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ABSTRACT

Malik Balogoun, Ph.D.
Concordia University, 2024

In this thesis, the first goal is to formulate a generating function and compute its moments

alongside with the corresponding Hankel determinant. When the latter is non zero, we will prove
that for Painleve 5, we can construct a Lax pair whose solution is a combination of the solution of
the Riemann Hilbert Problem (RHP) and the generating function. An ingredient of that solution,
called the Hamiltonian will be used to construct the Tau function which solves the ODE Painleve
V. As such, it will be easy to show that when the Hankel determinant vanishes, the RHP is not
solvable, and its zeroes correspond to the poles of the rational solution of the ODE Painleve V i.e.
the Tau function.
On the other hand, an asymptotic analysis will be conducted to prove that the domain of the
poles of the rational solution of the ODE Painleve V (its domain of non analyticity) defines a well
shaped region with boundaries on the complex plane as the size of the square Hankel matrix goes
to infinity.
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Introduction

The six Painlevé equations were classified by Painlevé and his student Gambier [5] more than
a century ago. This was a result of the search for second order ODEs in the complex plane whose
solutions, roughly speaking, have the property that all movable singularities are isolated poles.
This property has now become known and referred to as the Painlevé property.

While this might have remained a purely mathematical investigation, it was much later recog-
nized that these equations have significant applications in mathematical physics, with the resur-
gence in the '80s with the works connecting with Ising model and conformal field theory [36, 37].
Another momentous resurgence happened in the '90s when Tracy and Widom [38]used a special
second Painlevé transcendent (the Hastings-McLeod solution [39]) to describe the fluctuations of
the larges eigenvalue of a large random Hermitean matrix.

Amongst special solutions of the Painlevé equation, a natural interest is devoted in the literature
to the simplest solutions, namely, rational functions; the literature is extensive and seems to start
with [46] who discussed rational solution of the second Painlevé equation and defined a special
sequence of polynomials that are now called Vorob’ev-Yablonskii after their discoverers (it appears
that Yablonskii defined them slightly earlier but the reference is difficult to find [47]). Rational
solutions also appear in semiclassical limits of integrable PDEs; in the one-dimensional sine-Gordon
equation near a separatrix, for example, one finds that a suitable scaling of the solution is expressible
in terms of rational solution of the second Painlevé equation [15]

For all but the first Painlevé equation there exist rational solutions: although there does not
seem to be a full and complete classification in all cases, either the full classification of rational
solutions exist or there are constructions of special families of rational solutions (for the Painlevé
IT [46, 47, 28], for the Painlevé III,V, VI [35, 34, 44] Painlevé IV [41]

The literature that investigates the asymptotic behaviour of the rational solutions and the pole
distribution thereof is more recent, probably due to the interest spurred by numerical investigations
and the appearance of well defined patterns; for the zeros of Okamoto polynomials (which are poles
of rational solutions of PIV) see [40], for the zeros of Vorobev—Yablonskii polynomials and Painlevé
I see [16, 17, 8], for the second Painlevé hierarchy see [7].

The approach to asymptotic analysis relies on the formulation of an associated Riemann—Hilbert
problem, which is a boundary value problem for a piecewise analytic matrix valued function matrix.
There are two logical distinct approaches that can be used in the asymptotic analysis. We can
categorize them under the following banners:

1. the isomonodromic approach;
2. the orthogonal polynomial (OP) approach.

The isomonodromic approach relies on the general fact that any Painlevé equation appears as the
compatibility between a 2 x 2 system of ODEs with rational coefficient in the complex plane and
an additional PDE in an auxiliary parameter [25]. The different solutions are parametrized by
(generalized) monodromy data of the ODE, which is the starting point for the Riemann—Hilbert
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analysis. Typically the degree of the rational solution appears explicitly as one of the parameters
in the monodromy data and can be used as large parameter in the asymptotics.

The second approach was used, possibly for the first time, in [8] and then also applied to
the generalized Vorob’ev—Yablonski polynomials in [7], and it is also the approach we follow in
this paper. The main connection between OPs and equations of Painlevé type was established
in [9], where it was shown that Hankel determinants built out of the moments of “semiclassical”
moment functionals are always isomonodromic tau functions in the sense of [25]. It was a remark
(Rem 5.3 ibidem) that special choices of semiclassical moment functionals lead automatically to
tau functions of Painlevé equations (all, except possibly for Painlevé I). In genereal, however, these
solutions correspond to transcendental solutions (like for example the solutions of PII constructed
out of detereminants of derivatives of Airy functions, see [27]).

It is possible to further restrict the setup of orthogonal polynomials in such a way that the
moments of the moment functional become polynomials in a parameter, which then guarantees
that the Hankel determinant (automatically an isomonodromic tau function) is a polynomial tau
function of an equation of Painlevé type. This is what works ”behind the scenes” of [8].

The advantage of this reformulation in terms of associated Orthogonal Polynomials is that
there is a solid and well developed framework for studying their large degree asymptotics, with an
extensive literature that starts with [21].

Before going into any further detail let us still discuss the known literature and results about
the rational solutions of the fifth Painlevé equation.

viii



1 Generalities and motivating results from Painleve II (PII) equa-
tion

1.1 Characteristics of the poles of a particular rational solution of PII

Proposition 1.1 Let us consider the equation Painleve II:

Upy = U + 20> + o, with a € C

When the parameter o € Z, its solutions can be completely described in terms of the
Vorob’ev—-Yablonski monic polynomial Y, (x) as follows (see [2]) :

d Yo
u(z,n) = 7 {ln { 1() } } where n=a € N, (it can be extented to n € Z
i

Y (x)
by taking u(x,—n) = —u(z,n))

3 R o e

corresponding to the factorization of the Vorob’ev—Yablonski monic polynomials

Yi—1(z) = (x —a1)(z — az)(x — as)...(x — ap—1), a;#a; ¥ i#j (1.2)
and Y, (z) = (z — b1)(z — ba2)(x — b3)...(x — by), bi #b; YV i#j. (1.3)

Therefore, the zeros of the consecutive VY polynomials Y;,_1(z) and Y,,(x) are the poles of the
solution u(x,n) of the equation Painleve II with residue 1 and —1 respectively.

Proposition 1.2 ([46, 47]) The Vorob’ev-Yablonski polynomials Yy, (z) for alln € N can be com-
puted via the differential-difference relation

2V (z) — A[Y, ()Yn(
~1(2)

with intial values Yo(z) =1, and Yi(z) =

z) — (Yo (2)’]

Yn+1 ==

In figure 1 below, we can observe the plot of the poles for the solution u(x,n) for n = 10.

As n — oo these poles are contained within a region of almost triangular shape on the the
complex plane (see [1]). For ODE Painleve V, we will try to produce similar results for our class
of rational solutions of PV and analyse them asymptotically.
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Figure 1: Plot of the poles the solution of ODE Painleve II

1.2 Relationship between VY and Orthogonal Polynomials

Proposition 1.3 The VY polynomial Y, (z) in Prop. (1.2) admits the following determinant rep-
resentation (see [1])

Y2 () = (-1 m f[[ }detum (2

where the functions pk(x) are the taylor expansion coefficients of the function

(k)
f(t,x) =exp ( + tﬂ?) Z,uk tk. Namely, pg(x) = M

k! g
Now, by Cauchy differentiation formula, we obtain
1 [ f(z2)
pr(x) = 5 o dz (1.4)

where the contour of the integral is the unit circle oriented counterclockwise around the origin
1 3 1
With the change of variable ¢ = 2 we define —% +zx = ~30 + Z = —0((,x).

1
Since z = ¢ and dz = —?, we obtain an equivalent formula for (1.4):

1 d
pi(z) = — 75 ¢k me_e(c’x)f, dn(¢, z) being the new measure. (1.5)
—_——————



Definition 1.4 The pux(z)'s (1.4) or (1.5) are called "moments functions” and we used them to
build the Hankel determinant D, as follows:

po(z)  p(z)  pe(z) oo pn-1(2)
detiass-(z))ps — m:(fﬂ) uafm) usz) -‘ Mn:(l') _D.
pn-1(2) pn(®) pnii(z) ... pon—2(x)

Proposition 1.5 Given any (possibly complex valued) measure du(z,x) depending on a parameter
x, and the corresponding moment functions p(z) := gﬁ,y 2Fdu(z; ), let us consider the polynomial
m z:

po(x) pa(z)  pe(z) ... pe(z)
p(z)  pe(@)  pa(z) ... pnta(2)
pn1(®) (@) prsa@) o fimea(o)
1 z 22 .. 2"
P,(z) = D,

Notice that D, is the cofactor of z". P,(z) is called a non-hermitian orthogonal polynomial, i.e.
Vn € N, it satisfies

hn(w)) k=n

1.6
0, k<n (L6)

mwmmmz¢a@&@mz{
Y

where dn is a complex-valued measure, and 7y is a closed contour on the complex plane surrounding
the origin.

Proof. We will first show that proving 1.6 is equivalent to proving
(1.7)

(=) If 1.6 is true, then {P,(2)}>2, is an independent set of orthogonal polynomials, hence we
can write for example k= Z?io a; P; with a; € C



(«<=) Conversely, (WLOG k < n), if 1.7 is true then
(Po(2), Pi(2)) = (Po(2), 2" + bp12" L+ b9z 2+ .+ b12+b,), bjeC i<k-—1

k—1
= (Py(2),2) + Zbi<Pn(z),zi> = (P,(2),2"), since k—1<n,Vk<n
i=0

B h~n, k=n
B 0, k<n
So, to check if P,(z) is an orthogonal polynomial, it suffices to verify relation ( 1.7).

Let us write

po(x)  pi(x)  pe(x) oo pa(2)
p(z)  pe(w)  ps(z) oo paga (@)
nr(@) in@) (@) o o (@)
1 z 22 - 2"
P,(z) = D,

1 )
= D—(Anz" +Ap 12" Az Ay = Z:Aizz
" i=0

where A; is the cofactor of z¢. Then
%Pn(z)zkdn = (P, 2"
5

n

1 & , 1 , 1 «
= o A = S A s = 3 A
" i=0 ™ i=0 v " =0

po(z)  pi(x)  pe(z) oo pa(®)
pi(x)  pa(z)  pa(x) . pga(z)
i r(@) (@) pnir(@) . o ()
_ 273 Hi+1 M2 cee Hi4n
Dy,

B h~n, k=n
0, k<n, (since two rows are repeated in the determinant) W

1.3 The Riemann Hilbert Problem (RHP) and connection with orthogonal
polynomials

1.3.1 Conditions of the Riemann Hilbert Problem

We want to find a 2 x 2 matrix valued function ®(z) satisfying the following conditions :



1. the matrices ®(z) and ®(z)~! are defined and holomorphic in C — v

—V(2)
2. it satisfies the boundary value condition ®(z4) = ®(z_) [(1] ¢ 1 ] Here e=V(?) = W(z) is
such that the complex-valued measure dn(z,z) can be written e~V (*)dz; W(2) is called the
7 weight”.

3. As z — oo, for some n € N, the matrix ®,(z) has the Taylor series expansion in power of 2!
of the form:

0 = 0 -1
- ——
ZTLU3
[ OCH][" o0
oY 1 0 zm

where A, (z) and B, (z) denote the columns of ®,,(z2).

This formulation and the the following explicit formula for its solution is due to Fokas-Its-Kitaev
[23].

1.3.2 Uniqueness of the solution of the Riemann Hilbert Problem

First, let us show that the solution of the RHP is unique.

By condition 3), det(®,(z4+)) = det ®,,(z—) which implies that det(®,(z)) is continuous across ~.
By Morera’s theorem, it is analytic in the neighbourhood of . In combination with condition 1),
we conclude that det(®,(z)) is entire. Moreover, by condition 3) det(®,(z)) — 1 as z — oo,
hence, by Louiville’s theorem, det(®,(z)) =1 # 0, so ®,,(z) is invertible.

Now let us assume that there exists another solution of the RHP ®,,(z). Such solution must also
satisfy det(®,(z)) = 1. Since @, !(2) exists, so let us define x(z) = &, (2)®;,, (2).

By Condition 2),

R(2s) = Bu(2)8; (24) = Ba(20)2"7 238, (20) = Dp(20); (22) = ()
So, k is continuous on ~ and analytic in its neighbourhood, by Morera’s theorem. Together with
condition 0), we conclude that each entry of  is entire.

In addition, condition 3) says that as z — 0o, k = (Iax2 + (9(2:j1)),2'”"i”z‘””3 (Ioxz + O(z~1) "t —
Ioxo. Therefore, by Liouville’s theorem, x = 1, hence ®,,(z) = ®,(z) (uniqueness is proved).

1.3.3 Solution of the Riemann Hilbert Problem



Proposition 1.6 The unique solution of the RHP on ® is

w)e VW)
P.(x) B Pp(2) 155 P (w) ~dw

21 w—z
Dp(z) = | - — 7. . (1.8)
i J, w— z

Proof. Following [23] we now write the solution of RHP explicitly in terms of the orthogonal
polynomials. By condition 2),

n(e) Baten)] = 4o B 5]

- [An(z) Ap(z_)e V) +Bn(z)]

Hence we conclude that

Ap(z4) = An(z-), and (1.9)
Bp(z4) — Bp(z-) = Ap(z_)e™V®) | 2 e 4. (1.10)

The Sokhotskii Plemelj’s formula suggests that the function

21 w—z

w)e VW)
Bue) = 5 U —adw, sy (0D
Y

satisfies relation 1.10. Let us show that no other function satisfies it. Taking By (z) as another
solution, we have:

= fn(2) = Bn(2) — By(2) has no discontinuity on the contour + therefore, by Morera’s theorem, it
is an analytic function in the neighbourhood of ~.

Since we were given that ®(z) = [An(z) Bn(z)} is analytic in C — 7, we deduce that B,(z) in

particular, but also B, (z) (which is expressed in terms of A, (z) in (1) with singularities on ~) are
both analytic in C — v. Hence (,,(z) is also analytic in C — ~

In conclusion, f,(z) is an entire function.

Moreover, we know that from (1) and from (1) that B,(z) and B,(z) both go to zero as z — oc.
Hence By Liouville theorem f,,(z) =0 Vz € C, which implies that B,(z) = B,(2)

On the other hand, relation ( 1.9) implies that A, (z) has no discontinuity on 7. Again, by Morera’s
Theorem, it is analytic in the neighbourhood of . As we were given that ®,,(z)(in particular A, (z))



is analytic in C — v, we conclude that A,(z) is entire.

() suggests that the first entry (Ag)(z)) and the second entry (A,(f) (z)) of A,(z) are bounded
respectively by 2" and O(2""!) as z — oo; by a version of Liouville theorem, they correspond
respectively to a monic polynomial of degree n and a polynomial (not necessarily monic) of degree
n— 1.

Let us denote P,(z) = Ag)(z) and P,_1(z) = Aq(f)(z). We will now show that P,(z) and P,_1(2)
are in fact Orthogonal Polynomials.

L f B
2l

Let us consider B,(ll)(z) = dw, the first entry of the column B, (z) of ®,(z).

27 w—z
1
As z — 00, w € v — oo. Since 7 is a contour around z ie.(w # z), u(w) = is analytic
w—z
and its taylor expansion as w — oo can be obtained by writing
1 1= (w)’ = w'
u(w) = < w) == () =-2
—211 - — 7=0 j=0
z
Therefore, we have .
1 2w Py (w)e™V @)
M) = n
B(2) = —5 ﬁZ s dw (1.11)
7=0
L R Y G V(w)
= _%sz“ ’yw P,(w)e dw as z— o0 (1.12)
j=0

The swap of integral and sum in 1.12 above is justified by the fact that w € v with « being a compact

00 ; 00 .
w Py (w)e™Vw) . wi Py (w)e™ V()
set, the sum E n(zjll is also finite as z — oco. Hence 515 E n(zjll
j=0 7 j=0

By Tonelli Fubini, the swap of the contour integral and the sum is possible.

dw < oo.

As we know from the condition 3) of the RHP, B,(LU(Z) behaves near oo like O(——7), so for
z
j+1>n+1 ie j>n, Bfll)(z) # 0 and Bg)(z) = 0 for j < n. In other terms:
h :>§£ij (w)e V™ dwy=h, e C~ {0}, j=n
1 . n n n )
- 55 w Py (w) eV ™ dy = gl dn (1.13)
2 J, —

dn 0, j<n

This shows that the relation x1.7 is satisfied. This is why P, (z) is an orthogonal polynomial.

Similarly, for B7(L2)(z) = 5 dw, the second entry of the column B, (z) of
i w—z

®,,(z). By the same manipulation, we obtain

175 Poa(w)e” V)
il

1 < 1 . V(w
B3 (z) = ~5 S| éwJPn_l(w)(w)e Vdw as z = oo (1.14)
=0




1

From condition 3) of the RHP, Bg)(z) evolves like — sofor j+1>n ie. j>n-—1, B (z) #
z

0 and B7(12)(z) =0 for j < n — 1. In other terms:

1 . 1 7=n-1
— Pl Py (w) = 4 - T (1.15)
2mi f, T 0, j<n-1

Relation 1.7 is satisfied. This is why Pn,l(z) is an orthogonal polynomial.

The solution (we proved it is unique) of RHP which features P, (z) exists if D,, # 0. Conversely,
if D, # 0 then we can construct an orthogonal polynomial P,(z) of degree n to build the first
row of the solution ®,(z) which satisfies the condition 1), 1), and 2) of the RHP. Notice that the

po(z)  pi(z)  pe(r) . pa(2)
m(@)  p(2)  pse) . men()
tn-1(z)  pn(z)  pnir(z) .o pon-1(z)
. 1 z 22 .. z" . .
orthogonal polynomial, P,(z) = i) is monic of degree n

since the Hankel determinant D,, # 0 and D, is the cof?ictor of z™ in the ;

On the other hand, we can observe that if D, = 0, a monic orthogonal polynomial of degree n,
P, (z) cannot be defined (cannot be found), and hence the RHP does not have a solution by the
fredholm alternative (i.e. the case where we have infinitely many solution when D, = 0 is not
possible).

2 Lax pair leading to the solution of Painleve V

2.1 Definition and characteristics of a Lax pair

Definition 2.1 The Lax Pair is the pair of matrices (A(z;t), B(z;t)> of two matrices depending
rationally on z and analytically ont such that the system of two ordinary differential linear equations

U, = A(z,t)¥
\Ilt = B(Z,t)\I/,

is compatible. Namely there is a joint solution V(z;t) which satisfies the system. This is equivalent
to the compatibility condition 0,0,% = 0,0,V, namely, O,A — 9,B + [A, B] = 0.

The goal is to explain how to find matrices A and B such that the compatibility condition yields
the Painleve V equation. For this we will rely on the results of [26].
Let us reconsider the expression of the moment functions used to build the Hankel determinant in

the solution of Painleve II: ) ac
pr () §é ¢ 5 :

=d77(C@)



where the contour v is an enlarged circle (after the change of variable z = 1/() around the origin
traversed clockwise. The (—) sign before the integral makes it back to a counter-clockwise (positive)

direction and we can write . A
_ k- —0(¢x)ES
pr(z) = yg " —e .
5 2mi ¢
=dn(¢,»)

To obtain solutions of Painlevé V we replace dn by a different complex valued measure

x
N’ =
dv = <1 - C) e Cdc. (2.1)

The moment functional corresponds to the generating function g(t,z,0) = (1 — t)?t™e™** where
is a parameter, and 6 is another parameter independent of x.
The moment functions are now given by

k() = yéék <1 - é)géme_

-

N8

d¢ (2.2)

where the contour v is a circle around the origin, large enough to contain the points ( = 0 and

(=1.
The measure is given by dv = e~V (9d(, so that the weight is

9 r
W) =e VO = <1 - D ¢ Cd¢ (2.3)
ie. V(¢)= % —fIn (1 _ 2) +mIn(C) (2.4)

Now, we will prove that by setting some well constructed function as the solution of the Lax
pair, we can derive matrices A and B of the pair such that the compatibility condition of the Lax
pair yields equation Painleve V. More practically, we will simply compare the matrices A and B
with that are found for the equation Painleve V in [26].

Let us define the matrix ¥ as follows:

1) V()
F(ot) = W(z) = B(2) |© ° VO(Z) —d(z)e 2 (2.5)
0 e 2

where ®(z) is the solution of the RHP of Prop. 1.6. Our goal is to prove the following Proposition.

Proposition 2.2 The matriz V(z;x) in (2.5) satisfies the pair of first order PDEs

{ 0,V(z;x) = A(z; 2)¥(z; o)
0¥ (z;2) = B(z;2)¥(2; z).



where the matrices A, B have the form

Az x) = %GO%GEI + Go <—m — 003 + - [G G1,03D Gyt + %HoagHO_l + n_mas
(2.7)
1
B(z;z) == —;G()O'gGal (2.8)

where Gy := ®(0;z), G1 = ®'(0;x) and Hy := ®,(1;2). Moreover it satisfies the following
expansions near the points z = 0,1, 00:

0*(1)z =5=tos e 3208 z—0
U(zz)={ OX(1)(z—1)2%, z—1 (2.9)
(14+0(z1) z("f%)‘”, Z— 00

where O* (1) denote a locally analytic (near the points z = 0,1, respectively) and analytically
tnvertible matrix—valued expression.

Proof. It is simple to verify directly from the jump condition (2) in section 1.3.1 that the matrix
U(z) satisfies also a jump relation for z € v where the matrix of the jump is independent of z and z.
This means that W/ (2) also satisfies the same relation and therefore A(z;z) := U/ (z; ), (z;2) 7!
extends analytically across v. Therefore, we can write:

A= [@’n(z)e 2 Jg—i-(I)n(z)(_V/(Z)ag)e V2 ”B}e 2 To-1(2)
L, (2)030;(2)

— ' (2)071(2) + % [x + 9( L 1) - m} B, ()31 (2)

22 z—1 z

By studying the analyticity of A on C, we now prove that A is in rational function of z.
First, let us verify that A has indeed no jump on -, as anticipated above.

1
In fact, since V(z) = Y fm (1 - > + mIn(z) has singularities only at 0, 1 enclosed by =, then
z z
V(z) has no jump on v (V(z4) =V (2-) = V(z)) and we can write :

V’( )

Az4) = @7, (21) @, (24) —

ey 7]}
o

+ () [8 z

@ <Z+>03<1> Y(zp)

} @;1( )

10



0 0

IO [1 eV(Z)] [1 0] [(1] —elv(z)] ;' (2-)

0 V’(z)e_v(z)] q)_l

By Morera’s theorem, A is analytic across v and it may have only isolated singularities at
z=0,1.
To ascertain the nature of these singularities, it remains to study

_ 1|z 1 1 m _
A= (2)0,(2) + 3 [22 - 0(2 — - Z) — Z] D, (2)03®,,(2) (2.10)
on C\ .

It is easy to see that because of condition 1) in section 1.3.1 on ®,(z), ®,(2)®,!(z) and
®,,(2)o3®,,1(2) are analytic on C \ 7 in the expression (2.10) for A. The same expression (2.10)
shows that A(z) has at most a double pole at 0, and a simple pole at 1. Therefore A is rational
and can be written as

Ay Ay A
A= 2o Ao 1

z 22 z-—1

(2.11)

where Ag, Ag and A; are constant matrices to be determined and be compared to the ones in [?]
related to Painleve V.

To find them, let us express ( 2.10) in the neighbourhood of co and 0

11



Asz— 00 Pu(2) = (1 + O(z_l))z"03. Hence as z — o0

-1
(2.10) => A — O(z72) Z"o3, 793 (1 + O(z_l))

—lax2
—lax2
no -t
+ <1 + 0(2_1)> T8 ynos y—nos (1 + (’)(z_l)>
z
—_——
—loxo —lox2
—lax2
1z 1 1\ m i\ nee s PR
ralmro(i 1) 3 (1roeh) e (14 06)
—0O(272) since (2—1)=z at oo —lax2 %ﬁ;m
%‘;3
o)+ 22 0 (%)
z
Ay A+ A
On the other hand, as z — oo (2.11):>A:—20—|— 0+ — Ao+ A1 = nos.
: e
y (%

We now investigate the behaviour as z — 0: this is done by taking the Laurent expansion of A and
recalling that ®(s) is analytic at z = 0 we get

(1/2)x®n(2)o3®;, () | (1/2)(0)Pn(2)03®; " (2)

(2.10) = A — &/,(0)%,,*(0) — = . L
(1/2)(0 + m) i (2)03P, (2)
_opy - (U2 C) (1204 m)ale)osts ()

z z

(1/2)z [<1>n<o> T2l (0) + ow} o [@:1(0) 0 (0)2) (0)25 1 (2) + 0<z2>]

22

—0(1) -

(1/2)(0 +m) [¢n<o> T 20(0) + o<z2>] o [@n1<o> 0 (0)2, (0)2;7(0) + 0<z2>]

(1/2)(0 +m) [@n(o) + 2@ (0) + 0(22)] o3 [(9(22)]

z

12



=0+ % - (172052, 0)022(0)+ O
#1720, 010227 OB,0)8;(0) - (12022} 0)ot O

— (1/2)(8 + m)®, (0)050:(0) + o<22>)

— o) - 0,0 (oa+ 062 )2 0)

n

+ (122)%(0) <x03<1>n1(0)<1>;(0) — 28, 10)®(0)o3 — (6 + m)o3 + 0(22)> ®-1(0)

—z[o3,P51(0)®, (0)—(8+m)o3] as z—0

(%)

Again, as z — 0 , we have

(2.11):>A=@+@+é
2 22 _

[ 0= /200,00 02 0),0) - 0+ miaa) 2,70
e LA = (1/2)29,(0):93 (0

— Ay = nos — (1/2)29,(0) [ag, ©,1(0)@],(0) — (0 + m>as] @, (0)

The expression for B(z;z) is found along similar lines.
V(Z)Ug
The expansions near z = 0,1, 00 follow from the behaviour of the term e 2 near those
points and the condition (3) in Section 1.3.1. [

In the work of the Japanese school [26] the z—component of the Lax pair for Painlevé V has also
two Fuchsian and one second rank singularities, but with the positions reversed. More specifically,
the Lax pair proposed in [26] is as follows' (see formulas (C.38-C.45) in loc. cit.)

OwQ(w;t) = AJMU(w;t)Q(’LU;t) ) 0 Q(w;t) = B, (w; 1) Q(w; t)
ot = e [ 3¥ by | E e )
w T ) w—1 _Z+U7Y2 7 %
B, (wit) = =03 + 0 U (2460 Y (2 + Btytt=) -
smu\Ws 93 HJLY((Y_DZ—F%) 0 .

where Z = Z(t),Y = Y (t),U = U(t) satisfy a nonlinear first order system of ODEs in ¢ (C.40),

We transcribe the results of [26] but we adapt their notation to our conventions. Note that the paper contains a
couple of small typos: in (C.39) there should be an z in front of the first term of B and the sign of the (1,2) entry
of the next term should be the opposite.

13



which implies the fifth Painlevé equation for Y:

ey (1 1 N\ (av)oudy (VDAY 4 ) gy V(Y 1)
ez \2Y Y -1 dt t dt 12 t Yy —1
1 /0y — 601+ 0s\> 1 /60— 01 —0\> 1

— (AT e ) g S (AT TN ]y — 0y 5= ——. 2.1

(0% 2( B >,B 2< 9 v Y 0 1, 92 ( 3)

The solution Q(w;t) has the following formal expansions near w = 0, 1, oo:

Quwit) = (1w 5" | w0
Qw;t) = O(L)(w — 1) w1
Q(w;t) = (1 + % + (’)(w_2)> w™ B s e , w — 00, (2.14)
The Hamiltonian function for the Painlevé equation is given by
Hy = —%tr (Q103) (2.15)

and the equation admits the so—called sigma-form: indeed, introducing the new function

(90 + 900)2 — 9%
4

o(t) = tHy — %(90 +0.0) + (2.16)

it can be verified that it satisfies ([26] formula (C.45))
a20\? do do\? do ’
t— | =lo—t—+2(— ) — (0 +200)—
<dt2> (U a " (dt) (6 + O)dt> +

do do 0y — 01 + 0 do do Oy + 01 + 0
! (w) <dt D > <dt ‘90> <dt T ) (217

If we want to identify our Lax pair (2.6) with the Japanese one (2.12) we see that it suffices to
map w = 1 and normalize suitably our ¥(z;t)

Proposition 2.3 The map w = % and

1 ;T N 1
Qn(w;t) = ®,(0;1) "W (;t) e '2P% Qn(z;t) = Qyp (;t) . (2.18)
w z
transforms the Lax pair (2.6) into (2.12) with parameters
0o = —2n + m; 01 = 0; Ooo = —m — 0 (2.19)

As w — oo the expansion of Qn(w) reads as follows:

w w

Qutw) = (1+ 22 4 o Ly )erw (2.20)

14



where,

T@OZ;B EJw+;[%ﬁ_&Jm<;> (2.21)

This corresponds to the parameters «, 8,7 in (2.13) as follows

(o2, (N-m)?

= N

y=1+2N—m — 6. (2.22)

Proof. Themapw:%Inapsz:()tow:oo,z:ootow:()andz:ltowzl. Thus

the exponents of (formal) monodromy 6 1.} are read off by matching the exponents in (2.9) and
(2.14) as we explain in details below.

1 A
Finding the expression for .. Since z = — to find 6, we need to expand Q,(z;x) :=
w
Qn (%, :c) near z = 0 as the product of two factors:
. A 2 . Qn,l(oo) 1
e An analytic factor of the form ( 14+@Qp 1(0)-2+0O(2%) | equivalent to ( 1+ ——+0(—)
w w
in 2.20 such that we can read off the expression of the Halmitonian as minus the (1,1) entry

of Qn.1(0)

e An exponential factor of the form e’*) where T (z) is equivalent to 2.21 such that we can
read off the expression of [y .

In the neighbourhood of w — o0, i.e. z — 0 the expansion of @, (w) gives:

15



Oos Bos3 mos x03

=0 (0)Du(2)(z—1) 2 2 2 2z 2 e 22
(0)as

— 3;(0) {cbnaf» L a(0): + O<z2>} (- -1) 2

Taylor expansion of ®,(z) at 0
(0 +m)os xos

.z 2 e 2z

:[H2x2+<I>;1(0)<I>;l(0)z+0(z2)](—1) 2 (1-2) 2

Analytic as z—0

—(9+m)03 To3

. 2 & 22
0 1 . .
' 627( +m)os3 n(z)72$03(z) — Analytic - eT(Z)7
Where we have set,
. 1 L
T(Z) — 5/800-3 1H(Z) — 51)% (223)

Now, let us refine the analytic part of Q,(z) to find out the expression of @y, 1(0) = Qp.1(c0)
We had:

16



Qu(w) = Qu(2) = Qu(2)
e

3 o3
2 (1—2) 2 '@

{sz + @ 1(0)®,(0)z + 0(22)] (—1)

Analytic as z—0

00’3

= (-1) 2 [Hzxz + @& 10)®,(0)z + (9(22)]
e

:=C/( constant)

<]12><2 — (9)2032 + 0(2’2)) GT(Z)

(0)os

=Taylor expansion of (1 — Z) 2

_ C{Hm + (@nl(O)%(O) - 9;’3>Z n 0(22)} T

where
. 1 1 1 1
T(z) = 5Poos In(z) — 51’03(;) =3
in the neighbourhood of z = 0.
This implies that as w — 0o, , we obtain:

T(z) = :ﬁ(%) = T(w) = % [‘Ox ﬂ % +s [_(90* m) y fm)} ln(%) (2.24)
and
0(2) = Qulw) = C [ﬂ ; (@;%0)@@(0) - (")2"3); n ogjz)] T ) (2.25)

So by identification with the expression of the solution at oo of the Lax pair in [3] written as

Qn(w) = [H2x2 + Qn,l(oo)% + (’)(u;)] el(w)

11t 01 1|65 0 1
where T'(w) = 3 [0 —t] . + 5 [ 0 _000] In(—)

we obtain that:

O :=Po=—(0+m) (2.26)
x=—t (2.2
and, Qnyl(O) = Qn,1(c0) = @;1(0)@)’”(0) — (9)203 (2.28)

Finding the expression for 6y. As w — 0 the expansion of @, (w) reads as follows in [26]:

Qn(w) = OX(1) - eM®) (2.29)

17



where,

M(w) = % [8 _Ot] w + % ﬁ;) _090] In(w) (2.30)

In the neighbourhood of w — 0, i.e. z — oo the expansion of @, (w) gives:

1 @ mo3  X03
= O:10) Pn(2) (1-) 2 2 e 22
N—— z
:=C(constant) —

Analytic as z—00

1
= Analytic - [H2><2 + O(z)} Z"7

expansion of ®,(z) as z—oo (see condition 2) of the RHP on @)

(m)os oy

e 2 e_ 2z

1] -25 -
—— (n——)o:
= Analytic - |:H2><2+O():|e 2z z 2’7
z
Analytic
1 11

— —203—+=(2n—m)os3 In
= Analytic - e 2m032+2(2n s i)

= Analytic - M)

where,

oo L=z 0|1 1((2n—m) 0 1

M<Z>—z[o x] z+2[ 0 —(@n-m)| ) (2:31)
So by identification x = —t and 6y := —(2n — m).

Finding the expression for ¢;. As w — 1 the expansion of @, (w) reads as follows:

Qn(w) = 0%(1) - VW) (2.32)
where,
N(w) = % [é _Ot] (w—1)+ % {001 _091] In(w —1) (2.33)

and 67 is a parameter. To find it, we need to expand Qn(z) near 1 as the product of two factors:

18



e An analytic factor ;

e An exponential factor of the form eV(?) where N(z) is equivalent to N(w) such that we can
read off the expression of 67 .

In the neighbourhood of w — 1, i.e. z — 1 the expansion of @, (w) gives:
V(z)

— o3

Qn(w) = Qn(é) = Qu(2) = ©,1(0)¥y(2) = 2,1 (0)@u(2)e 2

903 mos xTros3

- @;1(0)%(2)(1 _ 1) 2 79 o 22

Oos ) % fo3 HOos3 mos xOo3
— 2 _— = — -
0 OB 2 (1-1) 2 g2 2s 2 2
=1
Analytic
fos fo3 mos zo3

=(-1) 2 ®.(0) [Cbn(l)—i—q);(l)(z—1)+(’)(z—1)2 z 2z 2e 22

Taylor expansion of ®(z) at z=1
xros Tro3 903
1 [
e 2 e 2 (1—2) 2
——
90’3 90_3

()7
z

Analytic

Oos 1:03( 5 o3 Oos
7738 b
=(-1) 2 0O*(1)-e 2 e 2 (z—1) 2
Am;lrytic
1

1
_ ox (1) ' e—ixag(z—l)—kiaog In(z—1)

where,

_li—x 0] 17 o0 _
N(z) = 5 [ 0 ] (z—1)+ 5 [ 0 _(9)] In(z — 1) (2.34)
So by identification x = —t and 6, := 6. |

The following definition was given in [26].

Definition 2.4 The expansion of Qn(w) as w — oo (as stated in 2.20) exhibits in its second term
a coefficient matriz Qy1(c0) whose (2,2) entry is called the Hamiltonian and denoted Hy :

Hy = (@nalea)) . (2.35)

2,2
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In terms of our original solution of the matrix RHP we can formulate the following Proposition.

Proposition 2.5 Similar to the solution Qn(w) of the Lax pair in [3] (p.443), the solution Q,(z)
of our Lax pair exhibits in its second term a coefficient matriz of the form:

=" ]

Proof. Recall from the proposition 1.6 stating the RHP solution, we obtained:

P,(0)  BY(0)
P.—1(0) B, (0)

. Setting BSY(0) = B,(0) and B, (0) = B,_1(0)
we have

02,0 - |7 i1 Y o

We will show that:

if (<I>;1<o><1>;<o>) — Hy = P(0)B)_1(0) — Po_y(0)B}(0).
22

then (87(0)8,0)) = ~Hy = PAOB,1(0) = B ,(0)5,(0

n

11

ie. (@#(O)@%(O)) + <<I’n1(0)<I>;1(0)> = 0, similarly to the solution of the Lax pair in [3]
11 22 3

In fact we know that det ®,,(2) = 1 and det ®,,(2) = Po(2)Bn_1(2) — Pu_1(2)Bn(2)
we have:

) + Pu(2)B'n1(2) = P'n1(2)Bn(2) — Pao1(2)B),(2)
(0)B—1(0) — P, _1(0)By(0) + Py (0)B,,_1(0) — P,—1(0)B,,(0)

=—Hy =Hy

20



Proposition 2.6 In [26] (p.443), the Hamiltonian along with the parameters 0y, 61 and 0 is used
to construct the sigma function as follows:

1 1
O'(LU) = .’,UHV + 5(90 + 900) + Z[(QO + 000)2 = 01]2

The constructed sigma function satisfies the sigma-form of the PV equation (2.17).

2.2 Expressions for the Hamiltonian

We will now find the corresponding expressions of the Hamiltonian by using the expansion of the
solution @, (z) (2.18) of our Lax pair ( also related to the PV equation) that we constructed.

2.2.1 Finding the expression of the Hamiltonian in terms of the moment functions

The following proposition is simply a restatement of Prop. 2.5 for convenience.

Proposition 2.7 From (2.28) and from the Proposition 2.5, the expression of the Hamiltonian is
the opposite of the (1,1) entry of the matriz

Qn,l(o) = Qn,l(oo) = (1)771(0)(1341(0) T T

i.e. Hy =— [(@;1(0)%(0))11 — 2] (2.36)

With the aid of Prop. 2.7 we now express the Hamiltonian Hy, in terms of the moment functions.
Recall that the solution of the RHP on @ is (see Prop. 1.6)

—V(w)
™
Y.

w— z
(2) B 1 P —V(w)
(2) Bn—l(z) P_1(2) % n—1(w)e dw
21 ~ w— 2z

P (2) Bé”<z>] _

Proposition 2.8 From relation ( 2.36) and ( 2.40) the expression of the Hamiltonian is:

Hy = — [(%1(0)%(0))11 — 2] =— [DZ — 2] =— [a,c In(D,,) — Z] (2.37)
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Proposition 2.9 The expansion at 0, 1 and oo of the solution of the constructed Lax Pair provides
as follow the Hamiltonian, and the parameters needed to find the Tau function which solves the ODE

Painleve V
0 D! 0 0
_ —1 / R S (e N IS 7
o= (o) 2] [ fmn-
90 = —(9 + m)
0, =20
0o = —(2n —m)
Proof.

.x Recall that:

We start with the computation of (@nl(O)fI);L(O))
11

po(z) () po(x) fin(2)
pa(x)  pe(z)  ps(x) fin+1(2)
tn—-1(x)  pn(z)  pptr(2) f2n—1()
P B 1 z 22 . 2" 5 38
2 (2) = - (2.39)
Also P)(0) corresponds to the coefficient (cofactor) of z and we have,
po(x)  pa(z) pin ()
pa(x)  ps() fint1 ()
PA(O) _ (_1)n+2 /,Ln_l(l') :un-‘rl(x) /1’271—1(33>
~——— D,
=(=n"
Recall that ygwiwj e VW qy = it and,
v an
po(z)  pa(x)  pe(z) fin—1(z)
pi(z)  pe(x)  ps(w) fin ()
pn—2(z)  fpin—1(7) ,Un(g) s M2n—3(1$)
1 w w e wnT
<wn—17 I > = ygw"_an_l(w) e_V;w)dw = hp_1.
"
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Since
L 55 W' Py (w)e VW dw =1 = —— 75 M dn =
i I e — i Dp_1 Dy1
v dn v N——
=In-1
—2m
= hp_1 = yﬁw"—lpn_ dn =
1 ) 1an Dy ;.
]5n_1 - —2miP,_1 —2miDp_1
So, P,_1 = =P, 1=P,1D, 1 = = P,
0, 1 Do n—1 1 1 h D, n—1
Hence,
po(z)  ma(z)  pa(z) pin—1(z)
me) ) ps) fin(2)
fin—2(x)  fin-1(2) /‘n(zx) . N2n73£x)
~ D,_1 1 z z .. Z"
P, = —2mi =
1(Z) 7” Dn Dn—l
=In-1
which gives
po(z)  pa(z)  pa(z) fin—1(x)
pr(z)  ope(x)  ps(w) fin ()
pn—2(x) pn-1(x) pn(x) ... pon—3(x)
P — omi 1 z 22 Zn1
—1(2) = —2mi D,
and P!_,(0) corresponds to the coefficient (cofactor) of z and we have,
po(x)  pe(x) fin—1()
. (1)t (=2mi) | maz)  ps() fin ()
’I’L—I(O) = D :
fin—2(x)  pin(2) fian—3(x)
Recall that
:dn
1 [ P,(w)e VW) 1 [P, —Vig 1
Ba0) = 5 e 9 e P
2 J, w—z a—0 2T [, w 2
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where A; is the cofactor of 27 in the determinant in relation 2.38

po(z)  pa(w)  pa(z) fin ()
p(z)  pa(r)  ps(x) piny1(z)
i 1(@) i) () e e ()
- -1 Ho 231 Hn—1
T omi D,
and similarly,
po(x)  p(z)  pe(x) ... ppea(2)
p(z)  pe(z)  ps(x) oo pa(2)
.Mn—‘2<x) Mn—.l(‘r) unkx) /11271—.3(‘%.)
B,-1(0) = %< Pt (w),w™t) = _2?:7 o Ho D:l fn=2
Finally
(21 OT,0) = PO B 0) ~ P 03,0)
. . . pio() 1(z)  pa(z) fin—1 ()
T it R N Y I B BT R
- z S | ‘ P
pn—1(x)  pgr(z) .. pop—1(x) Mnliix) Mn:o(x) MZ(f) MZ;??)
po(z)  pi(x)  pe(z) fn ()
D2 . . . : : : .
" . . ' pn—1(z)  pn(x) pnri(z) ... p2p-1(x)
Hn=2(@)  pin() Han=3(@) fi—1 110 21 fin—1
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po(@)  pa(w) pnl) || F P M 2
n x . ol | Ho@) (@) pe(z) fin—1(z)
_ Il ale) e P R R fin(2)
% pn-1(z)  fint1(x) Hon—1(x) ,Un—'Q(x) Mn—.l(iﬁ) Mn($> ,U2n—'3(33)
Dn the last row is moved to th;rﬁrst and produced (—1)7—1
po(e) (@) @) [ A s
n " . - po(z)  pa(z)  po(z) fn ()
_(_1522 +2 M1‘( ) MsF ) ,Un.( ) p(e)  pe(z)  pa(x) fnsn (2)
T st @ | T |
S P @) (@) i (@) (@)
Dn the last row is moved to the first and produced (—1)"
-1 Mo M1 Hn—2
|y O ) () ) e (o)
_ m( | | O @) ) ) e
pn (1) mr0) e O @) @) ) e paes(a)
— M) o
-1 Ho 11 fin—1
oty pate) e SN @) ) pale) pn)
. | W @) pe(e)  ps(e) it () )
pn—2(z)  pin () pon—3(x) Mnf'l(x) ,un($) Mn+.1($) ,LLan‘l(x)
— ML,n+1][2,n+1] ~

Where Mablled ig the determinant of the matrix M without the rows a,b and the columns ¢ and

d.
The Desnanot identity [6] suggests that :

M[avb][c7d] . M —

alalld | gl _ pglalid a0l
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In our case we get

(@;1(0)@%(0)) — LQ (M[l][z] . M[H-‘rl][’ﬂ-f—l] _ M[17n+1][2,n+1] . M>
11 n
_ % ( MR gl _ (02 gt ] M[n+1n21)

L g mte)

:D%
pole) ) pa(x) (@ || B
po(x)  pe(z) ... pn()
_ Ll ) et O @) ) )
/Ln—l(x) :U'n(x) Mn-l—l(x) MQn—Q(x) Nn—‘Q(‘T) /Jn(tr) ,U«Qn—.Q(«T)
—1 / _2””,
= <<I>n (O)<I>n(0)>11 =D, (2.40)
To prove the relation ( 2.40), let us notice that
1 z
yg —wie E_eln(l_a))dw = 7§wﬂ'1 e_(a_eln( Ede = -1 (2.41)
3; 7 dn
and also,
W) mE) mE) e ma@| |l @) mE) . )
o py(@)  pe(r)  ps(x) ..o pa(2) (@) pyle)  ps(x) .o ()
n = : : : : * : : ; . :
fin_1(2) pn(x) pnpr(z) oo pon—2(@)|  pa—1(x)  pn(@) pma(z) ..o pon—o(2)
po@)  m(@)  pe(e) ()
@) @) ps) . )
+ e . . . . .
pn-1(x)  pn () pnga(x) o po, o(2)
H—1 H1 Hn—1
po(x)  pe(z) ... pe(z)
=| mx) ps(@) ... pnga(2)
fin—2(T) Mn'(af) M?n—'Q(‘/E)

All the terms in the first equality above equal 0 because the corresponding determinants contain
two identical columns, except the first term, which proves relation ( 2.40).
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2.3 Solving the ODE Painleve V by exploiting the solution of the constructed

Lax Pair

In [26], App. C, the Hamiltonian Hy is used to construct the Tau function, which in turn, solves
the ODE Painleve V. In our case, in order to verify that the Lax Pair that is constructed is a good
alternative to the Lax Pair in [3], we will construct its corresponding Tau function and confirm

that it solve the ODE Painleve V.
Recalling the results in [3]:
The solution of their Lax Pair at oo has the following expansion:

Qn(w) = |I2x2 + Qn,l(oo)i + 0(%) oI (w)

Proposition 2.10 The sigma function o(xz) expressed as follows:

o(x) =xzHy + = (90+9 )+ [(90+900)2—91]2

solves the ODE Painleve V

(2.42)

Computations with the software Maple confirms that the Tau function satisfies the ODE

Painleve V (see annexe)

(1:0”(1:))2 = [a(x) — 20/ < > (v1 + vg + Ug)al(aj)} 2
—4<vo+o/( ) <u1 + o' (z ) <v2+a > <v3+o'(x)>

Wlth vy = 0, vl = *w’ Vo = —900 and V3 = fw

2 2
The zeroes of the Hankel determinant are the points of non-analyticity (the poles) of the Tau
function, rational solution of the ODE Painleve V. On the plot below we can observe that these

zeroes seem to form a well shaped region on the complex plane.
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_> Zeros:= [fsolve (DD (N) ,complex)]:
> complexplot (Zeros/N,style=point) ;

2_
@
@
- @
@
@
@ @
PE @ P P
@
@ o @
@ @ @ @
@ @ @
@ o P o @ - P
@ @ @
* L * *
e o o otla e © @
@ L% ) @ ° @
@
Ry VR bl
e LR e 13 T
E v e ¢ @
LR AR AR S I | 15 ¢ 2 =
@ @ °°°° °° @ @ @ o
@ @ @ @ @ @
@ @ bl °
L4 @ * *
- @ - @
9 - P @ @
@ o @
@
- @
@
@
_2_
@

Figure 2: Plot of the Zeroes of Hankel Determinant corresponding to the poles the solution of ODE
PV

The next Chapter we will discuss the asymptotic analysis of the shape of this region (its bound-

aries) as the size the Hankel matrix increases.
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3 Asymptotic analysis of the poles of the ¢ function and Hamil-
tonian

In this part we adapt the Deift-Zhou steepest descent analysis [22, 21] to the analysis of the
behaviour of the pole positions of o, which by Prop. 2.9 correspond to the zeros of the polynomials
D, (z). We are interested in their asymptotic location as n — oo in terms of a scaled variable
s = nx, in terms of which the zeros will be seen populating an asymptotically bounded region
which we term “Eye of the Tiger” (EoT) and which is depicted in Fig. 3.

The goal is to explain the pattern of zeros computed numerically and shown as red dots in the
Figures 21, 23, 24.

We will be able also to give an asymptotic estimate of the precise location of the zeros inside
the EoT in terms of an implicit equation involving Jacobi’s theta functions and elliptic integrals,
see Theorem 4.26.

3.1 Construction of the g-function and transformations of the problem

Let us recall that the 2 x 2 matrix valued function ®(z), solution of the RH P® (see Sect. 1.3.1)
must satisfy the following conditions:

0) The matrices ®(z) and ®(z)~! are defined and holomorphic in C \ ~;

1) the matrix ®(z) satisfies the boundary value condition

P(z4) = P(2-) [(1) e‘l/(z)}

where e=V(?) = W (z) is related to the measure of orthogonality by dn(z,z) = e~V dz; W(z) is

called the weight. In our case
0
1 _
= <1 - > z"Me
z

9 —
eV = (1 - 1> z"Me
z

Scaling regime. In our analysis we will set = —ns (the sign is of convenience only), and study
the asymptotic behaviour of the RHP of Sect. 1.3.1 as n — oo while s is kept fixed.
This means that we can write the weight function as follows:

x X
z z

(3.1)

7/1’ — ,—m - _ ,—m . nV(z)
L= (1 z) ez =z <1 z) e (3.2)

where we have defined V(z) = 2.

z
So the boundary value condition becomes

) = 2() [ 7 (“i) . (33)
0 1

We will make the following stipulation on the range of parameters m, 6.
Assumption 3.1 We assume that the parameters m, 0 satisfy:

1. meZ;
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2.0eC\Z.

Furthermore, let us define for later convenience

Qz) = 2™ <1 - 1>6. (3.4)

z

Given our Assumptions 3.1 we see that Q(z) has a branch cut that extends on an arc between 0
and 1. Moreover the fact that 6 ¢ Z expresses that we need more than on sheet on the z— plane
to obtain ”"one copy” of the function @(z) on its plane, hence the branch cut. ”Graphically”, that
branch cut does not intersect v because the latter must enclose the branch points 0 and 1. We will
call the branch cut e.

2) As z — oo, for some n € N, the matrix ®(z) has the Laurent series expansion of 27! of the
form: ®(z) = []IQXQ + O(zl)] 2" = O, (z)

As n — oo, this condition stipulates that the solution ®,,(2) has a singularity at z = oo . In order to
have a version of condition 2) without a singularity as n — oo. Following the general strategy that
was pioneered in [21] we now set out to transform the original RHP into a sequence of equivalent
RHP’s, the last of which will be amenable to an asymptotic analysis where the error terms can be
estimated.

3.1.1 The g—function.

The first transformation requires the construction of a “normalizing function” which is commonly
referred to as the g—function.

Definition 3.2 (The g—function and its properties) The g—function is a locally bounded an-
alytic function on C\ T' where T is a union of oriented contours (to be determined) extending to
infinity satisfying the properties listed hereafter.

1. The contour I" can be written asT' =T, UT' .Ul (with Ty, denoting the “main arc(s)”, and
T. the “complementary arc(s)”) where each of the components have pairwise disjoint relative
interiors and both Ty, T consist of a finite union of compact arcs: T'gp, 4 = L] ngw)z,c}' Finally
I' is a simple contour extending to infinity from a finite point, traversing eventually the
negative real axis and oriented from infinity.

2. the contour v = {|z| = R,R > 1} can be homotopically retracted to Ty, UT. in C\ [0,1],
where [0, 1] here denotes a smooth simple arc connecting z = 0,1 (not necessarily the straight
segment).

3. for each z € I', UT. we have

9(24) +9(2-) = —bo(2) =L+ iw;, @ €R, zely (3.5)
g(z4) —g(z-) =i®;, @ eR, zelY (3.6)

for some constants w;, @; (different on each of the connected components® of T',, T'), while

g(z4) —g(z2) = 2im, 2z €. (3.7)

2We will use different notation in the specific cases we discuss below.
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4. as z — oo in C\ T we have
g(z) =In(z) + O(z"1h). (3.8)

5. the g—function satisfies the following inequalities:

(i) for all z € ' we have
Re (g(=4) +g(z-) + > +£) <0 (3.9)

with the equality holding only at the endpoints of each component of I'. and possibly at
isolated points within the relative interior of I'c;

(ii) for z € Ty, we have
Re (9(24+) + g(2-)) = —Re (Z + Z) . (3.10)

(iii) the inequality below
Re (g(z+)+g(z_)+§+€> >0 (3.11)

holds in an open neibourhood U of I'y, with the equality holding only on I, itself.
A useful auxiliary function is the “effective potential”
0(z) = Z +2g(2) + £ (3.12)

We will see that I' is a branch cut of ¢(z). The g—function will be constructed later in Prop. 3.6
and in Def. 4.2

3.1.2 First transformation: & — W

Assuming that a suitable g—function has been constructed according to the Def. 3.2, we proceed
with the first transformation.

Definition 3.3

/ l
D -n g(z)+§ o3
W(z):=e 2 ®(2)e

where £ € C and g have the properties in Def. 3.2.

As a consequence of the properties of g in Def. 3.2 and of the initial RHP satisfied by ® in Sect.
1.3.1, the 2 x 2 matrix valued function W (z) defined in 3.3 is a solution of the RH PW specified
below.

Proposition 3.4 The 2 x 2 matriz valued function W (z), solution of the RHPW satisfies the
following conditions:
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0) W (z) is defined and holomorphic in C — ~;

n n
o2 (z-)—¢(24) o2 e(z-)+e(z4)
TP
i (24
0 2

1)V z € ~;

2) As z— o0, W(z)= []ngerO(Z‘l)]

Proof.
0)  W(z) is defined and holomorphic in C —~, in particular because in condition I), we have that
g is analyticon C—T'and I' C ~v

ns

1) Q(z4) = Q(2-) since @ does not have a branch cut on v as stated before, obviously e 2 also
does not, thus

n—os —)| —n| 9(z)+5 Jos
Wizy)=e 2 P(z2) |:1 Q(z)e z ] e 2

(( )+l> 21 - <( )+l>
= m e923|:1 Q(Z)eZ]e Y

n<g(z>—g<z+>> ns n<g<z )+g<z+)+Z)
— W) e Q(z)e z e
—n<g(Z)—9(Z+))
0 e

n(g(z_)g<z+>) E n( (- >+g<z+>+1>
el Z(e )
g(z+)
0




On the other hand ¢(z) = Sy 2¢g(z) 4 1, so we have:
z

9(z-) = glz4) =

N =N =
VA

9(z-) +9(z4) =

Finally, for condition 1), we obtain

=®(z) as z—o0 =g(z) as z—oo

W(z) = enégg ( -H2><2 + O(z_l)- z”‘“”) en<frm:m+;>‘73

—loxe as z—oo

—no3 —laxa as z—oo l

o~

—n—o3

nses (T INEerema o
—e 2 < Toxo +O(Zf ) o n(z)os e n(z)os e~ (z7YHYos o 2

l
—n—o3

l
—e2” |:H2><2 + O(zl)} e 2

Thus, as z — 0o, W(z) = |:H2><2 + (’)(zl)}

Notice that after the transformation & — W ,the function W as n — oo tends to the identity

matrix in condition 2) and thus does not have a singularity .

Now that the function ¢ is being used as a proxy for the function g, I', the branch cut of ¢ will be

used as a proxy for the branch cut of g .

3.1.3 Derivation of an appropriate g—function

Definition 3.5 We define the following effective potential

9 42 2
©(z,8) / \/w2+ dw—2ln(zz \/2—1-1)—2\/1—1—82
s w 4z
/ ’ . /
90<278)290<Z) 22 Z2+Z
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Motivation for the definition above
Let us set V(z) := —%. From the Definition 3.2 we know that for z € I',:

9(z4) +9(2-) =V(z) - ¢

= g'(24) +4'(2-) =V'(2)

- <g'<Z+>>2 - (ﬂz))g V') (0 - o)

p(z)

2 /
= <g’(z)> - Md( (by the Sokhotski-Plemelj formula)

C2mifp (-2
=0

(V0 -V + V') (0

" 2mi -z d¢
I

o (V0= V')o(0 o v ’ (Z%(z‘)dc

i F (-2 i F 2

=R(z) :V’(;r)g’(z)
(with z €
So
=0
, Vi) 2
RV () = (46) " R - (g’<z>)2 v+ (Y 2”) . | :
2
- [g’(z) - V;(Z)] R+ [V Ej)]
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= !
Since ¢(z2) = Z +2g(z) + £, we have —¢/(z) = ¢'(z) — V2(z)7
hence,
2
2 V'(2)
(3.15) = i(gp’(z)) =R(z)+ [4] (3.16)

2
[V’ (2)]
So, in ( 3.16), the term does not have a jump and is a rational function.
Similarly, we will prove that R(z) does not have a jump discontinuity and is itself at most a

rational function

(vo-vie)o [ (vo-vie)uo

R(z+) — R(2—) = 5 T d¢ — 5 = d¢

T'm Im

=0 ,

(Since V'(2) does not have a jump in particular on T'y,, V/(24) = V'(2-) = V/(2), and similarly

1 1
o]

= = on I'y,).
1 2
therefore ( 3.16) implies that 7 (ap’ (z)> is also a rational function of z. Therefore ( 3.16) =

(-2 (-2 (-2

It follows that R(z+) = R(z—). In conclusion, R(z) and are at most rational functions,

S S
1/, 2 1 <C2 - 22>P(C) 52 s _(CQ . 22) 52
4(%7(2)) =55 = dC—i-@:% mp(odC‘i‘@
- o gt
o
st s p(<) 5 p(¢)
T4t 2 2m’(dc 2 2mi(? d¢
T Im
:4 =B
> s 4As 4B
— (@’(z)> = ; - 725 - 78 (3.17)



2
The expression above can also be seen as the expansion of ((p’ (z)> as z — 0o On the other hand,

1
recall from condition I7) that as z — oo, ¢(z) = 2In(z) + O(-)
z
4 1
)

2
= as z — 00, <<,0’(z)> =— +O(
z
By identification, we obtain A = —— and B = 0 and we can write
s
2 2 2
, s 4 iy 2 s
<QO(Z)) —?+?:>g0(2)—? Z2+Z (318)

Proposition 3.6 The effective potential given in Def. 4.2 defines a g function by g(z) =
% (—g — 0 —o(z, s)) that satisfies all the conditions of Def. 3.2.

24

Proof. A great simplification is achieved by observing that ¢ is really a function only of %,
namely

p(z;8) = ¢ (z 1) : (3.19)

and hence it suffices to describe the domain and properties of ¢g(z) := ¢ (i, 1) which is given by

) ) 1 Vaz? +1
©vo(2) =2In (222 +ivV4z22 + 1) —24/1+ o2 0o(2) = —5—. (3.20)

z

The determination of the root is chosen such that wp(z) =~ % at z = 0o, with a branch-cut connecting
the branchpoints +5 to be determined below. The language of vertical trajectories of quadratic
differentials of [43] is useful in this discussion: by definition these are the arcs of curves where Re ¢g
is constant, which, in the plane of the variable £(2) 1= ¢o(2) = [* ¢}(w)dw are (by definition)
vertical segments, whence the terminology. We start by observing that Tes v (2)dz = —2im and

res @i (2)dz = £2im (with the sign depending on whether the branch-cut leaves z = 0 to the left or
z=

to the right) and hence, no matter how we choose the branch-cut I';,, (connecting the branchpoints)
we have that

the function Re ¢g(z2) is single-valued, harmonic in C\ I U {0} and continuous in C\ {0};
(3.21)

for |z| sufficiently large Re ¢g(z) = In |z|+ harmonic and bounded.
(3.22)

The observation (3.22) implies that the level-curves of Re ¢ are deformed circles for |z| sufficiently
large. One can verify that changing the determination of both radicals in (3.20) has the effect of
flipping the sign of Re ¢ and hence that Re ¢y is a well-defined harmonic function on the Riemann
surface of the radical

w? =1+ 422 (3.23)

Furthermore Re ¢ is an odd function under the holomorphic involution that maps (w, z) to (—w, z).
This means that the level sets Re ¢y = 0 are well defined on the z—plane; they consist in vertical
trajectories issuing from the points 5 and forming the pattern illustrated in Fig. 4.
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We choose the branch-cut of the radical as the arc of Fig. 4 joining i% in the right half-plane.
With this choice we have that

wo(2) =~ 2 +0(1), z—0. (3.24)
and in general ¢'(z;5) = L¢f (£) satisfies
O(zs) = —Z% +O(). (3.25)

Verification of the properties of ¢ and range of validity. It suffices to verify the properties
for s = 1 since changing s € C amounts simply to a complex homotethy z +— sz. We choose T, as
the arc joining :t% in the right plane, and I'; as an arc joining :l:% in the left plane, and inside the
region bounded by the imaginary axis and the contour —I';,, (see Fig. 4). Finally we choose I'» as
the ray (—ioo, —%] We then proceed with the verification of the properties in Corollary 77:

1. on the sole connected component I'y,, we have ¢o(z+) + po(z—) = 0 since the two boundary
values differ by a vanishing period of ¢{;

2. on I'. we similarly have ¢(z1) = p(z_);
3. on I'o, we have ¢po(z4) = po(2—) — res gi(w)dw = @o(z-) + i
w=00
4. Since I'y, is defined as the zero level set of Re g, we have Re g = 0 on I';;, by definition;

5. in the unbounded doubly—connected region outside of the “apricot” in Fig. 4 we have Re ¢y =
In|z| + O(1) near z — oo; thus inevitably Re ¢ > 0 in the whole region (which, we remind,
is bounded by the zero levelsets of Re ¢y);

6. In the right hemi-apricot, the sign must be also positive because Re po(z) = Re (1 + O(1));
7. by the same token, the sign is negative in the left hemi-apricot.

Thus all conditions except possibly the condition no. 2 in Def. 3.2 are verified, namely, we still
need to verify that the union I',,, U T, is homotopic to a circle |z| = R, R > 1 in the cut plane
C\ [0, 1].

Since the levelsets in Fig. 4 are scaled by s, this latter condition is fulfilled as long as the
point z =1 lies inside the re-scaled apricot. This holds clearly for |s| sufficiently large, and it fails
precisely when the point z = 1 lies on either I';, or I'., namely when

Re (13 8) = 0 = Re o <i) | (3.26)

The set of points on the s—plane such that Re (¢(1,s)) =01ie. {s€ C:Re(p(z0=1,s)) =0}
form a closed contour of what we will call the ”Eye Of Tiger” (EoT, in short) because of its shape
on the s— plane as shown in Fig. 3 Now, let =g = {29 € C: Re (¢(20,s € FoT')) = 0}. Notice that
zg = 1 € Zy. Zp describes an apricot-looking closed contour shape figure as shown in Fig. 4.

In other words, as s moves on the contour of the Eye Of the Tiger on the s—plane, z moves on
Eo to satisfy Re (¢(z0,5)) =0
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Figure 3: EoT ={s € C:Re(p(z0=1,s)) =0}

More generally, let us define = = {z,s € C: Re(p(z,s)) = 0}. After we plot on the z plane the
curve such that Re (¢(z,s)) = 0, the change of the shape of the curve as s € C varies as follows:
On the picture above:

e As s moves outside of the contour of the Eye Of the Tiger (in the neighbourhood of the
EoT) on the s—plane, for Re (¢(z,s)) = 0 to be satisfied , we simply observe the rotation of =g
which inflates to a generic =.

e As s moves inside of the contour of the Eye Of the Tiger on the s—plane, for Re (p(z,5)) =0
to be satisfied , we simply observe the rotation of =y which deflates (shrinks) to a generic =.

Depending on s € C rotating inside the closed contour of EoT or outside of it, z = 1 will be
outside or inside of = on the z— plane.
FACT: The contour = contains two points a4 and a_ which are symmetric with respect to the origin.

FACT : Since ¢(z) has branch points at a_ = —i; and ay = ig, the contour of = which goes

from a_ to ay can be taken as a branch cut of (z,s). Let us call it Tg.

Thus, I'yt C T such that I' = I'e " UT'(c0). To solve the RHP, the jump on + is our focus in condition
1). So it is convenient to retract v on ', such that, I'e™ C I' C . With this configuration, we call
I'y, =T the Main Arc. The contour of v which is not superposed is called the Complementary arc
I'., and it is located on the region of the z— plane where Re (¢(z,s)) < 0 as pictured below on a
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Figure 4: Apricot-shape, Z9 = {20 € C: Re (¢(z0,s € EoT)) =0}
couple of the Apricot-shape figures as s € C moves around the EoT :

Fa_

at

Figure 6: The Apricot-shape for some s > 0 on the EoT
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-3 -2 —1 0 1 2 3

Figure 7: The Apricot-shape for some s < 0 on the EoT
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Figure 9: The Apricot-shape for some s > 0 inside the EoT

Notice that on figures 8 and 9, the branch cut of @) passes through v and will generate a jump
on it, which forces to redefine the jump condition 1) in the RHPW. This case will be discussed in
the subsection 3.3

3.2 Discussion of the solution of RHPW when s is outside the Eye of the Tiger

From the previous discussion we know that ¢ has a branch cut, hence a jump discontinuity on
Iy € v. When s is outside the EoT, we typically obtain the figures 6 and 7 on the z— plane.

3.2.1 Refining the first transformation: & — W

Proposition 3.7 The 2 x 2 matriz valued function W (z) defined in Def. 3.3, solution of the
RHPW satisfies the following conditions:
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0) W(z) is defined and holomorphic in C\ v

1) On~vy=T.UT,, we have:

2) As z — oo we have the asymptotic behaviour

W(z) = []bxz T O(Z—lﬂ

Proof. Recall the conditions of the first transformation RHPW & — W written in Prop.
3.4. We retract v onto I' = I';, UT'. in C\ [0, 1] and re-examine the jump conditions on the two

components separately. See Fig. 6 and Fig. 7.

and hence e 2 =1.

Moreover, I'. is contained in a region of the z— plane where Re <<,0(z)> <0, so

. (wz)w(m) n [Re (w(z)) titm <¢(z)>]
= Q(z)e"“ﬁ(z) =Q(z)e

Q(2)e?
o) en |:Re (@(z))] ei [nIm <<p(z)>:| 0

—0 asn—oo

because Q(z) # 0o as z # 0,00 when z € T... Hence for z € T,
1 0
W) =W |y ] =
Therefore we obtain:

Wi(z-), onI'c

n
5 <<P(Z)—SO(Z+)> (w(Z)+sO(Z+)>
W(zy) = €

n
2
Wi(z_) z; , onlTy,
-5 so(Z—)—w(Z+)>
il
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Proposition 3.8 From Proposition 3.7, relation 3.29, the jump condition for the matrix W on
I' can be factorized as follows:

1 0 1 0
W(ey) = W(e) |9 | mg [emeen (3.27)
Q(2) Q(2)
where
_ n -
5 <<P(Z—)+SD(Z+)>
0 Q(z)e
= 3.28
mQ 5 <w(2—)+@(2+)> (3:28)
e
— 0
L Q(2) i
Proof.
Let us analyse the jump on I';,
The following equality is used to rewrite condition 1) in Proposition 3.7
e® b 1 o]0 et 1 0
[O e“} - [eab 1] [eb 1 ] [eab 1] (3.29)
|

Proposition 3.9 Using that o(z4)+@(2—) = 0 on T, the jump condition for the transformation
W on T'et can be rewritten as follows:

1 0 0 Q) 1 0
Wier) = Wie-) {GWM 1] [ Ly ] {ew” 1]
Q(2) Q(2) Q(2)

W(zy) |:ens0(z+) 1] = W(z) |:en<P(z) 1] |: 1 0 ] (3.30)
Q(2) Q(z) Q(2)
T(z4) T(z—) mQ
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Proof. On I't* with —% =qa_, and % =a,

Z+ 9 82 Z4
wi + — —
(p(2+) - 724(111] =9 \/(w—',- CL_)Q(w+ —+ a+)d
w w
ngg+32 ZV( )(w_ +ay)
_ 4 wW_ —a_ w_ CL+
ple) =2 T w2 o2 duw

Remark: It is important to notice that any main arc branch cut can be equivalently considered as
a segment branch cut. In fact, since the main arc and the segment must have the same branch
points (see figure 11 below), if we denote D the region between the two, it suffices to ”move the
cut” by redefining

o Jelkz)if 2¢D
¢@)—{_¢@)ﬁ CeD (3.31)

This redefinition can be used any time the jump discontinuity of a function (in this case @)
around a segment is of the form @(z1) = p(z-)
After the arc branch cut has "been moved” to a segment branch cut (a—,a4), let | wy —a— |:=
r—=|lw_ —a_ |, |wy —ay (=14 =|w_ —ay |
If arg(wy —a—) =0, then arg(wy —ay) =m , arglw_ —a_) =0, arg(w_ — ay) = —.
Let r:=| w_ |=| wy |= w_ = wy =rel¥ = r. See figure 10 below.
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arg(w_ —
= -7

Similarly, ¢

1 1 0+m7 zy 1 1
- Z - -
)2 (r 2 2 2 2
P(z4) =2 © dw = 21 de
r
a
1
+)2(r :

Therefore ¢(z4.) ) on the segment branch cut (a_, a4 ).
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Figure 11: The equality (x) stems from our computations above. The equality (**) is a consequence
of (x). The other equalities are obtained from the redefinition ¢ <+ ¢ above in 3.31. Notice the
jump of —@(z) across the dashed line (new branch cut) labelled by the change of color. —@(z4)
is unchanged across the red cut (old branch cut) labelled by the unchanged yellow color

From the redefinition we made, we can see from fig. 11 above that we can revert back to the
main arc and deduce that:

p(z1) = —p(e-) = plz) + p(2-) =0 on % (3.32)
At z =
1 1 0+0 z4 1 1
)2(r 2ez 2 ) )2 (r)2
o(zy) = dw = @(z4) =2 de (3.33)
Similarly,
1 1 040 Z+ 1 1
)2(r 2 "2 2(r_)2
o(z) = ¢ dw = G(zy) =2 (r+) Tgr—> dw  (3.34)
Thus ¢(z— 2, ) on I's. As a consequence, we restrict the branch cut I' to I'g"
[

From the relation ( 3.30) above, we can notice that W(zy) = W(z_)Mg as n — oo and with
z # a4,a—. The factorization and rearrangement of matrices in (3.30) is suggestive of the next
step in the analysis which we can term the ”lens opening” technique.

3.2.2 Second transformation: lens opening

We can define a region (or lens) around '™ bordered on the left and on the right respectively
by two curves £, and L£_ that can be arbitrarily chosen as long as they stay in the region where
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Re <<,0(z) > O> as shown in Fig. 12.

Figure 12: One branch cut lens opening

Definition 3.10 Let T be a transformation on that region such that, as suggested in relation

( 3.30):

W (z), outside of the regions (lenses)
1 0
W(z) | —e—n#(2) , on Ry
T(z) := L Q(2)
1 0
W(z) | e=m#(2) , onR_
| Q)
where R4 and R_ are respectively the region on the left and the right of I'q, such that relation
0 Q)
( 3.30) gives T(24) =T(2—) | 1 o | on Ta®, see Fig. 13.
Q(2)
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Proposition 3.11 The transformation T satisfies the jump conditions on the lenses L+ as follows

1 0
T(zy) =T(z-) | e @ (3.35)
1
Q(z)
Proof.
© On £+
T(z4) = W(z), since that W (z) defined in 3.3 does not have a jump on the lens £
1 0
T(z_)=W(z) | —e () since that W (z) and ¢(z) do not have a jump on the £y
Q(z)
1 0
Hence T(z,) = T(z_) | e ™) .
1
Q(2)
Similarly,
® On L_
1 0
T(zy) = W(z) | e ¥ since that W (z) and ¢(z) do not have a jump on the lens £_
Q(z)
T(z—) = W(z) since that W(z) does not have a jump on the lens £_.
1 0
Hence T(z,) = T(z_) | e ™)
Q(2)

3.2.3 Model problem and approximation

Let us leave the scheme of the lens opening. The rationale behind the next construction is that the
jump conditions on the lenses will be shown to be exponentially close to the identity jump, and
hence, in first approximation, can be heuristically neglected (the full justification of this heuristics
to be delayed to further analysis later on). The result of this is the RHP described hereafter.

Definition 3.12 We define Mq(z) as the solution of the following RHP, that does not depend on
n. The matriz has a jump discontinuity only on the branch cut T'a', such that:

0) Mgq(z) defined and holomorphic in CP*\ 7.
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2) Asz—

Mg(z4) = Mg(z-) | 1

a
on Igt

Mg(z) = []szz + O(z‘l)]

3) All entries are bounded by |z — at ~T as z — ay (respectively).

3.2.4 Error analysis

The goal of this section is to conclude the approximation analysis. We will prove that for s varying
in closed subsets not intersecting the EoT region, the RHP for ® is solvable for n sufficiently large,
which implies that D, (ns) is non-zero. Thus, by exclusion, all zeros of D,,(ns) must eventually fall

within a neighbourhood of the EoT region.

The logic of the proof is to show that there exists a well defined transformation

that connects T'(z) and Mg(z) and that E(z) tends to the identity pointwise. The logic is quite
common in the literature, see e.g. [7, 8, 11, 16, 17], and hence we can be a bit cursory in the

details.

E(z) = T(2)Mg(2)™"

Proposition 3.13 There exists a well defined transformation

E(z) = T(2)Mg(2)~! that connects T(z) and Mg(z).

RHPE is as follows:

0)  E(z) defined and holomorphic in C\ (yU Ly UL_)

1)

where G(z) = Mg(z-)

E(=-), on y

Blz) = E(z-) <]I2X2 e G(z)), on L_UL4

0 0
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As z 00, E(z)= []IM + O(z‘l)]

Proof. The Riemann Hilbert Problem for F, i.e. RHPE is as follows:

0) E(z) defined and holomorphic in C — (yU £4 U £_), this is justified from the definitions of
T'(z) and Mg(z) (note that oo € 7).

1) OnyULyUL_

e Ony—Igt
E(zy) = T(z4)(Mg(24)) "t = T(2-)(Mg(2-)) ! since T and Mg don’t have a jump on
v —Tgt. Finally E(z;) = E(2_)

e On It

e | (Mo(=2)) !
Q)

B(zy) = T(z4) (Mo(z4) ™ = T(=-)

=(Mq(z4))~"
1 0] “Male)™

0 0

= T(_) (Mo (=)~ Mo (=) <H2x2+ e O])(Mw»l
=lox2 Q(Z)

— T(x) ( (Mo (=)™ Mg (=) Toxa(Mp (=)

=lax2

0 0
+ (Mo(z-))™" Mo(=-) {e’w@ 0] (Mgl )
Qe
=G(2)
= T ) (Mlz )™ 4 T )= )™ G2

=E(z_) =E(z-)

= B(z) <HM + G(z)>

J/

50



As z—o00, E(2)= |:]12><2 + 0(2_1)]

The following theorem will allow us to suppress the function G(z)

Theorem 3.14 Small Norm Theorem for RHP’s:
Let E be a transformation (function) satisfying the following RHP:

B(z) = [H2X2+O(z_1)] As 2 — o0

E(zy) = B(2_) <11M + G(z)>, on a contour ¥

Let N(z) = /Y (G;;(2))?. Suppose that N(z) € Lp<z, |dz|> with 1 < p < oo. If ||N(2)]|co is

small enough, then the RHP has a solution.

In our case,

Y. =L_ULy. We have

0 0
G(z) = Mg(z-) | e | (Mg(z-))™" (3.37)
Q(2)
efnﬂa(z)
Since ) is compact and o0 is bounded on it, N(z) € LP(E, |dz\> with 1 < p < oo.
Vzey, Qz)#0.
In addition @
—np(z
Vz e —{axr}, Re(p(z)) > 0= as n — oo, GQW — 0.

Hence || N(z)||co is small enough.
However, for z = a+, e ™(*) = 1 and || N(2)||oc can not be made small enough.

Therefore we need to apply the small norm theorem to a contour that excludes the points z = a4
and z = a_. To achieve that, let us redefine T'(z) in the neighbourhood of those points: let us Dy
and D_ be two disks with radius 6, V6 > 0 in the neighbourhoods. If T(2) is the redefinition of
T(z), we will have E(z) := T(2)(Mg(z))~*
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D_

Figure 13: Disks opening around the branch points, and configuration of the jumps of the trans-
formation T on the arcs and lenses

Let us start the procedure by first considering only the disks D, and D_.

Definition 3.15 Let’s define a P(z,n) as follows:

Pp,(z,n), inside Di

Plan) = {T(z), on 0Dy

where Pp_(z,n) is some transformation which has the same jump as T(z) on the main arc T'g*
and the lenses L+ as T(z) inside Dy
Now, let us define :

T(2) = T(z), on C—Dy
’ P(z,n)(T(z))_lMQ(z), on Di

The existence of appropriate parametrices is a delicate but standard construction and can be
found in [7, 8, 11, 16, 17]. We will not report their construction here.
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Figure 14: Configuration of the jumps of the transformation 7 on the arcs, lenses and the disks

It follows from the definition that:

T(z)(MQ(z))_l, on C—-Dg
. Pp,(z,n)(T(2))"" := Pp.(z,n),
E(z) = T(2)(Mg(2)) ™" = Pn)(T(2)) " = i ifside D, (3.38)

1
H2X2+O(E)’ on 0D+
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Figure 15: Configuration of the jumps of the transformation E on the arcs, lenses and the disks

Notice that:
® Pp,(z,n) as defined above, does not have a jump on both the main arc and the lenses inside
Dy
® since ay ¢ (C—Dy), and E(z) = T(2)(Mg(z))~! on C — D4 the RHP for E has a solution (as
we derived before)

In particular, E(z) = |Iaxo + O(z71)| As 2z — oo.
® inside D4 and on 0D+, the RHP for E is:

B(zy) = E(z_><(n2xg i @3)
=G(z)

G(2) = Ogx9 thus the RHP for E = T(2)(Mg(z))~" has a solution (i.e. exists) by the small norm
theorem.

Comments:

o Since the Riemann Hilbert Problem for the transformation E has a solution (i.e. E exists), we
can know consider the RHP of transformation Mg (z) = (E(2))~'T(z) which satisfies the conditions
as defined in Def. 3.12 and solve it. Notice that the expressions of Mg(z) inside and outside the
disks are different, although they both have the same jump matrix on I'y*.

o Finding a solution to the RHP Mg is equivalent to finding a solution to the RHP®. In order to
find an explicit solution to the RHPMg, we will need a further transformation Mg — M to the
Model problem, which is easier to solve explicitly.
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3.2.5 Solution of the RHP for MQ of Def. 3.12

In order to obtain a Riemann Hilbert Problem of Def. 3.12 we define a new matrix M(z), with a

constant jump matrix on I'y" and no jump at co. Let us consider:

Definition 3.16 Let us define

M (z) = e75()93 p 5 (2)e5()7s

The function S(z) is the Szego function and its properties are derived below, in particular (3.41)

and given in Prop. 3.18 below.

We will solve for S(z), called the Szego function, such that M (z), if it exists, satisfies all the

o . . . . a
conditions above, in particular, has a constant jump on I';".

Proposition 3.17 The function S(z) defined in Def. 3.16 has the properties:

® S(z) is analytic and bounded on CP! — T'qt
©® S(2) has finite boundary values along T'q® which satisfy

S(z4) + S(22) = n(Q(2))

Proposition 3.18 The Szego function is given by the expression

e QW)
27i J(wy)(w—2z)

T

z ¢ Tt

(3.39)

where J(2) is as in (3.42). It is analytic and bounded on CP'\ T'q" and satisfies the boundary

relation

S(z) + S(z-) =In(Q(2)), =€ T%.

(3.40)

Proposition 3.19 Let’s consider the transformation M(z) = e%(®)73 Mg (2)e=3(3)% as defined in

Def. 3.16. Then

0) M is defined and holomorphic in CP' — ~, (note that co € )
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a
on I'g®

2) As z —» oo, M(z) = [HM + O(z‘lﬂ

3) All entries are bounded by |z — ai|7i as z — ay (respectively).

Proof.

Analyticity condition on C\~v. We need to impose that S(z) is bounded and analytic on C\ 7.
This condition leads us to conclude that M (z) = e~5(%)93 M (2)e(*)73 is analytic on C\ v because
Mg is.
Jump Condition on 7.
e onAIgt,
M(z4) = e 078 Mg (2 )57
= e_S(OO)U3MQ(z_)eS(Z+)"3 =M(z_)

e onlyt,
M(z4) = e 573 Mg (2, )eS=+)7s
=lax2
A~ 0 z
— 6_5(00)03’1:, (Z) eS(z,)Uge—S(z,)ag 1 eS(z+)03
Q(2)
0 z
= M(Z )e_S(z*)o—?’ ]_ Qé ) eS(Z+)0’3
Q(z)
- <s<z+>+5(z>>
0 Q(z)e
= M(z4) = M(2-) (S(z+)+S(z_)>
€
— 0
: Q(2) 1

Therefore, for the jump condition with a constant matrix to be satisfied, we must impose to have
S(z) bounded on I'y*,
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and

S(z:) + 5(-_) = In(Q(2)) ie. Af(z+)::A4(z){fz é} (3.41)

Construction of the Szeg6 function S(z). Let us define for convenience

&2
J(z) = ¢'(2) =\/22+ R (3.42)

a+

We previously established in relation (3.32), namely that ¢(z4) = —¢(z_) on I';" .
This implies that ¢'(z4) = —¢/(2-) ie. J(z4) = —J(22).
So diviting both sides of (3.41) by J(z4) we obtain the following

S(z+) | S() _ n(Q(2))
Tea) TG | TG (3.43)
S(z) _ S() _ n(Q(2))
T I I I (3.44)
= (by Sokhotski-Plemelj theorem on 553) (3.45)
S(z) = L;(;Z) mdw, z ¢ Tot (3.46)
ot

Notice that the expression of S(z) provided by Sokhotski-Plemelj is indeed bounded on I's™ —
{as,a_} as we want: in fact, as z ¢ Iq", S(z) is bounded because the contour of integration I'g"
is compact, and the integrand of S(z) is bounded on it. It is also bounded at the endpoints as a
consequence of the expansions of Cauchy integrals, see [24], Ch. V.

Expansion at co. The function S(z) is bounded at infinity because J(z) = O(z) and the Cauchy
integral is O(z71), as |z| — oco. In particular it has a limiting value

S(o0) = — de. (3.47)

J(wy)

r,t

Consequently we see that M (z) is also bounded at infinity and correctly normalized:

M(z) = eS<°°)U3MQ(z)e_S(Z)U3 — M (o0) = e 5(>)s [ngg + O(z_l)} S(o0)s

~~

Mg (o0)

:>%z%mM@:Fm+wzﬂ

We give the explicit construction of M in the next section.
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3.2.6 Solution of the Model Problem (RHPM) in Prop. 3.19

A further diagonalization in condition 1) gives:

M(zy) = M(z-) [_01 (1)] = M(2_)P [_ZO _OJ P! after diagonalization, where P is the matrix

. 0 1
of eigenvectors of [_ 1 0].

Proposition 3.20 A solution of the RHPM is :

M(z):<z_“+>z2=; Q+Z) _i<g_i’> (3.48)

where o9 = {? BZ] and 0 = <z—a+> 4.
Z—a_

let us verify that M (z) as given above solves the RHPM:

;) Tt easy to see that o is analytic and locally bounded on CP* —T'g*, so is M(z). Near the two

points ar we see that all the entries are indeed bounded by |z — ai|_i as required by the

Prop. 3.19.
92) e From previous discussion on the jump of \/(z — a_)(z — a;) on I'g" similar computations
show that
1 L
4+ —a+\4 TH\ata
Q+—<Z —a ) —(7)4 4
0 - Lo (3.49)
o = (z——w>4 _ (i 'a
Z_—a_ r_
Thus o has a jump discontinuity only on I's™ and o4 = io_ = o_ = —io,.
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e Now, let us verify the jump condition,

1
T2 -1 0
R
L Y O+
[ 1 . 1
1| et —iler——
_ = o+ 0+
2 1
(n-2) wet
L O+ O+
= M(z4)

[2 0], hence M(z) = [ﬂgxg+0(zl)]

93) It is easy to see that as z — o0 o — 1 and M (z) = 0 2

All the 3 conditions of RHPM are satisfied for M (z) and this proves Prop. 3.19.
Short discussion of uniqueness. Another solution of the RHPM could be
a b
: 4
(Z — ai)’“

:=L(z)
M (z) satisfies all the first three (0,1, 2) conditions of the RHPM in Prop. 3.19 because:

M(z) = (Hzxz + ) M (z), where k is an integer and [Z b} is a constant matrix. In fact

d

€9, L(2) (as defined in the expression of M (z) above) is analytic and bounded on CP! —I'4*, so is

~ ay

M (%), (note that L(z) has only a singularity at a+, because k is an integer, and a4+ ¢ CP!—T'g*

€92 The singularities of L(z), ax € T'q", so M(z) has only a jump on I'g" coming from M(z)

95 As z — 00, L(z) — Igxo, hence M(z) = [HQXQ + O(zl)}

The uniqueness of the solution thus depends crucially on the condition 3) of Prop. 3.19. We now
prove that with condition 3), the solution M(z) to the RHPM is unique.
Let M(z) be another solution satisfying conditions 0),1),2) and 3) of the RHPM.
Notice that det(M(z)) = det(M(z)) = 1:
In fact, from condition 1) det(M (z4)) = det(M(z_)) det( [_01 (1)]) on 7.

S ——

=1 R

So det(M(z4+)) = det(M(2—~) on ~. In addition, condition 0) = det(M(z)) and det(M(z)) are
analytic on C\ 7.
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It follows that they both are analytic on C. Moreover as z — oo, condition 2) = det(M(z)) =
1 = det(M(z)). Thus, det(M(z)) and det(M(z)) are analytic and bounded, by Liouville’s theorem,
det(M(z)) and det(M(z)) are constant ¥z € CP'.

Hence det(M(z)) = det(M(z)) = 1 # 0 = M(z) is invertible Vz € CP!. Let us consider
X(2) = M(2)M~(z).

-1
XCe) = M) = v | O o) (3 | 2 ()
=X(z_) onvy
e It follows that X (z) has no branch cut. It follows that X (z) has at most poles ad a.
e Moreover, by condition 1), M(z) and M ~1(z) have a jump discontinuity on I'y".

The two statements above imply that X (z) = M (z)M~'(z), has at most poles at a-.
However, with condition 3), each entry of X (z) is bounded by

1 1 1
O(W) O((z_ai)l/ll) = O<m> at ay and a_ which lmphes a branch cut be-

tween a4 and a_. In other words, if X (z) ever has singularities at a4 and a_, they must be branch
points. This contradicts the fact that X (z) has at most poles, therefore X (z) has either no poles
or removable poles at a4 and a_.

Hence X(z) is analytic on CP!.

Furthermore, as z — oo condition 2) = M(z) — Iaxa, sois M~ (z), therefore X (z) = M (z)M~1(z) —
Ioxo. Therefore X(z) is analytic and bounded on CP!. By Liouville’s theorem X(z) is constant
equal to Ipx. It follows that M(z) = M~'(z), thus M (z) is unique under condition 3).

60



4 Discussion of the solution of RHPW inside the Eye of the Tiger

The boundary of EoT is described precisely by the condition that z = 1 belongs to the two sub-arcs
of the zero-level set of Re ¢(z; s) forming the “rind” of the apricot. As we move s inside the EoT we
cannot use the same effective potential described in the previous section because the fifth condition
in Def. 3.2 ceases to be verified.

The idea is to treat z = 1 as a “hard—edge” in the terminology that has come to pass in the
literature about random matrix theory [11, 14]. We thus postulate the following form for ¢'(z; s)

2 2 2\/ 2(z—-1+A4)+2(z-1
90/(2;8):2\/22+5+AZ = ( FAHrEE-Y
22 4 z—1 22y/z —1
The parameter A = A(s) is chosen by the condition that all periods of ¢'(z;s)dz on the Riemann
surface of the radical are purely imaginary, which is necessary so that Re is continuous across

the cuts; the Riemann surface of ¢'(2;s) is an elliptic curve branched at z = 1 and the other three
roots of the radical in the numerator:

2
p?=(z-1) <z2(z—1+A)—|-(z—1)> . (4.2)

(4.1)

4

We denote these roots as b,a,a_ with b the closest root to z = 1; an expression in terms of
Cardano’s formule is possible but not necessary.
Now the complex parameter A(s) is determined implicitly by the two real equations

1 at
Re / ¢ (2;8)dz2 =0 Re / ¢'(z;5)dz = 0. (4.3)
b b

Under these conditions it then follows that the real part of

ples) = [ © o ws s)duw (4.4)

is a well defined (single valued) harmonic function on the Riemann surface minus the preimages of
the points z = 0 on the two sheets.

Determination of I',, and I'.. By the same argument already used in the genus zero case,
the level sets Re p(z;s) are well defined; they consists of the vertical trajectories of the quadratic
differential Q = ¢'(2;s)%dz? [43]

2z—14+A)+2(z—1)

=1 24(z—1)

(4.5)

The main arcs I, are sub-arcs of the zero levelset of Re ¢ and we need to discuss their qualitative
topology before proceeding.

The critical points are the three simple zeros (generically) and the simple pole z = 1; from each
simple zero issue three vertical trajectories, while from the simple pole only one. The union of the
trajectories is a connected planar graph and the unbounded region is conformally equivalent to the
unit punctured disk (with the puncture at infinity) by the map

#(z38)

(=e n (4.6)

which maps the exterior region into the disk || < 1, with z = oo mapped to ¢ = 0. Some
observations are in order
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1. the level sets of Re ¢ depend only on s2 and they are conjugated if we conjugate s;

2. one of the zeros of ¢’ is connected by a vertical trajectory to z = 1; we denote this zero by
z = b; the other two zeros are one in the upper and one in the lower half plane. We denote
them by a4, respectively.

While the level sets of Rey depend on s? alone, we must choose the branch-cuts I'y, differently
according to Re s > 0 or Re s < 0; the reason is that the sign distribution of Re ¢ differs according
to the two cases.

This is seen by the following reasoning

e In the outside region Rep ~ 21In|z| + O(1) and hence Re ¢ > 0;

e near the origin we must have ¢(z;s) = —2 + O(1) and hence for Res > 0 the right “lobe” is
where Re ¢ < 0; viceversa it is the left one if Res < 0.

The branch-cut 'y, is then singled out by the fact that Re ¢ is not differentiable, namely, Re ¢ has
the same sign (positive) on both sides.
Collecting these observations, we thus have determined that

1. For Re s > 0 the branch-cut I';,, consists of the three arcs of the vertical trajectories connecting
z=>b,1and z=b,ay and z =b,a_.

2. For Re s < 0 the branch-cut I';,, consists of the two arcs of the vertical trajectories connecting
z=>5,1and z = ay,a_ (passing to the left of the origin).

See Fig. 5.

Proposition 4.1 The 2 x 2 matriz valued function ®(z), solution of the RH P® must satisfy the
following conditions:

0) ®(z2) defined and holomorphic in CP!\ ~

1) The jump condition gives:

ns

(z_) |1 Qe z | if zeqy\ o
0 1
(I)(z-i—) = =< ns

N —
=0(z_) |1 (1=e")Q(z)ez | if zebh
0 1

ns

where Q(z)e7 is defined as the generic final expression of the (1,2)-entry of the matriz above
Vz € 7.

2) As z — 00, for some n € N, the matriz ®(z) has the Laurent series expansion of 2! of the

form: ®(z) = [HM + (’)(zl)] 2198 = B, (2)
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Proof.
We define b € C such that the path from z = b to z = 1 (let us call it b1) is e N[ = by. The
steepest descent method is also applied to this case to find the solution of the RH P®. The only

0
1
difference with the previous case is that the function Q(z) = z=™ (1 - ) as defined in relation
z

(3.4) "technically” has now a jump on b; as shown on Figure 16 below. Since m is an integer z=™

does not have a jump on by = (24)™" = (2—)~™.
However 6 is not an integer and hence,

Qzy)=2"m <1 _ 1>9 — Z—mw — Zm<r1>eem0

Z+ ) (24)° . T2 0
_ ,—m 1 _ ,—m (Z_ _1) _ -m( " —imf
oor-e{i-3) -t (3.
= Q) = BTQ(2 ) (47)
where r; = |24 — 1| = |z— — 1] and ry = |24 | = |2_]

Let us recall that the 2 x 2 matrix valued function ®(z), solution of the RH P® must satisfy
the following conditions specified in Sec. 1.3.1. In the present situation they read as follows

0) ®(2) is defined and holomorphic in CP! \ v

1) on v, it satisfies the boundary value condition (see figure 16)

i ns
d(z_) |1 Qe z | if zeq\b
0 1
B(zy) = : ns nsq -t
(z_) |1 Qlz—)ez | |1 Qz4)e 2 if zeb
0 1 0 1

The arc b; is the subset of v that will be superposed (flattened) on bl. (See figure 16)

- +
To ”make a jump” on by, ® has to jump on (’y&) and ’y&) successively, hence the product
of the two jump matrices for the jump condition on b;. The two matrices are inverse of each
other because they have opposite domains of definition (with respect to the sides of 'yg) as
shown on the figure 16 above.
Recall that with respect to by, Q(zy) = €*™(Q(z_), hence, the jump gives:

B(=) |1 Q@2 | if 2\
0 1
(I)(Z+) = =q @ (48)
=) |1 (1-e)Q(z-)e = | if zeb
0 1
—0(z) |1 Qz)e = (4.9)
0 1
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Figure 16: Decomposition of the jump of the transformation ® on the branch cut F;

ns

where Q(z)e z is defined as the generic final expression of the (1, 2)-entry of the matrix above
Vz € 7.

2) As z — oo, for some n € N, the matrix ®(z) has the Laurent series expansion of z~! of the

form: ®(z) = [HM + O(Z_l):| 2" = @, (2)

4.1 First transformation & — W

Similarly to the previous case (outside the EoT), and under the same conditions as defined in Def.
3.3 for the functions g and ¢, we proceed to the first transformation as ® — W.

R PR
W(z) = en503<1>(z)e ( ( )+2> (4.10)

On the s— plane, when s € C is inside the EoT (as described at the end of the Section 3.1),
we typically obtain on the z— plane the figures 17 and 18 below (see pictures on the left), where
z =1 is outside = on the z— plane. Recall that = = {z € C: Re (¢(z,s)) = 0}.

Note that in this case e, the branch cut of Q(z) (between 0 and 1) is partly outside of Z.
However € must be inside the contour . This forces a subset of the closed contour v (near z = 1)
to be outside of = as well.

Moreover, similarly to the previous case (i.e. when s is outside the EoT'), for the jump of g (or ¢)
on v to make sense, v is deformed and passes through the branch cut I' of ¢.
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Definition 4.2 We define:

ORI N Corn s G o

z z—1

as a function with the branch cuts along I'y, as discussed in Section 4.1.

Since I'), has branch points at a_, a1, b, and 1, this implies that v along with I'j,, passes through
those branch points as well (in particular the two superposed contours cannot cross € as 7y encloses

£).

Let us call "temporarily ” 2, the contour of = which goes from a_ to a4 such that Re (¢(2)) > 0
on its left and on its right( recall that Re (¢(z)) = 0 as z € Z). We can choose to deform (superpose)
once again v along with I' towards = as pictured on figures 17 and 18, such that ' = = U I'(c0).
Let us rename = = I'y* such that T = Iyt UT(c0) now.

As a result, v passes through the arcs I'?

b , Tyt and '} = by on figure 17 (see picture on the
right). On figure 18 (see picture on the right), v passes through the arcs I's™ and I%. These arcs
in each figure are called the Main arcs noted I';,.

The contour of v which is not superposed is called the complementary arc I'., and it is located on

the region of the z— plane where Re (¢(z,s)) < 0.

Figure 17: The retraction of the contour of integration (left pane) onto I when s is inside the EoT.
Case for Re (s) > 0.
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Figure 18: The retraction of the contour of integration (left pane) onto I' when s is inside the EoT.
Case for Re (s) < 0.

Proposition 4.3 Let us consider the transformation from ®(z) to W(z) as defined in Def. 3.5.
The 2 x 2 matriz valued function W (z) defined in 3.3 and solution of the RHPW must satisfy the

following conditions:

0) W(z) defined and holomorphic in CP* —~ | (note that co € )

1) Jump condition

2) As z — oo we have the limiting behaviour

W(z) = []ngz + O(z‘l)].

Proof.
The RHPW from proposition 3.7 is now adapted with Q(z) as follows:

0) W (z) defined and holomorphic in CP' — v | (note that oo € 7)
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1) Jump condition on

Onvy-T
On v —T, ¢ does not have a jump, so p(z—) — p(z4) =0

n
15 (z-)—p(24)
= e == 1

FACT: Moreover, v — I' is contained in a region of the z— plane where Re <<p(z)> <0, so

Q(z)eg <<p(2—)+90(2+)> e = G [Re <so(2)> Film <¢(2)>]

oGl ()]

~———
—0 asn—oo

(because Q(z) # 0o as z# 0,00 when z€y—T)

Hence on v — T,

As z 00, W(z)= [H2x2+(9(2_1)]

Let us analyse the jump on I'. We will use again the following equality to rewrite condition 1):

et b _ 1 0 0 e? 1 0
0 e @ le @b 1| le® 1 |]e*? 1

67



Thus we have th jump condition on I' = taking the form

W(zy) =
1
=W(z-) e ne(-)
Q(2)

(4.12)
:mQ
- -
~ 5 <<p(2)+¢(z+)>
0 Q(z)e 1 0
n —np(z) 4.13
-5 <¢<z>+@<z+)) £ (4.13)
Q(z)

The main arc I' = I'y" U by as a union of branch cuts is where ¢ has a jump discontinuity
The result from relation 3.32 obtained on I's" can be generalized as follows on any branch cut:

o) +p(z) =

2zt

¢ (wy)dz +

l

zZ_

l

where [ and z belong to the same branch cut In particular, for z € FZ*:

o(24) +9(2-) =0

¢ (w_)dz =0

(4.14)

Proposition 4.4 In order compute p(z4) + ¢(z—) on T} and T'y* (i.e with the additional branch
cut by ) we will need the following the Boutroux conditions defined as follows:

Proposition 4.5

fa)

Qlt

Qs

ay

0

n
<50(Z )te(z+ ))

¢'(z

Q

68

¢’ (24)dz € iR_

_)dZ S Z]R+

n
Q( ) 2<¢(z)+<»0(2’+))
z)e

(4.15)

(4.16)




([0 QG
1 On T
¢ 1
0 Q(z)e™n
= mg = 7e_7le 0 On T} (4.17)
L @ ]
0 Q(z)e™¥
_e_i‘QQ Q On Ty*
L @ .

Proof.(of the above proposition ( 4.5))

z

Recalling that ¢(z) = ¢’ (w)dw, we obtain:

a—

For z € Fé

o(z1) + plz-) = ¢ (wy)dw + ¢/ (ws)dw

a— b

= ¢ (wy )dw + ¢ (w_)dw ( By using relation 3.32 , see Remark below>

b ay
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at

=2 ¢ (wy)dw = 29y, <Since on FZ+ o(wy) +p(w_) =0

a4 b

Remark

e By using relation 3.32, notice that the sum of the integrals of the same color cancel out.
e Around an arc which is not a branch cut, the contour integral is zero by Cauchy theorem.
So we obtained ¢(z4) + ¢(2-) = 20 on I'}

For z € FZ*:

b b
o) +ole) = | [ it [ ][ ¢wau
| b )
+/ ¢ (w_)dw +/ ¢ (wy)dw + ]
b 1
1 b
= / ¢ (w_)dw + / ¢ (wy)dw ( The sum of the integrals
b 1
of the same color cancel out for the same reason as the previous computation)

b
=2 / ¢ (wi)dw = 20y < For the same reason as the previous computation)
1

So p(z4) + ¢(2-) =202 on Iy

|
The above proposition ( 4.5) implies that:
1 0 1 0
W(zy) | —e me(z+) =W(z) |e (=) ™o (4.18)
Q(z) Q(z)
T(z4) T(z-)

From the relation ( 4.18) above, we can notice that W (z1) = W(z-)mg as n — oo and with
z # a4,a_,1,b. More details will be given in the following lines with the Lens opening technique.
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4.2 Second transformation: lens opening

We can define a region (or lens) around I'y™ and b; bordered on the left and on the right respectively
by two curves £; and L_(to be arbitrarily chosen so that so that they stay in the region where

Re (go(z) > O)) as follows:

Figure 19: The lenses around I when s is inside the EoT according to the sign of Re (s).

Definition 4.6 Let T be a transformation on that region such that,as suggested in relation ( 3.30):

W (z), outside of the regions (lenses)
1 0
W(z) | —e=m(2) , on R4
- ~ 1
T(z) = L Q)
1 0
W(z) | ee(2) R R_
| Q)

where Ry and R_ are respectively the region on the left and the right of each branch cut, such
that relation ( 3.30) gives

0 Q) .
T(zy) =T(z_) 1 o | onTh_ UL uly*

- Qk)
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Proposition 4.7 The transformation T has the jump conditions on the lenses Ly as T'(z4) =

1 0
T(z_) | e (2
Q(z)
Proof. See proof of Prop. 3.11 |

4.2.1 Model problem and approximation

Let us leave the scheme of the lens opening. The rationale behind the next construction is analogous
to the one used in Sec. 3.2.3, namely, that the jump conditions on the lenses will be shown to be
exponentially close to the identity jump, and hence, in first approximation, can be heuristically
neglected. The result of this is the RHP described hereafter.

Definition 4.8 We define MQ(Z) as a transformation not depending on n and that has a jump
discontinuity only on the branch cut T U Fll, U FZ*, such that:

0) Mg(2) defined and holomorphic in CP! — v, (note that oo € ).

1) On~
Mg(z-), on~vy— <FZ_ UTiuU FZ*)
0 Q)
M-~ —
5(+) Mg(2-) | __1 0
Q(z)
\ on T UTiuUL}*
2)

As z—5 00, My(z)= [ﬂ2xa+0(z‘l)]

3) All entries of M@(z) are bounded by |z — c\_% as z — c and ¢ is any of 1,b,a4,a_.
The conclusion of the approximation is given by defining a final transformation

E(2) = T(2)(Mg(2)) ™" (4.19)

that connects T'(z) and Mg(z).
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Proposition 4.9 There exists a well defined transformation
E(z) = T(Z)MQ(Z)_l that connects T(z) and Mp(z). The Riemann Hilbert Problem for E, i.e.
RHPE is as follows:

0)  E(z) defined and holomorphic in C — (yU LL UL_)

E(2-) <]12X2 + G(z)> , on L_UL,

0 0
where G(z) = MQ(Z,) |:e7w(z) 0] (MQ(Z?))—l

2)

Proof.
The Riemann Hilbert Problem for F, i.e. RHPFE is as follows:

0) E(z) defined and analytic in C — (yU L4 U £_), this is justified from the definitions of T'(z)
and M (2) (note that oo € 7).

1) OnyU L UL
e On~y— (Fg ur} uF‘j*)
BE(zy) = T(24) (Mg
v — (Fg uTu Fg+). Finally E(zy) = E(z_)

(z4) ! = T(z_)(MQ(z_))*1 since T' and Mg don’t have a jump on

eOnI? UTjuUL}*
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eOnL_UL,

E(zy) = T(24) (Mg

1 0 A
5(z) " =T {ew@ ] (M (=)

As z o0, E(z)= [HQXﬁO(z‘l)]

The following theorem will allow us to estimate the function G(z) and the discrepancy between
E(z) and the identity matrix.

Theorem 4.10 (Small Norm Theorem for RHP’s:) Let E be a matriz satisfying the follow-
ing RHP:
E(z) = |:]I2><2 + (’)(2_1)] As z— 0

E(zy) = E(2_) <]12X2 + G(z)>, on a contoury"

Let N(z) = /Y (G;;(2))?. Suppose that N(z) € Lp<z, |dz|> with 1 < p < 00. If [N(2)|l0o is

small enough, then the RHP has a solution.
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In our case,

Y. =L_ULy. We have

0 0
G(z) = Mp(2-) e—jw(Z) 0 (Mg(2-))™" (4.20)
Q(2)
e_nSO(z)
Since ) is compact and o) is bounded on it, N(z) € L”(Z, \dz\) with 1 < p < oo.
z
Vze Y, Qz)#0.
In addition,
e_n@(z)
Vz €Y —{ax,b,1}, Re(¢(z)) > 0= as n — oo, W — 0.
z

Hence ||N(2)||o is small enough. However, for z = a+,b,1, e () 5 0 as n — oo and || N(2)[|s
can not be made small enough.

Therefore we need to apply the small norm theorem to a contour that excludes the points
z=ay, z=a_,z=>band z = 1. To achieve that, let us redefine T'(z) in the neighbourhood of
those points: let us D4, D_, Dy, and D; be four disks with radius §, Vé > 0 in the neighbourhoods.
If T(2) is the redefinition of T'(z), we will have F(z) := T(z)(MQ(z))_1
Let us start the procedure by first considering only the disks Dy, D_, Dy and D;.

Definition 4.11 (Local Parametrices) Let’s define a P(z,n) as follows:

P(s.n) Pp, p1(2,n), inside Dipi
zZ,n) =
T(z), on 0Dip1

where Pp, p1(2,n) is some transformation which has the same jump as T(z)on the main arcs T®_,
T}, Ty* and the lenses L+ as T(z) inside Dy
Now, let us define :

T(z) _ T(z), on C—Dyiyp;
' P(zan)(T(z))ilMQ('z% on Di,b,l

The existence of appropriate parametrices is a delicate but standard construction and can be
found in [7, 8, 11, 16, 17]. We will not report their construction here.
It follows from the definition that:

T(2)(Mg(2))"", on C—Dips
Ppi’b’l(z,n)(T(z))_1 = PDi,m(Z’n)v
P(z,n)(T(z))" ! = inside Dy py
H2x2+0(%)a on 0D
(4.21)
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Notice that:
© Pp,,, (z,n) as defined above, does not have a jump on both the main arc and the lenses inside

Diya
© since a+,b,1 ¢ (C—D4yp1), and E(z) = T(2)(Mg

Q(Z))_l on C — Dy the RHP for E has a
solution (as we derived before).

In particular, E(z) = [ngg + O(z_l)} As z — 0.
© inside D4 31 and on 0D, 1, the RHP for E is:
E(zy) = E(Z—)(<]I2><2 + O2x2 )
=~

=G(z)

G(z) = O2x2 thus the RHP for E = T(z)(MQ(z))_l has a solution (i.e. exists) by the small norm
theorem.

Comments:
o Since the Riemann Hilbert Problem for the transformation E has a solution (i.e. E exists), we
can know consider the RHP of transformation Ma(2) = (E (z))~'T'(z) which satisfies the conditions
as defined in Def. 4.8 and solve it. Notice that the expressions of MQ(z) inside and outside the

disks are different, although they both have the same jump matrix on Fgf, I‘;, and I‘Z*.

o Finding a solution to the RHP]\Ié2 is equivalent to finding a solution to the RHP®. In order to
find an explicit solution to the RHPMQ, we will need a further transformation MQ — M to the
Model problem, which is easier to solve explicitly.

4.3 Third transformation:M(2 — M

In order to obtain a Riemann Hilbert Problem of Def. 4.8 we define a new matrix M (z), with a
constant jump matrix on I';, and no jump at co. Let us consider the following definition.

Definition 4.12 Let us define
M(z) := e_S(°°)03MQ(z)eS(z)”3

The function S(z) is the Szegé function defined in Def. 4.1/.

Analyticity of M(z) on C\ . We need to impose that S(z) is bounded and analytic on C\ 7.
This condition leads us obtain the desired conclusion that M (z) = e=5(>)7s \1 ) (2)e(*)73 is analytic
on C — v because MQ is.

Jump Condition of M(z) on 7.
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=r

A

e Onvy— (T2 Ub Uy (We define I :=T%_ Ub UT}Y)

M(zy) = e—S(oo)agMQ(Z+)eS(z+)a3
_ e_S(OO)UBMQ(Zf)eS(ZJF)O—?) = M(Z,)

N - 0 Q)
_ efs(oo)crg,T_ (Z) eS(Z_)O'gefs(Z_)Og B 1 eS(z+)03
Q(z)
0 Q(z
= M(Z_)Q—S(Z—)aa B 1 oS(z4)3
Q(z)
p - -
- (S(Z+)+S(Z)>
0 (2)e
b
M(z-) <S(z+)+S(z_)> , On I
_© 0
i Q ] i
- 5(Z+)+5(Z—)>
0 (z)e < et
= M(z4) = M(z-) <S(z+)+S(z) , On T}

_e _ e—an 0

i Q 1

.- <S(Z+)+S(Z—)>
0 Q(ze )en<2
M (z-) (S(z+)+5(z)> , On FZ+

_e _ e—an 0

i Q |

Therefore, for the jump condition with a constant matrix to be satisfied, we must impose the
condition to have S(z) bounded on T',
and

In(Q(z)) ,on e ury*

~ 4.22
In(Q(z)) —v ,on I} (4.22)

S(z4) +S(2-) = {



for some constant v that will be found below. The jump conditions for M (z) above become thus

. _
0 1
M(z_ , On T®
()| 0] .
r 0 enQH—I/ )
M(zy) = ¢ M(z2) ey , On T (4.23)
I 0 el ay
M(Zf) _efnﬂg 0 ] ) On Fb

Proposition 4.13 The function S(z) defined in Definition has the properties:
® S(z) is analytic and bounded on CP* =T
® S(z) has finite boundary values along I' which satisfy

n(Q(z on TP .t
R
) b
with v given in (4.30).
Definition 4.14 We define
1
_ J() n(@w)) In(@Qw)) ~v
S() = 5 T w—2) T T (w—2) ] (4.25)
\b; b

for z ¢ T, where J(2) := \/(z — a3 )(z — a_)(z — b)(z — 1). All integrations are along the arcs in r
(depending on the case Re(s) >0 or Re(s) < 0). The constant v is defined in (4.30).

Proposition 4.15 Let’s consider the transformation
M(z) = e*S(‘°‘°)"3MQ(z)es(z)"3 as defined in Def. 4.12. The 2 x 2 matriz valued function W(z)
solution of the RH PM must satisfy the following conditions:
0) M is defined and holomorphic in CP* — ~
1) On v
° On v\ T : M is defined and holomorphic.

° OnT :
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(0 1
M(z-) , On T?
-1 0 -
i 0 en91+1/ )
M(zy) = M(z-) _ = 0 , On Ty
" 0 ean 0y
M(z_) e ] , On Ty

with v = 27m

)Asz%ooMz) ]I2><2+O )}

Proof. of the propositions 4.13, 4.15 and motivation for the definition 4.14 above

Construction of the Szeg6 function S(z). Let us define for convenience

J(z) =V (z—ay)(z—a_)(z—b)(z—1) (4.26)

with the branch-cuts on T',; thus J(z4) = —J(2_) on each sub-branch of I" (i.e. T% , T} and ).
We will use (impose) the condition of analyticity and boundedness of S(z) on CP' —T (in particular
at 00) to find v.

Let us compute S(z). We know that:

S(zy) +S(z-) =In(Q(2)) + vxp,, ze€T, (4.27)
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where ¥, denotes the characteristic function of the arc by. Therefore for each sub-branch of r

S(z4) n S(z) _ In(Q(2)) + v,
J(z4)  J(z4) J(24)

_ SG)  S() _ In(Q(2)) + vxu,
J(z4)  J(2-) J(24)

S
— (by Sokhotski—Plemelj theorem on (Z)) we obtain

J(z)
_J(2) In(Q(w)) ln(Q(w)) +v
SG) = 5 T w-2" | Jwow=—o"
rh_ ry
:;;1 =1
In(Q(w)) =
Tww—="] 2T
r,*
I

Notice that the expression of S(z) provided by Sokhotski-Plemelj is indeed bounded on T’ —

{ax,b,1} as we want: in fact, as z ¢ T, S(z) is bounded because the contour of integration T is
compact, and the integrand of S(z) is bounded on it.

Back to the computation of S(z), first let us focus on the expression of Q(z) on I'}. Recall the
jump relation 1)that we obtained in Prop. 4.1. We have:

=e"2"0Q(24)

—_—
Qz-) = Q=) = W(Q(=-) =In( Q(=-) )+1In() = —2imf + In(Q(=+) +In(c)  (4.28)

By arbitrarily taking (the direction) Fg = I‘;: we can write:
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b b_

1_
1 In(Q(w-)) + In(s) + v w —2iml + ln )) +1In(s) + v w
‘2{ Jww—2 +/ w—2) ¢

1_
_1 n@Q-)) + () +v, =~ +ln O
‘2[ T )w—z) ¢ / ¢
b_

=—2imf

1 In(Q(w-)) — In(Q(wy)) w —227T9  —Zimb4v
=3 { To)w—z 0 7F }
ry
14
B 1 —2im0 w —2im0 + v w
- 2{ T w -2 " T )w—2)° }
ri by

I UTy™ Cy—~ So,onTY UT," we have Q(w)) = Q(w), hence:

. QW) 41 Q)

J(wy)(w — 2) 2 J(wy)(w — 2)

a
re r,*

[\

On the other hand, we know that :
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Lt

1 —2mif + v
‘(12 > T (w—2)" )
=0 byt
1 In(Q(w)) w 1 In(Q(w))
2 Tw—-2"" 2 W Twow—2"
ry_ ry
1 @) 1 () m@Qw)
+2 J(w+)(w—z)d +2 J(w+)(w—z)d
r,* &
=13
1 Q)
=3 J(w+)(w = Z)d (4.29)
w>>1

Let us discuss the behaviour of the integrand at oo.

For the denominator, as w — oo
Jwi) = /(w—a_)(w—a)(w—>b)(w—1) ~w? and w — 2z ~ w
so J(wy)(w — 2z) ~ w3 and,

1
In (Z_m)(l — )6> _ I"Hop
o Q) ( 2 ) o MET X e
W T w —2) etk s T T T Mt O
In(Q(w))

1 .
Tlws)(w — 2) ~ —0withb<1.

1 1
So we obtain that — de = 0 and with relation ( 4.29) this implies that:

2 J(wi)(w — z)

w>1
1+
1 —27if + v 1 In(Q(w))
I I I = — —  dw— - S S S |
1R by Tww—2"""2 Y Tw)w-2"
b+ E(b)

Hence,
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J(z)

=—>(L+1+ 1
S(z) = 5 (i + I+ I3)
1+
_ J(z) —2mif + v dw — In(Q(w)) dw
= Tw)(w—2) T(w)(w—2)
by 52
) 1 1
As z — 00, J(z) ~ z° and ~ ——, hence as z — oo:
w—z z
1+
S(z) i~ —2mib + Y dw 71n(Q(w))dw + O(1), where ¢ € C is a constant
=—— ———dw — w
= T(ws) J(ws) ’
by €0

Since M (z) is S(z) bounded everywhere in particular on I'(co) (i.e. at co), we must set the

1+
—27i6 1
coefficient of z to 0 i.e. L—H/dw — de = 0 and find v accordingly.
J(wy) J(ws)
b+ 88
It implies that:
14 04 b
—2mif + v ( In(Q(wy4)) In(Q(w-)) )
———dw — ———=dw + ————dw =0
J(wy) J(wy) J(wy)
by b 0_
0 =—2im0+In(Q(w4))
—
) nQw )
J(wy)
b_
14 0 1
0 1 v
= — 2mi ——dw + dw) =— dw
< J(ws) J(ws) J(ws)
by b by
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=v =27 (9 4+ b ) (4.30)

by

Expansion of M(z) at oc:

M(z) = eS(OO)ogMQ(Z)e—S(z)og, — M(c0) = o= S(c0)a3 [H2><2 4 0(2_1)} oS(o0)03

Mg (c0)

— as z > oo, M(z) = |:H2><2 + (’)(z_l)}, Since S(z) is bounded at oo

4.4 Solution of the Model Problem (RHPM)

The Riemann surface defined by ¢2 = (z —a_)(z —ay)(z — b)(z — 1) is an elliptic curve of genus 1.
Let wy and wy be the two periods associated to it.
For all (z,£) on the elliptic curve, let us define the Abel map:

1
= = —d 4.31
u(z.€) = u(z) oo (4.31)
where J(w) is defined in relation 4.26
1 a4
d L 4 L dw. Tt us def Y2 (432
n = = . n = .
and w; T(w) w o, wy T ) w et us define 7= =
b b
Let us consider ©(u(z),7) the Riemann ©— function. It satisfies the properties:
T+1 .

O(u(z),7) =0 for wu(z)= 5 +k+Ir withVk,le€Z

(4.33)

O(u(z) + k+1r,7) = exp < — 2milu(z) — i7rl27> O(u(z), )
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Proposition 4.16 Let M(z) = [28;

] where A(z) and B(z) are row vectors forming the matriz.
Up to scalar normalization, the solution M(z) of the Model Problem when s € EoT is such that :

A(z) = [A1(2) Aa(2)]

i@(u(z) s — T"Q” +G>h(z) @< () — we) — T"Q” +G>h(z)
e <u(z) ~ u(o0) = 1)emf<u(z> @< ~ u(z) = u(o0) = & 1>emKu<z> .
]
B(2) := [Bi(2) Ba(z)]
i@(u(z) +ufoo) — T +G>h(z) @< i) afse) +G>h(z)
= @<u(z) © u(oo) - 7'—2|— 1>e—”K“(z) @< — u(2) + u(oo) — 7—;_1>ei7rKu(z) (4.35)
e () = ! [ and G, K are constants to be determined so

(- ate- =061
that M (z) as stated above satisfies the conditions 0), 1) and 2) of the RH PM in Proposition 4.15.

Finding G and K so that condition 2) is verified. We now set out to find the actual expres-
sions for GG, K; the results are contained in Prop. 4.23.

Proposition 4.17 As z — oo we have:

4@(—T;1+G>

2&)1@’( _T ; 1>e—i7rKu(oo)

(4.36)

2&]1@’( _T + 1>ez7rKu(oo)
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T+ 1

Note that @’( — ) % 0 because the zeroes of © are all simple.

Proof.
We know that as z — oo M(z) = I:]I2><2 + O(zl)]. So we should have lim,_,», A1(z) = 1.

Clearly lim,_,o h(z) = 0.

Therefore, we have,
1
i@( - G> 0
o lim, ,Ai(2) = ] . By relation ( 4.33) of the Riemann ©— function,
o -

e—imKu(co)

1 1

rule, we have:

lim A;(z) =

Z—00

T+1

+ G) h(z) +© (u(z) — (o) — + G) 1 (2)

= lim ¢

T imKu(z) [u’(z)@’ <u(z) ~ (o) = T 1) K (2)© (u(z) ~ (o) - T 1)]

—— '
9/(—T;1+G> h(oo)+@<—7;r1+G>1imz_mh(z)

“(2)

As z — o0, h(2) E = B (z) L Also, z — oo, u/(2) hence W) o1 as
’ 2 22 ’ ’ 2wy 22 ' (2) 2w
z — 00
1
®< - ; + G>
Therefore, lim,_,o A1(z) = —i

2&)1@’( _T ;— 1>e—i7rKu(oo)

<oo TO BE PROVED
1
@<2u(oo) - % +G> 0

@( — 2u(o0) — T; 1) eimKu(o0)

=0

o lim, . A2(z) =

#0 TO BE PROVED
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Similarly, we have:
<oo TO BE PROVED

@@mug—731+a>0

=0

1 ,
@<2u(oo) _Tt > e imKu(co)
£0 TO BE PROVED
1
@<—T; +G>0
e lim, o Ba(z) = By relation ( 4.33) of the Riemann ©— function,
T+1\ .
e — eimKu(c0)
1 1
@(—T;'>::@<T; —1—T>=ﬂﬂwmmmgk:l:l.&ﬂmmeBﬂ@::SmﬂbyﬂmmMI
rule, we have:
g, B =
1 1 n
—-@ (u(oo) —u(z)) — T;— + G> h(z) 4+ © (u(oo) —u(z) — T ; + G) U’Ezi
- le T+1 T+1
eimKu(z) [ A <u(oo) —u(z) — 5 > +irK© <u(oo) —u(z) — 5 >]
a (@)
, T+1 —~ T+1 . h(z
_ _ _ limm, Ly o’
- 9( 5 +G>h(oo)+@< 5 + G | lim,, ()
e”K“(OO)[—@’<— T+1> +i7TKG)<— T+1>}
2 2
—_———
=0
1 , , B (z) 1
As z — o0, h(z) ~ Pling R (2) o Also, z — o0, ¥/(2) S0, 22 hence W) 5o as
2 — 00
@(—T;1+G>
Therefore, lim,_,~ Ba(z) = 1 .
2W1@,< _T )ez‘nKu(oo)
2
|

The above matrix (in proposition 4.17) is invertible if and only if the © in the numerator is
nonzero (all other terms are automatically different from zero).

@<—T;1+G>#O (4.37)

87



Summarizing we have proved the following proposition.

Proposition 4.18 The model problem solution M(z) is solvable if and only if

T+ 1
e(_ .

+G) £0G#0 mod (Z+Zr). (4.38)

Finding G and K so that the jump condition 1) is verified. Recall that:
1) On ~v )
e On~\I': M is defined and holomorphic.

e Onl=rI% urjury*:

We will need to use the following properties of the Abel map u which are and the function h(z)
on I':

Proposition 4.19 On T = e u I‘% U FZ*, the Abel map function satisfies:

0 on TC
u(z4) = —u(z-)+ -7 on I} (4.39)

a
-1 on T,

and the function h(z) satisfies:

{h(z+) =ih(z_) on T% (4.40)

h(z4) = —ih(2=) on TjUT,*

Proposition 4.20 On T® it is verified that M(z,) = M(z_) {_01 (1)}

Proof. of proposition 4.20
>On T
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Proposition 4.21 On F; it is verified that

2 0
Proof.
> On I'}
i0 <u(z+) — (o) = T ; L G) h(zy)
Ai(zy) = @(u(z+) ~u(o0) — 7-42— 1)e_i7rKu(z+)
@(—u(z_) — 7 —u(oc0) — T;— ! G)h(z_)
) @( —u(el) — 7 —ufoo) — = ;r 1>eiwku( )einKr
By letting
Un(z) = —u(z_) — u(o0) — T‘; L1 ¢ in the numerator
T+1

in the denominator

Ug(z-) := —u(z-) — u(c0) —

and by relation ( 4.33) of the Riemann ©— function, we have:

O (Un,d(Z—) - T) = ¢ 2imlUn a(z-)tinl’Tg <Un,d(2_)>

with [ = —1
Thus
e 6<Un(z_)> h(z)
1(z4) = —
C) <Ud(z_)>e2m (Ud(z_) - Un(z_)> i Ku(z_)+irKT
—
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— Ai(zy) = e
1)\ .
@(—u(z_) — u(o0) — 7'—2|— > imKu(z-)
< KT) ( K7'>
—2iml | G+— —2iml| G+——
= Ay(z_)e 20 ) = 0.A1(2_) + Ag(z_)e 2l

Kt

2im | G—
=0-A1(z-) + Ax(2-)e < 2) since = -1

@( Culey) —ufoo) — THL G) h(zy)
As(24) =
1\ .
@( —u(z4) —u(o0) — u ;_ >eWKU(Z+)
1
—ie (u(z) 47— ufoo) = L ; + G> h(z_)
= 1 , notice that [ =1
e (u(z_) +7 —u(o0) — 5 >e—”K“(z)e—”KT
—i0 (u(z_) —u(00) — Tl + G) h(z_)
= 1 by appropriately using a
@(u(z_) —u(oo) — ; >e2i7rlGe—i7rKu(z)e—i7rKT
© — function property (as before)
S
1
—i0 (u(z_) ~ o) = L ; + G) h(z-) o (G_KT>
— AQ(Z+) = n 1 e 21
@(u(z) — u(o0) — u 5 )e”KU(z—)
< KT) ( K7'>
—2iwl| G——— —2inl| G———
= —Ai(ze 20) = —Ai(z_)e 20/ 4o0. As(z2)

(%)
—2ir| G———
=—Ai(z_)e 2/ 10 Aa(z_), since =1
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0 <u(z+) o) - T G) h(zs)

Bi(z4) =

1 )
S} <u(z+) + u(o0) — — i )e‘”KU(zU

@<—u(z) — 7+ u(o00) — Tl —|—G)h(z)
= 1 , notice that [ = —1
@< —u(z_) — 7+ u(00) — —— 5 >ei“K“(z)eiﬂKT
—
T+1
R ) e (e
— Bi(z4) = ] e
@( —u(z-) + u(o0) — >e”K“(z)
(o) (o)
—2mi| IG+—— —2mi| IG+——
= By(z_)e 2 ) =0-By(2_) + By(z_)e 2
(%)
2mi| G———
=0B(2—) + Ba(z-)e 2/ since 1=-1
1
@( —u(z) +uloo) - T G) h(zy)
By(z4) =
@< —u(zy) + u(o0) — T;—l>ei”K“(z+)
—i@< —u(z—) + 7+ u(oo) — u ;— ! + G)h(z)
= 1 , notice that
@( —u(z )+ 7+ u(o0) - 2= 5 >e—”K“(z—)e”KT
—
—i@( —u(z-) + u(o0) — TTH + G) h(z—-) _omi (lG_KT)
— Ba(z4) = p—— e 2
6( —u(z—) + u(o0) — 5 >e—”K“(z)
( KT) < KT)
—2mi| IG——— =27 | IG———
= —Bi(z_)e 2 ) = —Bi(z_)e 2 ) 40 By(z.)

(%)
—2mi| G———
= —DBi(z_)e 2/ 40 By(z—), since =1

In summary, on Fé,
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MED=151(2) Byle)]
(o KT
CAi(e) As(z)] 0 e <G 2 >
- |Bi(2-) Ba(z-) , Kt
L=1 2 - eZz7r<G’—2> 0

On the other hand the jump condition 1) on F; in the RPHM suggests that

0 enﬂl +1/:|
)

M) = MG |_nn

—e

setting W1 = ny + v and knowing that —1 = ™, [ = —1
we can deduce that

K
Wy = im — 2mi G—TT
K
T — W, = 2mi G—TT

1 1 KT

— S (0 o7

= G 5 2m_(n 1+v)+ 5

Proposition 4.22 On I';" it is verified that

M) = M) [ o |

Proof.

(4.45)

(4.46)

(4.47)



By letting

1
Un(z-) := —u(z-) — u(o0) — Tt + G in the numerator
L2 (4.48)
Ug(z-) == —u(z_) — u(oc0) — in the denominator
and by relation ( 4.33) of the Riemann ©— function, we have:
@(Umd(z) — 1> = @(Unjd(z)> (4.49)
Thus
@(Un(z_)> h(z-)
Ai(z4) =
® <Ud(2’)> eiTrKu( _)+irK
—
T+1
@( —u(z_) —u(oco) — 5 G) h(z-)
— Ai(z4) = e K
T+1Y\ .
@( —u(z_) —u(o0) — 5 )e”rK“(z)
= Ag(z_)e ™K = 0. Aj(2_) + Ay(z_)e ™K
T+1
G)( —u(zy) —u(o0) — 5 + G> h(z4)
Ag(z4) =
@( —u(zy) — u(o0) — © ; 1)ei”K“(Z+)
1
e (u(z) — 11— u(o0) — T‘g + G> h(z_)
@(u(z) —1—u(c0) — T;— 1)e—inKu( —Je—itK
—i0 <u(z_) —ufoo) = I ;L Ly G) h(z_)
= P by appropriately using a
[e) (U(Z_) _ U(OO) _ 5 >e—i7rKu(z)e—i7rK
© — function property (as before)
—
_i0 (u(z_) S S G) h(z)
2 ei7rK

— Ag(24) =

e (u(z_) —u(oo) — L ;r 1>e—i7rKu(z)

= —Al(z)e”K = —Ay(2_)e™ 10 Ay(2)
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@@QL —+1+Gym]

[e) (u _T + 1>e—i7rKu(z+)

7'—|—1

@( u(z—) — 1+ u(co) — +G)h( -)

@< =14+ u ) —ZI_ 1>ez7rKu(z)ez7rK
@( T+1+G)h(z_)
— Bi(z4) e K
(._)< T—; 1>ez7rKu(z)
= Bo(z_)e ™ = 0. By(2_) + Ba(z_)e ™K
1
@( —u(zy) +u(o0) — Tt + G>h(z+)
By(z4) =
@< —u(zy) +u(oc) — - ;r 1>e”K“(Z+)
—i@(u(z)—1+u( )—;1—|—G>h( -)
© (u(z_) — 1+ u(o0) — s 1>e—i7rKu(Z)e_i”K
=
0 (u(z_) +u(oo) — T H1 +G> h(z_)
— By(zy) = ™K

© (u(z_) + u(o0) — u —2’— 1>e—i7fK“(Z)

= —Bi(z_)e™ = =B (2_)e"™ 8 40 By(2_)

a
In summary, on I'; ",

Mie) =[] 2]
=[5 2] [ ]
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Proposition 4.23 The expressions for K and G in the solution of the Model Problem stated in
proposition 4.16 are as follow

W2 TLQQ
oy ( Z7T+ )+KT :G:—m(n91+y—n927> —T-i-i (4.50)
= - — — 1% —_—
2 omo 2
where
a4 1
0 = / O (z1)dz €iR_, and Qo= / ¢'(2-)dz € iRy (4.51)

b b

2im Im (7) (4.52)

Q Q 1
Re(7’)<2i;—1—l>+Re<—2;/m,>—;;4—2:1&‘6%

14
(-2)
(”921)+2m:lez

and v is given by (4.50).

Proof.
On the other hand the jump condition 1) on I'} in the RPHM suggests that M (24) = M (z_) [e 0
setting Wa = ny and knowing that —1 = €™
we can deduce that
Wy =im+irK
%%
— K=-2-1 (4.53)
T
From relations 4.46 and 4.53 we have:
K= % —1= LQQ —1 1 1 ( )
L L —G=——(nh +v—nlr | -7+ 4.54
1 1 Kr 27i < 1 2 > 9
— 2 = (nO = e
G 53 (nQ +v) + 5
Recall that the Boutroux conditions implies that Q1, Qs € iR,
Let Q1 =i4a, and Qy=1ib a,beR (4.55)

Let us find a and b.
We establish before that the RHPM is not solvable if G = 0+ k 4 I7,with k,l € Z. so to find not

96

—nflo

nlo
0



possible values for a and b, let us assume that G =0+ k + [7. 4.54 implies that

1 1
O+k+lr=——(nh+v—nlor | -7+
2me 2
an  bnt v

A R R R

bn v an 1

21— == =2z
:>T<27T ) 2mi 2w 2 g

n

I ) 4 - L) =
. m () o ! ) +1Im o 0
Re(r) (2 —1 1) 4Re( - L) =Ly
2 ‘N omi) T 2
bn Im<_2y>
i
— -1 =lecZ
— <27r >+ Im (7)
bn v an 1
L L [ L Y/
Re(7')<27r l>+Re< 27m'> 5 T 5 ke

Vk,l € Z, the values of ¢ and b which satisfy the above equations correspond to values of 21 = ia

and (o = ib such that the RHPM with the following jump condition is not solvable.
[

[0 1
M (z_ , On T®
()|, 0] :
r 0 ean—H/ )
M(zy) =< M(z) o 0 , On T
| 0 L ay
\M(z_) _—e_”QQ 0 ] , On T7

Notice that in the case where the branch cut of ¢ is superposed to by such that Ts™ N Fll, =0
as shown on figure 20, the jump condition of M in the RHPM is reduced to that on I'® in the

previous case. In this current case we have:
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Figure 20: The contour T'.

M(zy) = M(z_) [_01 (ﬂ , on T UT} (4.56)

The solution can be found by a simple diagonalization of the jump matrix (similarly to the case
where s is outside of the Eye Of the Tiger)

4.5 Conditions on non solvability of the RHP inside the EoT

While it’s logical to conclude that the initial Riemann Hilbert Problem RH P® is solvable when
the RH PM is solvable, it’s not correct to assume that the non solvability of the RH PM for some
values of s € FoT implies that of the initial RH P®.

Therefore, we need to consider directly the conditions on s € EoT for non solvability of the initial
RHPO.

Proposition 4.24 The Hamiltonian in the asymptotic case is written as

Hy,co = — [(‘1>§o1(0)<1>éo(0)>11 — g + ]ﬂ = - Bi - g + ];] (4.57)
—— o ta(D) - 5+ 3] (459

where, n — 00 and Hy o, Doo and ®(c0) are computed when n is very large (n # 0o).
The initial RHP® is non solvable at the points of the C where the Hamiltonian Hy « has a pole.

Proof.
Recall that by the Fredholm alternative, the RH P® is not solvable if and only if the associated
Hankel determinant D, (s) = 0. In the non-asymptotic scheme, recall from 2.9 that

Hy, =— K@nl(oyb;(m)n - g + g] =— [gi - g + g] = - [ax In(D,) — g + g (4.59)
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So, in the non-asymptotic scheme, the initial RH P® is non solvable at the points of the C where
the Hamiltonian Hy, has a pole.

Proposition 4.25 Let

_iz@(u(z)—u(O)— : +G)h(z) 20( — () —u(0) - = +G>h(z)

(
g <u(z) —u(o) - 21 ) emirKu(z) @( —u(z) — u(0) - T ) einIcu()
(

Given that in the expression of M(z) above, T and G are function of s, (M‘WO)M’(O)) must

11
also be a function of s.

Poles of Hy o = Poles of <<1>001(0)q>'oo(0)> = "Poles” of <M1(0)M’(0)> (4.60)
11 11

= "Poles” of (Ml(o)M’(o)> ; (4.61)

Proof.
So, let’s compute Hy . To achieve that, we need to compute ®;1(0)® (0) from (in terms of)
the solution M (z) of the Model problem for the asymptotic case where s € EoT

Recall from 4.12 that
M(z) = =5 M g (2)e54)73 (4.62)

Where Mp(z) is defined in 4.8. We are interested in computing ®_1(0)®’_(0) and notice that
z = 0 is outside of the lenses and the disks.

Since My (z) = T'(z) outside of the disks (by the condition 1) in the proposition 4.9 and the small
norm theorem) and 7'(z) = W(z) outside of region R4 of the lenses (see relation 4.6), where the
transformation W(z) is defined in 4.3, at z = 0, the relation 4.62 becomes:

M(z) = e 5oy (2)eS(@)7

— W(z) = S\ (z)e 573 (4.63)
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Furthermore, from definition 3.3

/ l
n—os —n 9(2)4‘5 o3
W(z):=e 2 ®(2)e

I l
—n—o3 n g(z)+§ o3
= P(z)=e 2 Wi(z)e (4.64)

Relations 4.63 and 4.64 imply that:

,nigs n<g(z)+> 3
B(z) e 2 STN(7)e 5@ ¢ 2

~W(z)

(seong)or  (nlsorvs]-s0)
o0)—n— |03 n|gz)+—=|—5(z) |os
=e 2 M(z)e 2

=0 1(2)d/(2) = e <n [WH;] _S(Z)> Ungl(z)

' <M ’<Z)e<n g(ZHé] S(Z)> Y M) <ng’(z) ~ S’(Z)>"3 e<n [Q(ZHH S(Z)) Us)

L ()P () —e <n [g(mé] _S(Z)> " <M‘1(z)M'(z) + (ng'(2) — s'(z))(;g)

) )
n|9(2)+5 | =5@) |os
Ll

From proposition 3.17, S(z) is analytic at z = 0. Moreover, from definition 3.3, g(z) is also

analytic at z = 0.
Therefore, only M(z) contributes in the expression ®(z) written in ?? to find the poles of

Hyo = -[ (22 0020) -5+1]

In other words,

— "Poles” of (MI(O)M’(0)> (4.65)

Poles of Hy o = Poles of (@OOI(O)CI)’OO(O))
11

11

Given that in the expression of M(z) below (see relation 4.66), 7 and G are function of s,

<M‘1(0)M’(0)> must also be a function of s.
11
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Hence, in relation ?? above, ”"Poles” of (M‘l(O)M’(O)) means the values of s in the s-plane
11

(i.e. EoT plane) such that (Ml(O)M’(O)> is not defined.
11

At z =0, the <M (O)> = 00. To avoid this, let us consider the following expression M (z) at

11
z=0

[ T+1

6 (u(e) —u0) - T3 4G )ie) =6 as

2

+ G) he) |

© (u(z) —u(0) — u ;— 1)e—iWKU(Z) @( —u(z) —u(0) — u ;_ 1>ei”Ku(Z)
M(z) = 4.66
) ) T+1 T+1 ( :
120 <u(z) + u(0) — 5+ G> h(z) z@< —u(z) + u(0) — 5t G) h(z)
o <u(z) +u(0) — T+1 > o—imKu(z) @( —u(z) +u(0) — u _; 1 > eimKu(2)
It can be proved that

M~Y0)M'(0) = M~1(0)M’(0) (4.67)
[

In conclusion we can state

Theorem 4.26 The points of non solvability of the ODE Painleved inside the EoT are found in

the neighbourhood where <M‘1(O)M’(O)> has poles i.e. when
11

@< _Te Al G(s)> o, (4.68)

where G(s) is the expression in Prop. 4.25.

Proof.

Let us compute M ~1(0)M’(0) instead.

While the entries <M(0)> = <M(O)> = 0, we use 'Hopital rule to compute <M(O)>
12 11

12
T+1

and (M(O)) . Given that @< — = 0, we obtain:
22
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_ 7;@(— 7‘2” +G)h(0)

u’(O)@’( _T ;— 1 ) e—imKu(0)

N (0) = (4.69)

From relations 4.31, it can be verified that «/(0) # 0 and h(0) # 0. Hence (M(O)) and
11

M(O)) in the above relation 4.69) are finite and not zero. Thus, we can compute M~'(0) as

22
follows:
T+1 i
R —UI(O)@/( - B > eimKu(0) 0
Mﬁl(o) - T+1
o - +G )h(0 1
< 2 > ( ) 0 e—imKu(0)
Moreover,
d -~
M'(0) = —
(0) = - 1(0)
~ « .
1 2 ’
|:u/(0)@/< _ 7(5)2+ >e—i7rKu(0):|
w00 — T(s)+1 im Ku(0) ’
L 2 _
Finally,
MEONM0) = —— 5 - )11
@( — 2 + G(s))h(O)u’(O)@’( — 5 )
t *
eimKu(0) 0 e—2imKu(0) 0
1 *
0 e—imKu(0) 0 e2imKu(0)
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MO (0) = ———— - — I I
@( _ ); ! +G(s)> h(O)u’(O)@’< _ )2+ 1) f s
where ©'( — m(s) + 1> #0 (4.71)

As n — oo, the shape of the EoT gets more precise and bigger on the z— plane (recall that

1
x = ns). Thus, on the s—plane , the poles of the Hamiltonian are rescaled by — so that they get

n
closer to the origin s = 0 as n — oo, and enclosed by the limiting shape of the EoT.

4.6 Pictures and numerical validation

The following pictures show the plot of the poles of the Hamiltonian in the s—plane as n — oo

Figure 21: The zeroes for (n,3) = (17,3 + 17)

Notice that the figure above shows some roots outside of the limiting shape. This is explained
by the fact that the value of 6 is still too large relative to n; if we plotted the zeroes for the
same value of theta but much larger n the zeroes would eventually fall within the EoT. The grid
of green and blue lines in the figure and the figures below represents the levelsets determined by
the quantization conditions expressed by the equations (4.52), plotted numerically. The zeroes
are located approximately at the intersection of the grid. We did not provide a full justification
or estimate of rate of approximation. However the approximation appears quite strict even for
relatively small values of n. This appears to be a common phenomenon in this type of computations,
see [7, 8, 11, 16, 17].

As n gets bigger, we get the following plots for the zeros of D,,(ns)
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Figure 22: The zeroes for (n, 8) = (16, 125 + 102 ), (16, 195 + 1o%)

Figure 23: The zeroes for (n,8) = (26,135), (17,1 + ).

For n very large, we get a plot for the zeros of D, (ns) as follows
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Figure 24: The zeroes for (n, 8) = (40, 130)
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