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Abstract

Velocity-Dependent Milli-Magnetic Dark Abelian Monopoles

Tyrell Edward Umbach

Magnetic Monopoles, as proposed by Dirac, can be used to resolve the quantisation
of Electromagnetism, however the problem remains elusive to this day as no experimental
evidence for their existence has yet been found. The scope of this thesis is to demonstrate
a model of Milli-Magenetically Charged Dark Matter which mixes the visible Abelian
Electromagnetic gauge field with the Dark sector. Our formalism involves a velocity-
dependent coupling which relativistically depends upon the monopole mass, for which we
evaluate the production cross section of proton-proton collisions. Our work focuses on the
efforts to observe this particle as part of the MoEDAL-MAPP experiment at the LHC.
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Chapter 1

Introduction

1.1 A Brief History Of Symmetry

Physics itself is inseparable from the concept of symmetry. From the very earliest efforts
of ancient philosophers until the present day, mathematical symmetries have been used
to define algebraic relationships between quantitative operators. In essence, there is little
difference between finding symmetries in physics and finding classes of exact solutions as one
would do in pure mathematics. Indeed, the concept of physical symmetries in nature was
used by Isaac Newton himself to develop his “method of fluxons”, the model of infinitesimal
calculus he used in order to solve the very problems he was considering. Perhaps the
necessity of symmetries in mathematics could be seen as a likely expression of the symmetry
found in the natural order of the physical universe.

Newton’s three laws of motion are the basis of physical symmetry in mathematical
physics. They serve as a template for developing theories based upon the inherent
quantitative properties present in observing mechanical processes, famously idealised in
games such as billiards which can closely approximate many of the typical examples
of hard sphere scattering with relative ease. Thus, from rather primitive sources it is
possible to extrapolate rather complex mathematical arguments about nature as a whole.
The development of conservation theorems comes chiefly from observations of physical
symmetries. James Clerk Maxwell, owing much to D’Alembert, Gauss, and many others for
their extensive mathematical work, developed a consistent field theory of electromagnetism
using many of the symmetrical principles of Newtonian physics along with experimental
conventions which were easily replicable under conventional laboratory settings.

Emmy Noether herself developed much of the analytical framework for rigorously
studying symmetry principles consistently. Variational calculus remains one of the main
vehicles for the calculation of action in path integral methods for the perturbative regime of
most measurable quantum systems. The very notion that symmetries admit corresponding
conservation theories is itself a basic statement of Noether’s theorem, which is the foundation
of Lagrangian mechanics and the key ingredient to our numerical research.

The predictive capability of the Euler-Lagrange equations in defining (at least classically)
the equations of motion of a system in terms of the kinetic and potential energy enable
much of the simulation of high energy collision experimentation. Tree-level calculation of
expectation values for cross-section scattering is derived from Lorentzian vertices which are
derived from the Feynman diagrams generated by the Lagrangian. These vertex calculations
are crucial in determining our simulated cross-section values for attenuating detectors and



predicting mass limits, much of which makes up the core contributions of our research
trajectory during the course of this program.

As such, our study is motivated predominantly by a phenomenological approach to
advancing fundamental physics research in Quantum Electrodynamics to extend Maxwell’s
equations to include magnetic charges which supplement the Lagrangian of the Standard
Model of particle physics. This is bolstered by an Abelian algebraic argument derived
from attempts to unify gauge field theories into pseudo-bijective functional conformations
between dual field theories. This thesis outlines a minimal representation of Abelian
Electromagnetodynamics with fundamental charge couplings extending to both the ordinary
visible EM U(1) gauge field and the Hidden or Dark U(1)p gauge field corresponding to
dark gauge fields.

1.1.1 Why Magnetic Monopoles?

The concept of Magnetic monopoles is one of the oldest, most speculative theories in all
of physics, having first been theorised to exist far in advance of the development of the
Maxwellian theory of Electrodynamics, even going back so far as to late antiquity. There
are so many interesting concepts that emerge throughout the history of physics. Many
aestheically pleasing mathematical objects which do not map directly to reality whatsoever
are often studied for their interesting properties. Having been no direct observed evidence
for the existence of monopoles to-date, is it possible that magnetic monopoles are simply
another mathematical curiosity with no natural physics? Famously, Dirac conjectured that
the existence of even a single monopole in the entire universe would necessitate a complete
quantisation of electrodynamics. This observable phenomenon is, of course, a well-known
requirement for our theory of quantum mechanics. Many disparate phenomena could be
considered as consequences of interactions between magnetic monopoles, including problems
like quark confinement. Why then should magnetic monopoles be so rare (should they even
exist), such that hither-to date they have not before been detected?

While it is true that until now no such fundamental particle has been observed there
is much theoretical impetus to discover it. This pursuit has fostered a lineage of research,
beginning with Dirac and Schwinger, who have sought to extend the symmetry of Maxwell’s
equations to include magnetic monopoles and also provide a suitable explanation for their
apparent scarcity. Their basic quantisation condition for the magnetic coupling is to define
it in terms of a reciprocal quantity of the fundamental electric charge coupling already
present in the standard model Lagrangian.

Zwanziger further developed the theory to extrapolate the inherent algebraic duality of
the electromagnetic field strength tensors in his work on the two-potential description of the
Abelian monopole. This significant correction restores physical locality to the monopole and
suppresses the Dirac string, leading to an elegant expression of electromagnetic duality in
the form of a Two-Potential description of electric and magnetic charges, with either charge
coupling solely to its own distinct Abelian U(1) gauge field. Later, through consideration of
cosmological quantities, Hook utilised an e-suppressed composite redefinition of the visible
U(1) electric field to introduce a diagonalisable milli-magnetically charged dark magnetic
current to Maxwell’s equations through kinetic mixing between the visible and hidden
sectors. Similarly, Terning and Verhaaren advanced Zwanziger’s Two-Potential theory
with the necessary inclusion of dark milli-charged U(1) fields which mix kinetically with
the visible electric hypercharge field in the standard model. Our research has extended
the Quantum Electrodynamics to include a relativistic velocity dependent theory of dark



Abelian magnetic monopoles, detectable through mixing between the hidden and visible EM
sectors. Current ongoing experiments at the LHC investigating the existence of magnetic
monopoles and other exotic phenomena through the MoEDAL-MAPP are underway. This
has included the search for velocity dependent visible monopoles. The MAPP detector will
pursue the possible detection of milli-magnetically charged visible or dark monopoles.

Our thesis introduces a model of spin-1/2 velocity dependent milli-magnetically charged
dark Abelian magnetic monopoles. Many novel extended features are proposed, including
dark magnetic moment and beta-dependent milli-charged dark magnetic couplings. This
theory has lead to the development of a computational setup within the MADGRAPH
[4] software with numerical results agreeing strongly with analytic expectations for the
production mechanisms of both Drell-Yan and Photon Fusion.

1.1.2 Physical Monopoles

As seemingly elusive as they appear to be on the surface, magnetic monopoles are not quite
the purely theoretical constructs of imagination that they may initially seem. In fact, despite
no direct observation of a fundamental magnetic monopole particle at the experimental level
in high energy physics, there are numerous other applications in which emergent monopoles
already play key roles. Such examples include condensed matter physics in which monopole-
like modes have been observed in various forms of topological insulators [5]. Monopole-like
modes are a key component of so-called Spin Ice, an important concept across physics from
Quantum Computing to Superconductive materials research [6]. There are numerous other
possible consequences of magnetic monopoles, which strongly motivates their discovery.

What exactly is a magnetic monopole? How does it differ from an electron? To simply
consider the magnetic charge and the electric charge to be inversions of each other is a
naive first approach that doesn’t fully appreciate the transformation of the field strength
tensor under dual index manipulation. Classically, there is a phase-driven conformal
transformation in SO(2) which corresponds to a rotation between the electric and magnetic
fields in the homogeneous case. This has been known quite literally for centuries, but in the
absence of an observed fundamental magnetic monopole in media electromagnetic duality is
not considered a necessary consequence of Maxwell’s laws under most conventional physics.
However, as it shall be demonstrated throughout this work, the addition of magnetic
charge does not contradict the dynamics of ordinary electromagnetism, although minor
(and sometimes major) corrections and consequences may be introduced.

Fortunately, the price of this pursuit is highly worthwhile. This line of research offers
much novel predictive capacity for the entire body of physics, ranging from astrophysics
to condensed matter to quantum computing, and the overall advancement of classical
and quantum field theory. The discovery of a magnetically charged object would be a
considerable contribution to the elementary foundation of both classical and quantum
physics as a whole. On a more theoretical level, from the perspective of research
mathematics, monopoles present an interesting mathematical challenge. Because there are
currently so many gaps in the gestalt of modern physics, numerous observed phenomena are
consistently documented and yet the mechanism of their presence is not fully understood.

1.1.2.1 Why Dark Matter Matters

The FEinstein Field Equations govern the fundamental macroscopic structure of all known
matter in the universe. It is an elegant representation of the curvature of space-time which



is quite simple to express algebraically in the absence of heterogeneous field sources [7]:
1
R;w - §Rguu + Agw/ = 87TGT[AV7 (11)

where R, is the Ricci curvature tensor, R is the Ricci scalar, g, is the metric tensor, A
is the cosmological constant, G is the gravitational constant, and finally 7}, is the energy-
stress tensor. As such, even in its most straightforward representation, there is a non-
zero term referring to the vacuum field expansion of the visible matter in the universe, a
phenomena famously noted by Hubble:

ds? = —dt* + a®*(t)[da?® + dy? +d2?], for0<g<land0 <t < oo, (1.2)
where a(t) = t9 is a scaling parameter, giving rise to a ratio (%)2 = %p — a% which
becomes the basis for the Hubble Parameter, H = a/a, where dimensionally H ~ t~!. Since
the expansion of space accounts for visible redshift in the case of constantly accelerating
galactic displacement (sometimes called the “raisin cake” model), there is an observable
correlation between the non-zero and positive cosmological constant A and the presence of
external forces acting globally upon the universe [7]:

obs

= |p%%| ~ (10712 GeV)* ~ 1078 erg/cm?. (1.3)

Pvac = e

The presence of this constant is related to so-called “Dark Energy”, which accounts for about
70% of the composition of the known universe. Dark Matter, by contrast, is considered
by most theoretical researchers to be a natural extension to the Standard Model and a
reasonable expectation for Beyond Standard Model physics. It unifies the expectations of
astrophysics and the trends seen in astronomical displacements of matter which are not
easily explained using Einsteinian gravity and SM physics alone. It also provides a handy
avenue of research for numerous current problems in particle physics, such as the “heavy
Higgs” or “Higgs doublet” problem at the core of the Higgs hierarchy [8, 9]. While it may
seem at first mercurial, perhaps even fanciful, it will soon be seen that dark matter plays
quite a natural role in our current universal epoch and the overall gestalt of modern physics
as a whole. Dark Matter itself is understood to make up no less than 25% of the universe.
Its principle feature is that it does not interact with light, which is where the “dark” or
hidden aspect of it is. It does, however, interact gravitationally, and perhaps even weakly,
with normal matter which is what accounts for many of the seemingly strange phenomena
we see with regard to the distribution of matter in observable universe.

1.2 Dark Matter Detection at the LHC

Much recent interest has developed with regards to models of dark matter involving mixing
between the gauge fields of visible and hidden photons [2]. Cosmological data collected from
observations of magnetars [1] and the Bullet Cluster [10, 11] have helped to establish bounds
on the effective confinement radius of dark matter and limits related to its self-interaction.
Current experiments are proposed to explore Milli-Charged Dark Matter at the LHC [12].

1.2.1 Electric Minicharge and Milli-Charged Electric Particles

By necessary cosmological expectations, “Dark Matter” should be the most abundant form
of matter in the entire universe [13], with very high concentrations in certain sectors of the



universe. However, although it is a very common substance (cosmologically speaking) it is
still quite poorly understood at the present time. A naive approach would be to simply
add a dark Abelian U(1) field to the QED symmetry group as a cognate to the visible EM
gauge field as A: Ap. We seek to extend the ordinary mechanism of electrodynamics via
the addition of a massive dark Dirac fermion, coupling to an Abelian U(1)p gauge field
[12] that interacts with the Hypercharge gauge field via mixing with an e-suppressed dark
current. This describes the mechanism of so-called “Kinetic Mixing” between the visible
and hidden sectors. This gives us a basic extended theory of “Dark QED” which can be
described by the following Lagrangian:

1 - . .
L=Lsy — ZADWA’BV + it (§ +iepAp + iMmcp) ¥
€
— §ADWBW’ (1.4)
where ep is the dark electric coupling which charges v, a Dirac fermion with mass My,cp

being a Milli-Electrically Charged particle (mCP), under the dark Abelian U(1)p field, AD;u

having field strength, Ap , = 0,Ap, — 0, Ap,,. Here we see the kinetic mixing term [12]:

€ v
£KM = _iAD,u,VBM ) (15)

which is a product of the visible and hidden gauge fields. Through a dark Abelian field
redefinition:

Apy — Ap, +€By, (1.6)

it is possible to algebraically decouple the mixing term:

1 LV
+it) (¢ +iepAp —icep B+ iMmcp) . (1.7)

We see that the Dirac fermion, 1, is charged under the Standard Model hypercharge with
a dark charge milli-charge, eep. Thus, ¢ couples to the Z° boson with charge —eep sin 6,
and the photon with milli-charge eep cos @, giving a fractional dark electric minicharge
[12):

Qmcp = eepcosb,, fe. (1.8)

Even more generally, we may describe a dark milli-electric charge to be the e-suppressed
ratio of the hidden and visible electric charge couplings [1]:

Q. =2, (1.9)

(&

1.2.2 Magnetic Monopoles and Milli-Charged Magnetic Particles

Since by U(1) symmetry a renormalisable invariant gauge mixing term, suppressed by
a dimensionless parameter e, cannot be a forbidden addition to the Standard Model
Lagrangian such that [14]:

LD eF"Fp,, (1.10)



where Fp is the dark Electromagnetic field strength tensor. A prototypical approach to
a complete Lagrangian with U(1) and U(1)p gauge bosons is given by [1]:

1
4

1

LD~ 1

F™F,, — ~Fi Fp, + %F‘“’FDW + %m%/ﬁ , (1.11)
where mp is the dark monopole mass corresponding to the dark photon gauge field, Ap. At
very large distances these kinetically mixed electric charges will appear to be milli-charged
dark electric particles in the hidden sector. If the dark sector contains magnetic monopoles
then it necessarily generates visible opposite milli-charges for light magnetic particles [13].
This can be determined by the bounds set upon the Schwinger Pair Production of monopole-
antimonopole pairs. If we consider the worldline of a Milli- Magnetically Charged Particle
(mmCP) of mass m with [1]:

B_F‘rin B_F‘rin
20(r) = rsinh(mT) z(r) = rcosh(gHT> (1.12)
m m

with the force of the Dirac String, as we shall later see in (2.53), on the mmCP given by
Fiiring, with Euclidean bounce action given by a circle generated by hyperbolics such that:

4"

1
S:—/d4fo2 +m/d7’ ;'v/‘i‘#+m2D/d2a\/— det 9,0+ 0p0y,
= —7mr?gB + 2wrm + mrimi,. (1.13)

We find that the action is minimised at:

_ gB—mQD g m?

r _ -
m gB —m?%’

(1.14)

where the same radius is consistent with that derived from the conservation of energy,
thus the Schwinger result is consistent provided that the least upper bound is given by the
dark monopole mass with m2D < gB. Since at large distances, these dark sector magnetic
monopoles with “feel” like e-suppressed magnetic fields [1], then the effective magnetic field
will be constrained by the dark monopole mass:

Begt = eB(1 — ¢~™07), (1.15)

where 7 ~ 20 km and mp < 1/20 km. We will return to the discussion of cosmological
bounds on the production and properties of mmCP in section (2.3.2).

1.2.3 MoEDAL-MAPP

Currently at the LHC there is an active research pursuit underway to investigate the possible
existence of velocity dependent magnetic monopoles [15]. The scope of this research is to
utilise MoEDAL to look for particles currently considered to be Beyond Standard Model
Physics. This new experiment is a truly international collaboration, with much of the core
team being situated in Canada. One of the main particles of interest are the elusive Magnetic
Monopoles. Various approaches have been considered, with the ultimate experimental
direction being a bipartite effort to investigate both visible and dark sector monopoles:
with MoEDAL chiefly being the search for velocity dependent visible monopoles at the
beam, and MAPP being the main detector at the heart of the search for direct evidence of
the existence of dark milli-magnetically charged particles.



1.2.3.1 Velocity-Dependent Visible Monopoles

The MoEDAL experiment, which stands for Monopole and Exotics Detector at the LHC
[15], seeks to find evidence of EM or visible sector magnetic monopoles. There are numerous
features which could potentially enable a collision between two hadrons to produce a
detectable magnetic monopole. The consideration of a potential dipole moment generated
by a small confined monopole led to the development of a model of a relativistic velocity-
dependent magnetic monopole [16, 17].

Key novel features of the model include a visible beta-dependent magnetic coupling,
gs, along with a dimensionless magnetic moment parameter, s, which for different spinor
algebras has curious effects when analysed by the monopole production mechanisms of both
Drell-Yan (monopoles generated by g massive hadron collision processes) and Photon-
Fusion (in which the photon content of the quark mass content in the hadron collision
becomes the monopole production mechanism). During a typical collision both processes
should occur at the same time, however for different relativistic masses and certain limits it
is possible that either process could dominate overall, although in the most relativistic mass
regimes Photon-Fusion is usually the dominant monopole cross-section generation process.
To date, no such visible monopoles have been detected: although the strongest bounds
on the production scales for visible monopoles to date have been set at the LHC by the
MoEDAL experiment.

1.2.3.2 Detecting Milli-Charged Magnetic Dark Matter

As we discussed in 1.2.2 and throughout the second half of this thesis, milli-charged particles
arise naturally in models involving kinetic mixing between visible and hidden sectors [1].
Our particular interest is that of bound visible milli-charged magnetic monopoles which
couple to the U(1) EM gauge but are usually e-suppressed by a U(1) p milli-charged magnetic
monopoles. However, it could be possible to overcome the annihilation of these monopoles
at relativistic velocities. The caveat being that generally most high velocity collisions occur
at much too highly relativistic speeds to be detected conventionally.

The approach we have taken has been to extend the Two-Potential Formalism of
Daniel Zwanziger (his own work following Dirac, Schwinger, et al), as well as Terning
and Verhaaren, in order to develop a symmetric theory of fundamental charges which also
includes additional novel diagonalisable currents which could potentially be detected at the
operational power scale of LHCb. The development of the velocity-dependent kinetic mixing
model of dark magnetic monopoles enables us to consider the high scale energy regime of
around 14 TeV which enables a complete probing of the entire vacuum stable mass scale.
Our work led to a unification of Haas and Baines et al, which was developed through our
research trajectory following Hook and Terning/Verhaaren.

Our model describes the dynamics of a Velocity Dependent Milli-Charged Magnetic
Monopole which scatters from the collision to a solid angle determined by the relativistic
properties of the monopole mass and the ratio of the dark to visible magnetic charges
giving a value to our so-called kinetic mixing parameter, €. The detector for these milli-
charged magnetic particle ejections is called MAPP or MoEDAL Apparatus for Penetrating
Particles. This detection takes place off of the axis of the beam and will be the result of the
slow-moving magnetic monopole sheering through the physical plastic plates of the detector
upon its ejection jet from the site of the collision, scattered by an angle € which is related to
the Witten Effect [15]. The positive results of this experiment at CERN would serve as both



the observable evidence of the existence of magnetic monopoles, milli-magnetically charged
matter and dark matter, and also a memorable historical artifact of the event itself: a rare
feat in modern physics. This work is devoted to extending the theory of electrodynamics
to include quantised magnetic charge to QED.



Chapter 2

Maxwell’s Equations and Dark
Milli-Magnetically Charged
Particles

2.1 Maxwell’s Equations

Perhaps the most effective field theory in the history of physics, Maxwell’s equations
describe quite precisely the fundamental nature of classical electrodynamics [18]. The
differential forms of these equations which govern the electromagnetic field [19] are a
generalisation of the historical development of electricity and magnetism which were
discovered through experimental observations by numerous scientists. In rationalised
Heaviside-Lorentz coordinates these unified laws may be written explicitly in terms of the
electric field, E, and magnetic field, B, as:

(i) Coulomb’s Law: V-E =p,
. . OE
(ii) Ampere’s Law: VAB - 5 = J,
B
(iii) Faraday’s Law: VAE+ 6()975 =0,
(iv) No Monopoles: V-B =0, (2.1)
for which the charge-current density J* = (p, J) yields the continuity equation:
dp
- .J=0. 2.2
5 +V.-J=0 (2.2)

2.1.1 Electromagnetic Duality
In relativistic notation, Maxwell’s Equations may be written even more succinctly as:
O FM = Jr, 9, F" =0, (2.3)

where the antisymmetric second-rank field-strength tensor F*” = OH*AY — 0¥ A* for a
Lorentz-covariant 4-vector field potential A* = (®, A) with scalar potential ® and vector
potential Al. The covariant derivative 0" = 9/8z,, = (9/8x¢, —V) defines the components

'For a more thorough review of Maxwell’s equations, the derivation of these field tensors, and for
discussion of several other concepts briefly covered herein, please refer to chapters 6, 11, and 12 of [18].



of the electric and magnetic fields in terms of their indices as:

0 -E, —E, —E.
E. 0 -B, B,
E, B. 0 -B.|’
E. -B, B, 0

(2.4)

with the dual field-strength tensor given by the contravariant field tensor F,, = g, F 70 g,

0 -B, —B, —B.

~ 1 B 0 E, -E
|2 i Ze) — T z Y| — s
F 26 F.s B, —E. 0 B, € 04 As, (2.5)
B, E, —-E, 0
such that the fourth-rank Levi-Civita tensor e = —€uys is a totally antisymmetric

pseudo-tensor under spatial inversions. By covariant index manipulation [20] the field-
strength tensor may be shown to be manifestly Lorentz invariant by?:

FOi _ _FiO — _Ei7 Fl] — _EijkBk7
or perhaps even more simply:
T T N T (2.6)

In vacuo [21] where p = 0 and J = 0, this electromagnetic duality relationship between these
field-strength tensors is further reinforced by a Lorentz invariant conformal transformation
[22]:

D:(E,B)~ (B,—E), (2.7)
which under SO(2) yields a continuous gauge transformation by the symmetry [23]:

D: (E+iB) — ¢(E +iB). (2.8)

2.1.1.1 Magnetic Current

Classically, Maxwell’s equations are assumed not to have any kind of magnetic current
associated with the divergence of the magnetic field. This is considered natural by most,
since to date no visible magnetic monopoles have been directly observed?. However, one
may make an argument based upon fundamental symmetry for at least their mathematical
existence. The dual symmetry of the electromagnetic field is broken in the presence of
an external charge-current density [21]. This apparent asymmetry present in Maxwell’s
equations may be amended by the introduction of a magnetic current term K* = (o, K) as
an analogue to the electric current to obtain an extended version of Maxwell’s equations:

V-E = P
OE
VAB—-—=J
ot ’
0B
VAE+ — =K
ot ’
V-B =o. (2.9)
2We will generally use the Minkowski signature (+ — ——) with natural units unless otherwise noted.

3For a geometric explanation of the apparent absence of the visible magnetic monopole, please see (2.50).
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Under Lorentz transformations these equations remain invariant while the duality
transformation in (2.6) is extended to the sources:

p—o, J—K, o——p K —J, (2.10)
by which the relativistic equations of (2.3) may now be completed [24]:
Q™ = g, M = K. (2.11)

By the inherited duality transformation, the quadratic forms of the field vectors as well as
Maxwell’s stress tensor 7}, are also invariant [18]. Applying rotation by a real pseudoscalar
angle £ in the presence of the effective “impedance of free space”, Zy = /po/¢€o, the sources
will transform as:

Zop = Zop' cos& + o’ sin€, ZoJ = ZogJ' cos€ + K'sin€,

_ ’os / . ;. , (2.12)
o= —Zyp sin€ + o’ cosé, K =—Z7yJ sin€ + K' cosé€.

If we assume that all particles have the same ratio of magnetic to electric charge and
choosing ¢ to set ¢ = 0 and K = 0 this restores Maxwell’s equations to their original form.
We have now naturally generalised Maxwell’s equations to include a dual transformation
between electric and magnetic charges. The consequences and topological defects of this
source extension will be explored throughout this work.

2.2 Dirac Monopoles

By symmetry, the magnetic current density will always have opposite sign to the electric
current density under time reversal and spatial inversion [18]. As a consequence of this it
becomes a necessity that any new theory involving particles carrying fundamental electric
and magnetic charges can no longer consider time reversal and spatial inversion as valid
physical symmetries. It is possible then that the apparent violations of these symmetries
in experiments involving weak, strong, and electromagnetic interactions are due to the
presence of some kind of as-yet unknown particle carrying magnetic charge. Why then has
no such visible magnetic monopole yet been observed?

2.2.1 Quantisation Condition

Famously, Dirac [25, 26] consistently quantised the extended electromagnetic charge
spectrum using a principle which cleverly includes a certain necessary quantisation condition
[27]. Quantum mechanically, in the presence of a magnetic monopole then the electron
interaction could be show to be quantised according to [19]:

eg ag  n
—— === VYnel/Z, 2.13
4mh Z()e 2 ( )
where e and g are respectively the fundamental electric and magnetic charges, and the fine
structure constant o = e?/4meghc ~ 1/137. From this ratio of charges we may define the
fundamental magnetic charge g in terms of a new magnetic fine structure constant:

%9 = A pohe Ty

SN . (2.14)

g° n? (47Teohc> n?  137n?
4o 4

e2
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From this quantity we define the fundamental Dirac Charge for a single particle interaction
in Heaviside-Lorentz units as [16]:

oo =\ = VIFTE (2.15)

thus the magnetic charge naturally quantises the electric charge. We may now further
explore the implications of these so-called Dirac Monopoles by considering the semi-classical
description of their scattering kinematics.

2.2.2 Non-Relativisitic Charge-Monopole Scattering

It is typical to begin to approach the examination of the magnetic monopole by way of
its macroscopic properties as a point particle [19]. Following Dirac [22], we can define
a monopole in terms a magnetic field with charge g having a Coulomb-like static vector
potential located at the origin [18, 27]:

r
B=VAA=g, (2.16)

which interacts with an electrically charged particle of mass m by the Lorentz force law
[19]:

.. . €g..
mr:er/\B:T—?)[rXr]. (2.17)
Owing to the constant kinetic energy of an electric charge moving in a monopole field
with E = mv?/2 the scalar multiplication by a velocity vector v is just (d/dt)mwv?/2 = 0.
However, in the presence of a radial vector the scalar product becomes:
d’r  1d°r

2 2 _
r~@:§@7“ — v —0, (218)

by the conservation of energy, where r = v/b% + v2t2 for a small impact parameter b.

2.2.2.1 Conservation of Angular Momentum and Noether Theorem

We have just seen that there are no closed orbits in this charge-monopole system. Perhaps,
in this sense an electrically charged particle can be seen as falling from infinitely far away
towards a monopole up to some minimal distance b, only to be reflected back once again by
the “magnetic mirror” effect [22] to some point infinitely far away. This reflection admits
an interesting variation on the usual conservation of angular momentum, namely that the
ordinary angular momentum is conserved with:

L=rAmv, (2.19)

which by definition of the exterior product gives:

dL _d eg .~

with the absolute value of the constant velocity vector constantly bounded by:

L= ‘i‘ = mub. (2.21)
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Indeed in a single dimension we can consider the Lorentz force of a collision between an
electrically charged particle with a magnetically charged particle which is not deflected [18]:

b
Fj=evBj=2 "

= L T (2.22)

where the transmitted impulse of momentum is given by:

egub /00 dt eg ~
Ap; — = 2k 2.2
Pi= " e (b2 +022)3/2 2mb (2:23)

thus the particle deflects along the k azimuthal direction plane given by the magnitude of
the differential interval in the corresponding angular momentum:

eq ~

ALy, = bAp; = Lk, (2.24)

2
from which we may easily obtain the Dirac quantisation condition by allowing the canonical
change in the angular momentum to occur in integer multiples of A. Since the vector of
angular momentum is no longer constant then the ordinary Coulomb problem requires the
addition of a correction in order to satisfy the conservation of energy such that:

d /=~ r dL

which by Noether theorem gives an integral of motion for the generalised angular
momentum:

L=[rXmv]— egE =L — egt, (2.26)
T

for a given unit vector ¢ = r/r along the direction of r pointing from the electric charge
to the magnetic charge. Poincaré conjectured that this result, along with (2.20) may
suggest a conceptual link between such a system and a “spinning top” [22]. This additional
correction term, first noted by J.J. Thomson in 1904 [2], is a non-trivial field contribution
which depends solely upon the product of the two fundamental charges, no matter the
distance between an electrically charged particle passing a stationary magnetic monopole
[18]. Curiously, if we consider the magnitude of the generalised angular momentum we find
that:

L2 =12 =L+ e%g% = (mvb)? + (eg)?. (2.27)

Moreover, the dot product of the generalised angular momentum with the ordinary angular
momentum is simply the square of the ordinary angular moment with constant magnitude
such that L - L = L2 = (mwb)?2, which implies that |L| - # = eg. As observed in (2.24), the
charge scattering plane being non-orthogonal to L makes the charge-monopole scattering
problem very different from the standard Coulomb problem. If the electric charge is situated
at the origin and the magnetic monopole is at some arbitrarily long distance r = R then
the electric and magnetic fields over the entire space are:

g 1 g r’ e 1 e 1
Bt (1) Cmefo(b)ot em
47 11 |r — R dmpg r — R? 47eg |r| dmeg |r|? (2:28)
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with the unit vectors # and f given with respect to the vectors of each particle pointing along
the direction of its radius. The Poynting vector gives the value for the conserved angular
momentum between the electric and magnetic charges in terms of a volume integral [22]:
T 1 3./ g 3.1 (! N N
Ly=— [ d"rx (ExB)=——= [ dr(V E)t' = —egt’, (2.29)
47 4
where after integration by parts [18] we have taken for granted that the fields vanish
asymptotically, with the divergence for Maxwell’s equation given by the Green’s Function
between the vectors such that:

(V' -E) = 47ed® (r — R). (2.30)

This non-zero angular momentum of the static charge-monopole system is a very surprising
and seemingly paradoxical result, but nevertheless turns out to admit some very interesting
dynamical features.

2.2.3 Non-Relativisitic Dyon Scattering

We can extend the aforementioned approach taken for the angular momentum in (2.29),
between an electric charge and magnetic charge to accommodate the interaction of a
hypothetical pair of particles, each possessing both electric and magnetic fundamental
charges [22]. These are examples of the so-called dyon, with the particles respectively
having a corresponding mixed set of charges (e1,g1) and (e2, g2). If we allow one dyon to be
placed at the origin and the other at an arbitrary distance r then their fields of interaction
could be defined as:

r r
E= 6177) + E(€2), B= glrf3 + B(gg), (231)
thus the angular momentum of the interaction between the pair of dyons is:

- 1
Lag = /d?’r’[r’ x (E x B)]

L e ([¢ x (e i) + (e <5

_a 3,/ ~ 91 3,10 N
—47r/d Y[V - B(go)]E 47r/d [V - E(eo)]f
=(e192 — e2q1)t. (2.32)

Additionally, from the definition given in (2.26) for the generalised momentum naturally
leads to the expression for the energy of the monopole such that:

mi?  L? — (eg)?

F =
2 2mr?

= const. , (2.33)

and again, unlike the standard Coulomb problem, since the scattering is not found in the
plane perpendicular to L, the constant character of the motion set by the angle between
the vectors L and r is:

|L - | = eg. (2.34)
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Furthermore, we can generalise these results in terms of a non-relativistic scattering problem
for a static dyon with both electric, @), and magnetic, g, charges, which is interacting with an
electrically charged particle [22]. If we consider only a scenario with an attractive potential
for all eQ) < 0 then:

V=—, 2.35

- (2.35)
however unlike the aforementioned charge-monopole system described previously it can be
easily seen that qualitatively this system admits closed trajectories such that:

dr LY [ dr] . (2.36)

m—s =eQ— — rxX —
dt? Qr3 r3 dt
The conserved projection of the angular momentum in the radial direction L, = IL-t|=eg
and the orbital angular momentum magnitude L = mbyy lead to an expression for the
motion upon the surface of a cone with cone angle:

€g

cot = ,
mbug

(2.37)

for some electric charge with initial velocity vg moving at an infinitely far distance away. We
see that the velocity magnitude is not an integral of motion since the total energy obtained
is now constant:

mv:  eQ  mr? L2 e@

P e _ Q. 2.38
2 +r 2 +2mr2+7“ ( )

2.2.4 Dirac Strings

By Stokes’ theorem, we may show that the non-vanishing magnetic flux through S, an origin
containing closed surface [27]:

/B-dsz/v-Bd%:g, (2.39)
S 1%

simply must vanish in the presence of a vector potential B = gr/r® = V A A. However, this
contradicts the requirement by Maxwell’s laws that the divergence of the magnetic field be
described by a Green’s Function as in (2.30) like:

VB = 47g6®)(r), (2.40)

defining the source of a field [22]. We can further explore this conundrum by considering
the spherical symmetry of the magnetic field, from which we may write the potential as:

A(r) = A()Vy, (2.41)

with the vector potential solely depending upon the radial component and the spherical
azimuthal angle. This is given by A(f) = —g(1 + cos0):

TG
rsin@ rsinf

1 0 1 0
= A(r) = <g+cos sin ¢, —gﬂ cos ,0) ,

(2.42)

rsin 6 rsin 6
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or if written covariantly [20] for the unit vector n = (0,0, 1) directed along the z-axis as:

g [r X n]

A(wz;r—(r‘n)7

(2.43)
which is the so-called Dirac Potential. Perhaps unsurprisingly, the magnetic field is
characteristically radial as we shall come to appreciate thoroughly since the potential admits:

B(r)=V x A = g%, (2.44)

which is very useful. Calculating this magnetic field shows that it is regular if 6 = 7 but
singular if § = 0, where along the semi-infinite singularity line we have that A ~ —2¢gVp
in that region since:

0 [Hcoﬂ 0. (2.45)

0
A r=0 — Al =g—
r ’ 8r|rx | Ior

sin 0

More generally, this potential can be written in terms of a singular string of magnetic flux
under pure gauge transformation U = e~*9% with a factor depending upon the polar-angle:

A(r) = —g(1+cosf)Vy = (1+C089)EU_1VU. (2.46)
e
This pure gauge is unfortunately singular. However we can regularise the pure potential
under an analyticallty non-standard infinitesimal € # 0 with €2 — 0:

AR (r,e) = IL(;R[i?rn]n)’ R=r2+e, r? = 2% +y? 4 2%
= B ((r,¢) = B + Bl
r 2 n n
~ IR 2.47
TR (R3[R— r-n)]  R[R- (r-n)]2>’ (247)

whose regularisation along the z-direction may be lifted under the limit [22]:

BRe5(r, ) “<° Bl 4 Bl (2.48)
r 1 2

= g— — 2ge°nd 2.49

9,5 — 29¢m0(z) (rQ(:r? T2+ ) + (@2 + o2 +€2)2> ’ (2.49)

where the magnetic field can be clearly seen to be a composite of the conventional magnetic
and singular magnetic fields. The value is taken along the z-direction positive semi-infinite
axis by evaluating the surface integral infinitesimal element orthogonally, for which only the
second term of the parenthetical factor contributes:

B(r) = B, + Byjng = gr% — 4gmnd(2)8(2)8(y). (2.50)

This explains the seeming earlier contradiction with Maxwell’s equations since the singular
part of the total magnetic flux cancels the Coulomb-like part when it is taken as a closed
surface integral containing a monopole potential inside:

Dy :j{daB =g (?{ da;3 - 47rfdan9(z)(5(a?)5(y))
=A4dmrg — 4dmg = 0. (2.51)
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Quite surprisingly, the consequence of this is that the geometry of the magnetic monopole
corresponds to a semi-infinitely long yet infinitely thin solenoid rather than a single isolated
magnetic pole. Fortunately, this solenoid can take any form, such as a curvilinear string
[27]. Thus if we permit the Coulomb gauge condition V - A = 0 with:

1
V X [Br + Bsing] =V X |:gv <7“) + Bsing:| =V X Bsing
=VXVXxA=-VA (2.52)

then the Dirac String Potential can be expressed as an integral to be taken along the string
from the monopole to infinity [18}:

_g/d?"{ 7 X Buang(x ] g/ r—r) Xdr (2.53)

2.2.4.1 Transformation of the Dirac String Potential

ieA(r)

Up to a U(1) gauge transformation U(r) = e this string transforms as expected:

A>A =A- éU—WU = A+ VA1), (2.54)

where VA(r) is a gauge function which is single-valued at every point except for where it
becomes singular due to the curve joining the multiple layers of A(r), a multi-valued gauge
function [22]. By definition, A’ and A must refer to a single magnetic field. Returning
to the magnetic flux through a closed surface, we see that this gauge transformation is
constant iff the gauge function satisfies A(¢ + 27) = A(p) such that:

AD = /dQSﬁS-(B'— /d2Sng [V x (V)] fdl VA, (2.55)

or else A® # 0. From this we might consider a singular gauge transformation U(p) = e?¢9%
acting on the fibre bundle distribution A® [24]:

o 1+ cosf 29
AS’ - Qzegcpv 2iegy __ _g ~ A
r sind ¥ rsing ¥
gl—cosf,.
:;Wew = ;A.]V7 (256)

which is defined in terms of the function A(r) = 2g¢ = 2garctan(y/x). This leads to an
expression along the z-axis for a singular magnetic field ®g,. = 47g, which appears to be
an artifact generated by the gauge transformation. Indeed, this potential is regular along
6 = 0 but opposite-directionally singular along § = w. Thus, we may define a general gauge
transformation by rotation of the monopole singularity line by 7 from an initial unit vector
n to the new directional unit vector n’ as:

A(r) = A(r) + VA0, ¢) = — g(1 +cosO)Ve + VA, @)
=—g(1+cos0 )V, (2.57)

where the direction of n’ is given by the angles ¢’ and ', which defines the gauge function
An (r) for the string rotation A — A’ = A + VA, ,(r) such that:

A,y — A, = /(r—r)xdr' (2.58)

o—r?
l
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an integral of the open string for the contour ! which is closed at infinity, along with the
vanishing infinite separated singular magnetic flux contributions. Thus, as seen from the
point r under the surface o the solid angle €,/ (r) gives a geometrisation for the parameter
space of the string rotation gauge transformations such that [18]:

V2w (r) = gV (r). (2.59)

If n = n’ then the solid angle is degenerate with Q,, _,,(r) = 2¢ + ¢ for the corresponding
gauge transformation, but these discontinuous jumps on the surface can be cancelled
through a simple gauge redefinition [22]:

Vv (1) = gV (1) — drg / dos® (r - r'), (2.60)

which, except in the directions of n and n’, is regular everywhere. This transformation is
the essence of the Schwinger Potential which permits both the rotation and splitting of the
string such that by application of a gauge transformation U = €?®9® then [24]:

. - 1+ cos6 g
AS S AS _ Lo—iegoygpiege — 9 a 5
ee © r sinf 7 rsinﬁe“p
1 1
= JTeotfe, = SAN + DA% = A5, (2.61)
,

2.2.4.2 Parity Violation of Dual Charge Theories

Notably there are features of the monopole potential associated with parity violation which
makes it an interesting candidate for potential theories involving this phenomenon. Unlike
the conventional Coulomb potential, the Dirac Potential does not admit the eigenfunction
of the reflection transformation P : r — —r since [22]:

PiA() = A(—r) = 4 _Fxnl

e 7AW, (2.62)

for a fixed n. Further still, through a combining the reflection and gauge transformation as
U = e%*9% and rotating the line of singularity about 7:

P.A@)=P:A(r)— U 'VU = A(r), (2.63)

€
such that the potential A(—r) transforms as a pseudo-vector in the general reflection
space P. This implies that the spherically symmetric magnetic field B = gr/r3 in
electromagnetodynamics, unlike classical electrodynamics, transforms as a vector. If we

consider an Aharonov-Bohm interference experiment [24] for a charged particle g we see
that it would fail to detect this solenoid without an acquired phase while circling it:

e(iQ/ﬁ)ng'dr — olag/h — 1, (2.64)
which is satisfied by the Dirac Quantisation Condition:

qg = 2mnh Vn € Z. (2.65)
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Consequently, if we should consider the wave function ¥ in ordinary quantum mechanics
which transforms as [18]:

T — U = Yelednn (0)/4mh, (2.66)

satisfying the Schrédinger equation [18, 27] then we must necessarily quantise the variations
in Q,,,/(r) by a passing electron in units of 47, otherwise the function will be multi-valued.
This can only be satisfied by:

% =2 Vnez, (2.67)

which is, of course, the familiar Dirac Quantisation Condition we just saw in (2.65).

2.3 Dark Milli-Charged Magnetic Monopoles

While it might not seem intuitive at first, the negative results thus far in the search for
monopoles have led many researchers to conclude that perhaps there is a mechanism by
which they are being non-locally suppressed in some way. At low energy interaction scales
particles can be classified by their quanta associated with mass, charge, and spin [1].
Observations of astronomical data has placed cosmological constraints on the bounds of
new light milli-electrically charged particles which are generated microphysically.

Cosmically speaking Magnetars are neutron stars with some of the largest and most
uniform magnetic fields observed, with B ~ 10 Gauss (10 MeV?) [1, 13]. They are also
unique amongst other neutron stars in that their constant emissions of x-rays are “powered”
by their magnetic fields rather than by angular momentum or accretion. There should be
a cosmic abundance of magnetically charged particles owing to Schwinger pair production
[28] generating electric and magnetic particles when influenced by their respective fields,
since production mechanism of monopoles would discharge the magnetic fields. The non-
observance of the necessary magnetic fields over the lifetime of the magnetar places strong
bounds on the possible charge of a light magnetically charged particle, ~ 1078, This places
the bound on the milli-charged magnetic monopole [1] as:

Qum = EQ?D <1078, (2.68)

where @, is the charge of the monopole with a dimensionless mixing parameter e, which
corresponds to the ratio of the dark and visible magnetic couplings, gp and g, respectively,
with mp < 1/20 km.

2.3.1 Kinetic Mixing

Perhaps the simplest way to imagine extending the QED to include interaction with the
non-local dark sector would be through the concept of Kinetic Mixing. Here, we use the
parameter from the cosmic monopole charge in (2.68) for Maxwell’s equations modified for
kinetic mixing. Now we may write Maxwell’s equations up to a leading order in € as [1]:

O F" — €0, FIY = et
OuFY — €0, F" = mH AL +epJh
O FM = 0
OuFp = gpK} (2.69)
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for EM and dark electric charges, e and ep, and with magnetic couplings for the visible and
hidden sectors, g = 47 /e and gp = 47 /ep. Using a rather straightforward field redefinition:

A— A+€Ap Ap — Ap, (270)

where Ap is the U(1)p Abelian charge field which couples to magnetically charged photons,
these equations may be further modified to reveal a visible U(1) coupled e-suppressed
magnetic monopole [1]:

O F" = eJ”

OuFY = mH AL +epJh + eeJ”

8MF’“’ = —egp K,

O = gpKb,. (2.71)

Thus this field redefinition causes an exchange between the dual photon and the magnetic
current. Here, we obtain new currents:

J and Jp+eJ (2.72)

with J and Jp, respectively, the two currents associated with the visible and dark Abelian
U(1) gauge fields. Perhaps less obvious is the emergence of a dark milli-charged EM current
coupled to the U(1)p. We may explore this concept schematically by considering the
Legendre transformation [1] of the magnetic frame, with the case of a U(1) gauge boson:

1
4
with G = dB. We may integrate out G in order to restore original theory without the
additional constraint that 0F = K. This implies that that the dual photon, B, couples to

the source of the milli-charged monopoles, K. If instead we integrate out F, we obtain the
opposite theory, that of the dual photon itself:

1 -
L=—-"F?+ ;FG+ KB, (2.73)

1
L= —EGZ + KB. (2.74)

2.3.1.1 Dual Photon Theory Lagrangian

We can of course combine the theories of the photon and the dual photon to obtain the
complete Lagrangian with kinetic mixing for both theories:

1 1 1o, 1=
L= —ZFQ - ZFL% +eFFp + 5FG+ SFpGp + KB + KpBp, (2.75)

where G and Gp are dual photons for both EM and hidden U(1)p Abelian sectors. We
may apply the field redefinition in Eq. 2.70, along with an additional field redefinition for
the magnetic photon:

B— B BD—>BD—6B (276)
such that G and Gp are representations of Legendre polynomials. The final Lagrangian
then becomes [1]:

1

1
L=—-F*—
4 4

1. 1.
Fj+ 5FG + 5FpGp + (K — eKp)B + KpBp, (2.77)
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which now yields new magnetic currents:
K —eKp  Kp, (2.78)
with the new and final form of Maxwell’s equations [1, 29] being:

O F" = eJV

O FE = mhAL +epJh + eeJ”

8ul*:"“’ = gK" —egpK¥,

O = gpKb,. (2.79)

Thus we see that dark sector monopoles become milli-magnetically charged under EM which
suppress the visible magnetic monopoles in K*.

2.3.2 Cosmological Monopoles

As we have seen, magnetic monopoles have very interesting properties which are dependent
upon the relative distance from which they are being observed. If the monopoles are
described by (2.71) then the dark photon mass mp determines the behaviour of the mmCP
[1]. At close distances they appear to be point particles, not unlike quarks. At long distances
monopole-antimonopole pairs are confined by the tension of the Dirac string which is O(1)
for ep when O(m%), however this is dependent upon both the energy scale and other
external forces such as the presence of Magnetars.

This magnetic confinement is equivalent to Higgsing in the Standard Model [1]. Thus
we see that magnetic monopoles are in fact confined objects. In the region of d 2 1/mp, it
is possible to integrate out dark gauge fields such that the mmCP behaves as an e-suppresed
magnetic charge. If d < 1/mp then the mass term can be neglected and we may use the
(2.69) basis. Under an alternative composite field redefinition similar to (4.23) [12]:

Ap — Ap + €A, (2.80)
then our modified Maxwell’s equations become:

OuF" = eJ' + eepJhy + O(m?)

O, F = epJ + O(m3)

O™ = 0

O = gpKb, (2.81)
Here we see that the electric charge and the mmCP do not interact up to some mass-scale
propagation effects which aren’t significant at very short distances such that d 2 1/mp.
Since a static electron current generates both visible and dark magnetic fields, By and
Bp, then static hidden magnetic fields must be screened by the mass of the dark U(1)p
gauge boson, mp, and thus, not unlike in the Meissner effect [18], the dark sector behaves

as a perfect Superconductor. At sufficient distances, the mmCP “feels” like a degenerate
magnetic field with:

Beﬁ‘ = —€BEM + BD = €BEM(€_mDT — 1), (282)

for an effective B field generated depending on both the distance from the magnetic particle
itself to the source of the magnetic field. For our toy model, we assume that the magnetar is
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a volume like a box, with magnetic field lines which run parallel to its sides. From this basic
geometrical relationship we may derive the bound of 1/mp for the detectable milli-charge
of the mmCP, whose Schwinger pair creation rate is given by [1]:

AN Q% ¢°BZ; -~z
— ngBe 283
v dt Ams o (2.83)

with the energy loss from the magnetar per created mmCP given by a simple formula:

Eloss = ngBeﬁda (2'84)

owing to the acceleration of the mmCP by the magnetic fields. Thus there is a requirement
that the force on the monopole from the Dirac string must be less than the divisive force
pulling on each of the ends such that:

mh S 9Qm Betr. (2.85)

2.3.2.1 Estimating Monopole Charge by Production Energy Loss

Finally, we find the loss of energy due to the pair-production and acceleration of monopoles
by the energy density of the magnetic field:

dE Q2 9232ﬁ _m?2
dtdv m47r3 off o QmoBet B (2.86)

with the constraint that the upper-bound of this quantity is less than B2 /2tiite for the
magnetar lifetime, 5. Thus we find the charge of light mmCP monopoles to be lower-

bounded by:

1/3 /104 13 70015 1/3
O, > 10718 (2061711) / (10 Zears) (10 gauss> 7 (2.87)
giving € < 10716 for a magnetar with lifetime ¢ > 10* years, with Q,, taken in terms of
g = 4m/e [1]. This is a very strong bound on the value for e, much more stringent than
that of previous estimates given by scenarios such as the cooling of red giant stars [1, 13].
Thus, quantum mechanically, for the confined dark monopole-antimonopole pair separated
by an arbitrary distance r we find the complete Hamiltonian for the reduced monopole mass
= M /2 for the total monopole mass M to be [13]:

2
HO pﬁ _ aie_mDT + C7T’U2D’I", (288)

:2,u T

for the dark magnetic fine structure constant ap = gQD JAm = 4m/ 62D and the confining force
Crv?, with vacuum expectation value vp and a dimensionless O(1) confining parameter C.
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Chapter 3

Zwanziger Two-Potential
Formalism for Visible and Hidden
Charges

3.1 Zwanziger Two-Potential Formalism

The Dirac string manifestly breaks Lorentz invariance since it introduces a signed vector
which indicates a specific direction for the string [24]. Numerous solutions have been
proposed, in particular the quantisation condition of Schwinger which sought to solve
the problem but required the addition of numerous physically non-observable quantities
in order to ensure that the magnetic monopole couples to the gauge field. In order to
rectify these problems, Zwanziger introduced his Two-Potential Formalism, which adds a
second visible gauge field B, which couples solely to the sources of magnetism [30], while the
ordinary EM U(1) gauge field A, couples solely to electric sources, as in the conventional
QED Lagrangian. To suppress the unphysical nature of the Dirac string direction, he also
introduced unit vectors n* which allows for the sign of the direction to be maintained in a
way that can be calculated away in problems.

This formulation still breaks Lorentz invariance on account of the additional direction,
but it necessarily restores physical locality to the sources of the charges. In terms of
their corresponding currents and field sources, the Zwanziger field strength tensors are
now defined in terms of products of two-forms as [24]:

F=0ONA+ -0 (nAK), F=(@MNA) - (-0 nnK)
F=—@ABY+ -0 nnJ), F=@AB)+ (- -0)"YnAK)? (3.1)

where now we have a dependence between the two gauge fields, requiring a field definition
such that:

ONB=(0NA)Y, (3.2)

where (a A b) = aub, — ayby, (a- G)Y = a,G* = —G""a, = —(G - a)”, which gives
a-*(bAc) = a,e ,xb°c? for the four-vectors a, b, c and an antisymmetric tensor, G [31]. If
we begin with a U(1) Abelian gauge theory for a non-vanishing 6 angle, we may define the
free Lagrangian for a holomorphic coupling between the dual field strength tensors as [24]:

1

»cfree = _@

F FH . (3.3)

0
e
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Here, the second term corresponds to a symmetrically consistent but ultimately Charge-
Parity (CP) violating 6 value such that:
0 ~ 0 0

F

3952 Y = *R(E”VPUAV@)AU) = —E-B. (3.4)

Lo = 47

which, in the absence of either dyons or magnetic monopoles, is a total derivative which
does not contribute to the equations of motion. Rather, the electric charge of the dyon is
affected by it, leading to an amalgamate charge condition known as the Witten Effect:

Q:q+%. (3.5)

In the form of a two-potential set of field sources, this Lagrangian term may be expressed
as:

N s Y A A B 7B
Lo=—J— e = (F4 A+ FEFE), (3.6)
In terms of 7, the holomorphic gauge coupling:
T = % + g, (3.7)
we may re-write this Lagrangian in (3.3) as:
Livee = —Im——(F,, +iF,)? . (3.8)

327

We define the dual field strength tensors in terms of two visible Abelian U(1) gauge
potentials. A, and By, respectively as [2], with A, coupling to the local electric currents
via the photon field and B, coupling to magnetic currents so that:

F

A @A) *{n A @AB))).
ﬁ’:%(*{n/\[n-(@/\fl)]}%—n/\[n'(8/\3)]), (3.9)

Thus, we may generalise Zwanziger’s Lagrangian [32] for the CP-violating 6 as [2]:

L=—Tm o {In-9A(A+iB)]-[n-9A(A-iB)]}
_ R887:n2 {[n-0N(A+iB)]-[n-+d A (A—iB)]}
~Re[(A—iB) - (J +7K)]. (3.10)

In momentum space may can describe the relationship between the dual photon fields as:

Im(7)
47

Oy (P 4 iF™) = Ji + K", (3.11)

such that the field strength tensors can be written in terms of:

a

n A A B
Fou =5 (nuFay = o Ffy, = a7 F)
= _n® B B A
Fuw =5 (muFy = mFg, + e’ n' Ejf ) (3.12)
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Fixing the gauges, by choosing the axial gauge in which n* is chosen to be space-like with
[24]):

1

_ 1
- 2n2

L =
¢ 2n2

{002 )%+ [0(n - B)*]} {670 Vo)) - (- i)}, (3.13)
we obtain the expressions for the currents by canonical quantisation from the equations of
motion as:

n-o a a a ab_ vpo b a

o (V= un -V 0 V= e, P,V ) = U (3.14)
Thus we finally obtain the full expression for the Zwanziger Lagrangian for visible electric
and magnetic charges:

n%*nH Im() 1
Lap=—""00 [gﬂy (FabF + FSED) = 5o (Fab iy — Fof‘yFﬁg)}
~Re[(A—iB)-(J +7K)] , (3.15)

This expression can be better expressed to obtain something more useful for calculating
values as [2]:

nnt g, {477

Lap=— (FisFm, + FfﬁF;ﬁ)}

gz’ |2
o Weﬂ K |:27T(FaVF'y§+FaVF'y(5) - ?(FOWF’WS _FOCVFW(S)
4 6
— T A" = KB~ ALK (3.16)
€ T

We may further extend this symmetry to the dark sector by the addition of matching
dual U(1)p two-potential gauge fields, Ap and Bp which each couple solely to the dark
electric and dark magnetic currents, respectively. This requires the addition of two mass
terms, ma,, and mp,, since the dark Abelian gauge fields may be massive, by contrast to
their visible counterparts. We also require additional dark electric and magnetic currents,
Jpu and Kp,, coupling to dark electric and magnetic charges ep and gp, respectively which
are generated by a fermion, 1. Putting everything together we obtain:

nn# AT A A Bp B
LAp,Bpe=— Sn2 gﬁy l:eg(Fa,BDFpuD + Fa,BDF;wD)
s [0 pap pa B dm A Ap B
ezt {%(FWDF%D +FP ) - eﬁ(FquFyaD — FoPEG)
47 6 m mp
eh ™
nn# A
+eeep—yg” (FiPFg, — FIPFE)] (3.17)
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3.1.1 Equations of Motion

We may define the electric and magnetic fermion current by spinor currents for the visible
parts of J and K, and their respective hidden sector counterparts:

Ju = e@ewllfe,
Ky = g%y, 9y,
Jpp =epVep1u Ve,
Kp, = 90V, 1Py (3.18)

Without changing the dynamics of the Lagrangian, the CP-violating 8 can be set to zero.
Thus, the complete renormalised Lagrangian describing Zwanziger’s two potential formalism
for electrically and magnetically charged fields with hidden and visible sector kinetic mixing
may be rewritten as [29]:

(67

nent

1
A 1A s A A
L=- 2n? {gﬁy(FaBFW + FOZBﬁFAE/) - 55/1”7 (Fquw - Faszﬁi) - Ju A" — K, B"
n“n# Ap A B 1 s N A B
i {gﬁV(FaBDFMVD + FaﬁDFlﬁD) _ igﬂw (F(E/DFWSD _ FaVDF,y(SD) _ JDMA% _ KDNB%
2 2 o
A mp nent A A B
— 52 Ap Al = =22 By, Bfy + ccep g™ (FipFa, — FEPFE)]. (3.19)

We should expect that our dual photon fields in (3.12) transform as:

o, F" = Z—; (n“(?ijf” —nto, Fy — Euwgnﬂ,@VFgﬁ)

n
9, F1 = nig (n“@VFgf” —nto, Fg' + E“'”(;nﬂ,@VFXB),
however we must also consider the additional effect of the inclusion of kinetic mixing between
the visible and hidden sectors, accounted for in our equations of motion:
n® eeep

nt v
Le=ceep—y—g™ (FapFra, — FhasFlh) = 5 FwFp (3.20)

Of course, under SL(2,Z) transformation the behaviour of the mixing term gives us:

o (Ffag +iFBas) (Fib +iFE), (3.21)

L. =ceep 5
n

and therefore, for example, we may describe the visible A-field Lagrangian simply as:

n* g4 pA L s B A pA B
»CA:_ ) g FO!BF#V_ie'U’ (FauF’y§_F01VF75)
nnt A

— J, A" + eeep 79’81/}7@51)1%”

for which the Euler-Lagrange equation implies:

—ng - 8p n2 aﬁ v

0 ( n%nt

1 nent
Bu A A 5B A A B By 2 Ap A
Ao, A,) 5 {g "FopF, — 55,[’7 (For Fys —Fa,,F,ﬂ;)] + eeep g'F PF )
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Thus we have that [29]:

0 nnt
6V A Na o u ao __ v ap
8p8(8pAg)( FA L > ) (nM0,F37 —n"0,F,"),

0 nnt Ny y s
0 3 ( Eu 75(F£/F$5 - F£F£)> = <2npe’“”50 F& — noe°9,F) )

P9(0,Aq) \ dn2 n?
- Z—ge“”agnwangﬁ,
g9 (eee 'B”FADFA> g9 (666DFAF“")
P90,A0)\ P n2 P0(9,A,) \ 2 THAD

Na o
_ o p Qo 0 p
=3 ceep(nfO, A7 —n?0,F 4 ).

This yields the expression for Maxwell’s equation for with kinetic mixing between Abelian
U(1) EM and dark photonic fields in A, as [1]:

D, Fh — ed,FhY = Z“ (n0, 4 — 0" 0,F — e 4n,0,F 7 + ecep(nP0,F3t — n” 0, F

Thus all of Maxwell’s equations may now be written, in terms of their respective currents:

n
o, Fh" — eaqu; = n; (n“c? —n’o, F{ — e”mgnyangﬁ + eeep(n*0, Fy7 — n”&,FZ}’;))
=eJ#
n B
o, F5” + e@quZ = ng (n“a B —n"O, Fg!' + " gn,0,F}" — eeep(n'0, Fg. — n”@,,FEﬁ))
O#Ff;; — e, Fi¥ = ng (n 0,F% — n”&,FXZ — e“”o‘ﬁnv&,FgﬂD + eeep(n*0, FY — n”&,Ff{“))
n
= eDJD + mADADu
O Fp + €0, Fp" = n; (n“a —n"0,Fgt + "% gn,0, FA —eeep(nto, Fg" — n”(?VFg“))
n
=gpKl\ + mQBDBDH. (3.22)

By simply redefining the fields A — A+eAp and Ap — Ap to preserve the massless photon
we may eliminate the kinetic mixing term from the left side of the equation [12]. We may
do the same for the dual photon field to ensure that it will also be massless. We redefine
B — B, and Bp — Bp —eB to find the modified Two-Potential Maxwell’s equations [1, 29]:

O F" =eJ*,

OuFY = ee" +epJf +mi, App,

3MF§” =gK" — egDK]%,

OuFgy = 9pKp +mi, Bpy. (3.23)

which is essentially identical to what Hook and Huang derived in their work [1], which we
obtained earlier in (2.79).

3.2 Diagonalised Currents

We may achieve diagonalisation of the currents by transforming to the appropriate basis.
For a family of arbitrary SO(2), the angle ¢ preserves the diagonal kinetic terms. In the
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(A, B) basis, full diagonalization in the mixing basis is achieved by [2]:

A, [ cosg+eeepsing —sin¢ + eeep cos ¢ A,

Apu | sin ¢ cos ¢ Apu )’
_ cos ¢ —sing B,
| sing —eeepcos¢ coso + eeepsin ¢ EDH

Similarly, in the (A, B) basis:
A, _ cos¢p —sing¢ — eeep cos ¢ Ay
Ap, )\ —sing cos¢+ eeepsing Apy,

1 B cos¢ + eecepsing  sin ¢ B,
EDM | —sin¢g +eeepcosd coso Bp, '

)

N—

S/

(3.24)

(3.25)

(3.26)

(3.27)

We note that the rotation matrices describing the transformations of these currents are
the inverses of the transposes of one another which map the currents in their barred or
unbarred form to their to their (A4, B) counterpart mixing terms in the diagonal basis. To
find the corresponding diagonalised currents in the mixing basis corresponding to the case

when sin ¢ = 0 we use:
ejﬂ _ cos ¢ + eeepsing  sin g ey
epdpuy )\ —sing+eeepcosg cos¢ epJpu )’
K,/e [ cos¢ sing —eeepcos¢ K,/e
Kpu/ep |\ —sing cos¢ + eeepsin¢ Kpu/ep |-
Again, in the (A, B) basis we find similarly:

ey, _ cos ¢ —sin ¢ ejﬂ
epJpuy |\ sing —eeepcos¢ cos¢ + eeepsing epdpu |’

( K,/e >:<cos¢+eee[)sin¢ —sin¢+eeepcos¢>< K,/e

KD;L/eD Singf) COqu FDy/eD

There is also an alternative mixing basis in (A4, B) corresponding to tan ¢ = eeep:

( ezu >:<COS¢+eeeDsinq§ —singf)—i—eeepcosd))( edy )

epJpu sin ¢ cos ¢ epJpu

K,/e B cos ¢ —sin ¢ K,/e
Kpu/ep )\ sing —eeepcos¢ cos¢+ eeepsin g Kpu/ep |-

And finally, in the (A, B) basis we find:
ey _ cos¢ —sin¢ — eeep cos @ eju
epJpuy )\ —sing cos¢ + eeepsing epJpu |’

K,/e B cos¢ + eeepsing  sing K,/e
Kpu/ep )] \ —sing +eeepcos¢ cosd Kpulep |-

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

Stunningly, this result agrees with the work of [1], which gives an e-suppressed magnetic
charge to Kp in K when ¢ = 0. The difference in the transformations of the K and .J

currents comes directly from the variations in the transformations of A and B.
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3.2.1 Dark Confinement

A dark monopole-antimonopole pair under confinement by a Nielson-Olesen flux tube [2]
has a string tension of (’)(mQD 4) with the dark magnetic charges coupled to Bp,. Since,
due to Higgsing, a dark electrically charged scalar field acquires a non-zero mass due to its
VEV, this requires the addition of a dark electric mass, mp4, to the Langrangian defined
as:

2

m
EAD mass — 2DA ADMA% . (3'36)

In the case where the dark photon becomes massive, there is only a single preferential value
of ¢ = 0 which preserves the massless photon. This causes a mini-charged electric coefficient
of ee?ep to couple to the massive photon. We find the diagonalised currents in the (A4, B)
basis to be:

T =y, Jpp = Jpu +e€®Jy,
K, =K, —e*Kp,, Kp, = Kp,. (3.37)

In the (A, B) basis the unbarred currents are found to be the same, with the only difference
being the sign of the terms with the electric coefficient:

J# = 7#’ JDH = jDM — 6627“,

K, =K, +e’Kp,, Kp, = Kp,. (3.38)

In the event where the dark magnetic scalar field undergoes the same process, then the
dark electric charges are confined by electric flux tubes. In this case, then the Lagrangian
requires the addition of a second mass term:

2

m
EBD mass — 2DB BDMBg . (339)

In order that U(1)gy maintains unbroken symmetry in the visible sector, it is necessary to
set tan ¢ = eep €, which give these diagonalised currents:

jﬂ = J# + €€2DJD“, jD# = JD,u,
K, =K, Kp, = Kp, — eeh K. (3.40)
Again, similarly to the previous case in the (A, B) basis the unbarred currents are once

again found to be the same, with a change in the sign of the terms with the dark electric
coefficient:

ju — ee%jpu, Jpu = ij
K,, Kpu = Kpy +eeh K. (3.41)

Ju
Ky

3.3 FeynRules and MadGraph

The Lagrangian in (3.19) was implemented in FEYNRULES [3], which is a software suite with
a language based on Mathematica that is commonly used for developing computational
models for doing particle physics simulations based on statistically generated events.
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Various parameters were added, including the kinetic mixing coefficient €, which can be
set in the program as an external parameter (default internal value = 1.0). Other novel
additions include a value for the Magnetic Fine Structure constant, Dark Electric Fine
Structure constant, and Dark Magnetic Fine Structure constant. There are also additional
couplings added to the model for the dark electric coupling which couples to a dark electric
Abelian gauge field, and visible and dark magnetic couplings which couple to their own
additional visible and dark Abelian group, respectively. This implementation was in turn
used to output a UFO (Universal FEYNRULES Output) model with Mathematica that was
used to generate the Feynman Diagrams of the processes for the four main processes:

ete” 5 A

€E ep — Ap

9 9" =B

95 95 — Bp, (3.42)

where e and ep along with g and gp denote the visible and dark electric and magentic
couplings corresponding to visible and dark electric 9, and ¢, and magnetic ¢, and 1,
fermionic field operators as seen in (3.18), for with their respective U(1) Abelian gauge
fields A, and Ap,, and visible and dark magnetic U(1) Abelian gauge fields B,, and Bp,,.

In order to generate these diagrams, three additional U(1) gauge fields were added
to the imported QED FEYNRULES configuration. These are the aforementioned
B,, Ap,, and Bp, gauge fields. Further development is required to use the model to
compute any actual numerical output as unfortunately, this implementation does not
properly compute cross-section values as of the time of the writing of this thesis. However,
it does allow one to generate the diagrams of each of the four processes with the correct
vertices.

The UFO is imported into MADGRAPH [4] where a Preb folder is generated for each of
the above processes.

3.3.1 MadGraph Generated Feynman Diagrams

e+

Figure 3.1: Feynman Diagram for Visible Electric Coupling with vertex strength —ieva 2
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Figure 3.2: Feynman Diagram for Dark Electric Coupling with vertex strength —ie D'ygL <2

mf-

mag_b 3

mf+

Figure 3.3: Feynman Diagram for Visible Magnetic Coupling with vertex strength —ig'yf:L 2

dmf-

dmf+

Figure 3.4: Feynman Diagram for Dark Magnetic Coupling with vertex strength —igpvé‘l’ 2
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Chapter 4

Velocity Dependent Milli-Magnetic
Dark Abelian Monopoles

Following the failure of the Zwanziger Two-Potential model from the previous chapter to
produce the correct output for the four charge-anticharge coupled to their respective U (1)
Abelian gauge field, it was decided that an alternative approach was necessary. Some
members of the MoEDAL collaboration had previously produced a paper describing a visible
monopole with an anomalous magnetic moment [16]. By analogy to Rutherford scattering,
we will now consider a relativistic velocity-dependent magnetic coupling which depends
upon the monopole mass.

The Lagrangian is essentially a modified QED Lagrangian, with a magnetic coupling
g coupling to the visible EM U(1) hypercharge. Similarly to the approach taken by Haas
et al [12] in their work on electric mini-charges, we have extended the velocity-dependent
Lagrangian to include kinetic mixing with a dark U(1)p Abelian gauge field via a milli-
charged dark monopole. The most interesting feature of this approach is the resulting visible
e-suppressed dark fermion current which couples to the A, gauge field under EM. The main
advantage to this approach is that it allows us to compute cross section values for proton
collisions at the LHC power scale with two different production mechanisms: Drell-Yan and
Photon Fusion.

4.1 Velocity Dependence of Magnetic Charge

We may define the quantisation of the electric and magnetic charges according to the Dirac
Quantisation Condition in terms of physical quantities as [16]:

1
e = 5n (47T€(]C)§ he, VYneZ, (4.1)

with ¢, the speed of light in vacuum, A, the reduced Planck constant, €y, the vacuum
permittivity, and with £ = 0 giving Gaussian units or £ = 1 giving SI units. In natural
units (which we shall use for the remainder of the calculation) we find the fine structure
constant to be given, at zero energy scales, to be o = % = %, which leads to the definition
of the Fundamental Dirac Charge seen earlier in (2.15):

1
g=—n (6) e = 68.5e (e) n=n EgD, Vn e Z, (4.2)
200 \qe Qe Ge
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with gp =~ 68.5e. The differential cross section for classical, non-relativistic scattering of
electrons off of a magnetic monopole is found to be:

(s
dQ  \cpvg N 4sin?(3)

which assumes a frame in which the monopole, initially at rest, scatters an electron

with initial velocity vy by 6@, the scattering angle. Classically, we find cos(g) =

sin x dx
sinf df

: (4.3)

2
cos(%) ‘sin (%)‘ with pu = %, the reduced monopole mass for a two-body problem.
We shall focus upon the case where p ~ m with M > m, such that x = 2arccot (uvgb/|k|),
an angle defining the Poincaré cone for the classical trajectory of the electron on a confined
monopole background. For very small scattering angles § < 1, we find the approximation
of differential cross section in (4.3) to be:

do eg \2 1
— = 1. 4.4
dQ (Q,uvgc) 0/2)* b< (44)

which varies quite significantly from the well-known Rutherford scattering problem in
electrodynamics [18]. For standard Rutherford electron-electron scattering, we find the
replacement to be:
g _,° (4.5)
C Vo
In the case of detection and capture of magnetic monopoles in media, we may consider the

velocity-dependent magnetic charge expression to be:
v J—
g%ggzgﬁ- (4.6)

Since we are assuming electromagnetic duality, as defined by the quantisation condition, we
find an equivalence between the electron-monopole scattering and the Rutherford scattering
problem to be equivalent under this substitution. We recall a Lorentz invariant expression
for the monopole velocity, 5, which is defined as:

B=1- : (4.7)

where M is the mass of the magnetic monopole, with the Mandelstam variable s such
that \/sqq = 2E, /,, the centre-of-mass energy for the incoming particle fusion which could
be either (anti)quarks or photons. Thus, in terms of the fundamental electric charge and
electric fine structure constant, we make these substitutions:

e gB), (B =g¢"", =01,

2 2 2 926
Qe = é%r = ag(f) = 94(7?) = g4€r = aﬁ 525 . (4.8)

Thus, we may simplify the expression for the magnetic fine structure constant accordingly as
ag = g?% /(47), where § = 1(0) in either the beta-dependent or beta-independent case. The
effective theory for the magnetic monopole Lagrangian can be considered as an interaction
of photons within a spin-S electromagnetic field theory [16]. We find the magnetic dipole
moment of the monopole [33] to be induced by an electrically charged particle, g., moving
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in a loop which is far away from the origin of the monopole centre which itself is centrally
pierced by the Dirac string. This is found by ordinary classical mechanics to be:
Ho

BD:47T7"3 |ND‘(2 cos¢9r—|—sm09>, (4.9)

with unit vectors given by t and é, respectively referring to the radial and angular directions.
Using the potential substitution, Bp = V x Ap, we find the potential for the monopole
magnetic field from (2.50) to be:
g9 . «
Bfﬁgnopole = Bmonopole + Bsing = ﬁ r—= 47Tg n 9(2) 5(1“)5(?/)’ (410)
where the axial unit vector 7 = (0,0, 1) lies along the z-axis of Dirac string. The magnetic

monopole gauge potential itself has two distinct regions, Ay and ffg, seen previously in
(2.2.4.1) to be [22]:

- - —g(1+cosf) ~ T "
ANy =—g(1+cosf) Vo = g b, 0 e (—2 —o,m, d—=0T, (4.11)
and:
- - g (1 —cosf) ~ s n
As =g (1 —cosf) V¢ = g 0, 0 € [0, 3 +4), 0—0", (4.12)

with both potentials admitting exactly one singularity each: for the northern hemisphere,
with the north pole at § = 0, and for the southern hemisphere, with the south pole at
¢ = 7. In the overlapping region at the equator, 5 —d < 6 < 5 +6,6 — 07", leading to a
difference between the potentials:

L . 2 ~
Ag—Ay=Vf=—"2

. 4.13
r sin 6 (4.13)
Thus the dipole moment potential with unit vector 7 perpendicular to the plane of 7 and fip
for the centre of the sphere over a large distances r is found to be [33]:

_@,JDXF’:@|,11'D|sin€77

Ap = 4.14
D= ur 3 4 r2 ( )

4.1.1 Kinematic Distributions

We will consider the magnetic monopole to interact a point-particle, described by a U(1)
gauge theory with 1), a spinor-field. In the case of the massless A, gauge field we merely take
the QED Lagrangian and impose upon it the requirement of electromagnetic duality, from
which we obtain the expression for a magnetic moment generating term in the Lagrangian
[16]):

1 —
*Cmag. moment — *ZZ g(ﬁ)ﬁFuuwh/#a Y ]wv (415)

where k is the anomalous magnetic moment. If x = 0, it is possible to recover the ordinary
Dirac Lagrangian. Thus the effective spinor-monopole-photon Lagrangian may be written
as:

L= —iFWF‘“’ + (9 — igg A — m)ip — ii 9(B) & Fp [y, 7" 1, (4.16)
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where at the tree-level, the magnetic moment term for a spin-1/2 magnetic monople is given
by the gyromagnetic ratio gr = 2(1 4+ 2&) for a dimensionless constant & as:

M= 92(]@)(1 + 2F), (4.17)
with: 3
)= % (4.18)

4.1.1.1 High Energy Limits for Production Differential Cross Sections

In the high-energy limit, with s, — oo we find the differential cross for Photon Fusion to
be [16]:

daS,:% — MHZ (1 —cos?6), Kk # 0,
qq—MM Sqq—00 36 (4 19)
dQ 5Pacay(5) ~

1 26 =0.
3654, (1+ cos?0), K

For the process of Drell-Yan production, we find the differential cross section in the high-
energy limit to be:

O_S:% o 8qq—00 1071'50%@9(,3)
qa— M 254q

(k%84 + 2 — 126M). (4.20)

4.2 Dark Velocity-Dependent Magnetic Monopoles

Following Haas et al [12], and the trajectory of research we began with Hook [1], Terning
and Verhaaren [2, 34-36] we introduce a kinetic mixing term previously seen in (4.21) to
our Lagrangian in (4.16) as:

€ v
EKM = _5"4D,ul/BH ’ (421)

along with an additional term in the Lagrangian which exactly mirrors (4.16) except that
electric charges have been replaced by their magnetic counterparts:

2
€ 1 - . .
Laap =Lsu + ZAWA%V - ZA,L?VA%V +iYp(J — ZgD,BAD - ZGQD,@A —mp)¥p
1 - 1€ -
- ZQD/BHDAD;uﬂ/)D [, 9 D + ZQDMJDAWl/JD [, 7" ¥, (4.22)

where the product of the visible and dark fields in (4.21) have been completely separate by
the introduction of a field redefinition as previously see in (4.23) as:

Ap, — Ap, + €By. (4.23)

Here the subscript D denotes the corresponding dark equivalents to the visible magnetic
couplings. In all of the previously given definitions we merely replace the couplings with
gpg, with the monopole mass in 8 given by the dark monopole mass, Mp. Thus, we find
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the complete Lagrangian for the Abelian velocity-dependent magnetic monopole with both
visible and hidden couplings with kinetic mixing to be:

1 - 1 7
L== FEuw " +ip(§ —iggA —m)y —i7 9(B) & Fu [y, 219

€2 1 v . .
+ ZAWAW - EAZ/A% +Wp(J —igpgAp — iegpgA — mp)Yp
1 - y 1€ — u
- ZgDﬂ'%DADuyd}D [7M7 Y WJD + ZgDﬁ"/‘:DAMVQZ}D [IYM?’V }¢D7 (424)

where we now see in the final term that an e-suppressed detectable visible magnetic
monopole, coupled to A, is generated by dark fermionic operator 1p under the oridinary
EM U(1) gauge.

4.2.1 High Energy Limits for Dark Production Differential Cross Sections

With the addition of the dark magnetic coupling and the kinetic mixing parameter, €, we
find that in the high-energy limit, with s,, — oo the differential cross for Photon Fusion
varies from the visible differential cross section in 4.25 solely by a factor of e*:

=3 5¢'fpacag, (Bp) k2 (1 — cos? ) kp # 0
aaMpMp - 2% 15,38 ’ ’ C (42)
dQ 5" Bpacay, (Bp) '

(14 cos? ), kp = 0.

36544

Similarly, tor the process of Drell-Yan production, we find the differential cross section in
the high-energy limit takes on a quadratic €? coefficient:

S=1 sqq—o0. 10me2Bpacay,, (Bp)

2 —_—
UqaﬁMDMD 275qq (K“Dsqq +2 12"QD]MD), (4.26)

with kp as the dark magnetic moment.

4.3 FeynRules and MadGraph

A FEYNRULES [3] implementation for (4.24) was completed with appropriate spinor algebra
for spin-1/2 monopoles. The approach taken was partially based on the work of Baines [16,
17]. Numerous novel parameters were implemented including a dark electric fine structure
constant, kinetic mixing parameter ¢, visible and dark effective magnetic couplings, and
visible and dark magnetic moments. In addition to these, another U(1)p Abelian gauge, a
dark equivalent to the Standard Model visible EM gauge field, with a corresponding dark
Ap,, field was also added. Additionally, both visible and hidden magnetic monopole masses,
M and Mp, are included.

This FEYNRULES file was then imported into Mathematica along with the original
FEYNRULES file in order to generate a self-contained beta-independent UFO file. While
this UFO produces the correct diagrams and vertices for each of the processes, the cross
section values as calculated by MADGRAPH [4] are not yet accurate compared to theoretical
expectationss. This is due to a yet-unidentified flaw with either the FEYNRULES file or with
the manner in which FEYNRULES compiles to a UFO via Mathematica.

Instead, a new spin-1/2 UFO file was handwritten in Python 3.8, based on the work of
Santra et al [37]. This implementation has an e-suppressed monopole coupling which was
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modified from the original QED formulation, including modified Lorentz vertices for the
beta-dependent form factor which itself is written in Fortran. Using the parameter card, a
user can specify all of the necessary information in order to generate any desired process:
whether it be an EM or dark magnetic monopole. The beta-dependent form factor can be
turned on or off simply by setting it either to 1 or by the definition given in (4.7). We
shall use this formulation of the beta-dependent case to evaluate the monopole production
mechanisms of Drell-Yan and Photon Fusion which, as we shall see, are the dominant
mechanisms for our high energy beam collisions.

This UFO file accurately reproduces all of the spin-1/2 calculations from [16], including
all of the production cross sections for either Photon Fusion or Drell-Yan production
mechanisms at whatever energy scale is given for any acceptable beam energies. In the
parameter card, a Parton Distribution Function, which models the amount of quarks and
antiquarks in the proton, if a proton beam collision is being used in the process. The
default MADGRAPH PDF is used for Drell-Yan processes, and for Photon Fusion processes
LUXQED [38, 39] was used. Unless otherwise noted, the following graphs are PDF-free.
Where relevant, the PDF used will be listed in the caption of the graph. Our calculations
are all given at the current LHC power scale of 13.6 TeV. In figure 4.1 we show the three
Feynman diagrams generated by MADGRAPH for the Drell-Yan process, while in figure 4.2
we show the two Feynman diagrams generated for Photon-Photon Fusion.

For figures 4.3 to 4.7, we show the numerical simulation results for Drell-Yan without a
PDF. We vary the value of the magnetic moment, s for each run according to the legend
of the plot. Each subsequent plot shows the value of € decreasing by an order of magnitude
until it reaches 104, As previously stated, the value of € scale quadratically so each graph
effectively shows the exact same curves but with their overall value reduced by €. Figure
4.8 shows the unitary value of the theory with x = 0, while comparing the values of € over
the range seen previously.

For figures 4.9 to 4.13, we show the numerical simulation results for Photon Fusion
without a PDF. We follow the same prescription of varying e as we did previously. As
previously stated, the value of € scale quartically so each graph effectively shows the exact
same curves but with their overall value reduced by €*. Figure 4.14 shows the unitary value
of the theory with x = 0, while comparing the values of € over the range seen previously.

For figures 4.15 and 4.16 we used the Drell-Yan scenario with the nn32lo PDF for a
proton beam of ,/s;, = 13.6 TeV and x = 0. For plot 4.15, we show only € = 1.0 but plot
4.16 shows a range of values of € € [1.0,0.0001], which shows the quadratic nature of the
coupling.

For figures 4.17 and 4.18 we used the Drell-Yan scenario with the LUXQED pdf for a
proton beam of |/sgq = 13.6 TeV and x = 0. For plot 4.17, we show only ¢ = 1.0 and
plot 4.18 shows a range of values of € € [1.0,0.0001], which shows the quartic nature of the
coupling.

Finally we note that for the final two graphs 4.19 and 4.20, comparison plots between
both mechanisms are given (figure 4.19), including a direct comparison of the total cross
section for a fixed mass value against the scaling e parameter (figure 4.20). As previously
stated, € scales quadratically for milli-charged Drell-Yan processes and quartically for milli-
charged Photon Fusion processes. This implies that as the value of ¢ — 0 that Drell-
Yan becomes the more dominant process. This can also be seen in the second last graph
where an inflection point around 2/3 of the maximum monopole mass occurs, causing the
usually dominant Photon Fusion process to be outperformed by Drell-Yan. This happens
somewhere around 5.5 TeV at the 13.6 TeV energy scale. This is very relevant for the
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purposes of MoEDAL-MAPP, as the relativistically slowest and heaviest monopole masses
are the most detectable since beyond a certain velocity level they will not penetrate the
detector plates of MAPP but rather pass through them without any notable interaction.
Thus, along with the increasing difference in the e coupling strength, the upper regime of
highly massive, slow moving monopoles will prove to be the most likely detectable. The
results remain to be seen, but considerable optimism suggests that should the milli-charged
dark magnetic monopole exist then it will be eventually detected.

diagram 1 QCD=0, QED=2

diagram 1 QCD=0, QED=2

diagram 1 QCD=0, QED=2

Figure 4.1: Feynman Diagrams for Drell-Yan Process of Dark Monopoles for three quarks
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diagram 1 QCD=0, QED=2 diagram 2 QCD=0, QED=2

Figure 4.2: Feynman Diagrams for Photon Fusion of Dark Monopoles and Antimonopoles

Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process
with e=1 for Sqrt(Sqq)=13.6 TeV
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Figure 4.3: Spin-1/2 Monopole Production by Drell-Yan process at 13.6 TeV with ¢ = 1.0
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Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process
with £=0.1 for Sqrt(Sqq)=13.6 TeV
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Figure 4.4: Spin-1/2 Monopole Production by Drell-Yan process at 13.6 TeV with e = 0.1

Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process
with £=0.01 for Sqrt(Sqq)=13.6 TeV
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Figure 4.5: Spin-1/2 Monopole Production by Drell-Yan process at 13.6 TeV with € = 0.01
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Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process
with £=0.001 for Sqrt(Sqq)=13.6 TeV

i °
°
°
w .
[ J [ ] [} [ J [ ] [ ] i
[ ] ) °
°
° o o ° ° ° ° ° ° e |
L ® o k=0
_ °
o5 100000 — e k=10
] ]
®7 k=100
s}
o k=10000
0001 — —
° ° ° ° °
° ° ° o
°
108 o
ol
.
o 1000 2000 3000 4000 5000 6000
M (GeV)

Figure 4.6: Spin-1/2 Monopole Production by Drell-Yan process at 13.6 TeV with e = 0.001

Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process
with £=0.0001 for Sqrt(Sqq)=13.6 TeV
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Figure 4.7: Spin-1/2 Monopole Production by Drell-Yan process at 13.6 TeV with e = 0.0001
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Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process for k =0
with scaling & in[1.0, 0.0001] for Sqrt(Sqq)=13.6 TeV.
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Figure 4.8: Spin-1/2 Monopole Production by Drell-Yan process at 13.6 TeV with x = 0
and e € [1.0,0.0001]

Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process
with e=1 for Sqrt(Sqq)=13.6 TeV

L4 ° ° ]
10% - d ° 1
o
° ° ° ° ° ° ° o 1
[ J
L ]
° ° ° ° ° ° ° L
L . |
100 ° o o ° k=0
a ® =10
Q
= ® L k=100
o
o k=10000
100 |- 4
[e ° ° ° ° ° o
1000 | [ ] P
°
o |
'Yy
o 1000 2000 3000 4000 5000 6000
M (GeV)

Figure 4.9: Spin-1/2 Monopole Production by Photon Fusion process at 13.6 TeV with
e=1.0
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Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process
with £=0.1 for Sqrt(Sqq)=13.6 TeV
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Figure 4.10: Spin-1/2 Monopole Production by Photon Fusion process at 13.6 TeV with
e=0.1

Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process
with £=0.01 for Sqrt(Sqq)=13.6 TeV
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Figure 4.11: Spin-1/2 Monopole Production by Photon Fusion process at 13.6 TeV with
e =0.01
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Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process
with £=0.001 for Sqrt(Sqq)=13.6 TeV
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Figure 4.12: Spin-1/2 Monopole Production by Photon Fusion process at 13.6 TeV with
e =0.001

Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process
with £=0.0001 for Sqrt(Sqq)=13.6 TeV
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Figure 4.13: Spin-1/2 Monopole Production by Photon Fusion process at 13.6 TeV with
e = 0.0001
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Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process for « = 0
with scaling & in [1.0, 0.0001] for Sqrt(Sqq)=13.6 TeV
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Figure 4.14: Spin-1/2 Monopole Production by Photon Fusion process at 13.6 TeV with
k=0 and € € [1.0,0.0001]

Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process
with =1 for Sqrt(Sqq)=13.6 TeV
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Figure 4.15: Spin-1/2 Monopole Production by Drell-Yan process for gg with nn23lo PDF
with kK =0 and € = 1.0 at 13.6 TeV
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Spin 1/2 Dark Monopole production by 8 Dependent Drell-Yan process for k =0
with scaling £ in[1.0, 0.0001] for Sqrt(Sqq)=13.6 TeV
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Figure 4.16: Spin-1/2 Monopole Production by Drell-Yan process for gg with nn23lo PDF
with k = 0 and € € [1.0,0.0001] at 13.6 TeV

Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process
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Figure 4.17: Spin-1/2 Monopole Production by Photon Fusion process for g with LUXQED
PDF with x =0 and € = 1.0 at 13.6 TeV
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Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion process for x = 0
with scaling & in [1.0, 0.0001] for Sqrt(Sqq)=13.6 TeV
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Figure 4.18: Spin-1/2 Monopole Production by Photon Fusion process for g with LUXQED
PDF with x = 0 and € € [1.0,0.0001] at 13.6 TeV

Spin 1/2 Dark Monopole production by 8 Dependent Photon—Fusion and Drell-Yan Processes
with =1 for Sqrt(Sqq)=13.6 TeV
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Figure 4.19: Spin-1/2 Monopole Production Total Cross Section against e for Drell-Yan
and Photon Fusion processes for respective PDFs, nn23lo and LUXQED, with ¢ = 1.0 and
k=0 at 13.6 TeV
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Spin 1/2 Dark Monopole production by g Dependent Photon—Fusion and Drell-Yan process at 6.0 TeV
for Total Cross—Section versus ¢ for Sqrt(Sqq)=13.6 TeV
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Figure 4.20: Spin-1/2 Monopole Production Total Cross Section against € for Photon Fusion

and Drell-Yan processes for respective PDFs, nn23lo and LUXQED, with « = 0 for Mp =
6.07TeV at 13.6 TeV
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Chapter 5

Future Work and Conclusion

5.1 Future Work

As seen previously, our UFO model produces calculations for various monopole production
scenarios at the LHC and has been verified to conform to theoretical expectations given in
[16]. As such, it can be considered viable to use it to begin detector simulations in GEANT
[40], a software platform which can be used to simulate penetrating particle detection for
detectors of custom materials and geometry for collider physics scenarios. So far, it remains
that a velocity-dependent coupling was added to the physics of milli-charged magnetic
monopole in order to facilitate the detection scenario. The stopping power of Magnetic
monopoles obeys the Bethe-Bloche mean rate of energy loss formula for 8 ~ 1 such that
[41]):

_dE o Z In 2myc? B2y Tinax

dx ApB? I2

_ 96y
2

- B (5.1)
where x = ps is the mass thickness, z is the atomic number of the incident particle, Z is
the atomic number of the absorber, Ty« is the maximum transferable energy, and [ is the
material dependent ionisation constant; however for § < 1 the Ahlen correction must be
used[42, 43].

Currently, efforts are underway to produce an acceptance ratio and exclusion plots for
the current MAPP experimental geometry. The results of this detector simulation will be
released in an upcoming paper by our collaboration group. The results of these efforts
will be utilised by the MoEDAL-MAPP experiment in order to set limits for the possible
physical detection of milli-charged dark magnetic monopoles.

5.2 Conclusion

Magnetic Monopoles are a fascinating area of research from the perspective of both LHC
phenomenology and theoretical physics. Much more could be said about their topological
properties, and other notable theoretical features, but for the sake of brevity and relevance
to the current model a considerable amount of very interesting material has unfortunately
been left out of this thesis.

The main theoretical results which were achieved were during this work were a
unification of Haas et al [12], with Hook [1] and Terning/Verahaaren [2], and Baines
et al [16]. We developed two different computational approaches, the first based on
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Terning/Verahaaren’s extension of the Zwanziger Two-Potential Formalism with some
inspiration from Hook and the second based on extending the velocity-dependent visible
monopole presented in Baines et al to include the kinetic mixing term from Haas et al. While
the Zwanziger model does not yet allow us to compute cross sections we were successful
in producing viable cross sections with the velocity-dependent milli-charged dark monopole
model which match theoretical expectation. It is the hope of the author to revisit the
concept of magnetic monopoles in the context of spin algebras, chiefly those of Spin Glass
and Spin Ice research towards a pure theory of Quantum Gravitation as spinfoam.

Will the monopole be found? At this point, no one can say for certain. However, as it has
been demonstrated, whether they are indeed a fundamental particle or merely a coordinate-
dependent mathematical consequence of electromagnetic duality it is clear that they it is a
subject of profound consideration and theoretical depth. Indeed, the very question of the
existence of magnetic monopoles is a statement about the nature of physical observables
themselves. Many interesting and currently poorly understood phenomena could be either
greatly simplified or outright explained by the existence of magnetic monopoles, and charge-
monopole quantisation, including the quantised nature of the EM field itself.

Aside from the question of magnetic monopoles themselves, we have also demonstrated
the means by which Dark Matter may interact with ordinary visible EM matter. While
the argument for milli-charges originally started as a cosmological feature to explain the
nature of Magnetars we have seen that the exact same principle applies to phenomenology
at the collider scale. Perhaps one day, the conventional fundamental nature of Maxwell’s
elementary equations will reflect this research. It would be a considerable contribution to
the history of physics, were these particles to be discovered.

Let us wait and see what we find!
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