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Abstract

Absolutely continuous invariant measures for piecewise convex maps of an interval with
countable (infinite) number of branches

A HM Mahbubur Rahman, Ph.D.
Concordia University, 2023

This thesis delves into three areas of research on dynamical systems. First, it explores the
existence and exactness of Absolutely Continuous Invariant Measures (ACIM) for piecewise con-
vex maps with countable (infinite) number of branches. Second, it employs Ulam’s method to
approximate the density function of these ACIMs. Third, it investigates the existence of Absolutely
Continuous Invariant Measures for piecewise concave maps using the technique of conjugation.
For the first topic, we examine the existence and uniqueness of ACIMs within two distinct classes,
denoted as 7,2°(I) and Tpe (), which together encompass piecewise convex maps 7 : I =
[0,1] — [0, 1] with countable number of branches. We establish the necessary conditions under
which these maps possess a unique ACIM, presenting multiple illustrative examples of ACIM exis-
tence. Our findings are based on the analysis of the Frobenius-Perron operator associated with these
maps, utilizing analytical techniques to gain insights into the Frobenius-Perron operator’s proper-
ties.
The main purpose of the second part of this thesis is to approximate 7 by the map 7,,, where we
construct a sequence 7, with a finite number of branches. Then, approximate 7,, by Ulam’s method.
Since piecewise convex maps have countable (infinite) number of branches, the convergence of
Ulam’s method becomes more challenging, and complexity makes it harder to find a suitable se-
quence of approximating functions that can accurately analyze the behavior of this system across
all branches.
The primary contribution of this Ph.D. thesis lies in the generalization of the existence of absolutely
continuous invariant measures for piecewise convex maps defined on an interval with an infinite

number of branches. In the case of 73°(I), we examine piecewise convex maps with an infinite

iii



number of branches and arbitrary countable number of limit points for partition points separated
from 0. For 7. ’O(I ), we consider piecewise convex maps with countable number of branches and
partition points that converge to 0. Throughout the thesis, we investigate Absolutely Continuous In-
variant Measures (ACIM) for 7 € 7;°(I) and 7 € 7;%0’0([ ), along with exploring non-autonomous
dynamical systems of maps within these classes and scrutinize the existence of ACIMs for their
limit maps.

Furthermore, we investigate the approximation for ACIMs associated with piecewise convex maps
with an infinite number of branches by employing Ulam’s method. This computational approach
is a practical way to estimate the density functions of ACIMs and thereby facilitate their numerical
analysis. We then extended our research area on ACIM for piecewise concave maps with countable
number of branches. We examine the existence and uniqueness of ACIMs for two distinct classes,
Tpew(I) and 7;%%1 (I), which encompass piecewise concave mappings denoted as o. We utilize the
concept of conjugation with piecewise convex maps 7 to demonstrate that o conserves a normalized

absolutely continuous invariant measure with a density that exhibits increasing behavior.
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Chapter 1

Introduction

In the realm of discrete dynamical systems, the focus lies on understanding the long-term pat-
terns exhibited by trajectories as they evolve through the iteration of a map. The presence of chaos
within deterministic dynamical systems introduces an inherent limitation in our ability to forecast
the future behavior of these systems, given a particular set of initial conditions. Hence, it is natural
to adopt a statistical perspective when describing the entire system’s behavior. This approach seeks
to characterize the dynamics by establishing the presence of an invariant measure and studying its
ergodic properties. By considering the system from a statistical viewpoint, we focus on the long-
term average behavior rather than attempting to predict individual trajectories. We aim to identify a
measure that remains unchanged under the system’s evolution, capturing its essential characteristics.
This invariant measure provides a statistical description of the system’s dynamics, enabling us to
analyze its properties and make probabilistic predictions. Observing absolutely continuous invari-
ant measures (ACIM) in computer simulations carries significant implications, such as in molecular
dynamics simulations of a gas, simulations of a chaotic system like the double pendulum, quantum
mechanical simulations, climate simulations, aerospace engineering, traffic simulations, and so on
[5, 41]. It indicates that absolutely continuous invariant measures (ACIM) can adequately describe
the system’s behavior using probability densities and continuous distributions. In general, let X be
a metric space, B be a 0 —algebra of subsets of X, and © be a measure on B. The Birkhoff Ergodic
theorem states that if 7 : (X, B, u) — (X, B, 1) is ergodic with respect to an invariant measure

w and E is a measurable subset of X then the orbit of almost every point of X occurs in the set



E with the asymptotic frequency p(E). If the measure p is absolutely continuous, this occurs for
points forming a set of positive Lebesgue measure, so for a physically meaningful set of points. The
Birkhoff Theorem does not say anything about the existence of invariant measures. The existence
of an absolutely continuous invariant measure is one of the most important problems in the ergodic
theory and dynamical systems. If a dynamical system possesses an absolutely continuous invariant
measure, it often indicates that the system is indeed ergodic. The Frobenius-Perron operator plays
an essential role in understanding the existence and properties of ACIM. This operator is a funda-
mental tool in ergodic theory, enabling the study of invariant measures and the long-term statistical
behavior of dynamical systems.

In [32], Lasota and Yorke established the existence of absolutely continuous invariant measures
for piecewise expanding maps. In [33], the authors investigated the exactness and the existence of
ACIM for piecewise convex transformations with a finite number of branches with a strong repeller.
In this context, the authors in [33] considered the following properties as fundamental properties
for the proof of the existence of ACIM: (i) the F-P operator P, maps non-increasing functions to
non-increasing functions; (ii) If f : [0,1] — R™ is non-increasing, then || Prf ||o is bounded
by A || f |loo +B || f |1, where A < 1 and B are some constants. Similar results were also
demonstrated in [5] for convex transformations with a finite number of branches. In [38], the author
studied the ACIM for a piecewise convex map on [0, 1] with countable number of branches where 1
is the limit point of partition points. We generalize these results to more general classes of piecewise
convex maps.

Recently, there has been a burgeoning interest in non-autonomous dynamical systems. In such
systems, each map 7, from the family {7, }°° ; applies at the n-th step within the system. Carvalho
et al. [8], Cheban [9, 10, 11], Chepyzhov and Vishik [12], Haraux [24], Kloeden and Rasmussen
[30] studied non-autonomous dynamical systems and their global attractors. The author [45] in-
troduced the generalization of the Sinai-Ruelle-Bowen (SRB) (originally conceived in the 1970s)
measure to non-autonomous systems. In [22, 17], P. Gora et al. studied the generalization of
Krylov-Bogoliubov Theorem and Straube’s Theorem for non-autonomous dynamical systems of
continuous maps on a compact space. Furthermore, they investigated ACIMs of the limit map for

non-autonomous dynamical systems of piecewise expanding maps.



S. M. Ulam suggested numerical computations of stationary densities of invariant measures for
dynamical systems [42]. Ulam’s method is one of the most used and the best-understood numerical
methods for the approximation of stationary densities of absolutely continuous invariant measures
for deterministic maps and random maps. For piecewise expanding deterministic transformations,
T-Y Li [34] first proved the convergence of Ulam’s approximation. Subsequently, researchers ex-
tended Ulam’s method to encompass one-dimensional and higher-dimensional expanding deter-
ministic transformations. For piecewise expanding interval maps, Bose and Murray presented the
convergence rate of Ulam’s method in [3]. In the context of higher-dimensional Jablonski trans-
formations, Boyarsky and Lou proved the convergence of Ulam’s method in [6]. For piecewise
expanding and C? transformations, Ding and Zhou proved the convergence of Ulam’s method in
[16]. On random maps with constant probabilities, Froyland confirmed the convergence of Ulam’s
method and presented the rate of convergence in [19]. Géra and Boyasrsky proved the convergence
of Ulam’s method for position-dependent random maps in [5]. In [35], Miller proved the conver-
gence of Ulam’s method for piecewise convex transformations with a finite number of branches with
a strong repeller. J. Ding [14] developed and presented piecewise linear and piecewise quadratic
Markov finite approximation methods for piecewise convex maps with a finite number of branches.
If piecewise convex maps have countable (infinite) number of branches, the convergence of Ulam’s
method becomes more challenging and complex. This complexity makes it harder to find a suit-
able sequence of approximating functions that can accurately capture the behavior of this system
across all branches. In [20], the author presented a class of maps with countable (infinite) num-
ber of branches without any absolutely continuous invariant measure. In [21], Géra and Boyarsky
presented an approximation method for invariant measures for piecewise continuous maps with
countable number of branches. Here, we consider countable number of branches to mean an infinite
number of branches. A set is countably infinite if its elements can be put into one-to-one corre-
spondence with the natural numbers. For instance, the set of all natural numbers {1, 2, 3, 4, ...}
is countably infinite because we can list its elements one after the other, and each natural number
corresponds to a unique element in the set.

The main objective of this thesis is the study of the existence and exactness of absolutely con-

tinuous invariant measures for piecewise convex maps with countable number of branches. We also



investigate the existence of ACIMs of limit maps for a non-autonomous dynamical system of piece-
wise convex maps with countable (infinite) number of branches. We explore numerical methods for
approximating ACIMs for piecewise convex maps with countable (infinite) number of branches by
applying Ulam’s method. While there are several results on piecewise convex maps with a finite
number of branches, there is only one work about such maps with an infinite number of branches
[38]. The existence and approximation of ACIMs of piecewise concave maps with an infinite num-
ber of branches are also studied. In most applications, the Lebesgue measure is the predominant
choice. When we opt for a singular measure, it often renders actual points imperceptible. While
such measures have theoretical existence, they typically lack practical relevance. In practice, we
commonly rely on the Lebesgue measure and frequently work with measures that are absolutely
continuous with respect to the Lebesgue measure.

In Chapter 3, we scrutinize the ACIMs for two classes, 7,2°(I) and 7;%0’0(1 ), of piecewise
convex maps with countable (infinite) number of branches. We study absolutely continuous invari-
ant measures of maps 7 in the first class 7,2°(I), where 7 : I = [0,1] — [0,1] has a countable
number of branches with an arbitrary countable number of limit points of partition points sepa-
rated from 0. For the second class 7;,%0’0(] ), we assume: there exists a countable (infinite) partition
{0 =a0 < - < ao,—n < ap—(n-1) < -+ < @p,—2 < Ao -1 = G1,G2,G3,...,0p, ...} Of
I = [0,1] with lim,,_,» ap—, = 0. Here, we also consider non-autonomous dynamical systems
of maps in 7,°(1) U 7;%0’0 (I) and study the existence of acim of the limit map. We give several
examples of piecewise convex maps with a countable number of branches.

In the next Chapter, i.e., Chapter 4, we use Ulam’s method for approximation of f* where f* is
the actual stationary density of absolutely continuous invariant measure p for the piecewise convex
map 7 with countable number of branches. Ulam’s method does not guarantee uniqueness in the
approximation of f*, but when we deal with exactness, the density is unique (almost everywhere)
with respect to the Lebesgue measure. We construct a sequence {7, }>2 ; of piecewise convex maps
with a finite number of branches such that 7,, — 7 almost uniformly. We apply Ulam’s method to
T, and compute an approximation f;, ;. of the actual density f,, of 7,, and prove that f,, . — f, as
k — oo. Finally, we prove that f,, . — f*asn — oo,k — oo. It’s important to note that our notion

of "approximation" does not rely on any specific norm. In this sense, approximation means 7,, — T



almost uniformly. We also illustrate by numerical examples.

In Chapter 5, we extend our research area on absolutely continuous invariant measures for piece-
wise concave maps with countable number of branches. We investigate the existence and approxi-
mation of ACIMs for two classes, 7%, (/) and 7;%?;1 (I), of piecewise concave maps o with a strong
repellor. We give some examples of piecewise concave maps with countable (infinite) number of
branches and exhibit that if any convex maps have an ACIM, then piecewise concave maps has
also an ACIM. One fascinating aspect of piecewise concave maps is that they can be conjugated to
piecewise convex maps on [0, 1], which allows us to use results from the theory of piecewise convex

maps to study their properties.



Chapter 2

Preliminaries

2.1 Review of Necessary Facts for Dynamical System

2.1.1 Review of Measure Theory

In this Section, we recap some important definitions and theorems of measure theory. The
interested reader may consult the books " Chapter 2, [40] or Chapter 1, [19]". Most of the material
can be found in [18] and [5].

Let (X, B, 1) be a measure space where X is a non-empty set, B is a o-algebra of subsets of X and
w is a measure on B. We call it a probability space or normalized measure space if (X) = 1. If

X is a countable union of sets of finite measure, then we say that s is a o-finite measure.

Definition 2.1.1. Let v and u be two measure on same measure space (X, 5). We say that v is

absolutely continuous with respect to u, denoted by v < pu, if forany £ € B
u(E)=0=v(F)=0.

For absolutely continuous measures, the following theorem is useful:

Theorem 2.1.2. [18] v < p if and only if for every € > 0 there exists § > 0 such that (F) <

d = v(EF)<e



If v < p, then it is possible to represent v in terms of . Now, we want to state the Radon-

Nikodym theorem, which is related to absolutely continuous measures.

Theorem 2.1.3. [18] Let (X, B) be a measure space and let v and 1 be two o-finite positive nor-
malized measures on (X, B). If v < pu, then there exists a unique f € L'(X, B, 1) such that for

every A € B,
v(A) = / fdu.
A

The function f is called the Radon-Nikodym derivative, dv/dpu, or a density of v with respect to
. So, the Radon-Nikodym theorem states that if v is absolutely continuous with respect to p, and
both measures are o-finite, then v has a density, or "Radon-Nikodym derivative," with respect to .
The Frobenius-Perron operator (see page 12, Section 2.3) serves as a bridge between the dynamics
of the transformation and the associated Radon-Nikodym derivative or density function [43], which

encapsulates how the transformation affects the probability distribution over its state space.

Definition 2.1.4. Let (X, B, ;1) be a normalized measure space.
Let D(I,B, 1) = {f € L'(n) : f €> 0and ||f||1 = 1} denote the space of probability density
functions. A function f € D(I, B, j1), then ps(A) = [ fdu < 1 is a measure and f is called the

. . . d
density of y1y and is written as dLJ.

2.2 Overview of Ergodic Theory with Measure-Preserving Transfor-

mations

Ergodic theory deals with studying the long-term statistical behavior of dynamical systems,
particularly those that exhibit chaotic or random-like properties. However, the presence of chaos
renders it impossible for deterministic dynamical systems to accurately predict their long-term be-
havior from any specific set of initial conditions. Despite this, it is still possible to derive statistical
conclusions regarding chaotic systems using ergodic theory. For a more detailed understanding of
ergodicity and its applications in chaos theory, interested individuals may consult works such as
"Chapter 3, [5] or Chapter 1, [13] (1980 in English translation)".

Let (X, B, 1t) as a normalized measure space.



Definition 2.2.1. A transformation 7 : X — X is said to be measurable on a measure space
(X,B,pu)if 7=Y(B) C Byi.e, Ac B = 7 YA) € B,where 7 }(A) = {r € X : 7(x) € A}.

Additionally, y is said to be T-invariant or T preserves measure u if for every A € B,

p(r=H(A4)) = p(A). (222)

0.6

0.4

0 02 04 0.6 0.8 1
Figure 2.1: Tent map 7 for equation 2.2.3.

For example, consider a transformation 7 : [0, 1] — [0, 1] defined as

2, elo,i
() = ! wel 2). (2.2.3)

2 -2z, z€l3,1]
Suppose A = [0,0.4], so 771(A4) =[0,0.2] U [0.8,1].
wu(A) = 1([0,0.4]) = 0.4 and ([0,0.2] U [0.8,1]) = 0.2+ 0.2 = 0.4.
Therefore, pu(771(A)) = u(A).
If the precise information regarding all the members of Borel set B is unavailable, it can be
challenging to verify whether 7 preserves a measure. Employing a m—system can provide a valuable

approach to determining whether 7 preserves a measure.

Definition 2.2.4. A family P of subsets of X is called a w-system if and only if for any A, B € P,
AN Bisalsoin P.



Theorem 2.2.5. [5] Let 7 : X — X be a measurable transformation on a normalized measure
space (X, B, j1). Let P be a w-system that generates B. If u(t=*(A)) = u(A) for any A € P, then

T preserves measure [.

Definition 2.2.6. Let (X, BB, 1) be a normalized measure space and let 7 : X — X preserve u. The
quadruple (X, B, u, 7) is called a dynamical system.

In the study of dynamical systems, the primary concern is the investigation of the properties
exhibited by the sequence of points {7"(z) } >0 called the orbit or the trajectory of the point z. The

nth iterate of 7 is denoted by 7" i.e.

T"(x)=ToTo..0oT(x).
—_————

n-times

If 7 has an invariant measure, then the orbit starting in a specified set, returns to that initial set

(state) infinitely many times. The Poincaré Recurrence Theorem exactly tells us this.

Theorem 2.2.7. (Poincaré Recurrence Theorem)/5] Let (X, B, j1) be a normalized measure space
and 7 : (X,B,u) — (X, B, 1) be a measure-preserving transformation. Let E € B be such that

w(E) > 0. Then, almost all points of E return infinitely often to E under iteration of T.

Definition 2.2.8. A measure-preserving transformation 7 : (X, B, u) — (X, B, n) is ergodic if for

any invariant set A € B, such that 77 1(A) = A, u(A) = 0 or u(X \ A) = 0.

So, we can say that a dynamical system is ergodic if it is indecomposable, that is if every

invariant measurable set has a measure O or 1 [1].

Definition 2.2.9. Let (X, B, i1, 7) be a dynamical system. A set B € B is called

(i) T-invariant if 77!(B) = B,

(ii) almost T-invariant if u(7~'BAB) = 0.
Here 7 !BAB = (t71B\ B) U (B \ 77! B) and A - the symmetric difference of sets.
Similarly, a measurable function is called 7-invariant if fo7 = f and almost 7-invariant if for = f

u-a.e.



The Birkhoff Ergodic Theorem is one of the cornerstones of ergodic theory. This theorem says

the time averages along the trajectories are equal to the space averages [13].

Theorem 2.2.10. /5] Let transformation T : (X,B,u) — (X, B, u) be a measure-preserving,
where (X, B, ) is o-finite, and f € L' (). Then for almost every x € X, there exists a function

e LY (p) (= [y |fldp < oo) such that

Furthermore, f* o1 = f* p- a.e. and if u(X) < oo, then

/Xf*duz/xfdu-

The function f* is invariant i.e.

Corollary 2.2.11. [5] If T is ergodic, then f* is constant u-a.e. and if u(X) < oo, then

e L
f —M(X)/de,u a.e.

Thus, if W(X) = 1 and 7 is ergodic and f = x g where E € BB, we have

n—1

. 1 k . B
nlggonkZOXE(T (2)) = w(E), p—ae,

and thus the orbit of almost every point of X occurs in the set E with the asymptotic relative
frequency p(E).
If T is ergodic, then the above Corollary 2.2.11 states that the time average equals the space average

and convergence is also true, i.e.,

1 n—1 N B L
i 5% 0¥ = s | @i
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Definition 2.2.12. Let 7 : (X, B, u) — (X, B, 1) be a transformation preserving the measure p.

(1) 7 is ergodic if and only if for all A, B € B,

n—1

L™ u(r R AN B) = u(A)u(B)
k=0

lim —
n—oo N

(ii) 7 is weakly mixing if for all A, B € B,
n—1

1 .
Jim = |u(r" AN B) — u(A)u(B)| =0
k=0

(iii) 7 is strongly mixing if for all A, B € B,

lim pu(r"ANB) = p(A)u(B)

n—o0

(iv) 7 is exact if for every A € B, u(A) > 0,and 7(A) € B,

lim p(7"(A4)) = 1.

n—oo

Moreover, the exactness of 7 implies that 7 is strongly mixing, but the converse is not generally

true.

Now, we introduce the functions of bounded variation. Let [a,b] C R be a bounded interval
and let \ denote Lebesgue measure on [a, b]. We define P = {I; = [z;—1,2;) : i = 1,2,...,n}a

partition of [a, b]. The points {zo, x1, ..., zy} are called end-point of the partition P.

Definition 2.2.13. Let f : I = [a,b] — R and let P = {a = x¢, x1, ..., z, = b} be a partition of
I =a,b].

11



(i) f is called of bounded variation on [a, b] if there is M € R™ such that

Z |f(zi) = flzi1)| < M
=1

for all partitions P.

(ii) V7 f is called total variation or, the variation of f on [

Vif =sup {Z |f@i) — f(él?i—l)!} :
P iz

Here V;(-) denotes the variation of a function on [0, 1] and BV(I) is the space of function of

bounded variation on I equipped with the norm

|- llBv =Vi() + I I,

where || - ||; denotes the norm on L*(I, B, ).
Recall the definitions of 7-invariance of v and v < p. If v satisfies these properties, then we

say that v is absolutely continuous invariant measure for 7 on (X, B, ).

2.3 The Frobenius-Perron Operator

The Frobenius-Perron Operator is a linear operator that determines the transformation of density
[37]. This operator was first introduced by Kuzmin R. O. [5]. The Frobenius-Perron operator plays
an essential role in the existence of acim. We define non-singular transformation and then define

the Frobenius-Perron operator.

Definition 2.3.1. Let (X, B, i) be a measure space and 7 : X — X be a measurable transformation

on (X, B, it). Then 7 is called non-singular if (77 1(A)) = 0 for all A € B such that y(A) = 0.

Definition 2.3.2. Let (I, B, \) be a measure space and 7 : [ — I be a non-singular transformation
on (I,B,)\). Let A be the normalized Lebesgue measure on I and let u < A, where f is the density

for uu. The operator P, : L' — L' called the Frobenius-Perron operator associated with 7 is

12



defined by
/PTf d)\:/ f d\, YA € B,V € LY (p).
A T-1(A)

Here, the Lebesgue measure, A, is normalized if and only if it is on an interval of length 1. In any
other case, we can speak about a measure equivalent to the Lebesgue measure. In particular, the
Lebesgue measure of R is infinity, and we cannot normalize it.

Let A = [a,z] C I. We obtain

d
P f(z) = . /T_l(A:[a,w]) f dX\ a.e.

and if 7 has countable number of monotonic branches then P, has the explicit representation [5]:

Pf@)= Y f(w) (2.3.3)

.
we{r~(z)}

Note that: (771(z))" = W For any value of z, the set {7~ %(z)} consists of at most count-
ably many points. Here is the short proof of the equation (2.3.3).

Since 7 is monotonic on each (a;—1,a;),i = 1,2,..., we define an inverse function for each

Tl(ai—1,00)-

Let ¢; = 71| g, where B; = 7([a;_1, a;]).

Then ¢; : B; — [ai—1,a;] and 771(A) = UL, ¢;(B; N A), where the sets {¢;(B; N A)};— are
mutually disjoint.

Now,

/A Pt =3 /,.@M DY /(BimA)fwi(x))wi(xndA

where we have used the change of variable formula for each i. We obtain,

/ P, fdr = Z / F (&) [xm (o / Z ) (1 ()02

13



Since A is arbitrary,

forany f € L'.

The existence and uniqueness of P, f are established through the use of the Radon-Nikodym The-
orem. The Radon-Nikodym Theorem ensures the existence and uniqueness of the Radon-Nikodym
derivative under certain conditions. These conditions typically involve the absolute continuity of
the probability density function (PDF) with respect to the measure 1 and the measure-preserving
property of the transformation 7. When these conditions are met, the Frobenius-Perron operator
P f exists and is unique. One of the main properties of P; f is that its fixed points are the densities

of invariant measures under 7 [5].

Some important properties|[5] of the Frobenius-Perron operator:

Let P, : L' — L' be the Frobenius-Perron operator associated with 7. Then

(i) Linearity: P; is a linear operator. Let f, g € L', and «, 3 be constants. Then,

PT(O‘f"i'ﬁg):aP‘rf_‘_ﬁPTg-

(i) Positivity: If f € L' and f > 0, then P, f > 0.

(iii) Preservation of Integral: | ; PrfdX\= i) 1 fdA.

(iv) Contraction: P, is contraction, i.e., |Prf|l1 < ||f|l1 ~ forany f € L.

(v) Composition: Let 71, 79 : I — I be non-singular transformations. Then

Prior,f=ProPrf.

In particular, Pr» = P for any integer n > 1.

14



The Frobenius-Perron operator is an adjoint operator of the Koopman operator. The basic
idea is to use a suitable change of variables that transforms the Koopman operator into a form that
is equivalent to the Frobenius-Perron operator. Let 7 : (X,B,u) — (X, B, 1) be a measurable

transformation. The operator U, : L*° — L° defined by
Urf=for

is called the Koopman operator and ||U; f||oo < || f]|oo, for any f € L.
Here, we show that ||U f||eo < || f]]co-

Since the Koopman operator U, : L>® — L defined by
U‘rf = f oT.

Let for any « € I = [0, 1], then we have || f||oc = sup,¢|f] = 1.

Now [|Ur flloo = supser [(Ur f)(2)] = supyer [f(7(2))]-

Let forany x € I, |f(7(x))| < ||f||lsc = 1. Since this inequality holds for all x € I, we have

|Ur flloo = sup | f(7(z))| < 1.
xel

Thus for any f € L with || f||c = 1, we have shown that ||U- f||oc < 1.

Proposition 2.3.4. [5] Let (1,15, 1) be a normalized measure space and let T : I — I be a non-

singular transformation. If | is a T - invariant measure, then
(D) |1 Prfllp < | fllp, when 1 < p < +oc.

(ii) T is exact <=forany f € D(I, B, 1),

lim Pl f=1

n—oo

where D(I, B, 1) denotes the probability density functions on the measure space (I, B, 1) and 1 is

15



a constant function equal to 1 everywhere.

The following proposition tells us why we need the Frobenius-Perron operator for the existence

of invariant measures.

Proposition 2.3.5. [5] Let T : I — I be non-singular and p << \. Then

P.f*=f" ae. <= p(A) = /Af*d)\,

is a T-invariant measure.

This proposition tells us a density function f* is a fixed point of Frobenius-Perron operator P,
if and only if it is the density of a 7-invariant measure yu, absolutely continuous with respect to a
measure .

Now, we consider I = [0, 1] with normalized Lebesgue measure A on I. Let 7 (/) denotes the

class of transformation 7 : I = [0, 1] — I that satisfy the following conditions:

(1) 7 is piecewise monotonic and expanding, i.e. there exists a partition P = {I; = [a;-1,a;),i =
1,2,...,N} of I such that 7|, , 4,y is C' and |7](x)| > a > 1 for any i and for all

x € (aj—1,0i);

2) % is a function of bounded variation, where 7’(x) is the appropriate one-sided derivative

at the end points of P.

Comment: Since 7 is piecewise monotonic and expanding, so for any ¢, 7/(x) > « > 1. Thus

L < 1.1fitis not then we don’t have an ACIM. If 7/(z) < 1 then we have no ACIM and it will

()

have a attracting fixed point and attracting fixed point has no ACIM.
Lasota - Yorke theorem [32] provides the existence of absolutely continuous invariant measures
for a class of point transformation of the unit interval [0, 1] to itself. Originally, Lasota and Yorke

assumed piecewise C? instead of assumption (2).

Theorem 2.3.6. (Lasota - Yorke) Let 7 € T (I). Then for any f € L0, 1] the sequence

1
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is convergent in norm to f* € L'[0, 1]. The limit function has the following properties:
(1) f>20 = f*>0.

(2) [} frdx = [} fdx
(3) P, f* = f* and consequently the measure du* = f*d\ is invariant under .

(4) The function f* € BVI0,1]. Moreover, there exists a constant [3 independent to the choice
of initial f such that

Vo™ < BlIf 1

Lemma 2.3.7. Let 7 € T (I). Then there exist constants 0 < o < 1,C > 0, and R > 0 such that

forany f € BV (I) and any n > 1,

1P fllBv < Ca®|| fllBv + RI[f]]1-

The inequality above is called the Lasota-Yorke inequality, and different versions of this in-
equality play essential roles in the theory of absolutely continuous invariant measures. Below, we
will use a similar inequality but with different norms, since our transformations are not necessarily

piecewise expanding.

2.4 Piecewise convex transformations

Definition 2.4.1. Let I = [0, 1]. A transformation 7 : I — I is convex if Va,y € I, and n € [0, 1],

we have

T(nz+ (1 —n)y) <nr(z) + (1 —n)7(y).

A function is strictly convex if 7 (nx + (1 — n)y) < n7(z) + (1 — n)7(y) whenever x # y.
A convex transformation is continuous on (0, 1) and thus measurable with respect to the Lebesgue

measure.
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Let I = [0,1] and 7T,.(I) be the class of transformations 7 : I — I that satisfy the following

conditions:

(i) there exists a partition P = {0 = ag < - -+ < ay = 1} of I such that Tla;_1,ai) is continuous,

and convex, ¢t =1,...,N;
(i1) T(ai_l) :O,T/(ai_l) >0, i=1,...,N;

(i) 7(0) = a > 1.
Transformations in 7,.(I) are called piecewise convex maps with strong repellers.
A convex function is differentiable except at a countable set of points, and its derivative 7’ is non-

decreasing. In particular, this means that (ii) implies
T/(w) > T’(ai_l) > 0, T € [ai_l,ai)

and T‘[ai_l’ai) is increasing for7 = 1,..., N.

Lasota and Yorke [33] proved the existence of an ACIM with respect to the Lebesgue measure
for one-dimensional piecewise convex maps with a strong repellor. The following propositions,

Lemma and Theorem, are proved in [5].

Definition 2.4.2. A set S is countably infinite if S has a one-to-one correspondence with N i.e., the
elements of S can be arranged in an infinite sequence ag, a1, az, . . ., where a; is distinct from a;

for i # j and every element of S is listed.

Proposition 2.4.3. [5] Let 7 € Tp.(I) and f be a non-increasing function. Then, P, (f) is also

non-increasing.

Lemma 2.4.4. If f > 0 and f is non-increasing, then f(x) < %)\(f),for x € [0, 1], where

A(f) = /1 o FdA.
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Proposition 2.4.5. Let 7 € Tp(I). If f : [0,1] — RY is non-increasing, then

1
1Pr flloe < —lIflloc + ClIfl1,
where C = >""_,(a;—1 - 7' (a;i—1)) "%

Theorem 2.4.6. [5] Let 7 € 7;,6(1 ). Then T admits an absolutely continuous invariant measure,

= f*X\ and the density f* is non-increasing.

Theorem 2.4.7. [33] Let 7 : I = [0,1] — [0,1] and T € Tpye. Then, there exists the unique
normalized absolutely continuous measure [ = g\ that is invariant under 7. The system (I, B, j1; T)
is exact and the density g is bounded and decreasing. Moreover, lim,, P f = g in L' (I, \), for any
f € LY(I,)\) where \ is the Lebesgue measure on [0, 1] and Py is the Frobenius-Perron operator

corresponding to T.

2.5 Non-autonomous Dynamical Systems

Definition 2.5.1. [22] Let (X, 1) be a compact metric space and 7, : X — X be a sequence of
maps such that 7,, converges uniformly to a limit map 7, where 7 is a continuous map. Then, the

non-autonomous dynamical system is defined by
ITm+1 = Tm(xm), m=20,1,2,...

where 79 is the identity and ¢y € X. When the system starts at xg, the first iteration, 1, is given by
70(z0), and since 7y is the identity map, x; = 7o(xg) = x¢. This ensures that the initial condition
is preserved after the first iteration.

For n > m, we write

T(mm) = T ©Tn—19"""0Tm+1 ° Tm.

In particular,

T(0;n) = T ©Tpn—10+-*0T1 OTp.

A trajectory of a point x in the phase space is x, 71 (x), 72(71(z)),.... Let T), = 7, 0 Tp,—1 ©
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...7m2 o 71. Then the above trajectory of the non-autonomous dynamical system can be written as

z,Ti(x), To(x),...,Th(x),....

The Krylov—Bogoliubov Theorem is a powerful tool in the domain of non-autonomous dynam-
ical systems because it addresses the challenges posed by explicit time dependence and provides

conditions under which solutions exist and are unique.

Theorem 2.5.2. (Krylov-Bogoliubov Theorem) [5] Let X be a compact metric space and let the
transformation T : X — X be continuous. Then there exists a T— invariant normalized measure

on X.

Note that: Krylov-Bogoliubov Theorem does not tell about absolute continuity. But this result
establishes that every continuous transformation on a compact metric space is guaranteed to have

an invariant measure.

Theorem 2.5.3. (Extension of the Krylov-Bogoliubov Theorem) [22] Let {7,,} be a sequence of
transformations defining a non-autonomous dynamical system on the compact metric space X with
a continuous limit 7. We assume that the T,’s converge uniformly to 7. Let 1 be a fixed probability
measure on X. Define the measures |1, = %Z?:l vi, where v; = (7(04))«7). Let ju be a *- weak

limit point of the sequence { i, }n>1. Then [ is a T- invariant measure, i.e., Tyt = [L.

Straube Theorem provides a sufficient condition for u to be absolutely continuous.

Theorem 2.5.4. (Straube Theorem) [22] Let (X, B,v) be a normalized measure space and let
{Tn} be a sequence of non-singular transformations defining a non-autonomous dynamical system
on X. We do not assume that the limit T is continuous. Assume there exists 6 > 0 and 0 < a < 1
such that

v(E)<d§ = supv (1L (E)) <a
(E) supv (7ol (F))

for all E € B. Then there exists a T— invariant normalized measure 1 which is absolutely continu-

ous with respect to v.
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2.6 Markov transformations and approximation of invariant measure

of dynamical systems by Ulam’s method

Markov transformation is a piecewise monotonic transformation such that each interval of the
partition is mapped onto a union of intervals of the partition. The Frobenius-Perron operator can
be defined in terms of the Markov transformation matrix. To approximate the fixed point of the
Frobenius-Perron operator P, we use the fixed point of a matrix operator known as the Markov
operator. S. Ulam introduced Ulam’s conjecture [2] as part of a comprehensive set of intriguing
open problems in applied mathematics, one of which pertained to the approximation of Frobenius-

Perron operators.
Conjecture 2.6.1. Ulam’s Conjecture: /2]
* A finite rank approximation of the Frobenius-Perron operator by Eq. (2.6.4); and

* the conjecture that the dominant eigenvector ( corresponding to eigenvalue equal to 1) weakly

approximates the invariant distribution of the Frobenius-Perron operator.

Definition 2.6.2. Let 7 : I = [0,1] — [0,1] andlet P = {0 =ap < a1 < --- < a, = 1} bea
partition of I. Let I; = (a;—1,a;),% = 1,2,...,nand 7; = 7|;,. If 7; is homeomorphism from I;
onto some connected union of intervals of P, i.e., some interval (aj(z-), ak(i)) , then 7 is said to be
Markov transformation. The partition P is said to be a Markov partition with respect to the function

7. If each 7; is linear on [;, then 7 is a piecewise linear Markov transformation.

Theorem 2.6.3. [5] Let 7 : I = [0,1] — [0,1] be a piecewise linear Markov transformation on
the partition P = {11, I, ..., I,}. Then there exists an n x n matrix M, such that P.f = M, f
for every piecewise constant function f = (f1, fo,..., fn) on the partition P. The matrix M, =

(mij)i<ij<n is defined

Qi )\(Iz ﬂTﬁl(Ij)) .o
= =" VIV 1L < 2.6.4

mij

where (aij)1<ij<n IS the incidence matrix induced by T and P. Here \ denotes the normalized

Lebesgue measure on I and {Ii}le is a finite family of connected sets with nonempty and adjoint
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interiors that cover I i.e., I = Ulefi, and indexed in terms of nested refinements.

Example 2.6.5. Let 7 : [0, 1] — [0, 1] be a piecewise linear Markov transformation on the partition

{0, 1,3, 2,1} defined by

2:13+%, mEOSazgi
—x—i—%, x€i<x§%
T(z) = .
—3:64—%, x€%<x§%
4x — 3, x€%<x§1

Here we use equation (2.6.4) for finding the all elements of the matrix M.

0.75

0.50

025

0 025 0.50 0.75 1
Figure 2.2: The map 7 for Example 2.6.5.
Now using ¢, j = 1, 2, 3, 4 successively, then

ST ([0, 3] B (0,

ANt n)) - A0 070, 4]) A0 4] N (=5, —3))
]
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TEETTNm) T Al T2
g = MENTTHI)) M0N0 (5 3D) 1
A(11) ([0, 1] 2
gy = MOTHI) N[N ([5.4) 1
AMI3) (LR 3
g = ABOTTH) MG YN (G D) 1
Similarly, we can find the rest of the elements mio = 0, m3s = ms3 = %, msq = 0, Myo = mMy3 =

Mgy = i. Thus, the matrix approximation of the F-P operator has the form for map 7 :

0 0 1/2 1/2
o 0 0 1
1/3 1/3 1/3 0

_1/4 1/4 1/4 1/4_
The resulting M; may be interpreted as a transfer matrix, for which it is easy to check that all row
sums are 1,i.e., > m;; = 1Vj.

Let f = (f1, f2, f3, fa), where f; = f|1,, I; = [%, ﬁ'],i = 1,2, 3, 4. The normalized density of the
map 7 (Figure 2.2) is the left eigenvector of M. with eigenvalue 1. P, f = f reduces to fM, = f

which is a system of linear equation. It can be shown that
f=1(2,2,3,4).

Since determining the fixed point of the Frobenius-Perron operator P, of 7 or invariant density
of 7 is generally challenging, especially considering the increased complexity associated with the

Frobenius-Perron equation P, f = f. Itis required to approximate the F-P operator P using Ulam’s
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method. S. M. Ulam [42] first introduced the approximation of the Frobenius-Perron operator. If
the map 7 is piecewise linear and Markov, we can find the Frobenius-Perron operator in a matrix
form. Therefore, it is possible to find the density or invariant measure because the Frobenius-Perron
equation P, f = f is a system of linear equations. Ulam’s method stands as a widely employed and
thoroughly comprehended approach for numerically computing the stationary density of invariant
measures in dynamical system. Li [34] first proved the convergence of Ulam’s approximation for
one-dimensional piecewise expanding transformations. Miller [35] proved convergence for piece-
wise convex maps with a finite number of pieces.

Let 7 : I = [0,1] — [0,1] be a piecewise C*- map with inf ¢ 1) |7/(2)| > 2. Let P =
{Ii, I,...,I,} be a partition of [0, 1] into subintervals of equal length and let M, be the matrix
transition probabilities, defined in (2.6.4), between the elements of P for map 7 : I — I.
Let L(™) be the n—dimensional linear subspace of L! which is the finite element space generated
by {Xz‘}izl,...,n where x; denotes the characteristic function for the interval I;. We introduce the

operator Q,, : L' — L™ defined by

@)=Y 55 ( / | fdA> “

Since {I;}7_; is an equipartition of [ i.e. I = U, J; and A\([;) = 1.

n

Qn(f)—2n</lifd)\> Yi = <n hfd)\,n bfdA,...,/fﬂfdA).

i=1
Let f = (f1, fa, ... fn) € L.
Let P, be the Frobenius-Perron operator of 7 and P, : L™ — L") be a finite approximation of

P-, defined by
Pof =M, f = Zmijfjxy‘-

J=1
Then, we have

Pnf:QnPTf-
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More generally, for f € L', we have

Pnan = QnPTan-

The following Lemmas and Theorem are proved in [34].

Lemma 2.6.6. For f € L', the sequence Q,, f converges in L' to f asn — oc.
Lemma 2.6.7. For f € L™ we have P, f = QuP-f.

Lemma 2.6.8. For f in L"), the sequence P, f converges to P f in L' as n — .
Lemma 2.6.9. The sequence {V[o,l] fn} is bounded, where P, f,, = fy.

If P, has a unique fixed point, then the sequence of fixed points f,, of P, are expected to
converge to that fixed point as n approaches infinity, according to the Ulam’s method. The following

theorem proves this.

Theorem 2.6.10. [34] Let 7 : [0,1] — [0, 1] be a piecewise C*— function with M = inf |7'| > 2.
Suppose Pr has a unique fixed point. Then, for any positive integer n, P, has a fixed point f, in

L™ with || f ||= 1 and {f,} converges in L' to the fixed point of P;.

Note: Lasota-Yorke inequality has a constant o« = 1 < 1.

-2
infze[o,l] |7—l(

2.7 Some Facts from Functional Analysis

Here we defined D or D(X, B, ) as a set of densities in L.

Definition 2.7.1. Let F be a linear space. A function || - || : F — R is called a norm if it has the

following properties:
*Jfll=0 = f=0
* llef |l = lallf]]

* |+ gl <TIF+ Mgl
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for f,g € F and o € R™. The space F is called a normed linear space.
Definition 2.7.2. A linear operator P : L' — L' is called Markov if it has the following properties:
* Pispositive,ie., f >0 = Pf > 0,forany f € L'
« IP|l; < Land ||Pf|ly = [|f]]: for f >0, f € L.
Definition 2.7.3. Let (X, B, ;1) be a measure space and P : L' — L' a Markov operator. Then
{P"} is said to be asymptotically stable if there exists a unique f* € D such that Pf* = f* and

lim || P"f— f*|1=0 forevery f € D. (2.7.4)
n—oo

Definition 2.7.5. A function h € L' is alower bound function for a Markov operator P : L' — L!
if

lim || (P"f—h)" |1=0 forevery f € D. (2.7.6)
n—oo
Equation (2.7.4) may be rewritten as
(P"f —h)” = ey,
where || €, ||[1— 0 as n — oo or, explicitly, as
P'f>h—e,.

Theorem 2.7.7. Let P : L' — L' be a Markov operator. { P"} is asymptotically stable if and only

if there is a nontrivial lower bound function for P.

Definition 2.7.8. Let K be a set of functions defined on a measure space (X, B, u). Then K is

uniformly bounded in L if there exists a constant M such that sup e || f [l < M.

Definition 2.7.9. A set K of functions in L' is said to be weakly compact if every sequence {f,}

in K has a subsequence { f,,, } that converges weakly to a function f € L!(K).
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Definition 2.7.10. Let a sequence of functions { f,,} defined on a measure space (X, B, i), where
for each f,, is Lebesgue integrable in L!(X). The sequence {f,} is said to be weakly convergent

in L1(X) if it converges to a limit function f in L(X).

Theorem 2.7.11. (The Dunford-Pettis Theorem) /5] Let a sequence {f,}°° 1, fn € L''n =
1,2, ... satisfy the following conditions:

(D) || fr 1< M for some M,

(ii) Ve > 0 3 6 > 0 such that for any A € B, if u(A) < ¢ then for all n,

| / fudul < c.
A

Then { f,,} contains a weakly convergent subsequence, i.e., { f} is weakly compact in L*.

Theorem 2.7.12. Let a sequence { f,,} be uniformly bounded in L>°. Then { f,,} is weakly compact

in L.

Proof. Let (X, B, i) be a normalized measure space.

Since { f,,} is uniformly bounded in L, i.e., || fn ||co< M for some M.

Now, we can write

fn(x) < sup fr(x) < M, Vn.
rzeX

Which implies,

/X fn(@)dp < /X Mdp = Mu(X) = M.

Therefore, || f, [|1< M.
Now suppose that 1(A) < 17 forany A € B. So, [, |faldp < [, Mdp = e.
Using the Dunford-Pettis Theorem, { f,,} is weakly compact in L.

O]

Theorem 2.7.13. (Yoshida— Kakutani Theorem) /5] Let F be a Banach space and letT : F — F

be a bounded linear operator. Assume there exists M > 0 such that || T" ||[< M, n =1,2,....
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Furthermore, if for any f € E C F, the sequence { f,}, where
1 n
fn = E Z ka)
k=1
contains a subsequence { f,,, } which converges weakly in F, then for any f € E,
1 n
- S Thf o freF
k=1

(norm convergence) and T'(f*) = f*.

Theorem 2.7.14. (Helly’s Theorem) [5] Let F = {f} be an infinite family of functions on an
interval [0, 1]. If | f(z)| < K, Vio5f < K Vf € F, then there exists a sequence { f,} C F such
that fn, — f* Vz € [a,b], and Vi, p f* < K.
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Chapter 3

ACIM for piecewise convex maps with

countable (infinite) number of branches

3.1 Introduction

The existence and properties of absolutely continuous invariant measures of deterministic dy-
namical systems reflect their long-time behaviour and play an important role in understanding most
of their chaotic nature [5, 31, 32]. Let B a Borel o-algebra of subsets of I = [0,1] and A be the
normalized Lebesgue measure on I. Let 7 : I — I be a non-singular measurable transformation. A
measure £, on B is T-invariant or 7 preserve y if u(771(A)) = u(A) for all A € B. The Frobenius-
Perron operator P, : L'(I,B,\) — L'(I,B,\) of 7 plays an important role for the existence,

approximations, and properties of ACIMs. The Frobenius-Perron operator P is defined by

/PTf d)\:/ f d\ VAeBVfelL (3.1.1)
A T=1(A)

If 7 has countable number of monotonic on each [b;_1, b;], then it can be shown that the Frobenius-

Perron operator P; has the following representation [5] :

o0 -1
Pff(w):Zfo[b“,bi)(x): > /1z) (3.1.2)
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where Ti_l,i =1,2,...,n,... are inverse branches of 7 on /. In [32], Lasota and Yorke proved
the existence of absolutely continuous invariant measures for piecewise expanding maps. In this
Chapter, we consider transformations that are not necessarily expanding, i.e., their derivatives may
be smaller than 1, but they possess another property that makes them very special: piecewise con-
vexity. In [33], the authors studied the exactness and the existence of absolutely continuous in-
variant measures (ACIM) for piecewise convex transformations with a finite number of branches
and with a strong repeller. The authors in [33] considered the following properties as primary fac-
tors for the proof of the existence of ACIM (i) the F-P operator P, maps non-increasing functions
to non-increasing function; (ii) If f : [0,1] — R™ is non-increasing, then ||P; f|| is bounded
by A||f|leo + Bl|f]]1, where A < 1 and B are some constants. In [5], similar results proved
for convex transformations with a finite number of branches. In this chapter, we consider two
classes 7, (1 ), To P (1) of piecewise convex maps 7 : I = [0,1] — [0,1] with countable num-
ber of branches. In Section 3.2, we study absolutely continuous invariant measures of maps 7 in
the first class 7,2°(I), where 7 : I = [0,1] — [0,1] has a countable number of branches with
an arbitrary countable number of limit points of partition points separated from 0. In Section 3.3,
we study absolutely continuous invariant measures of maps 7 in the second class 7;?’0(1 ), where
7 : 1 =[0,1] — [0, 1] has a countable number of branches. We assume there exists a countable
partition {0 = ap < -+ < ap,—n < g, —(n—1) < "+ < G0,—2 < G0,~1 = G1,02,03, .- -, An, .- } Of
I = [0, 1] with lim;, ;o ag,—n = 0. In Section 3.4, we study ACIMs of non-autonomous dynamical
systems of piecewise convex maps with a countable number of branches. The exactness of maps in
T (1), T20(1) is presented in Section 3.6.

Recently, there has been an increasing interest in non-autonomous dynamical systems [36, 17].
A non-autonomous dynamical system of a family of maps {7, } 72, is a system that acts on the space
by application of 7, in the n-th step. In [22], P. Gora et al. studied the generalization of Krylov-
Bogoliubov Theorem and Straube’s Theorem for non-autonomous dynamical systems of continuous
maps on a compact space. Moreover, they learned the ACIMs of the limit map for non-autonomous
dynamical systems of piecewise expanding maps. In section 3.4 of this Chapter, we consider non-
autonomous dynamical systems of maps in 7,°(1), Toe%(I) and study the existence of ACIM of

the limit map.

30



3.2 ACIMs for piecewise convex maps on [0, 1] with countable number

of limit points of partition points separated from 0

Consider (I = [0, 1], B, \) be a measure space, where A is the Lebesgue measure on  and B
is the Borel o-algebra on I. Let {0 = ag,a1,a2,...,ay,...} be a countable partition of I such
that ag < a; and all ag,ag, - -- € [a1, 1]. We do not assume the sequence {ag,...,an,...} to be
increasing or decreasing. For any i € {0,1,2,...}, let n(i) be the index such that the interval
[a;, an(i)] does not contain any other points of the partition. If ay is the limit point of decreasing
subsequence of a,,’s, the n(k) is not defined. This notation allows us to consider maps with more
than one, even an infinite number of limit points of the partition points. We assume that the set of

such limit points has Lebesgue measure 0. We say that 7 € 7,2°(1) if

(1) o = T‘[Oval) is continuous and convex;

T = T\[% is continuous and convex, 1 = 1,2, - - - ;

() 7(a;) =0,7"(a;) >0,i=1,2,...;
3) 7(0) =0,7(0) = aq > 1;

@ X% way < oo

Remarks: If the Condition (2) does not satisfy for some 7, then there will be a problem with showing
that if f is non-increasing, then P; f is non-increasing, Lemma 3.2.2. Also, if > "7, ﬁ > 00,

then we will show one example in this chapter that 7 has no ACIM.
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For 7 € T°(I), f € LY(I), f > 0 the Frobenius-Perron operator P; is defined as

—1
Py = DD +§j )

Ty @ XT[GZ,%))( z) (3.2.1)
The proof of equation (3.2.1) is analogous to the proof of equation (2.3.3) in Chapter 2.
Lemma 3.2.2. Let T € T°(I), f € LY(I), f > 0, f non-increasing. Then

(1) Pr(f) € L(I).

(2) P-(f) = 0.

(3) P;(f) is non-increasing.

(4) | Pr(f) o= C || [l where € = (& + 252, =5 )

/IPT(f)d/\: /T_lm fd\ = /Ifd)\.

Proof. (1)

Therefore, P-(f) € L*(I)

(2) Note that

PTf(x) f(T (m)) 1, LW X7, al) + Z fi(x))XT[ai,an(i))(I)‘
7'(5 ! (x))

flrg (r))
(g ()

Tlo,a;) ad T = T[g;.q, () are continuous and convex, Ty is positive and hence 7, 1(:1:) > 0.

We want to show that Xr[0,a,) (%) is non-negative. Since 7 : [0,1] — [0,1], 70 =

Since f > 0, f(75*(x)) > 0. The derivative of a convex function is non-decreasing. Thus,

(z))

—1
by property 2, 7/(15*(x)) > 0 and hence, f(i(x))XT[O ay) () is non-negative. Similarly,

7"(7'0
—1
%XT[%@”@)) (x) is also non-negative.

(3) Assume that f € L'(I), f > 0, f non-increasing. Let 0 < z < y < 1. We will show that for

any:=20,1,2,...,

) XT[ahan(i))(y)' 3.2.3)

v

XT[ai,an(i)) (.’L’)
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Let us fix i € {0,1,2,...}. Now, 7; is increasing and 7(a;) = 0. If x ¢

= T’[ai,anm)
Tlai, an(y) theny & 7la;, a, ;). In other words, if XT[%%(”)(:C) = 0 then XT[%an(i))(y) =
0. Thus,

XT[ai,an(i)) ({L') > X‘r[ai,an(i)) (y)

If both 2,y € 7|(4, 4,,,,) then 7 Nz) < 7,7 (y) and thus,

7

Moreover, since 7 is non-decreasing and 7; ' (z) < 7; ' (y), wehave 7/ (7, ' (z)) < 7' (77 (v))

and thus,
1 S 1
(@) T T ()

Combining above inequalities, we have proved (3.2.3).

(4) We have

WXT[O,(U) WXT[CH,&"@))(IE)
i=1 i
FO) = flle  FO) S oo
= 7/(0) +; (a;) +z} 7/ (a;)
1 = 1
< (m+;ﬂ(az)) I/l

O]

Proposition 3.2.4. If f > 0 and f is non-increasing, then f(x) < %)\( f), for x €|0,1], where

1
A(f) = /0 f(2)dA(z).

Proof. Forany 0 < x < 1, from the figure 3.1 we have

1 x
() = /0 f(@)dA(z) > /0 f(@)dA@) = @ - f(2).
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fix)

0 02 x 04 0.6 0.8 1

Figure 3.1: Graph for proposition 3.2.4.

For more detailed, since f > 0 and f is non-increasing. Let ¢ € [0, x| and ¢ < z. So

f) = flz) = f(t) = f(x) 20

Now,

Lemma 3.2.5. If f : [0,1] — R is non-increasing and 7 € T2 (1), then
1
FE-(F) o= M F lloo +D 1 F (3.2.6)

where D = (Zfil a%ﬁ) )

Proof. Since f is non-increasing, f(0) > || f||c, and by part 3 of Lemma 3.2.2,

Prf(0) =] Prf oo -
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o0 —1

PO = oo+ IS
=1 7
1 — f(ai)
= Qa1 (0)+;T'(ai)

IN
2
~~

g

_|_
N
[M]e =
S |~
\]\

£ i
N———
=

=

O]

Theorem 3.2.7. Let 7 € T,°(I). Then T admits an absolutely continuous invariant measure ji =

f* - X with non-increasing density function f*.

Proof. Let f = 1 and consider the sequence { P* f }22 - Since f is non-increasing, then by part 4

of Lemma 3.2.2 we can apply Lemma 3.2.5 iteratively and obtain

_ 1 _ _
| PEF e = 1P (BE ) Do o I (PETS) e +D 0 (PE ) I
1 1 _ _ _
< (A1) b+ (P2 1)+ 1 (P D
1 63}
< N T loe D (I P F o | P2 ey [ P2
< L AL o | P2 e (P2
% aq Qg
1 1 D
< 1+D<1++-~~+ i_1>:1+
aq o

T
1 L=5r

So the sequence {Pf}zozo is uniformly bounded in L> and thus weakly compact in L'. By Yosida-
Kakutani theorem, % Z?Zl Pl f converges in L' to a P- invariant function f*. It is non-increasing

since it is the limit of non-increasing functions. O
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3.3 ACIMs for piecewise convex maps on [0, 1] with countable number

of branches where 0 is a limit point of partition points

Consider (I = [0, 1], B, \) be a measure space, where \ is the Lebesgue measure on I and 5 is
the Lebesgue o-algebra on I. Let {0 = ag, a1, az, ..., an, ...} be a countable (infinite) partition of
I such that ag < ap and all ag, as,--- € [a1, 1]. We do not assume the sequence {as,...,ay,...}
to be increasing or decreasing. For any ¢ € {1,2,...}, let n(7) be the index such that the interval
[ai, an(i)] does not contain any other points of the partition. If ay is the limit point of decreasing
subsequence of a,,’s, the n(k) is not defined. Moreover, we consider a decreasing infinite sequence
{ao,—n} of partition points in (ag, a1] such that {0 = ap < -+ < ag—n < ag_(n—1) < -+ <

ao,—2 < ag,—1 = a1} and lim,, o0 ag, _, = 0 = ag. We say that 7 € Tpa* (1) if

(1) 10— (j+1) = T|(a07_(j+1)’a0’_j} is continuous and convex, j=1, 2, ...;

T = T\[ai7an(i)) is continuous and convex, ¢ = 1,2, - - ;

2) T(a07_j) = O,T/(a07_j) >0,5=1,2,...;

7(a;) = 0,7'(a;) > 0,i =1,2,...;
3) 221% < o0
4) Dy =37" %<1.

Jj=1 7'(ao,—;

Remark 3.3.1. The Condition (3) and Condition (4) can be replaced by the following Condition 37,

where

(7)) X4 m +22 % < 00.
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If condition (37) is satisfied, then we can find a J > 1 such that
|
;T,( — < 1,
and after proper renaming of the partition points, the Condition (3) and Condition (4) are satisfied.
Lemma 3.3.2. Let 7 € T>0(1), f € L*(I), f > 0, f non-increasing. Then
(1) Pr(f) € LX(I).
(2) P-(f)>0.
(3) P-(f) is non-increasing.
(4 | Pr() oS C || ] llson where © = (D1 + 32, i)
Proof. The proof is similar to the proof of Lemma 3.2.2. O

Lemma 3.3.3. If f : [0,1] — R is non-increasing and v € T *(I). Then

1Pr(f) lloo< D[ f lloo +D [ £ l1, (3.3.4)
- 1
where D = Zzoil m
Proof. The proof is similar to the proof of Lemma 3.2.5. O

Theorem 3.3.5. Let 7 € Tpe ’O(I ). Then T admits an absolutely continuous invariant measure

w = f* - X with non-increasing density function f*.

Proof. The proof is similar to the proof of Theorem 3.2.7. O

3.4 ACIMs of the limit map for non-autonomous dynamical systems

of piecewise convex maps

We consider non-autonomous piecewise convex dynamical system Z,,+1 = Ty (Zm),m =

0,1,..., where we assume that 7y is the identity map, o € [0, 1], it means that the mapping
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function 7y for the initial state xg is such that 79(z¢) = z¢ for all values of x( within the interval
[0,1], and 75, € T°(I) or 7 € T0(I),m = 1,2,.... Also, we assume that all 7,,, satisfy
the Lasota-Yorke inequality (3.2.5) with common constants ; and D or inequality (3.3.4) with

common constants D7 and D. We write,
Tim;m) = ™ ©Tn—10"""0Tmn.

In particular,

T(On) = Tn © Tp—1 0 - -+ O Tp.
Let T), = 7, 0 Tp—1 0 -+ -0 Ty 071, where 74 € T,°(I) U'E)%O’O(I),k =12,...,n.
Proposition 3.4.1. Let f be a non-increasing function. Then, Pr, f is also non-increasing.

Proof. We use mathematical induction. For n = 1, P, f = Pp, f = P, f is non-increasing by
Lemma 3.2.2 or 3.3.4. Assume that Pr, f non-increasing. Then, Pr, ., f = P;, ., (Pr, f) is non-

increasing by Lemma 3.2.2 or 3.3.4. O

Proposition 3.4.2. Let {7,};°, be a sequence of transformations such that T, € T, (I), or
Tn € 7;20’0(]), n = 1,2,..., 7, satisfy the Lasota-Yorke inequality (3.2.5) or (3.3.4) with com-
mon constants oy and D or Dy and D, and T, converges uniformly to a map 1. Then, for any
non-increasing density f, the sequence f,, = Pr, f forms a pre-compact set in L' and any conver-

gent subsequence converges to a density of an ACIM of the limit map T.

Proof. Letr = max(ail, Dy) and let f = 1. Since for class 1 and class 2 transformation oy > 1

and D; < 1 respectively. Then f is non-increasing. Note that P, = P, o P, o...P, o P, .
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We can apply inequality (3.2.5) or (3.3.4) consecutively and obtain

| Pr,flle < 7l Pr i fllcc+D | Pr,,fIIx
< r(rll Pr,_of lloo +D || Pr, o f 1) + D || P, f IIh
< 0" fllao +D (Il Pr_ o f i+ || Pr_of L+ 40" P f [l1)
< 1+D@Q+r+- ")
D
- 1y
+ 1—r

Thus, the functions Pr, f are uniformly bounded and thus weakly compact in L.

Let f,, = Pr, f. Let { f,,, } be a weakly convergent subsequence with limit f*. Since the func-
tions f,,, are all decreasing and uniformly bounded, they are also of uniformly bounded variation.
By Helly’s Theorem, every bounded sequence has a subsequence that converges pointwise. Now
let we have another subsequence fnkj convergent to some g a.e.. Since fnkj converges weakly to
f*, we get f* = g. Thus, f,,, converges to f* pointwise. Now, by the Lebesgue Dominated Con-
vergence Theorem, we get f,, — f* in L'. We will prove that the measures fd\ and (P; f)d\ are
equal. It is enough to show that for any h € C(I), [ h(f — P;f)d\ = 0.

First, we estimate [ h(P;, F — P F')d), for any density F. By conjugacy to Koopman operator,
we have

‘/ WP, F — PTF)d)\‘ < /F\h 0 T — h o 7|d\ < wy(sup |7 — 7)), (3.4.3)

where wy, is the modulus of continuity of the function h. For more detailed calculations, see A.1 in
Appendix.

To simplify the notation, we will skip the subindex k. Let us define

gn:%(f1+f2+---+fn).
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Since f, — f*in L' we also have g,, — f* in L'. We have
P f* :PT( lim gn): lim Prgp.
n—o0 n—o0

We will show that [(P-g,,—gn)hd\ converges to 0, forany h € C(I). Letus fix an e > 0. Since

|Tn—T|lcc = 0,asn — oo wecan find N > 1 such that forall n > N we have wy, (|7, —7||x) < €.

Let M, = sup |h|.
We can write

Prgn —gn = :L(Pﬂ'fl+P7'f2+"'+PTfn71+PTfn)*%(fl+f2+"'+fnfl+fn)
n—1 n—1
(Prfu = F1) = S0 (Pefi = fisn) = - (Pefu— )+ S (Pefi = Pra ).

i=1

1

n ;
=1

Using the estimate (A.1.2) we obtain

1
‘/(PTgn - gn)hd)\‘ < /n | Pr fr = fu [R]dA
N

n—1
1 1
~ > (Prfi= Pry fi) [1ldA+ | = > 0 (Prfi = Priy, fi) | BldA

+
i=N+1

i=1

1 1 1
< —2Mj, + =N2Mj + —=(n —1— N — 1)Mj,,
n n n

which converges to 0 as n — +o0c0. This completes the proof of the Theorem.

3.5 Examples

[0,1] — [0, 1] with countable number of

Example 3.5.1. Consider the piecewise convex map 7
oo
T ”‘H) } of [0, 1] defined as
=0

branches on the countable partition { [m’ e

(3.5.2)

See Figure 3.1 for the graph of 7.
oo
7(x) is piecewise continuous on the countable partition { {%an %) } of [0,1]. We use the
n=0
= 1a3 = 3,a4 = 2 as so on. Now
2, U3 5y W4 3 . s

notation from Section 3.2. Here, ag = 0,a; = %,(12
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0.5

Figure 3.2: Piecewise convex map with infinitely many branches for Example 3.5.1

'(x) = = x)Q which is increasing on [a;, a,,;)],7 > 1. Thus 7 is piecewise convex. Now, Va; €

—a:)2 . _ 2
0,1, i =1,2,3,...,7(a) = g3z > 0 = 5 = S5k de, ot = U5k =
11 (1-3)?2 _ 2 1 (1-3)% _ 2
2 Ta)) — =5 Tlam) — > = E,....Therefore,

<1 1 1 1
Z ':2.< +372+7+ >z1.2898<oo.

From the above calculations, 7 satisfies all conditions in Section 3.2. Thus, 7 € 7,2°(/) and hence
by Theorem 3.2.7, 7 has an ACIM.

Example 3.5.3. Consider the piecewise convex map 7 : [0,1] — [0, 1] with countable number of

branches defined as

1 1 1
(&) = 5 —n on [ } (3.5.4)
n%nih —z n+1'n

See Figure 3.2. We show that 7 satisfies conditions of Section 3.3.

Condition 1: 7(z) is piecewise continuous and convex on its domain.

1
( 2n41 )2
n(n+1)

convex. Now, Vn € N,7/(1) = (n + 1)2 > 0.

which is increasing on [i ﬂ . Thus 7 is piecewise

Condition 2: Here, 7/(z) = e
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0.5 1

Figure 3.3: Piecewise convex map with countable number of branches, for Example 3.5.3

Condition (3): Condition (3) is obviously satisfied since in this example we have only one interval

in between § and 1, and T,(%) = 1, which means )%, ﬁ =1<o0.

Condition (4):
Dy =372 m =+t bt &t~ 0.6449 < 1. Thus, 7 € T5o%(I) and hence

by Theorem 3.3.5, 7 has an ACIM.

Example 3.5.5. [20] Let 1 = [0,1], 4 = {0} U {% :n =1,2,...} and J, = [, 2] for n =
1,2,.... Wedefine 7 : 7|, (x) = 2z —1;forany n = 2,3, ..., 7|, is an increasing linear function

such that 7(.J,,) = (0, ﬁ] ;7(0) = 0. We define

3 x € Int(Jy)
1
T/ (fl?) = nz?n_—’—ll) , X € Int(Jn), n = 2’ 3’ -
0 , x €A
\
7"(37) = 2, when z € [1/2, 1] which implies % = %, and when z € (0,1/2), % _ n(nnjrll)
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X
Figure 3.4: For Example 3.5.5.
_ _ 1 _ 1 1 2 3 _
where n = 2,3,4,....Thus, D1 = Z;’ilm = §+ﬁ+ﬂ +E+"' = 400 > 1,

and condition (4) is not satisfied. It is proven in [20] that 7 has no finite ACIM and any interval is

mapped after a finite number of iterations onto the whole interval I = [0, 1].

3.6 Exactness of piecewise convex maps with countable number of

branches

Theorem 3.6.1. Let 7 : I = [0,1] — [0, 1] satisfies Conditions (1)— (4) in Section 3.2. Then
there exists the unique normalized absolutely continuous measure Xy that is invariant under 7. The
system (I, B, \g; T) is exact and the density g is bounded and decreasing. Moreover, lim,, P]'f = g
in LX(I, \), forany f € L*(I, \) where ) is the Lebesgue measure on [0, 1] and P is the Frobenius-

Perron operator corresponding to T.

Proof. We follow [33] closely. We will prove that operator P admits a lower bound function. We

are going to construct a nontrivial lower function for P;. First, we will prove that the set

S = UZOZOT_H ({ao,al, as, ... })
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is dense in [0, 1]. Suppose it is not true. Then there exists an interval [xo, yo] C [0, 1] such that

7"([%0, yol) N {ao, a1, a2, ...}

is empty for all n = 0,1,2,--- . Therefore, for each n, the points x,, = 7" (z¢) and y,, = 7" (o)
belong to the same interval (a;, ay(;)). Recall from the 1st paragraph of Section 3.2, n(i) is the
index such that the interval [a;, a,;] does not contain any other points of the partition {0 =
ap,ai,asz, ...} such that ap < ap and all ag,as,--- € [a1,1]. If 2, yn € (ao,a1), we have by

the convexity of 71 = T|q, 4,), see Figure 3.4,

tanf; = 7(n) > 71.(2n) and tanfy = 71.(Yn) > 7—l(yn); €1,€2 > 0.
€1 Tn €2 Yn

71 (V)

T4 ()
8 /é
EA
T«—

ap &1 X Va ay
|—»

Figure 3.5: A graph for Equation 3.6.2.

Now,

tan @y > tan 6

T1(Yn) o Ti(@n)
Yn ~ Tnp
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_. Y1 _ T1(yn) S Yn. (3.6.2)

Tn+1 71 (xn) T

If 2, Yn € (@i, angy) with @ > 1, similarly we have

Ynt1 _ TilYn) o Yn— a1 Yn 1 —alxn/yn)

Tpt1  Ti(xn) — Tp—a1 T Xy 1—a

Since y"ﬂ > i’",we have gnﬁ < j—" <. < “Z’/O and thus, = 1—a, 9”" 2> a,1 0 Therefore,
n

L—a1zn/yn 1—a1zo/yo
1—aq — 1—aq

and consequently

Yn 1 —aizo/yo

Ynt1 > q=— where ¢q =

Tni1 T 1—a

> 1. (3.6.3)

Since 71 (x) > 71(0) > 1, the points x.,, y,, cannot belong to (ag, a1 ) for almost all n. For infinitely
many n’s we have x,,y, > a1 and, according to Equation (3.6.2) and (3.6.3), hmn(y") = 00.
Since limsup,, z, > a1, this in turn implies lim sup,, y, = oo which is impossible. Thus, S is
dense in [0, 1].

Second, we claim that for n sufficiently large P"1 is a decreasing function, where 1A be
the characteristic function of an interval A = [dy, d;] with the endpoints belonging to the set S.
Here P! is the Frobenius-Perron operator corresponding to 7". The function 7" satisfies condition

analogous to Conditions 1- 4 in Section 3.2. Let

be the partition corresponding to 7™ i.e. 7" is convex on each interval [agn), af{éz)) and T"(agn)) =0.
We see that

{a’(n)u"'v n)u'n}:TinJrl{a(),...,CLn,...}

if we assume for simplicity that 7(1) = 0. Moreover, Vi > 0, 7(a;) = 0, and hence a; € 771(0) C

“1({ap =0,a1...,an,...}). Thus,

{ag, ... an,...} €7 *{ao, ... an,...})
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it follows by induction that

" ({ag,...,an,...}) 7 "({ao,...,an,...})

which shows that the system of partition is decreasing. Since dy,d; € S there is an integer ng

sufficiently large such that d; belongs to the partition {a(()n), .. agz , ...} forn > ng. The operator

P! is the Frobenius-Perron operator for 7" and so it may be written as

n [ " (%)) (" (@)
P f(z) = mxm[o(n>7agn>)($) + ; (T”)’(T{”(x))x ™ aln >1)(95)

In particular for f = 1 and 7 > ng we have

1 o
PflA:—_nxTnM )+ < Xn (n) 4(m) ()
(r7) (75 () 1) Z z))T [a; )

H—l

Since the right side of the equation is decreasing so, P/'1 A has the same property.

Finally, let D be a subset of L (I, \) consisting of all functions of the form

[e.9]
= ZCklak(x)7 ¢k =0

where the endpoints of the intervals A\, belong to S. Since S is dense in [0, 1], the set Dy is dense in
L' (Do, A). Now, we construct a lower function for P;. Let f € Dy be an arbitrary function. There
exists ng = no(f) such that P f is decreasing for n > ng. No decreasing density on (0, 1] exceeds

1/z. In fact for any decreasing f we have
1> / f(s)ds >z - f(a).

In particular we have P f(z) < 1/x for n > ng. Applying this estimate, using lemma 3.3.2, to the

equality

7_/ P”f (a;)

PIHF(0) = < PRF(0)+ 3
=1
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we obtain

1
PIf(0) < —PPf(0) + D
aq
where D = > 77, ﬁ(aﬂ From Condition 3 of Section 3.2, we have o; > 1 and by an induction

argument (and using theorem 3.2.7) we obtain

1 D D
PEEF(0) € () PR + T < 14+ 7

Now let K = D/(1 — 1/aq) + 1. For n sufficiently large, say n > nj, we have P/ f(0) < K.

Define h = %1[0’1 /2x]- We will prove that
Prf(x) > h(z) for mn>ny. (3.6.4)
Suppose not. Then there is z € [0,1/(2K)] such that P" f(z0) < h(z) = 5 and

x0 1
1:/ Pﬂfda;+/ P fdx
0 T

0
For some = € [0,z9] by the MVT, [[° P! fdx = xoP}f(x). Again z > 0, so Pf(z) <
P f(0) < K. Similarly for second part of the integral and consequently

o ! 1 1 1
1= P fd P'fdr < zogK + =(1 — < —K+-=1

which is impossible.

O

Theorem 3.6.5. Let 7 : I = [0,1] — [0, 1] satisfies Conditions (1)— (4) in Section 3.3. Then
there exists the unique normalized absolutely continuous measure X\, that is invariant under 7. The
system (I, B, \g; T) is exact and density g is bounded and decreasing. Moreover, lim,, P]'f = g in
LY(I,\), for any f € LY(I, \) where ) is the Lebesgue measure on [0, 1] and P; is the Frobenius-

Perron operator corresponding to T.

Proof. The proof is similar to the proof of Theorem 3.6.1. Recall from the beginning of section
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3.3, we consider a decreasing countable sequence {ap,—n} of partition points in (ag, a1] such that
{0=ap < <ap-—n<ay_(n1) < <ag—2 < ap,-1 = ar}andlim, ;. ap,—n = 0 = ao,
and {0 = ag, a1, a2, ...,an,, ...} beacountable partition of I such that agp < aj and all ag,ag,--- €
[a1,1]. We do not assume the sequence {as, ..., an, ...} to be increasing or decreasing. Here we
will prove that the set S = U2 ;77" ({ao,—;}) U U277 "({a1,az,...,ay,...}) is dense in [0, 1]

where J > 1. Suppose it is not true. Then there exists an interval [z, yo] C [0, 1] such that

Tn([l'o,yo]) N {0 =ag < <ap,—n < Ao —(n—1) < < A0,—2 < A0,—1 = A1, .-, 0n, - - }
is empty for all n = 0,1,2,.... This means that for each n the points z,, = 7"(z¢) and y,, =
7" (yo) belong to the same interval (ag, —(jt1), @0,—5] U (@i, Gp()), @ = 1,2,--+ 5 = 1,2, . If

Tn, Yn € (A0, —(j4+1)5 @0,—j] U (@i, Gy (i), we have by applying the similar techniques of the proof of

Theorem 3.6.1,

Yntt _ 7)o Yo (3.6.6)
Tn+1 Tl(xn) Tn
1—
Intl 5 (Y0 where g = @1Zo/Yo >1 (3.6.7)
Tn41 Tn 1—a

Since the derivation of 7 on (ag,a1) is positive, the points ,, y, cannot belong to (ag,ay) for
almost all n. For infinitely many n’s we have x,,y, > a1 and, according to (3.6.6) and (3.6.7),
lim,, (£*) = oco. Since lim sup,, , > a1, this in turn implies lim sup,, y,, = oo which is impossible.

Then S is dense in [0, 1]. The remaining part of the proof is very similar to the corresponding part

in the proof of Theorem 3.6.1.
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Chapter 4

Ulam’s method for computing stationary
densities of invariant measures for

piecewise convex maps

4.1 Introduction

In this chapter, we use Ulam’s method for the approximation of f*, an invariant density of a map
T or equivalently a fixed point of the Frobenius-Perron operator P;. Fixed points of the Frobenius-
Perron operator P of 7 € T3°(I) U ’7;%0’0(1 ) are the stationary densities of 7. The F- P operator
P- is an infinite dimensional operator. Except for some simple cases (where 7 is piecewise linear
Markov and the Frobenius-Perron operator has a matrix representation), it is not easy to obtain an
analytical solution of the F-P equation P; f* = f*.

Asymptotic stability of stationary densities and weakly attracting repellors for piecewise convex
maps are studied by Inoue in [25] and [26]. Recently, Inoue [27] contemplated invariant measures
for random piecewise convex maps with a finite number of branches. However, the literature on
stationary densities of ACIMs for piecewise convex maps with countable number of branches is not
affluent.

In Chapter 3, we studied ACIMs of maps in two classes 72> (1), 7;,%0’0 (I) of piecewise convex
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maps 7 : I = [0,1] — [0, 1] with countable (infinite) number of branches. It is proved in [23] that

any 7 € T2°(I) U 7;000’0(1 ) has a stationary density f* of absolutely continuous invariant measure

.

Numerical computations of stationary densities of invariant measures for dynamical systems
were suggested by Ulam [42]. For piecewise expanding deterministic transformations, T-Y Li [34]
first proved the convergence of Ulam’s approximation. Since then, Ulam’s method has been applied
to one and higher-dimensional expanding deterministic transformations. For piecewise expanding
interval maps, Bose and Murray presented the convergence rate of Ulam’s method in [3]. In the con-
text of higher-dimensional Jablonski transformations, Boyarsky and Lou proved the convergence of
Ulam’s method in [6]. For piecewise expanding and C? transformations, the convergence of Ulam’s
is proved by Ding and Zhou in [16]. In the case of random maps with constant probabilities, Froy-
land proved the convergence of Ulam’s method and presented the rate of convergence in [19]. Géra
and Boyasrsky proved the convergence of Ulam’s method for position-dependent random maps in
[5]. However, there are few results on the approximation for stationary densities of invariant mea-
sures for piecewise convex maps. In [35], Miller proved the convergence of Ulam’s method for
piecewise convex transformations with a finite number of branches with a strong repeller. J. Ding
[14] developed and presented piecewise linear and piecewise quadratic Markov finite approximation
methods for piecewise convex maps with a finite number of branches. If piecewise convex maps
have countable number of branches, then the convergence of Ulam’s method becomes more chal-
lenging and complex. This complexity makes it harder to find a suitable sequence of approximating
functions that can accurately capture the behavior of this system across all branches. In [21], Géra
and Boyarsky presented an approximation method for invariant measures for piecewise continuous
maps with countable number of branches. As far as our knowledge goes, Ulam’s method for piece-
wise convex maps with infinitely many branches has not been investigated so far. In Section 4.2,
we introduce notations and review the existence of stationary densities of absolutely continuous
invariant measures for 7 € 7,2°(I) U To%(I). In Section 4.3.1, we construct a sequence {7, }°° ,
of maps 7, : [0,1] — [0, 1] s.t. 7, has finite number of branches and 7,, converges to 7 almost

uniformly. Using supremum norms and Lasota-Yorke type inequalities, we prove the existence of
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densities f, of ACIMs u,, for 7,,. In Section 4.3.1, we apply Ulam’s method to 75, and compute
an approximation f,, . of f, and prove that f,, ; — f, as & — oo. Finally, in Section 4.3.2, we
prove that f,, ;, — f* where f* is the actual stationary density of absolutely continuous invariant
measures for the piecewise convex map 7 with countable number of branches. In Section 4.4, we

present numerical examples.

4.2 Stationary densities of ACIMs for piecewise convex maps in class
Ty (1) U T(1).

In this section, we review results on the existence of stationary densities of absolutely contin-
uous invariant measures (ACIMs) of piecewise convex maps with countable (infinite) number of

branches. We closely follow Chapter 3.

4.2.1 Stationary densities for piecewise convex maps with countable (infinite) branches

and limit points of partition points separated from 0

Consider (I = [0, 1], B, \) be a measure space, where A is the Lebesgue measure on I and B
is the Borel o-algebra on I. Let {0 = ag,a1,a2,...,an,...} be a countable partition of I such
that ap < a; and all ay,as,--- € [a1, 1]. We do not assume the sequence {as, ..., a,,... } to be
increasing or decreasing. For any i € {0,1,2,...}, let n(7) be the index such that the interval
[a;, an(i)] does not contain any other points of the partition. If a; is the limit point of decreasing

subsequence of aj,’s, the n(k) is not defined. We say that 7 € 7,2°(I) if
(1) = T|[07a1) is continuous and convex;
T = T‘[ai,anm) is continuous and convex, ¢ = 1,2, - - ;
) T(ai) :O,T/(ai) >0,t=1,2,...;

3) 7(0) = 0,7/(0) = oy > 1;
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@) X2 way < oo

For 7 € T°(I), f € LY(I), f > 0 the Frobenius-Perron operator P, is defined as

! > Yz
P f(a) = L ) “”)XT[o,al)(x) ns fi(@f))) Xrfaancy) (@) @2
=1 4

The following results are proved in Chapter 3.
Lemma 4.2.2. Let 7 € T;°(I), f € L*(I), f > 0, f non-increasing. Then
(1) Pr(f) € L(D).
(2) Pr(f) 2 0.

(3) P;(f) is non-increasing.

(4 1 Pr(f) oo C | f lloos where € = (& + 550, =)

Proposition 4.2.3. If f > 0 and f is non-increasing, then f(x) < %)\( f), for x €[0,1], where

1
A(f) = /0 f(2)dA(z).

Proof. Forany 0 < = < 1, we have

1 x
A(f) = /O F()dA () > /O f@)dA@) > o - f(2).

Lemma 4.2.4. If f : [0,1] — R is non-increasing and 7 € T°(I). Then
1
FE-(F) oo M F lloo +D 1 F (4.2.5)

where D = (Z;’il a%-f(i)) )
Theorem 4.2.6. Let 7 € T,°(I). Then T admits an absolutely continuous invariant measure ji =

f* - X with non-increasing density function f*.
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4.2.2 Stationary densities of ACIMs of maps with countable (infinite) number of

branches where 0 is a limit point of partition points

Let {0 = ag,a1,as,...,an,...} be a countable (infinite) partition of I such that ag < a;
and all ag, as,--- € [a1,1]. We do not assume the sequence {az, ..., an,...} to be increasing or
decreasing. For any i € {1,2,...}, let n(i) be the index such that the interval [a;, a,;] does not
contain any other points of the partition. If aj, is the limit point of decreasing subsequence of a,,’s,
the n(k) is not defined. Moreover, we consider a decreasing infinite sequence {ag ,} of partition
points in (ag, a1] such that {0 = ap < - -+ < ag,—p < ag,—(n—-1) < '+ < ap,—2 < ap-1 = ap} and

limy, 00 @0,—n = 0 = ag. We say that 7 € 7;%0’0([) if

() 70,—(j+1) = T|(a07_(j+1)’a0’7ﬂ is continuous and convex, j=1, 2, ...;

T = T‘[ai’an(i)) is continuous and convex, ¢ = 1,2, - - ;

(2) 7(ap—;) =0,7"(ap,—;) > 0,5 =1,2,...;

7(a;) = 0,7'(a;) > 0,i =1,2,...;
(3) X1 ey < 0

4) Dy =372 %<1.

=1 7a0—;

Remark 4.2.7. Condition 3 and Condition 4 can be replaced by the following Condition 37, where

+ 1 [ele] 1
3. Z?’;lm+zi:1m<oo.

If 31 is satisfied, then we can find a J > 1 such that

a/077]

oo
1
D ey <!
/ )
2 7(ao.)
and after proper renaming of the partition points, Conditions 3 and Condition 4 are satisfied.
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The following results are proved in [23].
Lemma 4.2.8. Let 7 € ’7},%0’0(1), f e LY(I), f >0, f non-increasing. Then
(1) P(f) € L'(I).
(2) Pr(f) = 0.
(3) P-(f) is non-increasing.

(4) 1| Pr(F) oo C || £ lloos where € = (D1 + 52, 775 ) -

Lemma 4.2.9. If f : [0,1] — R* is non-increasing and T € 7;%0’0 (I). Then

' Pr(f) lloo< D[l f lloo +D [ £ 1, (4.2.10)

where D = > 22 L

=1 a;7'(a;)"

Theorem 4.2.11. Let 7 € T’ (I). Then T admits an absolutely continuous invariant measure

w = f*- X with non-increasing density function f*.

4.3 Ulam’s method for piecewise convex maps with countable (infi-

nite) number of branches

4.3.1 Approximation of piecewise convex maps with an infinite number of branches

by piecewise convex maps with finite number of branches

Let 7 : [0,1] — [0, 1] be a piecewise convex map in 72> () U 7;%0’0 (I) with countable (infinite)
number of branches. In this section, we will describe the most difficult case when 0 is the limit of the
partition points for the map 7 € 7;)%0’0. We assume that there are no other limit points of the partition
points. The other cases, i.e., where there are such limit points or 7 € '7;,060, are done similarly. Thus,
the map 7 is like in Section 4.2.2. For simplicity, we change the notation by renaming the partition

points. Let a,, = ag,—n, n = 1,2,.... Then, the assumptions (3) and (4) of Section 4.2.2 are

restated as:
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(3’) There exists an N > 1 such that

e}

1
Di= Y g <t (4.3.1)

n=N-+1

Then, the Lemma 4.2.8 and Lemma 4.2.9 of Section 4.2.2 hold with changed constants

C=D +§: ! —i !
S S (a) T &= (an)

n=1
N
D = _—
Z an T (ay)

n=1

4.3.2)

For n > N, we construct a sequence {7,}>° . of maps 7, : [0,1] — [0,1] s.t. 7, has finite
number of branches and 7,, converges to 7 almost uniformly (see definition 4.3.8 and proof of lemma
4.3.9). Using supremum norms and Lasota-Yorke type inequalities, we prove that the existence of
stationary densities f,, of ACIMs p,, for 7,,. We approximate 7 : [0, 1] — [0, 1] with the following

sequence of maps 7, : [0, 1] — [0, 1], n > N, with finite number of branches:

In the following, we show that for each n > 0, the map 7,, has an absolutely continuous invariant
measure. Each 7, is a piecewise convex map with finite partition {1 = ag, a1, a2, ,apn,apt1 =

0} and 7, satisfies following conditions:

(1) T, = 7nl(a;, a;—1] is continuous and convex, j = 1,2, -+ ,n + 1;

(2) n(a;) =0,7)(a;) >0,j=1,--- ,;n+1;

(3) 7,(0) =0,7/(0) = - > 1.

@ Y5 by < oe.
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Let f € L'(I), f > 0. Then, the Frobenius-Perron operator P, is defined as

n+1 —1(p
Pt = 3 L0 )

Xr(agsa;_1] () (4.3.3)
(g () T

Lemma 4.3.4. Let f € L'(I), f > 0, f non-increasing. Then
(1) P, (f) € L*(I) foreachn =1,2,....
(2) P, (f)>0foreachn=1,2,....
(3) Py, (f) is non-increasing for eachn = 1,2,. ...

(4) | Pr.(f) o< Cn || [ [[o< (14+C) || f |loo for each n = 1,2,... where C,, =
(an+zj 17_ a]))

Proof. (1)

P,(f) = /Tn_lm far= [ 1

Therefore, P, (f) € L'(I)

(2) Note that )
W flro @)
P‘rnf(x) = ; T7,L(Tn_j1($))XTn(a]-,aj_ﬂ(x)'

(z))

Each of the branches ﬁ X (aj,a51]

(x) is non-negative.

fr ) (@)
mXTn(aJ,a] 1]\

n( nj

1

(3) Each of the branches (x) is non-increasing since 7,, - is increasing, f is
J

non-increasing and 7;, is increasing.

(4) We have
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n+1 —1 T
pogy = § 1)

X1 (aj,a5-1] (.CU)

j=1 Tn(Tnjl(x))
n+1 n+1
Hwa Hme
<
; Tn(Tnj ( Z
= an + Z | f lloo
j=1 i
§(1+CHUWM
O
Lemma 4.3.5. If f : [0,1] — R is non-increasing, then for eachn > N,
| Pr, () lloo< (an + D1) || f lloo +D | £ [I1, (4.3.6)

Proof. Since f is non-increasing, f(0) >|| f ||~, and by Lemma 4.3.4, P, f(0) >|| Pr, [ |l -

Now,

() (0)
P fO) = 2 )

7=1

G0) XL f(r,1(0))
— +Z Zﬂi

Xn(aj,a;— 1](0)

0 2 a0 2 o)
= flan,) al f(an;)
= anf(o) + / =+ / ’
]2\[ Tn(anj) j=1 Tn(a’%)
N
< (an+D1)f(0)+Z)\(f /1
j=1 a; Tn<a3>

IN

(an+D1) | fllo +D [ f 11 -

O]

Theorem 4.3.7. For eachn € N, 7, admits an absolutely continuous invariant measure (i, = f, -\

with non-increasing density function f.
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Proof. Our proof works for all n > ng, where we have a,, + D; < 1 and gives a uniform estimate.
For the n < ng the claim follows from Subsection 4.2.1.
Let f = 1 and consider the sequence {an f[}3,- Clearly f is non-increasing. Then by part 3

of Lemma 4.3.4 we can apply Lemma 4.3.5 iteratively and obtain

| PE S o=l Pro (PETF) oo (an+ Do) | (PETF) oo +D 11 (PE7F) I

(an + D) ((an + D) || (PE2F) lloo +D | (PE2F) 1) + D1 (PE7F) I

IN

< (an+ D0 I f lloo +D (Il PETF It +(an + Do) || PEZ2S |
oo (an+ DM P2 S )

< (@t DO I f oo +D (14 (an+ D1) -+ + (an + D1)* )
D
1-— (ano + Dl)

IN

(ane + D))" || £ lloo +

So the sequence {PTkn 122, is uniformly bounded and weakly compact. By Yosida-Kakutani the-
orem, % Z?Zl Pgn f converges in L! to a P, invariant function f;. It is non-increasing since it is

the limit of non-increasing functions. O

Definition 4.3.8. Let 7,,, 7 are maps on [0, 1] into itself and 7, 7 are defined as above. We say
that 7,, converges to 7 almost uniformly if, given ¢ > 0, there exists a measurable set A, C

[0,1], A(Ae) > 1 — ¢, such that 7, — 7 uniformly on A..
Lemma 4.3.9. 7,, converges to T almost uniformly.

Proof. Let € > 0. Choose the decreasing partition {1 = ag, a1, a2, - ,an,an+1 = 0} of [0, 1] for
T, such that a,, < e. Let Ac = (ay,1). Then, A(A.) = 1 —a, > 1 — €. Since 7, = 7 on A, this

completes the proof.
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4.3.2 Ulam’s method for approximation

In general, most dynamical systems do not possess Markov properties, implying that they lack
a Markov partition, and most partitions designed for these systems will not qualify as Markov
partitions (section (4.2.2), example 4.1(c), [2]). However, when we encounter such systems, the
corresponding the Frobenius-Perron operator can be accurately represented by an operator of finite
rank. Markov transformation is a piecewise monotonic transformation such that each interval of the
partition is mapped onto a union of intervals of the partition. The Frobenius-Perron operator can
be defined in terms of the Markov transformation matrix. We can approximate the fixed point of
the Frobenius-Perron operator P by the fixed point of a matrix operator, which we call the Markov
operator. If the map 7 is piecewise linear and Markov, we can find the Frobenius-Perron operator in
a matrix form. Therefore, it is easy to find the density or invariant measure because the Frobenius-
Perron equation P, f = f is a system of linear equations. In the deterministic case, the matrix

approximation of the F-P operator has the form

(A (m'(J5) N i)
M, = ( A(J3) >1§i,j§k

where )\ denotes the normalized Lebesgue measure on J and {.J; }¥_, is a finite family of connected

sets with nonempty and adjoint interiors that cover J i.e., J = Uf’zlJi, and indexed in terms of

nested refinements.

Example 4.3.10. Let 7 : [0, 1] — [0, 1] be a piecewise linear Markov transformation on the partition

{0,1,1,3 .1} defined by

4z, Oga:gi
—Sx—i-%, i<:c§%
T(z) = .
3x—3, J<a<?
—2x+%, %<a:§1

Here we use the above matrix form of the F-P operator for finding all elements of the matrix M.

59



0.75 / \ /
0.50 /
025

0 025 0.50 0.75 1

Figure 4.1: Markov map , 7, with partition shown for Example 4.3.10.

Now using ¢, j = 1, 2, 3, 4 successively, then

mi1 =

A(ANT ) A0, gl N[0, 5) A0, 510 ([0 56]) _ 1
A1) A0, 3]) A0, 3]) 4

ANT () A0, 1) NN (5 5)) A0, 1 N ([ 81) 1
A(J1) ([0, 4]) ([0, 3])

A0 ) Mg gl (0.3) _ Mggl 0 (5 55) 0
A(J2) M 3)) ([0, 31) ’
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Similarly, we can find the rest of the elements mi3 = my4 = %, mo = 0, Mag = Moy = %, ma1 =
1 1
0,m32 = m3q4 = 5,m34 = 0,ma; = maz = 0,my3 = 7.

Thus, the matrix approximation of the F-P operator has the form for map 7 :

(14 1/4 1/4 1/4
0 1/3 1/3 1/3
0 1/3 1/3 1/3

0 0 1/2 1/2

The resulting M; may be interpreted as a transfer matrix, for which it is easy to check that all row
sums are 1, i.e., > m;; = 1Vj.

Let f = (f1, f2, f3, f4), where f; = f|1,, I; = [%, i],i = 1,2, 3, 4. The normalized density of the
map 7 (Figure 4.1) is the left eigenvector of M. with eigenvalue 1. P, f = f reduces to fM, = f

which is a system of linear equation. It shows that f = (0,1, 2, 2).

Ulam’s method is often used to describe the process of using Ulam’s conjecture (see Chapter
2, Conjecture 2.6.1). In this subsection, first, we describe Ulam’s method for finite-dimensional
approximation P, ;,, n and k denoted by the number of branches and number of partitions, respec-
tively, of the Perron-Frobenius operator P, of 7,,. Ulam’s method computes f,, ;. on a partition of
k subintervals of the state space as an approximation of the actual stationary density function f
of 7,, n > 1. Moreover, we show that f, ;. converges to f; as k — oo. We closely follow [34],
[35] and [14]. Let 7, be an approximation of 7 € 7;%0(1 )uU 7},%0’0([ ). Then, by Theorem 4.3.7, 7,
has an absolutely continuous invariant measure /i, with stationary density function f;*. The approx-
imation f; is carried out using a two-step process. Initially, we approximate 7 by the map 7,, with
a finite number of branches. Then, we further approximate 7,, using Ulam’s method. In our case,
we don’t need approximation in the L' norm. So, it’s not an approximation of any norm. In this
sense, approximation means 7, converges 7 almost uniformly. Now, we describe Ulam’s method

for approximating f;. Let k be a positive integer. Let P*) = {.J;, .J5, ..., J;} be a partition of the
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interval [0, 1] into k equal subintervals. Now, construct the matrix

M — (A (r(J5) N Ji>> |
1<i,j<k

A(Ji)

Let L®) ¢ L1(]0,1], \) be a subspace of L' consisting of functions which are constant on elements
of the partition P*). We will represent functions in L) as vectors: vector f = [f1, fay -y fo]
correspond to the function f = Zle fix.,- We introduce the operator QW . L' — L®) defined

by

QW (f) :Z <A8L~) /J fdA) XJ, = [A(ljl) : fd)\,...,/\(ljk)/Jk fdA} (4.3.11)

=1

Let f = [f1, fo, ..., fu] € L), We define the operator PT(f) : L) — LK) py

([f1, f2r - fr) (4.3.12)

which is a finite-dimensional approximation to the operator P, . A77%"$ denotes the transpose of
the matrix A.
Then, we have

PWf=Q"p, .

More generally, for f € L', we have

PIQWf=QWP, Wy,

The following Lemma will be used several times in the sequel.

Lemma 4.3.13. Let {gy }n=1,2,.. be a sequence of non-increasing functions uniformly bounded in

L>®.If gn — h, as n — oo, weakly in L', then the convergence is also in L' and a.e.

Proof. Since g,,’s are non-increasing and uniformly bounded in L°°, they are also of uniformly

bounded variation. By Helly’s Theorem [ Rudin, 1976], there is a subsequence g,, convergent
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a.e. to some function hy. Since g,,, — h1 weakly in L' we have hy = h. Considering all possible
subsequences we prove that g,, — h a.e. Since g,, converge to h a.e. and they are uniformly bounded

in L™°, the convergence is also in L' (e.g., by Lebesgue Dominated Convergence theorem). O

Since each map 7, is exact [Lasota and Yorke, 1982], by Proposition 1.2 of [Hunt and Miller,

1992], we obtain that the invariant densities f;, j, of PT(f ) are unique.
Lemma 4.3.14. The invariant density f i, of ng ) Tn 1S non-increasing for any n, k > 1.

Proof. Let f € L(k:). Since PT(f ) f= Q(k)PTn f, and both operators P, and Q™" transform non-
)

increasing functions into non-increasing functions, the operator PT(f also have this property. Let
f = 1 be a constant function understood as [1,1,...1] € L(k). It is non-increasing. Thus, all the
functions (P, )™ f,m = 1,2,,,, are non-increasing. Similarly, as the estimate (15) was obtained,
they can be shown to be uniformly bounded in L> and thus weakly compact in L'. Then, Yosida-
Kakutani theorem [ Yosida and Kakutani, 1941] shows that the sequence % > (PT(,]f )) " f converges

in L' to the invariant density f,, . By Lemma 4.3.13 the convergence is also a.e. and f,, ; is non-

increasing. O

Using Ulam’s method and corresponding convergence analysis described in [34, 35, 14], we

prove the following theorem.

Theorem 4.3.15. Let 7 € 7;060’0(.7 ) be a piecewise convex map with countably many branches. Let
{m}5°. be the approximating sequence of piecewise convex maps with finite numbers of branches
where T, are defined in the previous Sub-Section 4.3.1. If f, 1 is a normalized fixed point of
quf), k = 1,2,..., defined in (4.3.12), then the sequence { fy 1}72, is weakly pre-compact in

LY. Any limit point f}; of the sequence { f, . }32, is a fixed point of P;.,.

Proof. Let PT(,]f ) be the Ulam’s approximation of the Frobenius-Perron operator P, of 7,,. Let QW)
be the isometric projection defined in (4.3.11). It can be shown that (see: (4), page 3 [35]; def. (2.1),
page 5 [34]):

PRQWf =Q® P, . (4.3.16)

From lemma 2.5 of [35], we get

QM f o<l f lloo - 4.3.17)
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Equation (4.3.17) implies that Q(¥) does not increase in L°° norm.

From equation (4.3.6), P, satisfies the following Lasota-Yorke type inequality
| Prof lloo< (an + D) || £ lloo +D [ f 1] - (4.3.18)

Using equation (4.3.16) and (4.3.17) we obtain

H ng)f Hoo:” Q(k)PTnf ”ooSH PTnf HooS (an +D1) H f Hoo +D ” f ||1 . (4.3.19)

)

Now, f,, i is a normalized fixed point of the approximate of the F-P operator PT(f , then we can write

I frk Moo=l P frue oo -

From equation (4.3.17) and equation (4.3.18) we obtain

” P#f)fn,k Hoo:H Q(k)PTnfn,k HooSH PTnfn,k Hooé (an +D1) ” fn,k Hoo +D H fn,k Hl .
(4.3.20)

Thus, we have

I frk lloo< (an + D) || fak oo +D || fuk

D

4.3.21
e ] (4321)

<
H fn,k Hoo_ 1 _(

This shows that the densities f,, ;, are uniformly bounded in L°° and thus form a precompact set
in the weak topology of L'. There exists a subsequence Jn,k; that converges weakly in L' to some
limit function f for fixed n. Since all f, x;’s are decreasing, they are also of uniformly bounded
variation. By Helly’s Theorem, there is a further subsequence fy,; convergent a.e. to some function
f . Since the functions f,, are uniformly bounded, by Lebesgue dominated convergence theorem ,
we obtain that

fa,, = f,in L%
This implies that f = f . Since the same reasoning applies to any subsequence of f;, ;; we obtain
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that

fo; = f,in L%

Now, we want to show that if f,, 5, — f , n—fixed, k; — oo then for any continuous function g we

/g(fPTnf)dAzo

have

Now,

[o(F-rd)an <t [o(F=tus) N +1 [ (fu, — Prd)
1 9 (F= fus ) N 1 [ g (P s, = P F)
<1 [o (5= tus) N1 [ g (P g, = PO F)ax | [ (P27 = P, ) an

Since g, being continuous, is bounded and f;, ., — f weakly in L', so first term goes to 0.
Since

fo; = [, inL!

and PT(fj ) is a norm 1 operator the second integral goes to 0. From the lemma 2.2 of T-Y Li, for
f € L', the sequence Q(kﬁ')f converges in L' to fas k; — oo.
Which implies, PT(fj ) f=QW )P, f— P, fin L' as k; — oo. Therefore, the third term also

goes to zero.

O

Theorem 4.3.22. Let 7 € 7;3%0’0 (I) be a piecewise convex map with countably many branches.
As described at the beginning of subsection 4.3.1, let {7,}°2 | be the approximating sequence of
piecewise convex maps with finite numbers of branches. Let PT(f ) ,k=1,2,... be the sequence of
Ulam’s operators approximating operators P;, . Let f,, ;. be the normalized (in L) fixed point of
PT(f). Then, the family {fn,k}n:l,Q,...,k:1,2,... is uniformly bounded in L*>° and weakly compact in
L' If fnj k7 =1,2,... is a weakly convergent subsequence, then it converges in L' (and almost

everywhere) to a function f which is a fixed point of Pr, P, f = f.
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Proof. The stationary densities { fy, }n>1 of {75 }n>1 are uniformly bounded in L* by Theorem
4.3.7. Moreover, the densities f, j, the piecewise constant approximations of f,’s are also uni-
formly bounded in L by formula (4.3.21). Thus, the set { f, 1 }22, is weakly compact in L. As-
sume that { f,, x}3, has weakly convergent subsequence { f,,; x; } with limit f. Since the functions
{fn; k; } are decreasing and uniformly bounded, they also have uniformly bounded variations. By
Helly’s Theorem there is a further subsequence { fnjsvkjs} that converges pointwise to some func-
tion h. Since subsequence of { f,, 1}, converges weakly to f, we have f = h. Thus, {f, 1},
converges to f pointwise. By the Lebesgue Dominated Convergence Theorem, f,, , — f in L.

It remains to show that f is a fixed point of P, P.f = f. We will show that the measures fdA
and (P- f)d)\ are equal. It is enough to show that for any g € C(I), we have [ g(f — P-f)d\ = 0.

To simplify the notation we assume that the whole sequence f,, ;, converges to f. We have,

[ o0 = Peppin <1 [ o7 = Faddx +1 [ s — P fup)a
[ 9P s = P i) 41 [ 9P o= Pro )N+ [ 9P = PPN
Since f,,r — f in L', the first term goes to 0 and k — oo. Since f, , are fixed points of PT(f ), the

second term is 0.

Third integral:

[ 9P fus = Prfrayix = [ 9@ (P, o) = Prfan)dn

We have Q¥)h — hin L' for any h € L. Since the densities { fn.i:} form a pre-compact setin L,
the convergence is uniform on this set. The third integral converges to 0 as £ — +o0.

Since f,; — f in L' and P;,’s are norm 1 operators, the fourth integral converges to 0 (as
n, k — +00).

The last integral. By properties of the Frobenius-Perron operator, we have

|/g<PTnf _ P f)dr = |/<g 07y — g o) fd\

To show that this converges to 0, we fix an € > 0. Let M = sup |g|. For integrable function f we
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can find a §; > 0 such that [, |fd\| < e/2M for any set A with \(4) < ;. Since 7, — 7 almost
uniformly, we can find a set A with A\(4) < d; such that 7, — 7 uniformly on A°. Function g is
continuous, so for its modulus of continuity w, we can find a d2 such that wg(ég) < . Now, we can

find an N > 1 such that for n > N we have |7, — 7| < d2 on A°. Then, for n > N we write

|/(go7'n—907)fd)\§/|go7'n—go7')|fd)\

:/A]gorn—gorlfd)\—l—/A lgoTn —goT|fd\ <2M -€/2M + wy(d2) - 1 < 2e.
This shows that the last integral converges to 0 as n — +o0. O

4.4 Examples

Example 4.4.1. Consider the piecewise expanding and piecewise linear map 7" : [0,1] — [0, 1]

with countable number of branches defined as

T(e) = i(i +1) (x - 1)

: [ 1 1}@:1,2,---. (4.4.2)
1+ 1

i+171

See Figure 4.1 for a graph of T It shows that the Lebesgue measure is invariant under 7'. Derivative

1

0.8

0.6

0.4

0.2

o

02 0.4 0.6 08 1

Figure 4.2: The graph of the piecewise expanding and piecewise linear map 7', for Example, 4.4.1.

of T is i(i + 1) and its reciprocal, i.e., ﬁ = m = % — 14%1 Therefore, y 2, ﬁ =
Yoy (% — H%) = 1, which means that the Lebesgue measure is invariant under 7'. The slope
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of T on [14%17 ﬂ is —L1 and therefore, the inverse of 7" has slope % — H% Then, with the

i i1

density f = 1,Prf = 3.0, (% . ﬁl) — 1. Thus, Prf = f and f = 1 is the invariant density

of T. Now, consider the conjugation h : [0,1] — [0, 1] defined by h(z) = 1 — (1 — x)%. We
construct the piecewise convex map 7 : [0,1] — [0, 1] with countable number of branches defined

by 7 = h~' o T o h. See Figure 4.2 for a graph of 7. The piecewise convex map 7 is topologically

i
ol 02 03 04 05 06 07 O0F 09 10

Figure 4.3: The graph of the piecewise convex map 7 with countable number of branches for Ex-
ample 4.4.1.

conjugated to the piecewise linear and piecewise expanding map 7" via the conjugation h. Therefore,
the stationary density g of 7 is given by g = f o h x |h/| (see proof of Theorem 5.2.2 in Chapter 5).
Now, h(x) = 1 — (1 — x)%. Hence, g(z) = f(h(z)) x |[W(z)| = |2(1 — x)|. See Figure 4.3 for a

graph of the stationary density g of 7.

2

0.5

Figure 4.4: The graph of the stationary density g of the piecewise convex map 7 with countable
number of branches for Example 4.4.1.

Now, we find the first few branches (from right) of 7 on [0, 1]. Note that 7(z) = (h~'oToh)(z),
where h(z) =1 — (1 —2)%, h~1(x) =1 — /(1 — x). See Figure 4.4 for graphs of h and h .
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0.8 0.8

0.6 0.6

0.4 0.4

0.2 02

0 0
0 02 0.4 N 0.6 0.8 1 0 02 0.4 0.6 0.8 1

Figure 4.5: Graphs of t H (left) and h~! (right).

The map T is piecewise onto the partition

1100_ 1 1 1 1 1111111
i+1"4 z‘:l_ 7927921720019 7°6'5°4°3°27 [

7

Moreover, h (1 m) 7 +1 ,0=1,2,3,.... Thus, the map 7 is defined on the partition

(- ) i)

Ifz € [1—4/3,1], then h(z) € [3,1]. Ifz € [5, 1], then T(z) € [0,1]. If z € [0,1], then
h=Y(x) € [0,1]. Thus, if x € | 3. 1], then 7(z) = 7 = (h"* o T o h)(z) € [0, 1]. Moreover,
1

on [

1,

m(x) = (h™'oToh)(x)

= T - (1-x)%)
A2l - (1-2)%) - 1)
1—+/1—(1-2(1-2x)?)
= 1-V2(1-ux).

o0
In a similar way, we can find other branches of 7 on the partition { [1 —4/ 1'4%17 1—4/ Z_Zl} } =

=1
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{...,1_@1_@1_@1}.

The first few, starting from 1 to the left, the branches of 7 on

N S I [

are 1—v/2(1—xz),1—/6(1 — 2)2 — 3,1—/12(1 — )2 — 8,1—/20(1 — )2 — 15,1—+/30(1 — )2 — 24

respectively.
Now, consider the following sequence {7, },,>0 of piecewise convex map 7, : [0, 1] — [0, 1] with

finite number of branches:

1 n
Tn($) ! e "
T(@), 1=/ sesl

See Figure 4.6 for a graph of 7,, with n = 5. The sequence {7, },>0 of piecewise convex map

1

0.8

0.6

0.4

0.2

Figure 4.6: Piecewise convex map 7, with finite number of branches ( n = 5).

7n @ [0,1] — [0, 1] with finite number of branches converges almost uniformly to 7 with countable
number of branches. In Figure 4.7, we present a graph of approximate stationary density f, ,n =
5, k = 100 via Ulam’s method of the actual stationary density of f,,, n = 5 of the piecewise convex
map 7,,n = 5 with a finite number of branches. Note that 7,,,» = 5 is an approximation of the
piecewise convex map 7. In Figure 4.7, we present the density of the piecewise convex map 7 with
a finite number of branches and the graph of the approximate stationary density f,, x,n = 5,k =

100 via Ulam’s method. In Figure 4.8, we present the graph of the actual density ¢ (in red) of
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¥

.5

Figure 4.7: The approximate stationary density f, z,n = 5,k = 100 via Ulam’s method of the
piecewise convex map 7, with finite number of branches (n = 5).

2 2

o 4 e 0.4 0.6 o8 I 0 02 04 06 08 1

Figure 4.8: The graph of the actual invariant density g of the piecewise convex map 7 with infinite
number of branches(in red) and the graph of of the approximating density f,, ;. (in blue): n = 5,k =
1000 on the left and n = 10, £ = 1000 on the right hand side.

the piecewise convex map 7 with countable number of branches and graphs of the approximate
stationary densities f,, ;. (in blue) via Ulam’s method for maps 7,, with a finite number of branches.
Numerical computations are performed for a number of cases. In the following table, we present
the L' norm error ||g — f,x||1. Note that for each n, 7, is a map with a finite number of branches,

approximating the piecewise convex map 7 in Figure 4.3 with countable number of branches.
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n k Hg - fn,kHl
5 100 | 0.2195470623

5 | 1000 | 0.2195243505

100 | 0.1943541673

AN | D

1000 | 0.1943541673

7 | 1000 | 0.1742407352

10 | 1000 | 0.133493040

The above table shows that as we increase n, the L' norm error ||g — f,, x||1 gets smaller. For the
fixed n, the increasing of k is ineffective. For example, the errors for £ = 100 and £ = 1000 are
almost identical. The main method to lower the error is to increase the number of branches of 7,.

Theorem 4.3.22 confirms that for large n and large k the L' norm error is close to 0.

Example 4.4.3. Consider the piecewise convex map 7 : [0,1] — [0, 1] with countable number of

branches defined as

1 1 1
T(.’IZ‘):W—Z on |: ,:|,Z:].,27 (444)
i(fil) - i1

See Figure 4.9 for a graph of 7 which is defined on the countable number of partition by = 1,b; =

%, by = %, coe by = —— ... of [0, 1]. It is shown in [23] that T € 7;%0’0(1) and hence by Theorem

1

0.8

0.6

0.4

0.2

B}

02 0.4 0.6 08 1
Figure 4.9: Piecewise convex map with countable number of branches, for example, 4.4.3.

4.2.6, T has an acim. Now, consider the following sequence {7, },>0 of piecewise convex map

Tn ¢ [0, 1] — [0, 1] with finite number of branches:
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(n+ 1)z, 0§x<%+1;
Tn(z) =

T(m),%ﬂgajgl.

See Figure 4.10 for a graph of 7,, with n = 4,8. The sequence {7, },>0 of piecewise convex map

! 1 1

038 0.8 0.8

06 0.6 0.6

04 04 0.4

Figure 4.10: Piecewise convex map 7, with finite number of branches (n = 4, n = 8 and n = 10).

T ¢ [0, 1] — [0, 1] with finite number of branches converges almost uniformly to 7. In Figure 4.11,
we compare three graphs of approximate stationary density f,, r,n = 4,k = 60,k = 120 and k =
240 respectively via Ulam’s method of the actual stationary density of f,,n = 4 of the piecewise
convex map 7,,n = 4 with finite number of branches. In Figure 4.12, we present a graph of
Ulam’s approximation f;, ,n = 10,k = 1000 of the actual invariant density of f,,,n = 10 of the
piecewise convex map 7,,n = 10 with a finite number of branches. By Theorem 4.3.22, it is also
an approximation of the invariant density f* of the map 7. The same Figure 4.12 shows also the
approximation f, ,n = 10, k = 1000, as the densities f10,1000 and f10500 are indistinguishable at
this scale. We have || f10,1000 — f10,500/|1 ~ 0.00055. In Figure 4.13, we show the enlargement of

both graphs on the small subinterval.
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1.6 16

0.8 08 08

Figure 4.11: The graphs of approximate stationary density f,, r,n = 4,k = 60,k = 120 and k =
240 respectively via Ulam’s method of the actual stationary density of f,,,n = 4 of the piecewise
convex map 7,,n = 4 with finite number of branches. The map 7,,,» = 4 is an approximation of
the piecewise convex map 7 in Figure 4.9

1744

17124

1704 i

168+ =

1664

T T T 1
0 0.005 0010 0.015 0020
x

Figure 4.13: Enlargement of the approximating densities f19,1000 (in red) and f19 500 (in blue) on
[0,0.02].
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Chapter 5

ACIMs for Piecewise concave maps with
countable (infinite) number of limit

points of partition points

5.1 Introduction

In the previous two Chapters, we focused on analyzing piecewise convex maps characterized
by a countable (infinite) number of branches. Now, let’s shift our attention to another significant
category of maps: concave maps. Piecewise concave maps on the interval [0, 1] with infinite num-
ber of branches are another important class in dynamical systems, with applications in areas such
as optimization, economics, and physics. In [15], the existence of ACIMs is proved for a class of
piecewise concave interval maps with a finite number of branches. One interesting aspect of piece-
wise concave maps is that they can be conjugated to piecewise convex maps on [0, 1], which allows
us to use results from the theory of piecewise convex maps to study their properties. Conjugation
is a powerful tool in dynamical systems that allows us to transform one system into another while
preserving certain properties, such as the existence of invariant measures.

In the last two Chapters, the existence of a unique normalized absolutely continuous invariant mea-

sure is proved for two classes, 7.°°(]) and ’7;%0’0 (I), of piecewise convex mapping and we also

pc
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proved the convergence of Ulam’s approximation method for computing the invariant measure of
piecewise convex mapping. In this Chapter, we want to show similar results for two classes, 7,2, (1)
and 7},%%’1(1 ), of piecewise concave maps o. We use conjugation of 7 that is defined in Chapter 3
(page: 31), which implies that o preserves a normalized absolutely continuous invariant measure

whose density is an increasing function.

5.2 ACIMs for piecewise concave maps on [0, 1] with countable (infi-

nite) number of branches

5.2.1 Piecewise concave maps with countable (infinite) number of limit points sepa-

rated from 1

Consider (I, B, \) be a measure space, where \ is the Lebesgue measure on I = [0, 1] and B
is the Borel o-algebra on I. Let {1 = ag,a;,as,...,a,,...} be a countable partition of I such
that ag > a; and all ag,as,--- € [0,a1]. We do not assume the sequence {ag,...,an, ...} to be
increasing or decreasing. For any i € {0,1,2,...}, let n(i) be the index such that the interval
[an(i); @i] does not contain any other points of the partition. If ay is the limit point of increasing
subsequence of a,,’s, the n(k) is not defined. We say that a non-singular transformation o € Toew (I)

if
(1) o1 = a|(a171] is continuous and concave;
o; = U‘(an(i)’ai] is continuous and concave, i = 1,2, - ;

@) o(a;) =1,0'(a;) > 0,i=1,2,...;

3) O’(ao) = 1,0’(@0) =qa1 > 1

(4) Zzoil o”(lai) < 00.
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Foro € T55(I),g € L'(I),g > 0 the Frobenius-Perron operator P, is defined as

ot = o Yz
Py g(x) = g(oy (x)) Xo(ar,1) (@) + ) ng(%(im(x) (5.2.1)
=1 7

o' (o7 () 2 o/(o

We construct a piecewise convex map 7 : [0,1] — [0, 1] with countable number of branches such
that it is conjugated to 0. Consider the diffeomorphism A : [0, 1] — [0, 1] defined by h(z) = 1 — =.
It can be shown (see A.2 in Appendix for proof) that the map 7 : [0,1] — [0, 1] defined by 7 =
h~' oo ohis a piecewise convex map with countable number of branches and 7 belong to the class
Tpe (I) of piecewise convex maps with countable number of branches (see Chapter 3).

If f is a T-invariant density then g = (f o A=) - | (h~1)" | is a g-invariant density according to

the following theorem.

Theorem 5.2.2. [5] Let (I, B, u,7) and (I,B,v,0) be the dynamical system and let T : [0,1] —

[0, 1] be nonsingular. Let h : [0, 1] — [0, 1] be a diffeomorphism. Then
P.f = f implies P,g = g, wherec =hotoh ™ andg= (foh™) | (hfl)/ l,

i.e. if f is a T— invariant density, then g is a c—invariant density.

Proof. Let P.f = f. Using the properties of Frobenius-Perron operator we have,

PO' (th) = PhOToh*1 (th)

= PhOPTOPh—lohf

= Puf.
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To prove P,g = g, we need to show that Py, f = g. We have

n

th(l‘) = Z (f o hi_l) ’ |(hi_1)/|x[ai—1,ai)]
=1
— (for™H | (h7Y)|
=g

since h is monotonic and also a diffeomorphism on [0, 1]. Thus, we have

Pyg= P, (Pnf) = Pnf = g.

We can also prove the existence of the ACIM of ¢ directly without using the conjugation.

Proposition 5.2.3. If g > 0 and g is non-decreasing, then (1 — x) g(z) < A(g), for x € [0,1],

where

X 1-x

Figure 5.1: Graph for Prop. 5.2.3.
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Proof. Forany 0 < x < 1, from the Figure 5.1

1
(1-2)g(x) < / g(t)dt < / 9= o).

xT

Since g > 0 and g is non-decreasing. Let V¢ € [z, 1] and t > z, = ¢(t) > g(x). Therefore,

1 1
/ o(t)dt > / g(2)dt = (1 - 2)g(x).

O]
Lemma 5.2.4. If g : [0,1] — R* is non-decreasing and o € T%,(I). Then
1
I Bo(9) leo= 1 9 lloo +D 1 9 [l (5.2.5)
where D = (Zzoil %@ﬁ) :
Proof. Since g is non-decreasing, g(1) >|| ¢ ||, and so, P,g(1) >| Prg ||co -
1 o glo ') _ 1 o 9(ai)
Fog(1) = g+ =55 < —g(1) +
0= T 2 ) S w2 o)
Since g is non-decreasing, from Proposition 5.2.3,
AMg) =z (1 —ai) - g(a;)
Therefore,
1 = Ag) 1 1 =1 1
Pg(1) < —g(1 < = .
o) 5 o)+ 3 T s < e+ (S ) N
O]

Theorem 5.2.6. Let o € T,%,(I). Then o admits an absolutely continuous invariant measure v =

g* - A with non-decreasing density function g*.
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Proof. The proof is analogous to the proof of Theorem 3.2.7 in Chapter 3. O

5.2.2 Piecewise concave maps with countable (infinite) number of branches where 1

is a limit point of partition points

Consider (I, B, \) be a measure space, where A is the Lebesgue measure on I = [0, 1] and B is
the Borel o-algebra on I. Let {1 = ag,a1,az,...,an,...} be a countable (infinite) partition of [
such that agp > a; and all ag, as, - -- € [0, a1]. We do not assume the sequence {az, ..., an,...} to
be increasing or decreasing. For any i € {0,1,2,...}, let n(i) be the index such that the interval
[an (i), @i] does not contain any other points of the partition. If ay, is the limit point of increasing sub-
sequence of a;,’s, the n(k) is not defined. Moreover, we consider an increasing sequence {a; , } of
partition points in (a1, ap] such that {1 = ag > -+ > ay (nq1) > @10 > a1 (1) > -+ > a12 >

a1 = a1} and lim,, o a1, = ap = 1. We say that a non-singular transformation o € 7pcv’1(I ), if

(1) o1 = JI[GLHWM) is continuous and concave, j=1, 2, ...;

o; = U|[ai,an(i)) is continuous and concave, i = 1,2, - - ;

(2) o(a1j) =1,0'(a1;) >0, =1,2,...;

o(a;) = 1,0’(ai) >0,i=1,2,--;

(3) Ezoil #ai) < oQ.

Remark 5.2.7. Condition (3) and Condition (4) can be replaced by the following Condition (4)7,

where
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(3)*. P m + 2 ﬁ < 00

We construct a piecewise convex map 7 : [0, 1] — [0, 1] with countable number of branches such
that it is conjugating to 0. Consider the diffeomorphism 4 : [0, 1] — [0, 1] defined by h(z) = 1 —x.
It can be easily shown (see A.2 in Appendix for proof) that the map 7 : [0,1] — [0, 1] defined by
7 =h~Y oo o his a piecewise convex map with countable number of branches and 7 belong to the
class T, (1)U 7?00’0(1 ) of piecewise convex maps with countable number of branches (see Chapter
3). If f is a T-invariant density then g = ( fo h_l) . (h_l), | is a o-invariant density according to

Theorem 5.2.2.

Again, we can prove the existence of the ACIM of ¢ directly.

Lemma 5.2.8. If g : [0,1] — R is non-decreasing and o € Ty (I). Then

I Po(9) lloo< D1 [l g lloo +D | g [l1, (5.2.9)
where D = Z’(L)il ﬁm
Proof. The proof is analogous to the proof of Lemma 5.2.4. O

Theorem 5.2.10. Let o € Ty (I). Then o admits an absolutely continuous invariant measure

v = g* - A with non-decreasing density function g*.

Proof. The proof is analogous to the proof of Theorem 3.2.7 in Chapter 3. O

5.3 Ulam’s method for piecewise concave maps with countable (infi-

nite) number of branches

5.3.1 Approximation of piecewise concave maps with countable (infinite) number of

branches by piecewise concave maps with finite number of branches

Leto : [0,1] — [0, 1] be a piecewise concave map in 7,25, (1) U T} (I) with countable number

of branches. In this section, we will describe the most difficult case when 1 is the limit of the
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partition points for map o € 7;3%?;1. We assume that there are no other limit points of the partition
points. The other cases, i.e., where there are such limit points or o € 7;,0;;, are done similarly. Thus,
the map o is like in Section 5.2.2. For simplicity, we change the notation by renaming the partition
points. Let a, = a1, n = 1,2, .... Then, the assumptions (3) and (4) of Section 5.2.2 are restated
as:

(3") There exists an N > 1 such that

oo

Dy = Z ! < 1. (5.3.1)

!
n=N+1 o'(an)

Then, the Lemma 5.3.4 of Section 5.2.2 hold with changed constants

AN 1
D=>" and Dy = ) ey <1 (5.3.2)
n=N+1

For n > N, we construct a sequence {0} 5 of maps o, : [0,1] — [0,1] s.t. o, has finite
number of branches and o, converges to ¢ almost uniformly. Using supremum norms and Lasota-
Yorke type inequalities, we prove the existence of stationary densities g,, of ACIMs v, for o,,. We
approximate o : [0, 1] — [0, 1] with the following sequence of maps o, : [0,1] — [0,1], n > N,

with finite number of branches:

(IZ/CLn, angxgl;
on(x) =

o(x), 0<z < ay.

In the following, we show that for each n > 0, the map o, has an absolutely continuous in-
variant measure. It shows that each o, is a piecewise convex maps with finite partition {0 =

ag,a1,a, - ,an,an+1 = 1} and oy, satisfies following conditions:

(1) on; = onl(aj, aj_1] is continuous and concave, j = 1,2,--- ,n+1;

2) Un(aj) = 1,(77’1(%) > 07] = 17"' N+ 1;
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3) o,(1) =1,0/(1) = = > 1.

4) Zy*} - 1a < oo.

Let g € LY(I),g > 0. Then, the Frobenius-Perron operator P, is defined as

n+1 —1
g(o, ()
P,g(z) =) fi))x%[%,%_l)(w) (5.3.3)
7j=1

— o] (O'njl(.’IJ

Lemma 5.34. Let g € L'(I),g > 0, g non-decreasing. Then
(1) P,,(g9) € L\(I) foreachn =1,2,....
(2) P,,(g9) >0foreachn=1,2,....
(3) P, (g) is non-decreasing for eachn = 1,2, . ...

(4) | Py, (9) loo< Cn || 9 o< (14+C) || g |loo for each n = 1,2,... where C,, =
(1 —an+Z?:1 70;(1%))'

Proof. (1)

Pan(g)Z/1 gdA:/g-
on (I) I

Therefore, P,, (g) € L'(I)

(2) Note that
n+1

gl (2))
Ung ; ( (l’ )Xa'n[aj,ajfl)(x)

g(on} (@) . .
x) is non-negative.

Each of the branches m Xonlaj,a;_1) (@)

g(on ! (x))

. . . I .
(3) Each of the branches mxgn [ajﬂj_l)(x) is non-decreasing since oy, 18 decreasing, g

is non-decreasing and o}, is decreasing.

(4) We have
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n+1 -1

9oy} (x))
Po'n (:U) = Jf onlaj,a;—1 (.73
! Z ot (o, () )

~—

- i 9 llos <"§||guoo
T S oo (@) T = onlay)
1
= (1-an+) —— | llg]
" z;%(aj) >
< (140) ) glls

Lemma 5.3.5. If g : [0,1] — R™" is non-decreasing, then for eachn > N,

|| Py, (9) [|oo< (an + D1) || gl +D |l g |I1, (5.3.6)

Proof. Since g is non-decreasing, g(1) >|| ¢ ||, and by Lemma 5.3.4, P, g(1) >|| Py, 9 ||co -

Now,

og(o (1
Pty = 5 S )

T 1 Xow aj,a;—1 (1)
ol (o, (1))

IA
=
|
S
S
+
S
=%
=
+
[]=
‘K
—_

j=1
(I=an+D1)llglloc+D 1l gl -

IN

O]

Theorem 5.3.7. For eachn € N, o, admits an absolutely continuous invariant measure v, = gy, - \

with non-decreasing density function g,.
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Proof. The proof is analogous to the proof Theorem 4.3.7 in Chapter 4. O

Definition 5.3.8. Let 0,,, 0 are maps on [0, 1] into itself and o,,, o are defined as above. We say
that o,, converges to ¢ almost uniformly if, given ¢ > 0, there exists a measurable set A, C

[0,1], A(Ae) > 1 — ¢, such that o,, — o uniformly on A..
Lemma 5.3.9. o,, converges to o almost uniformly.

Proof. Let e > 0. Choose the increasing partition {0 = ag, ai,as, - , an,any1 = 1} of [0, 1] for
oy such that 1 — a,, < e. Let Ac = (0, a,). Then, A(A.) = a, > 1 — €. Since 0,, = 0 on A, the

proof is complete.

5.3.2 Ulam’s method

In this subsection, first, we describe Ulam’s method for finite-dimensional approximation P, j,
n and k denoted by the number of branches and number of partitions, respectively, of the Frobenius-
Perron operator P, of 0,,. Ulam’s method computes g, ;. on a partition of k subintervals of the state
space as an approximation of the actual stationary density function g,, of o,,, n > 1. Moreover, we
show that gy, , converges to g, as k — oo. Let oy, is an approximation of o € 7,2, (1) U 7;%%’1(I )
Then, by the Theorem 5.3.7, o, has an absolutely continuous invariant measure v,, with stationary
density function g,,. The approximation g, is carried out using a two-step process. In the beginning,
we approximate o by the map o,, with a finite number of branches. Then, we further approximate
o, by using Ulam’s method. In our case, we don’t need approximation in the L' norm. So, it’s
not an approximation of any norm. In this sense, approximation means 7, converges 7 almost
uniformly. Now, we describe Ulam’s method for approximating g,. Let k be a positive integer.

Let P*) = {J1,J5,..., Ji} be a partition of the interval [0, 1] into k equal subintervals. In the

deterministic case, we construct the matrix approximation of the F-P operator as the form

(rna)
M,, = ( A(J3) >1<m‘<k

85



where A denotes the normalized Lebesgue measure on .J and {.J; }¥_, is a finite family of connected
sets with nonempty and adjoint interiors that cover J i.e., J = UleJi, and indexed in terms of
nested refinements. Let L(®) ¢ L1([0,1], \) be a subspace of L' consisting of functions which are
constant on elements of the partition P*). We will represent functions in L(*) as vectors: vector g =
(91,92, - .., gx] corresponds to the function g = Zle gixJ;- Let Q) be the isometric projection

of L! onto L):

QW (g) = Zk; <A(1J) /J gdA) XJ; = [A(lm /J1 gdA,...,A(le)/Jk gd)\] (5.3.10)

Letg = [91,92,---,9k] € L®*) We define the operator P;i) : L) — (k) by

PPg = (M) (91,92, -+ x]) (5.3.11)

which is a finite-dimensional approximation to the operator P, . AT"%"$ denotes the transpose of
the matrix A.

Then, we have

PRy = QW P, 4.

On

More generally, for g € L', we have
PHQWg = QW P, Q"g.

The following Lemma will be used several times in the sequel.

Lemma 5.3.12. Let {gy }n=1,2,.. be a sequence of non-increasing functions uniformly bounded in

yooe

L>®.If gn — h, as n — oo, weakly in L', then the convergence is also in L' and a.e.

Proof. The proof is analogous to the proof of the Lemma 4.3.13. in Chapter 4. O
Lemma 5.3.13. The invariant density g, i, of PT(,]f ) Ty, IS non-increasing for any n, k > 1.

Proof. The proof is analogous to the proof of the Lemma 4.3.14 in Chapter 4. 0
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Using Ulam’s method and corresponding convergence analysis described in [34, 35, 14], the

following theorem can be proved.

Theorem 5.3.14. Let o € 7;,%%’1 (I) be a piecewise concave map with countably many branches. Let
{00152, be the approximating sequence of piecewise convex maps with finite numbers of branches
where oy, are defined in the previous Sub-Section 5.3.1. If gp 1 is a normalized fixed point of
Péﬁ),k = 1,2,..., defined in (5.3.11), then the sequence {gn i}, is weakly pre-compact in

L. Any limit point g, of the sequence {gy 1 }52, is a fixed point of P, .
Proof. The proof is analogous to the proof of Theorem 4.3.15 in Chapter 4. 0

Theorem 5.3.15. Let 0 € 7;%?,’1([ ) be a piecewise concave map with countably many branches.
As described at the beginning of subsection 3.1, let {0,}32  be the approximating sequence of
piecewise convex maps with finite numbers of branches. Let P;ﬁ) , k=1,2,... be the sequence
of Ulam’s operators approximating operators Py, . Let gy | be the normalized (in L) fixed point
ofPéi). Then, the family {gq%k}n:172’.“7k:172’m is weakly compact in L' and uniformly bounded in
L. If gn; kj» 3 = 1,2,. .. is a weakly convergent subsequence, then it converges in L' (and almost

everywhere) to a function f which is a fixed point of P,, Pyg = g.

Proof. The proof is analogous to the proof of Theorem 4.3.15 in Chapter 4.

5.4 Examples

Example 5.4.1. Consider the piecewise concave map o : [0,1] — [0, 1] with countable (infinite)
number of branches defined by ¢ = hi ' o 7 o hy, where hy : [0,1] — [0, 1] is the diffeomorphism
defined by hi(z) = 1 —xz and 7 : [0,1] — [0,1] is a piecewise convex map with countable
number of branches defined by 7 = h=t o T o h, h : [0,1] — [0, 1] is the conjugation defined by
h(z) =1— (1 —2)2,T:[0,1] — [0, 1] is the piecewise expanding and piecewise linear map with

countable number of branches defined as

1

T(x) =i(i + 1) <x - )

11
— o |,i=1,2. 5.4.2
/L+1 [i—i—l’i}’l M M ( )
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See Figure 5.2 for a few branches of ¢ and a few branches of 7. Moreover, see Figure 5.3 for a graph

of the piecewise expanding and piecewise linear map 7, for Example, 5.4.1.

1 1
0.8 0.8
0.6 0.6

© o) o &

0.4 0.4
0.2 0.2

0 Y 0

0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1

Figure 5.2: Graphs of ¢ (left) and 7 (right) for Example 5.4.1.

0.8

0.6

0.4

0.2

02 04 0.6 08 1

o

Figure 5.3: The graph of the piecewise expanding and piecewise linear map 7, for Example 5.4.1.

It is shown in Chapter 4 that f(z) = |2(1 — )| is the stationary density of the piecewise convex
map 7 with countable number of branches. Therefore, g(x) = f(hi(z)) x |h)(x)| = 2|z| is the
stationary density of 0. See Figure 5.4 for a graph of o.

Now, we find the first few branches (from right) of ¢ on [0,1]. Note that o(z) = (hy' o

70 hy)(x), where hy(z) = 1 — x,h;'(z) = 1 — 2. The piecewise convex map 7 is piecewise

onto on the partition { R \/g, 1-— %, 1— \/%1 — \/g, 1— \/g,l} of [0, 1]. Moreover,
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0.5

Figure 5.4: The graph of the stationary density g of the piecewise concave map o with countable
(infinite) number of branches for Example 5.4.1.

=0 (1 /1) = B (1= B) = i (1 D) = Ve (- ) -
\/%, hy (1 \/g) % . Therefore, the piecewise concave map o is defined on the partion
P={/&}={o \@\/;\/;\ﬂ\@ 1} of [0,1]. 1 & € [0, /3], then Ju(x) €
- \/g 1.1z e[l— \/g 1] then 7(z) € [0,1]. If = € [0, 1], then h~'(z) € [0, 1]. Thus, if

o(z) = (h'oroh)(x)
= hi(r(1-a))
= M (1-V2(1—(1-2))
= Y1 —V2z)
= V.

Similarly, we can find other branches of o on the partition

S i S Y

&9



messaetes = 81n [V 1] (V] VB VA [ ] e v

V1222 — 8,1/2022 — 15,1/3022 — 24 respectively. Now, consider the following sequence {o, } >0

of piecewise concave map o, : [0, 1] — [0, 1] with finite number of branches:

( /3 ) dr <ol

0<z<

on(x) =

o(z

&’

See Figure 5.5 for a graph of o, with n = 5. The sequence {o, },,>0 of piecewise concave map

1

0.8

0.6

0.4

0.2

Figure 5.5: Piecewise concave map o, with finite number of branches ( n = 5).

n : [0,1] — [0, 1] with finite number of branches converges almost uniformly to o with countable
(infinite) number of branches. In Figure 5.6, we present a graph of approximate stationary density
9nk,n = 5,k = 100 via Ulam’s method of the actual stationary density of g,,n = 5 of the
piecewise concave map o,,n = 5 with a finite number of branches. Note that o,,n = 5 is an
approximation of the piecewise concave map o.

In Figure 5.7, we present a graph of the actual density g of the piecewise concave map o with
countable number of branches and graphs of the approximate stationary density g, x,n = 5,k =
100 and n = 10, k¥ = 1000 via Ulam’s method of the actual stationary density of g,,n = 5 and 10
of the piecewise concave map o, n = 5 and 10 respectively with finite number of branches. Note
that 0,,,» = 5 is an approximation of the piecewise concave map o in Figure 5.2 and therefore,

the L norm error || g — gnx |[1= 0.2205242549 with n = 5,k = 100 is not very small but for
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1.4

1.2

1.0

0.8

0.6

Figure 5.6: The approximate stationary density g, x,n = 5,k = 100 via Ulam’s method of the
piecewise concave map o, with finite number of branches (n = 5).

n = 10,k = 1000 the L' norm error || g — gnx 1= 0.1334973586689 which is smaller than

n =5,k = 100. Theorem 5.3.14 confirms that for large n and large k, the L' norm error is close to

0.
p p
1.5 1.57
1 1
0.5 0.5
0 T T T T
0 0z 04 06 08 1 0o 02 04 06 08 1
x x

Figure 5.7: The graph of the actual invariant density g of the piecewise concave map o with
infinite number of branches (in red) and the graph of the approximating density g, j (in blue):
n = 5,k = 100 on the left and n = 10, £ = 1000 on the right hand side.

Example 5.4.3. Consider the piecewise concave map o : [0, 1] — [0, 1] with countable number of
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branches on the partition { [Hin, ZJ%H] 12 o of I = [0, 1] defined as

o(z) = 1— (% — 9)(mod 1). (5.4.4)
1 1
0.8 0.8
0.6 0.6
04 04
02 02
] 0
|

0 02 0.4 0.6 0.8 1 ] 02 04 0.6 0.8

Figure 5.8: Graphs of o (left) and 7 (right) for Example 5.4.3.

In the following, we show that o satisfies conditions of Theorem 5.2.6, i.e., o € T, ()

.. . . . . . 2 2 . o
Condition (1): o(x) is piecewise continuous and concave on [34717 2?1} . Since o(z) = 1 —

(2 —2) (mod1) and ¢’(z) = Z is decreasing on [:,)J%n, 24%} . Thus o is piecewise concave.

24n

Condition (3): Clearly, o(1) = 1,0'(1) =2(=a) > 1

Condition (2): 0(52;) =1 — < - 2) tn=10(2)=(+2)*>0vneN.

Condition (4): we have only one interval in between % and 1, and ¢’ (%) = % Thus Zfil ﬁ =
2 < o0
Thus o € T,x,(I) and hence by Theorem 5.2.6, o has an acim.

Now, consider the piecewise convex map 7 : [0, 1] — [0, 1] with countable number of branches

on the partition {[5-, %) o0 o of [0, 1] defined as

T(z) = . (mod 1). (5.4.5)

See Figure 5.9 for the graph of o (right) and 7 (left). Consider the diffeomorphism & : [0, 1] — [0, 1]

defined by h(z) = 1—x. We have hor = ogoh. Hence 7 is topologically conjugate to . By Theorem
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5.2.2, if 7 has a unique acim g with density f, then it is easy to find the stationary density g of . In
fact, g = (foh™!)-| (h_l), |.

Example 5.4.6. Consider a piecewise concave map o : [0,1] — [0, 1] with countable (infinite)

number of partitions {1 = ag, a1, as, ...} of I =[0,1] defined as

1 n—1 n
olz)=1———5——+n on , . (5.4.7)
1+n—n +x n n + 1
n(n+1)
‘We want to show that v is an acim for o.
1 1
0.8 08
06 0.6
04 04
0.2 02
0 0
1 0 02 04 0.6 0.8 |

0 02 04 06 08
Figure 5.9: Graphs of o and 7 for example 5.4.6.

From Chapter 3, Consider the piecewise convex map 7 : [0, 1] — [0, 1] with infinite number of

branches defined as

1 1 1
7(2) = 57— — —n on [, } ) (5.4.8)
n(n:[l) - n+1l'n

See Figure 5.10 for the graph of ¢ and 7.

Condition 1:

Here o () is piecewise continuous and concave on its domain. Since o’/(z) = ———— is

(S +)

. n—1 n . . .
decreasing on [—n ) +1} . Thus ¢ is piecewise concave.
Conditions 2, 3:

Since in this example we have only one interval in between 0 and 3
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1y _ 1\ _ 1
o(3) =1>0,and o’ (3) =1>0.Thus 3;%; o =1 < oc.
Condition 4:

1 1,1 1 1 1 1 1 2 —
Zﬁlm:Z+§+T6+%+"':27+37+47+"':%_1:0'6449<1'Weknow
that 7(x) is piecewise continuous on the countable partition [n%q, 11 0f [0,1]. Since 4 is a unique

acim for 7.

Let h : [0,1] — [0, 1] be a diffeomorphism defined as
h(z)=1-x.

Here, h(z) is linear with slopes —1, and we have h o 7 = ¢ o h. By Theorem 5.2.2, if 7 has

a unique ACIM p with density f, then it is easy to find the stationary density g of o. In fact,

g=(foh )| (A7)
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Chapter 6

Conclusion

In this thesis, we dealt with the problems of the existence and exactness of ACIMs of some
chaotic dynamical systems in one dimension.
First, we defined two new classes of transformation, 7,°(1), 7;%0’0 (I) of piecewise convex maps
with countable (infinite) number of branches. We investigated the properties of these classes that
enable us to derive a unique ACIM for the transformations in these classes. We determined the
density function using Ulam’s method for these new classes.
Our study extended to non-autonomous dynamical systems within these defined classes, focusing
on the existence of ACIMs for the limit map, 7. We established a significant result, demonstrating
that the 7-invariant density could be obtained as the limit of a sequence of densities, Pr,, f, where 15,
represents the composition of the first n-maps in the non-autonomous system, for a non-increasing
density f.
We discussed the invariant density using the Frobenius-Perron operator in Chapter 3. But generally,
the fixed point or invariant density is not found easily. In Chapter 4, our main purpose was to
approximate the F-P operator by a sequence of finitely dimensional operators. Determining the
fixed point of the Frobenius-Perron operator P, of 7 is generally challenging. It was required
to approximate the F-P operator P using any of the approximation methods. We used Ulam’s
approximation. We introduced an operator Q%) that projected L' — L*) and used the finite
dimensional approximation PT(,]f ) of the F-P operator P, of 7,.

In Chapter 5, we explored the dynamics of new families of transformations, 7,7, (1), T M (1),
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focusing on the conjugation of a piecewise concave map to a convex map previously introduced in
Chapter 3. This conjugation provided insights into the dynamics of these maps and enabled us to
prove the existence of an invariant density.

This research has endeavored to elucidate certain obscure aspects within the field of dynamical
systems, particularly with respect to the existence and stability of ACIMs.

Moving forward, for future research, our research directions will focus on investigating ACIMs for
random maps within the class of piecewise convex maps with a countable number of branches. This
exploration will include both constant and position-dependent probabilities, as we can use Ulam’s
method to approximate ACIM in terms of random maps with countable partitions. Additionally, we
aim to explore the concept of sustainability within this framework, providing new perspectives and
solutions to this complex problem. Overall, the insights and methods developed in this thesis will
pave the way for future research and lead to a deeper understanding of ACIM in chaotic dynamical

systems.
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Appendix A

A.1 Inequality (3.4.3):

Recall that the Koopman operator U : L*® — L is defined by
U’T‘g =gorT.
Proposition A.1.1. [5]If f € L' and g € L™, then (P, f,g) = (f,U,g), i.e.,

/I (P f) - gd = /I f - Usgdn,

Now from inequality 3.4.3:

'/h(PTnF—PTF)d)\‘ < /\(PT"F—PTF)h]d)\
_ / (P, Fh— P,Fh)| d\
_ /|F(UTnh—UTh)|d)\
_ /F]horn—hord)\

< wp(sup |, — 7).
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A.2 7 is conjugated to o

Proposition A.2.1. Let 0 be a piecewise concave map with countable number of branches. Consider
the diffeomorphism h : [0,1] — [0, 1] defined by h(x) = 1 —x. Show that the map 7 : [0,1] — [0, 1]

defined by T = h™' o o o h is a piecewise convex map with countable number of branches.

Proof. Here the diffeomorphism 4 : [0,1] — [0, 1] defined by h(z) = 1 — x is linear and non-
increasing. so, h~!(x) = 1 — z is also linear and non-increasing on its domain.

Consider o is a piecewise concave map with countable number of branches.

Since the composition of the concave map with a non-increasing function is convex, i.e., o o h is
convex.

Again h~!(z) = 1 — z is also linear and non-increasing which conclude that

r=hloooh

is a piecewise convex map with countable number of branches. Since the composition of functions

does not change the number of branches. 0
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