dynamics of each agent is given by [28]

ṗi(t) =vi(t),

v̇i(t) =

 ai1vi2(t)vi1(t) + sin(ai2pi1(t))

bi1pi2(t)vi2(t) + cos(bi2pi2(t))

+ ui(t) +

 ci1 cos(1.5t)

ci2 sin(t)

 , i = 1, 2, 3,

(3.18)

where pi and vi denote the position and velocity, respectively, in 2D. We used the control law

in [39] to achieve the desired formation (||pi − pj || → dij ), ∀(i, j),∈ E, dij = 1. From [39], the

parameters that we selected for simulation are given next. The control gains are c = 30, kv = 1.

The radial RBFNN is selected with 9 neurons, centers µj’s are evenly spaced for each agent, and

the values of constants are: κ = 0.5, Fi = I9, b = 3, kr = 2, vr = [0.5, 0.5 cos(t/2)]T , pr(0) =
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Table 3.1: Parameters ai1, ai2, bi1, bi2, ci1, ci2, for the i-th agent.

i ai1 ai2 bi1 bi2 ci1 ci2
1 0.3 -0.2 0.2 -0.3 1 -1
2 0.7 -0.8 0.4 0.7 2.1 -2.2
3 -0.6 0.4 -0.5 0.3 -1 0.2

-2 0 2 4 6 8 10
x

-2

-1

0

1

2

y

Initial positions

Final positions

Figure 3.5: Performance of a multi-agent system with three agents using the proposed distance-based control
method in [39] with desired distance (dij = 1).

[0, 0]T . The initial conditions for each agent are p1 = [0, 2]T , v1 = [0.5, 0.5]T , p2 = [−1, 1.2]T ,

v2 = [−1, 0.8]T , p3 = [−0.2,−1.5]T , and v3 = [−0.3, 0.5]T . The parameters of each agent are

given in Table 3.1.

We showed that if the formation reaches the condition given in Theorem 3.5, then the smallest

singular value of the normalized rigidity matrix reaches the value of
√

3
2 .

Figure 3.5 shows the distance-based formation of three agents in 2D with the desired distance

(dij = 1). In this simulation, the initial conditions do not satisfy the necessary conditions of the

Theorem 3.5; therefore, the smallest singular value of the normalized rigidity matrix has a value

less than
√

3
2 . This value is shown in Figure 3.6, and it can be seen as the framework satisfies the

sufficient condition of Theorem 3.5, and it converges to the desired formation.

Example 3.4. We used CoppeliaSim software to verify the presented theoretical results in this ex-

ample. The CoppeliaSim (formerly V-REP) [40], is a virtual robot experimentation platform. It

is used to validate the theoretical results of the chapter. The simulation software CoppeliaSim en-

ables us to simulate real-world physics and object interactions. We considered a simulation of three
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Figure 3.6: The smallest singular value of the framework and the maximum smallest singular value in The-
orem 3.5 (dashed line).

nonholonomic mobile robots (Pioneer P3-DX), which are modeled by single-integrator dynamics

similar to [41]. The control inputs are the robots’ right and left wheels’ speeds in Figure 3.7. The

driving wheel motor of each nonholonomic mobile robot is configured to produce a maximum of

3Nm of torque. Also, the maximum speed of the wheels is limited by 1.5rad/s. Synchronous with

the simulation loop, the controller is implemented in the remote API client and runs at 10Hz. We

implemented the controller proposed by [8], where the control gain is kv = 0.1. The control goal

is to achieve a distance-based formation between all three agents while the distance between every

two agents is set to be 2.5m. The framework maintains the formation and maneuvers with the speed

of 0.2rad/s along the x-axis and 0rad/s on the y-axis. The simulation is run for less than two

minutes, and the simulator’s real-time factor is selected to get accurate results. The video of the

simulation can be found here1.

Simulation results are shown in Figure 3.8 and Figure 3.9. Figure 3.8 represents formation

errors between agents and the smallest singular value of the normalized rigidity matrix of the for-

mation. One can see from Figure 3.8 that as all edges converge to the desired distance (condition of

Theorem 3.5), the maximum smallest singular value is reached for the triangular formation. Figure

3.9 shows the velocities of robots’ left and right wheels, which converge to the desired velocity.

1https://www.dropbox.com/s/uf12r2rtuog5j2t
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Figure 3.7: An illustration of the i-th differential drive robot.

3.5 Conclusion

We have investigated the spectral properties of the normalized rigidity matrix for a framework

in 2D and 3D spaces. The upper bounds of the normalized rigidity matrix singular value have been

derived for a MIR graph in 2D and 3D. We have shown that the normalized rigidity matrix spectrum

is invariant under the framework’s translation, rotation, and uniform scaling transformations. For a

rigid framework with three vertices in 2D space, the necessary and sufficient conditions were given

to reach the maximum smallest singular value of the normalized rigidity matrix. The numerical

simulation for multi-agent systems in 2D validated the theoretical results.
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Figure 3.8: Distance-based formation of three agents in 2D with the desired distance (dij = 2.5m). This
figure shows that as the inter-agent distance error converges to zero, the smallest singular value converges to
its maximum value provided by Theorem 3.5.
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Figure 3.9: Velocities of right and left wheels of each robot.
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Chapter 4

Undirected Formation Control Using

Inter-Agent Distance for Second-Order

Nonlinear Multi-Agent Systems

4.1 Introduction

This chapter focuses on the formation control of input-affine, nonlinear multi-agent systems

using inter-agent distance with unknown nonlinearity. Directed or undirected graphs can model the

relations among agents. Most developed control methods focus on the undirected graph topology for

single-integrator multi-agent systems [42–45]. However, in recent studies, double-integrator multi-

agent systems have become more commonly used due to their practical applications. Distance-

based formation control of double-integrator systems with undirected graph topology was studied

in [7, 17, 46]. Unlike these results, we establish a new control method to address distance-based

formation and target tracking of nonlinear multi-agent systems.

4.1.1 Related Works on Formation Control of Nonlinear Multi-Agent Systems

Graph theory, and in particular graph rigidity, is used in distance-based control, where each

agent measures distances from its neighboring agents instead of their exact locations in the global
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coordinate frame [47]. In [7], authors studied single- and double-integrator multi-agent systems

over undirected graphs. Directed graph formations of single- and double-integrator systems through

distance-based control were studied in [48], where leaders can sense their positions in a global

reference framework, while the followers can only sense their neighbors’ relative positions with

regard to their own local reference frames.

In [49], authors considered double-integrator dynamics of agents for the leader-follower con-

sensus problem. The distance-based formation control was studied in [50], where a discrete-time

control algorithm was designed to achieve velocity consensus. Related to our work, the authors

in [51] used the backstepping design to solve the formation control problem for double-integrator

agents. Distance-based formation control for single-integrator dynamics was addressed in [52],

where collision avoidance and desired formation are achieved using the angular information be-

tween the agents. Authors in [26] addressed the distance-based formation control for single- and

double-integrator dynamics with energy constraints where normalized rigidity is used to asymptot-

ically minimize energy consumption.

NN-based control methods have widely been used in literature to approximate unknown nonlin-

earities of nonlinear multi-agent systems [14, 28, 53–57]. In [53], an adaptive NN control method

for a class of first-order nonlinear multi-agent systems with state time delay was proposed, where

an undirected graph models the communication among the agents.

In [54], a self-structuring adaptive NN controller for multi-agent systems with second-order

nonlinear dynamics was presented where the control goal is to achieve a leader-following formation

over a directed connected graph. In [14], a cooperative adaptive consensus controller was designed

based on the NN approximation method for a set of second-order nonlinear multi-agent systems. In

[55], particle tracking formation of second-order multi-agent systems using an adaptive NN control

with multiple leaders was presented. In [28], a consensus control based on graph Laplacian for a

second-order nonlinear multi-agent system was presented. The Frobenius norm of the NN weights

is tuned, reducing the proposed approach’s computation complexity. In [56], an adaptive NN-based

distributed containment controller was designed to reach a leader-follower synchronization where

an NN is utilized to approximate the uncertain dynamics of a second-order nonlinear multi-agent

system.
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We study a general type of nonlinear multi-agent system where the objective is to keep agents,

modeled by second-order nonlinear systems, at pre-specified distances from each other and to track

a target within the bounded trajectory. We also prove that the tracking error is uniformly ultimately

bounded (UUB) and demonstrate extensive simulation results in order to validate and verify the

efficiency of the proposed method. We introduce a performance index to demonstrate the advantages

of the proposed method in comparison with the displacement-based control methods.

We propose a control design for the nonlinear multi-agent systems using the backstepping con-

trol technique to achieve the control objectives. The unknown nonlinear part of the system dynamics

is compensated using an RBFNN similar to [28], where authors used the norm of the NN weights

matrix. The leader follows the target while the rest of the agents maintain the desired formation and

follow the leader [8]. Our results are based on a MIR graph, while displacement-based methods

usually rely on the graph Laplacian [2].

The novelties are a rigorous analysis and proof of formation stability control using NNs for

second-order nonlinear multi-agent systems in the presence of disturbance. The main contributions

of this chapter are:

(1) Compared with existing distance-based formation control methods [7, 42–46, 52, 58], which

considered single- or double-integrator dynamics for agents, we assume that agents are mod-

eled as the second-order nonlinear systems with unknown nonlinearity and disturbance. We

provided a rigorous Lyapunov stability analysis for the formation control and target tracking

for such a system.

(2) In contrast with existing methods [14, 28, 53–55, 59], that use the Laplacian matrix to model

relations among the agents and addressed the displacement-based formation problem, we

applied the rigid graph theory to address the problem of target tracking and distance-based

formation control for input-affine, nonlinear multi-agent systems.
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4.2 Problem Formulation

Consider a nonlinear multi-agent dynamical system with agents modeled by

ṗi = vi,

v̇i = fi(pi, vi) + gi(pi, vi)ui(t) + wi(t), i ∈ {1, 2, ..., N},
(4.1)

where the vectors pi ∈ R2 and vi ∈ R2 represent the position and velocity of each agent, respec-

tively. Let us define x̌i = [pTi , v
T
i ]

T ∈ R4. The nonlinear function fi(x̌i) ∈ R2 is the unknown

function and considered to be continuously differentiable, gi(x̌i) ∈ R2×2 is the input gain ma-

trix function, ui ∈ R2 is the control input, wi ∈ R2 is a disturbance affecting each agent, and N

represents the number of the agents.

The overall dynamics of the multi-agent system is given by

ẋ1 =x2,

ẋ2 =f(x1,x2) + g(x1,x2)u+ w,

(4.2)

where x1 = [pT1 , p
T
2 , ..., p

T
N ]T ∈ R2N and x2 = [vT1 , v

T
2 , ..., v

T
N ]T ∈ R2N are defined as overall po-

sitions and velocities of all agents, respectively. The vector x = [xT
1 ,x

T
2 ]

T , f(x) = [fT1 (x̌1), f
T
2 (x̌2),

..., fTN (x̌N )]T ∈ R2N is the nonlinear vector function of the whole system, g(x) = diag(g1(x̌1), g2(x̌2),

..., gN (x̌N )) ∈ R2N×2N , the control input vector is u = [uT1 , u
T
2 , ..., u

T
N ]T ∈ R2N , and the distur-

bance vector is w = [wT
1 , w

T
2 , ..., w

T
N ]T ∈ R2N .

We establish some standard assumptions [14, 60].

Assumption 4.1. The unknown matrix gi(x̌i) is a positive-definite, symmetric matrix, with eigen-

values satisfying 0 < g
i
≤ λ1(gi(x̌i)) ≤ λ2(gi(x̌i)) < ∞, and g

i
being a constant lower bound of

gi(x̌i).

Assumption 4.1 is needed for the controllability of the system (4.1), which is a standard as-

sumption in most NN-based controller designs [28, 35, 60, 61]. A large class of nonlinear sys-

tems described by Euler–Lagrange formulation satisfies this assumption [27, 32]. Let us define

g = min(g
i
).
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Assumption 4.2. Disturbance wi(t) is unknown and bounded with a fixed bound, i.e., ||wi|| ≤ wM .

The objective of the control law is to ensure that the distance between neighboring agents i and

j converges to the desired distance dij : ∥pi − pj∥ → dij , ∀(i, j) ∈ E.

Assumption 4.3. Desired distances between agents are bounded by ||dij || < D, ∀(i, j) ∈ E, with

a fixed bound D.

Consider points p1, p2 ∈ R2 and a set Sp. The distance between point p1 and the set Sp is

defined as d(p1,Sp) ≜ infp2∈Sp ||p1 − p2||. Let the initial conditions belong to the set S given by

S ={x1 ∈ R2N |
∑

(i,j)∈E∗

(||pij ||2 − d2ij)
2 ≤ δ, d(x1, Iso(F ∗)) < d(x1,Amb(F ∗))}. (4.3)

where δ is a positive constant, [8, 21, 62]. For initial conditions belonging to S , the convergence of

the formation to Iso(F ∗) and avoidance of getting stuck in Amb(F ∗) are guaranteed [21]. While

the precise determination of δ is difficult when the number of agents increases [8], the sufficient

condition to satisfy the inequality is given in [7]. The interested reader is invited to see [7,8,62] and

references therein.

For target tracking, we consider the first agent to be the leader that tracks the target, while the

remaining agents follow the leader and retain the desired formation, see Figure 4.1.

Let us define the tracking error between the leader and the target as [8]:

er = pr − p1, (4.4)

er(t) = [er1, er2]
T , and components er1 and er2 represent the leader’s tracking errors in x and y di-

rections, respectively. Vectors pr, p1 ∈ R2 denote positions of the target and the leader, respectively,

while vr ≜ ṗr is the target (reference) velocity.

Assumption 4.4. The variables pr, ṗr, p̈r are bounded.

Let us define a compact set [63] such that

ΩT = {pr, ṗr, p̈r | ||pr|| ≤ P̄r, ||ṗr|| ≤ V̄r, ||p̈r|| ≤ Ār}, (4.5)
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Figure 4.1: Target tracking and formation control problems.

where P̄r, V̄r and Ār are positive constants.

Assumption 4.5. The signals pr − p1, ṗr − ṗ1, as well as vr, are known signals and can be broad-

casted to the followers [8].

Remark 4.1. We assume that the leader can approximate the position and velocity of the moving

target using, for example, the proposed technique in [64], where a moving target is detected. Fur-

thermore, its 2D velocity is estimated through a moving target indication method [65] based on back

projection and velocity synthetic aperture radar (VSAR) [64]. Moreover, the leader can distribute

the relative position and velocity of the target to the followers [8, 63].

In the following, we study the formation control and target tracking of multi-agent systems

described by second-order nonlinear dynamics.

4.3 Controller Design

Consider a multi-agent system (4.1) that is modeled by an undirected graph. The distance error

is given by

eij = ||p̃ij || − dij , (4.6)

where p̃ij = pi − pj . From (4.3), the distance error dynamics is

ėij =
p̃Tij(ṗi−ṗj)

||p̃Tij ||
=

p̃Tij(vi−vj)

eij+dij
. (4.7)
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Define e = [..., eij , ...]
T ∈ R|E|, auxiliary variable qij as

qij = eij(eij + 2dij), (4.8)

and the energy function as M1(e) =
∑

(i,j)∈E Mij(eij) [7], where

Mij(eij) =
1

4
q2ij =

1

4
e2ij(eij + 2dij)

2. (4.9)

Considering (4.6) and (4.9), Ṁ1(e) is given by

Ṁ1(e) =
∑ ∂Mij

∂eij

p̃Tij(vi−vj)

eij+dij
. (4.10)

Let us define β(e) as

β(e) = (...,

∂Mij
∂eij

eij+dij
, ...) = (..., eij(eij + 2dij), ...), (4.11)

where pair (i, j) ∈ E and β(e) ∈ R|E|. As shown in [62], it follows from (4.7) and (4.10) that

Ṁ1 = βT (e)Rpx2. (4.12)

Using the backstepping technique [7], we define s = [sT1 , ..., s
T
N ]T ∈ R2N as

s = x2 − τ. (4.13)

The auxiliary variable τ is given by

τ = us + 1N ⊗ (vr + krer), (4.14)

where τ = [τT1 , ..., τ
T
N ]T ∈ R2N and us = −kvRT

p β(e) ∈ R2N , kr and kv are positive constants.

One can express us element-wise as us = [uTs1 , ..., u
T
sN

]T ∈ R2N . The first term in (4.14) is

responsible for achieving the desired formation of agents, while the second term is used for tracking
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Figure 4.2: Block diagram of the proposed control scheme for each agent.

the target by the leader and other agents. Define the potential function

M2 =M1(e) +
1
2s

T s. (4.15)

Taking a time derivative of (4.15), using Lemma 2.3, and (4.2), (4.14), yields

Ṁ2 =β
T (e)Rpx2 + sT ṡ

=βT (e)Rpτ + sT [f(x) + g(x)u+ w +RT
p β(e)− τ̇ ]

=− kvβ
T (e)RpR

T
p β(e) + sT [f(x) + g(x)u+ w +RT

p β(e)− τ̇ ].

(4.16)

Using Cauchy–Schwarz inequality, one can write

sT f(x) ≤
N∑
i=1

sTi fi(x̌i) ≤
N∑
i=1

sTi (W
T
i φi(x̌i) + ϵi)

≤
N∑
i=1

(
||si|| ||Wi|| ||φi(x̌i)||+ ||si|| ||ϵi||

)
.

(4.17)

Using the fact that ||.||F ≥ ||.||, from (2.14) and Young’s inequality, one can write (4.17) as

sT f(x) ≤
N∑
i=1

(
||Wi||2F (||si|| ||φi(x̌i)||)2 +

1

4ϱ2i
+ ||si||2 +

1

4α2
i

||ϵi||2
)
, (4.18)
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where αi, ∀ i = 1, ..., N is a positive constant. Let us defineϖ = [ϖ1, ..., ϖN ]T , where the norm of

the NN weights matrix is given asϖi = ||Wi||2F for i = 1, ..., N , and ϖ̂i is an estimation ofϖi [28].

From Assumption 2.1, it is clear that ϖi is bounded by W 2
M . Define the NN weights’ norm estima-

tion error as ϖ̃ = ϖ − ϖ̂, where ϖ̂ = [ϖ̂1, ..., ϖ̂N ]T ∈ RN . Define Ξ = RT
p β(e) ∈ R2N , where

vector Ξ can be written as Ξ = [ΞT
1 , ...,Ξ

T
N ]T , with Ξi =

∑
j∈Ni

pijqij ∈ R2. From Assumption

4.2 and following the same procedure as (4.18), one can obtain the following inequalities

sTw ≤
N∑
i=1

(
(||si||2 +

1

4η2i
w2
M

)
,

sTRT
p β(e) ≤

N∑
i=1

(
(||si|| ||Ξi||)2 +

1

4Υ2
i

)
,

sT τ̇ ≤
N∑
i=1

(
(||si|| ||u̇si + krėr||)2 +

1

4ψ2
i

)
+ sTi v̇r

)
,

(4.19)

where Υi, ψi, ηi, for i = 1, ..., N are positive constants. Substituting (4.18), (4.19), in (4.16) one

can obtain

Ṁ2 =− kvβ
T (e)RpR

T
p β(e) + sT [f(x) + g(x)u+ w +RT

p β(e)− τ̇ ]

≤− kvβ
T (e)RpR

T
p β(e) +

N∑
i=1

[||si||2
(
ϖi||φi(x̌i)||2 + ||Ξi||2 + 2

+ (||u̇si + krėr||)2
)
+ sTi v̇r]

+ sTi gi(x̌i)ui +

N∑
i=1

( 1

4ϱ2i
+

1

4α2
i

||ϵi||2 +
1

4η2i
w2
M +

1

4Υ2
i

+
1

4ψ2
i

)
.

(4.20)

Consider the following energy function

V =M2 +
1

2
ϖ̃TF−1ϖ̃, (4.21)

where the matrix F = ΠiIN ∈ RN×N is a positive-definite matrix, i.e., Πi ∈ R+, for i = 1, ..., N .

We propose the following control law:

ui = −csi − γi −
1

g
i

ϖ̂i||φi(x̌i)||2si, (4.22)
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where constant c is a positive scalar. Moreover, the term γi is given as

γi =
1

g
i

(||u̇si + krėr||2 + ||Ξi||2)si +
b

g
i

sgn(si), (4.23)

with b being a positive constant. The tuning law of ϖ̂i is given by

˙̂ϖi = Πi||φi(x̌i)||2||si||2 − κiΠiϖ̂i. (4.24)

The control input signal is comprised of tracking error between the leader and the target, a back-

stepping controller, and an NN-based component to compensate for the unknown nonlinearity of the

system dynamics (see Figure 4.2). The controller is developed based on relative positions and ve-

locities of neighboring agents only; therefore, the proposed controller is distributed [8]. The control

input signal (4.22) for each agent can be written as follows:

ui =− csi −
1

g
i

ϖ̂i||φi(x̌i)||2si − ||
∑
j∈Ni

[kv(qijI2 + 2p̃ij p̃
T
ij)vij ]− krėr||2si

+
1

g
i

||
∑
j∈Ni

p̃ijqij ||2si +
b

g
i

sgn(si)
)
,

(4.25)

with

si = vi − vr − krer + kv
∑
j∈Ni

p̃ijqij . (4.26)

Remark 4.2. The control input signal (4.25) includes the relative position and relative velocity vec-

tors between agent i and its neighboring agents j. This over-sensing is necessary for the distance-

based formation [8, 66–69] and the volume of the over-sensing can be reduced by considering a

minimally rigid framework. The relative position between the agent i and its arbitrary neighboring

agent j can be presented by the distance and angle sensing between agents. This angle between

agent i and j can be obtained through information such as the heading of the neighboring agent for

a rigid framework [70]. The agent can also calculate the relative velocity vector by differentiating

the relative position.
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4.3.1 Stability Analysis

In this section, we show that the proposed control law (4.22) can be used for nonlinear multi-

agent systems (4.2) with guaranteed stability of agent formation.

Theorem 4.1. Consider the framework F = (G, p) to be modeled by an undirected MIR graph.

Select the control input signals as (4.22) and NN weights’ norm tuning law as (4.24). Under As-

sumptions 2.1,2.2, 4.1-4.5, choose b ≥
√
2||v̇r||∞ and c > 2

g . Then, for initial conditions that

belong to the compact set Ω0 defined by

Ω0 ={x1(0), pr(0)|pr(0) ∈ ΩT , d(x1, Iso(F ∗)) < d(x1,Amb(F ∗)),
∑

(i,j)∈E∗

(||pij ||2 − d2ij)
2 ≤ δ},

(4.27)

the distance errors and the NN weights’ norm estimation errors are UUB. The leader follows the

target, and followers maintain the desired formation (F ∗) with the leader.

Proof. Note that the closed-loop system with (4.22)-(4.24) has a discontinuity due to sgn(si) in

(4.23) at si = 0. We choose the Lyapunov function candidate as (4.21). Let ς̇i = Fi(ςi, t) be the

closed loop system with respect to multi-agent systems with (4.22)-(4.24). Following the procedure

in [8, 63], the time derivative of Lyapunov function (4.21) is given by

V̇
a.e.
∈

N∑
i=1

∂V

∂ςi
Ki[F i](ςi, t)

⊂Ṁ2 + ϖ̃TF−1 ˙̃ϖ.

(4.28)

Recall the definition of ϖ̃ and consider the Assumption 2.1. By considering (4.20) and substituting
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the proposed control input (4.22), using the NN tuning law (4.24), one obtains

V̇ ≤− kvβ
T (e)RpR

T
p β(e) +

N∑
i=1

[||si||2
(
ϖi||φi(x̌i)||2 + 2 + ||Ξi||2 + ||u̇si + krėr||2

)
+ sTi v̇r]

+

N∑
i=1

( 1

4ϱ2i
+

1

4α2
i

||ϵi||2 +
1

4η2i
w2
M +

1

4Υ2
i

+
1

4ψ2
i

)
+

N∑
i=1

ϖ̃i(−||φi(x̌i)||2||si||2 + κiϖ̂i)

+
N∑
i=1

sTi gi(x̌i)
(
− csi −

b

g
i

sgn(si)−
1

g
i

(||u̇si + krer||2 + ||Ξi||2 + ϖ̂i||φi(x̌i)||2)si
)
.

(4.29)

From Assumption 4.1, matrix gi(x̌i) is a full-rank and positive-definite matrix. Using the fact that

gi(x̌i)g
−1
i (x̌i) = I2, one can have ||gi(x̌i)||

g
i

≥ 1. Considering the fact that sTi sgn(si) ≥ 0, the

following inequality holds

− b

g
i

sTi gi(x̌i)sgn(si) ≤ −bsTi sgn(si). (4.30)

From (4.30), and by simplifying and rearranging (4.29), one has

V̇ ≤− kvβ
T (e)RpR

T
p β(e)−

N∑
i=1

(
(cg

i
− 2)||si||2 + ||si||(

√
2||v̇r||∞ − b)

)
+

N∑
i=1

( 1

4ϱ2i

+
1

4α2
i

||ϵi||2 +
1

4η2i
w2
M +

1

4Υ2
i

+
1

4ψ2
i

)
+

N∑
i=1

κiϖ̃i(ϖ̂i).

(4.31)

From (4.19) and (4.31), one can notice that the selection of b is important to counteract the effect

of the disturbance in the system dynamics. Let us define κ = min(κ1, ..., κN ). Applying Young’s

inequality to the last term yields

ϖ̃iϖ̂i ≤ −ϖ̃
2
i

2
+
ϖ2

i

2
. (4.32)

Recalling the definition of g, using b ≥
√
2||v̇r||∞, and Assumptions 2.1-2.2, one has

V̇ ≤ −kvβT (e)RpR
T
p β(e)− (cg − 2)||s||2 − κ

2
||ϖ̃||2 + q, (4.33)
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where q is written as

q =
N∑
i=1

( 1

4ϱ2i
+

1

4α2
i

ϵ2M +
1

4η2i
w2
M +

1

4Υ2
i

+
1

4ψ2
i

+ κi
W 4

M

2

)
. (4.34)

Based on Assumptions 2.1-2.2, 4.1-4.5, the time derivative of Lyapunov function (4.29) is bounded

by

V̇ ≤ −kvσ(Rp)||β(e)||2 − (cg − 2)||s||2 − κ

2
||ϖ̃||2 + q, (4.35)

or equivalently

V̇ ≤−
[
||β(e)|| ||s|| ||ϖ̃||

]
kvσ(Rp) 0 0

0 cg − 2 0

0 0 κ
2


︸ ︷︷ ︸

Q


||β(e)||

||s||

||ϖ̃||

+ q.
(4.36)

Defining z = [||β(e)|| ||s|| ||ϖ̃||]T , (4.36) can be rewritten as

V̇ ≤ −zTQz + q. (4.37)

For V̇ ≤ 0 one requires Q ≥ 0 and

||z||2 > q
σ(Q) .

(4.38)
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From (4.21), one can write the following inequality for V

1

2

[
||β(e)|| ||s|| ||ϖ̃||

]
T1︷ ︸︸ ︷

1
2 0 0

0 1 0

0 0 1
Πmax




||β(e)||

||s||

||ϖ̃||


≤ V ≤

1

2

[
||β(e)|| ||s|| ||ϖ̃||

]
1
2 0 0

0 1 0

0 0 1
Πmin


︸ ︷︷ ︸

T2


||β(e)||

||s||

||ϖ̃||

 ,
(4.39)

where σ(T1) = min(12 ,
1

Πmax
) and σ̄(T2) = max(1, 1

Πmin
). Therefore, one has

1
2σ(T1)||z||

2 ≤ V ≤ 1
2 σ̄(T2)||z||

2. (4.40)

From (4.40), we conclude that

V ≥ σ(T1)

2σ(Q)
q, (4.41)

implies (4.38), and therefore, z(t) is UUB [71]. As for any vector z, one has ||z||1 ≥ ||z||2 ≥ ... ≥

||z||∞, and sufficient conditions for (4.38) are [14]

||β(e)|| >
√

q
σ(Q) , (4.42)

or

||s|| >
√

q
σ(Q) , (4.43)

or

||ϖ̃|| >
√

q
σ(Q) . (4.44)
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This shows that ||β(e)||, ||s||, ||ϖ̃|| are UUB. Using (4.37) and (4.40), one can write

V̇ ≤ −a1V + a2, (4.45)

with a1 ≜ 2σ(Q)/σ̄(T2) and a2 ≜ q. From (4.45), it follows that

V (t) ≤V (0)e−a1t +
a2
a1

(1− e−a1t)

≤V (0) +
a2
a1
.

(4.46)

Using (4.40), one has

||β(e)|| ≤ ||z(t)||

≤

√
σ̄(T2)

σ(T1)
(||β(e(0))||2 + ||s(0)||2 + ||ϖ̃(0)||2) +

√
σ̄(T2)q

σ(T1)σ(Q)
≜ ρ,

(4.47)

and

||s|| ≤ ||z(t)|| ≤ ρ, (4.48)

and

||ϖ̂|| ≤ ||z(t)|| ≤ ρ. (4.49)

From (4.47), we have

||β(e)|| =
√∑

(i,j)∈E(e
2
ij + 2dijeij)2 ≤ ρ. (4.50)

By substituting eij in (4.50), one has

||β(e)|| =
√∑

(i,j)∈E((||p̃ij || − dij)2(||p̃ij ||+ dij)2) ≤ ρ. (4.51)

From (4.51), for the edge (i, j) ∈ E one can write

||p̃ij ||2 − d2ij ≤ ρ. (4.52)
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Using Assumption 4.3, the upper bound is given by

||p̃ij || ≤
√
ρ+D2. (4.53)

As desired distances dij’s are considered bounded, the inequality (4.53) implies boundedness of the

distance error dynamics (eij) for all (i, j) ∈ E. Thus, inter-agent distance error, as well as NN

weights’ norm estimation error remain bounded.

Lemma 4.1. Given the bounded initial conditions for pr(0) and p1(0), the tracking error between

the leader and the target is bounded by ||er(t)|| ≤ ξ̄, with the bound

ξ̄ = ||er(0)||+
√
2ρ

kr
(1 + kvσ̄(Rp)). (4.54)

Proof. From (4.13) and (4.14) the velocity of the leader (first agent) can be written as

v1 = τ1 + s1 = us1 + vr + krer + s1. (4.55)

The target tracking error dynamics is

ėr = vr − v1 = −keer − (s1 − us1). (4.56)

From (4.48) and (4.49), it follows that

ėr ≤ −krer + ρ(1 + kvσ̄(Rp))⊗ 12. (4.57)

Multiplying both sides by ekrt yields

d

dt
(ere

krt) ≤ ρ(1 + kvσ̄(Rp))e
krt ⊗ 12. (4.58)

By taking integral over [0, t], we have

er(t) ≤ [er(0)− (
ρ(1 + kvσ̄(Rp))

kr
)]e−krt ⊗ 12 + (

ρ(1 + kvσ̄(Rp))

kr
)⊗ 12. (4.59)
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We can conclude that

er(t) ≤ er(0) + (
ρ(1 + kvσ̄(Rp))

kr
)⊗ 12. (4.60)

Equivalently, ||er(t)|| ≤ ξ̄.

We provide a bound over the states of second-order nonlinear multi-agent systems defined by

(4.1). From (4.4) it follows that

||p1|| = ||pr − er|| ≤ ||pr||+ ||er||, (4.61)

which yields

||p1|| ≤ P̄r + ξ̄. (4.62)

As the framework is considered a MIR graph, there exists at least one neighbor of the leader, say

agent j. Therefore, from triangle inequality and (4.53), we have

∃ j ∈ N1 | ||p̃j1|| = ||pj − p1|| ≥ ||pj || − ||p1||. (4.63)

From (4.53) and (4.63), we can write

||pj || − ||p1|| ≤
√
ρ+D2,

||pj || ≤ ||p1||+
√
ρ+D2,

||pj || ≤ P̄r + ξ̄ +
√
ρ+D2.

(4.64)

Since the framework is rigid, there exists another vertex k ∈ Nj . Using (4.53) and (4.64) we have

||pk|| ≤ P̄r + ξ̄ + 2
√
ρ+D. (4.65)

Thus, for all positions there is a bound ( ∀i ∈ V, ∃P̄i | ||pi|| ≤ P̄i); equivalently, ||x1|| ≤ ||P̄ ||,
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where P̄ = [P̄1, ..., P̄N ]T . From (4.13), and using triangle inequality, we have

||x2|| ≤ ||s||+ ||τ ||,

||x2|| ≤ ||s||+ ||us + 1N ⊗ (vr + krer)||.
(4.66)

Using inequalities (4.40), (4.48), and ||er(t)|| ≤ ξ̄ we conclude

||x2|| ≤ ρ(1 + kvσ̄(Rp)) +
√
N(V̄r + kr ξ̄) ≜ V̄ . (4.67)

Since the velocity of the target is considered to be bounded (Assumption 4.4), for t ≥ 0 there exists

a compact set of Ω where Ω = {x | ||x1|| ≤ P̄ , ||x2|| ≤ V̄ }.

The results presented below are a specific case of the main theorem, which pertains to Brunovsky

form nonlinear multi-agent systems [39].

Corollary 4.1. Let the required framework be modeled by an undirected MIR graph where each

agent is described by a second-order nonlinear system in Brunovsky form as follows:

ṗi = vi,

v̇i = fi(pi, vi) + ui(t) + wi(t), i = 1, 2, ..., N.

(4.68)

Select the control input signals as (4.22) and NN weights’ norm tuning law as (4.24), under Assump-

tions 2.1, 2.2, 4.2 -4.5, choose b ≥
√
2||v̇r||∞, c > 2, and g

i
= 1. Then, for the initial conditions

belonging to the compact set Ω0, the NN weights’ norm estimation and inter-agent distance errors

are UUB. The leader tracks the target, and other agents maintaining the desired formation follow

the leader.

Proof. Set g
i
= 1, then it is not difficult to see the proof of Theorem 4.1 still holds for a class of

nonlinear multi-agent systems given as (4.68).

Remark 4.3. Inequalities (4.47) and (4.49) provide bounds for inter-agent distance errors and the

NN weights’ norm estimation errors. As the leader (first agent) tracks the moving target within a

bounded trajectory, the leader’s position remains bounded by (4.62). The control law guarantees

the boundedness of inter-agent distance errors, and other agents remain in their desired formation.
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It has been shown that the velocities of agents remain bounded as the velocity of the target is

bounded. Using the proposed control, and based on Assumptions 4.3-4.5, all positions and velocities

of the agents remain bounded. We use this bounded region to form a compact set Ω where the NN

approximation property holds.

Remark 4.4. Signal γi in (4.23) has a discontinuous right-hand side part. Therefore, the existence

of a general solution should be checked through differential inclusions. As the sign function is a

bounded function, the Filippov solution exists, [8, 72]. Consequently, the time derivative of the

Lyapunov function (4.21) belongs to a closed, upper semi-continuous set-valued map [73]. Thus,

the Lyapunov function is continuously differentiable, and the proof is valid. Moreover, a hyperbolic

tangent can be used in practical applications to alleviate the undesired chattering effect caused by

the sign function.

Remark 4.5. The proposed control law guarantees that the multi-agent system (4.1) converges to

the equilibrium within the set Ω0. Thus, the distance errors remain in the invariant set Ω0 [8] and

p̃ij ̸= 0. Moreover, the multi-agent system (4.1) converges to the equilibrium inside this invariant

set, thus preventing the flip ambiguity.

4.4 Simulation Results

We conducted multiple simulations in order to evaluate the performance of the proposed method

for distance-based formation control applied to second-order nonlinear multi-agent systems. In each

example, the results of the proposed distance-based method are compared with the results of existing

displacement-based methods. Also, to evaluate and quantify the performance of each method, a

performance index is introduced.

Example 4.1. Consider a nonlinear multi-agent system with N = 5 agents in a plane where the

dynamics of each agent is given by

ṗi(t) = vi(t),

v̇i(t) =

 ci1vi1(t)sin(di1pi1(t))

ci2vi2(t)cos(di2pi2(t))

+ ui(t) + wi(t) i = 1, 2, ..., 5.
(4.69)
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Figure 4.3: Communication topology and desired distances of multi-agent systems: MIR frameworks of five
agents (left) and six agents (right) in 2D.
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Figure 4.4: Desired formation of equilateral pentagon with side length d = 1.

The goal is to form the desired formation, shown in Figure 4.3 (left), while the agents follow the

leader which is tracking a target within a bounded trajectory. To this end, the proposed control law

in Corollary 4.1 is applied.

Vectors pi(t) = [pi1, pi2]
T and vi(t) = [vi1, vi2]

T represent the location and velocity of i-th

agent in x and y directions, respectively. Parameters ci1, ci2, di1, di2 of each agent are given in

Table 4.1. The initial conditions for these five agents are: p1(0) = (0, 2.1)T , v1(0) = (0.5, 0.5)T ,

p2(0) = (−1, 1.2)T , v2(0) = (−1, 0.8)T , p3(0) = (−2,−1.5)T , v3(0) = (0.3, 0.5)T , p4(0) =

(0.2,−1.2)T , v4(0) = (0.5, 1)T , p5(0) = (0.5, 1)T , v5(0) = (−1,−1)T . The disturbance wi =

0.1cos(t)δ(t), where δ(t) ∈ R2 is a random variable with the normal distribution N (0, 1) borrowed
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Figure 4.5: Trajectories of agents and the target along x and y directions.

from [15, 74]. The target velocity and initial position are vr = [0.5, 0.5cos(t/2)]T and pr(0) =

[0, 0]T respectively.

We selected constants b = 3 and kr = 2. RBFNN is selected with 9 neurons, centers µj’s are

evenly spaced for each agent, and the values of constants are: κ = 0.5, Fi = I9, c = 5, kv = 0.5.

The desired distances and communication topology are given in Figure 4.3 (left) with d = 1. Figures

4.4-4.8 show results of the proposed control law. Figure 4.4 shows how agents form an equilateral

pentagon where each side is equal to the desired distance. Figure 4.5 represents the trajectories of

each agent and the target in x and y directions. The velocity of each agent and the target in x and

y directions are shown in 4.6.

In order to compare the results with a displacement-based method, the modified version of [14]

is simulated. We selected the following parameter for the proposed controller [14]: number of

neurons is 9, φm = 1, κ = 0.5 and c = 91.21. We compared distance (edge) errors in Figure

4.7 and the target tracking errors of the leader along x and y directions and its time derivative in
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Figure 4.6: Speeds of agents and the target along x and y directions.

Figure 4.8. We use an average absolute formation distance error (AFDE) ζ(t) function [63]:

ζ(t) =
1

|E|
∑

(i,j)∈E

|(||p̃ij || − dij)|, (4.70)

which is plotted in Figure 4.9. The proposed method has an improved AFDE compared to the

displacement method.

Table 4.1: Values of ci1, ci2 and di1, di2 in the i− th agent.

i 1 2 3 4 5
ci1 0.2 0.4 -0.6 0.7 -0.8
ci2 -0.3 0.6 0.5 0.5 0.6
di1 0.4 0.7 0.3 -0.4 -0.7
di2 0.3 -0.4 0.4 0.8 -0.5

Example 4.2. Consider a multi-agent system consisting of N = 6 two-link robot arms. The goal is

54



0 2 4 6 8 10 12 14 16 18 20

-0.5

0

0.5

1

1.5

2

0 2 4 6 8 10 12 14 16 18 20

Time

-1

0

1

2

Figure 4.7: The distance errors eij , (i, j) ∈ E of the proposed method (Method 1) and the modified
displacement-based method (Method 2) [14].

to form the desired formation, shown in Figure 4.3 (right), while the agents follow the leader that

tracks a target within a bounded trajectory. The dynamics of each robot arm is given by [60]

q̇i1 = qi2,

Mi(qi1)q̇i2 + Vi(qi1, qi2)qi2 +Gi(qi1) + τid = τi,

i = 1, 2, ..., 6,

(4.71)

where the vector qi1 = [qi11, qi12]
T ∈ R2 and qi2 = [qi21, qi22]

T ∈ R2 represent the position and

velocity in x and y directions respectively. The dynamics of a two-link robot arm can be described as

(4.71) where inertia matrix Mi(qi1), centripetal and Coriolis matrix Vi(qi1, qi2) and gravitational

vector Gi(qi1) are defined as follows [27]:

Mi(qi1) =

Mi11 Mi12

Mi21 Mi22

 ∈ R2×2, (4.72)

where

Mi11 = (mi1 +mi2)r
2
i1 + 2mi2ri1ri2cos(qi12),
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Figure 4.8: The target tracking error of the leader and its time derivative for the proposed method and the
modified displacement-based method [14] along x and y directions.

Mi12 =Mi21 = mi2r
2
i2 +mi2ri1ri2cos(qi12),

Mi22 = mi12r
2
i12.

Vi(qi1, qi2) =

Vi11 Vi12

Vi21 Vi22

 ∈ R2×2, (4.73)

where

Vi11 = −mi2ri1ri2sin(qi12)qi22,

Vi12 = −mi2ri1ri2sin(qi12)qi22 −mi2ri1ri2sin(qi12)qi21,

Vi21 = mi2ri1ri2sin(qi12)qi22,

Vi22 = 0.

Gi(qi1, qi2) = (Gi11, Gi12)
T ∈ R2. (4.74)

whereGi11 = (mi1+mi2)gri1cos(qi11)+mi2gri2cos(qi11+qi22), and Gi12 = mi2gri2cos(qi21+

qi12). In (4.71), the variable τid represents a constant bounded disturbance in the dynamics of each

two-arm robot. The parameters of the each robot arm are g = 9.8m/s2, ri1 = 1m, ri1 = 1m,

mi2 = 1kg, and mi2 = 1kg, τid = [0.1, 0.1]T (i = 1, ..., 6). The initial conditions of all agents are
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Figure 4.9: Performance comparison (AFDE) between the proposed distance-based method and the modified
displacement-based method [14].

given in Table 4.2. The target velocity and initial position are vr = [ 1
2π cos(

1.5π
20 t),

1
2πsin(

1.5π
20 t)]

T

and pr(0) = [0, 0]T , respectively. We selected b = 2 and kr = 1.

Table 4.2: Initial values of qi1, qi2 in the i-th agent

i 1 2 3 4 5 6
qi11 0 2.5 2 0.7 -1.7 -1.9
qi12 2.1 0 -1.1 -1.8 -1 1
qi21 0.3 0.8 0 -0.5 0.5 0.4
qi22 0.3 0 0.7 -1 1 -0.5

We applied an RBFNN with 81 neurons and activation function centers, µj , evenly spaced for

each agent. One can obtain g
i
= 1/[(mi1+mi2)r

2
i1+2mi2r

2
i2+3mi2ri1ri2] for ∀i = 1, ..., 6 [27].

The values of the constants are κ = 0.2,Πi = 1, c = 20, kv = 0.3, and the desired distance is

d = 1.6 for all edges. Figures 4.10-4.14 show the simulation results of the proposed control law

(4.22) applied to a nonlinear multi-agent system. Figure 4.10 indicates how these agents form an

equilateral hexagon where the desired distance for each side is d = 1.6. Figure 4.11 represents the

trajectories of each agent and the target in x and y directions. The velocity of each agent and the

target in x and y directions are shown in Figure 4.12.

To compare the results with the displacement-based method, the modified version of [28] has
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Figure 4.10: Desired formation of equilateral hexagon in 2D with side length d = 1.6.

been simulated. By applying this method and adding constant displacements of the desired positions

[20, p. 127] to the formation control problem, we obtain a shape-based control with distance errors

shown in Figure 4.13. We selected the following parameter for the used controller in [28]: number

of neurons is 81, φm = 1, κ = 0.3 and ki = 650, κ = 0.7 and σi = 0.3.

Also, target tracking errors of the leader along x and y coordinates and time derivatives for

both methods are shown in Figure 4.14. We use AFDE to compare our results with [28], as shown

in Figure 4.15. It can be seen that the proposed control method improves the AFDE when applied

to an input-affine, nonlinear multi-agent system.

4.5 Conclusion

In this chapter, we proposed a control method for distance-based formation control and target

tracking for nonlinear multi-agent systems with unknown dynamics and disturbance. We considered

second-order nonlinear agents that are connected through an undirected graph network. An RBFNN

compensated for the agent’s unknown dynamics. The proposed control law was based on the target

tracking backstepping controller and is paired with a stable NN tuning law that ensures the stabil-

ity of the obtained formation. The stability results showed that distance error dynamics and NN

weights’ norm estimation error were UUB. Simulation results were provided to illustrate the per-

formance and effectiveness of the proposed method. The performance index has been introduced to
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Figure 4.11: Trajectories of the agents and the target along x and y directions.

quantify the comparison with two existing displacement control methods. We demonstrated that the

proposed method improves the system performance compared with two other displacement-based

methods.
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Figure 4.12: Velocities of the agents and the target along x and y directions.
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Figure 4.13: The distance errors eij , (i, j) ∈ E of the proposed method in Theorem 4.1 (Method 3) and the
modified displacement-based method (Method 4) [28].
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Figure 4.14: Target tracking error of the leader and its time derivative of the proposed method in Theorem
4.1 (Method 3) and the modified displacement-based method (Method 4) [28] along x and y directions.
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Chapter 5

Undirected Formation Control of

Second-Order Nonlinear Multi-agent

Systems With State Time Delay

5.1 Introduction

This chapter focuses on the formation control of a general class of input-affine nonlinear multi-

agent systems using inter-agent distance with unknown nonlinearity, time delay on the dynamical

states, and disturbance. To compensate for the time-delayed function, there is a time-dependent

control gain, which differs from the control design in Chapter 4. Moreover, the disturbance as well

as the assumption for the boundedness of the disturbance are state-dependent. A normalized rigidity

matrix is utilized in controller design.

5.1.1 Related Works on Formation Control of Nonlinear Multi-Agent Systems with

State Time Delay

Existing distance-based methods, such as [7, 46, 58], use single- or double-integrator dynamics

for the system. We consider nonlinear dynamics to model each agent. The formation control prob-

lem of nonlinear multi-agent systems with a state time delay function was studied in [53,60,75,76],
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where the authors considered a bounded time delay for a nonlinear multi-agent system. In contrast

with these methods, where the Laplacian matrix has been used to express the relation among the

agents, our technique is based on rigid graph theory. While the formation control problems can

be modeled with standard graph theory, a rigid graph theory offers modeling that minimizes the

number of edges/distances one needs to control to achieve the desired formation.

The objectives are to keep agents, modeled by second-order nonlinear systems and state time

delay, at pre-specified distances from each other and to track the target within a bounded trajectory.

To achieve this, we propose a new control design for the nonlinear multi-agent systems relying

on the backstepping control and rigid graph theory. The unknown nonlinear part of the system

dynamics and the disturbance are approximated using NN, where an RBFNN is used to estimate

the unknown dynamics. To achieve target tracking, the leader tracks a target within a bounded

trajectory while the rest of the agents maintain the desired formation and follow the leader. The

main contributions are:

(i) The Lyapunov function is selected for the formation control problem and target tracking

of second-order nonlinear multi-agent systems. This chapter is the first contribution proposing a

formation control using inter-agent distance for nonlinear multi-agent systems with state time delay

and disturbance to the best of the author’s knowledge. Compared with existing methods in [53,60],

the system’s dynamics is not limited to first-order nonlinear systems.

(ii) Compared with the existing methods [53, 60, 75, 76], which use the Laplacian matrix to

express the interactions among the agents, we use rigid graph theory to represent those relations for

a general class of nonlinear multi-agent systems.

(iii) The smallest singular value of the normalized rigidity matrix for a MIR framework is uti-

lized to design the neuro-adaptive controller using the backstepping technique to address the forma-

tion control problem of nonlinear multi-agent systems.
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5.2 Problem Formulation

Consider a second-order nonlinear multi-agent system consisting of N agents. The dynamics of

the i-th agent is given by

ṗi =vi,

v̇i =fi(pi, vi) + gi(pi, vi)ui(t) + hi(pi(t− τi), vi(t− τi)) + wi(pi, vi, t),

(5.1)

where the vectors pi ∈ R2, vi ∈ R2 represent the position and velocity of each agent respectively,

fi(.) ∈ R2, hi(.) ∈ R2 are the unknown smooth vector functions considered to be continuously

differentiable and locally Lipchitz, τi is an unknown time delay, ui ∈ R2 is the control input, and

wi(.) ∈ R2 is a disturbance affecting each agent. Matrix gi(pi, vi),R4 → R2×2 is an unknown

matrix.

In target tracking, we consider the first agent to be the leader, while the remaining agents are

followers. The control objectives are: (i) the leader tracks the target; (ii) the distance between

neighboring agents i and j converges to desired distance dij :

||pi − pj || → dij as t→ ∞, (i, j) ∈ E, (5.2)

where the dij’s are positive and bounded by max(dij) < D, ∀(i, j) ∈ E, with a fixed bound D.

We establish standard assumptions [14, 35, 60, 76] as follows.

Assumption 5.1. The vector function hi(.) is considered to be bounded, i.e., there exists a known

function Υi such that ||hi(xi(t))|| ≤ Υi(xi(t)).

Assumption 5.2. Disturbancewi(xi(t), t) is an unknown vector function that satisfies ||wi(xi, t)|| ≤

ρi(xi(t)), where ρi(xi(t)) is a positive smooth function.

Assumption 5.3. Time-invariant delay τi is unknown and bounded by ||τi|| ≤ τM , with a fixed

bound τM for i = 1, ..., N .

Note that we consider the Assumptions 2.1,2.2, 4.1, and 4.3-4.5 are also valid here.
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5.3 Controller Design

The distance error for the multi-agent system (5.1), modeled by an undirected graph, is given

by eij = ||pij || − dij . The distance error dynamics can be derived as (4.7). Let us define an energy

function

M1(e) =
1
2

∑
(i,j)∈E e

2
ij . (5.3)

Considering (4.10), Definition 2.5, and by taking a time derivative of (5.3), Ṁ1 is given by

Ṁ1 =
∑
eij

pTij(vi−vj)

||pij || = βT (e)R̄px2, (5.4)

where β(e) = (..., eij , ...) ∈ R|E| for (i, j) ∈ E. Moreover, x1 = [pT1 , ..., p
T
N ]T and x2 =

[vT1 , ..., v
T
N ]T ∈ R2N is defined as an overall velocity vector for all agents. Note that R̄p is the

normalized rigidity matrix explained in Section 2.3.1. Using the backstepping technique [7], we

define s = [sT1 , ..., s
T
N ]T ∈ R2N , s = x2 − ν, where ν is an auxiliary variable given by

ν = us + 1N ⊗ (vr + krer), (5.5)

with us = −kvR̄T
p β(e) and kv being a positive constant. From (5.5), one has

νi = −kv
∑
j∈Ni

(
pij

||pij ||
eij) + (vr + krer),

si = vi + kv
∑
j∈Ni

(
pij

||pij ||
eij)− (vr + krer).

(5.6)

Achieving the desired formation in (5.5) relies on us, while 1N⊗(vr+krer) is the term for tracking

of the target by the leader and other agents.

Let us define the potential function V1 =M1+M2, whereM2 =
1
2s

T s = 1
2

∑N
i=1 s

T
i si. Taking
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time-derivative of V1 and (5.5), one has

V̇1 = βT (e)R̄px2 + sT ṡ = βT (e)R̄pν + sT [ẋ2 + R̄T
p β(e)− ν̇]

= −kvβT (e)R̄pR̄
T
p β(e) +

N∑
i=1

sTi [fi(xi) + gi(xi)ui + hi(xi(t− τi)) + wi(xi, t)

+
∑
j∈Ni

(
pij

||pij ||
eij)− ν̇i],

(5.7)

where xi = [pTi , v
T
i ]

T . Using Assumptions 5.1-5.2, and applying Cauchy’s and Young’s inequalities

one has

sTi hi(xi(t− τi)) ≤
||si||2

2
+

Υ2
i (xi(t− τi))

2
,

sTi wi(xi, t) ≤
1

2
+

||si||2ρ2i (xi(t))
2

.

(5.8)

Substituting (5.8) into (5.7), yields

V̇1 ≤ −kvβT (e)R̄pR̄
T
p β(e) +

N∑
i=1

(
sTi [fi(xi)− ν̇i + (

∑
j∈Ni

pij
||pij ||

eij)] +
||si||2ρ2i (xi(t))

2
+

||si||2

2

+
Υ2

i (xi(t− τi))

2
+ sTi gi(xi)ui

)
+
N

2
.

(5.9)

To compensate for the unknown function hi(xi(t− τi)), which is upper bounded by Υi(xi), we add

the following term to potential function V1

M3 =
1
2

∑N
i=1

∫ t
t−τi

Υ2
i (xi(z))dz, (5.10)

and its time-derivative is given by

Ṁ3 =
1
2

∑N
i=1

(
Υ2

i (xi(t))−Υ2
i (xi(t− τi))

)
. (5.11)

Let us define potential function V2 as V2 = V1 + M3. Taking time-derivative of V2, and from
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inequality (5.9) and equation (5.11) yields

V̇2 ≤ −kvβT (e)R̄pR̄
T
p β(e) +

N∑
i=1

(
sTi [Ti(si, xi)− ν̇i

∑
j∈Ni

(
pij

||pij ||
eij)] +

||si||2

2
+

Υ2
i (xi(t))

2

+ sTi gi(xi)ui

)
+
N

2
,

(5.12)

with Ti(si, xi) = fi(xi) +
1
2siρ

2
i (xi(t)).

Define γ̌ = R̄T
p β(e) ∈ R2N , where γ̌ = [γ̌1, ..., γ̌N ]T with γ̌i =

∑
j∈Ni

(
pij

||pij ||eij). Motivated

by [60], let {pi, vi} ∈ Ωxi be a compact set, then Ωφi ⊂ Ωxi , where Ωφi = {si | ||si|| < oi} with oi

chosen as a small arbitrary constant. As Ωφi is an open set, its complement set, Ω0
φi

= Ωxi − Ωφi ,

is a compact set. The set Ωxi is the compact set in which the NN can approximate the unknown

dynamics of an agent.

We propose the following control law for the multi-agent system (4.1)

ui =

 −ci(t)si − 1
g
i

ϖ̂T
i ||φi(si, xi)||2si − γi − ( 1

2g
i

)s−1
i Υ2

i (xi(t)), si ∈ Ω0
φi

0, si ∈ Ωφi

(5.13)

where ϖ̂i is the current estimation of ϖi, s−1
i = si/||si||2, control gain ci(t) > 0, and γi is given

by

γi =
1

g
i

(||γ̌i||2 + ||krėr − kv ˙̌γi||2)si +
b

g
i

sgn(si), (5.14)

with b ≥
√
2||v̇r||∞. Agents’ NN tuning law is given by

˙̂ϖi = Πi||φi(xi, si)||2 ||si||2 − κiΠiϖ̂i, (5.15)

where κi > 0 is a constant and Πi is a positive constant.
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5.3.1 Stability Analysis

Theorem 5.1. Let an undirected MIR graph model the required framework. Under Assumptions

2.1, 2.2, 4.1, 4.3-4.5, and 5.1-5.3, select the control input (5.13), b ≥
√
2||v̇r||∞, adaptive NN

weights tuning law (5.15), and the control gain ci(t) as

ci(t) =
Γi

g
i

( 1

2||si||2

∫ t

t−τM

Υ2
i (x(z))dz +

kc + 3

Γi

)
, (5.16)

where −kvσ(R̄p) ≤ −Γ
2 , κi ≥ ΓΠ−1

i , and kc ≥ Γ, Γ = min{Γ1, ...,ΓN}. Then, the inter-agent

distance errors and NN weights matrix estimation errors are UUB for initial conditions that belong

to the compact set Ω0:

Ω0 ={x1(0),x2(0), Ŵ (0), pr(0)|pr(0) ∈ Ωr, d(x1, Iso(F ∗)) < d(x1,Amb(F ∗)),∑
(i,j)∈E∗

(||pij ||2 − d2ij)
2 ≤ δ },

(5.17)

where δ is a small positive constant.

Proof. The error dynamics with respect to eij and si in a closed loop system with (5.13)-(5.15) has

right-hand side discontinuity because of sgn(si) in (5.14). We choose the non-smooth Lyapunov

function candidate V = V2 +M4, with M4 = 1
2ϖ̃

TF−1ϖ̃, F = Π = diag(Πi) (see 4.18 and

(4.21). Let ς̇i = Fi(ςi, t) be the closed loop system where ςi = [eij , si], then Fi(ςi, t) is continuous

everywhere except in the set {(ςi, t) | ||si|| < oi}. For this system Filippov solution exists by

satisfying differential inclusion ς̇i ∈ Ki[F i](ςi, t) where Ki[F i](ςi, t) is an upper semi-continuous,

nonempty, set-valued map [8, p. 171]. Then, the time derivative of V is given by

V̇
a.e.
∈

N∑
i=1

∂V

∂ςi
Ki[F i](ςi, t)

⊂ −kvR̄pβ
T (e)β(e)R̄T

p +
N∑
i=1

(
sTi Ti(si, xi) +

Υ2
i (xi(t))

2
+

||si||2

2
+ sTi

(
gi(xi)

[
− ci(t)si

− 1

g
i

ϖ̂T
i ||φi(si, xi)||2si + (

1

g
i

)(−
∑
j∈Ni

pij
||pij ||

eij + γi)− (
1

2g
i

)s−1Υ2
i (xi(t))

]
+
∑
j∈Ni

pij
||pij ||

eij − ν̇i

))
+
N

2
+ ϖ̃TF−1 ˙̃ϖ.

(5.18)
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Similar to (4.18), one can write

N∑
i=1

si
TTi(si, xi) ≤

N∑
i=1

(
||Wi||2F (||si|| ||φi(xi, si)||)2 +

1

4ϱ2i
+ ||si||2 +

1

4α2
i

||ϵi||2
)
, (5.19)

From ϖ̃i = ∥Wi∥2F and by applying Cauchy’s inequality and substituting (5.14), one has

V̇ ≤ −kvσ(R̄p)β
T (e)β(e) +

N∑
i=1

(
1

4ϱ2i
+

1

4α2
i

+ ||ϵi||2 +
3||si||2

2
+ sTi

(
− gi(xi)ci(t)si

− (b sgn(si) + v̇r)
))

+
N

2
+

N∑
i=1

ϖ̃T
i (κiϖ̂i)].

(5.20)

Similar to (4.18), and by utilizing Young’s inequality, substituting equations (5.15), (5.16) into

(5.20), and using Young’s inequality and assuming boundedness of ideal NN weights matrix by

||W ||F ≤WM , with a fixed bound WM , one has

V̇ ≤ −ΓM1 − ΓM2 − ΓM3 − Γ
N∑
i=1

Π−1
i

2
||ϖ̃i||2F +

N

2
+

1

2

N∑
i=1

(
ξ2i + κiW

2
M +

1

4ϱ2i
+

1

4α2
i

)
≤ −ΓV +BM ,

(5.21)

where BM = N
2 + 1

2

∑N
i=1

(
ξ2i + κiW

2
M + 1

4ϱ2i
+ 1

4α2
i

)
. From [77, Lemma 1.1], inequality (5.21)

implies

V (t) ≤ BM

Γ
+ (V (0) +

BM

Γ
)e−Γt. (5.22)

It can be seen that using the control law (5.13), the distance errors are uniformly ultimately bounded

(UBB). If si ∈ Ωφi , as oi is chosen small enough, it follows that the formation control has been

achieved and no more control effort is required.

Remark 5.1. If inequality (5.22) holds, as t → ∞, the radius can be reduced by choosing Γ large

enough. Thus, Γ directly impacts formation stability and tracking performance.

Remark 5.2. Through control law (5.13), the multi-agent system moves toward the equilibrium,

which is located in Ω0; as a result, the distance error remains in the invariant set Ω0 [8]. Moreover,
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δ is chosen sufficiently small positive constant and consequently, pij ̸= 0.

Lemma 5.1. Consider the following function

V =
1

2
βT (e)β(e) +

1

2
ϖ̃TF−1ϖ̃ +

1

2
sT s+

1

2

N∑
i=1

∫ t

t−τi

Υ2
i (xi(z))dz, (5.23)

If V̇ satisfies V̇ ≤ −α1V + α2, then for a bounded initial conditions in a bounded set Ω0 (5.17)

i) the states and NN weights remain within a bounded set

Ωbi = {pi(t), vi(t), Ŵi(t)| ||pi(t)|| ≤ P̄ ∗
i , ||vi(t)|| ≤ V̄ , ||ϖ̂i(t)|| ≤W 2

M + W̄i, pr(t) ∈ Ωr},

(5.24)

where constants P̄ ∗
i and W̄i and V̄ are defined as

P̄ ∗
i = (α∗

i + 1)P̄ + P̄r + ζ̄,

W̄i =

√
2V (0) + 2α2

α1

Πi
,

V̄ = S̄(1 + kvσ̄(R̄p)) +
√
2N
(
||ṗr||+ ζ̄

)
,

(5.25)

and α∗
i denotes the number of vertices in the minimum path from the leader to the i-th agent and

S̄ =

√
2V (0) +

2α1

α2
,

P̄ =

√
2V (0) +

2α2

α1
+D,

ζ̄ = ||er(0)||+
√
2S̄

kr
(1 + kvσ̄(Rp)).

(5.26)

ii) The states and weights converge to a compact set

Ωci = {pi(t), Ŵi(t)| lim
t→∞

||eij || = Ξei , limt→∞
||W̃i|| = ΞWi}, (5.27)

with Ξei =
√

2α2
α1

and ΞWi =
√

2α2
α1Πi

.

Proof. Similar proof is provided in [77], hence we skip the proof here.
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It can be shown, using Gershgorin circle theorem, that σ̄(R̄p) ≤
√
2N − 2 (see Lemma 3.2).

Thus, the compact set of Ω0
φi

defined in (5.13) can be specified as

Ω0
φi

= {pi, vi, si | ||pi|| ≤ P̄ ∗
i , ||vi|| ≤ V̄ , ||si|| ≤ S̄}. (5.28)

Remark 5.3. The variables si and γi are bounded as all of their components are bounded as well

as the control gain ci(t) and the control input (5.13).

5.4 Simulation Results

Example 5.1. Consider a nonlinear multi-agent system with four agents in a plane, where the

dynamics of each agent is given by

ṗi(t) =vi(t),

v̇i(t) =

 ai1vi2(t)vi1(t) + sin(ai1pi1(t))

bi1pi2(t)vi2(t) + cos(bi1pi2(t))

+

 1 + cos(vi4)sin(v
2
i3) 0

0 1 + cos(vi3)sin(v
2
i4)

ui(t)

+

 ci1pi1(t− τi)cos(vi1(t− τi))

ci2pi2(t− τi)sin(vi2(t− τi))

+

 di1vi2p
2
i1cos(1.5t)

di2(vi1 + pi2)sin(t)

 , i = 1, ..., 4.

(5.29)

Parameters ai1, bi1, ci1, ci2, di1, di2 of each agent are given in Table 5.1. The initial conditions for

the four agents are: p1(0) = (0, 1)T , v1(0) = (1, 1.5)T , p2(0) = (−0.2, 0)T ,v2(0) = (−1, 1)T ,

p3(0) = (0.2,−1)T , v3(0) = (1,−1)T , and p4(0) = (0.3, 0.5)T , v4(0) = (0.5, 0.5)T . The time

delays are τ1 = 0.10, τ2 = 0.18, τ3 = 0.13, τ4 = 0.12, and τM = 0.2. The target velocity

and initial position are vr = [0.2, 0.5cos(2t)]T and pr(0) = [0, 0]T , respectively. Considering

||v̇r||∞ = 1, we choose b = 3 and kr = 2. RBFNN is selected with 9 neurons and κi = 2.3, Fi =

10I9, kv = 15. To satisfy Assumptions 5.1-5.2, we choose Υi(xi(t)) =
√

(ci1pi1)2 + (ci2pi2)2 and

Γi = 2, kc = 22 in (5.16).

The desired distances and communication topology are given in Figure 3.4, with d = 1. Figures

5.1-5.3 show results of the proposed control law (5.13) for a nonlinear multi-agent system. Figure

5.1(a) shows the performance of the multi-agent system, which achieves the desired formation (d =

71



-1 -0.5 0 0.5 1 1.5 2 2.5 3
-2

-1

0

1

Leader Followers final positions Followers initial positions Target

0 2 4 6 8 10
-1

0

1

2

3

0 2 4 6 8 10
Time

-2

-1

0

1

0 2 4 6 8 10
-2

-1

0

1

2

3

0 2 4 6 8 10
Time

-10

-5

0

5

Target Leader i=2 i=3 i=4

(c)(b)

(a)

Figure 5.1: (a) The desired formation is a square with side d = 1; (b) Trajectories of the agents and the target
along x and y directions; (c) Velocities of agents and the target along x and y directions.

1). Figure 5.1(b) represents the trajectories of the agents and the target in x and y directions.

The velocity of agents and the target in x and y directions are shown in Figure 5.1(c). Figure

5.2(a) illustrates the distance errors eij , (i, j) ∈ E of the proposed method, and Figure 5.2(b)

demonstrates the target tracking error of the leader and its time derivative of the proposed method.

To compare the results with a displacement-based method, the modified version of [76] is sim-

ulated. We selected the control parameters of [76] as follows: number of neurons is 9, κi,q = 10,

and Ci,m,m = 0.2.

We use AFDE (4.70) to compare our results with [76]. As shown in Figure 5.3(a), the proposed
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Figure 5.2: (a) The distance errors eij , (i, j) ∈ E of the proposed method. (b) The target tracking error of
the leader and its time derivative of the proposed method.

method improves the AFDE when applied to second-order nonlinear multi-agent systems. More-

over, in order to provide a better comparison, using Example 3.2, the smallest singular values of

normalized rigidity matrix for our proposed method (dashed line) and method in [76] (dash-dotted

line) are depicted in Figure 5.3. (b). From Example 3.2 and Figure 5.3, one can see the performance

improvement in comparison with the presented method in [76]. Moreover, it can be noted that the

smallest singular value of the normalized rigidity matrix is always less than the introduced upper

bound in Theorem 3.1.
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Table 5.1: Parameters ai1, bi1, ci1, ci2, di1, di2 for the i-th agent.
i ai1 bi1 ci1 ci2 di1 di2
1 0.3 1 1 -1 -2.4 2.1
2 0.7 -0.2 -1.2 -2.2 1.8 -1.5
3 -0.7 -0.8 2.1 1.2 -0.4 1.3
4 -0.6 0.4 -0.5 -0.7 0.6 0.8
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Figure 5.3: (a) Performance comparison (AFDE) between proposed distance-based method (Method 5) and
displacement method (Method 6) [76]; (b) Smallest singular value of normalized rigidity matrix comparison
between proposed distance-based method (Method 5) and displacement method (Method 6) [76] (solid line
is the desired value for the smallest singular value of normalized rigidity matrix in Example 3.2).

5.5 Conclusion

A neuro-adaptive backstepping and rigid graph theory-based control have been proposed for a

distance-based formation control and target tracking of second-order nonlinear multi-agent systems

modeled by an undirected graph in the presence of bounded disturbance and unknown state time

delay. The RBFNN has been used to compensate for the unknown nonlinearity of the dynamical

system and disturbance. The rigorous stability analysis based on the Lyapunov stability theory

showed UUB of distance error. The normalized rigidity matrix has been used for designing the

control law. The simulation results have verified the performance of the proposed method. Two

comparisons have been provided to demonstrate the efficiency and improvements of the proposed

method compared with the recent results in the literature.
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Chapter 6

Directed Formation Control of

Nonlinear Multi-Agent Systems Using

Three-Layer Neural Networks

This chapter focuses on leader-following formation control problem for heterogeneous, second-

order, uncertain, input-affine, nonlinear multi-agent systems modeled by a directed graph. A tun-

able, three-layer NN is proposed with an input layer, two hidden layers, and an output layer to

approximate an unknown nonlinearity. Rather than relying on trial and error to select the num-

ber of neurons or hyperparameters in a conventional neural network, this approach leverages prior

knowledge of the number of states to set up the appropriate number of neurons for each layer. The

NN weights tuning laws are derived using the Lyapunov theory. The leader-following and for-

mation control problems are addressed by RISE feedback and an NN-based control. The RISE

feedback term compensates for unknown leader dynamics and the bounded disturbance in the agent

error dynamics. The NN-based term compensates for the unknown nonlinearity in the dynamics of

multi-agent systems. The semi-global asymptotic tracking results are rigorously proven using the

Lyapunov stability theory.
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6.1 Introduction

6.1.1 Related Works on Formation Control of Nonlinear Multi-Agent Systems Using

Multi-layer Neural Networks

In the formation control problem of multi-agent systems, it is common to consider single- and

double-integrator dynamics [59,78,79], or nonlinear dynamics [14,28,54,80] to model multi-agent

systems. Some literature that considered unknown nonlinear dynamics, utilized NNs or fuzzy logic

controllers to approximate the uncertain nonlinearity in the system dynamics. There are two main

reasons for this: (i) the multi-layer NNs and fuzzy logic controllers are universal approximators

that can approximate any continuous and smooth function over a compact set with a desired accu-

racy [14, 81]; (ii) a precise model for the dynamics of a multi-agent system is not required, which

eliminates an extra effort to acquire an accurate system model [82].

Intelligent control results in formation control mainly used one-layer NNs, e.g., radial basis

function neural networks (RBFNNs) [28, 83, 84] or two-layer NNs [54], to compensate for the

unknown nonlinearities in the system dynamics. These studies commonly used the universal ap-

proximation property, where the RBFNNs and the Gaussian activation functions were utilized. In

RBFNN, hidden layer neurons are usually uniformly distributed on a regular lattice, or they are ran-

domly initialized. In [85], authors constructed an RBFNN, where the distance of any two adjacent

centers of the bell-shaped activation functions was the same as the width of the activation function.

An RBFNN can approximate a nonlinearity if the input variables of the activation function are

located in certain neighborhoods of the RBF centers [85]. Thus, one can select a large number of

neurons (not a priori known) and distribute activation functions over a regular lattice uniformly to

cover the compact set. A one-layer NN with a tunable, hidden layer in the form of linear-in-the-

parameters can approximate a nonlinearity in the dynamics of a nonlinear system at the desired

accuracy. The exact number of neurons for control systems design is not clearly established. Al-

though the self-organizing receptive field method was introduced in [86] to optimize the locations

in RBFNN, these results have not been used in the formation control problem to approximate the

unknown nonlinearity.

These limitations and restrictions motivated us to propose a three-layer NN with two hidden
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layers, where the numbers of neurons in hidden layers are set based on the order of the agents’ model

(see Remark 6.6). Increasing the number of layers and neurons inevitably increases computational

complexity. However, setting the number of neurons a priori reduces the controller design time.

To address the issue of the number of neurons in a NN, a self-structuring NN was proposed

in [82], where a neuron is divided into two by satisfying a specific condition, but the output of these

two neurons remains identical to the output of a neuron without division. This work was extended

to a nonlinear multi-agent system [54], where authors designed an observer to estimate the states

of the leader for each agent and addressed the cooperative tracking control problem of a leader.

Compared with existing results, we used two hidden layers instead of one [31, 32, 54, 82, 87], and

we developed tuning laws for all three layers. The other novelty is that the number of neurons is

fixed.

The RISE feedback controller is utilized to eliminate the chattering effect that occurs in sliding

mode controllers [31, 32, 88–91]. Although a RISE feedback control can potentially exceed the

actuator’s limit due to the large integral gain, it has been shown that it can be implemented in real-

time applications, e.g., [91]. Authors in [88] used the RISE feedback to compensate for nonlinearity

in a class of higher-order, multi-input multi-output systems. These results were extended in [32],

where a tracking problem of an uncertain system was addressed by an NN-based controller. In [32],

the authors used the discontinuous projection algorithm, which requires an a priori knowledge of

the convex set, as well as maximum and minimum of NN’s weights [92]. In a similar study, in [89],

authors used two-layer NN (input, hidden, and output layers), where only the weights between two

outer layers can be tuned. The tuning laws in [89] were derived using the Lyapunov stability theory.

These results were further extended in [31, 91], where a discontinuous projection algorithm has

tuned the NN weights matrices between any two consecutive layers for a two-layer NN.

The novelty of our work in comparison with [31, 32, 88, 89, 91, 92], is that we employ a three-

layer NN comprised of an input layer, two hidden layers, and an output layer. Moreover, all NN

weights matrices are tunable, and the tuning laws are derived through the Lyapunov theory.

The NN-based formation control results addressing the displacement-based, leader-following

problem have demonstrated only uniform ultimate bounded stability due to NN approximation error
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and lack of communication between the leader and all followers [14–16, 53, 54, 60]. A RISE feed-

back controller with two hidden layers NN is proposed to achieve semi-global, asymptotic stability

for the leader-following formation control for heterogeneous, second-order, uncertain, input-affine,

nonlinear multi-agent systems.

The main contributions of the chapter are given as follows:

(1) We consider the leader to be connected to at least one of the other agents. Unlike [31, 32,

87, 89, 91], where the desired trajectory signals (information from the leader) are fed into the

first layer of the NN, the novelty here is that the NN is designed without these signals. The

leader-following is achieved by a RISE feedback controller, where the effects of the leader

dynamics and unknown disturbances in the tracking error of each agent are ameliorated by a

robustifying term.

(2) We determined the number of neurons in each layer and derived the tuning laws for the NN

weights matrices. Although the controls literature mostly considered one- or two-layer NNs

[15, 28, 31, 35, 60, 87, 91], we developed the results for a three-layer NN. This work differs in

that it sets the number of neurons in NN layers using a priori knowledge, such as the number

of system states.

(3) The semi-global, asymptotic, leader-following performance is achieved, which distinguishes

our work from [14, 15, 28, 53].

6.2 Problem Formulation

A multi-agent system with N agents is considered, with the dynamics of each agent given by

ṗi = vi,

v̇i = fi(pi, vi) + gi(pi, vi)ui(t) + wi(t), i = 1, ..., N,
(6.1)

where the variables pi ∈ Rn and vi ∈ Rn denote the position and velocity states of each agent,

respectively. The functions fi(pi, vi) ∈ Rn and gi(pi, vi) ∈ Rn×n are unknown nonlinear C2

functions. The control input is ui ∈ Rn, while a disturbance affecting the agent is denoted by
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wi ∈ Rn.

The dynamics of the multi-agent system can be written in a compact form as follows:

ẋ1 = x2,

ẋ2 = f(x1,x2) + g(x1,x2)u+ w,

(6.2)

where x1 and x2 are stacked vectors of positions and velocities of all agents, respectively. The

stacked vector x1 = [pT1 , p
T
2 , ..., p

T
N ]T ∈ RnN and x2 = [vT1 , v

T
2 , ..., v

T
N ]T ∈ RnN . The over-

all states of the multi-agent system are represented by x = [xT
1 ,x

T
2 ]

T . The function f(x) =

[fT1 (p1, v1), f
T
2 (p2, v2), ..., f

T
N (pN , vN )]T ∈ RnN is the stacked nonlinearities of all agents. The

control input gain matrix is g(x) = diag(g1(p1, v1), g2(p2, v2), ..., gN (pN , vN )) ∈ RnN×nN , the

stacked control input vector is u = [uT1 , u
T
2 , ..., u

T
N ]T ∈ RnN , and the stacked disturbance vector is

w = [wT
1 , w

T
2 , ..., w

T
N ]T ∈ RnN .

The leader’s dynamics is given by

ṗl = vl,

v̇l = fl(pl, vl),

(6.3)

where pl, vl ∈ Rn denote the position and velocity states of the leader, respectively. Here we use

some standard assumptions [31, 32, 35, 90, 93–95].

Assumption 6.1. The trajectory of the leader and its first three time derivatives are bounded, i.e.,

pl, vl, fl, ḟl ∈ L∞. The bounds of pl, vl, fl, ḟl are considered to be unknown.

Assumption 6.2. The gain matrix gi(pi, vi) is a symmetric, positive definite matrix, and its inverse

satisfies the following inequality

g||x||2 ≤ xT g−1
i x ≤ ḡ||x||2, (6.4)

where x ∈ Rn and unknown constants g, ḡ are positive.

Remark 6.1. Assumption 6.2 states the condition for the controllability of the system (6.1). These

bounds are considered for analytical purposes, and their exact values are considered to be unknown
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for control design. We removed an a priori knowledge about g in our control design. Its exact value

is not required, and this consideration distinguishes our work from [28, 35, 60, 96]. There are

many nonlinear systems that meet this assumption, including those described by Euler-Lagrange

formulations [27, 32].

Assumption 6.3. The disturbance wi and its first two time derivatives ẇw, ẅi are considered to be

bounded with unknown bounds.

Let us define the error vector for i-th agent as [80]

ei =
∑
j∈Ni

aij(pi − pj − di + dj) + bi(pi − pl − di), (6.5)

where the constant vectors di ∈ Rn, i = 1, ..., N represent the desired relative position between

agent i and the leader. Note that we define the desired relative position between agents i and j as

dij = di − dj . For the agent i, define δi as δi ≜ ėi

δi =
∑
j∈Ni

aij(vi − vj) + bi(vi − vl). (6.6)

The control objective is to design a robust, distributed controller for each agent using local

information that ensures all agents achieve the desired formation and maintain the leader’s velocity:

limt→∞||pi − pl − di|| = 0

limt→∞||vi − vl|| = 0.

(6.7)

Recall the three-layer NN covered in Section 2.4.2. Then the following results can be derived

using the problem formulation stated above.

Considering 2.20, let us define ỹ = y − ŷ, σ̃k = σk − σ̂k, Ṽ = V − V̂ , Z̃ = Z − Ẑ, and

W̃ = W − Ŵ . Let us define σ1 ≜ σ1(Z
Tσ2), with σ2 ≜ σ2(V

TX ) and σ̂1 ≜ σ1(Ẑ
T σ̂2) with

σ̂2 ≜ σ2(V̂
TX ). Moreover, we express σ̂′1 ≜

dσ1(s)
ds |s=ẐT σ̂2

and σ̂′2 ≜
dσ2(s)
ds |s=V̂ TX .
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Lemma 6.1. The estimation error satisfies the following

y − ŷ =W̃ T
(
σ̂1 − σ̂′1Ẑ

T σ̂2 − σ̂′1Ẑ
T σ̂′2V̂

TX
)
+ Ŵ T σ̂′1Z̃

T
(
σ̂2 − σ̂′2V̂

TX
)
+ Ŵ T

(
σ̂′1Ẑ

T σ̂′2Ṽ
TX
)

+ ϵ̄,

(6.8)

with

ϵ̄ =Ŵ T σ̂′1Z
T O2(.) + Ŵ T σ̂′1Z̃

T σ̂′2V
TX [W̃ T (σ̂′1Z

Tσ2) + W̃ σ̂′iẐ
T σ̂′2V̂

TX +W T O1(.) + ϵ],

(6.9)

where O1(.) and O2(.) are higher-order terms of Taylor series expansion of σ1(ZTσ2(V
TX )) at

ẐTσ2(V̂
TX ) and σ2(V TX ) at V̂ TX , respectively.

Proof. Following the procedure in [27, 82], from (2.17) and (2.19), one can write

y − ŷ =W Tσ1(Z
Tσ2(V

TX ))− Ŵ Tσ1(Ẑ
Tσ2(V̂

TX )) + ϵ. (6.10)

By adding and subtracting W T σ̂1 + Ŵ T σ̃1, and rearranging (6.10), one has

y − ŷ = W̃ T σ̂1 + W̃ T σ̃1 + Ŵ T σ̃1 + ϵ. (6.11)

Taylor series expansions of σ1(ZTσ2(V
TX )) at ẐTσ2(V̂

TX ) and σ2(V TX ) at V̂ TX is

σ1(Z
Tσ2(V

TX )) =σ1(Ẑ
Tσ2(V̂

TX )) + σ̂′1[Z
Tσ2(V

TX )− ẐTσ2(V̂
TX )] + O1(.)

=σ̂1 + σ̂′1[Z
Tσ2 − ẐT σ̂2] + O1(.),

(6.12)

σ2(V
TX ) = σ̂2 + σ̂′2Ṽ

TX + O2(.). (6.13)

Note that O1(.) and O2(.) are shortened notations for O1(Z
Tσ2(V

TX )−ẐTσ2(V̂
TX )) and O2(Ṽ

TX ),
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respectively. From (6.12) and (6.13), it is evident that

σ̃1 = σ̂′1[Z
Tσ2 − ẐT σ̂2] + O1(.),

σ̃2 = σ̂′2Ṽ
TX + O2(.).

(6.14)

Substituting (6.14) in (6.11), one has

y − ŷ = W̃ T
(
σ̂1 + σ̂′1[Z

Tσ2 − ẐT σ̂2] + O1(.)
)
+ Ŵ T σ̃1 + ϵ. (6.15)

Rearranging (6.15), yields

y − ŷ =W̃ T
(
σ̂1 − σ̂′1Ẑ

T σ̂2 + σ̂′1Ẑ
T σ̃2

)
+ Ŵ T σ̃1 + [W̃ T (σ̂′1[Z̃

Tσ2 + ẐT σ̂2] + O1(.)) + ϵ].

(6.16)

From (6.14), (6.16) can be written as

y − ŷ =W̃ T
(
σ̂1 − σ̂′1Ẑ

T σ̂2 − σ̂′1Ẑ
T σ̂′2V̂

TX
)
+ Ŵ T σ̃1 + [W̃ T (σ̂′1[Z̃

Tσ2 + ẐT σ̂2 + ẐT σ̂′2V
TX

+ ẐT O2(.)] + O1(.)) + ϵ].

(6.17)

Following the same procedure for Ŵ T σ̃1 and from (6.14), one has

y − ŷ =W̃ T
(
σ̂1 − σ̂′1Ẑ

T σ̂2 − σ̂′1Ẑ
T σ̂′2V̂

TX
)
+ Ŵ T σ̂′1[Z̃

T σ̃2 + Z̃T σ̂2] + Ŵ T σ̂′1[Ẑ
T σ̃2]

+ Ŵ T O1(.) + [W̃ T (σ̂′1[Z̃
Tσ2 + ẐT σ̂2 + ẐT σ̂′2V

TX + ẐT O2(.)] + O1(.)) + ϵ].

(6.18)

Substituting (6.14) in (6.18) leads to

y − ŷ =W̃ T
(
σ̂1 − σ̂′1Ẑ

T σ̂2 − σ̂′1Ẑ
T σ̂′2V̂

TX
)
+ Ŵ T σ̂′1Z̃

T (σ̂2 − σ̂′2V̂
TX ) + Ŵ T σ̂′1Z̃

T O2(.)

+ Ŵ T σ̂′1Z̃
T σ̂′2V

TX + Ŵ T σ̂′1Ẑ
T σ̂′2Ṽ

TX + Ŵ T σ̂′1Ẑ
T O2(.) +W T O1(.)

+ W̃ T (σ̂′1[Z̃
Tσ2 + ẐT σ̂2 + ẐT σ̂′2V

TX + ẐT O2(.)]) + ϵ.

(6.19)

From (6.13) and (6.19), one can derive ϵ̄ as (6.9).
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The following Lemma provides a bound for ϵ̄.

Lemma 6.2. The term ϵ̄ (6.9) satisfies the following inequality

||ϵ̄|| ≤ Γµ, (6.20)

where Γ is an unknown positive constant, and µ is defined as follows:

µ =||Ŵ ||F + ||Ŵ ||F ||X ||+ ||Ŵ ||F ||V̂ ||F ||X ||+ ||Ŵ ||F ||Ẑ||F ||X ||+ ||Ẑ||F ||V̂ ||F ||X ||

+ ||Ŵ ||F ||Ẑ||F ||V̂ ||F ||X ||+ ||Ẑ||F + 1.

(6.21)

Proof. Following the procedure in [27, Lemma 4.3.1], [82], as well as using the fact that σk(.) and

its derivative are bounded, and from (6.14), one can show that

||O2(.)|| ≤ c0 + c1||X ||+ c2||V̂ ||F ||X ||,

||O1(.)|| ≤ c3 + c4||Ẑ||F ,
(6.22)

where ci, i ∈ {0, .., 4} are positive constants. Using Assumption 2.3, and by substituting (6.22) in

(6.9), one has

||ϵ̄|| ≤||Ŵ T σ̂′1Z
T || ||O2(.)||+ ||Ŵ T σ̂′1Z̃

T σ̂′2V
TX||+ ||W̃ T σ̂′1Z

Tσ2||+ ||W̃ σ̂′iẐ
T σ̂′2V̂

TX||

+ ||W T O1(.) + ϵ||

≤d0||Ŵ ||F (c0 + c1||X ||+ c2||V̂ ||F ||X ||) + d1||Ŵ ||F ||X ||+ d2||Ŵ ||F ||Ẑ||F ||X ||

+ d3||Ŵ ||F + d4||Ẑ||F ||V̂ ||F ||X ||+ d5||Ŵ ||F ||Ẑ||F ||V̂ ||F ||X ||+ d6(c3 + c4||Ẑ||F ) + d7,

(6.23)

where di, i = 1, .., 7 are positive constants. Rearranging (6.23) yields

||ϵ̄|| ≤(d0c0 + d3)||Ŵ ||F + (c1 + d1)||Ŵ ||F ||X ||+ c2||Ŵ ||F ||V̂ ||F ||X ||+ d2||Ŵ ||F ||Ẑ||F ||X ||

+ d4||Ẑ||F ||V̂ ||F ||X ||+ d5||Ŵ ||F ||Ẑ||F ||V̂ ||F ||X ||+ d6c3 + d7 + c4||Ẑ||F ).
(6.24)
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From (6.24), one has

||ϵ̄|| ≤Γ(||Ŵ ||F + ||Ŵ ||F ||X ||+ ||Ŵ ||F ||V̂ ||F ||X ||+ ||Ŵ ||F ||Ẑ||F ||X ||+ ||Ẑ||F ||V̂ ||F ||X ||

+ ||Ŵ ||F ||Ẑ||F ||V̂ ||F ||X ||+ ||Ẑ||F + 1),

(6.25)

with

Γ ≜ max{d0c0 + d3, c1 + d1, c2, d2, d4, d5, d6c3 + d7 + c4}. (6.26)

From (6.26), it is straightforward to verify that selecting µ as (6.21) implies (6.20).

Remark 6.2. Lemma 6.2 provides an upper bound for ϵ̄ using a three-layer NN. Note that this error

is bounded by ||ϵ̄|| ≤ Γµ, where Γ is considered to be an unknown constant. Therefore, one can

write it as ||ϵ̄|| ≤ ϵ̄M , where ϵ̄M is considered unknown and is not necessarily a constant. Note that

we consider this bound for analytical purposes, and its exact value is not necessary for the control

design.

6.3 Controller Design

This section details the control design of RISE feedback and adaptive NN weights matrices

tuning laws.

Let us define δ = [δT1 , ..., δ
T
N ]T ∈ RnN and e = [eT1 , ..., e

T
N ]T ∈ RnN . Then, one can write

(6.5) and (6.5) as

e = [(L+B)⊗ In](x1 − pl − d),

δ = [(L+B)⊗ In](x2 − vl),

(6.27)

where pl = 1N ⊗ pl, d = [dT1 , ..., d
T
N ]T and vl = 1N ⊗ vl. Let us define an auxiliary variable

of ζi = δi + k1ei as in [14], where k1 is a positive constant gain. Then the stacked vector ζ =

[ζT1 , ..., ζ
T
N ]T ∈ RnN is defined as

ζ = δ + k1e. (6.28)
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One can derive the time derivative of (6.28) as

ζ̇ = [(L+B)⊗ In]
(
f(x) + g(x)u+ w − fl

)
+ k1δ, (6.29)

where fl = 1N ⊗ fl.

6.3.1 Robust Integral of the Sign of the Error (RISE) Feedback

The filtered error is given by

r = ζ̇ + k2ζ, (6.30)

where k2 is a positive constant. The time derivative of (6.30) is given by

ṙ = ζ̈ + k2ζ̇. (6.31)

From Assumption 6.2, Remark 6.1, Lemma 2.2, and (6.31), one can express the following equation

similar to [87] as

G(x)Qṙ = G(x)Q(ζ̈ + k2ζ̇), (6.32)

where G(x) ≜ g−1(x) and Q ≜ [(L + B) ⊗ In]
−1. By adding and subtracting 1

2 Ġ(x)Qr + k2ζ,

and from (6.27)-(6.29), (6.32) can be rewritten as

G(x)Qṙ =G(x)
(
(k2 + k1)f(x) + (k2 + k1)g(x)u+ (k2 + k1)w − (k2 + k1)fl + k1k2(x2 − vl)

+ ḟ(x) + ġ(x)u+ g(x)u̇+ ẇ − ḟl

)
+

1

2
Ġ(x)Qr + k2ζ −

1

2
Ġ(x)Qr − k2ζ

=− 1

2
Ġ(x)Qr − k2ζ + u̇+N1 +N2,

(6.33)

where

Ġ(x) = ∂G
∂x1

x2 +
∂G
∂x2

(
f(x) + g(x)u+ w

)
,

ḟ(x) =
∂f

∂x1
x2 +

∂f

∂x2

(
f(x) + g(x)u+ w

)
,

ḟl = 1N ⊗
(∂fl
∂pl

vl +
∂fl
∂vl

fl
)
.

(6.34)
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Using the fact that G(x)g(x) = InN , and from Assumption 6.2, N1 and N2 are given as follows:

N1 =(k1 + k2)(G(x)f(x) + u) + G(x) ∂f
∂x1

x2 + G(x) ∂f
∂x2

(
f(x)

+ g(x)u
)
+ k2x2 + k2k1(x1 − d) +

1

2

( ∂G
∂x1

x2 +
∂G
∂x2

(
f(x)

+ g(x)u
))(

f(x)− g(x)u+ (k1 + k2)x2 + k1k2(x1 − d)
)
+ k1k2G(x)x2,

(6.35)

and

N2 =(k1 + k2)(G(x)w − G(x)fl) + G(x)(ẇ − ḟl)− k1k2pl + G(x) ∂f
∂x2

w − k1k2G(x)vl−

∂G
∂x2

wg(x)u− k2vl +
1

2

( ∂G
∂x1

x2 +
∂G
∂x2

(
f(x) + g(x)u

))
(w − v̇l).

(6.36)

Note that functions N1 = [N T
11
, ...,N T

1N
]T ∈ RnN and N2 = [N T

21
, ...,N T

2N
]T ∈ RnN consist

of unknown terms. The difference between N1i and N2i is that, for each agent, we use NN to

approximate the variable N1i , while we use a time-varying robustifying term to compensate for N2i .

The variable N1i is a function of available states and the agent’s control input. Note that feeding

the agent’s control input into the input layer of the NN causes the circular design problem. To avoid

this problem, similar to [31, 82], we created the NN input from the NN weights matrices, states of

the system dynamics, the robustifying term, and ζi. This distinguishes our results from [87].

Remark 6.3. It is common to consider that the leader’s information (6.3) is known and use it in the

NN input layer [31, 32, 87, 89, 91]. To relax this requirement, we consider that the leader dynamics

is unknown, and the NN is not designed using the leader’s information, thus offering more flexibility

in the controller design.

Considering (6.33), the NN-based control law is derived as

u̇ = −(k3 + k4)ζ̇ − k2(k3 + k4)ζ − N̂1 − κ(t)sgn(ζ(t)), (6.37)

where k3, k4 are positive constants, N̂1 is the output of NN, and κ(t) = [diag(κ1, ..., κN )] ⊗ In ∈

RnN×nN is the time-varying gain. The last term in (6.37) is responsible for compensating the
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unknown term of N2 in (6.33) and the NN approximation error. For the agent i, let us define

N̂2i ≜ κisgn(ζi). The block diagram of proposed control law is illustrated in Figure 6.1.

We choose the following NN input vector for each agent:

X̄i =[pTi , v
T
i , ζ

T
i , ||V̂i||F , ||Ẑi||F , ||Ŵi||F , κi(t)]T ∈ R3n+4, (6.38)

and Xi = [1, X̄ T
i ]T ∈ R3n+5. Let N1i ≜ y(Xi), then the NN output for i-th agent is described as

(2.19), i.e., N̂1i ≜ ŷ(Xi). Let Ṽ = diag(Ṽi) ∈ R(3n+5)N×m1N , Z̃ = diag(Z̃i) ∈ R(m1+1)N×m2N ,

W̃ = diag(W̃i) ∈ R(m2+1)N×nN , V̂ = diag(V̂i), Ẑ = diag(Ẑi), Ŵ = diag(Ŵi), σ̂s =

[σ̂T1 , ..., σ̂
T
N ]

T , and σ̂′s = [σ̂′T1 , ..., σ̂
′T
N ]T , s ∈ {1, 2}. Let us define X = [X T

1 , ...,X T
N ]T .

Define N̂1 = Ŵ Tσ1(Ẑ
Tσ2(V̂

TX )) and Ñ1 = [Ñ T
11
, ..., Ñ T

1N
]T , with Ñ1i = N1i − N̂1i as

Ñ1i = W̃ T
i

(
σ̂1 − σ̂′1Ẑ

T
i σ̂2 − σ̂′1Ẑ

T
i σ̂

′
2V̂

T
i Xi

)
+ Ŵ T

i σ̂
′
1Z̃

T
i

(
σ̂2 − σ̂′2V̂

T
i Xi

)
+ Ŵ T

i

(
σ̂′1Ẑ

T
i σ̂

′
2Ṽ

T
i Xi

)
.

(6.39)

For the sake of the notation simplicity, the indices of i and arguments of σ1 and σ2 are dropped.

From (6.30), (6.33), (6.37), Lemma 6.1, and Remark 6.2, one has

G(x)Qṙ =− 1

2
Ġ(x)Qr − k2ζ − (k3 + k4)r − κ(t)sgn(ζ) + Ñ1 +N2 + ϵ, (6.40)

where ϵ = [ϵT1 , ..., ϵ
T
N ]T ∈ RnN .

Remark 6.4. Let x ∈ Ωx, where set Ωx is a compact set. Following the same procedure as in [87]

and considering the Assumptions 6.2 and 6.3, if the control input signal is bounded, i.e., u ∈ L∞,

the variable ẋ is bounded. As the pl, vl and fl are bounded (Assumption 6.1), signals e, δ, and ζ

remain bounded, as well as ζ̇, i.e., ζ̇ ∈ Ωζ̇ (see (6.29)). Moreover, considering κ ∈ Ωκ, ζ ∈ Ωζ ,

Y ∈ ΩY with Y = [||Ŵ ||F , ||Ẑ||F , ||V̂ ||F ]T , and with the help of (6.37), variable u̇ is bounded, i.e.,

u̇ ∈ L∞. Then, take the time derivative of (6.38), consider Assumptions 6.1, 6.3, (6.29) and (6.30).

Then it follows that Ẋ remains bounded in the compact set of ΩX with ΩX ≜ Ωx×Ωu×Ωκ×ΩY ,

where Ωu is the compact set in which u is bounded.
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Let us define an agent’s NN weights matrices tuning laws as

Ŵi(t) =αi

(
k2

∫ t

0

(
σ̂1 − σ̂′1Ẑ

T
i (s)σ̂2 − σ̂′1Ẑ

T
i (s)σ̂

′
2V̂

T
i (s)Xi(s)

)
ζTi (s)ds,−∥ζi∥1Ŵi

)
,

Ẑi(t) =βi

(
k2

∫ t

0

(
σ̂2 − σ̂′2V̂

T
i (s)Xi

)
ζTi (s)Ŵ

T
i (s)σ̂′1ds− ∥ζi∥1Ẑi

)
,

V̂i(t) =γi
(
k2

∫ t

0
Xi(s)ζ

T
i (s)Ŵ

T
i (s)σ̂′1Ẑ

T
i (s)σ̂

′
2ds− ∥ζi∥1V̂i

)
,

(6.41)

with αi, βi, γi being positive constants. Let us define α, β, and γ as follows:

α = diag(1Tm2+1α1, ...,1
T
m2+1αN ) ∈ R(m2+1)N×(m2+1)N ,

β = diag(1Tm1+1β1, ...,1
T
m1+1βN ) ∈ R(m1+1)N×(m1+1)N ,

γ = diag(1T3n+5γ1, ...,1
T
3n+5γN ) ∈ R(3n+5)N×(3n+5)N .

(6.42)

Let the time-varying gain κi(t) be defined as [87, 97]

κ̇i(t) = rTi sgn(ζi). (6.43)

From (6.30) and by taking the integral from (6.43), one has

κi(t) =

∫ t

0

(
ζ̇Ti (s)sgn(ζi(s)) + k2ζ

T
i (s)sgn(ζi(s))

)
ds

=
n∑

j=1

∫ t

0

dζij (s)

ds
sgn(ζij (s))ds+

∫ t

0
k2∥ζi(s)∥1ds

= ∥ζi(t)∥1 − ∥ζi(0)∥1 + k2

∫ t

0
∥ζi(s)∥1ds.

(6.44)

Remark 6.5. The unknown term N2 includes disturbance, its time derivative, the leader’s velocity,

and its time derivative. Following the similar procedure as in [87, 88], considering the smooth

functions for f and g in system dynamics as well as Assumptions 6.1 and 6.3, one has ||N2|| ≤ dM

and ||Ṅ2|| ≤ ddM , where dM and ddM are considered to be unknown.

Take the time derivative of (6.9), recall Remark 6.4, and consider Assumption 2.4, the bounded-

ness of the activation function and its derivative, x, ẋ, Y , and Ẋ over the compact set of ΩX , then

the boundedness of || ˙̄ϵ(X , Ẋ )|| follows – namely, || ˙̄ϵ(X , Ẋ )|| ≤ ϵ̄dM . We consider ϵ̄M and ϵ̄dM to
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Robustifying
 controller

Tunable
 three-layer NN

Neighboring
agents

and leader 

 

Figure 6.1: The block diagram of proposed control law (6.37) for agent i. Note that if bi ̸= 0, then the agent
i has the information of the leader.

be unknown while authors in [32, 89, 90] considered these bounds to be known.

For the agent i, one has ||ϵ̄i|| ≤ ϵ̄Mi , || ˙̄ϵi(Xi, Ẋi)|| ≤ ϵ̄dMi
, ||N2i || ≤ dMi , and ||Ṅ2i || ≤ ddMi

.

Let us define N̄2i ≜ N2i + ϵ̄i. Note that values of ϵ̄Mi , ϵ̄dMi
, dMi , and ddM i

are considered to be

unknown, and they only are used for analytical purposes.

For the agent i, consider (6.39) and recall the fact that the activation function and its derivative

are bounded. Using the Assumption 2.3, for an arbitrary set of Ωx, the inputs of the NN (Xi) are

bounded and their derivatives (Ẋi) are bounded. Therefore, we can conclude that there exists upper

bounds for Ñ1i and ˙̃N1i, namely ∥Ñ1i∥ ≤ NMi and ∥ ˙̃N1i∥ ≤ NdMi, which are considered to be

unknown. This fact also can be found in [32, 87, 88, 97].

As continuous differentiability is a sufficient condition for being locally Lipschitz [98, Corollary

4.1.1], [71, Theorem 8.4] can be written as follows:

Lemma 6.3 ([88]). Consider the closed-loop system χ̇ = f(χ, t), where f : D × [0,∞), with D ∈

Rn being a set containing χ = 0. Let a continuously differentiable scalar function V : D × [0,∞)

satisfy the following inequalities

W1(χ) ≤V (χ, t) ≤W2(χ)

V̇ (χ, t) ≤−W3(χ), ∀t ≥ 0, ∀χ ∈ D,

(6.45)
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where W1, W2 are continuous positive definite functions and W3 is a uniformly continuous pos-

itive semi-definite function. Select a closed ball B(0, R) with the radius of R > 0, and let

ρ < min||χ||=RW1(χ). Then, solutions of χ̇ = f(χ, t) with χ(t0) ∈ {χ ∈ D| W2(χ) ≤ ρ}

are bounded and

W3(χ) → 0 , as t→ ∞. (6.46)

6.3.2 Stability Analysis

We prove in this section that the proposed control law (6.37) ensures stability in the leader-

following formation control for a group of heterogeneous, second-order, uncertain, nonlinear multi-

agents (6.1). Before presenting the main result of the chapter, a Lemma is presented that is utilized

in the proof.

Lemma 6.4. Let an auxiliary function Li(t) ∈ R be defined as follows:

Li(t) ≜r
T
i

(
N̄2i − κdisgn(ζi)

)
+ ζ̇Ti Ñ1i + (W 2

m + V 2
m + Z2

m)ζTi sgn(ζi). (6.47)

Set κdi = dMi + ϵ̄Mi +
1
k2

max{ddMi
+ ϵ̄dMi

+ NdMi
+ (W 2

m + V 2
m + Z2

m), k2NMi}. Then, the

following inequality holds

Mi ≜ κdi ||ζi(0)||1 − ζTi (0)(N̄2i(0) + Ñ1i(0))−
∫ t

0
Li(s)ds ≥ 0. (6.48)

Proof. For a discontinuous function L(t), using differential inclusion [72,73], there exists an abso-

lutely continuous Filipov’s solution with an upper semi-continuous, compact, and convex set-valued

map K[L]. From (6.30) and by integrating (6.47) [97], one has
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∫ t

0
Li(s)ds

a.e.
∈
∫ t

0
ζ̇i

T
(s)
(
N̄2i(s) + Ñ1i(s)

)
ds− κdi

∫ t

0
ζ̇i

T
(s)Sgn(ζi(s))ds

+ k2

∫ t

0
ζTi (s)

(
N̄2i(s)− κdiSgn(ζi(s)) +

(W 2
m + V 2

m + Z2
m)

k2
Sgn(ζi(s))

)
ds

≤ζTi (s)(N̄2i(s) + Ñ1i(s))
∣∣∣t
0
+ k2

∫ t

0
ζTi (s)

(
− N̄2i(s)− Ñ1i(s)− κdiSgn(ζi(s))+

(W 2
m + V 2

m + Z2
m)

k2
Sgn(ζi(s))−

1

k2
˙̄N2i(s)−

1

k2

˙̃N1i(s)ds
)
− κdi∥ζi(s)∥1

∣∣∣t
0
,

(6.49)

where we used the notation Sgn(ζi) = [Sgn(ζi1), ..., Sgn(ζin)]T . The definition of the set-valued

map Sgn(xi), for xi ∈ R is given as [73, 99]:

Sgn(xi) =


−1 if xi < 0,

[−1, 1] if xi = 0,

1 if xi > 0.

(6.50)

Using Cauchy–Schwarz inequality and the definition of κdi , one has

∫ t

0
Li(s) ≤ζTi (t)(N̄2i(t) + Ñ1i(t))− ζTi (0)(N̄2i(0) + Ñ1i(0))− kdi∥ζi(t)∥1 + kdi∥ζi(0)∥1

≤κdi ||ζi(0)||1 − ζTi (0)(N̄2i(0) + Ñ1i(0)).

(6.51)

Therefore, (6.48) is valid and this completes the proof.

Remark 6.6. We propose to set the number of neurons for the first and second hidden-layers to

m1 = 3n+ 4 and m2 = 2(3n+ 4)+ 2, for each agent. From [100, Theorem 2.4], one can see that

a three-layer NN with 3n+4 inputs, 3n+4 neurons in the first hidden-layer, 2(3n+4)+2 neurons

in the second hidden-layer, and the sigmoid activation function, can approximate function N1i with

arbitrary accuracy.

Remark 6.7. Although a high number of neurons and three layers implies a higher computational

burden, we should note that the proposed method reduces the time allotted to tune one-layer NN,
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e.g., RBFNN centroids, the width of activation functions, and the number of neurons. In the NN

control literature, it is commonly assumed the existence of a large enough positive integer for ideal

neuron numbers for a one-layer NN [15,16]. There is a trade-off between the setting of neuron and

layer numbers and the computation complexity. In this chapter, we specify the number of neurons

in each layer. The NN approximation error is then compensated with the robustifying term.

Note that an a priori information required to determine the number of neurons in each layer is

the number of position/velocity states n.

Theorem 6.1. Let a strongly connected directed graph model the multi-agent system (6.1). For each

agent, select the number of the hidden-layer neurons in (2.19) asm1 = 3n+4,m2 = 2(3n+4)+2,

and the NN input as (6.38). Under Assumptions 2.3, 2.4, and 6.1-6.3, choose k1 > 1
2 and

k2 >
1 + σ̄(P (L+B))

σ(P (L+B))
. (6.52)

Set the control input as

ui(t) =− (k3 + k4)ζi(t) + (k3 + k4)ζ(0)−
∫ t

0

(
Ŵ T

i (s)σ1
(
ẐT
i (s)σ2(V̂

T
i (s)Xi(s))

)
+ k2(k3 + k4)ζi(s) + κi(s)sgn(ζi(s))

)
ds,

(6.53)

where k3 and k4 satisfy the following conditions

k3 >
k2

2σ(P (L+B))
, k4 >

σ̄(P (L+B))

2
. (6.54)

Set the time-varying gain κi(t) as (6.44), and the neural networks weights matrices tuning laws as

˙̂
Wi = αi

(
k2
(
σ̂1 − σ̂′

1Ẑ
T
i σ̂2 − σ̂′

1Ẑ
T
i σ̂

′
2V̂

T
i Xi

)
ζTi − ∥ζi∥1Ŵi

)
,

˙̂
Zi = βi

(
k2
(
σ̂2 − σ̂′

2V̂
T
i Xi

)
ζTi Ŵ

T
i σ̂

′
1 − ∥ζi∥1Ẑi

)
,

˙̂
Vi = γi

(
k2Xiζ

T
i Ŵ

T
i σ̂

′
1Ẑ

T
i σ̂

′
2 − ∥ζi∥1V̂i

)
.

(6.55)

Then, all the closed-loop signals are bounded, ζi → 0 as t → ∞, and agents achieve the desired

formation and maintain the leader’s velocity.
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Proof. Let us define the Lyapunov function candidate

V =
1

2
eTe+

1

4
ζTΠζ +

1

2
rTGQr +M +

1

2
κ̃T κ̃+ ȳ, (6.56)

with the semi-positive term M ≜
∑N

i=1Mi. The variable Mi is defined using Lemma 6.4, and ȳ is

given by

ȳ ≜
1

2
tr(W̃ Tα−1W̃ ) +

1

2
tr(Z̃Tβ−1Z̃) +

1

2
tr(Ṽ Tγ−1Ṽ )

=
1

2
vec(α

−1
2 W̃ )T vec(α

−1
2 W̃ ) +

1

2
vec(β

−1
2 Z̃)T vec(β

−1
2 Z̃) +

1

2
vec(γ

−1
2 Ṽ )T vec(γ

−1
2 Ṽ ).

(6.57)

Let us define κ̄ = [κ1, ..., κN ]T ∈ RN , κd = [κd1 , ..., κ̂dN ]
T ∈ RN and κ̃ = [κ̃1, ..., κ̃N ] ∈

RN , where κ̃i ≜ κi − κdi . Moreover, let χ = [eT , ζT , rT ,
√
M, vec(α

−1
2 Ŵ )T , vec(β

−1
2 Ẑ)T ,

vec(γ
−1
2 V̂ )T , κT ]T . It can be shown that the following inequalities are valid for (6.56)

Lb(χ) ≤ V ≤ Ub(χ), (6.58)

with

Lb(χ) = η||χ||2, Ub(χ) = η̄||χ||2, (6.59)

where η ≜ min{1
2gσ(Q), 12 ,

1
4σ(Π)}, η̄ ≜ max{1

2 ḡσ̄(Q), 1, 14 σ̄(Π)}. To use Lemma 6.3, we should

study the existence of Filippov’s solution for χ̇ = f(χ, t), as Ṁ and κ̇ are differential equations with

discontinuous right-hand side [8]. Using differential inclusion [72, 73], an absolutely continuous

Filipov’s solution exists for χ̇ ∈ K[F ](χ, t) where an upper semi-continuous, compact and convex

set-valued map K[F ](χ, t) is defined as follows:

K[F ](χ, t) ≜ ∩
R>0

∩
µ(H)=0

cof(B(χ,R)\H, t), (6.60)

where B(χ,R) is the closed ball with center χ and the radius R. Using (6.60) and from [101,
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Theorem 2.2], the time derivative of the Lyapunov function candidate exists almost everywhere:

V̇ (χ)
a.e.
∈ ∩

Λ∈∂V (χ)
ΛT [KT [F ](χ)]T . (6.61)

As the Lyapunov function candidate (6.56) is continuously smooth, (6.61) can be written as follows:

V̇ (χ)
a.e.
∈ ▽V K[ėT , ζ̇T , ṙT , ĠT , Ṁ , vec(α− 1

2
˙̂
W )

T
, vec(β−

1
2
˙̂
Z)

T
, vec(γ−

1
2
˙̂
V )

T
, ˙̃κT ]T , (6.62)

where ▽V ≜ [eT , 12ζ
TΠ, rTGQ, 12

∂(rTGQr)
∂G , 1, vec(α− 1

2 Ŵ )T , vec(β−
1
2 Ẑ)T , vec(γ−

1
2 V̂ )T , κ̃T ]. Us-

ing (6.57) and (6.62), the time derivative of (6.56) is given by

V̇
a.e.
∈ eT ė+

1

2
ζTΠζ̇ +

1

2
rT ĠQr + rTGQṙ + Ṁ + κ̃T ˙̃κ

+ tr(W̃ Tα−1 ˙̃W ) + tr(Z̃Tβ−1 ˙̃Z) + tr(Ṽ Tγ−1 ˙̃V ).

(6.63)

Substituting (6.28), (6.30), (6.40), and (6.48) in (6.63) yields

V̇ =eT (ζ − k1e) +
1

2
ζTΠ(r − k2ζ) + rT

(
− k2ζ − (k3 + k4)r − κ(t)Sgn(ζ)

+ W̃ T
(
σ̂1 − σ̂′1Ẑ

T σ̂2 − σ̂′1Ẑ
T σ̂′2V̂

TX
)
+ Ŵ T σ̂′1Z̃

T
(
σ̂2 − σ̂′2V̂

TX
)

+ Ŵ T
(
σ̂′1Ẑ

T σ̂′2Ṽ
TX
)
+N2 + ϵ̄M

)
+ κ̃T ˙̃κ−

N∑
i=1

(
rTi
(
N̄2i − κdiSgn(ζi)

)
+ ζ̇Ti Ñ1i + (W 2

m + V 2
m + Z2

m)ζTi Sgn(ζi)
)
+ tr(W̃ Tα−1 ˙̃W ) + tr(Z̃Tβ−1 ˙̃Z)

+ tr(Ṽ Tγ−1 ˙̃V ).

(6.64)
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Reorganizing (6.64), from (6.30) and (6.39), one has

V̇ ≤eT (ζ − k1e) +
1

2
ζTΠ(r − k2ζ) + rT

(
− k2ζ − (k3 + k4)r

)
+ κ̃T ˙̃κ

+
N∑
i=1

(κdi − κi(t))r
T
i Sgn(ζi)− (W 2

m + V 2
m + Z2

m)ζTi Sgn(ζi)

+

N∑
i=1

(
tr(W̃ T

i

(
α−1
i

˙̃Wi + k2
(
σ̂1 − σ̂′1Ẑ

T
i σ̂2 − σ̂′1Ẑ

T
i σ̂

′
2V̂

T
i Xi

)
ζTi )
)

+ tr
(
Z̃T
i (β

−1 ˙̃Zi + k2
(
σ̂2 − σ̂′2V̂

T
i Xi

)
ζTi Ŵ

T
i σ̂

′
1)
)

+ tr
(
Ṽ T
i (γ−1

i
˙̃Vi + k2Xiζ

T
i Ŵ

T
i σ̂

′
1Ẑ

T
i σ̂

′
2)
)
.

(6.65)

By substituting (6.43) and (6.55) in (6.65), one can get

V̇ ≤eT (ζ − k1e) +
1

2
ζTΠ(r − k2ζ) + rT (−k2ζ − (k3 + k4)r)

+
N∑
i=1

(
∥ζi∥1

(
tr(W̃ T

i Ŵi) + tr(Z̃T
i Ẑi) + tr(Ṽ T

i V̂i)
)

− (W 2
m + V 2

m + Z2
m)ζTi Sgn(ζi)

)
.

(6.66)

Applying Young’s inequality for tr(W̃ T
i Ŵi), one has tr(W̃ T

i Ŵi) ≤ W 2
m
2 − ∥Ŵi∥2F

2 . Following the

same procedure for tr(Z̃T
i Ẑi) and tr(Ṽ T

i V̂i), one can write

V̇ ≤eT (ζ − k1e) +
1

2
ζTΠ(r − k2ζ) + rT (−k2ζ − (k3 + k4)r) +

N∑
i=1

(
κ̃Ti κ̇i − κ̃Ti r

T
i Sgn(ζi)

)
.

(6.67)

From (2.7) and applying Cauchy–Schwarz inequality and Young’s inequality, the following result

can be obtained

−k2rT ζ ≤k2
2
σ(P (L+B))||ζ||2 + k2

||r||2

2σ(P (L+B))
. (6.68)
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Substituting (6.68) in (5.27) and from (2.7) one can write

V̇ ≤− (k1 −
1

2
)||e||2 −

(k2
2
σ(P (L+B))− 1 + σ̄(P (L+B))

2

)
||ζ||2 − (k3 + k4

− σ̄(P (L+B))

2
− k2

2σ(P (L+B))
)||r||2).

(6.69)

From the given conditions for gains k1, k2, k3, k4 in the Theorem 6.1, one has

V̇ ≤− λ1||e||2 − λ2||ζ||2 − λ3||r||2, (6.70)

where λ1, λ2, and λ3 are positive constants. Consequently, (6.70) can be rewritten as

V̇ ≤− U(χ), (6.71)

where U(χ) ≜ −λ||[eT , ζT , rT ]T ||2, with λ = min(λ1, λ2, λ3). Note that in (6.71), U(χ) is a

positive semi-definite function over ΩX . From (6.56) and (6.71), one has V ∈ L∞ over ΩX ;

hence, e, ζ, r, W̃ , Z̃, Ṽ and κ̃ are bounded on set ΩX . Consequently, from (6.28) δ ∈ L∞. From

Assumption 6.1 and (6.27), one can conclude that x ∈ L∞. From (6.30), as r ∈ L∞ and ζ ∈ L∞,

one can obtain ζ̇ ∈ L∞. Using Lemma 2.2, Assumptions 6.1-6.3, and (6.29), it can be deduced that

u ∈ L∞. Based on Assumption 2.3, (6.37) and (6.40) are also bounded. From the boundedness

of e, δ, ζ, r and the closed-loop terms, U(χ) is uniformly continuous, where Lemma 6.3 can be

applied. Let ΩX = {χ| ||χ|| ∈ B(0, R)}, and the initial conditions belong to the compact set

S ⊂ ΩX as

S ≜ {χ ∈ ΩX |Ub(χ) ≤ ηR2}, (6.72)

where the origin is within the set of S . Then, the Lemma 6.3 is used to conclude ||e||2 → 0, ||ζ||2 →

0, ||r||2 → 0, as t → ∞, ∀χ(0) ∈ S . From (6.27) and (6.28), one can conclude that as ||e|| → 0,

and ||δ|| → 0, (6.7) holds. Consequently, by increasing R, the semi-global asymptotic stability is

obtained [88]. This completes the proof.
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6.4 Simulation Results

In order to demonstrate the performance of the proposed method, we consider a multi-agent

system with five two-link robot arms. The directed graph that models the system is shown in Figure

6.2. The dynamics of each agent is given by [28]

ṗi1 = pi2,

Mi(pi1)ṗi2 + Vi(pi1, pi2)pi2 +Gi(pi1) + wi = τi,
(6.73)

for i = 1, ..., 5, where pi1 = [pi11, pi12]
T ∈ R2 and pi2 = [pi21, pi22]

T ∈ R2 are the joint position

and velocity states of i-th robot arm, respectively. In (6.73), the control input is τi ≜ ui. Expressions

for the inertia matrix Mi(pi1), the Coriolis matrix Vi(pi1, pi2), and the gravitational vector Gi(pi1)

in (6.73) can be found in [28, 96]. In (6.73), wi represents a bounded disturbance in the dynamics

of each two-link robot arm. The parameters of the each robot arm are g = 9.8m/s2, ri1 = 1m,

ri1 = 1m, mi1 = 0.8kg, and mi2 = 1.7kg, wi = [−0.12cos(t), 0.1sin(t)]T , i = 1, ..., 5. The

leader dynamics is given by

ṗl = vl,

v̇l =

−pl1 + 0.2(1− p2l1)vl1

−pl2 + 0.3(1− p2l2)vl2

 , (6.74)

where pl = [pl1 , pl2 ]
T ∈ R2 and vl = [vl1 , vl2 ]

T ∈ R2 are the position and velocity states of the

leader. The initial conditions for the five robots are given as: p11(0) = [2.1, 0]T , p21(0) = [0, 2.5]T ,

p31(0) = [−1.1, 2]T , p41(0) = [−1.8, 0.7]T , p51(0) = [−1,−1.7]T , pi2(0) = [0, 0]T , for i =

1, ..., 5. The desired displacement with respect to the leader for each agent is given as: d1 = [0, d]T ,

d2 = [−dsin(2π5 ), dcos(2π5 )]T , d3 = [−dsin(π5 ),−dcos(
π
5 )]

T , d4 = [dsin(π5 ),−dcos(
π
5 )]

T and

d5 = [dsin(2π5 ), dcos(2π5 )]T with d = 1. The leader initial states are pl(0) = [1,−1]T and vl(0) =

[0, 0]T , respectively. All weights of edges in Figure 6.2 are equal to one, as well as the leader’s edge
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weight (b1 = 1). Therefore, the adjacency matrix and graph Laplacian are given by

A =



0 0 0 0 1

1 0 0 0 0

1 1 0 0 0

0 0 1 0 1

0 0 1 0 0


, L =



1 0 0 0 −1

−1 1 0 0 0

−1 −1 2 0 0

0 0 −1 2 −1

0 0 −1 0 1


. (6.75)

We selected 10 neurons for the input layer, 10 neurons for the first hidden layer, 22 neurons for

the second hidden layer, and 2 neurons for the output layer for each agent. The activation function

for these layers is a sigmoid function. The activation function for the output layer is linear. The

constants αi, βi, γi, ∀i, are chosen as αi = 1
20 , βi = 1

20 , γi = 1
20 . The gains were selected as:

k1 = 4, k2 = 37.5, k3 = 380, and k4 = 2.

Figures 6.3-6.9 show the simulation results for the multi-agent system (6.73). In Figure 6.3,

the performance of the multi-agent system is shown where dash-dotted lines indicate the multi-

agent system achieving its desired formation. Figure 6.4 illustrates the trajectories of agents and the

leader. The velocities of agents, as well as the leader, are shown in Figure 6.5, where the velocities

of agents become identical to the leader velocity. The Frobenius norm of the NN weights matrices

of V̂i, Ẑi and Ŵi are displayed as Figure 6.6. Figure 6.7 demonstrates the time-varying gains κi. To

avoid that κi(t) reaching high values, a dead-zone with a size of b = 0.005, has been implemented,

similar to [87, 97]. The error signals ei(t), their time derivatives δi(t), and the filtered errors ζi(t)

are shown in Figure 6.8. The control input of each agent is shown in Figure 6.9.

These results verify the performance of the proposed method based on RISE feedback and the

NN-based controller. To compare our proposed method with other existing works, we considered

results on leader-following consensus control of the nonlinear system with unknown nonlinearities

[14, 28]. The selected parameters for the controller in [14] are: number of neurons is 9, φm = 1,

κ = 0.3 and c = 102.45. Moreover, the selected parameters for the controller in [28] are: number

of neurons is 25, ki = 250.5, κ = 0.5 and σi = 0.2.

. We included the desired displacements and applied these methods similar to [20, p. 127]. We

define the average of the control inputs cost function (ACI), ν(t) and the average of the formation
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12

3
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Figure 6.2: The directed graph of five agents with the leader as the root of the spanning tree.

errors cost function (AFE), ϑ(t), as follows:

ν(t) =
1

2N

N∑
i=1

uTi (t)ui(t),

ϑ(t) =
1

2N

N∑
i=1

||ei(t)||1.

(6.76)

These two functions are used as performance indices to evaluate the effectiveness of the pro-

posed methods in comparison with [14,28]. Figure 6.10(a) shows the semi-logarithmic graph of the

ACI function.

However, the proposed method (solid-line) energy consumption is almost the same as the other

two methods. Figure 6.10(b) indicates that our proposed method settled faster and converged to

zeros in contrast with two other methods where the error remains bounded.

6.5 Conclusion

In this chapter, we developed the leader-following formation control of the heterogeneous,

second-order, uncertain, input-affine, nonlinear multi-agent systems modeled by a directed graph.

The unknown nonlinearity in the dynamics of a multi-agent system was approximated by a tunable,

three-layer NN consisting of an input layer, two hidden layers, and an output layer. The proposed

method can a priori set the number of neurons in each layer of the NN. The NN weights tuning laws

were derived using the Lyapunov theory. A robust integral of the sign of the error feedback control
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Figure 6.3: Performance of the multi-agent system (6.73).

with an NN was developed that guarantees semi-global asymptotic leader tracking. The bound-

edness of the closed-loop signals and asymptotic leader tracking formation were proven using the

Lyapunov stability theory. The results were compared with two previous results, which showed the

effectiveness of the proposed method.
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Figure 6.4: Evolution of agents and the leader (solid line) position states.
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Figure 6.5: Evolution of agents and the leader (solid line) velocity states.
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Figure 6.6: Frobenius Norm of NN weights matrices for agents.
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Figure 6.7: Time-variant gain κi of each agent.
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Figure 6.8: Error signals of e, δ, and ζ for each agent.
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Figure 6.9: Control input of each agent.
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Figure 6.10: (a) ACI function comparison between proposed method, Method 1 [28], and Method 2 [14]
(y-axis is in logarithmic scale); (b) AFE function comparison between proposed method, Method 1 [28], and
Method 2 [14].
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Chapter 7

Neuro-Adaptive Undirected Formation

Control of Nonlinear Multi-Agent

Systems With Communication Delays

7.1 Introduction

The chapter focuses on formation control with constant communication delays for second-order,

uncertain, nonlinear multi-agents with nonsymmetric control gain matrix and unknown control di-

rection. The multi-agent system is modeled by an undirected graph. A three-layer neural network

(NN) is used to approximate an unknown nonlinearity. Unlike a conventional one- or two-layer

NN, the three-layer NN allows the user apriori to set up the number of neurons in each layer. In

this case, only the weights norms of the two consecutive outer layers are tunable, alleviating the

computational complexity. The tuning law is derived using the Lyapunov stability theory. The

leader-following formation control problem with communication delay is addressed by a delayed

integral of error variables, an NN-based control, and a robustifying term. The semi-globally uni-

formly ultimately bounded (SGUUB) solution of the closed-loop system is rigorously proven using

a barrier Lyapunov function. In order to evaluate the efficiency and performance of the proposed

method, simulation results are provided.
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Formation control problems of nonlinear multi-agent systems have been studied over the last

two decades. One of the challenging problems in this domain is to consider the time delay. The

time delay can either exist in the dynamics of multi-agent systems, e.g., [60, 63,93, 94, 102], or as a

communication delay among the neighboring agents. The multi-agent systems with communication

time-invariant delays and time-varying delays are studied in the literature [103–111]. Most of the

proposed techniques use linear matrix inequality (LMI) to establish the stability of the closed-loop

system in the presence of a communication delay.

7.1.1 Related Works on Formation Control of Nonlinear Multi-Agent Systems With

Communication Delays Using Neural Networks

In a study [112], considering that an undirected graph represents the interaction among agents,

authors addressed the time-invariant communication delay when a single-integrator dynamics mod-

els each agent. This work was extended in [113], where an average consensus problem has been

studied for multi-agent systems modeled by an undirected graph with fixed, switching typologies

and time-varying communication delays. The consensus control problem of multi-agent systems

with double-integrator dynamics, when a weighted digraph represents the communication topology

in the presence of time-varying communication delays, has been studied in [114].

Constant communication delay for formation control problem of nonlinear multi-agent systems

was studied in [103–105, 107]. For a class of second-order, Brunovsky form, nonlinear multi-agent

systems, a weighted average consensus problem has been addressed in [103], where the system’s

stability has been proven using the Lyapunov stability theory and frequency-domain input-output

analysis. The leader-following and collision avoidance problems for a second-order, Brunovsky

form, nonlinear multi-agent with heterogeneous communication delays, when an undirected graph

describes the interaction topology, have been studied in [115]. The target tracking problem of first-

order, nonlinear multi-agent systems with constant communication delays, when a directed graph

describes the interaction topology, has been studied in [107]. An upper bound of the communication

delay and sufficient stability conditions were acquired in terms of LMIs.

For high-order, nonlinear multi-agent systems modeled by an undirected graph, an average con-

sensus problem has been addressed in the presence of a constant communication delay in [104].
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This work has been extended in [105], where authors considered that a directed graph had described

the interaction topology. For a linear, high-order multi-agent system in the presence of the constant

communication time delay and undirected graph, authors in [106], investigated a leader-following,

fault-tolerant control problem. In [106], the authors used the LMI technique to establish the stability

of the closed-loop systems.

Time-varying communication delay for formation control problem of nonlinear multi-agent sys-

tems has been studied in [108–111]. In [108], authors addressed sampled-data leader-following

consensus for first-order, nonlinear multi-agent systems with a Markovian switching network and

communication delay. In this study, the controller gains are obtained upon solving a set of LMIs.

For a directed graph, the Leader-following consensus problem for first-order, nonlinear multi-agent

systems with a Lipschitz continuous nonlinear function has been studied in [109], where sufficient

stability conditions were derived in terms of LMIs using Lyapunov stability theory.

Although some literature assumes that the sign of control direction is known [60, 93, 94], this

may not be the case. It is possible to resolve the problem of unknown control directions for nonlinear

systems using Nussbaum functions [33–35, 104, 116–122]. Authors in [33–35, 104, 116, 121], used

Nussbaum functions to tackle a scalar, unknown control direction in system dynamics. However,

authors in [117–121] considered the control gain matrix has an unknown direction. Formation con-

trol of nonlinear multi-agent systems with unknown control directions can be found in [123–125].

Authors in [123], using a constructed Nussbaum function, have addressed the adaptive consensus of

multi-agent systems for first-order and second-order linearly parameterized dynamics representing

agent dynamics when an undirected graph has represented the interactions among agents. For a

directed graph, consensus protocols (leaderless and leader-following cases) for second-order non-

linear multi-agent systems have been studied in [125].

Most of the literature on formation control of nonlinear multi-agent uses one-layer radial basis

function neural networks (RBFNN) [57, 60, 104] or two-layer NN [54], to compensate for the un-

known nonlinearities in system dynamics. In [89], authors use two-layer NN (input, hidden, and

output layers), where only the weights between two outer layers can be tuned. The tuning laws

in [89] were derived using the Lyapunov stability theory. In this study, a three-layer NN comprised
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of an input layer, two hidden layers, and an output layer is employed to compensate for a nonlinear-

ity, and the number of neurons in each layer is given.

In this work, we consider a second-order, nonlinear multi-agent system with unknown nonlinear-

ity in the system dynamics in the presence of a bounded disturbance. The undirected graph models

the interaction topology. We consider the transmission time delay between the agents and from the

leader to the agents. We consider that the control direction is unknown, and we use the Nusbbaum

function to resolve this issue. Unknown nonlinearity in the closed-loop systems is compensated

using a three-layer NN when only the norm of the weights between the two last consecutive layers

is dynamic. We use a hyperbolic function to estimate the upper bound for the NN approximation

error and bounded disturbance to avoid right-hand side discontinuity.

The main contributions of this chapter are:

(1) Compared with the literature on the formation control problems of multi-agent systems [106–

109, 113], our method does not require the existence or solvability of LMIs. Moreover, we

address the unknown control direction in the presence of the time-invariant communication

delay. In comparison with [103, 112–114], we addressed leader-following formation control

of second-order, nonlinear multi-agent systems with time-invariant communication delay. We

also consider a three-layer NN to approximate the nonlinearity in closed-loop systems with a

predetermined number of neurons in each layer.

(2) While authors in [104, 105] considered the average consensus problem, here we considered

the leader-following formation control problem where we used the barrier Lyapunov function

to prove the stability of the closed-loop system. Moreover, we considered a nonsymmetric

control gain matrix in each agent’s dynamics that distinguishes our work from [104, 105].

(3) The leader-following formation control of second-order, nonlinear multi-agent systems with

communication delay is shown to be semi-globally uniformly ultimately bounded (SGUUB).

7.1.2 Related Works on Upper Bound of Time Delay

This section uses previously established results for an upper bound on a time delay when the

interaction topology among the agents is modeled with an undirected graph. The following lemma

109



is used later in the proof.

Lemma 7.1 ([112]). Consider a network of agents with an equal communication time delay τ in all

links. For a given Laplace transform of a function f(t) in the form of F(s) = sIN +e−τsM, where

M is the Laplacian matrix of an undirected, and connected graph, if the nonzero, real constant τ

satisfies λ̄(M)τ < π/2, then all non-trivial zeros of F(s) are placed in the open left-half-plane.

These results have been extended in [105] and consider a directed graph topology.

7.2 Problem Formulation

We consider the multi-agent system composed of N agents, each with a dynamics that is given

by

ṗi(t) = vi(t),

v̇i(t) = fi(pi, vi) + gi(pi, vi)ui(t) + wi(t),

(7.1)

for i = 1, ..., N , where each agent’s position and velocity are pi ∈ Rn and vi ∈ Rn, respectively.

The function fi(pi, vi) ∈ Rn is considered to be an unknown, Lipschitz continuous function, and the

matrix gi(pi, vi) ∈ Rn×n is an unknown function. The control input is ui ∈ Rn, and a disturbance

on each agent is wi ∈ Rn. We define the stacked vector of states as zi = [pTi , v
T
i ]

T .

Assumption 7.1. The gain matrix gi(pi, vi) is either a symmetric or regular, non-singular matrix

and satisfies the following

g||x||2 ≤ xT gix ≤ ḡ||x||2, (7.2)

where x ∈ Rn and g, and ḡ are nonzero constants.

Remark 7.1. Assumption 7.1 states a condition for the controllability of the system (7.1). Since

these bounds are only considered for analytic purposes, knowing their exact values for control

design is not necessary. As a result, we did not incorporate g or its sign into our control design.

Based on these considerations, our work differs from [14, 28, 60, 96], where bounds are used for
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control design. This assumption is a standard assumption in an unknown control direction problem

which can be found in [117–120, 122].

Lemma 7.2 ([118, 122]). Let gi be a symmetric matrix and x be a nonzero vector with an appro-

priate vector length. If Γi =
xT gix
xT x

, then there exists at least one eigenvalue of gi in the interval

(−∞,Γi] and at least one in [Γi,+∞).

The control gain matrix gi(.) is not necessarily a symmetric matrix. However, if we consider its

symmetric part as gi1 , for a nonzero vector x, from Assumption 7.1 one has Γi(t) =
xT gi1x

xT x
̸= 0.

Then, using the fact that the spectral radius of a matrix ρ(A) ≤ ∥A∥ [118], and Lemma 5.1, the

following is valid

g− ≤ λ(gi1(t)) ≤ Γi(t) ≤ λ̄(gi1(t)) ≤ g+, (7.3)

where g− and g+ are some constants. Note that for all x, the following is valid

xT gi1x = Γi(t)∥x∥2. (7.4)

Assumption 4.2 is valid for wi such that ∥wi∥ ≤ wM , ∀i.

The leader dynamics is defined as follows:

ṗl(t) = vl(t),

v̇l(t) = fl(pl(t), vl(t)),

(7.5)

where pl ∈ Rn and vl ∈ Rn denote the position and velocity states of the leader. In addition, we

consider fl to be an unknown, continuously differentiable function. The stacked vector of leader

states is defined by zl = [pTl , v
T
l ]

T .

Assumption 7.2. The leader’s trajectory, velocity, and acceleration are assumed to be bounded, i.e.,

pl, vl, fl ∈ L∞. Moreover, the leader is connected to at least one of the agents and can broadcast

its position and velocity to all agents.

The formation control of multi-agent systems with communication time delay where the leader

is connected to all agents was studied in [110, 111]. In a similar approach, authors in [8, 96, 107]
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considered that the target’s information is available for all agents. In [126], authors considered that

all agents were able to receive the leader’s information directly or indirectly. However, we assume

that the leader is not directly connected to all agents, i.e., no star topology exists. We consider that

the undirected graph G = (V,E) is connected, and the leader is connected to at least one of the

agents. The leader’s information is transferred to that agent and propagated to other agents with a

delay.

Between any two neighboring agents, we consider that there exists a communication time delay.

For an arbitrary pair of agents (vj , vi) ∈ E, we denote the communication time delay by τij(t),

τij(t) > 0. We also denote the time delay corresponding to the received information of the leader

by the i-th agent with τil(t) > 0.

Assumption 7.3. There exists a communication time delay τ such that the delayed stacked vectors

zk(t − τ) are available for i-th agent k ∈ Ni, i = 1, ..., N . We also consider that the leader’s

delayed stacked vector of states zl(t− τ) is available for agents.

Remark 7.2. Note that there exists positive constant τ in Assumption 7.3 such that τ ≥ maxk∈S
(
τik(t)

)
.

Each agent receives the leader’s information after an admissible propagation delay. This consider-

ation justifies Assumption 7.3, which can be seen in [104–106, 127].

Definition 7.1 ([102]). A vector V(t) ∈ Rn is said to be SGUUB, if for any compact Ω ∈ Rn,

and all initial conditions V(t0) ∈ Ω, there exists an ε > 0, and a time Tf
(
(ε,V(t0)

)
such that

∥V(t)∥ < ε for all t > t0 + Tf .

From (7.1) and (7.5), let us define the variable exi and evi as follows:

exi(t) = pi(t)− pl(t)− di,

evi(t) = vi(t)− vl(t),

(7.6)

where di is a bounded, relative time-independent displacement between the agent i-th and the leader,

i.e., ∥di∥ ≤ dM .

The control objective is to develop a distributed controller using the local time-delayed infor-

mation of the neighboring agents such that all closed-loop signals remain SGUUB and to ensure
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that all agents achieve the desired relative position and maintain relative velocity to the leader

lim
t→∞

∥pi(t)− pl(t)− di∥ ≤ εx

lim
t→∞

∥vi(t)− vl(t)∥ ≤ εv,

(7.7)

where εx and εv are positive constants.

7.3 Controller Design

Let us define the following error signals

χi =
∑
j∈Ni

aij
(
exi(t)− exj (t)

)
+ exi(t),

νi =
∑
j∈Ni

aij
(
evi(t)− evj (t)

)
+ evi(t).

(7.8)

Using (7.8), Assumptions 7.2 and 7.3, let us define rxi, rvi as

rxi(t) = pi(t)− pl(t− τ)− di + k1us(t− τ)

∫ t−τ

0
χi(ι)dι,

rvi(t) = vi(t)− vl(t− τ) + k1us(t− τ)

∫ t−τ

0
νi(ι)dι,

(7.9)

where us(t − τ) denotes a delayed unit step function and the constant k1 is positive, k1 > 0. The

control signal ui(t) is a function of rxi and rvi in which only the delayed information of neighboring

agents is required. As each agent receives the information of the leader with a time delay, we define

B = diag(1N ).

Remark 7.3. Note that rxi and rvi are time-varying functions, which include local, time-delayed

information of the neighbors, the leader, as well as the information of the agent i at time instance t.

Theorem 7.1. Let the multi-agent system (7.1) be modeled by a connected, undirected graph. For

a positive constant k1, let the communication time delay be bounded by τ < π/(2k1λ̄(L+B)). If

for all agents, terms rxi and rvi are bounded such that limt→∞ ∥rxi(t)∥ ≤ δ, limt→∞ ∥rvi(t)∥ ≤ δ,
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then the following inequalities hold

lim
t→∞

∥ξx(t)∥ ≤ ξ̄xδ, lim
t→∞

∥ξv(t)∥ ≤ ξ̄vδ, (7.10)

where constants ξ̄x, ξ̄v are given later in the proof.

Proof. From (7.6), for the agent i, one can define the auxiliary variables ξxi, and ξvi

ξxi(t) =

∫ t

0
exi(ι)dι, t ≥ 0,

ξvi(t) =

∫ t

0
evi(ι)dι, t ≥ 0.

(7.11)

Let us define the stacked vectors d = [dT1 , ..., d
T
N ]T , ex = [eTx1

, ..., eTxN
]T , ev = [eTv1 , ..., e

T
vN

]T ,

ξx = [ξTx1, ..., ξ
T
xN ]T , ξv = [ξTv1, ..., ξ

T
vN ]T , rx = [rTx1

, ..., rTxN
]T , rv = [rTv1 , ..., r

T
vN

]T ∈ RnN . Note

that ξxi(t) = 0, ξvi(t) = 0 for t ∈ [−τ, 0). From (7.8) and (7.9), and by taking the time derivative

of (7.11) for t > 0, one has

ξ̇x(t) =− k1
(
(L+B)⊗ In

)
ξx(t− τ) + rx(t) + 1N ⊗ (pl(t− τ)− pl(t)),

ξ̇v(t) =− k1
(
(L+B)⊗ In

)
ξv(t− τ) + rv(t) + 1N ⊗ (vl(t− τ)− vl(t)).

(7.12)

Considering (7.11), and by taking the Laplace transform of (7.12), one has

ξx(s) =
(
sInN + k1

(
(L+B)⊗ In

)
e−τs

)−1(
Rx(s) + (e−τs − 1)1N ⊗ Pl(s)

)
,

ξv(s) =
(
sInN + k1

(
(L+B)⊗ In

)
e−τs

)−1(
Rv(s) + (e−τs − 1)1N ⊗ Vl(s)

)
.

(7.13)

One can conclude that the matrix L + B is a full rank. Therefore, one can write the Jordan de-

composition of the matrix as L + B = MJQT , where MQT = IN and J ∈ RN×N . One has

M = [m1, ....,mN ] and Q = [q1, ..., qN ] ∈ RN×N , where mi, qi are column vectors. Thus, one

can write

(
sInN + k1

(
(L+B)⊗In

)
e−τs

)−1
=

N∑
i=1

1

s+ k1λie−sτ
(miq

T
i )⊗ In, (7.14)
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where λi > 0 is the i-th eigenvalue of the matrix L+B. Similar to [104], one can define

oi(t) ≜L−1

[
1

s+k1λie−sτ

]
. (7.15)

From (7.14), (7.15), and by taking the inverse Laplace transform of (7.13), one has

ξx(t) =

N∑
i=1

(∫ t

0
oi(t− s)(miq

T
i )⊗ In

(
rx(s) + 1N ⊗ (pl(s− τ)− pl(s))

)
ds

)
,

ξv(t) =

N∑
i=1

(∫ t

0
oi(t− s)(miq

T
i )⊗ In

(
rv(s) + 1N ⊗ (vl(s− τ)− vl(s))

)
ds

)
.

(7.16)

For some positive constants αi, βi, if all poles of Oi(s) are placed in the open left-half-plane,

from [104, 128], one has

∥oi(t)∥ ≤αie
−βit. (7.17)

In Lemma 7.1, let M ≜ k1(L + B), k1τ < π/(2λ̄(L+B)), then all poles of Oi(s) are placed in

the open left-half-plane. Recall that for two arbitrary matrices A, B, ∥A ⊗ B∥ = ∥A∥∥B∥. Then,

for (7.16) one has

∥ξx(t)∥ ≤
N∑
i=1

(∫ t

0
αie

−βi(t−s)
(
∥rx(s)∥+

√
N∥pl(s− τ)− pl(s))∥

)
ds

)
,

∥ξv(t)∥ ≤
N∑
i=1

(∫ t

0
αie

−βi(t−s)
(
∥rv(s)∥+

√
N∥vl(s− τ)− vl(s))∥

)
ds

)
.

(7.18)

Consider (7.5), and recall the fact that continuous differentiability is a sufficient condition for being

locally Lipschitz [98, Corollary 4.1.1], then there exist positive scalars pM and vM such that

∥pl(t)− pl(t− τ)∥ ≤ pMτ,

∥vl(t)− vl(t− τ)∥ ≤ vMτ.

(7.19)

115



Then, one has

lim
t→∞

∥ξx(t)∥ ≤ξ̄xδ,

lim
t→∞

∥ξv(t)∥ ≤ξ̄vδ,
(7.20)

with ξ̄x =
√
N(1 + pMτ/δ)

∑N
i=1 αi/βi and ξ̄v =

√
N(1 + vMτ/δ)

∑N
i=1 αi/βi. This completes

the proof.

From (7.11), and (7.12), one can write

∥ex(t)∥ =∥rx(t)− k1
(
(L+B)⊗ In

)
ξx(t− τ) + 1N ⊗ (pl(t− τ)− pl(t))∥,

∥ev(t)∥ =∥rv(t)− k1
(
(L+B)⊗ In

)
ξv(t− τ) + 1N ⊗ (vl(t− τ)− vl(t))∥.

(7.21)

From (7.20), Assumption 7.2, we conclude that

lim
t→∞

∥ex(t)∥ ≤(k1σ̄(L+B)ξ̄x +
√
N(pMτ/δ + 1))δ ≜ εx,

lim
t→∞

∥ev(t)∥ ≤(k1σ̄(L+B)ξ̄v +
√
N(vMτ/δ + 1))δ ≜ εv.

(7.22)

Let us define ri(t) = rvi(t) + rxi(t). Considering (7.1) and (7.9), the dynamics of ri(t) can be

given by

ṙi(t) =(vi(t)− vl(t− τ) + k1us(t− τ)χi(t− τ)) + fi(pi, vi) + gi(pi, vi)ui(t) + wi(t)

− fl(pl(t− τ), vl(t− τ)) + k1us(t− τ)νi(t− τ).

(7.23)

From (7.23), define an auxiliary variable as

hi =vi(t)− vl(t− τ) + k1us(t− τ)
(
χi(t− τ) + νi(t− τ)

)
. (7.24)

Remark 7.4. For each agent, we consider the neural network with three layers (2.17), and set the

first and second hidden layers’ neurons tom1 = 4n andm2 = 2(4n)+2, respectively. A three-layer

neural network with 4n input neurons (see (7.35)), 4n neurons in the first hidden layer, 2(4n) + 2

neurons in the second hidden layer, and sigmoid activation functions is able to approximate y(X )
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with arbitrary accuracy [100].

For agent i, from (2.17), define the ϖi ≜ ∥Wi∥2F . The estimation of ϖi is denoted by ϖ̂i. The

estimated error is ϖ̃i ≜ ϖi − ϖ̂i. We propose the NN-based, adaptive control law as

ui(t) =N (ζi)ϑiri, (7.25)

where

ζ̇i =θiϑi,

ϑi =ϑ̄fi + ϑ̄ui ,

ϑ̄fi =(ϖ̂i∥σ1i(ZT
i σ2i(V

T
i Xi))∥2 + ∥hi∥2),

ϑ̄ui =(kci + b̂mi tanh
θi
ς
),

θi =
1

(k2bi − rTi ri)
2
∥ri∥2,

(7.26)

where b̂mi is an adaptive, robustifying term that is used to estimate the unknown bmi , and the

estimation error is b̃mi ≜ bmi − b̂mi . The term bmi is defined by bmi ≜ ∥ϵi + wi∥2. From

Assumptions 2.2, and 4.2, it is clear that bmi is bounded by bmi ≤ ϵM + wM ≜ bMi .

Let the tuning laws for ϖ̂i and b̂mi be given by

˙̂ϖi =Πi(θi∥σ1i(ZT
i σ2i(V

T
i Xi)∥2 − κiϖ̂i),

˙̂
bmi =γi(θi tanh

θi
ς
− µib̂mi),

(7.27)

where Πi, κi, γi, and µi are positive constants. The block diagram of proposed control law is illus-

trated in Figure 7.1.

7.3.1 Stability Analysis

In this section, we prove that the proposed control law (7.25) guarantees the stability of the

leader-following formation control problem for nonlinear multi-agent systems (7.1). The following

Lemmas are stated, which are used later in the proof of the main theorem.

Lemma 7.3 ([129]). For any positive scalar kb, and any z ∈ R satisfying |z| < kb, the following
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Figure 7.1: The block diagram of proposed control law.

inequality holds

log
k2b

k2b − z2
<

z2

k2b − z2
, (7.28)

where log denotes the natural logarithm.

Lemma 7.4 ([130]). For any ε > 0 and for any χ ∈ R, we have 0 ≤ |χ| − χ tanh
(χ
ε

)
≤ ∆ε,

where ∆ is a constant that satisfies ∆ = e−(∆+1), (∆ ≃ 0.2785).

Let us define the barrier Lyapunov function (BLF) as

Vi1 =
1

2
log

k2bi
k2bi − rTi ri

. (7.29)

Remark 7.5. The symmetric BLF in (7.29) was proposed in [131], and asymmetric BLFs have been

proposed [132]. It is clear that the function (7.29) is positive over the set Ωbi = {ri | ∥ri∥ < kbi},

and Vi1 → ∞, for ∥ri∥ = kbi .

The time derivative of (7.29) is given by

V̇i1 =
rTi

k2bi − rTi ri

((
vi(t) + k1us(t− τ)χi(t− τ)

)
+ fi(pi, vi) + gi(pi, vi)ui(t) + wi(t)

+ k1us(t− τ)νi(t− τ)
)
.

(7.30)

Remark 7.6. Note that one can define the stack vector of r = [rT1 , ..., r
T
N ]T ∈ RNn and write the

BLF as 1
2 log

k2b
k2b−rT r

similar to [133]. In this case, the stacked control input (u = [uT1 , ..., u
T
N ]T ∈
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RNn) signal may consists of 1
k2b−rT r

. Consequently, each agent’s controller requires the stacked

vector r to generate its control input. To avoid this, we consider the BLF as (7.29).

Theorem 7.2. Let a connected, undirected graph model the multi-agent system (7.1). Under As-

sumptions 2.2, 2.3, 4.2, and 7.1-7.3, select the control input as (7.25), the NN tuning law, and

robustifying term dynamics as (7.27). Then all closed-loop signals remain semi-globally uniformly

ultimately bounded. Moreover, the convergence of tracking errors to an arbitrarily small neighbor-

hood of zero is ensured by appropriately selecting design parameters.

Proof. Let us define the Lyapunov function candidate

Vi =Vi1 +
1

2
Π−1

i ϖ̃2
i +

1

2
γ−1
i b̃2mi

, (7.31)

where Πi and γi are positive scalars. The time derivative of (7.31) is given by

V̇i =
rTi

k2bi − rTi ri

(
hi + fi + wi(t)) + rTi g1N (ζi)ϑiri + ζ̇i − ζ̇i +Π−1

i ϖ̃i
˙̃ϖi + γ−1

i b̃mi

˙̃
bmi . (7.32)

From Assumption 7.1, one can write symmetric part of control gain matrix as gi1 = (gi + gTi )/2,

and its skew-symmetric part as gi2 = (gi − gTi )/2. Note that Assumption 7.1 guarantees that

gi1 ̸= 0N×N . Thus, using the fact that rTi g2ri = 0, one has

V̇i =
rTi

k2bi − rTi ri

(
hi + fi + wi(t)) + rTi g1N (ζi)ϑiri + ζ̇i − ζ̇i +Π−1

i ϖ̃i
˙̃ϖi + γ−1

i b̃mi

˙̃
bmi . (7.33)

Using Lemma 7.2, (7.4), and (7.26), one has

V̇i =
rTi

k2bi − rTi ri

(
hi + fi + wi(t)) + (Γi(t)N (ζi) + 1)ζ̇i − ζ̇i +Π−1

i ϖ̃i
˙̃ϖi + γ−1

i b̃mi

˙̃
bmi . (7.34)

Let us consider yi(X̄i) ≜ fi(t)−fl
(
pl(t−τ), vl(t−τ)

)
as (2.17), where X̄i = [pTi (t), v

T
i (t), pl(t−
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τ), vl(t− τ)]T ∈ R4n. Then, the following result over set ΩXi ⊂ Ωbi can be obtained

V̇i =
rTi

k2bi − rTi ri

(
W T

i σ1i(Z
T
i σ2i(V

T
i Xi))

)
+

rTi
k2bi − rTi ri

(ϵi + wi(t)) + (Γi(t)N (ζi) + 1)ζ̇i

− ∥ri∥2ϑi +Π−1
i ϖ̃i

˙̃ϖi + γ−1
i b̃mi

˙̃
bmi ,

(7.35)

where Xi = [1, X̄i
T
]T . Let us define T (Xi) ≜W T

i σ1i(Z
T
i σ2i(V

T
i Xi)

)
.

An a priori knowledge (the number of position/velocity states n) is required to determine the

number of neurons in each layer.

Using the fact that ∥.∥2 ≤ ∥.∥F and by applying Cauchy–Schwarz and Young’s inequalities,

one has
rTi

k2bi − rTi ri
Ti(Xi) ≤θiϖi∥σ1i(ZT

i σ2i(V
T
i Xi))∥2 +

1

4a21
,

rTi
k2bi − rTi ri

(wi + ϵi) ≤θibmi +
1

4a22
,

(7.36)

where a1 and a2 are positive constants. From Assumptions 2.2 and 4.2, it is clear that the unknown

term bmi is bounded. From (7.26), and by substituting (7.36) in (7.35), one has

V̇i ≤θiϖi∥σ1i(ZT
i σ2i(V

T
i Xi)∥2 +

1

4a21
− kc

k2bi − rTi ri
rTi ri +

1

(k2bi − rTi ri)
2
∥ri∥2bmi

+ (Γi(t)N (ζi) + 1)ζ̇i −
1

(k2bi − rTi ri)
2
∥ri∥2b̂mi tanh

θi
ς

+
1

4a22
− ϖ̂i∥σ1i(ZT

i σ2i(V
T
i Xi)∥2θi −Π−1

i ϖ̃i
˙̂ϖi − γ−1

i b̃mi

˙̂
bmi .

(7.37)

From Lemma 6.4, and substituting (7.27) in (7.37), one has

V̇i ≤− kc

k2bi − rTi ri
rTi ri + (Γi(t)N (ζi) + 1)ζ̇i +

1

4a21
+

1

4a22
+ 0.2785bMiς

+ κiϖ̃iϖ̂i + µib̃mi b̂mi .

(7.38)
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Using Lemma 7.3, and applying Young’s inequality, yields

V̇i ≤− kc log
k2bi

k2bi − rTi ri
+ (Γi(t)N (ζi) + 1)ζ̇i +

1

4a21
+

1

4a22
+ 0.2785bMiς −

1

2
κiϖ̃

2
i

− 1

2
µib̃

2
mi

+
1

2
κiϖ

2
i +

1

2
µib

2
mi
.

(7.39)

Let us define constants c1i ≜ min(kc, κiΠ
−1
i , µiγ

−1
i ), and cϵi ≜ 1

4a21
+ 1

4a22
+ 0.2785bMiς +

1
2κiW

2
Mi

+ 1
2µib

2
Mi

. Then, (7.39) can be written as

V̇i ≤− c1iVi + (Γi(t)N (ζi) + 1)ζ̇i + cϵi . (7.40)

Taking the integral over the interval t ∈ [0, tf ), one can obtain

Vi(t) ≤(Vi(0)−
cϵi
c1i

)e−c1i t +
cϵi
c1i

+

∫ t

0
(Γi(τ)N (ζi) + 1)e−c1i (t−τ)ζ̇idτ. (7.41)

One can see that for V =
∑N

i=1 Vi, the boundedness of all closed-loop signals is guaranteed. Con-

sider the augmented closed-loop system with respect to (7.1), (7.23), (7.25), (7.26), and (7.27), then

the system dynamics for each agent can be written as [104]:

ẋi(t) =


Fi1(xi(t)), if t ∈ [0, τ),

Fi2(xi(t),xi(t− τ)), if t ∈ [τ,∞).

(7.42)

In (7.1), we considered fi(pi, vi) to be locally Lipschitz continuous and a solution of φi(t) exists

for ẋi(t) = Fi1(xi(t)) when t ∈ [0, τ). From the control input (7.25) and (7.41), one can see

that ri(t), ϖ̂i(t), and b̂mi(t) remain bounded for t ∈ [0, τ). Using Assumption 7.2, Theorem 7.1,

(7.21), and upon proper selection of k1, variables ξxi(t), ξvi(t), pi(t), and vi(t) are bounded for

t ∈ [0, τ). Therefore, the solution of φi(t) is bounded for t ∈ [0, τ ], and the continuation of

this solution can be obtained along ẋi(t) = Fi2(xi(t),xi(t − τ)) with initial condition of φi(t)

[104]. Similarly, since Fi2(xi(t),xi(t − τ)) is locally Lipschitz, a solutions exists for t ∈ [0, tf ).

Define c0i ≜ Vi(0) +
cϵi
c1i

and recall Lemma 2.5. From (7.41), one can note that Vi(t), ζi(t), and∫ t
0 (Γi(τ)N (ζi) + 1)ζ̇idτ are bounded over [0, tf ). As the closed-loop system is bounded, we can
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extend the solution to tf = +∞ [35]. From Lemma 2.5 and similar to [35, 129], let us consider the

bound |(Γi(t)N (ζi) + 1)ζ̇1| < Nbi , and define δ̄i ≜ (
cϵi
c1i

+ Vi(0)e
−c1i t + Nbi). From (7.29), and

(7.41), one can write

∥ri(t)∥ ≤kbi
√
1− e−2δ̄i ,

|ϖ̃i(t)| ≤γ−1
i δ̄i.

(7.43)

Since V (t) is bounded, we have ri ∈ L∞, it is clear that rvi(t) ∈ L∞, and rxi(t) ∈ L∞. From

Assumption 7.2, and (7.21), one can conclude that pi(t) and vi(t) are bounded, namely ∥pi(t)∥ ≤

PM and ∥vi(t)∥ ≤ VM . From Assumption 7.2, we know that there exist scalars p̄l and v̄l such that

∥pl(t)∥ ≤ p̄l and ∥vl(t)∥ ≤ v̄l. Then, the NN compact set can be defined as follows:

ΩXi ≜{∥pi∥ ≤ PM , ∥vi∥ ≤ VM , ∥ri∥ ≤ kb
√
1− e−2δ̄i , ∥pl(t)∥ ≤ p̄l, ∥vl(t)∥ ≤ v̄l}. (7.44)

This completes the proof.

Remark 7.7. In this chapter, we utilized the NN to approximate the nonlinearity yi(X̄i), which has

an intrinsic approximation error, see (2.17). In the robustifying terms in (7.27), if we use signum

function instead of tanh(.), we would obtain another controller that achieves the asymptotic stabil-

ity of the closed-loop signal, similar to [104, 116, 120, 134, 135]. In these works, authors showed

that as ri ∈ L2 ∩ L∞ and ṙi ∈ L∞, then from Barbalat’s lemma limt→∞ ri(t) → 0. However,

if we use b̂mi to compensate for disturbance in system dynamics (7.1), as well as the NN intrinsic

approximation error, and design it in the form of ˙̂bmi = γiθisgn(ri), we impose the right-hand side

discontinuity on the closed-loop system dynamics. Consequently, by employing differential inclu-

sion [72, 73], the existence of an absolutely continuous Filipov’s solution should be studied. To

avoid these issues, we used tanh(.) in our control design and proved the stability of the continuous

closed-loop system.

Remark 7.8. Note that from the results of Theorem 7.2, the proposed control law ri(t) and the

closed-loop signals are SGUUB. From the results of Theorem 7.1, we have shown that if ri(t) is

bounded, then the desired control objective is achieved. To reduce the tracking error bounds in
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(7.7), δ in (7.10) should be kept small, which can be achieved by selecting appropriate design

parameters. From (7.43), one can select larger values of kc and µi, and smaller values of k1 and

kbi .

7.4 Simulation Results

In order to demonstrate the performance of the proposed method, we simulated a multi-agent

system with five agents and the leader. The undirected graph that models the system is shown in

Figure 7.2. Consider a multi-agent system (7.1) where the dynamics of each agent is given by [118],



ẋ11i =x12i ,

ẋ12i =x21i + a1i sin(x11ix12i) + x212i + (a2i + cos(x11i))u1i + (1 + x221i + x222i)u2i

+ 0.6 sin(
π

4
t),

ẋ21i =x22i ,

ẋ22i =x11i + x212i + x222i − (cos (x12i) + cos (x22i))u1i +
(
1 + x12i + x221i

)
u2i

+ 0.8 cos(
π

4
t),

(7.45)

where constants of a1i , and a2i for each agent are given in Table 7.1. Let pi = [x11i , x21i ]
T , vi =

[x12i , x22i ]
T , and ui = [u1i , u2i ]

T . Using the following definitions, (7.45) can be written in the

form (7.1).

fi(pi, vi) =

 x21i + a1i sin (x11i,x12i) + x212i

x11i + x212i + x222i

 ,
gi(pi, vi) =

 a2i + cos (x11i) 1 + x221i + x222i

− (cos (x12i) + cos (x22i)) 1 + x12i + x221i

 ,
wi =

 0.6 sin(π4 t)

0.8 cos(π3 t)

 ,
(7.46)
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Figure 7.2: The communication topology of an undirected graph with five agents and the leader.

Table 7.1: Values of a1i , and a2i in the i-th agent.

i 1 2 3 4 5
a1i -0.2 -0.4 -0.6 0.7 0.5
a2i 4 3.5 4 3 2

The leader dynamics is given by

ṗl = vl,

v̇l =

−0.03pl1 + 0.2(1− p2l1)vl1 ,

−0.06pl2 + 0.3(1− p2l2)vl2 .

 , (7.47)

where pl = [pl1 , pl2 ]
T ∈ R2 and vl = [vl1 , vl2 ]

T ∈ R2 are the position and velocity states of

the leader. The initial conditions for agents are given as: p11(0) = [1.2, 0]T , p21(0) = [−1, 2]T ,

p31(0) = [1.1,−2]T , p41(0) = [−1,−0.8]T , p51(0) = [−1.3, 0.5]T , pi2(0) = [0, 0]T , for i =

1, ..., 5. The desired displacement with respect to the leader for each agent is given as: d1 = [0, d]T ,

d2 = [−dsin(2π5 ), dcos(2π5 )]T , d3 = [−dsin(π5 ),−dcos(
π
5 )]

T , d4 = [dsin(π5 ),−dcos(
π
5 )]

T , and

d5 = [dsin(2π5 ), dcos(2π5 )]T with d = 1. The leader initial states are pl(0) = [1,−1]T and

vl(0) = [0, 0]T , respectively. All weights of edges in Figure 7.2 are equal to one. Without a

loss of generality, we consider that the leader is connected the first agent. Moreover, as the graph is

connected, all agents can obtain the leader’s information.

We selected 8 neurons for the input layer, 8 neurons for the first hidden layer, 18 neurons for

the second hidden layer, and 2 neurons for the output layer for each agent. The NN’s initial weights
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Figure 7.3: Trajectories of agents and the leader in xy-plane.

are chosen randomly in the interval of [−0.01, 0.01]. The activation function for these layers is

a sigmoid function. The activation function for the output layer is linear. The parameters were

selected as γi = 1, ς = 0.1, µi = 0.1, κi = 0.1,Πi = 10, kbi = 0.5. Also we selected the gains as

kci = 50. Let the time delay be τ = 0.25, then from Theorem 7.1, one can get k1τ < 0.2796, and

we selected k1 = 1.

Figures 7.3-7.9 demonstrate the simulation results where a time delay τ is considered. The

performance of the multi-agent system (7.45) is illustrated in Figure 7.3 where the evolution of

position states in xy−plane are shown. Trajectories and velocities of each agent are shown in

Figures 7.4-7.5, respectively. It can be seen that the agents have maintained the leader velocity

(see Figure 7.5). The tracking errors exi and evi (7.6) are provided in Figure 7.6. Evolution of

Frobenius norm of the NN weights ϖi(t), gain bmi , and Nussbaum parameter ζi(t) for each agent.

From Theorems 7.1, 7.2, Figure 7.7, one can note that as ri(t) is bounded, the errors of exi , and evi

remain bounded. Thus, the SGUUB of exi , and evi can be seen in Figure 7.6. The control inputs of

each agent are given in Figure 7.9.
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Figure 7.4: Trajectories of agents and the leader.
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Figure 7.5: Velocities of agents and the leader.

7.5 Conclusion

This chapter addressed a leader-following formation control problem for second-order, uncer-

tain, nonlinear multi-agent systems in the presence of communication delays. An undirected graph

modeled a multi-agent system’s communication topology where a leader can broadcast information

to agents. The number of states is an a priori knowledge that specifies the number of neurons in the

three-layer NN. To alleviate the computational burden, only the weights norms of two consecutive

outer layers were tunable. The leader-following formation control problem with communication
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Figure 7.6: Error signals of exi
, evi

for each agent.

delay was addressed by a delayed integral of error variables, an NN-based control, and a robustify-

ing term. Using a barrier Lyapunov function, the SGUUB of a closed-loop system was rigorously

proven.
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Figure 7.7: Evolution of ϖi(t), time-variant gain bmi , and parameters ζi(t) for each agent.
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Figure 7.8: Evolution of signal of ri(t) for each agent.
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Figure 7.9: Control inputs of each agent.
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Chapter 8

Conclusion and Future Works

8.1 Summary

In this dissertation, we explored the spectral properties of the normalized rigidity matrix in 2D

and 3D spaces. The necessary and sufficient conditions for reaching the maximum smallest singular

value of the matrix in a rigid framework with three vertices in 2D space were presented and validated

through numerical simulations and a robot experimentation platform.

We then proposed a distance-based formation control and target tracking method for nonlinear

multi-agent systems with unknown dynamics and disturbances. The method used an RBFNN to

compensate for unknown agent dynamics and a stable NN tuning law paired with a target-tracking

backstepping controller to ensure the formation’s stability. The proposed method was shown to

have improved performance compared to two other displacement-based methods through simulation

results and the introduced performance index.

In addition, a distance-based formation control and target tracking scheme using a neuro-adaptive

backstepping and rigid graph theory was developed for second-order nonlinear multi-agent systems

with bounded disturbances and unknown state time delays. The scheme used RBFNN to compen-

sate for disturbances and unknown nonlinearities, and its stability was proven through the Lyapunov

stability theory. Simulation results verified the proposed method’s effectiveness and improvements

compared to recent literature results.
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A leader-following formation control scheme for heterogeneous, second-order, uncertain, input-

affine, nonlinear multi-agent systems using a directed graph was also developed. A three-layer NN

was used to approximate the nonlinearity of multi-agent dynamics, and NN error feedback con-

trol with RISE feedback ensured semi-global asymptotic leader-following formation control. The

stability of the closed-loop signals and asymptotic leader tracking formation was proven through a

Lyapunov stability theory, and the proposed method was shown to be effective through comparisons

with previous studies.

Finally, we investigated the leader-following formation control problem of second-order, uncer-

tain, nonlinear multi-agent systems in the presence of communication delays. A three-layer NN

with tunable weight norms was used, along with a delayed integral of error variables, an NN-based

control, and a robustifying term, to solve the formation control problem. The solution was proven

to be SGUUB through a barrier Lyapunov function, and the performance of the proposed method

was demonstrated through simulation results.

8.2 Limitations

In Chapter 3, we only investigated the maximum smallest singular value of the normalized

rigidity matrix for a rigid graph with three vertices in 2D space. It would be interesting to extend

this analysis to MIR graphs with four or more vertices or in 3D space.

In Chapter 4, we assumed that the first agent could track the trajectory and broadcast information

to the other agents. It would be worth considering scenarios where there is no broadcasting, and

each agent has access to only local information. Additionally, we used RBFNN, which requires

a trial and error process to determine the number of neurons, centers of the activation function,

and widths of the Gaussian function. We partially addressed hyperparameters’ tuning issue with a

three-layer NN for a leader-following formation control problem in Chapter 6. Investigating other

methods for compensating for unknown agent dynamics would be a valuable future direction.

In Chapter 5, in addition to the considerations in Chapter 4, we considered the time delay in the

dynamics of the multi-agent system to be bounded. Still, we did not investigate the bound for the

time delay. Future work could explore how to determine the time delay bound and how to design
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controllers that are robust to time delays.

In Chapter 6, we removed the broadcasting information of the trajectory from one agent to others

and alleviated the assumption regarding the control gain matrix. Thus, the control design did not

require the lower bound of the control gain matrix. However, the sign of the matrix was known. To

resolve the limitation in Chapters 4 and 5, we used a three-layer NN, where the number of neurons

in each layer was given. We established the tuning law for NN weights matrices in the proposed

scheme. The system’s stability has been improved compared to Chapters 4 and 5.

In Chapter 7, we removed the assumption regarding the knowledge of the control gain matrix

in the system dynamics of a multi-agent system. This consideration distinguishes this work from

Chapters 4, 5, and 6. Moreover, we considered that the leader is connected to at least one of the

agents, and that agent can propagate the leader’s information to other agents. We also considered

that there exists a bounded, constant propagation delay among the agents. Unlike Chapter 4 and

Chapter 5, we considered an undirected graph to model the interactions among the agents.

8.3 Future Works

• Study and investigate the properties of the normalized rigidity matrix in 3D. In addition, the

maximum smallest singular value of the normalized rigidity matrix for a MIR graph of four

vertices or more can be established. A possible relation between the number of vertices and

this value can be derived.

• An experimental setup using a set of UGVs or UAVs can be run for the proposed controllers

of this dissertation.

• The dynamics of the multi-agent system in this work is deterministic. Further investigation

is required to address the distance-based and leader-following formation control of stochastic

nonlinear multi-agent systems. In that case, the Itô calculus is required to derive the stability

of the multi-agent systems. An interested reader may start from the following references

[136–138].

• The other direction may include the formation control of nonlinear multi-agent systems with
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actuator hysteresis or a dead zone. An interested reader may start from the following refer-

ences [139, 140].

• Cyberattack detection on multi-agent systems’ formation control problems has recently gained

attention. However, attack detection and mitigation of the distance-based formation control

of nonlinear multi-agent with unknown nonlinearity in the system dynamics is an open ques-

tion that requires further studies. An interested reader may start from the following refer-

ence [141].
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