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ABSTRACT 

Investigation on Macroscopic Mechanical Behavior of 

Magnetorheological Elastomers under Shear deformation, 

using Microscale Representative Volume Element Approach. 
 

Ilda Abdollahi 

 

 

Magnetorheological (MR) materials are intriguing smart materials that transform their 

physical characteristics in response to external magnetic fields. While MR fluids (MRFs) 

are often in the spotlight due to their rapid response and field-dependent yield strength and 

apparent viscosity, they grapple with issues like magnetic particle deposition and settling 

as well as leakage in MRF based devices. On the other hand, magnetorheological 

elastomers (MREs) are versatile, magnetically responsive composite materials with rubber-

like qualities. By blending magnetic particles into nonmagnetic elastomeric matrices, 

MREs demonstrate field-dependent viscoelastic properties, such as a customizable field-

dependent modulus which cannot be achieved using MRFs. MREs can instantly revert to 

their original state when the magnetic field is withdrawn, showcasing a fascinating 

interplay of magnetism and material science. MREs fall into two distinct categories 

depending on their curing process; those formed without the influence of a magnetic field, 

creating isotropic MREs, and those shaped under the application of a magnetic field, 

yielding anisotropic MREs. 

During the recent decades, the advent of finite element (FE) modeling has provided 

considerable benefits, by reducing the financial and time expenses forced by experimental 

procedures. Alongside with providing substantial accuracy, its ability to conduct 

parametric studies with multiple systematic parameter adjustments, ensuring greater 

reproducibility while simultaneously reducing the environmental impact by minimizing 

resource consumption and waste production are among its significant benefits. As a finite 

element approach, the concept of Representative Volume Element (RVE) enables 

predicting the material’s macroscopic behaviour from microscale modeling. 

This research thesis aims at modeling the MREs’ shear behaviour under the influence of 

magnetic field, using the RVE concept as the modeling scheme. For this purpose, MREs 

with different elastomeric host matrix including silicone rubber Ecoflex 30 and Ecoflex 50 

have been considered. The stress-strain characteristic of these pure silicon rubbers was first 

evaluated experimentally using available tensile test machine. The experimental data was 

then used to identify the constant parameters of the Ogden strain energy function using the 

least-square minimization technique. The optimized Ogden strain energy function is 

subsequently used in the finite element model to characterize the matrix behavior of the 

MREs. These, along with the mechanical and magnetic properties of Carbonyl Iron Particle 
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(CIP), used as magnetic particles in MREs, were integrated into COMSOL Multiphysics 

to develop the RVE for the MREs, integrating properties of the matrix with magnetic 

particles. The RVE was generated in 2D and 3D configurations, for CIP volume fraction 

varying from 5% to 40%. Periodic Boundary Condition (PBC) was imposed on the RVE 

boundaries, while undergoing pure shear deformation. The results of 2D modeling suggest 

its ability to predict the shear deformation behaviour of isotropic MRE-RVE under varied 

external magnetic field. The maximum difference between theoretical and experimental 

shear modulus under varied magnetic field was found to be ±20%, however, the 2D model 

was not able to predict the MR effect at saturation with acceptable accuracy. The results 

from 3D modeling of isotropic MRE-RVE show a reasonably good agreement with the 

experiment data, with the error generally in the range of 1%- 4% for magnetic flux densities 

up to 0.4T. The results also suggest that the MRE-RVE with the softer silicone rubber 

matrix (Ecoflex 30) provides substantially higher MR effect compared with the MRE-RVE 

based on Ecoflex 50. Moreover, 3D isotropic MRE-RVE predicts the influence of CIP 

volume fraction on the shear behaviour and MR effect of MREs, comparable to 

experiments. All in all, the developed 3D isotropic MRE-RVE has shown the potential to 

accurately predict the field-dependent macroscopic mechanical properties of different 

MREs and thus can be used effectively to design MREs with enhanced properties without 

expensive experimental tests.  
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Chapter 1: Introduction, Literature Review and Objectives 

 

1.1 Introduction 

Magnetorheological (MR) materials are a class of smart materials with the incredible ability to 

change their physical or mechanical characteristics rapidly in less than few milliseconds in 

response to an external magnetic field. These materials are fabricated by dispersing magnetic 

particles inside nonmagnetic host matrices. Depending on the matrix, MR materials can be 

classified as magnetorheological fluids (MRF), magnetorheological elastomers (MRE), 

magnetorheological grease (MRG), magnetorheological polymer gels (MRPGs), and other novel 

MR intelligent materials to be explored and developed. Most MR applications and discussions 

generally focus on the MR fluid, for the reaction time of MR fluid is often shorter than that of 

other types. The interaction among the induced dipoles in these fluidal materials leads to the 

formation of columnar structures aligned with the applied magnetic field. These chain-like 

formations impose restriction on fluid flow, elevating the viscosity of the suspension. The energy 

required to yield these interconnected structures rises with the intensity of the applied magnetic 

field, leading to a yield stress that is contingent on the magnetic field. MR fluid is often utilised 

as a working fluid in several types of vibration absorbers/isolators, clutches, dampers, and valves. 

However, despite its benefits, MR fluid has drawbacks that are still up for debate, such as magnetic 

particle sedimentation, which often occurs while the device is not operating, sealing problems, 

and environmental contamination [1–5]. 

While MR fluids are susceptible to settling, MR elastomers are not, because the employed 

magnetic particles are often bonded by a carrier matrix like rubber. Magneto-rheological 

elastomers (MREs) stand as multi-functional materials, exhibiting the capability of dynamically 

altering their mechanical properties, including stiffness, and damping capacity, in response to an 

external magnetic field. By the removal of the magnetic field, MREs will recover their original, 

inherent properties. Owing to the magnetic particles' sensitivity to an external magnetic field, 

MREs exhibit a magnetorheological (MR) effect in the presence of the field, defined as the ratio 

of the change in the field-dependent physical or mechanical property, to the value of the same 

property when no field is applied. Several factors may affect the obtained MR effect, such as the 

magnetic particles’ content, shape, size and distribution and the matrix mechanical properties [6–

8]. 

MREs are comprised of three fundamental components: magnetic particles, nonmagnetic elastic 

matrices, and additives. To obtain a stronger magnetic field-sensitive effect from magnetic 

particles, higher permeability and higher saturation magnetization are substantially desirable [9, 

10]. Numerous polymeric rubbers, either high modulus or low modulus may be considered as the 

elastic matrix. Additives are generally considered based on the particle and matrix composition, 

typically Silicone oil is widely used additive. Speaking of the fabrication methods, there are 

several methods for fabricating MREs. Due to the application of a magnetic field during the curing 

process, it is possible to produce MREs with an anisotropic particle-formed microstructure, and 
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when no field is applied during the curing process, prepared MREs have isotropic particle-formed 

microstructure [11, 12]. It is important to note that the properties of isotropic MREs and 

anisotropic MREs can vary significantly. Research has shown that anisotropic MREs exhibit 

higher field-dependent increases in their properties. From these evaluations, MREs show great 

potential to be incorporated into design of intelligent devices in a variety of engineering 

disciplines, including but not limited to vibration absorbers, vibration isolators, sensors, 

controllable valves, automotive bushing, adaptive beam structures [13–15]. 

1.2 The Composition of Magnetorheological Elastomers  

1.2.1  Magnetic particles 

As previously pointed out, for magnetic particles, higher permeability and higher saturation 

magnetization are preferred in order to achieve a stronger magnetic field-sensitive effect. Micron-

sized CI powder is currently extensively used as a magnetic particle for fabricating MREs, among 

an array of magnetic particle materials [16, 17]. Fig. 1 depicts CI particles (CIPs) in different 

magnifications. In general, the magnetic particles can range in size from nanometers to 

micrometers [18,19]. 

As illustrated in Fig. 2, CIP possesses a very high permeability, saturation magnetization, and a 

negligible remnant magnetization. Saturation magnetization can exceed 600 kA/m, and there is 

minimal remnant magnetization when the magnetic field is withdrawn. This mainly stems from 

the fact that the weight fraction content of Fe in CI powder is more than 97.5%. Due to its 

exceptional magnetic property, CI powder is extensively employed in production of magnetic 

materials, including MREs [20]. 

Compared with their analogous fluids (MR fluids), relatively larger diameters of polarizable 

particulates can be used in MREs as sedimentation is no longer an issue. Considering this 

capability of MREs, they generally exhibit a greater MR effect, due to possibility of using 

sufficiently large particles to sustain at least a few magnetic domains. Carbonyl Iron particles 

(CIPs) of various diameters, ranging from 1 μm to 200 μm, have been used extensively in the 

reported research [16]. 
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(a) 

 
 

(b) 

Figure 1: SEM microscopic images of Carbonyl Iron Particles with different magnification [18, 19]. 

 

 

Figure 2: magnetic properties of CIP (Magnetization vs magnetic field intensity) [20]. 

1.2.2 Elastic matrices  

An essential requirement of elastic matrices to fabricate MREs is possessing a soft elastic property, 

that can hold magnetic particles in a stable manner in the absence of a magnetic field, while 

allowing to undergo a finite deformation in the presence of a magnetic field. For the elastic 

matrices, there are an array of polymeric rubbers as potential candidates, for instance, natural and 
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synthetic rubber, silicone rubber, polyurethane, thermoplastic and polyvinyl alcohol, butadiene 

rubber, butyl rubber, polyurethane, epoxy and etc.  

The modulus of these matrices varies significantly depending on their characteristics and 

preparation conditions. Normally, the modulus of silicone rubber is less than 1.0 MPa [21], or the 

tensile strength of natural rubber is typically in order of MPa [22]. With respect to magnetic 

properties, the magnetic permeability of the matrix material is the most important aspect beyond 

rheological parameters in determining the mechanical properties of MREs. Since matrix material 

magnetization could adversely affect polarisation of the particles and thus the MR effect, it is 

essential that the matrix's magnetic permeability be kept as low as possible [16]. 

Silicone rubber compounds are distinguished from other rubbers because of their combination of 

inorganic and organic properties, making them the most extensively used materials in MREs (Fig. 

3). The Si-O bonding is largely responsible for the improved thermal stability, electrical insulation, 

and chemical stability. Silicone rubbers are the most often used matrices in MREs, since they are 

inexpensive and can be easily fabricated. They possess a mechanically low modulus, exceptional 

chemical stability and are non-toxic and non-polluting [21]. 

 

 
                        

Figure 3: Silicone rubber liquid state and molded Silicon [94]. 

In general, the modulus of silicone rubber is significantly lower than that of other rubbers over a 

broad temperature range. In addition, the thermal conductivity of silicone rubber varies widely. 

Furthermore, when the anisotropic MREs are needed, the low viscosity inherent to silicone rubber 

enables the flexible mobility of the magnetizable particles under the magnetic field. On the basis 

of the aforementioned properties, silicone rubber can be selected as the optimal flexible elastic 

matrix for fabricating MREs, and it is used widely in the production of MREs [22]. 
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1.2.3 Additives 

Along with magnetic particles and elastic matrices to prepare MREs, additives are also essential 

(Fig.4). The damping properties of MREs are substantially influenced by the interaction between 

the particles and the elastomeric matrix at their interface, and that is where additives come along 

with importance. Typically, silicone oil is used as an additive in the production of MREs. When 

the molecules of the silicone oil enter the matrix, the intermolecular spaces are widened, resulting 

in the reduction of conglutination of the matrix molecules. Enhancing the plasticity and fluidity of 

the matrix, the additives can also average the distribution of internal stress in the materials, 

providing a stable material property for MR elastomer materials. Carbon black, carbon nanotubes, 

silver nanowire, etc. are also used as additives and fillers to enhance the mechanical properties and 

MR effect in MREs. Most MREs have silicone oil added to them, which acts as a softening agent 

and reduces the storage modulus of the elastomeric matrix. Increased compatibility between the 

matrix and the ferromagnetic particles along with agglomeration deterrence are other benefits of 

using additives [23–27].  

 

 

 

Figure 4: MRE content and the classification of additives used in MREs [23]. 

1.3 Fabricating methods  

Fig. 5 is a streamlined representation of the conventional MRE fabricating procedure. Typically, 

magnetic particles and matrix martial (ex. silicon rubber) are thoroughly mixed with additives to 

form an easily deformed mixture with a very low yield stress. This mixture is then vulcanized 

either at room temperature or high temperature above 120°C, namely Room-Temperature 
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Vulcanizing (RTV) and High-Temperature Vulcanizing (HTV), respectively. With respect to 

applying a magnetic field during curing, two types of MREs can be produced, isotropic and 

anisotropic. Curing in the absence of a magnetic field leads to uniformly dispersed magnetic 

particles in the matrix indicated as isotropic MREs. If a magnetic field is applied to the mixture 

during the vulcanizing, the magnetic particles would move in the matrix and gradually form chain-

like structures parallel to the applied field’s direction, resulting in anisotropic MREs. Some studies 

have also considered hybrid and novel fabricating methods for MREs through 3D-printing [28–

30]. 

Since the advent of MREs, similar methods have been conducted for fabrication of MREs with 

different matrices, ferromagnetic particles and additive materials. Several studies have examined 

the factors affecting the properties of MREs, specifically the size and volume fraction of 

ferromagnetic particles, and the elastic property of matrix material [22, 31–33].Considering these 

studies one can observe that CIPs are the most common particles used in fabrication of MREs 

within the range of 1-10μm in diameter. Silicon rubber is also the most preferable matrix and is 

usually mixed with Silicon oil as an additive.  

 

 

Figure 5: Schematic representation of MRE fabrication [6]. 

1.4 Magnetorheological Effect in MREs 

A magnetic field can alter the material properties of MREs due to the magnetic field-sensitivity 

of the magnetic particles. Magnetorheological effect (MR effect) is defined for MREs in two 

ways; absolute MR effect and Relative MR effect. The absolute MR effect is the difference 

between the maximum value of a property achieved under a magnetic field, and that obtained 

without the influence of a magnetic field, while the relative MR effect is expressed as the ratio of 

the increase of a property at a measured magnetic field to its initial value at zero magnetic field. 

For instance, speaking of shear modulus, the absolute MR effect is characterized by                  

( 𝛥𝐺 = 𝐺𝑚𝑎𝑥 − 𝐺0 ) and the relative MR effect is the ratio of modulus increment ΔG at a 

measured magnetic field to the initial modulus 𝐺0, (i.e. 𝛥𝐺 / 𝐺0) [34]. 
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The absolute MR effect does not change with changes in the matrix material, but the relative MR 

effect does change with changes in the stiffness. The relative MR effect was shown to be greater 

in matrices with lower stiffness and zero field modulus [16]. Thus it is preferred to lower the 

matrix's stiffness by using additive plasticizers or softer matrix materials [35]. Fig. 6 shows the 

relative MR effects of isotropic and anisotropic MREs depending on the amount of silicone oil 

added to the MRE [28]. As it is observed, increasing the content of silicone oil (SO) gives a higher 

relative MR effect, by decreasing the matrix stiffness at zero field [24]. 

  

Figure 6: Relative MR effect vs magnetic field for different Silicone oil (SO) content for (a) 

isotropic and (b) anisotropic MRE [28]. 

Since sedimentation of the particles is not an issue in MREs, larger polarizable particle sizes can 

be used in MREs compared with MR fluids. Various sizes of CIP, ranging from 1μm to 200μm in 

diameter, have been used in the reported studies [16, 32, 36–38]. For instance, Qian Jin et al. [37] 

studied the mechanical properties of different MRE samples with iron particles of 5 different 

diameters ranging from 5µm to 150µm, while keeping volume fraction at 30%. Their study showed 

that increasing the particle size, lowers the initial shear modulus 𝐺0, while causing the saturated 

magnetic-induced shear modulus G to increase to a maximum value and then decline (Fig. 7).  

It is noted that due to the presence of air between the iron particles, the apparent density of iron 

powder is significantly lower than that of solid iron particles. In MREs, the rubbery matrix fills 

the interstitial space between the particles. The iron particles are in close proximity to one another 

when the rubber is loaded with a critical or optimum particle volume concentration (CPVC), 

defined as the ratio of the apparent density to real density of the particles. Getting closer to this 

critical content, the distances between the particles decreases and further increase in particle 

volume fraction means that the elastomer cannot fill the gaps between the particles properly. 

Hence, it is observed that around CPVC the MREs exhibit the maximum relative MR effect and 

further increase in particle content drops the relative MR effect [39]. The CPVC reported in the 

literature is in the range 27%- 29% [31, 39, 40]. 
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(a) 

 
(b) 

Figure 7: Shear behavior of MREs with 30% volume fraction of Iron particles with varying diameters 5 -

150 µm. (a) initial shear Modulus vs particle diameter, and (b) saturated magnetic-induced shear modulus 

ΔG vs particle diameter [37]. 

1.5 Microstructures and macroscopic properties of MREs 

1.5.1 Microstructures of MREs 

Fig.8 depicts typical SEM images of the microstructures of MRE with 11% volume fraction of 

carbonyl iron powder embedded in natural rubber at various magnifications. Figures 8(a) shows 

the images of the MRE sample cured in the absence of magnetic field. As depicted, the CIPs are 

randomly and uniformly dispersed in the matrix. Figures 8(b–f) are illustrations of the 

microstructures of MREs cured under magnetic field and how the magnetic particles are forming 

chain-like microstructures. It is clearly shown in these figures that curing under stronger magnetic 

field intensity leads to longer and denser magnetic particle-formed chains, stemming from the 

stronger magnetic interaction of neighbor particles. When the magnetic field is not strong enough, 

the magnetic particles may move within a limited range in the matrix, limiting their ability to 

produce microstructures in the form of short chains with small spaces between the chains. 

Intensifying the magnetic field during curing causes forming longer chains with wider space 

between, implying more anisotropic properties of MREs [41]. 
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Figure 8: SEM images of MREs prepared under different magnetic flux densities B (a) No field, (b) 200 

mT, (c) 400 mT, (d) 600 mT, (e) 800 mT, and (f) 1000 mT with two different magnification of 200 times 

and 1600 times [41]. 

1.5.2 Macroscopic properties of MREs 

The most significant characteristic of MREs is that their macroscopic mechanical properties can 

be altered under the application of an external magnetic field. The magnetic field-induced change 

in the shear storage modulus of certain natural rubber-based MREs containing various weight 

fractions of CIPs can approach or exceed twice their initial magnitude. Fig. 9 shows the variation 

of storage modulus with respect to the applied magnetic flux density for natural rubber-based 

MREs containing various weight fraction of CIP. As it can be realized, the storage modulus of 

MREs, regardless of the weight fraction of CIP, increases by increasing magnetic flux density and 

reaches to saturation at magnetic flux density around 600mT [22]. Increasing the content of CIP 

substantially increases the storage modulus of MRE at saturation limit. For instance, increasing 

weight fraction of CIPs from 60% to 80%, increases the storage modulus by threefold from 2MPa 

to almost 6 MPa. Fig. 9 also shows the hysteresis loop stress-strain behaviour of MRE with silicon 

rubber as the matrix for different applied magnetic flux densities. 

Results show that the area inside the loop, which represents the energy dissipation per cycle and 

thus damping, substantially increases by increasing the magnetic flux density. Results shown in 

Fig. 9 clearly show the controllable field-dependent storage and damping properties of MREs 

[42]. 
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Figure 9 : Shear storage modulus of different natural rubber MRE samples consisting of 60, 70, 80, and 

90% weight fraction of CIP (left) [22], and stress-strain loops of a silicone rubber MRE sample under 

different magnetic fields (right) [42]. 

1.6 Applications of MREs  

MREs have several potential applications in engineering, particularly in the suppression of 

vibrations. In 1993, Kordonsky [43] suggested that magnetorheological effect can be a base of 

new adaptive devices and technologies. By possessing variable viscoelastic properties when 

subjected to an external magnetic field, MREs are ideal candidates for the development of MRE-

based adaptive vibration absorbers and vibration isolators to attenuate vibration in a wide range 

of frequencies. 

1.6.1 Vibration absorbers  

As a passive method of vibration control, vibration absorbers are reliable and cost-effective to 

control vibration at the specified tuned frequency. The mass and stiffness of the passive vibration 

absorber are designed so that the natural frequency of the absorber matches that of the main system 

to provide anti-resonance in the system's overall response. However, the effective frequency range 

of conventional passive vibration absorbers is somewhat narrow. Moreover, passive vibration 

absorbers become ineffective under mistuned conditions. Since MREs have the ability to control 

their modulus with an applied magnetic field, they are ideal candidates for development of adaptive 

vibration absorbers in which their natural frequency can be varied using applied magnetic field to 

provide vibration control capability in broad rage of frequencies. Ginder et al. [44] initially built 

an adaptive tuned vibration absorber with a rudimentary single-degree-of-freedom mass-spring 

system using MREs as adaptive spring components. Since then, significant research has been 

conducted on development of various types of MRE-based vibration absorbers. For instance, Deng 

et al. [45] focused on optimising an adaptively tuned vibration absorber (ATVA) using MREs, 

with field-dependent tunable modulus. Rasooli et al. [46] developed a novel semi-active adaptive 

tuned vibration absorber (SATVA), as shown in Fig. 10. The absorber includes a multilayer 

sandwich beam with MRE core layers and two U-shaped electromagnets attached to the upper and 

lower layers of the sandwich beam. The sandwich beam consists of two MRE layers, sandwiched 

between three steel layers. The MRE layers operate in pure shear mode and act as the variable 

stiffness unit. The sandwich beam is then incorporated with the two U-shaped electromagnets, 
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forming a closed loop magnetic circuit with the MRE layer serving as the gap. Electromagnets act 

as the oscillating active mass of the absorber to generate the magnetic field needed to activate the 

MRE layers. The SATVA can be attached to the host structure at one end, while the electromagnets 

oscillate freely. 

 

 

Figure 10: Schematic of the MRE-based semi-active adaptive tuned vibration absorber (SATVA) [46]. 

1.6.2 Vibration isolators 

Vibration isolators are devices which can isolate an object, such as a piece of equipment, from the 

source of vibration. Vibration isolators can be categorized into two groups: base isolation and 

force isolation. Similar to vibration absorbers, passive vibration isolators are typically designed 

to isolate vibration in a very narrow frequency range and thus they lose their effectiveness under 

varied excitation conditions. By employing MREs, the natural frequency of vibration isolators can 

be modified in real-time by means of an external magnetic field. For instance, Fig. 11 is a 

schematic representation and also the fabricated prototype of MRE-based isolator operating under 

squeeze/elongation-shear mode studied by Tao et al. [47]. Their study reveals a relative increase 

of 66.57% in the stiffness and 45.55% in damping coefficient of the MRE-based isolator, under 

the application of a magnetic field. Moreover, thanks to the controllable stiffness and damping 

properties of MREs, the isolation transmissibility can be significantly reduced by 41.2%.   
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Figure 11: MRE-based isolator: cross-sectional view of designed layout (left) and the fabricated 

prototype (right) [47]. 

1.7 State-of-the-art on characterization of MREs 

Within the extensive realm of research focused on MREs and their magnetic field induced 

viscoelastic behaviour, a thorough literature review plays a crucial role by providing essential 

guidance through the existing body of knowledge, shedding light on significant insights, and 

laying the groundwork for the current study's contribution to the field. Mark Jolly et al. [48] has 

pioneered the investigation on the mechanical response of anisotropic elastomer composites with 

embedded CIP under magnetic fields. In their study, the experimental data revealed significant 

changes in shear modulus of MREs with the application of magnetic fields, suggesting the 

potential of MREs for variable stiffness devices and adaptive structures. They also proposed a 

mathematical model for predicting the behaviour of anisotropic MREs. Davis [40] proposed a 

phenomenological model to predict the shear modulus of isotropic and anisotropic MREs, with 

and without magnetic field applied. His study suggested 27% of volume fraction of magnetic 

particles as the optimal content. 

Dorfman et al. [49] examined deformation equations, for cylindrical tubes under radial magnetic 

fields. The results reveal increased stiffness in the azimuthal shear stress/strain response with 

higher magnetic field strength. Berasategi et al. [50] studied silicone-based MREs containing CIP 

concentrations ranging from 5% to 30% volume content in both isotropic and anisotropic fashions. 

Rheological analysis revealed changes in storage modulus and loss modulus as CIP content 

increased. High particle content in anisotropic samples exhibited a maximum MR effect of 

approximately 31% at low frequencies (1–2Hz). Vatandoost et al [51] investigated pre-strain 

effects on compression mode dynamic characteristics of MREs, considering both isotropic and 
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anisotropic types across various factors including particle volume fraction, frequency and 

magnetic flux density. Their results revealed that pre-strain significantly impacts the MRE’s 

mechanical behavior, with elastic and loss moduli nonlinearly affected. The maximum relative 

MR effect of 2258% was obtained for elastic modulus in isotropic MREs containing 45% of CIP. 

They also proposed phenomenological models in order to predict the compressive moduli and 

stress-strain hysteresis of MREs. Shen et al. [52] investigated new methods of MRE fabrication 

using polyurethane and natural rubber, and also proposed a mathematical model for the stress-

strain relationship in MREs, which aligned with experimental results. Huu Nam et al. [53] 

examined dynamic properties of isotropic and anisotropic MREs using experiments and numerical 

modeling. Their results showed that dynamic moduli decreased with increasing strain amplitude 

but increased with higher frequency and magnetic field strength, and anisotropic MREs 

outperformed their isotropic counterparts in terms of dynamic moduli and MR effect. Then, a four-

parameter viscoelastic model was proposed which aligned well with experimental data for both 

MRE types. Syam et al. [54] conducted a finite element analysis on MREs’ behavior at micro-

scale, using COMSOL software. However, they used linear material model for silicone rubber as 

the matrix material. Their results showed increased stiffness in both linear and torsional modes 

under the application of magnetic field. Asadi Khanouki et al. [55] examined isotropic and 

anisotropic MREs both in experiments and microscale modeling, including different lattice 

structures. They fabricated different MRE samples with silicone rubber and various content of 

CIP, and conducted experiments to study their behavior under varied magnetic fields and validated 

their microscale modelling with the experimental results. Norouzi et al. [56] investigated the 

dynamic behavior of isotropic MREs subjected to harmonic tensile-compressive loads, 

considering varying magnetic fields, frequencies, and strain levels. They developed a generalized 

Maxwell viscoelastic model to describe stress-strain relationships based on input parameters. 

Dargahi et al. [31] fabricated six MRE samples with varying rubber matrix and ferromagnetic 

particle contents and conducted static and dynamic shear test on the samples. Their results showed 

a significant 1672% increase in storage modulus under 0.45T magnetic flux density. Ardehali et 

al. [57] experimentally characterized the viscoelastic properties of MREs, containing 15% NdFeB 

magnetic particle content, operating in shear mode under varying excitation frequency and 

magnetic flux density using a rotational magneto-rheometer. Moreover, a field-dependent 

phenomenological model was proposed to predict changes in storage and loss moduli under 

different conditions. Sun et al. [58] conducted a finite element analysis on MRE shear deformation 

under the application of magnetic field, using the concept of RVE in 2D fashion for anisotropic 

MREs in COMSOL. However, instead of using a B-H curve to take the saturation and nonlinearity 

into account, they used a linear method and assumed the relative permeability of CIP to be 100. 

Inspired by their work, Xu et al. [59] tried conducting 3D modeling of isotropic MREs in tensile 

mode under the application of magnetic field in COMSOL. However, they could not conduct 

modeling when assuming nonlinear hyper-elastic material models for the rubber material, and used 

linear material properties to describe the rubber behaviour and also linear magnetic properties for 

CIP. They conducted their modeling with magnetic field of 0T, 0.05 T and 0.28 T, but their model 

was not able to predict the MRE behaviour with acceptable accuracy compared to experiments. 

They proposed several methods to include nonlinearity, however none of which were successful. 

Kiarie et al. [60] adopted a 2D RVE approach using COMSOL to predict the magnetic field-
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induced strain in MREs, they employed Mooney-Rivlin nonlinear material model for the host 

rubber, however, their problem did not include any mechanical load or displacement imposed on 

the RVE. Li et al [61] studied the magnetic field induced shear behaviour of MREs using a 2D 

RVE approach in COMSOL for both isotropic and anisotropic MREs, however, they assumed the 

magnetic particles (Hydroxy iron powder) to have a very high relative permeability of 5000, and 

silicone rubber behaviour as a linear elastic matrix.  
 

1.8 Current Study and Contributions 

The motivation behind this thesis stems from versatile applications of MREs, and the necessary 

expensive experimental procedures to characterize their behaviour under the effect of various 

factors, especially the volume fraction of CIP. Experiments on MREs involves fabricating different 

samples and repeating the experiments for each sample separately. Proposing a promising 

analytical model offers several benefits over experiments, including controlled simulations, 

broader scenario exploration, cost-effectiveness, and environmental sustainability. To the best of 

the authors’ knowledge and reviewing the literature, a comprehensive FE model has not been 

successfully developed yet and studies have faced issues in taking the inherent nonlinear behaviour 

of MRE materials into account. As discussed in the previous section, some studies have 

investigated characterizing macroscale properties of MREs through microscale RVE approach. So, 

this was the key derive for us to investigate the RVE approach with the nonlinear inherent 

properties taken into account. 

To achieve this, the first step is to define the appropriate RVE size for modeling the MRE. Once 

the optimum RVE size is determined, Periodic Boundary Condition (PBC) is chosen and defined 

to be imposed on the boundaries. Experiments are then carried out on host rubber samples (silicone 

rubber) to obtain the stress-strain data. This data will be used to formulate the Ogden strain energy 

to describe the nonlinear hyper-elastic behaviour of the rubber material. The other nonlinearity in 

the MREs is attributed to the magnetic behaviour of CIP, which is described through a B-H curve, 

considering the saturation, instead of using a high relative permeability as used in previous studies. 

COMSOL Multiphysics offers the interaction of different physics in modeling, so it is chosen as 

the finite element software to develop the finite element model. The RVE is then generated in 

COMSOL in two configurations, 2D and 3D. The material properties are defined and pure shear 

deformation is incrementally applied on the RVE while PBC is imposed on the RVE boundaries. 

Simultaneously, a homogeneous magnetic field is created in the surrounding air domain 

perpendicular to the shear direction, and the Maxwell stress tensor is defined on the CIP inclusion. 

Different factors like CIP volume fraction, magnetic field intensity and host rubber’s mechanical 

behaviour are investigated. The 2D model is able to describe the shear behaviour of MREs within 

±20% difference with the experimental results in the literature [55], however, it is not capable of 

capturing the whole MR behaviour within a good agreement. The 3D model shows significant 

credibility in predicting the MRE shear behaviour with a relative error of less than 4%. The 

proposed RVE model has a substantial potential to be used for the prediction of MREs’ mechanical 

behaviour, thus offering a reliable alternative to costly experiments.  
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1.9 Thesis Organization 

This research dissertation comprises five chapters that methodically outline the research process 

and developments. In Chapter 1, an introduction to the thesis is presented, encompassing the 

context of MREs, their characteristics, their structure and fabrication process, and their diverse 

applications. This chapter also conducts a comprehensive literature review on the past efforts 

aimed at characterizing and modeling the performance of MREs under the application of magnetic 

field, while shedding light on the motivations driving the current thesis. 

In chapter 2, a meticulous and thorough study of physical and mathematical concepts and methods 

has been provided. The concept of Representative Volume Element (RVE) has been rigorously 

explored, the associated boundary conditions are comprehensively explained, and the appropriate 

RVE size for modeling MREs is evaluated. This chapter also studies the governing equations and 

the interaction of mechanical and magnetic physics in this thesis project.  

Chapter 3 outlines the fabrication of the MRE’s host rubbers, silicone rubber Ecoflex 30 and 

Ecoflex 50, and the conducted experiments to obtain their mechanical characteristics. It follows 

by exploring the strain energy function and explaining the optimization carried out in order to 

identify the rubber behaviour through Ogden strain energy function. Carbonyl Iron Particle’s 

mechanical and magnetic properties are also determined. 

Chapter 4 delves into the Finite Element (FE) modeling of shear behavior in the developed MRE-

RVE, executed using COMSOL, and thoroughly examines the ensuing results. This chapter is 

organized in two major sections for 2D and 3D modeling fashions and explores the credibility of 

the obtained results within each modeling scheme, validating them through comparison with 

experimental data from the literature. In this chapter the MRE-RVE’s shear behaviour is explored 

under the application of different magnetic flux densities, and moreover, the effect of CIP volume 

fraction and the matrix stiffness is also investigated.  

Finally, Chapter 5 provides a concise summary of the thesis's major findings and contributions, 

emphasizing their significance in the field. It also offers thoughtful recommendations for future 

research directions, underlining the importance of building upon the current work to advance the 

subject further. 
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Chapter 2: Methodology and Mathematical Concepts 

 

In this chapter a thorough study will be conducted on the concept of Representative Volume 

Element (RVE), as outlined in the existing literature. Among the most important aspects of RVEs 

is determining their optimal size to accurately depict the structural characteristics representative 

of the entire macroscale structure. This chapter provides a comprehensive study on different 

fundamental factors influencing the RVE size determination, including the particles’ shape, size 

and distribution. Considering the composition of non-overlapping hard spherical particles 

dispersed within extremely soft elastomeric matrices in MREs, the ideal RVE size for these 

materials is then evaluated. 

The primary objective is to establish a uniform continuum that aligns with the mechanical behavior 

of the real heterogeneous material. Within any numerical homogenization methodology, a pivotal 

phase revolves around the appropriate choice of microscopic boundary conditions. Consequently, 

this study delves into an investigation of various microscale boundary conditions to determine the 

most suitable one for describing RVEs. Periodic Boundary Conditions (PBC) emerge as the most 

appropriate choice. The study follows by conducting an in-depth investigation on PBC’s 

fundamental physical and mathematical concepts, particularly in homogenization method, in order 

to evaluate the macroscale effective elastic properties, both in 2D and 3D configurations. 

Given that MREs operate under coupled magneto-mechanical loading conditions, this chapter 

continues by delving deeper into examining the fundamental magnetic equations incorporated in 

this study. Finally, the governing equations are established to be considered in this study. 

2.1 Representative Volume Element (RVE): 

A fundamental goal in the field of heterogeneous materials physics is to ascertain the effective 

properties of these materials by leveraging the fundamental laws and analyzing the spatial 

distribution of their components. The pursuit of determining these effective properties, like 

mechanical properties or thermal conductivity, has led to the continual advancement of 

sophisticated and efficient homogenization techniques. Among these techniques, Representative 

Volume Element (RVE) homogenization stands out as a method that utilizes a statistically 

homogeneous representation of heterogeneous materials at microscale to derive their effective 

properties on a macroscale. A fundamental phenomenon that has been a research topic for years is 

the determination of the proper size of RVE. Many researchers have suggested different aspects to 

be considered in evaluation of the RVE size. The following are some prominent proposed 

definitions of RVE. 

Hill (1963) defined RVE as a microscale specimen that exhibits structural characteristics that are 

representative of the entire mixture on average, and contains an adequate number of inclusions 

[62]. Hashin (1983) stated that the RVE should possess adequate dimensions to encompass a 

substantial amount of microstructural information, ensuring its representativeness. Nonetheless, it 

is crucial for the RVE to maintain a significantly smaller size compared to the macroscopic body 

[63]. Evesque (2000) suggested that the dimensions of the RVE should be sufficiently large 
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compared to the size of individual grains to accurately determine global properties such as stress 

and strain. However, the dimensions should also be sufficiently small to avoid obscuring 

macroscopic heterogeneity [64]. 

A more pragmatic definition of the RVE may be found within the context of homogenization. In 

this paradigm, a numerical RVE is defined as the minimal volume element that exhibits an 

equivalent target attribute or behaviour to that of the whole material at a macroscopic scale. 

Nevertheless, it is evident from these definitions that the RVE must include a substantial amount 

of information about the microstructure and must be much smaller in size compared to the 

macroscopic dimensions of the structure. It is necessary to adequately define the statistical 

characteristics associated with random microstructures in order to ensure comprehensive 

understanding [65]. 

As discussed, the most controversial phenomenon in RVEs, has found to be size determination. 

Various efforts have been undertaken to measure the dimensions of the RVE using statistical and 

numerical approaches, considering the effect of various parameters such as the desired outcome 

properties, i.e. thermal or mechanical properties, inclusion’s shape and volume fraction, 

inclusions’ distribution type and etc. According to Madi et al. [66] the researchers reached the 

conclusion that the two-dimensional RVE exhibits a bigger RVE size compared to the three-

dimensional RVE. Additionally, it was observed that the RVE size seems to be lower in the 

nonlinear cases as opposed to the linear cases.  

El Moumen et al. [67] demonstrated that the RVE dimensions of composites reinforced with 

randomly distributed particles exhibit an increase as the geometric form of the particles gets more 

intricate. The smallest RVE size can be attributed to composites including spherical particles. The 

absence of preferred orientation in the case of spheres might account for this phenomenon. 

Moreover, the study conducted by Dirrenberger et al. [68] has shown that some microstructures, 

characterised by the presence of enormous fibres or fibres of infinite length, may result in very 

large RVE sizes or even the absence of an RVE altogether. This phenomenon, referred to as non-

homogenizability according to Auriault's definition [69], highlights the inability to achieve 

homogenization in such cases. Fig. 12 shows the scale fluctuation of the RVE size. As shown in 

this figure, the larger RVE is characterised by significantly sized fibres, while the smaller RVE 

consists of spherical particles. It is important to note that the relative differences in physical 

attributes are maintained the same in both cases. 
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Figure 12: The RVE size regarding different reinforcement particle shapes: (a) spherical particles, (b) 

oblate spheroids, (c) prolate spheroids and (d) gigantic fibers [65]. 

It is noteworthy to acknowledge that the repulsion distance between adjacent particles also 

influences the size of the RVE. For instance, a study conducted by  El Moumen et al. [70] revealed 

that the RVE microstructures using hard sphere models, where particles can not overlap, is 13 

times smaller than the RVE size of microstructures utilising Boolean models, where spheres may 

overlap. Fig. 13 depicts the morphological characterization of the impact of repulsion distance on 

the RVE size, as described in their study. 

 

 

Figure 13: Morphological equivalence between RVEs of overlapping and non–overlapping spheres [70]. 

The study on RVE size conducted by El moumen et al [65], revealed that the hard spheres model 

fails to accurately represent the microstructure with a large volume percentage due to the imposed 

jamming limit. The model yields a maximum volume percentage of 27%.  

2.2 The RVE Size for Models Containing Hard Particles 

El moumen et al [65] adopted a combined numerical-statistical approach in order to investigate 

the variation in the RVE size with respect to the parameters of the microstructure. In their study, a 

computational methodology was presented for determining the variation of RVE size in random 
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microstructures. For this purpose, they used the fundamental concept of the integral range “A” in 

the context of composite materials. This geostatistical parameter is used to relate the size of the 

RVE with other microstructure parameters and was defined by previous researchers [70-72].  

It is feasible to establish an integral range that provides insights into the size of the domain for 

which the parameters measured within this volume exhibit a high degree of statistical 

representativeness. The integral range depends on the particle size in RVE and is independent of 

the RVE volume, 𝑉𝑅𝑉𝐸 [71]. It is chosen to be sufficiently large in order to maintain the stationary 

nature of the field, hence, minimising the impact of boundary conditions [72]. In the case of hard 

particles, however, it depends on the volume of inclusions inside the RVE [70]. 

RVE is contingent upon the volume of a single inclusion inside the RVE, which is integrated in 

the particle volume fraction, denoted as 𝜙. The integral range for random microstructures with a 

volume fraction 𝜙 may be expressed as [67]: 

𝐴 =  
𝜙

𝑉𝑅𝑉𝐸
 

(1) 

To obtain an accurate estimation of the effective properties, it is essential to establish a correlation 

between the size of the RVE and the various morphological, mechanical, and thermal factors 

associated with microstructures. The primary parameters include the mechanical characteristics of 

different phases, the particles volume fraction 𝜙, and several statistical factors. For a stationary 

random function Z, the variance of Z, 𝐷𝑧
2(𝑉), over the volume V is attainable as a function of the 

integral range A and the point variance 𝑆𝑧
2  [65]. 

𝐷𝑧
2(𝑉) =  𝑆𝑧

2  
𝐴

𝑉
 

 

(2) 

In the comprehensive study conducted by El moumen et al [65], they examined a stochastic 

microstructure composed of two distinct phases, denoted as 𝐹1 and 𝐹2. The phase 𝐹1 occupies a 

volume percentage of 𝜙, while the phase 𝐹2 occupies a volume fraction of (1− 𝜙). Each phase has 

distinct real characteristics, namely 𝑧1 for phase 𝐹1 and 𝑧2 for phase 𝐹2. The point variance 𝑆𝑧
2 of 

the random variable z in the context of a two-phase material is provided as:  

𝑆𝑧
2 =   𝜙 (1 − 𝜙)(𝑧1 − 𝑧2)

2  

 

(3) 

Given the current context, whereby the mechanical properties are represented as the random 

variable z, and using Eqs. (2) and (3), the volume variance, 𝐷𝑧
2(𝑉), can be evaluated as: 

𝐷𝑧
2(𝑉) =   𝜙 (1 − 𝜙)(𝑧1 − 𝑧2)

2  
𝐴

𝑉
  

 

 (4) 

Where, 𝐷𝑧
2(𝑉) is the variance of the volume V, and A is the integral range. To determine the RVE 

parameters, the number of realizations n and the absolute error ɛ𝑎𝑏𝑠 were used to express 𝐷𝑧
2(𝑉) 

as follows [61]: 



20 

 

4𝐷𝑧
2(𝑉) =  ɛ𝑎𝑏𝑠

2 𝑛  (5) 

It should be acknowledged that the determination of the size of the RVE involves defining the 

volume at which the number of realisations is equivalent to 1 [73]. 

𝑛(𝑉 = 𝑉𝑅𝑉𝐸)  =  1 

 

(6) 

Therefore, from Equations (1) and (4) – (6), we can write: 

𝑉𝑅𝑉𝐸 = 
4 𝜙2 (1 − 𝜙)(𝑧1 − 𝑧2)

2 

ɛ𝑎𝑏𝑠2 𝑉𝑅𝑉𝐸
 

 

(7) 

By using Equation (7), we can investigate the variation of volume of the RVE with respect to the 

particle volume fraction (𝜙) and the contrast ratio (c) in mechanical characteristics, which is 

defined as the ratio of mechanical properties, 𝑧2 to 𝑧1 in phases 𝐹2 and 𝐹1 , respectively. The 

representativity of the estimated characteristics in random microstructures may be determined by 

considering the volume size, with respect to the desired error ɛ𝑎𝑏𝑠, as follows: 

𝑉𝑅𝑉𝐸 = √
4 𝜙2 (1 − 𝜙)𝑧22(1 − 𝑐)2 

ɛ𝑎𝑏𝑠2 
  

 

(8) 

Hence, the relationship between the size of the RVE and the volume fraction (𝜙) and contrast ratio 

(c) in random microstructures may be described as the fluctuation of the two-variable function 

𝑓(𝑐, 𝜙) =  𝑉𝑅𝑉𝐸(𝑐, 𝜙). 

𝑉𝑅𝑉𝐸(𝑐, 𝜙) =  
2 𝑧2 |1 − 𝑐|𝜙 √(1 − 𝜙)

ɛ𝑎𝑏𝑠
 

 

 

(9) 

where, as mentioned before, the contrast ratio c is defined as 𝑐 =  
𝑧2

𝑧1⁄ , in which 𝑧2 represents 

the matrix property (phase 𝐹2 ).  

Introducing the relative error as ɛ𝑟 = 
ɛ𝑎𝑏𝑠

𝑧2⁄ , the final expression for RVE size would be: 

𝑉𝑅𝑉𝐸(𝑐, 𝜙) =  
2  |1 − 𝑐|𝜙 √(1 − 𝜙)

ɛ𝑟
 

 

 

(10) 

Eq. (10) provides a clear relationship between the representative volume element (RVE) of random 

microstructures and both the volume fraction and contrast ratio, while also accounting for desirable 

and fixed relative error. 
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2.3 Determining the RVE Size for MREs with Spherical Particles 

For MREs, two phases include soft elastomeric phase (𝐹2) impregnated with hard solid spherical 

inclusions, phase (𝐹1), represented by the micron-sized Carbonyl Iron Powder (CIP). Thus, for 

MREs, the contrast ratio c which here represents the ratio of modulus of rubbery matrix to solid 

inclusions is nearly negligible compared with unity. Thus, using Eq. (10) and assuming 𝑐 =  0, the 

RVE size can be determined for different particle volume fractions and the desired relative error. 

Tuning the aforementioned parameters to a negligible relative error, the equation leads us to an 

RVE with one CIP inclusion in a cubic rubber matrix, which is the same RVE size presented by 

Davis [40], as shown in Fig. 14. 

 

Figure 14: The MRE-RVE, containing finite element mesh used in calculation of shear modulus [40]. 

As discussed in Davis’ study [40], the model considers two consequent spheres in MRE as 

presented in Fig. 15. Where R is the radius of the particles (assumed to be identical) and the gap 

between the two particles is denoted as 2w. 

For a rectangular prism (Cuboid) unit cell with square base, containing one particle as shown in 

Fig. 16, to determine the stress resulting from a shear deformation in the square plane, let us 

consider the x and y axes to be aligned with the edges of the square plane, and z direction along 

the assumed chain of subsequent particles. For this unit cell with width and height of 𝐷 and (2𝑅 +

2𝑤), respectively, the volume fraction of particles can be obtained as: 

𝜙 =
4𝜋

3⁄ 𝑅3

(2𝑅 + 2𝑤)𝐷2
 

 

 

(11) 

When 𝐷 = (2𝑅 + 2𝑤), the unit cell would have a simple cubic arrangement. It is noted that, when 

the gap between the particles (2w) is reduced while keeping the same volume fraction, the model 

represents chain-like MRE model.  
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Figure 15: The gap region between two consequent particles, with radius R and the gap being 2w [40]. 

 

Davis [40] investigated the relationship between shear stress and shear strain in a filled elastomer 

material including spherical iron particles. The finite element analysis was conducted using the 

ABAQUS software, to simulate a pure shear deformation, without the presence of an externally 

induced magnetic field.  

 

 

Figure 16: The schematic representation of a unit cell with one particle included. 
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Fig.17 illustrates the effect of the particles gap on the shear modulus of the MRE unit cell model 

while the volume fraction of particles is kept to be 0.27. The term "SC" represents a configuration 

in which particles are arranged in a simple cubic manner, whereas the dashed line labelled "matrix" 

refers to the unfilled elastomer. The study also examines the effect of particle volume fraction on 

the shear modulus of the MRE, concluding that the optimum volume fraction is roughly 27%, as 

shown in Fig. 18. 

 
Figure 17: The effect of the gap between two 

subsequent particles on shear modulus of MRE as 

the ratio of the gap to particle’s radius (w/R) [40]. 

 

 
Figure 18: The change in modulus (∆𝐺 = 𝐺 − 𝐺0) at 

saturation, normalized to the initial modulus in the 

absence of the magnetic field (𝐺0), with respect to 

volume percentage of particles [40]. 

 

2.4  RVE Boundary Conditions 

As of already addressed in the concept of RVE, the main goal is to define an equivalent 

homogeneous continuum that matches the average mechanical response of the actual 

heterogeneous material. In any numerical homogenization approach, a critical step involves the 

selection of appropriate microscopic boundary conditions. These conditions are applied to the 

RVE, and subsequently, the RVE's averaged response is used to determine effective material 

properties. 

The commonly employed boundary conditions in micromechanics fall into two categories of 

uniform boundary conditions, as kinematic uniform boundary conditions, also known as Dirichlet 

or essential boundary conditions, where uniform displacements are enforced on the boundary, and 

static uniform or Neumann boundary conditions, where uniform tractions are prescribed along the 

sample's boundaries. Neumann, also known as Traction Boundary Conditions, basically specify 

the distribution of forces or stresses acting on the RVE's boundary, while Dirichlet, also known as 

Displacement Boundary Conditions, specify how points on the RVE's boundary respond to 

external forces or constraints [74]. According to Hill [62], an RVE is considered well-defined 
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when the responses under Dirichlet and Neumann boundary conditions coincide. This convergence 

is a crucial criterion in ensuring the accuracy and reliability of homogenization results. 

2.4.1 Displacement Boundary Conditions (DBCs) 

DBCs describe how the displacement field behaves at the boundaries of the RVE. They are 

typically expressed as: 

   𝑢𝑖(Γ) =𝜀𝑖𝑗
0𝑥𝑗 , ∀𝑥𝑗 ∈ Γ (12) 

 

Here, 𝜀𝑖𝑗
0  represents a uniform strain that is independent of the location 𝑥𝑗, and Γ represents the 

surface boundary of the RVE. This condition implies that the material experiences the same strain 

throughout the entire boundary. 

2.4.2 Traction Boundary Conditions (TBCs) 

TBCs specify how stress or traction is distributed on the RVE's boundaries and can be expressed 

as: 

   𝑡𝑖(Γ) =𝜎𝑖𝑗
0𝑛𝑗, ∀𝑥𝑗 ∈ Γ (13)    

 

In this equation, 𝜎𝑖𝑗
0  represents a uniform stress independent of location 𝑥𝑗, 𝑛𝑗  is the unit normal 

vector to the boundary Γ at the point 𝑥𝑗, and t is the traction. 

It's important to note that under both DBCs and TBCs, the unit strain or stress can be applied 

component-by-component to the RVE. This means that one can apply strains or stresses 

independently in different directions. The resulting stresses or strains lead to the determination of 

stiffness and compliance properties, respectively, which are essential for understanding how the 

material responds to external loading conditions. 

In addition to the uniform boundary conditions mentioned earlier, researchers have also introduced 

mixed boundary conditions [75–77]. These were proposed because achieving uniform boundary 

conditions in experimental setups can be challenging. For a more visualized understanding of 

mixed boundary conditions, one can consider a specimen, where one part of it undergoes 

prescribed displacements while forces are prescribed on remaining parts. Studies have indicated 

that mixed boundary conditions often yield more accurate approximations of effective material 

properties compared with uniform conditions. 

Furthermore, researchers have also developed Periodic Boundary Conditions (PBC) [78–80]. 

These conditions are typically applied to unit cells in cases where the heterogeneous material 

exhibits a periodic structure. For instance, Terada et al. [80] demonstrated that even for general 

heterogeneous materials lacking exact geometric periodicity, periodic boundary conditions with 

relatively small unit cell sizes can provide reasonable estimates of the effective properties. In a 

research conducted by Van der Sluis et al. [81] a thorough study was conducted on Mixed and 
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Periodic boundary conditions and their study showed that PBC contributes to better results and is 

less sensitive to the RVE size or inclusion position in the unit cell. 

2.4.3 Periodic Boundary Conditions (PBC) 

Research has demonstrated that Periodic Boundary Conditions (PBC) yields more precise effective 

moduli estimates compared with other conventional boundary conditions [81]. Okereke et al. [82] 

proposed a method for applying periodic boundary conditions to 3D RVEs. The method which 

was based on the work conducted originally by of Van der Sluis et al. [81], who applied PBC to 

2D RVEs. In the following, PBCs in 2D and 3D configuration are discussed. 

2.4.3.1 Periodic Boundary Conditions in 2D  

For their study on 2D boundary conditions, Van der Sluis et al. [81] investigated a plate featuring 

a regular square unit with spherical inclusions under tensile loading. Two types of unit cells were 

established: a symmetric unit cell and an asymmetric unit cell (Fig.19). The goal was to ensure 

that these unit cells ultimately yield an identical set of effective parameters for the equivalent 

homogeneous continuum, while perfect bonding was assumed to exist between the two phases. 

 

 

Figure 19: Selected unit cells to analyze a heterogeneous material behaviour under tensile loading 1) 

Symmetric unit cell (solid line) and 2) assymetric (dashed line) [81]. 

Considering the periodic structure of the macroscopic body, a square unit cell of size “a” could be 

defined where; R={(𝑦 ∈ ℝ2) | −𝑎 2⁄ <𝑦𝑖<
𝑎
2⁄  ;  i = 1,2)}.  

Assuming a two-dimensional orthonormal base (𝑒1, 𝑒2) aligned with the axes (𝑥1, 𝑥2), both 

boundary pairs  𝛤1 and 𝛤2 comprise opposing edges [83]. For each boundary pair 𝛤𝑝, compatibility 
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is essential, in line with the periodicity assumption. This implies that the deformation of each 

boundary pair is identical, and the stress vectors have opposite signs on each pair [78, 79]. Smit et 

al. [84], derived the suitable displacement boundary conditions as: 

u12 − u𝑣4 = u11 − u𝑣1 

u22 − u𝑣2 = u21 − u𝑣2  

 

(14) 

Where, u𝑖𝑗 denotes the displacement vector associated with any material point situated on the 

corresponding boundary 𝛤𝑖𝑗 , while u𝑣𝑖 represents the displacement vector attributed to each vertex 

𝑣𝑖, as illustrated in Fig. 20.  

Furthermore, when considering vertex 𝑣3, a constraint equation can be stablished by utilizing 

either of the two equations provided in Eq. (14) as: 

u𝑣3 − u𝑣2 = u𝑣4 − u𝑣1 (15) 

Eq. (15) essentially defines the relationship between the displacement vectors at vertex 𝑣3 and the 

surrounding vertices, which plays a crucial role in ensuring compatibility and consistency within 

the considered model. 

To eliminate rigid body motions, it is necessary to impose u𝑣𝑘 = 0 for any k within the set 𝑘 ∈

{1,2,4}. This requirement ensures that rigid body translations or rotations are prevented. Upon 

analyzing the periodicity equations (14) and (15), it becomes evident that certain entities are 

considered as retained (independent), including 𝛤11, 𝛤21, 𝑣1, 𝑣2 and 𝑣4. Conversely, other entities 

are deemed tied (dependent), comprising 𝛤22, 𝛤12 and 𝑣3. Hence, it will be sufficient to prescribe 

displacements for the three retained vertices, to effectively control and constrain the behavior of 

the entire system while eliminating rigid body motions.  

2.4.3.2 Computational homogenization in 2D 

In a general context, macroscopic quantities are typically computed as averages of their 

corresponding microscopic state variables. Within deterministic theories proposed in the literature, 

this averaging process involves calculating the average of a quantity 𝜓 over the region R occupied 

by the unit cell [81]. Mathematically, this averaging operation is represented as: 

< 𝜓 > (𝑥)  =
1

𝑆
∫ 𝜓(𝑥, 𝑦) 𝑑𝑦
 

𝑅
 ;  𝑆 =  ∫  𝑑𝑦

 

𝑅
 (16) 
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Figure 20: Periodically deformed 2D unit cell, with boundaries 𝛤𝑖𝑗 and vertices  𝑣𝑖 [81]. 

Here, x pertains to the coordinate system of the macroscopic body, and y corresponds to the 

coordinate system within the unit cell (as illustrated in Fig.19). With this specific definition of the 

averaging operator, we can establish the following micro-macro relations for the total stress and 

strain tensors: 

𝜎𝑖𝑗 (𝑚𝑎𝑐𝑟𝑜)  = < 𝜎𝑖𝑗 > (𝑥)   

𝜀𝑖𝑗 (𝑚𝑎𝑐𝑟𝑜)  = < 𝜀𝑖𝑗 > (𝑥)   

 

(17) 

Where, 𝜎𝑖𝑗 (𝑚𝑎𝑐𝑟𝑜) and 𝜀𝑖𝑗 (𝑚𝑎𝑐𝑟𝑜) signify the macroscopic total stress and strain tensors, 

respectively, while < 𝜎𝑖𝑗 > (𝑥) and < 𝜀𝑖𝑗 > (𝑥) represent the corresponding microscopic 

averages. 

It should be considered that, during a tensile test conducted on the unit cell, the equivalent stresses 

in the unit cell must not exceed the local yield limit of the matrix material. Utilizing the averaged 

elastic constitutive equations (17), we obtain the following expressions for the affective elastic 

properties: 

𝐸11
𝑒𝑓𝑓

= 
𝜎11 (𝑚𝑎𝑐𝑟𝑜) 

𝜀11 (𝑚𝑎𝑐𝑟𝑜)
  , 𝜈12

𝑒𝑓𝑓
= − 

𝜀22 (𝑚𝑎𝑐𝑟𝑜) 

𝜀11 (𝑚𝑎𝑐𝑟𝑜)
 

(18) 

  

Where, 𝐸11
𝑒𝑓𝑓

 is the effective Young’s modulus, and 𝜈12
𝑒𝑓𝑓

 denotes the effective Poisson’s ratio. 

2.4.3.3 Periodic Boundary Conditions in 3D  

In their study, Okereke et al. [82] introduced the concept of Ω𝑅𝑉𝐸 as the bounding domain of a 3D 

RVE, featuring a periodic microstructure. This domain contains both fiber and matrix constituents 

and typically takes the form of a cube with dimensions represented by 'D'. Ω𝑅𝑉𝐸 is defined by six 

surfaces, ensuring that any two parallel surfaces (e.g., 𝑋𝑝𝑜𝑠 and 𝑋𝑛𝑒𝑔) always maintain parallel 
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alignment along either the x, y, or z-axes. Specifically, the 𝑋𝑝𝑜𝑠 surface corresponds to the y-z 

plane situated at the maximum x-axis cubic dimension (i.e., x = D), while the 𝑋𝑛𝑒𝑔 surface is 

located at the minimum x-axis cubic dimension (i.e., x = 0), as illustrated in Fig.21.  

Each of these surfaces consists of nodes, and nodes located on the 𝑋𝑝𝑜𝑠 surface are referred to as 

'𝑋𝑝𝑜𝑠𝑁𝑜𝑑𝑒𝑠'. Similar terminology applies to the other five faces. Within this domain, edge nodes as 

nodes shared by two intersecting surfaces are identified. Assuming that the 3D domain, Ω𝑅𝑉𝐸, 

exists in the three-dimensional real space (𝑅3), the set of nodes for a specific surface is defined as 

𝑆𝑛𝑝, where 'n' represents the reference frames (X, Y, Z), and 'p' encompasses either the positive or 

negative faces along a given axis. Consequently, we can describe the set of surface nodes as 

follows: 

𝑆Ω𝑅𝑉𝐸 = {𝑆𝑋𝑃𝑂𝑆  ∪  𝑆𝑋𝑁𝐸𝐺} ∪ {𝑆𝑌𝑃𝑂𝑆  ∪  𝑆𝑌𝑁𝐸𝐺}  ∪ {𝑆𝑍𝑃𝑂𝑆  ∪  𝑆𝑍𝑁𝐸𝐺}  (19) 

 

 

Figure 21: A typical 3D RVE, containing fibers, with the bounding domain of Ω𝑅𝑉𝐸 [82]. 

As a consequence of Equation (19), no group of nodes is common to any two parallel surfaces. 

Instead, a collection of edge nodes should arise from the intersection of orthogonal surfaces. 

Similarly, corner nodes, denoted as 𝑁1, 𝑁2, ..., 𝑁8, are defined as the nodes resulting from the 

intersection of the three mutually perpendicular surfaces at any of the eight vertices within the 3D 

RVE domain. 

When applying periodic boundary conditions to the 3D RVE domain, Ω𝑅𝑉𝐸, it should be ensured 

that all six surfaces and twelve edges of the domain undergo uniform deformation. This condition 
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is met when any pair of surfaces (e.g., 𝑆𝑋𝑃𝑂𝑆 and  𝑆𝑋𝑁𝐸𝐺 ) or pair of edges are kinematically tied. 

Various approaches exist to implement this requirement within a numerical framework, including 

those for periodic meshes [84], and those for non-periodic meshes [85]. 

Referring to Fig. 21 and considering the 3D RVE domain, Ω𝑅𝑉𝐸, the position vector for surface 

nodes is established as: 𝑈
𝑖

𝑆𝑛𝑝
, where 𝑆𝑛𝑝 is as previously defined, and 'i' ranges from 1 to N, with 

N representing the total number of nodes per surface. Additionally, the position vector for corner 

nodes is established as: 𝑈𝑁𝑗, where the corner nodes are labeled as j = 1, 2, ..., 8. Within this 

context, four reference nodes are then identified, namely 𝑁1, 𝑁2, 𝑁3, and 𝑁4, referred to as 

"retained nodes", (marked as unfilled circles in Fig.21). These retained nodes serve as points of 

focus for prescribing the necessary boundary conditions to replicate a desired load scenario. The 

remaining corner nodes, 𝑁5 through 𝑁8 (marked as red circles in Fig. 21), and surfaces, denoted 

as (𝑈𝑖
𝑆𝑋𝑃𝑂𝑆 , 𝑈𝑖

𝑆𝑌𝑃𝑂𝑆 , 𝑈𝑖
𝑆𝑍𝑃𝑂𝑆), are referred to as "tied" or "slave" nodes and surfaces, respectively. 

These tied entities are dependent on or "slaved" to any displacements or loads applied to the 

retained nodes. Consequently, the mathematical expressions governing the imposition of periodic 

deformation on all nodes in the three dimensions of the 3D RVE domain can be mathematically 

described as follows: 

𝑈𝑖
𝑆𝑋𝑃𝑂𝑆 − 𝑈𝑖

𝑆𝑋𝑁𝐸𝐺 − 𝑈𝑁2 + 𝑈𝑁1 = 0    

𝑈𝑖
𝑆𝑌𝑃𝑂𝑆 − 𝑈𝑖

𝑆𝑌𝑁𝐸𝐺 − 𝑈𝑁3 + 𝑈𝑁1 = 0  (20) 

𝑈𝑖
𝑆𝑍𝑃𝑂𝑆 − 𝑈𝑖

𝑆𝑍𝑁𝐸𝐺 − 𝑈𝑁4 + 𝑈𝑁1 = 0   

Enforcing periodic boundary conditions requires stress equilibrium across opposite surfaces within 

the RVE domain. For every surface (𝑆𝑛𝑝) in the 3D RVE, a specific unit outward normal vector is 

defined as (𝑛𝑛𝑝). Assuming that the domain is experiencing stress, the condition for stress 

equilibrium across opposing pairs of surfaces is achieved when: 

𝜎𝑛𝑋𝑃𝑂𝑆 (𝑦, 𝑧) =  −𝜎𝑛𝑋𝑁𝐸𝐺 (𝑦, 𝑧)  

𝜎𝑛𝑌𝑃𝑂𝑆 (𝑥, 𝑧) =  −𝜎𝑛𝑌𝑁𝐸𝐺 (𝑥, 𝑧) (21) 

𝜎𝑛𝑍𝑃𝑂𝑆 (𝑥, 𝑦) =  −𝜎𝑛𝑍𝑁𝐸𝐺 (𝑥, 𝑦)  

where, 𝜎 is the stress tensor. 

Considering the described periodic boundary condition approach, where all nodes except the 

retained nodes are constrained, only the retained nodes serve as points for applying various load 

scenarios within the 3D RVE domain, Ω𝑅𝑉𝐸. To facilitate uniaxial and shear load cases, we need 

to apply specific constraints to these retained nodes. 

For uniaxial loading, let us consider the 3D cubic RVE domain shown in Fig. 22, where the 

retained nodes are 𝑁1, 𝑁2, 𝑁3, and 𝑁4, while 𝑁1 is restricted to have zero displacement in order to 

prevent rigid body motions. Uniaxial loads can be applied along the x-, y-, or z-axes, as depicted 

in Fig. 22 To create a tensile uniaxial load along any of these axes, prescribed positive 

displacements (𝛿) is applied to nodes 𝑁2, 𝑁3, or 𝑁4, respectively. Conversely, compressive loads 

result from applying negative displacement values (−𝛿). 
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In the same fashion, for shear loading the retained node 𝑁1 is set to zero displacement to prevent 

rigid body motions and nodes 𝑁2 to 𝑁4 are utilized to impose the desired shear load case. Fig.23 

provides a schematic representation of the shear load cases and the associated nodal constraints. 

 

Figure 22: Tensile loading applied to 3D RVE in a) X , b) Y and c) Z direction, respectively [82]. 

 

 

Figure 23: Shear loading applied to 3D RVE in a) XY , b) YZ and c) XZ plane, respectively [82]. 

 

2.4.3.1 Computational Homogenization in 3D 

Let us consider a test composite within a macroscale domain (Ω𝑀𝐴𝐶𝑅𝑂), as depicted in Fig. 24. 

Assuming statistical homogeneity in the material, we isolate a 3D microscale RVE within Ω𝑅𝑉𝐸, 

with 𝐿𝑚𝑎𝑐𝑟𝑜 and 𝐿𝑅𝑉𝐸 denoting the macroscale and microscale length scales. We assume that 

Ω𝑀𝐴𝐶𝑅𝑂 length scale greatly exceeds Ω𝑅𝑉𝐸 length scale, ensuring 
𝐿𝑅𝑉𝐸

𝐿𝑚𝑎𝑐𝑟𝑜
 << 1 for any Ω𝑅𝑉𝐸 chosen 

as a test composite RVE. Periodic boundary conditions are then applied to Ω𝑅𝑉𝐸 (called 
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Ω𝑃𝐵𝐶−𝑅𝑉𝐸), equivalent to the 3D domain in Fig. 21. Computational homogenization is 

subsequently used to link the macro- and micro-fields. 

Within the Ω𝑃𝐵𝐶−𝑅𝑉𝐸 domain, where a stress tensor 𝜎 is applied at a material point x within the 

enclosed volume V, the outward flux of stress through a specific surface, 𝑆𝑛𝑝, within the Ω𝑃𝐵𝐶−𝑅𝑉𝐸 

can be expressed as the volume integral of the divergence within the region enclosed by that 

surface, given as:  

∫∇. (𝜎 × 𝑋) 𝑑𝑉 =
 

𝑉

 ∫ [ X × ∇. 𝜎 + ∇𝑋𝑇𝜎]𝑑𝑉 =  ∫σ 𝑑𝑉
 

𝑉

 

𝑉

 
(22) 

Eq. (22) holds when stress equilibrium is assumed, as ∇. 𝜎 = 0 (with no body forces) and ∇𝑋𝑇 = 

∇𝑋 = I. Additionally, the outward normal, 𝑛𝑆𝑛𝑝 , is defined as a vector always perpendicular to the 

surface, 𝑆𝑛𝑝. Using Gauss or divergence theorem, the integration over the volume in Eq. (22) can 

be related to the surface area (A) integral denoted as: 

∫σ 𝑑𝑉
 

𝑉

= ∫(σ × X). 𝑛𝑆𝑛𝑝𝑑𝐴  
 

𝐴

= ∫𝑋 × 𝑡𝑆𝑛𝑝𝑑𝐴  
 

𝐴

 
(23) 

Here, σ represents the symmetric stress tensor, where the surface traction is denoted as; 𝑡𝑆𝑛𝑝 =

 σ𝑛𝑆𝑛𝑝. Ultimately, the volume-averaged stress within the periodically deformed RVE domain, 

Ω𝑃𝐵𝐶−𝑅𝑉𝐸 (as illustrated in Fig. 24), can be expressed as: 

< σ > =
1

𝑉
∫σ 𝑑𝑉
 

𝑉

= 
1

𝑉
∫𝑋 × 𝑡𝑆𝑛𝑝𝑑𝐴  
 

𝐴

 
(24) 

Where the volume-averaged stress is denoted as < σ >. This particular expression is applicable to 

a 3D RVE where nodal forces and displacement are applied at retained nodes, specifically 𝑁1, 𝑁2, 

𝑁3, and 𝑁4. 

Due to the periodicity constraints established within the Ω𝑃𝐵𝐶−𝑅𝑉𝐸 domain, all surface tractions 

cancel out during the volume-averaging process. This results in only the nodal forces applied to 

the retained nodes on that surface being considered. In other words, 𝒕𝑆𝑛𝑝 = 0 for surface 𝑆𝑛𝑝, 

leaving us with the representation of the retained nodal forces as 𝑓𝑁𝑖, where i = 1, 2, ..., 4. Here, 𝑋𝑖 

corresponds to the coordinate position of reference node 𝑁𝑖. Essentially, 𝑓𝑁𝑖 represents the external 

forces applied at the retained nodes 𝑁𝑖. 

< σ > =
1

𝑉
∫ ∑[𝑋𝑖 × 𝑓𝑁𝑖]

4

𝑖=1

 

𝑉

 

(25) 

Eq. (25) characterizes the volume-averaged stress within an RVE domain with periodic 

deformation, computed through the virtual work contributions arising from the presence of four 

retained nodal forces and the displacements of the 3D RVE domain. 



32 

 

 

 

Figure 24: A schematic representation of macro- and micro-field relationship in 3D-RVE [82]. 

Under the assumption of global periodicity within the Ω𝑃𝐵𝐶−𝑅𝑉𝐸 domain, the overall macroscopic 

stress and the global strain are expressed as < σ > =  𝜎𝑚𝑎𝑐𝑟𝑜 and 𝜀𝑚𝑎𝑐𝑟𝑜 respectively.  𝜀𝑚𝑎𝑐𝑟𝑜, is 

determined based on the displacements of the retained nodes, keeping in mind that 𝑢1is restricted 

to be zero to avoid rigid body motion. Consequently, the displacements of the remaining retained 

nodes are calculated as follows: 

𝑢2 = 𝜀𝑚𝑎𝑐𝑟𝑜(𝑋2 − 𝑋1) ,  

𝑢3 = 𝜀𝑚𝑎𝑐𝑟𝑜(𝑋3 − 𝑋1) , 

𝑢4 = 𝜀𝑚𝑎𝑐𝑟𝑜(𝑋4 − 𝑋1)  

 

(26) 

Here, 𝑢𝑖 represents the displacement vector of retained node, i, in relation to its coordinate position, 

𝑋𝑖, where 𝑢𝑖 = [𝑢𝑖,𝑥, 𝑢𝑖,𝑦, 𝑢𝑖,𝑧]. 

To comprehensively predict all possible effective elastic properties of the given test composite, 

displacement-controlled simulations were conducted by Okreke et.al. [82] as explained above. The 

effective properties were denoted as 𝐸𝑖𝑖
𝑒𝑓𝑓

being the effective Young's modulus along the i axis of 

the 3D RVE domain, 𝜈𝑖𝑗
𝑒𝑓𝑓

representing the effective Poisson Ratio on an ij-plane, and 𝐺𝑖𝑗
𝑒𝑓𝑓

being 

the effective shear modulus on an ij-plane (for i, j = 1, 2, 3). Therefore, relying on volume-averaged 

stresses derived from microscale simulations, the following equations enable the determination of 

effective properties for the test composite: 
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For uniaxial deformation along X axis : 

𝐸11
𝑒𝑓𝑓

= 
𝜎11 (𝑚𝑎𝑐𝑟𝑜) 

𝜀11 (𝑚𝑎𝑐𝑟𝑜)
  , 𝜈12

𝑒𝑓𝑓
= − 

𝜎22 (𝑚𝑎𝑐𝑟𝑜) 

𝜀11 (𝑚𝑎𝑐𝑟𝑜)
 , 𝜈13

𝑒𝑓𝑓
= − 

𝜎33 (𝑚𝑎𝑐𝑟𝑜) 

𝜀11 (𝑚𝑎𝑐𝑟𝑜)
                 

(27) 

where, indices 1, 2 and 3 represent axes X, Y and Z respectively. Similarly, uniaxial deformation 

along Y and Z axes will result in following effective properties denoted in Eq. (28) and (29), 

respectively. 

𝐸22
𝑒𝑓𝑓

= 
𝜎22 (𝑚𝑎𝑐𝑟𝑜) 

𝜀22 (𝑚𝑎𝑐𝑟𝑜)
  , 𝜈23

𝑒𝑓𝑓
= − 

𝜀33 (𝑚𝑎𝑐𝑟𝑜) 

𝜀22 (𝑚𝑎𝑐𝑟𝑜)
 , 𝜈21

𝑒𝑓𝑓
= − 

𝜀11 (𝑚𝑎𝑐𝑟𝑜) 

𝜀22 (𝑚𝑎𝑐𝑟𝑜)
    (28) 

𝐸33
𝑒𝑓𝑓

= 
𝜎33 (𝑚𝑎𝑐𝑟𝑜) 

𝜀33 (𝑚𝑎𝑐𝑟𝑜)
  , 𝜈31

𝑒𝑓𝑓
= − 

𝜀11 (𝑚𝑎𝑐𝑟𝑜) 

𝜀33 (𝑚𝑎𝑐𝑟𝑜)
 , 𝜈32

𝑒𝑓𝑓
= − 

𝜀22 (𝑚𝑎𝑐𝑟𝑜) 

𝜀33 (𝑚𝑎𝑐𝑟𝑜)
    (29) 

In the same fashion, the following are the effective shear moduli obtained from simple shear 

deformation along XY, XZ and YZ planes, respectively.  

𝐺12
𝑒𝑓𝑓

= 
𝜏12 (𝑚𝑎𝑐𝑟𝑜) 

𝛾12 (𝑚𝑎𝑐𝑟𝑜)
  , 𝐺13

𝑒𝑓𝑓
= 

𝜏13 (𝑚𝑎𝑐𝑟𝑜) 

𝛾13 (𝑚𝑎𝑐𝑟𝑜)
   , 𝐺23

𝑒𝑓𝑓
= 

𝜏23 (𝑚𝑎𝑐𝑟𝑜) 

𝛾23 (𝑚𝑎𝑐𝑟𝑜)
                  (30) 

where, 𝜏 and 𝛾 are shear stress and shear strain, respectively. 

2.5 Maxwell Equations 

The Maxwell equations, originally formulated by James Clerk Maxwell in 1864, encapsulate the 

fundamental principles of electromagnetism, and are groundwork of our understanding of 

electromagnetism and the interactions between electric charges, currents, and magnetic fields. In 

the vacuum, all electromagnetic phenomena can be elucidated using a pair of field variables: one 

for the electric field and another for the magnetic field. Specifically, the electric field is denoted 

by the electric field intensity, often represented as E. In scenarios where the magnetic field 

originates from permanent magnets, it is typically described using the magnetic field intensity, 

referred to as H. Alternatively, when the field emanates from electric currents, it is represented by 

the magnetic induction, known as B. Finally, for scenarios involving the electric field between 

capacitors, an additional field variable known as the electric displacement, labeled as D, comes 

into play [86, 87]. In vacuum conditions, certain fundamental relationships hold as Β = 𝜇0Η and 

D = 𝜖0Ε.  

These equations involve two universal constants: 𝜇0 and 𝜖0, vacuum permeability and permittivity, 

respectively. It's noteworthy that these constants are interconnected through the equation 𝜖0 𝜇0= 

1/𝑐0
2
, where 𝑐0 denotes the speed of light in a vacuum. In Maxwell's original treatise, all four 

aforementioned field variables are employed, and the governing equations are as follows: 
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{
 
 

 
 

∇ ·  B =  0

∇  ×  E +
∂B

∂t
=  0

∇ ·  D −  φ =  0

∇  ×  H =
∂D

∂t
 +  J

 

 

 

(31) 

In the above equations, φ represents the free charge density, and J represents the free current 

density. The relationships between D, J, and H with E and B, respectively, for linear isotropic 

materials are defined by the following constitutive equations: 

{
D =  𝜖E
B =  𝜇H
J =  𝑄E

 
 

   (32) 

Here, 𝜖 is known as the dielectric constant, μ represents the magnetic permeability, and 𝑄 denotes 

the electric conductivity. The Maxwell equations, as represented by Eq. (31), are not standalone 

equations but are interconnected. By examining the three first sets of Eq. (31) we can derive the 

equation governing the conservation of charge: 

∇ ·  𝐽 +  𝜕φ/𝜕𝑡 =  0   (33) 

When dealing with material media, two additional variables are introduced: the polarization 

density P (representing the electric moment per unit volume) and the magnetization density M 

(representing the magnetic moment per unit volume). These two variables relate to the other four 

as follows: 

𝐵 ≡  𝜇0(𝛨 +  𝑀) 
 

𝐷 ≡ 𝜖0 𝛦 +  𝑃 

  

 (34) 

Expressed in terms of E, B, P, and M, Maxwell equations in Eq. (31) can be rewritten as: 

{
 
 

 
 

∇ ·  B =  0

∇  ×  E +
∂B

∂t
=  0

𝜖0∇ ·  E + ∇ ·  P −  φ =  0

𝜇0
−1∇ ×  B − 𝜖0

∂E

∂t
=
∂P

∂t
 + ∇ ×  M +  J

 

 

 

(35) 

These equations, expressed in terms of E, B, P, and M, provide a comprehensive framework for 

understanding electromagnetic phenomena in both vacuum and material media [88]. 



35 

 

2.6 Maxwell’s Stress Tensor 

Indeed, the force acting on a point charge q moving with velocity “v” in the presence of both an 

electric field E and a magnetic field B is described by the Lorentz force equation. This equation is 

a fundamental concept in electromagnetism and is expressed as [88]: 

𝐹 =  𝑞(𝐸 +  v ×  𝐵)   (36) 

Likewise, the force exerted on a charge density φ within a volume V, expressed as the force per 

unit volume, f, can be represented as: 

𝑓 =  φ(𝐸 +  v ×  𝐵)   (37) 

Using Eq. (32), Eq. (37) could also be written in terms of current density, J: 

𝑓 =  φ𝐸 +  𝐽 ×  𝐵   (38) 

Eliminating φ and J by employing the last two sets of Maxwell's equations (Eq. 31), we have: 

φ =  𝜖0∇ ·  E  

 J =  𝜇0
−1∇ ×  B − 𝜖0

∂E

∂t
  

   

 

 

(39) 

Substituting Eq. (39) in Eq. (38) yields: 

𝑓 =  𝜖0(∇ ·  E )𝐸 + ( 𝜇0
−1∇ ×  B − 𝜖0

∂E

∂t
) ×  𝐵 

  (40) 

Considering the relation: 

∂E

∂t
×  𝐵 =  

∂(E × 𝐵)

∂t
− 
∂B

∂t
×  𝐸 

  (41) 

and faraday’s induction law as: 

∂B

∂t
=  −∇ × 𝐸 

  (42) 

Eq. (40) can be cast into the following form: 

𝑓 =  𝜖0[(∇ ·  E )𝐸 − 𝐸 × (∇ × 𝐸)] + [ 𝜇0
−1(∇ ×  B) ×  B] − 𝜖0  

∂(E × 𝐵)

∂t
 

  (43) 
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To maintain symmetry, we can introduce an additional term (∇·B) B. Importantly, because due to 

the Gauss law in magnetism ∇·B = 0, this adjustment does not incur any alteration in the outcome, 

and follows as: 

𝑓 =  𝜖0[(∇ ·  E )𝐸 − 𝐸 × (∇ × 𝐸)] + 𝜇0
−1[(∇ · B)B − B × (∇ ×  B)] − 𝜖0  

∂(E × 𝐵)

∂t
 

  

(44) 

Considering the following equation from gradient properties in algebra for two arbitrary vectors 

X and Y: 

∇(𝑋. 𝑌)  =  𝑋 × ∇ × 𝑌 + 𝑌 × ∇ × 𝑋 + (𝑋. ∇)𝑌 + (𝑌. ∇)𝑋  (45) 

And, taking into account that ∇(𝑋2) = ∇(X. X) and applying it to E and B using Eq. (45), we can 

rewrite Eq. (44) in the following form:  

𝑓 =  𝜖0[(∇ ·  E )𝐸 − (𝐸 . ∇)E] + 𝜇0
−1[(∇ · B)B − (𝐵 . ∇)B] − [

1

2
𝜖0∇(E

2)

+  
1

2𝜇0
∇(B2)] − 𝜖0  

∂(E × 𝐵)

∂t
 

 

 

(46) 

Rewriting this equation in tensor form, we can introduce Maxwell Stress tensor as follows: 

𝑇𝑖𝑗 = 𝜖0( 𝐸𝑖 𝐸𝑗 − 
1

2
𝛿𝑖𝑗 𝐸

2) + 
1

𝜇0
 ( 𝐵𝑖 𝐵𝑗 − 

1

2
𝛿𝑖𝑗 𝐵

2) 
(47) 

where, 𝛿𝑖𝑗  is the Kronecker delta which is defined as: 

{
𝛿𝑖𝑗 = 1        ; 𝑖 = 𝑗

𝛿𝑖𝑗 = 0        ; 𝑖 ≠ 𝑗
  

(48) 

In the MRE materials, and specifically in this study, MREs are only exposed to uniform magnetic 

fields, so the first part of Eq. (47), containing the electric field, will be eliminated, leaving the 

Maxwell stress tensor to be reduced to: 

𝑇𝑖𝑗 = 
1

𝜇0
 ( 𝐵𝑖 𝐵𝑗 − 

1

2
𝛿𝑖𝑗 𝐵

2) 
(49) 

2.7 Governing Equations 

In this sub-section the constitutive equations in the context of continuum mechanics are discussed. 

By considering the basic balance principles of continuum mechanics, such as the linear momentum 

and angular momentum balance principles, there exists the equation of mechanical equilibrium as 

follows [87]: 

𝛻 · 𝜎 +  𝜌𝑓 =  𝜌𝑣  (50) 
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Here, σ represents the stress tensor, ρ is density, f represents the body forces, and v is the velocity. 

In the case of stationary or quasi static conditions (v̇ = 0), the force balance equation simplifies to: 

𝛻 · 𝜎 +  𝜌𝑓 =  0 (51) 

When coupling magnetic and elastic behavior, different methods can be used to define body forces 

and stresses. The deformation of the material due to a magnetic field can be incorporated into the 

force balance equation in terms of the magnetic force per unit volume, denoted as 𝑓𝑚. Considering 

that the only other body force which is the weight is negligible, we have: 

𝛻 · 𝜎 +  𝜌 (𝑓𝑚) =  0 (52) 

Alternatively, Eq. (52) can be expressed in terms of the total stress tensor T:  

𝛻 · 𝑻 =  0  ;           𝑻 =  𝜎 + 𝑇   (53) 

Here, T contributes to the sum of mechanical and magnetic stress tensors as 𝑻 =  𝜎 + 𝑇, where 

𝑇 follows as predefined Eq. (49). 

2.8 Summary and Conclusion 

This chapter, an extensive exploration of the Representative Volume Element (RVE) concept, 

particularly on determining their optimal dimensions to ensure projecting the structural 

characteristics of the entire macroscale structure was provided. Conducting a thorough 

investigation into various fundamental factors influencing the determination of RVE size, such as 

particle shape, size, and distribution, and considering the inherent structure of MREs with non-

overlapping hard spherical particles dispersed within remarkably soft elastomeric matrices, the 

ideal RVE dimensions for these materials was evaluated to be a simple cube of the host elastomer, 

containing one magnetic inclusion. 

In order to establish a coherent continuum that mirrors the mechanical behavior of the authentic 

heterogeneous material, a critical phase involves meticulously selecting microscopic boundary 

conditions. Thus, in this chapter diverse microscale boundary conditions were investigated to 

identify the most suitable for characterizing RVEs. Periodic Boundary Conditions (PBC) emerged 

as the most fitting choice. Subsequently, the study conducted an in-depth investigation into the 

fundamental physical and mathematical principles of PBC, particularly within the homogenization 

method, to determine the macroscale effective elastic properties in both 2D and 3D configurations. 

The homogenization methods to identify the effective elastic material properties were also 

comprehensively outlined, in both configurations. 

Due to the fact that MREs operate under coupled magneto-mechanical loading conditions, this 

chapter further delved into a comprehensive examination of the fundamental magnetic equations 

integrated into this study, defining the Maxwell stress tensor. Ultimately, the governing equation 

to incorporate both mechanical and magnetic stress tensors was established. 
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Chapter 3: Characterization of Elastomeric Matrix and Magnetic 

Inclusion in MREs 

 

As discussed in chapters 1 and 2, MREs comprise an elastomeric matrix interspersed with 

magnetic inclusions. Establishing the RVE for finite element (FE) modeling requires 

characterizing the material properties inherent in both phases. In this chapter, the experimental 

data concerning the elastic properties of the host elastomer and the magnetic behavior of the 

ferromagnetic particles are utilized to articulate and integrate their behaviors into the modeling 

process. 

For the host elastomer, two different types of silicone rubber, represented as Ecoflex 30 and 

Ecoflex 50 are chosen. Identical rectangular molds are fabricated using a 3D-printer, in order to 

fabricate the silicone rubber samples. The platinum-based silicone rubbers Ecoflex 30 and Ecoflex 

50 are prepared, poured into the molds and cured at room temperature. The cured samples, then, 

undergo pure tensile test and the force-displacement data is extracted. The study follows by a 

comprehensive investigation on the strain energy function and the Ogden hyper-elastic material 

model. The extracted force-displacement data is then used to characterize the optimum parameters 

in the Ogden material model, through the Least-Square (LS) minimization method. 

As of the magnetic particles, Carbonyl Iron Particles (CIPs) are considered in this study. Hence, 

this chapter follows by identifying the magnetic behavior of CIPs, using the nonlinear B-H curve 

provided by the manufacturer, however, the data does not capture the magnetic saturation. 

Consequently, the B-H curve is extrapolated up to saturation. Furthermore, the mechanical 

properties of CIP, along with the magnetic properties of silicone rubber are also identified. 

3.1 Silicone Rubber Tensile Test 

3.1.1 Sample Fabrication 

In order to generate the RVE for predicting the shear modulus of MRE, two data sets are required: 

the mechanical and magnetic properties of the pure rubber material (the matrix) and Carbonyl Iron 

Particle (CIP) (the ferromagnetic inclusions). As of the rubber material, silicone rubber was chosen 

and produced in the laboratory using two different types of silicone rubber, represented as Ecoflex 

30 and Ecoflex 50. In order to fabricate identical samples in terms of shape and dimensions, two 

rectangular molds of 37×6×3 [mm] were fabricated using a 3D-printer (Original Prusa i3 MK3S+), 

as shown in Fig.25.  
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Figure 25: Fabricating the molds using a 3D-printer (Original Prusa i3 MK3S+) (left), and the fabricated 

molds (right). 

To fabricate the silicone rubber samples, platinum-based silicone rubber from Smooth-on Inc. 

USA were used, comprising of two parts to be thoroughly mixed and cured. The two parts denoted 

as the rubber part (A) and the catalyst part (B), as shown in Fig 26.a, were added and stirred by 

50-50 weight fraction. The primary mixture was then placed in the conditioning vacuum mixer 

(Thinky: ARV-200) for 40 seconds under 2000rpm to be thoroughly mixed and degassed. The 

final mixture was then poured into the molds and cured at room temperature for 15 hours (Fig. 

26.b). Finally, the vulcanized samples were removed from the molds and were ready for the 

conducting the tensile test. Fig. 26.c shows the fabricated samples. The technical properties of 

silicone rubber Ecoflex 30 and Ecoflex 50 are provided in Appendix 1. 
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(a) 

 

 
(b) 

 
(c) 

Figure 26: (a) Parts A and B for fabricating silicone rubber Ecoflex 30, (b) the pressed mold containing 

the mixture to be cured , and (c) the cured final samples (30 indicates EcoFlex 30 and 50 refers to 

EcoFlex 50). 

3.1.2 Characterization of the MRE’s Elastomeric Matrix, using Uniaxial Tensile 

Test 

In pursuit of determining the viscoelastic properties of silicone rubber samples, both samples 

underwent pure tensile to failure test, using an MTS machine (F1505-IM, Mark–10). Figs. 27 and 

28 illustrate the three significant steps of the conducted test for silicone rubber EcoFlex 30 and 

Ecoflex 50, respectively.  

The extracted force-displacement experimental data for silicone rubber EcoFlex 30 and EcoFlex 

50 are shown and compared in Fig. 29. As it can be realized for the given force, silicone rubber 

EcoFlex 30 experiences larger displacement compared with EcoFlex 50 due to its lower stiffness. 

The force-displacement data were then used to obtain stress-stretch data which were subsequently 

utilized to identify the material parameters of hyper-elastic Ogden material model [89]. Compared 

with other hyperelastic models such as Neo-Hookean and Mooney-Rivlin, the Ogden model 

provides the best estimation. 
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 (a) 

 

(b) 

 

(c) 
Figure 27: (a) silicone rubber sample (Ecoflex 30) assembled on MTS machine prior to the tensile test, 

(b) sample through final steps of tensile test, and (c) the failed sample. 

 

 
 

 (a) 

 
 

(b) 

 
 

(c) 
Figure 28: (a) silicone rubber sample (Ecoflex 50) assembled on MTS machine prior to the tensile test, 

(b) sample through final steps of tensile test, and (c) the failed sample. 
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3.2 Hyper-Elastic Strain Energy Function 

In the theory of hyper-elasticity, the mechanical properties of materials are conveniently 

represented by the strain energy function, denoted as W, per unit volume. The strain energy 

function represents the stored energy in the material during the deformation. This function is 

dependent on the principal stretches (λ₁, λ₂, and λ₃) characterized as follows [90, 91]: 

𝑥1  =  𝜆1𝑋1 , 𝑥2  =  𝜆2𝑋2, 𝑥3  =  𝜆3𝑋3 (54) 

Rubber materials can be generally considered incompressible. Thus, the following constraint must 

be satisfied. 

𝜆1𝜆2 𝜆3 = 1  (55) 

 

 

Figure 29: The extracted raw data of the conducted pure tensile to failure test, for silicone rubber- 

Ecoflex30 and Ecoflex50. 

It is noted that principal stretches, 𝜆𝑖, are stretch ratios (deformed length divided by the original 

length) for the unit fibers oriented along the principal directions. For the case of pure tension, the 

principal directions 1, 2 and 3 are aligned with three axes of Cartesian coordinate system, x (axis 
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of sample), y and z. Strain-energy function is essential for comparing theoretical and numerical 

models with experimental data in standard protocols. Let us first define the three invariants of 

Cauchy-Green strain tensor, using the aforementioned principal stretches as [90, 91]: 

𝐼1 = 𝜆1
2 + 𝜆2

2 + 𝜆3
2, 𝐼2 = 𝜆1

−2 + 𝜆2
−2 + 𝜆3

−2, 𝐼3 = 𝜆1
2 𝜆2

2 𝜆3
2 = 1 (56) 

Considering the conducted experimental test, being pure tension, and based on Eq. (55), we have: 

𝜆1 =  𝜆  and 𝜆2 = 𝜆3 = 𝜆−
1

2 , and therefore the strain energy can be expressed as a function of the 

only independent stretch, 𝜆. This could be represented as: �̅� (𝜆) =  𝑊( 𝐼1, 𝐼2, 𝐼3). 

Moreover, the invariants in Eq. (56) reduce to the following form: 

𝐼1 = 𝜆
2 + 2 𝜆⁄ , 𝐼2 = 

1
𝜆2⁄ + 2𝜆  , 𝐼3 = 1 (57) 

The principal Cauchy stresses, denoted as 𝜎𝑖 (i=1,2,3), are intricately connected to the stretches 

through the derivative of the strain-energy function, as expressed by the following equations [92]: 

𝜎𝑖 = 𝜆𝑖  
∂W

∂𝜆𝑖
− 𝐿 

(58) 

Here, the index “𝑖” does not represent a dummy index and there will be no summation over it, and 

L serves as an unknown Lagrange multiplier, associated with the constraint represented by Eq. 

(55). When examining pure tension scenarios, we have: 𝜎2= 𝜎3 = 0, and hence: 

(𝜎1 − 𝜎2) = (𝜎1 − 𝜎3) = 𝜎1 (59) 

Substituting Eq. (58) in Eq. (59), will effectively eliminate the unknown Lagrange multiplier L. 

Under uniaxial tension with stretch ratio given as 𝜆 = 𝑙/𝑙𝑜 where 𝑙 and 𝑙𝑜 are the deformed and 

unreformed length of the samples, respectively, and assuming incompressible materials (𝜆1 =  𝜆  

and 𝜆2 = 𝜆3 = 𝜆−
1

2 ), the relation for principal Cauchy stress along the tensile direction can be 

obtained as: 

𝜎 = 𝜎1 =  𝜆 
∂�̅� 

∂𝜆
  ≡  2(𝜆 − 𝜆−2) (

∂𝑊 

∂𝐼1
+ 

1

𝜆
 
∂𝑊 

∂𝐼2
)   (60) 

3.2.1 Ogden Hyper-Elastic Material Model 

The Ogden strain energy function was proposed to describe the nonlinear behaviour of hyper-

elastic materials. For incompressible materials, the strain energy function takes the following form 

[92]: 

𝑊 =∑
𝜇𝑝

𝛼𝑝

𝑁

𝑝=1

 (𝜆1
𝛼𝑝 + 𝜆2

𝛼𝑝 + 𝜆3
𝛼𝑝 − 3)    

 

(61) 
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Here, each 𝜇𝑝 and 𝛼𝑝 represents a material constant, to be determined. For practical application, 

the summation in Eq. (61) is confined to a finite number of terms. However, to maintain 

consistency with classical theory of incompressible isotropic elasticity, these constants must 

adhere to the condition: 

∑𝜇𝑝 𝛼𝑝

𝑁

𝑝=1

= 2𝐺    
 

 (62) 

where, N is a positive integer, and 𝐺 is the shear modulus of the material in its undeformed stress-

free (natural) configuration, which implies that ∑ 𝜇𝑝 𝛼𝑝
𝑁
𝑝=1  > 0.  

In the present research study, the three term Ogden model (N=3) was adopted due to its better 

accuracy compared to one-term and two-term Ogden model [89]. Using the three term Ogden 

strain energy function in Eq. (61), and substituting it in Eq. (60), the principal value of the Cauchy 

stress can be obtained as: 

𝜎 = ∑ 𝜇𝑝(𝜆𝑖
𝛼𝑝−1 − 𝜆𝑖

−(
1

2
𝛼𝑝+1))3

𝑝=1   (63) 

3.3 Identification of Ogden Model Parameters 

The extracted data from the pure tensile test was then employed to determine the material 

parameters in Ogden strain-energy function through least squares (LS) optimization technique. Let 

us consider a vector Λ = [Λ1, Λ2, … , Λ𝑚]ᵀ, representing a collection of experimental deformation 

values, and associated vector S = [S1, S2, … , S𝑚]ᵀ, corresponding to stress values, in which m 

represents the number of datasets.  

For the given deformation vector Λ, using Ogden material model, the principal Cauchy stress in 

Eq. (63) can be expressed as 𝜎 (𝜇𝑝 , 𝛼𝑝), in which the material parameters 𝜇𝑝 and  𝛼𝑝 are unknown. 

It is noted that, for the three term Ogden model 𝑝 =1 to 3 and thus the number of unknown material 

parameters are 6 (i.e. 𝜇1, 𝜇2, 𝜇3, 𝛼1, 𝛼2, 𝛼3). A least square minimization problem has been 

subsequently formulated to identify the material parameters in order to minimize the error between 

experiment and model results. The error function may thus be defined as: 

𝐸𝑟 =∑[1

𝑚

𝑗=1

− 
 σ(𝜇𝑝 , 𝛼𝑝)

𝑆𝑗
 ]2  

 

 (64) 

Now, considering Eq. (63), the optimization problem can be formulated as: 

 

Find the design variables: {𝜇1, 𝜇2, 𝜇3, 𝛼1, 𝛼2, 𝛼3} 

To minimize 𝐸𝑟;  
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𝐸𝑟 =∑[1

𝑚

𝑗=1

− 
∑ 𝜇𝑝(𝜆𝑗

𝛼𝑝−1 − 𝜆𝑗
−(
1
2
𝛼𝑝+1))3

𝑝=1

𝑆𝑗
 ]2 

 

Subjected to:  ∑ ( − 𝜇𝑝
3
𝑝=1 𝛼𝑝 )  < 0 

 

 

 

 

 

 (65) 

The optimization problem in Eq. (65) has been solved using stochastic based Genetic Algorithm 

(GA) and hybrid method based on the combination of GA and gradient based Sequential Quadratic 

Programming (SQP) method. The GA is known to provide near global optimum solution while 

SQP can accurately catch the local optimum solution close to the initial point. In the hybrid 

method, the optimal solution from GA has been fed into the SQP as the initial point in an attempt 

to accurately identify the global optimum solution.  

The identified optimal Ogden material parameters using GA and GA+SQP for both Ecoflex 30 

and Ecoflex 50 silicone rubbers, are provided in Table 1. Table 2, also provides the basic 

mechanical and magnetic properties of silicone rubber. 

Table 1: The optimized parameters gained through curve fitting the experimental data with the Ogden 

strain energy function 

Material Optimization 

method 

𝝁𝟏 (Pa) 𝜶𝟏 𝝁𝟐 (Pa) 𝜶𝟐 𝝁𝟑 (Pa) 𝜶𝟑 G (kPa) 

Silicone 

Rubber 

Ecoflex 

50 

GA 0.0849e6 1.0000 0.0005e6 5.5354 -0.0001e6 -1.000 43.88385 

 

GA+ SQP 0.0001e6 1.0000 0.0088e6 3.4927 -0.0076e6 -5.3724 35.833 

 

Silicone 

Rubber 

Ecoflex 

30 

GA -6.9874e6 1.6760 5.2412e6 1.5601 1.8713e6 1.9162 25.84939 

 

GA+ SQP 4.3891e6 1.4354 -4.3380e6 1.4529 0.0163e6 3.1195 24.14089 

 

 

Table 2: Material properties of silicone rubber 

Material Material properties  Value 

Silicone Rubber Density  𝜌 920 (Kg/𝑚3) 

Poisson ratio  𝜈 ~0.5 (incompressible material) 

Magnetic Relative Permeability 𝜇𝑟 2 

 

Figs. 30 and 31, respectively, show the stress-stretch response of silicone rubber Ecoflex 30 and 

Ecoflex 50 samples extracted from experiments with those obtained using Ogden model based on 

optimal material parameters identified using GA and GA+SQP. Results clearly show that Ogden 

material model, with optimal material parameters identified using GA+SQP, provides reasonable 

agreement with the experimental data. 
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Figure 30: Curve-fitted plots for silicone rubber Ecoflex30 using least-square method, using GA and 

hybrid GA+SQP methods. 

 

Figure 31: Curve-fitted plots for silicone rubber Ecoflex50 using least-square method, using GA and 

hybrid GA+SQP methods. 

3.4 Magnetic Properties of Carbonyl Iron Particles 

For the physic-based modeling of MREs, besides mechanical properties of elastomeric matrix, 

magnetic properties of micron-sized Carbonyl Iron Particles (CIP) should be accurately identified. 

The magnetic properties of CIPs, in the form of hysteresis B-H curve, were provided by the 
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manufacturer, Mekatronik Ilmenau, Germany, as depicted in Fig. 32. Using the experimental B-H 

data, the following equation can be effectively used to predict B-H response of CIPs up to 

saturation [93]. 

𝐵(𝐻) = 𝐵𝑠(1 − 𝑎𝑒−𝑏𝐻) + 𝜇0𝐻                                                                       (66) 

In which, B and H are magnetic flux density and magnetic field intensity, respectively. 𝐵𝑠 is the 

magnetic flux density at saturation, a and b are unknown magnetic parameters and 𝜇0 =

4𝜋 × 10−7 [
𝑁

𝐴2
]. Using Eq. (66), the following B-H curve shown in Fig.33 was interpolated and 

extrapolated for CIP, using the provided COMSOL Multiphysics plug-in.  

 

 

Figure 32: B-H curve for CIP provided by the manufacturer (Mekatronik Ilmenau, Germany). 
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Figure 33: Extrapolated B-H curve of CIP. Vertical data represents Magnetic flux density (B) in Tesla 

and the Horizontal is the field intensity in A/m. 

The identified material properties to be considered in the modeling, along with the optimized 

parameters for interpolation and extrapolation conducted on the B-H curve of CIP, using Eq. (66) 

are provided in Table 3. 

Table 3: Material properties of air and CIP 

Material Material properties  Value 

Air Relative Permeability 𝜇𝑟 1 

CIP Young’s Modulus E 210 GPa 

Poisson ratio  𝜈 0.33 

Density  𝜌 7870 Kg/𝑚3 

Optimized Extrapolation 

Parameters for CIP B-H Curve 

a 6.1746 

b 6.1943 

𝐵𝑠 1.38 T 
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3.5 Summary and Conclusion 

 

As comprehensively explored in chapter 1 and 2, MREs consist of an elastomeric matrix with 

magnetic inclusions dispersed in. For the purpose of the current study, an RVE should be generated 

for finite element (FE) analysis of MREs with silicone rubber as the host elastomer containing CIP 

as the ferromagnetic particles. This requires characterizing the material properties of both silicone 

rubber and CIP. This chapter conducted a detailed study on the experimental data concerning both 

silicone rubber and CIP, to be utilized to integrate their behaviors into the modeling process. 

For the silicone rubber, two different platinum-based types, represented as Ecoflex 30 and Ecoflex 

50 were chosen. In order to investigate their elastic behaviour, one sample of each was fabricated 

and underwent pure tensile test. It is noted that for the elastic behaviour of the silicone rubber 

samples to be comparable, two identical samples were fabricated, using two identical rectangular 

molds manufactured using a 3D-printer. To fabricate the samples, silicone rubbers, consisting of 

two separate parts as the rubber part (A) and the catalyst part (B) were thoroughly mixed and 

vulcanized using a conditioning vacuum mixer. The prepared mixtures were then poured into the 

fabricated molds and cured at room temperature for 15 hours. The cured samples, then, underwent 

pure tensile to failure test and the force-displacement data was extracted. 

Among the strain energy functions proposed for predicting the hyper-elastic materials behavior, 

three term Ogden hyper-elastic material model was chosen due to its high accuracy compared with 

other models. The extracted force-displacement data was then used to characterize the optimum 

parameters in the Ogden material model, through the Least-Square (LS) minimization method. 

The optimization was conducted using stochastic based Genetic Algorithm (GA) and hybrid 

method based on the combination of GA and gradient based Sequential Quadratic Programming 

(SQP) method. The hybrid method provided a very high accuracy in predicting the nonlinear 

material behavior in both samples. 

Subsequently, the magnetic behavior of CIPs was identified, using the nonlinear B-H curve 

provided by the manufacturer. The provided data set did not include the magnetic saturation. 

Consequently, the B-H curve was extrapolated up to saturation. Furthermore, the mechanical 

properties of CIP, along with the magnetic properties of silicone rubber were also identified. 
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Chapter 4: Finite Element Modeling of MRE, using Representative 

Volume Element (RVE) 

 

In this Chapter, using the material properties for the matrix and inclusions, discussed in Chapter 

3, 2D and 3D Representative Volume Elements (RVEs) have been developed for MREs, using 

Comsol Multiphysics (6.0). Following sections will investigate these two modeling fashions. It is 

worth mentioning that the simple cubic model which was previously verified in section 2.3 and 

proposed by Davis [40] and Jolly et. al. [48] was considered as the basis for modeling.  

In this research study the focus is on isotropic MREs. In isotropic MREs, the magnetic particles 

are uniformly and randomly distributed with the host elastomeric matrix. In the subsequent 

sections, we initially delve into the modeling of MRE-RVE for isotropic MREs first in 2D 

configuration and then extend it to the 3D RVE configuration. The modeling in both 

configurations, concerns the pure shear deformation of MRE-RVEs under the application of 

external magnetic field. The modeling investigates the influence of varied magnetic flux densities, 

CIP content and the host rubber’s hyper-elastic behavior on the shear modulus of the MREs. The 

MR effect behavior of the MRE-RVEs are also studied and compared. 

 

4.1 Modeling the 2D MRE-RVE in Comsol 

4.1.1 Isotropic MRE-RVE 

The 2D MRE-RVE was generated in Comsol using a simple cube containing one CIP inclusion 

(Fig. 34). The mechanical and magnetic data associated with each part (matrix, inclusion and the 

surrounding air domain) were defined precisely, according to the previous chapter. In order to 

validate the model, the first modeling is done for silicone rubber Ecoflex50 with 15% volume 

fraction of CIP to compare with the experimental results from literature [55] . 

4.1.2 Meshing Pattern 

A user-defined mesh approach has been employed to discretize the matrix, CIP, and the 

surrounding air. This methodology ensures precise control over meshing details, allowing for a 

finer mesh size in specific regions, such as boundaries, and coarsening where needed, especially 

within the air domain. 

A mesh sensitivity analysis was performed to determine the most efficient number of elements, 

balancing computational cost with the attainment of reasonable results. Results for 2D MRE-RVE 

with 15% volume fraction of iron particles and exposed to magnetic flux density of 0.2T is 

provided for Ecoflex 50, in Fig. 35 as an example. 

A relative error between the shear modulus obtained from the MRE-RVE modeling and the 

experimental results [55] is then defined as:  
𝐺𝑀𝑅𝐸−𝑅𝑉𝐸− 𝐺𝐸𝑥𝑝

𝐺𝐸𝑥𝑝
 × 100. As it can realized, the decrease 

in the relative error is negligible for number of elements exceeding almost 3000. 
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Fig. 36 shows the FE model of the 2D MRE-RVE. As depicted in Fig. 36 (a) and as previously 

discussed, the mesh employed in the air domain gets coarser as it recedes the RVE boundaries. 

This is decided as the minimal mechanical or magnetic loading and displacements expected within 

this region. In contrary, the mesh is finely dispersed around the inclusion, using four boundary 

layers to ensure the necessary precision in that region. This is essential due to the concentrated 

interaction of magnetic and mechanical forces within this area. Fig. 36 (b) illustrates the boundary 

layers surrounding the inclusion. It is noteworthy that a total number of 3348 triangular elements 

were used to discretize the entire MRE-RVE including the surrounding air domain.  

 

 

Figure 34: The 2D RVE generated in Comsol, Carbonyl Iron inclusion (Circle) inside the silicone rubber 

matrix (the gray square) surrounded by air domain (the purple square) 
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Figure 35: Mesh sensitivity analysis graph for 2D MRE-RVE model, Ecoflex 50 (ϕ=15% , B= 0.2T). 

 

 

Figure 36: (a) The mesh pattern of MRE-RVE surrounded by the air domain (purple square), (b) The 

boundary layers implemented to enhance precision around the inclusion. 
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4.1.3 Shear Deformation of Isotropic MRE-RVE  

Once the MRE-RVE is constructed, a shear deformation is incrementally applied on the top face 

of RVE up to 30% shear strain while the periodic boundary conditions are enforced on the edges. 

The shear deformation is conducted under magnetic field flux densities ranging from 0 to 0.7T 

applied perpendicular to the shear direction. Fig. 37 provides an illustration of the applied magnetic 

field on the RVE and the distortion of the magnetic field around CIP inclusion, as being absorbed 

by the inclusion. The induced uniform magnetic flux density inside the inclusion is also obvious 

in this figure. Moreover, Fig. 38 depicts the shear deformation of the RVE under the application 

of the magnetic field while periodic boundary conditions are applied on the RVE edges. It is noted 

that the results are provided for the silicone rubber Ecoflex50 MRE-RVE, with 15% volume 

fraction of CIP under the application of 0.4T magnetic flux density. In all figures, the smaller 

square indicates the RVE boundaries while the bigger one represents the air domain boundaries. 

Maxwell stress tensor is applied on the inclusion boundaries and in combination with the 

mechanical stress, the total shear stress generated in the RVE is calculated. Fig. 39 presents the 

magnetic boundary loads on the CIP inclusion created by Maxwell stress under the application of 

magnetic field, and Fig. 40 shows the shear stress developed in the whole MRE-RVE. 

 

 

Figure 37: The magnetic field distortion around the CIP inclusion (the circle), while the small square 

indicates the RVE boundaries, and the big square is the air domain boundary. The color definition bar 

depicts the magnetic flux density in Tesla. 
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Figure 38: The shear deformation of MRE-RVE under 30% shear strain, while the periodic boundary 

conditions are being applied on the RVE boundaries. The color definition bar depicts the displacement 

magnitude in µm. 

 

Figure 39: The magnetic boundary loads applied on the CIP inclusion boundaries. The color definition 

bar depicts the Maxwell upward stress tensor in Pa. 
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Figure 40: The whole shear stress (combination of magnetic and mechanical stress) in the RVE. The 

color definition bar depicts the stress magnitude in Pa. 

Finally, the pure shear analysis was conducted to obtain stress stress-shear strain response of MRE-

RVE under the application of different magnetic flux densities. Fig. 41 represents the homogenized 

shear stress versus shear strain of the silicone rubber Ecoflex 50 MRE-RVE containing 15% CIP 

in volume fraction under the application of magnetic flux densities ranging from 0 to 0.7T.  

Examination of results in Fig. 41 reveals that shear modulus representing the slope of the shear 

stress-shear strain curves substantially increases by increasing the magnetic field intensity. This is 

evident from the increase in the shear stress developed for the given shear strain as the magnetic 

field strength increases. For instance, at nearly 30% shear strain, the generated shear stress 

increases almost 50% from nearly 20 kPa to almost over 30 kPa by increasing the magnetic flux 

density from 0 to 0.7T, respectively. The variation of the shear modulus with respect to the 

magnetic flux density using simulation based on 2D isotropic MRE-RVE and its comparison with 

the reported experimental results is shown in Fig. 42.  

The zero-field shear modulus of MRE-RVE obtained from Comsol FE modeling is 59.9 kPa, 

which is 10% higher than the zero-field shear modulus of MRE given by experimental results, 

being 54.43 kPa. Moreover, Fig. 42 illustrates that the field-induced shear modulus of MRE-RVE 

reaches saturation at magnetic flux density of nearly 0.65T as also evident from Fig. 41, while that 

of experiment keeps increasing up to 0.8T of applied magnetic field.  
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The differences between modeling and experimental results are quantified in Table 4. Results show 

that while 2D isotropic MRE-RVE model may provide acceptable results for shear modulus results 

under lower magnetic field, it cannot capture the magneto-mechanical behaviour of MREs under 

higher magnetic field. For example, the differences between shear moduli from FE modeling and 

experiment are 10% at 0T, -11% at 0.4 T and -20% at 0.7 T.  

This difference in the results could be attributed to the incapability of 2D model to capture the 

whole physical phenomenon. It is noted that in 2D RVE model, an extruded depth should be 

assigned to the plane geometry. Thus, the inclusion is in fact considered as a cylindrical short fiber 

which is different from the geometry of the nearly spherical inclusion in reality. 

 

 

Figure 41: Shear stress- shear strain plot for 2D MRE-RVE under different applied magnetic fields. 

 

Table 4: Comparing the results of 2D MRE-RVE and the Experiments. 

 Zero-field shear 

modulus (kPa) 

Maximum shear 

modulus (kPa) 

Saturation 

magnetic flux 

density (T) 

MR-Effect 

(∆𝑮 𝑮𝟎
⁄ ) 

 

MRE-RVE 59.9 102.27 0.65 70.73% 

Experiments [55] 54.43 146.59 0.8 169% 
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Figure 42: Comparison of shear modulus versus magnetic flusx density obtained from Comsol FE 

modeling of 2D isotropic MRE-RVE with the experimental results [55] for silicone rubber Ecoflex 50-

MRE with 15% VF of CIP. 

The developed 2D isotropic MRE-RVE FE model was subsequently used to qualitatively 

investigate the effect of CIP volume fraction on the shear modulus. Figs. 43 (a - f) show the results 

for the shear stress-shear strain response behaviour of MREs under different magnetic flux 

densities for CIP volume fraction ranging from 5% to 40%. Results show that increasing the 

volume fraction of CIP, results in higher field-induced shear modulus. For instance, under shear 

strain of 30%, the shear stress increases from nearly 16 kPa to almost 23 kPa and from 35 kPa to 

65 kPa for CIP volume fraction of 5% and 40%, respectively by increasing the magnetic flux 

density from 0 to 0.7T.  

As the CIP volume fraction increases, the gap between two subsequent curves in each figure (a – 

f) increases, implying that the influence of magnetic field on shear modulus, and consequently, the 

MR effect increases as the volume fraction increases. The variation of MR effect with respect to 

CIP volume fraction is also shown in Fig. 44. Results suggest that the MR effect increases by 

increasing the CIP volume fraction. Although the MR effect is supposed to reach a maximum at 

around ϕ=27% and then drop, the 2D modeling is not able to capture this behaviour and the MR 

effect keeps increasing as the volume fraction goes up. 
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                                  (a) 

 

 
                                     (b) 

 

 
                                   (c) 

 

 

 
                                     (d) 

 

 
                                   (e) 

 

 
                                    (f) 

Figure 43: Shear stress- shear strain plot for 2D MRE-RVE under different applied magnetic fields for 

silicone rubber Ecoflex 50 with (a) 5%, (b) 10%, (c) 20%, (d) 27%, (e) 35%, and (f) 40% of CIP in 

volume fraction. 
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Figure 44: MR effect behaviour in 2D modeling of silicone rubber (SR) Ecoflex50 MRE-RVE with 

respect to CIP volume fraction. 

The same procedure of FE modeling used for silicone rubber Ecoflex50 MRE-RVE, was 

conducted on silicone rubber Ecoflex30 MRE-RVE. The influence of different magnetic flux 

densities, ranging from 0- 0.7T, was also studied on the shear stress-shear strain response of the 

silicone rubber Ecoflex 30 MRE-RVEs, containing various CIP content. Then, a comparison was 

conducted on the results obtained for the two MRE-RVEs with different matrix materials (Ecoflex 

30 and Ecoflex 50). 

Fig. 45, presents the variation of shear moduli of the two MRE-RVEs, containing 15% CIP in 

volume fraction, with respect to the applied magnetic field. As shown in Fig. 45, in both MRE-

RVEs, increasing the magnetic flux density results in obtaining a higher shear modulus, however, 

due to the lower zero-field shear modulus in the MRE with softer matrix material (Ecoflex 30) the 

relative increase in shear modulus in this MRE-RVE is more pronounced by applying the same 

magnetic flux density. For instance, the shear modulus in MRE-RVE with Ecoflex 30 reaches from 

roughly 40 kPa to around 80 kPa at 0.7T, indicating a 100% increase, while the shear modulus in 

MRE-RVE with Ecoflex 50 experiences a 70% increase, from 60 kPa at 0T to 102 kPa at 0.7T. 

Fig. 46 is provided to further investigate the influence of magnetic flux density on the MR effect 

of the MRE-RVEs. As shown in Fig. 46 the relative MR effect in the MRE-RVE with softer matrix 

(Ecoflex 30) reaches a maximum of 154%, while the Ecoflex 50 MRE-RVE peaks at 100%, both 

containing 40% CIP in volume fraction. Although showing a higher relative MR effect in MREs 

with softer matrix is anticipated due to the experimental data in the literature [31, 55], the relative 
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MR effect is supposed to reach a peak at the optimum CIP volume fraction, and then decrease as 

the volume fraction goes up, which the 2D MRE-RVE modeling cannot capture this behaviour. 

 

 

Figure 45: Comparison of shear modulus variation with respect to the applied magnetic flux density, for 

2D MRE-RVEs with silicone rubber Ecoflex 30 and Ecoflex 50 as the matrix material. 

 

Figure 46: Comparison of the MR effect behaviour in 2D isotropic MRE-RVEs with different matrix 

materials (Ecoflex 50 and Ecoflex 30), with respect to CIP volume fraction. 



61 

 

4.2 Modeling the 3D MRE-RVE in Comsol 

4.2.1 Isotropic MRE-RVE 

As investigated in the previous section, 2D MRE-RVE was not able to properly capture the coupled 

magneto-mechanical response of MREs to predict the field-dependent shear modulus, as shown in 

Fig. 42. In this section, the approach has been extended to 3D. Different common RVE 

arrangements were modeled using silicone rubber Ecoflex 50, as the matrix material, containing 

15% CIP in volume fraction. Fig. 47 illustrates the considered various RVE arrangements.  

The shear deformation analysis similar to that for 2D RVE was conducted on different MRE-RVE 

arrangements shown in Fig. 47, while no magnetic field was applied. Comparing the obtained 

results with the results in the experiments [55], confirmed that the simple cubic RVE with one 

inclusion in the center provides the best agreement with the experimental results, while being 

simple and less computationally expensive. The zero-field shear modulus given by this RVE 

arrangement has a negligible 1.3% difference with the experimental results, while other 

arrangements lead to a higher difference in shear modulus, as detailed in Table 5. Thus, the further 

FE analyses were conducted on the simple cubic (SC) RVE arrangement. 

The 3D MRE-RVE was generated in Comsol in the same fashion as that of 2D modeling. One CIP 

inclusion is generated and placed inside a simple cube of matrix material and surrounded by a 

larger cube of air, as shown in Fig. 48. The mechanical and magnetic data associated with each 

part (matrix, magnetic particles inclusion and the surrounding air domain) were also defined 

precisely, as explained before.  

To validate the model, we initiated the modeling process with silicone rubber Ecoflex50 containing 

15% volume fraction of CIP. Subsequently, we conducted a comparison with the experimental 

data reported in the literature [55]. 
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(a) 

 

 
(b) 

 

 
(c) 

 

 
(d) 

 

(e) 

 

 
(f) 

Figure 47: Different RVE arrangements (a) Simple Cubic (SC)-Davis (b) Simple Cubic (SC) (c) Body-

Centered Cubic (BCC) (d) Face-Centered Cubic (FCC) (e) End-Centered Cubic (ECC) (f) Body- and 

End-Centered Cubic (BECC) 

 

 

Table 5: Comparison of the initial shear moduli of different MRE-RVE arrangements with experimental 

data (No field applied) for MREs (silicone rubber Ecoflex50- Φ =15%).  

RVE Arrangement  SC-Davis SC BCC FCC ECC BECC 

Zero-Field Shear 

Modulus (kPa) 

 

55.15 

 

62.11 

 

62.86 

 

61.34 

 

58.78 

 

58.82 

Difference with 

Experiments [55] (54.43 

kPa) 

 

1.3% 

 

14% 

 

15.5% 

 

12.7% 

 

7.9% 

 

8% 
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Figure 48: The 3D RVE generated in Comsol, Carbonyl Iron inclusion (the sphere) inside the silicone 

rubber matrix (the purple cube), surrounded by air domain (the gray cube). 

4.2.2 Meshing Pattern 

In order to create a complex and customized structure, the RVE underwent a detailed meshing 

procedure. We decided to utilize the "user-defined mesh" method, similar to the approach used in 

the 2D configuration. This decision grants us the capability to have comprehensive control over 

mesh intricacies. It allows for a finer element size and distribution in areas that demand precision, 

while employing coarser elements in regions where complex displacement or loading is not 

expected. A tetrahedron mesh type is used, as it provides more flexibility for meshing the curved 

boundaries, here, the spherical magnetic particle.  

A methodical mesh sensitivity analysis was then systematically performed to reach the optimal 

mesh pattern, ensuring that computational resources were not needlessly burdened. Results in 

relative error between the shear modulus obtained from the 3D MRE-RVE modeling and the 

experimental results [55], defined as:  
𝐺𝑀𝑅𝐸−𝑅𝑉𝐸− 𝐺𝑒𝑥𝑝

𝐺𝑒𝑥𝑝
 × 100, for different number of elements are 

provided in Fig. 49.  Just as described in the 2D modeling section, we explored various meshing 

configurations while creating the 3D model. Results in Fig. 49 shows that the relative error 
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between the shear modulus obtained from 3D MRE-RVE and experiments decreases as the total 

number of tetrahedron elements increases, indicating the convergence of the shear modulus. 

Hence, based on this finding and evaluating the computational cost, we opted for the mesh 

configuration consisting of 30492 tetrahedral elements to balance between the computational cost 

and accuracy.  

A visual representation of the mesh pattern applied in the 3D MRE-RVE modeling is provided in 

Fig. 50 (a). As previously explained, the mesh density in the air domain progressively coarsens as 

it moves away from the RVE boundaries, for the anticipation of minimal mechanical or magnetic 

loading and displacements in this particular zone. Conversely, the mesh is finely adjusted in the 

vicinity of the inclusion, to ensure the required precision in that area due to the intensified 

interaction of magnetic and mechanical forces. Fig. 50 (b) further illustrates the mesh quality in 

all regions. 

 
Figure 49: Mesh sensitivity analysis graph for 3D MRE-RVE model, (ϕ=15%, B= 0.1T) using different 

meshing schemes. 
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(a) 

 

 

 

 
 

 

(b) 

Figure 50: (a) The mesh pattern of MRE-RVE surrounded by the air domain, (b) The mesh quality in all 

regions with the color bar representing the quality of mesh in scale of 0 to 1. 

4.2.3 Shear Deformation of Isotropic MRE-RVE  

In the following, first the 3D-RVE model has been developed for MRE with Ecoflex 50 as the 

elastomeric matrix for comparison with available experimental data in the literature [55]. The 

effect of changing the matrix material to Ecoflex 30 on the shear response of MRE was 

subsequently investigated. 

4.2.3.1 Silicone Rubber Ecoflex 50 MRE-RVE 

As of shear analysis, we systematically subjected the RVE to incremental pure shear deformation, 

gradually reaching a shear strain of 30%. To maintain consistency, we imposed periodic boundary 

conditions along all surface boundaries. Concurrently, a magnetic field was applied perpendicular 

to the shear direction, spanning a range of magnitudes from 0 to 0.4T.  

The visual representation in Fig. 51 clearly portrays the magnetic field's interaction with the RVE, 

particularly highlighting the distortion of the field as it encounters the CIP inclusion. This inclusion 

acts as a focal point for absorbing the magnetic field, with the high induced magnetic flux density 

within the inclusion clearly visible. 

The Maxwell stress tensor was applied on the boundaries of the inclusion, and by integrating this 

with the mechanical stress, the overall shear stress generated within the 3D MRE-RVE was 

determined. Fig.52 illustrates the magnetic boundary loads exerted on the CIP inclusion due to 

Maxwell stress, when a magnetic field of 0.1T is applied. 

Fig.53 illustrates a visualization of the shear deformation of the MRE-RVE under shear strain of 

30%, and the shear stress distribution throughout the entire MRE-RVE. The RVE boundaries are 
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consistently depicted by the smaller cube, while the larger cube delineates the boundaries of the 

air domain. It's worth noting that all figures in this section feature the silicone rubber Ecoflex50 

MRE_RVE with a 15% volume fraction of CIP, subjected to a magnetic field intensity of 0.1T. 

Finally, the pure shear analysis was conducted on the MRE-RVE under the application of different 

magnetic field ranging 0- 0.4T. Results for the homogenized shear stress versus shear strain of the 

silicone rubber Ecoflex 50 MRE-RVE containing 15% CIP in volume fraction under the 

application of varied magnetic flux densities are shown in Fig. 54. 

 

 

Figure 51: The magnetic field distortion around the CIP inclusion inside the 3D RVE, red arrows 

represent the magnetic field intensity and direction (0.1 T, upward), the color definition bar describes the 

magnetic flux density (T) in the air and MRE-RVE domain referring to the hypothetical cut out surface in 

the middle of the model. 
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Figure 52: The magnetic boundary loads applied on the CIP inclusion boundaries under magnetic flux 

density of 0.1T. The color definition bar expresses the Maxwell upward stress tensor in Pa. 

 

 

Figure 53: The shear deformation of MRE-RVE under 30% Shear strain, while the periodic boundary 

conditions are being applied on the RVE boundaries. The color definition bar depicts the Tresca stress in 

Pa. 
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Figure 54: Shear stress- shear strain plot for 3D MRE-RVE (Ecoflex 50), containing 15% of CIP in 

volume fraction under different applied magnetic fields. 

Examination of results in Fig. 54 reveals that as expected the shear modulus increases by increasing 

the magnetic field intensity. The variation of the predicted field-dependent shear modulus with 

resect to the applied magnetic flux density and its comparison with reported experimental results  

[55] is shown in Fig. 55. As it can be realized, unlike 2D MRE-RVE model, the 3D RVE can 

accurately predict the field-dependent shear modulus of the MRE up to 0.4T. For instance, the 

zero-field shear modulus of MRE-RVE obtained from Comsol FE 3D modeling is 55.15 kPa, 

which is only 1.3 % higher than the 54.43kPa zero-field shear modulus of MRE obtained 

experimentally. 

In order to assure that the whole behavior of the MRE is captured accurately in the conducted FE 

modeling, the coefficient of determination (𝑅2) is determined, which is defined as (1 −
𝑆𝑆𝑟𝑒𝑠

𝑆𝑆𝑡𝑜𝑡
 ). In 

which, 𝑆𝑆𝑟𝑒𝑠 is the sum of squared residuals (the differences between the predicted values and the 

actual values), and 𝑆𝑆𝑡𝑜𝑡 is the total sum of squares, which measures the total variance of the 

predicted variable. If 𝑅2 is determined to be close to 1, it means that the predicted values hold a 

perfect agreement with the actual values, while, 𝑅2 value close to 0 indicates not a satisfying 

agreement between the values. Hence, 𝑅2 was determined between the results from the modeling 

and the ones obtained from experiments [55], and a perfect agreement was assured by 𝑅2= 0.999. 
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We have attempted to evaluate the shear response behaviour of the 3D -RVE modeling for higher 

intensities of the applied magnetic field, beyond 0.4T, however the model fails due to the complex 

interaction between the mechanical and magnetic loads. Analyzing the results, we realized that the 

issue is likely due to the abrupt change in the material properties between an extremely soft rubber, 

and a rigid inclusion, along with the accumulated mechanical and magnetic nonlinearity associated 

with the stress and material behaviour. Several methods were employed to overcome the issue but 

without success, these include enhancing  the mesh resolution around the inclusion by adding 10 

mesh boundary layers, decreasing the matrix material nonlinearity by using other hyper-elastic 

material models like Neo-Hookean and Mooney-Rivlin, decreasing the nonlinearity in the B-H 

curve of CIP, remeshing the model during the simulation to assure maintaining a good mesh 

quality, and imposing different boundary conditions around the inclusion by assuming a thin 

elastic layer around the inclusion to smoothen the abrupt change between the two materials. 

 

Figure 55: Shear modulus versus magnetic flux density for 3D isotropic MRE-RVE. 

As discussed in section 1.7, previous research studies also encounter similar problem while 

modeling MRE-RVE even at very small intensities, while also ignoring the nonlinearities in the 

materials and modeling [55].  

So, keeping the maximum magnetic flux density at 0.4T, we subsequently used the validated 3D 

MRE-RVE FE model to investigate the influence of CIP volume fraction, the MR effect, and 

matrix stiffness on the shear deformation response behaviour of MREs. 
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Results for shear stress-shear strain response concerning different CIP volume fraction, ranging 

from 5% to 40%, are illustrated in Figs. 56 (a – f). 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

  

Figure 56: Shear stress- shear strain plot for 3D Isotropic MRE-RVE under different applied magnetic 

fields for silicone rubber (SR) Ecoflex 50 with (a) 5%, (b) 10%, (c) 20%, (d)27%, (e)35%, and (f) 40% of 

CIP in volume fraction. 
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Results show that the nonlinearity in the stress-strain curves increases by increasing the volume 

fraction of CIP and also by increasing the applied magnetic field. Results also show that increasing 

the volume fraction of CIP yields substantial increase in the induced shear stress at the given shear 

strain.  

To have a better understanding of the influence of CIP volume fraction, the MR effect of the 3D 

MRE-RVEs with different volume fraction of CIP has been evaluated, considering that maximum 

shear modulus at 0.4T magnetic density. The results are shown in Fig. 57. Results clearly show 

that the relative MR effect initially increases as the CIP content increases, reaching to a maximum 

level of 92% at 27% volume fraction and then decreases with further increasing the volume 

fraction of CIP. This is in agreement with results reported by Davis [40]. 

 

Figure 57: Relative MR effect for silicone rubber Ecoflex50 MRE-RVE versus CIP volume fraction. 

 

4.2.3.2 Silicone Rubber Ecoflex 30 MRE-RVE 

Next, the same procedure of FE modeling used for silicone rubber Ecoflex50 MRE-RVE, was 

conducted on MRE-RVE with silicone rubber Ecoflex30 as the matrix material. The influence of 

different magnetic flux densities, ranging from 0- 0.4T, was also studied on the shear stress-shear 

strain response of the silicone rubber Ecoflex 30 MRE-RVEs containing various CIP content.  
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Fig. 58 shows the shear stress-shear strain behavior of Ecoflex 30 MRE-RVEs with 15% volume 

fraction of CIP, under varied magnetic flux densities ranging from 0 to 0.4T. Results clearly 

suggest that MRE-RVE with Ecoflex 30 as the matrix shows lower stiffness compared with MRE-

RVE with Eoflex 50 in Fig. 54 and, thus, more pronounced relative MR effect. 

 

Figure 58: MRE-RVE (Ecoflex30) shear stress- strain behaviour under the application of different 

magnetic fields. 

Similar to MRE-RVE with Ecoflex 50, the effect of volume fraction of CIP on the shear stress-

shear strain response of 3D MRE-RVE with Ecoflex 30 has also been investigated and results are 

shown in Figs. 59 (a-f). Results suggest that increasing the CIP content in MRE-RVE with Ecoflex 

30 has more pronounced effect on the relative MR effect compared with MRE-RVE with Ecoflex 

50. The effect of volume fraction of CIP can be better understood in Fig. 60 which shows the 

variation of relative MR effect with respect to CIP volume fraction. Fig. 60 shows that the relative 

MR effect for MRE-RVE with Ecoflex 30, as the matrix will reach to its peak at CIP volume 

fraction of nearly 35%, which was anticipated due to using a softer matrix [31]. 
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                          (a) 

 

 
(b) 

 

                                  
(c) 

 

 
(d) 

 
                                 (e) 

 
                                 (f) 

Figure 59: Shear stress- shear strain plot for 3D Isotropic MRE-RVE under different applied magnetic 

fields for silicone rubber Ecoflex 30 with (a) 5%, (b) 10%, (c) 20%, (d)27%, (e)35%, and (f) 40% of CIP 

in volume fraction. 
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Comparison of results for MRE-RVE Ecoflex 30 with those of  MRE-RVE Ecoflex 50 reveals that 

the maximum relative MR effect in MREs with the softer matrix (silicone rubber Ecoflex 30) is 

noticeably higher than that of MREs with silicone rubber Ecoflex 50 which has also been 

confirmed by  other studies [31, 55].  

 

Figure 60: Relative MR effect versus CIP volume fraction obtained from isotropic 3D MRE-RVE for 

silicone rubber Ecoflex30. 

Fig. 61 illustrates this considerable difference between the relative MR effect obtained from MRE-

RVEs with different host rubber matrices. The maximum MR effect obtained from softer matrix 

was observed to be nearly 166% at 35% volume fraction of CIP compared with nearly 92% MR 

effect at 27% volume fraction CIP for silicone rubber Ecoflex50, both under the application of 

magnetic flux density of 0.4T. 
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Figure 61: Comparing MR effect versus CIP volume fraction obtained from 3D Isotropic MRE-RVE for 

silicone rubber Ecoflex 30 and silicone rubber Ecoflex 50. 

4.3 Summary and Conclusion 

In this Chapter, the obtained material properties for the matrix and inclusions, as discussed in 

Chapter 3, were integrated into the FE modeling analysis for developing the MRE-RVEs in 2D 

and 3D configurations. The FE analysis was conducted using Comsol Multiphysics (6.0). The 

study focused on isotropic MREs, in which the magnetic particles are uniformly and randomly 

distributed within the host elastomeric matrix. 

The modeling in both configurations, concerned the pure shear deformation of MRE-RVEs under 

the application of an external magnetic field, investigating the influence of varied magnetic flux 

densities, CIP content and the host rubber’s hyper-elastic behavior on the shear modulus of the 

MREs. The MR effect behavior of the MRE-RVEs are also studied and compared. 

The analysis started with a comprehensive study on the 2D MRE-RVEs, generated as a simple 

square with one circular inclusion inside, surrounded by air. The MRE-RVE underwent 

incremental pure shear deformation up to 30%, while PBC was defined on the boundaries. A 

homogeneous magnetic field was simultaneously applied on the MRE-RVE, perpendicular to the 

direction of shear deformation. The homogenized shear modulus of the MRE-RVE was then 

determined concerning varied magnetic flux densities ranging (0- 0.7T), CIP content and different 

host elastomers, being silicone rubber Ecoflex 30 and Ecoflex 50. 
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The results showed that the shear modulus in the MRE-RVE increases as the magnetic flux density 

goes up. Comparing the 2D results for Ecoflex 50 with the experimental results in the literature 

[55] revealed that although the 2D modeling can predict the MRE’s behaviour within 

±20% difference with the experimental results, and shows the saturation effect, it cannot 

accurately predict the variation of MR effect with respect to CIP volume fraction. The relative MR 

effect in the 2D MRE-RVE increases with the CIP volume fraction going up, however, the MR 

effect is supposed to reach a peak at the optimum volume fraction, followed by a decrease as the 

volume fraction increases further. These differences between the results obtained from the 

modeling and the experiments could be attributed to the incapability of 2D model to capture the 

whole physical phenomenon, as in 2D RVE model, an extruded depth should be assigned to the 

plane geometry. Thus, the inclusion is in fact considered as a cylindrical short fiber which is 

different from the geometry of the nearly spherical inclusion in reality. 

Hence, the study delved into conducting the FE analysis on the 3D MRE-RVE. The analysis started 

with a detailed investigation on various typical RVE arrangements, comparing the obtained 

homogenized shear modulus with the experimental results in the literature [55]. Results suggested 

that simple cubic RVE arrangement, as a simple cube with one spherical inclusion generated inside 

holds a good agreement with the experimental results, offering a minor 1.3% difference. Therefore, 

the modeling was conducted on the simple cubic MRE-RVE with the same procedure outlined in 

2D modeling. 

The study was conducted on MRE-RVEs concerning varied magnetic flux densities (ranging 0-

0.4T), CIP content and different host elastomers, being silicone rubber Ecoflex 30 and Ecoflex 50. 

The results suggested that the shear modulus increases as the magnetic flux density increases, in 

MRE-RVEs containing CIP volume fractions ranging 5%- 40%, with both silicone rubbers as the 

matrix material. Comparing the 3D results for Ecoflex 50 with the experimental results in the 

literature [55] revealed that the results of the 3D MRE-RVE modeling hold a perfect agreement 

with the experiments, offering a coefficient of determination (𝑅2) of 0.999. Exploring the MR 

effect in the 3D MRE-RVE, revealed that the relative MR effect in the MRE-RVE with the softer 

matrix material (Ecoflex 30), is higher than that of Ecoflex 50 MRE-RVE. The 3D modeling is 

also able to predict the MR effect variation with respect to CIP volume fraction accurately. The 

results suggested that the relative MR effect in Ecoflex 30 MRE-RVE keeps increasing up to 35% 

volume fraction of CIP, peaking at 166%, while the MR effect in MRE-RVE with Ecoflex 50 

reaches a maximum of 92% at 27% CIP content. 
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Chapter 5: Contributions, Conclusion and Future Remarks  

 

5.1 Major Contributions 

This research thesis aimed to propose a simple yet comprehensive microscale model for predicting 

the magnetic-mechanical properties of MREs at the macroscale. By obviating the need for 

expensive experimental approaches, the objective was to offer a cost-effective method for 

predicting the mechanical properties of MREs. The main goal was to fill the current research gap 

concerning development of a numerical finite element model by RVE approach to predict the 

behaviour of MREs under the influence of applied magnetic field with all the nonlinearities in 

material models (both mechanical and magnetic) taken into account. The key contributions of this 

thesis can be outlined as follows: 

I. Development of a simple microscale 2D and 3D RVE finite element models to predict the 

macroscale magnetic field-induced properties of isotropic MREs. 

 

II. Incorporation of the nonlinear Ogden model and design of an experiment to characterize 

the highly nonlinear hyper-elastic behaviour of elastomeric matrix. 

 

III. Systematic investigation to realize the effect of external magnetic field, volume fraction of 

CIP and the type of matrix on the mechanical response and relative MR effect of MREs.   

 

5.2 Major Conclusions 

This dissertation research delves into the intricate nonlinear stress-strain characteristics exhibited 

by magnetorheological elastomers, using a finite element numerical model, adopting the RVE 

approach. The key findings derived from this comprehensive investigation are outlined below: 

I. The proposed 2D MRE-RVE was not able to predict the whole magneto-mechanical 

behaviour of MREs with an acceptable accuracy range, however, it could capture the 

increase of the magnetic field-induced shear modulus up to saturation within 

±20% difference with the experimental results. 

 

II. The developed 3D MRE-RVE model was able to accurately predict the mechanical 

response behaviour of MREs under varied magnetic flux densities.  

 

III. The CIP concentration within the elastomeric matrix of MRE intricately governs the 

magneto-mechanical properties. An augmentation in the volume fraction of CIP 
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significantly increases the MR effect, manifesting as a jump in the modulus of the MRE 

under the influence of an applied magnetic field. 

 

 

IV. The relative MR effect increases with increasing volume fraction of CIP up to certain level 

namely the critical or optimum content of CIP and further addition of CIP decreases the 

MR effect. The conventional critical ferromagnetic particle content is suggested to be 27% 

in volume fraction, however, by using a softer host rubber and/or softening the rubber 

matrix using additives, further increase in the iron particle content can result in higher MR 

effect. 

 

V. The relative MR effect achieved in MREs with softer host rubber is much higher compared 

to MREs with stiffer rubber matrix under identical conditions. For example, the MR effect 

in shear modulus for silicone rubber Ecoflex 30 was calculated to be 166% at 35% CIP 

volume fraction while silicone rubber Ecoflex 50 offered an MR effect of 92% at 27% of 

CIP volume fraction, both under 0.4T magnetic field. 

 

5.3 Future Remarks 

This research thesis has been instrumental in clarifying the complexities associated with modeling 

the macroscopic field-dependent mechanical responses of Magnetorheological Elastomers 

(MREs) using microscale RVE approach and considering nonlinear behaviors exhibited by both 

the matrix elastomer and magnetic particles. However, the complexities inherent in this domain 

leaves avenues for further investigation in future studies. Addressing these remaining questions 

will contribute not only to the modeling of MREs behaviour but also to the broader understanding 

of their application and potential advancements in the field. 

I. Proposing an RVE model for predicting the behaviour of anisotropic MREs containing 

chain-like ferromagnetic particles, considering the nonlinear mechanical and magnetic 

behaviour of MRE components. 

 

II. Conducting dynamic shear deformation on the proposed RVE, incorporating damping to 

investigate the linear and nonlinear viscoelastic behaviour of MREs under varying 

excitation frequency and strain amplitude. 

 

III. Proposing a new approach to develop 3D MRE-RVE model capable of predicting the 

mechanical response of MREs under higher magnetic field intensities up to saturation. 

 

IV. Developing a data-driven model using machine learning techniques to efficiently predict 

the viscoelastic behaviour of MREs under different loading scenarios. 
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Appendix 1 

 

Technical bulletin of Ecoflex series silicone rubber 
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