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ABSTRACT 

Numerical Investigation of Ultrasound-Triggered Microbubble Contrast Agent Dynamics 

Hossein (Sohrab) Yusefi, Ph. D. 

Concordia University, 2024 

Biomedical ultrasound is widely employed as an imaging modality for anatomical assessment and 

to provide information on blood flow characteristics.  There is increasing interest in employing 

microbubble contrast agents for diagnostic and therapeutic ultrasound.  Unlike MR and CT agents, 

ultrasound contrast agents are comparable in size to a red blood cell, providing a purely 

intravascular agent for clinical radiology. Microbubbles are currently clinically employed in 

echocardiography and liver applications, as well as pre-clinically, for the tumors' characterization 

and quantifying perfusion.  Critical to the effectiveness of contrast agent microbubbles is an 

understanding of their nonlinear vibrations and scattering within the vasculature, specifically 

within the microvasculature where standard ultrasound flow estimation suffers from slow blood 

velocity and low red blood cell concentration.  

Using mainly a finite element computational approach, this thesis aims to investigate the nonlinear 

physics of ultrasound-stimulated microbubbles within small capillaries to shed some light on the 

vibration dynamic and behavior of microbubble contrast agents. Over three chapters of results, this 

thesis analyses the complex vibration dynamics of microbubbles in proximity to each other and 

confined in a viscoelastic vessel. The results provided in this thesis explain how the resonance 

behavior of a microbubble is dampened and shifted by its neighboring bubbles and how smaller 

bubbles show off-resonance activities corresponding to the resonance behavior of the bigger, 

neighboring bubbles. The results also explain how initial phospholipid packing and bubble 
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proximity affect subharmonic response and how a viscoelastic vessel dampens resonance behavior 

and amplifies off-resonance behavior.  

This thesis conducts a robust study on ultrasound-stimulated microbubble-compliant vessel 

interactions. It will contribute to optimal contrast agent design for both imaging and therapy, image 

quantification, and the development of new ultrasound pulse sequences. 
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Chapter 3, titled: "Subharmonic Resonance of Phospholipid Coated Ultrasound Contrast Agent 
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I added a viscoelastic vessel to our system. I studied the vibration dynamic of a two-bubble system 

in proximity to the vessel wall, studying their effect on each other. 
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Chapter 1. Introduction 

Ultrasound, by nature, is considered safe and non-ionizing. Ultrasound imaging is a real-time 

imaging modality that is very customizable and can be highly computerized. Thanks to recent 

technological advancements, it is compact, portable, and cost-effective. Due to its many 

advantages, ultrasound is commonly used in many medical clinics and is considered the most 

widely used cross-sectional medical imaging modality [1]. 

The most common medical ultrasound application is as an imaging modality, but it is not limited 

to that. It has been known for a long time that ultrasound waves can interact with tissue and produce 

biological effects, making medical ultrasound a promising therapeutic modality. Under specific 

settings and power, ultrasound waves can produce oscillating cavities and radiation force, which 

can change the cell environment or concentration gradient near the cell membrane, affecting the 

diffusion of ions. Furthermore, ultrasound energy is capable of inducing in its focal point which 

can effectively increases drug uptake and can be used in physiotherapy to treat bone or soft tissue 

injuries. Moreover, a high-intensity ultrasound wave is powerful enough to destroy cells or tissue 

in a small area, and it has applications in cancer therapy or the breaking of kidney stones [2]. 

The 1960s marked a significant milestone in the field of medical ultrasound with the discovery of 

tiny gaseous bubbles during echocardiography. This groundbreaking observation led to the 

development of the first ultrasound contrast agents. Since their introduction, the field of medical 

ultrasound has experienced a rapid expansion, ushering in a new era of diagnostics and applications 

[3,4].  
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Modern ultrasound contrast agents are characterized by their unique properties. These agents, 

which consist of microbubbles with a diameter of 1-8 μm, are typically polydisperse as a 

suspension. The microbubbles are coated with a biologically compatible shell, usually a 

phospholipid monolayer, and due to their size, they remain intervascular and function as red blood 

cell tracers. The viscoelastic shell and the gas core of these bubbles enable them to respond to the 

ultrasound field, vibrating with the wave in the form of contraction and expansion. This vibration 

generates a powerful ultrasound response and pressure, leading to numerous approved applications 

in medical ultrasound and many more potential applications in studies or clinical trials.  

The microbubble-ultrasound interaction and contrast agents’ applications in medical ultrasound 

imaging are covered in chapter 1.1 of the introduction, my published review manuscript on 

contrast-enhanced ultrasound imaging. Furthermore, the overview of therapeutic applications of 

microbubbles is presented in chapter 1.2 of the introduction. 

 Microbubbles are non-linear oscillators, and their non-linear behavior is key to their applications. 

They scatter ultrasound energy at harmonic and subharmonic frequencies of the transmit pulse, 

and their vibration's physics is rather complex. The effectiveness of microbubbles in different 

applications depends on many intrinsic (bubble properties such as size, gas type, shell type, etc.) 

and extrinsic (such as bubble-bubble or bubble-vessel interactions) variables. Understanding the 

physics of microbubbles and how these variables change bubble behavior is critical to designing 

optimal bubble agents and pulse-sequences towards many applications to maximize their 

effectiveness and outcome. Due to their small size and the many variables affecting their 

vibrations, using numerical analysis and simulations to study microbubbles is a very attractive 

approach. Many numerical studies have aimed to understand and explain microbubble dynamics, 

which are reviewed in chapter 1.3 of the introduction.   
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Many of the mentioned numerical studies are in simplified formats, using analytical equations that 

omit certain environmental effects or are only valid under certain conditions. This motivated me 

to create a simulation environment where we can study microbubbles in more realistic 

confinements. The model presented in his work allows bubbles to be free; they can deform and 

interact with each other, the wall around them, and their environment. We implement finite 

element modeling using COMSOL [5], introduced in chapter 1.3.  

Three consecutive steps are present in this work throughout chapters 2-4, which are all either 

published peer-review articles or manuscripts in preparation. We started with our simulation 

environment, studying the effect of proximity between two bubbles, and we made it more realistic 

and complex in finally chapter by adding a vessel wall to study the interaction of bubble-bubble-

vessel in their environment. Mathematical methods and simulation factors for each work are 

explained in the same chapter.  
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1.1. Ultrasound Contrast Imaging: Fundamentals and Emerging Technology 

(Manuscript) 

This manuscript was published in the Journal of “Frontiers in Physics” in February 2022 

Authors: Hossein (Sohrab) Yusefi1, Brandon Helfield1, 2  

1Department of Physics, Concordia University, Montreal, Quebec, Canada 
2Department of Biology, Concordia University, Montreal, Quebec, Canada 

1.1.1. Abstract 

The development of microbubble contrast agents has broadened the scope of medical 

ultrasound imaging. Along with dedicated imaging techniques, these agents provide enhanced 

echoes from the blood pool and have enabled diagnostic ultrasound to assess and quantify 

microvascular blood flow. Contrast-enhanced ultrasound is currently used worldwide with clinical 

indications in cardiology and radiology, and it continues to evolve and develop through innovative 

technological advancements. In this review article, we present an overview of the basic 

microbubble physics and bubble-specific imaging techniques that enable this modality, and follow 

this with a discussion on new and emerging applications.  

1.1.2. Introduction 

Ultrasound imaging is a well-established clinical tool for the morphological assessment of soft 

tissues, employed frequently in obstetrics, cardiology, and radiology [6]. As an ultrasonic wave 

(which is a longitudinal wave) is transmitted into the body, reflections are generated from tissue 

interfaces that are characterized by different acoustic properties, i.e. speed of sound and density. 

These scattered signals are recorded by the same transmitting transducer and used to generate an 

image. At typical diagnostic frequencies (≈1-10 MHz), the intrinsic scattering from the blood pool, 

however, is typically several orders of magnitude lower than tissue due to the size and properties 

of red blood cells [7]. Consequently, blood appears dark on conventional ultrasound images and 
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blood flow characteristics cannot be readily assessed. For larger vessels, the relative motion of red 

blood cells compared to the surrounding tissue can be exploited to assess blood velocity using 

Doppler techniques [8], a strategy employed in many clinical applications (e.g. obstetrics [9], 

assessment of peripheral artery disease [10], cardiology [11]). This technique has limitations 

however when dealing with regions of slow blood flow, large tissue motion and/or low hematocrit 

percentage [6,12].     

Ultrasound contrast agents comprise of a suspension of small spheres of gas with a low solubility 

in blood (e.g. perfluorocarbon), typically ranging in size from below 1 µm to 8 µm in diameter. 

Unlike contrast agents used in other modalities, such as MRI and CT, the relatively large size of 

ultrasound contrast agents ensures that they remain strictly intravascular and act as red blood cell 

tracers [13]. Due to the compressibility of their gas cores, microbubbles vibrate about their 

equilibrium radius in an ultrasound field and possess scattering cross-sections several orders of 

magnitude higher than a solid particle of the same size [14]. The bubbles are stabilized by a thin 

bio-compatible encapsulation layer - typically a phospholipid monolayer, to offer a sufficient 

compromise between bubble vibration flexibility and resistance to dissolution in-vivo over 

timescales relevant for imaging, e.g. half-lives of minutes [15,16].  

Microbubble suspensions, typically on the order of 109 bubbles/ml, are injected intravenously into 

a peripheral vein in the arm [13], with a whole-body dose ranging from 0.2 – 2 ml. There have 

been millions of diagnostic injections of contrast agent microbubbles worldwide [17], and they are 

accompanied by an excellent safety profile. Recent meta-analysis surveying microbubble tolerance 

indicates that the dominant cause of severe adverse effects is pseudoanaphylaxis (CARPA), with 

an estimated rate on the order of 0.004%-0.009% [18]. This rate is comparable to most analgesics 

and antibodies (0.005%-0.015% [19]), and similar if not lower than for other contrast imaging 
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agents, e.g. CT with a rate of 0.04% [20], MR with a rate of 0.002%- 0.005% [21,22].  Table 1.1 

lists the clinical contrast agents, along with details on their salient characteristics and clinically 

approved applications. Microbubbles are approved in over 70 countries, predominately for cardiac 

applications, whereby their strong echo signal in the heart chambers improves left ventricular 

opacification (LVO). Recently, LumasonTM was approved for liver imaging and in various 

pediatric applications [23]. Aside from the clinical uses listed here, microbubbles are currently in 

use worldwide in many off label clinical imaging applications, including assessment of 

microvascular perfusion (e.g. myocardial [24], angiogenesis imaging [25]), imaging of the carotid 

to assess vascular stenosis [26] and plaque stability [27],  lesion and flow characteristics in the 

abdominal region [28,29], breast lesion detection [30], evaluation of inflammatory bowel disease 

[31], and assessment of ovaries [32], prostate [33] and thyroid [34].   

In this review, we present an overview of this established yet evolving imaging modality. First, we 

present a brief summary of the fundamental physics of microbubble behaviours that are critical for 

the effectiveness of this approach, followed by an introduction to the main conventional pulse 

sequences that are designed to exploit these behaviours to generate bubble-specific images. Next, 

we discuss exciting advancements in the techniques and applications of ultrasound contrast 

imaging, including the development of emerging contrast agents, novel imaging and image 

analysis techniques, and the implementation of contrast ultrasound as a therapy monitoring 

technique. Note that this is not a comprehensive review, rather an overview of the critical work 

that has defined this modality and salient investigations into new and ground-breaking 

applications.  
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1.1.3. Ultrasound-Microbubble Interactions 

A gas-filled microbubble vibrates when traversing through an acoustic beam, contracting and 

expanding about its equilibrium radius 𝑅0. Almost all the current models that explain the 

oscillation dynamics of a bubble have their origin in Rayleigh-Plesset-type equations [35], which 

describe the radial motion of an isolated, unencapsulated bubble. This equation, which only 

incorporates spherical vibrations, can be derived by applying Newton’s third law to the surface of 

a bubble and equilibrating the pressure on the bubble wall from the gas inside and the surrounding 

fluid media outside, resulting in the following equation: 

 RR̈ +
3

2
�̇�2 =

1

ρ
[PG0 (

R0
R
)
3γ

+ Pv −
2σ

R
− 4ηL

Ṙ

R
− P0 − Pac(t)] (1.1.1) 

where 𝑅 is the radius of the bubble, ρ is the density of the liquid, 𝑃𝐺0 = 𝑃0 − 𝑃𝑣 + 2𝜎/𝑅0 is the 

pressure inside the bubble with 𝑃0 the atmospheric pressure, 𝑃𝑣 the vapor pressure inside the bubble 

and σ is the surface tension at the gas-liquid interface, γ is the polytropic exponent of the gas; 𝜂𝐿 

is the dynamic viscosity of the liquid; 𝑃𝑎𝑐 is the driving acoustic pressure due to the ultrasound 

field and dots denote differentiation with respect to time. From fundamental fluid dynamic 

principles, including conversation of mass and momentum, the microbubble scattered pressure 𝑃𝑠𝑐 

due to its vibration can be approximated by  

 𝑃𝑆𝐶 ≈ 𝜌
�̈�𝑅2 + 2𝑅�̇�2

𝑟
 (1.1.2) 
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Name 
Gas 

Core 

Shell 

Material 

Conc. 

(109 

bub/ml) 

𝒅𝑵 

(µm) 

𝒅𝑽 

(µm) 

𝒇𝒓𝒆𝒔 

(MHz) 
Approved Uses Region Company 

Definity 

(Luminity) 
C3F8 

DPPA, 

DPPC, 

MPEG5000 

DPPE 

8-13 [36–

38] 

< 1.0 

[36,39] 

6-8 

[36,40] 

~10 

[36,41] 

- LVO/EBD 

(adults) 

USA, 

Canada, 

Europe, 

India, 

NZ, 

Australi

a 

Lantheus 

Lumason 

(Sonovue) 
SF6 

DPSC, 

DPPG-Na, 

palmitic 

acid 

0.1-0.5 

[38] 

1.5-2.5 

[42] 

6 [43] 

  

 

 

~2 [43] 

  

- LVO/EBD 

(adults and 

pediatric patients) 

-Characterization 

of liver lesions 

(adults and 

pediatric patients) 

- Evaluation of 

suspected or 

known 

vesicoureteral 

reflux (pediatrics) 

USA, 

Canada, 

Europe, 

China, 

Brazil 

Bracco 

Optison C3F8 Albumin 
2-8 

[38,43,44

] 

3-4.5 

[38] 

6-7 

[38,45] 
2-4 [44]  

- LVO/EBD 

(adults) 

USA, 

Europe 
GE 

Sonazoid C4F10 

Hydrogenat

ed egg 

phosphatidy

lserine 

sodium, 

sucrose 

1.2 [46] 
2.1[38,

46] 

2.6 

[46] 
4-6 [47] 

-Myocardial 

perfusion 

-Living imaging 

-Focal breast 

lesions 

Japan, 

South 

Korea, 

China, 

Norway, 

Taiwan 

Daiichi-

Sankyo / 

GE 

Table 1.1: Current clinical contrast agent microbubbles, their salient characteristics, and their approved uses.  
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where 𝑟 is the observational distance from the bubble surface.  In the context of ultrasound 

imaging, bubble activity is commonly separated into two acoustic regimes that give rise to distinct 

spectral features. Under low amplitude driving conditions at frequency 𝑓, microbubbles undergo 

periodic oscillations about their equilibrium size resulting in echoes that possess a rich resonant 

structure, exhibiting energy at harmonic (𝑛𝑓, 𝑛 = 2,3…), sub-harmonic (𝑓 (𝑛 + 1)⁄ , 𝑛 = 1,2, …) 

and ultra-harmonic ((2𝑛 + 1)𝑓/2, 𝑛 = 1,2…) frequency bands (Fig. 1.1a&b). This type of 

cavitation is called stable (or non-inertial) cavitation, which is typically desired in routine contrast 

examinations. When the acoustic pressure is increased above a threshold value, microbubbles can 

rapidly expand and collapse during the compression phase of the ultrasound wave resulting in a 

transient, high-amplitude echo characterised by broadband emissions. As this bubble collapse is 

dominated by the inertia of the surrounding fluid, it is often referred to as inertial cavitation [48]. 

Quantitative indicators of inertial cavitation on an individual microbubble scale have been 

suggested, including when the maximum bubble radius 𝑅𝑚𝑎𝑥 ≥ 2𝑅0 otherwise known as the Flynn 

criteria[49]. The disruption of microbubbles results in an immediate loss of gas and thus in a time-

dependent loss of contrast signal. On clinical scanners, the mechanical index 𝑀𝐼 = 𝑃
√𝑓⁄ , where 

𝑃 is the peak-negative pressure amplitude in MPa and 𝑓 is the centre frequency in MHz, is a metric 

used to estimate the likelihood of inertial cavitation and is generally maintained at low values to 

minimize bubble destruction [50]. Indeed, across the broad spectrum of all clinical contrast 

imaging applications, it is recommended to start at the manufacturers default contrast MI. If 

perfusion is still not well visualized after exhausting other image-enhancing strategies (e.g. 

receiver gain), then the MI should be increased by the smallest increment allowed on the given 

clinical system [23], with a maximum recommended MI between 0.2-0.3 [51–53]. However, 

specific techniques have been developed (e.g. disruption-replenishment [54,55]) whereby short 
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duration, large MI pulses (e.g.  high MI flash under the FDA limit of MI=1.9) are employed to 

purposefully disrupt microbubbles in the focal volume, followed by a rapid switch back to low MI 

imaging pulses. The rate at which these bubbles replenish the imaging plane can be used to assess 

blood flow characteristics upon application of relatively simple models [54,55]. The specific MI 

that elicits microbubble disruption has been the subject of much investigation [56–60] and has 

been shown to be dependent on microbubble formulation, size, and surrounding environment. 

Ultrasound-driven microbubble response is resonant in nature, and the resonance frequency is one 

of the important factors in agent design and optimization. Under low acoustic driving conditions, 

the nonlinear equation of motion Eq. (1.1.1) can be reduced to one of a harmonic oscillator with a 

linear resonance frequency 𝑓0 given by: 

 𝑓0 =
1

2𝜋
√
3𝛾𝑃0

𝜌𝑅0
2 +

2𝜎(3𝛾 − 1)

𝑅0
3  (1.1.3) 

where an inverted relationship between resonance frequency and size can be observed.  The 

addition of an encapsulating shell has led to adjustments of Eq. (1.1.1), which incorporate the 

viscoelastic properties of the thin shell, i.e. shell stiffness and viscosity. While many models have 

been developed to capture various aspects of microbubble physics, under low-amplitude transmit 

pressure conditions they are all in agreement with experimental observations which confirm that 

the encapsulating layer serves to increase the resonance frequency and the vibration dampening of 

an otherwise identical bubble (Fig. 1.1c). As driving amplitudes increase, microbubbles display 

nonlinear resonance phenomena, including strain-softening behaviour resulting in asymmetric 

resonance curves shifting to lower resonance frequencies [61,62] (see Fig. 1.1d). 
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Figure 1.1. Illustrative microbubble simulations depicting its resonant and nonlinear behaviour. a) Radius 

versus time of an oscillating microbubble and b) it's corresponding frequency content. Note the presence of 

subharmonic (0.5), ultraharmonic (1.5, 2.5, 3.5) and harmonic (2,3) energy, as well as energy at the fundamental 

frequency band (1). c) The presence of an encapsulating shell serves to increase the resonance frequency and 

dampen the vibrational amplitude of an otherwise identical microbubble. d) Under large forcing conditions, 

microbubbles exhibit asymmetrical resonance, including a shift down in resonance frequency with increasing 

forcing amplitude. Note here the inherent skewing of the resonance response, typical of a strain-softening 

resonator.  

While these nonlinear behaviours can be generated by unencapsulated gas bubbles [63], the surface 

rheology of the encapsulation material at megahertz oscillations plays a key role in amplifying 

these effects [64]. As such, there have been extensive efforts to understand the underlying physics 

of encapsulated microbubble vibration dynamics, including asymmetric oscillations [65], 

nonlinear resonance [66], multiple scattering [45], and boundary effects [67]. 

1.1.4. Contrast Pulse Sequences 

Nonlinear behaviour of vibrating microbubbles is central to their effectiveness as an ultrasound 

contrast agent. These emissions provide a means to separate bubble signals within small vessels 

from those of the surrounding (approximately linear) tissue (Fig. 1.2). Original methods of bubble 
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detection consisted of harmonic imaging, whereby energy at the second harmonic (twice the 

driving frequency) was collected and filtered from the receive signal. Since microbubbles generate 

much larger second harmonic signal than tissue, this results in better signal-to-noise ratios than 

that from the fundamental energy. This approach however requires long-duration (narrowband) 

transmit pulses in order to ensure separation of the spectral components at 𝑓 and 2𝑓, as well as to 

fit within the transducer bandwidth. These conditions result in decreased axial resolution and 

ultimately a trade-off between image resolution and contrast quality. Multi-pulse contrast imaging 

pulse sequences, consisting of pulse inversion (PI; [29]), amplitude modulation (AM; [68]) and 

combinations thereof (contrast pulse sequences, CPS; [69]), have been developed to circumvent 

these issues to specifically image the blood pool with high specificity and sensitivity. The 

following sections briefly outline these two main approaches; for a more exhaustive survey of 

microbubble-specific imaging methods, the reader is referred to a recent review article [70].  

1.1.4.1. Pulse Inversion  

The generalized scattered signal from a scatterer 𝑂(𝑥(𝑡)) can be modeled by a polynomial 

expansion: 

 𝑂(𝑥(𝑡)) = ∑ 𝑎𝑚𝑥
𝑚

∞

𝑚=1

 (1.1.4) 

 

where 𝑥(𝑡) is the transmit waveform. The contributions of the nonlinear components are defined 

by the coefficients 𝑎𝑚, whereby for linear systems only 𝑎1 is nonzero. 
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Figure 1.2. Microbubble-specific imaging sequences capture nonlinear signal from contrast agent while 

rejecting linear scattering tissue. a) Schematic diagram depicting the pulse inversion technique. Two pulses 

that are 180 degrees out of phase will result in tissue echoes that are similarly out of phase. However, this is not 

the case for microbubbles due to their nonlinear behaviour. The summed echo results in near complete 

cancellation for linear tissue and significant signal from echoes generated from microbubbles. b) B-mode and 

c) contrast-specific imaging of an 8mm vessel phantom highlights the increased vessel contrast due to 

microbubble-specific imaging. This was acquired with a Philips iU22 scanner using a C5-2 probe and 

DefinityTM contrast agent.   

As ultrasound pulses consist of sinusoidal transmit sequences, e.g. 𝑥(𝑡) = cos⁡(𝜔𝑡) with 𝜔 = 2𝜋𝑓 

the angular transmit frequency, the nonlinear echo can be approximated by 

 
𝑂(𝑥(𝑡)) ≈ 𝑎1 cos(𝜔𝑡) +

𝑎2
2
[1 + cos⁡(2𝜔𝑡)] +

𝑎3
4
[cos(𝜔𝑡) + cos(3𝜔𝑡)]

+
𝑎4
8
[3 + 4 cos(2𝜔𝑡) + cos(4𝜔𝑡)] + ⋯ 

(1.1.5) 

Note from the above equation that even-order terms create echoes at even harmonics (and DC), 

while the odd-order terms account for echoes at the fundamental frequency and odd-order 

harmonics. The pulse inversion multi-pulse sequence consists of sending in two transmit pulses 
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that are 180 degrees out of phase with each other (Fig. 1.2a). Upon summation of the resulting 

echoes 𝑠(𝑡), the linear contributions are removed and only even order harmonic signal is retained: 

 𝑠(𝑡) = ⁡𝑂1(𝑥(𝑡)) + 𝑂2(−𝑥(𝑡)) = 2 ∑ 𝑎2𝑚𝑥
2𝑚

∞

𝑚=1

 (1.1.6) 

While this technique suppresses fundamental signal, it still requires careful selection of transmit 

frequency to be able to sensitively detect even order harmonics with the given transducer. 

1.1.4.2. Amplitude Modulation 

In a similar attempt to preserve nonlinear contributions, amplitude modulation consists of 

transmitting a sequence of pulses that are scaled by a constant factor. Typically, the echoes 

received from 𝑥1(𝑡) and 𝑥2(𝑡) = 1
2⁄ 𝑥1(𝑡) (referred to as ‘full amplitude’ and ‘half-amplitude’ 

pulses respectively) are scaled and subtracted, resulting in a residual signal 𝑠(𝑡) defined as:   

 𝑠(𝑡) = ⁡𝑂1(𝑥1(𝑡)) − 2𝑂2 (
1

2
𝑥1(𝑡)) (1.1.7) 

This results in a signal that partially retains all harmonics, including signal at the fundamental 

frequency; shown here to third order: 

 𝑠(𝑡) ≈
𝑎2
4
[1 + cos(2𝜔𝑡)] +

3𝑎3
16

[cos(𝜔𝑡) + cos(3𝜔𝑡)] + ⋯ (1.1.8) 

It is important to note here that the signal component within Eq. 1.1.8 at the driving frequency 𝜔 

represents the scaled difference in the fundamental component due to different amounts of 

nonlinear signal in the two driving pulses. This ‘nonlinear fundamental’ signal results from the 



 

 15 

fact that microbubbles exhibit nonlinear resonance characteristics, specifically an amplitude 

dependent resonance frequency (Fig. 1.1d). As such, the fundamental microbubble response will 

not necessarily be linearly proportional to the input transmit pressure, e.g. the response from 𝑥(𝑡) 

will not be twice that of 1
2
𝑥(𝑡). Indeed, bubble-specific strategies are currently under development 

that exploit the accompanying echo phase lag associated with this phenomenon [71]. While this 

approach retains less even-order harmonic energy than PI, the residual ‘nonlinear fundamental’ is 

particularly useful as it can be well detected within the transducer bandwidth. 

Both PI and AM methods can be performed using three or more pulses, offering some advantages 

in tissue rejection at the cost of temporal resolution. The combination of these two approaches 

(PIAM, or CPS) retains similar levels of odd-order nonlinear energy as AM while preserving more 

even-order harmonics, albeit less than the PI technique alone.  

1.1.5. Emerging Technologies 

Contrast-enhanced ultrasound imaging is employed in many clinically approved and off-

label applications worldwide. Cutting-edge advancements in this area are being made 

simultaneously on many fronts, including contrast agent synthesis, the design of novel pulse 

sequences and image processing techniques, device development, and on the development of 

remote monitoring for ultrasound therapeutics (Table 1.2). 

1.1.5.1. Contrast Agents 

Microbubbles are currently the only clinically approved ultrasound contrast agent. One of the 

strengths of these bubbles is that they remain intravascular due to their size, allowing for diagnostic 

measurements that would be otherwise difficult with diffusible tracers. However, there is a  
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Emerging 

Technology/Technique 
Concept Applications 

New contrast agents 

To design novel acoustically-sensitive 

agents that allow for the extraction of 

diagnostic information otherwise 

impossible with standard microbubble 

contrast agents 

Targeted microbubbles: Molecular imaging of 

vascular-based markers of disease (e.g. 

thrombosis, angiogenesis, ischemia) 

Droplets/nanobubbles: Extravascular imaging in 

cancer applications 

Gas vesicles: Acoustic reporter genes, 

environmentally-triggered acoustic reporters 

Super-harmonic Imaging 

To use higher order harmonic signal 

unique to microbubble vibrations to 

generate high contrast-to-tissue ratio 

contrast images 

Tumor vasculature imaging 

Non-invasive pressure 

estimation 

To extract ambient pressure information 

from microbubble acoustic signatures 

Portal vein hypertension, intra-cardiac 

measurements 

Ultrasound Localization 

Microscopy 

To use bubble localization information to 

generate images that surpass the 

diffraction limit 

Tumor vasculature imaging, neurological 

Microbubble-therapy 

monitoring 

To extract qualitative and quantitative 

microbubble emission characteristics as a 

surrogate for therapeutic endpoints 

Cardiovascular and cancer-based applications of 

focused ultrasound therapy, immunotherapy, and 

microbubble-mediated therapeutic delivery 

Table 1.2: Summary of emerging ultrasound-microbubble based techniques. See text for references and further 

details.  

growing focus to extend the use of these ‘traditional’ ultrasound contrast agents towards other 

applications, including molecular-based imaging, imaging of the extravascular space, and as a dual 

imaging and therapeutic delivery platform.  

1.1.5.1.1 Molecularly Targeted Microbubbles 

Non-invasive imaging of pathophysiological events has recently been shown feasible with 

ultrasound due to the synthesis of functionalized microbubbles [72], i.e. microbubbles with one or 
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more targeting moieties incorporated into the phospholipid encapsulation [73]. Due to the strictly 

intravascular nature of microbubbles, target sites have aimed at processes that occur within the 

vasculature, such as inflammation [74], angiogenesis [75], and thrombus formation [76]. This 

technique has shown significant pre-clinical promise, with agents synthesized to target key 

endothelial biomarkers involved in disease, e.g. ICAM-1 [77], VCAM-1 [74], 𝛼𝑉𝛽3 [78], E-

selectin [79]. Clinical trials to assess safety and tumor detection sensitivity have shown 

encouraging results using microbubbles functionalized for vascular endothelial growth factor 

receptor 2 (VEGFR2) in ovarian, breast and prostate cancer [80,81]. Indeed, this technique can be 

used as a means for early differential disease detection, as pathological molecular expression often 

occurs at an earlier timepoint in relation to anatomical changes – but it can also be used as a tool 

for non-invasive therapy monitoring [82]. In either case, the objective is to establish a proportional 

relationship between detected bound bubble signal and the level of target molecule expression. 

Part of this strategy is therefore to preferentially detect signals from bound bubbles, as distinct 

from freely circulating, or non-bound stationary agent. While there have been some suggestions 

of novel echo characteristics that would specifically indicate a bound versus unbound bubble 

[83,84], imaging techniques to exploit this behaviour are not yet used robustly in practice. Instead, 

a number of approaches have been developed to estimate adherent bubble signal, one of which is 

to exploit the increased persistence of bound bubbles. Exploiting the relatively short half-life of 

freely circulating microbubbles, image acquisition ~10 min. post injection will preferentially 

capture bound bubble signal [85]. Another strategy is to first acquire a baseline image consisting 

of all bubbles (both bound and unbound) and to apply a large magnitude pulse to disrupt them 

[72]. Contrast images are then acquired immediately post-disruption to monitor the reperfusion of 

circulating microbubbles into the imaging plane. The bound-bubble specific image is then 
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estimated as the difference between the pre- and post-burst images. A third approach is to exploit 

the increased decorrelation due to motion associated with circulating bubbles relative to stationary 

ones. While this has shown significant promise in pre-clinical testing [86], it is expected to have 

limitations in regions of substantial tissue motion.  

Despite the relative success of the aforementioned bound bubble quantification techniques, only a 

small fraction the injected microbubbles bind to the activated endothelium, on the order 1-2% [87]. 

A clever approach to increase the number of microbubbles that make direct contact with the 

endoluminal border is through the use of acoustic radiation force, originally postulated for such a 

purpose over two decades ago [88,89]. Acoustic radiation forces, otherwise known as Bjerknes 

forces, are the forces imparted to a small object within an acoustic beam by the acoustic wave [12]. 

In the context of ultrasound-stimulated microbubbles, the primary Bjerknes force magnitude 𝐹 

directed away from the transducer experienced by a resonating microbubble in a pulsed field of 

duty cycle 𝐷 and pulse repetition interval 𝑇 can be estimated as [90] 

 𝐹 =⁡
𝑃2𝑅0
𝛿𝜌𝑐𝑓0

(
𝐷

𝑇
) (1.1.9) 

where 𝛿 is the damping coefficient [91] and 𝑐 is the speed of sound. Secondary Bjerknes force, 

which is the force ascribed to the translational dynamics between two vibrating microbubbles, can 

also be shown to be highly dependent on microbubble size and separation distance [90]. While the 

physical acoustics of these phenomena have long been investigated [92,93], it has been since 

utilized as an approach to increase microbubble binding efficiency [90,94,95]. Quantification of 

acoustic radiation force (ARF)-enhanced microbubble imaging can be performed using a relative 



 

 19 

measure of bubble signal pre- and post-ARF burst, allowing for an attenuation-independent 

measure of quantification (i.e. one that does not rely on the absolute signal intensity) [96,97].   

1.1.5.1.2  Sub-micron Contrast Agents 

Motivated by the enhanced-permeability and retention effect [98], whereby small nanometer sized 

particles locally extravasate from leaky blood vessels and accumulate in the perivascular space of 

solid tumors, there are numerous ultrasound-sensitive sub-micron agents currently under 

investigation. These mainly include phase-shift droplets [99], nanobubbles [100], gas vesicles 

[101], echogenic liposomes [102], and polymeric nanoparticles [103]. Perhaps the most well-

studied of these are volatile, phase-shift sub-micron droplets synthesized from perfluorocarbons 

(PFCs). As a liquid, droplets provide limited acoustic contrast and are generally not detectable 

with conventional ultrasound. However, under externally applied ultrasound conditions, these 

droplets can be acoustically vaporized into detectable, micrometer-sized bubbles approximately 5-

10 times their precursor size [104]. Droplet compositions generally consist of PFCs due to their 

low toxicity, low solubility and their boiling points near physiological temperatures [99], allowing 

the design of droplets in or near a superheated state. As these superheated droplets are 

thermodynamically unstable, they are stabilized through phospholipid encapsulation – reducing 

surface tension and inhibiting diffusion of the PFC into the surrounding medium. Indeed, droplets 

can be synthesized directly from pre-cursor microbubbles, e.g. commercially employed agents 

such as DefinityTM [105,106]. While the physics of acoustic droplet vaporization is still an active 

area of research, the process likely involves both intrinsic (e.g. PFC, encapsulation material) and 

extrinsic (e.g. sound and its propagation medium) factors. The vaporization threshold of individual 

droplets empirically exhibits a size-dependence, with larger, micron-sized droplets requiring lower 

pressures to vaporize [104,107,108]. Further, there is an increasing threshold with decreasing  
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Figure 1.3. Estimated droplet extravasation signal is larger in tumor than in kidney.  a) Two successive 

vaporization sequences (Vaporization 1 and 2) separated by 30 seconds were transmitted to both the kidney 

(highly intravascular organ) and tumor xenograft (intravascular and extravascular components) in a mouse 

model, outlined in the dashed lines.  The white arrowheads denote the lack of signal enhancement from the 

second vaporization pulse within the tumor, suggesting droplet extravasation.  Scale bar is 5 mm. b) 

Quantification of extravasation signal (p<0.001). Reprinted by permission of Elsevier from Helfield et al. 

Ultrasound and Medicine and Biology, 2020 [109], see the reference for more details.  

 

frequency [110] – indeed these two factors make the vaporization of small, sub-micron droplets at 

clinically relevant frequencies a challenge. However, recent translational studies using pre-clinical 

and programmable array systems have shown the feasibility of in-vivo image-guided vaporization 

and extravascular imaging [109,111], see Figure 1.3.  

As an alternative to phase-shift low-boiling point droplets, recent studies have begun to explore 

nanobubble contrast agent, typically on the order of several hundred nanometers in size [112]. 

According to classical models (e.g. Eq. [1.1.1] and Eq. [1.1.3]), nanobubbles are not expected to 

undergo significant vibrations and scattering at clinically relevant frequencies (e.g. 1-10 MHz). 

However, studies have demonstrated scattered emissions from nanobubbles at both low [113,114] 

and high frequencies [115]. The increased concentration of nanobubbles per unit volume may 

compensate for the weak scattering from an individual nanobubble, and bubble coalescence 

(multiple nanobubbles combining to form a microbubble) may also play a role in the observed 
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signal. In addition to these aspects, recent surface modifications (surfactants, e.g. Pluronic) to 

nanobubble encapsulation layers has been suggested as a potential mechanism to further reduce 

surface tension and increase flexibility [112,114]. Regardless of the mechanism, observations of 

intact nanobubbles in the extravascular space have very recently been documented [116,117].  

Recently, a new and exciting type of biologically-derived, sub-micron ultrasound contrast agent 

has been developed by harnessing gas vesicles (GVs) [101]. These vesicles, which were originally 

identified within gas vacuoles of cyanobacteria, function natively to regulate cellular buoyancy for 

optimal exposure to light and nutrients [118]. GVs are inert, hollow, gas-filled structures formed 

entirely from protein. The main consistent is a small protein (GVpA) arranged in a linear 

crystalline array along ribs that form the GV shell and conical caps. A second protein (GVpC) 

adheres to the outside of the ribs and stabilizes the structure. These vesicles are freely permeable 

to gases and liquid water is kept out due to surface tension at the hydrophobic inner surface.  GVs 

have been found in many prokaryotes (e.g. bacteria and archaea), and extensive research has 

concluded that these GVs possess similar morphology and are constructed from a homologous 

protein. The size and shape of GVs is a function of the species that generate them, but they are 

typically cylindrical or spindle-liked shaped, with lengths ranging from 0.1 to 2 µm and widths 

between 45-200 nm [119]. While similar in principle to other pre-formed sub-micron agents, GVs 

are rigid, non-spherical structures. In the pioneering work by Shapiro et al. [101], purified GVs 

generated from Halobacterium salinarum (Halo) produced robust contrast using a pre-clinical 

scanner, including nonlinear harmonic content in-vitro and in mouse liver using an amplitude 

modulation pulse sequence (e.g. Eq. [1.1.7]). Since then, many experimental and theoretical 

investigations have confirmed that GVs are able to elicit nonlinear signal and acoustically-

mediated collapse in vitro and in-vivo [120,121], which highlight the potential of GVs to serve as 
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background-subtracted imaging agents. However, perhaps the greatest differentiator between GVs 

and traditional ultrasound contrast agents is their ability to be genetically modified. Indeed, the 

acoustic properties of GVs can be modified at the level of their constituent proteins [122], which 

enables the concept of environmentally-modulated nonlinear contrast signal (e.g. detecting the 

presence of specific proteases [123]). Further, recent work has demonstrated the capacity of GVs 

to act as an acoustic reporter gene in mammalian cells (e.g. an acoustic version of an optical 

reporter like green-fluorescent protein), whereby contrast signal can be correlated to genetic 

expression [124].  

1.1.5.2. Super-Harmonic Imaging 

As microbubble vibrations possess a rich resonant structure (Fig. 1.1b), there have been recent 

developments towards generating contrast images using microbubble super-harmonic frequency 

components, defined as third-order harmonics and higher (𝑛𝑓; ⁡𝑛 = 3,5,6…). An extension of 

traditional second harmonic imaging techniques, the selective reception of these higher-frequency 

signals results in higher image resolution and contrast-to-tissue ratios compared to standard 

contrast imaging sequences. Due to the bandwidth of standard clinical transducers, which limits 

its ability to transmit and receive signals at both the fundamental and super-harmonic energy 

bands, the implementation of this approach requires multiple, independent transducer elements. 

This can be accomplished by designing novel phased arrays with interleaved elements for transmit 

and receive [125,126], and confocally aligned dual-element transducers [127,128]. Recent 

incarnations of this approach, termed acoustic angiography [129], performs super-harmonic 

imaging using transmit frequencies between 2-4 MHz and receives echo signal from 25-30 MHz. 

Using this device, an in-vivo resolution of 150-200 µm and a contrast-to-tissue ratio of 20 dB has 

been demonstrated [130,131]. To date, this technology has been employed to image and assess 
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tumor microcirculation [132,133] and remains mostly pre-clinical; although very recent work 

highlights its potential for clinical translation [134,135] and is currently an active area of research.    

1.1.5.3. Non-Invasive Pressure Estimation 

Local blood pressure estimation provides valuable clinical information on the physiology of many 

organs, and can be employed in the diagnosis of disease in the heart and kidneys. Most current 

clinical techniques to assess blood pressure within non-limb vessels use catheter-based 

manometers, which is an invasive approach and introduces changes to the local blood circulation 

and thus the blood pressure. Perhaps one of the most impactful applications of non-invasive 

pressure estimation would be for the early detection of clinically significant portal vein 

hypertension, defined as an increase in the pressure gradient between the portal vein and hepatic 

veins exceeding 10 mmHg [136]. As noted almost four decades ago [137], bubble response is a 

direct function of the ambient hydrostatic pressure and may, in principle, be used as a pressure 

sensor to detect fluctuations in local blood pressure. An increase in ambient pressure effectively 

compresses the microbubble, resulting in a shift upwards in resonance frequency. For a given 

transmit frequency, this will manifest itself in the amplitude of the resulting scattered echo. These 

original works performed on unshelled bubbles resulted in large uncertainties (as much as 30%, or 

50 mmHg compared to reference standards [138]) due to the challenge of detecting the relatively 

small shift in resonance frequency (~1 kHz shift from a change in 10 mmHg). While the 

rheological characteristics of phospholipid encapsulated microbubbles results in much larger 

resonant shifts (~0.07-0.24 MHz per 10 mmHg[139]) that may be sufficiently detectable for 

clinical utility, major advances in this application of remote blood pressure estimation are derived 

from investigations into the modulation of subharmonic scattering. Based on earlier works on 

commercially available contrast microbubbles that indicate a decrease in subharmonic scattering 
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with increasing hydrostatic pressure [140], subharmonic-aided pressure estimation efforts 

(referred to as SHAPE [141]) have met initial success in pre-clinical models [142,143] and in 

clinical trials for portal hypertension [144] and intra-cardiac measurements [138].   

1.1.5.4. Ultrasound Localization Microscopy 

A flourishing research area within diagnostic ultrasound is the development, implementation and 

interpretation of ultrafast ultrasound imaging, in which up to 20 kHz frame rates (compared to 10–

100Hz using conventional scanners) can be achieved through advances in hardware and software. 

This concept is based off the transmission of an ultrasonic plane wave (i.e. unfocused beam), which 

avoids the time-consuming process of sequential scanning and beamforming conducted by 

traditional focused-mode imaging. The echoes from a single plane wave transmission are received 

by the transducer elements and subsequently processed and beamformed in parallel. While the use 

of a single, unfocused transmit beam results in poor image resolution, SNR can be markedly 

increased by transmitting multiple plane waves at different angles and compounding the coherent 

beamformed images. Despite this slight subsequent reduction in frame rate, this still results in a 

very fast acquisition relative to conventional focused beam, limited in principle only by the two-

way speed of sound in tissue. Ultrafast plane wave imaging has opened an array of contrast and 

non-contrast ultrasound applications that take advantage of such increased temporal resolution, 

including ultrafast elastography [145], cardiac [146], and Doppler- based applications [147]. 

Perhaps the most disruptive technique derived from a microbubble-based application of this 

technology to date is ultrasound localization microscopy (ULM) [148]. As a super-resolution 

imaging technique, it has begun a paradigm shift in biomedical ultrasound imaging applications 

despite many previous investigations into methods to improve ultrasound imaging resolution. In 
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standard imaging techniques, image resolution is bound by diffraction to the scale of the 

wavelength; for example, in a 6-MHz ultrasound imaging system (𝜆 = 250 µm), the diffraction  

 

Figure 1.4. An example of ULM applied in a rat brain through a thinned, intact skull providing a resolution of 

10µm x 8 µm in depth and lateral direction, respectively. Reprinted from [149] with permission from the 

authors and Nature Publishing Group.  

 

limit is 125 µm (𝜆/2). The ULM approach exploits the localization of microbubbles to finely 

sample and image the microcirculation beyond the limit imposed by diffraction, showing 

impressive results in the areas of oncology [132,150] and neurology [149,151] that result in an 

improvement of the resolving power of ultrasound up to a factor of 10 compared to the diffraction 

limit [152,153].  It is an approach inspired by the light microscopy counterpart; photoactivated 

localization microscopy (PALM) and stochastic optical reconstruction microscopy (STORM). 

These cutting-edge light microscopy techniques, which can image beyond the diffraction limit by 

an order of magnitude [154–156], rely on photoactivatable fluorescence probes that display unique 
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spectral features upon exposure to different wavelengths of light. These reversible, ‘photo-

switchable’ probes in combination with fast-frame imaging cameras enable the rapid acquisition 

of frames in which only a subset of the sources is visible. With knowledge of the point-spread 

function of the imaging system, the collection of many sub-wavelength localizations can be 

reconstructed with resolution lower than the diffraction limit. Indeed, the development of these 

techniques was so important that it led to the attribution of the 2014 Nobel prize in Chemistry to 

Eric Betzig, Stefan Hell and William E. Moerner.  

An ultrasonic version of super-resolution is achieved by replacing the fluorescent markers with 

microbubbles (which are sub-wavelength, individual acoustic sources), and the fast cameras with 

plane-wave, programmable ultrasound imaging systems. These programmable systems give access 

to the pre-beamformed time-domain data (RF data), whereby assuming a single source, the signal 

time delay 𝜏 as a function of array position 𝑥 produced by a single microbubble echo propagating 

at a constant speed 𝑐 is given by: 

 𝜏 =
√𝑧0

2 + (𝑥 − 𝑥0)2

𝑐
⁡ (1.1.10) 

where 𝑧0 and 𝑥0 are the depth and lateral position of the microbubble, respectively. One approach 

to microbubble localization is to fit this delay function (i.e. a parabolic function), the peak of which 

will provide the position of the microbubble at much higher resolution than the wavelength [148]. 

Alternatively, even on beamformed images acquired from conventional ultrasound scanners, 

various algorithms have been developed to estimate the intensity-weighted centroid of an 

individual microbubble and has shown success in dilute microbubble applications [157,158].  
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The general concept of acquiring a super-resolution imaging using ULM will next be outlined 

here. After injection of a dilute suspension of contrast agent, video acquisition of the location of 

interest, either using B-mode or contrast-specific sequences, can be taken using either conventional 

beam or fast-frame plane wave techniques. Since the resulting ULM image is constructed point by 

point, a sufficient quantity of microbubbles is required to reconstruct the vasculature, on the order 

of  1 million events [149] depending on the vessel density and field of view. Given the relatively 

slow blood velocities in the microvasculature, this often requires long image acquisition times and 

results in a vast amount of data for processing.  Motion correction algorithms are next applied to 

minimize motion-related localization artefacts, which present a particular challenge due to these 

long scan times. Various techniques have been demonstrated within the context of the ULM 

workflow, including phase-correlation approaches between successive B-mode images, all of 

which result in corrections on the order of hundreds of micrometers for in-plane motion [159–

161]. While out-of-plane motion correction is not possible using this 2D approach, 3D ULM 

techniques are currently being assessed [162]. Following this, a microbubble-filtering processing 

step is introduced, which can include isolating nonlinear emissions [151,157] as well as alternative 

image processing strategies including spatiotemporal-based filtering algorithms [149,161,163]. 

Microbubble localization is then performed by estimation of its centroid using either the raw RF 

data or the beamformed image. A critical challenge here is the reliable separation of one 

microbubble from another. The most direct way of localizing a single microbubble is to use a low 

concentration of contrast agent (e.g. 106 bubbles/ml) [151,157,164], which guarantees an inter-

bubble spacing (e.g. 100 𝜇m) of several imaging wavelengths at traditional transmit frequencies. 

Even in such instances, the robust SNR generated from an individual microbubble is of paramount 

importance, and will ultimately affect the ULM resolution. Recent work [165] has suggested that 
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exploiting the phase response of vibrating microbubbles, a property linked to their resonant nature 

[91], can increase ULM image quality. However, there are emerging alternative strategies that 

allow for higher local doses of microbubbles, attempting to circumvent the spatial resolution 

versus acquisition time trade-off inherent to ULM. Increased local microbubble concentrations not 

only shorten the scan time, but increase the SNR. In order to overcome the overlapping of the 

point-spread functions, spatiotemporal filtering algorithms to separate overlapping microbubble 

signals [166,167] have been introduced. Recently, algorithms based on deep learning (Deep-ULM) 

have been proposed, offering the advantage of acquiring high resolution images with high 

microbubble concentrations and lower computation load compared to other techniques. This AI-

based approach is capable of learning the nonlinear image domain implications of overlapping 

point-spread functions originating from populations of closely spaced microbubbles [168].  

Finally, tracking of microbubble trajectories, using simple or more complex algorithms [161,169], 

allows not only for the estimation of super-resolved blood flow velocities [149,160], but for 

improved image quality due to the fact that a single microbubble can reconstruct several pixels 

during its trajectory. Indeed, as adequate sampling of microbubble location is critical for the 

success of tracking algorithms, ultrafast imaging techniques offer a major advantage over 

conventional imaging approaches. Images are often then reconstructed by projecting the detected 

tracks on a sub-wavelength grid matrix. True estimates of vessel diameter, therefore, cannot rely 

on sparse tracks but require them in sufficient number to ensure mapping of the entire lumen, a 

track density determined by the width of the vessel divided by the super-resolved pixel size [170].     

While still in its infancy, ULM has already provided a new in-vivo approach to the study of tissue 

pathology, providing quantitative information on the density, tortuosity, and small modulations of 

flow patterns within the microvasculature at depth. The first clinical applications of this 



 

 29 

technology, using conventional focused beam acquisition, have been conducted on breast cancer 

[171], lower limb assessment [172] and liver imaging [173]. While there are still limitations to this 

approach, including slow scan times, SNR, the use of plane-wave scanners not typical in clinics, 

large amounts of data storage and processing, and motion artefacts, significant advancements in 

all of these areas are currently ongoing. 

1.1.5.5. Microbubble-Therapy Monitoring 

It has long been recognized that ultrasound interactions with biological tissue induce bio-effects 

of both thermal and mechanical origin [174]. On clinical diagnostic scanners, exposure levels are 

limited in order to avoid these effects [175]. From a therapeutic standpoint, ultrasound-mediated 

bioeffects have been investigated as a desired endpoint: with effects ranging from tissue ablation 

[176], microvascular permeability [177], immunomodulation [178], and vascular occlusion [179]. 

Recent works have highlighted that microbubble contrast agents, under specific acoustic 

conditions, can generate a wide spectrum of bioeffects [180–182] that contribute towards the 

treatment of many diseases. Due to their intravascular nature, a primary avenue of research in 

microbubble-mediated bioeffects is based on the spatially targeted and temporary enhancement of  

microvascular permeability, employed to promote local drug delivery to regions of disease. One 

such promising application is the local and transient opening of the blood-brain-barrier [183,184] 

and blood-spinal cord barrier [185,186] for targeted therapeutics into the central nervous system. 

This technology has recently entered clinical trials in patients with brain tumors [187–189], 

Alzheimer’s disease [190] and amyotrophic lateral sclerosis (ALS) [191].  
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Figure 1.5. Spatial correlation of ultrafast 3D microbubble cavitation with focused ultrasound (FUS) brain 

tissue damage in a rabbit model. Baseline 𝑻𝟐∗𝒘 (A) and 𝑻𝟐𝒘 MRI (B) images pre-sonication depict target 

locations for two focused ultrasound treatment conditions (labeled 1 and 2). Axial, coronal and sagittal 𝑻𝟐∗𝒘 

MRI images immediately post-sonication (panels C, D, E and F respectively) depict hypointense regions 

indicative of tissue damage (dotted lines) overlaid by the corresponding spatial microbubble cavitation data 

(solid lines). The coronal and sagittal slice volumes are indicated in panel B (yellow lines). Scale bar = 5 mm. 

Figure modified from Jones et al. Theranostics, 2020 [192] with permission from the authors.  

 

Despite being met with initial success, widespread clinical adoption of microbubble-based 

therapeutics will require the continued development of online, real-time imaging strategies to 

guide and control treatments. While some of these applications employ MRI guidance, there is 

increasing interest in employing the acoustic scattering from the microbubbles themselves as an 

indicator of treatment outcome. Since the spectral echo characteristics can be indicative of the 

underlying microbubble vibrations [193], remote detection of these signals during treatment is 
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under investigation as a robust and sensitive tool for therapy guidance. Many preclinical 

applications of targeted microbubble therapeutics, including cardiovascular disease [194,195] and 

cancer [182], are performed as a dual imaging and therapeutic technique.  Contrast enhanced 

ultrasound is applied and interleaved with a therapeutic pulse from either a separate ultrasound 

transducer [182] or incorporated by way of clinical [196] or custom-designed sequence. In this 

way, the presence of microbubbles within the anatomical site of interest can be visually confirmed 

before, during and after the treatment sequences. The acoustic emissions detected during 

microbubble-based therapies have been identified as potential markers for treatment outcome in 

applications including blood-brain barrier disruption [197,198], and targeted therapeutic delivery 

[199]. To this end, passive cavitation detectors are typically employed to measure raw acoustic 

data to extract quantitative metrics. Most of these methods to date utilize a single element passive 

transducer, which does not allow the bubble signal to be localized in space. Ongoing novel 

engineering of array transducers, combined with passive beamforming algorithms, are currently 

being designed to spatially map bubble activity and allow for confirmation that elicited bioeffects 

are localized to the target site [192,200], see Figure 1.5.  Above and beyond these correlative 

measures, efforts are underway to establish control feedback algorithms based on the measured 

bubble acoustic activity to promote safe levels of vibration and avoid more violent, disruptive 

bubble behaviour that leads to unwanted damage. These algorithms modulate the acoustic transmit 

parameters based off the real-time feedback from nonlinear microbubble emissions, including sub-

harmonic energy [201,202], harmonic energy [203,204], or both [205].  

1.2. Therapeutic Applications of Contrast Agents in Medical Ultrasound 

There are many possibilities for exploiting the vibration dynamic of microbubbles for various 

kinds of therapy; among them are blood-brain barrier opening, sonoporation, drug and gene 
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delivery, neuromodulation, clot lysis, and cancer therapy. The following are some of the more 

recent applications that have gained lots of attention, which I will briefly introduce in this section. 

1.2.1. Blood-Brain-Barrier Opening 

Neurodegenerative diseases include a vast range of conditions, including Alzheimer's disease, 

Parkinson's disease, amyotrophic lateral sclerosis, and many others [206]. One of the common 

features observed in the mentioned conditions is functionality loss inside the brain, characterized 

by the accumulation of misfolded proteins [207]. Clinical treatments for such diseases still need to 

be improved due to many challenges, one of the most important being the presence of the blood-

brain barrier (BBB), which prevents drug distribution inside the brain. BBB is a selective 

membrane separating the circulatory and central nervous systems CNS. This membrane regulates 

molecules and ion transfer between blood and the brain, which has a critical role in maintaining 

the health and stability of the CNS [208]. Studies show that large molecules (larger than 500 Da) 

do not pass the membrane, and smaller molecules have a 2% chance of passing the barrier 

[209,210]. 

Many strategies have been developed to bypass the BBB, such as open surgery for direct injection 

with surgical risks, intra-arterial injection needing general anesthesia, or modification of targeting 

ligands, which has a low targeting efficiency [211–216]. The current techniques either have 

surgical or anesthesia risks or have lower accuracy. Considering the non-invasive, safe, and 

repeatable nature of ultrasound wave and contrast agents, there is a great interest in utilizing 

ultrasound contrast agents in BBB opening since its first safe utilization in a rabbit by Hynynen et 

al. [217]. 
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1.2.1.1. BBB Opening Mechanism and Evaluation Methods 

This technique combines focused ultrasound (FUS) and microbubbles (MB). Under specific 

conditions, an acoustic wave can be made to penetrate the skull; hence, FUS can interact with MBs 

confined to the vasculature system inside the brain. Even though this technique has shown 

promising outcomes in recent years, the exact mechanism still needs to be totally understood. 

Recent literature suggests that the BBB opening results from a combination of effects such as 

cavitation, sonoporation, and thermal effects [218–220]. The thermal effect is described as an 

increase in tissue temperature caused by FUS [221], and sonoporation is the transient creation of 

pores in the cell membrane [181]. Based on recent literature, the process of US-driven reversible 

BBB opening can last for several hours [218,222], and no significant temperature increase has 

been recorded. Hence, the BBB opening is mostly caused by the cavitation effect discussed in 

section 1.1.3.  

Recent literature shows that BBB opening happens in low and high mechanical indexes, 

representing stable and inertial cavitation  [218,220,223,224]. In conditions of stable cavitation, 

the radiation force on MBs will push them toward the vessel wall [89], and the contraction-

expansion vibration of MBs causes a push-pull force near the vessel wall. This push-and-pull 

behavior can open the tight junction in BBB [180], allowing otherwise impermeable molecules to 

move through. Furthermore, microstreaming caused by MBs induces shear stress on the vessel 

wall [218,223], which can further disrupt the BBB. Aside from this, in conditions of inertial 

cavitation, acoustic emission, and micro-jetting can also create a gap in tight junctions.      

    



 

 34 

1.2.1.2. Preclinical Advances of FUS/MBs BBB Opening 

1.2.1.2.1 BBB Opening in Alzheimer Disease 

Among the neurodegenerative diseases, Alzheimer's disease (AD) is the most prevalent and is the 

most common cause of dementia. AD is characterized by the over-deposition of β-amyloid and 

Tau protein in the brain [216,225,226]. Currently, there is no definitive cure for AD, and one of 

the major challenges in the treatment of this condition is bypassing the BBB, in which FUS with 

MBs shows promising effects. For example, Dubey et al. increased BBB permeability with the 

help of MBs in MR-guided FUS therapy to increase the concentrations of intravenous 

immunoglobulin inside the brain, which is known to reduce β-amyloid protein [227]. In this study, 

the T1-weighted contrast-enhanced MR image confirmed increased BBB permeability. Applying 

FUS and MBs with intravenous immunoglobulin decreased the mean surface of β-amyloid plaque 

by 68% compared to the control. Also, it increased the hippocampal neurogenesis by four times 

the control group. In another study, Leinenga et al. showed that applying FUS and MBs will 

increase the aducanumab concentration, an anti-β-amyloid antibody [228]. They measured the 

concentration of 21.77 ng/ml in the brain lysate as opposed to 4.32 ng/ml with no FUS or MBs. 

Furthermore, Janowicz et al. conducted a series of measurements comparing the delivery 

efficiency of different anti-tau antibodies [229]. They showed that all measured antibodies could 

bypass the BBB when combined with FUS and MBs. 

1.2.1.2.2 BBB Opening for Parkinson's Disease 

Another prominent neurodegenerative disease is Parkinson's disease, which is characterized by 

overexpression of α-synuclein and loss of dopaminergic neurons [230,231]. L-dopa is the most 

common drug used for Parkinson's disease therapy, and it is capable of crossing the BBB [232]. 

However, it does not stop the ongoing loss of dopaminergic neurons [233], a problem that can be 
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addressed by neurotrophic factors [234], but these factors cannot easily penetrate the BBB. In a 

study by Lin et al., the authors used FUS and MBs in conjunction with glia-derived neurotrophic 

factor, and achieved a 5-10-fold increase in transfection efficiency [235].    

1.2.1.2.3 BBB Opening in Primary Brain Tumors 

There has been limited success in treating patients with brain cancer, such as glioblastoma (GBM). 

Even after surgical and chemotherapy treatments, the median survival rate of patients with GBM 

is 15 months [236]. One of the major causes of high fatality in brain tumors is the presence of the 

BBB, which prevents the penetration of therapeutic agents. It has been shown in many animal 

studies that BBB opening using FUS is effective and repeatable, and the effect lasts between 6 and 

8 hours. Furthermore, no tissue damage was recorded [217]. These studies show a successful 

increase in agent uptake, such as Doxorubicin [237] and Trastuzumab [238], after the opening of 

BBB with FUS and MBs.  

Due to the promising results and high mortality rate of patients with brain tumors, the applications 

of BBB opening using FUS and MBs have been approved for clinical trials in humans. For 

example, in a clinical study by Mainprize et al. [189], the authors used a transcranial non-invasive 

device containing 1024 individually driven transducer elements surrounding the skull to sonicate 

the MBs. They controlled the process with a real MR-guided imaging system. The study was done 

with five patients with malignant tumors, and the FUS/MBs were used to open BBB to increase 

the uptake of IV liposomal Doxorubicin, 58 mg, and PO Temozolomide, 160 mg. They showed 

that the FUS/MBs were successful in opening BBB, and no adverse effect was observed. 
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1.2.2. Sonoporation, Drug and Gene Delivery 

Systemic drug delivery is one of the most common methods of drug delivery, in which drugs rely 

on the circulatory system to reach the intended location. There are two major limitations in 

systemic drug delivery: first, drugs circulate the whole body and can affect both healthy and 

diseased tissue. Second, in some cases, the drug has limited penetration capability and cannot 

penetrate physiological barriers [189]. Different methods and carriers have been developed to 

address these issues and facilitate systematic drug delivery [239]. Microbubbles (MBs) combined 

with ultrasound energy have proven to be a viable option to address these limitations. Ultrasound 

can penetrate deeper tissue, and MBs only get activated inside the ultrasound field, the location of 

which is easily controlled; this makes MBs ideal for specificity. The applications of MBs in 

delivery are not limited to drugs; they can also be used for gene delivery in gene therapy 

applications. In the previous section, we covered the physical behavior of MBs while activated in 

the forms of stable and inertial cavitation. It has been shown that physical MB response within an 

ultrasound field can create pores in the cell membrane in a process called sonoporation, increasing 

the chance of drug or gene uptake inside the cells [181].  

Moreover, aside from the mechanical effect of MBs on cells, they can also be used as drug or gene 

carriers in a process called functionalizing MBs. Many methods can be used to functionalize MBs. 

Some drugs can be linked directly to the lipid shell of the MBs [240]. Hydrophilic drugs that cannot 

attach directly, can be liposome encapsulated and then bind with the outer lipid shell [241]. 

Furthermore, hydrophobic drugs can bind to the hydrophobic tail of the shell lipids [242] or 

dissolve within the oil layer in MBs for specific bubbles that have oil [243]. For gene delivery, the 

first method is to couple liposome-containing genes to MBs' shells, which will be released in the 
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ultrasound field [244,245]. The second method is to attach negatively charged genes on a 

positively charged bubble's surface through electrical charge attraction [246–249].  

For example, in a study in our lab by He et al. [249], authors used gene delivery by microbubble 

to promote angiogenesis in human umbilical vein endothelial cells (HUVECs). MicroRNAs 

(MiRs) are short, non-coding RNAs used by cells to control gene expression; hence, delivering 

specific MiRs to cells allows for manipulating certain gene expressions. Their capabilities made 

them an attractive choice in gene therapy for various diseases, including cancer [250–253]. In the 

mentioned study by He et al.  [249], authors developed a new methodology to deliver small 

amounts of MiR-126 to endothelial cells to promote therapeutic angiogenesis, a promising method 

to treat cardiovascular diseases such as ischemia. In this study, cationic MBs were created in the 

lab with in-house formulation, and MiR-126s were attached to bubbles through charge attraction. 

Finally, a combination of MBs and HUVECs was placed inside a chamber as a suspension and 

treated with an ultrasound wave. The authors observed that using MBs as gene delivery agents 

increased the intracellular level of miR-126 by up to 2.3-fold while maintaining cell viability by 

more than 95%. This methodology has shown that MBs can be used as gene carriers as a viable 

option for treating ischemic disease. 

Furthermore, many other studies show the positive effect of MBs in overcoming physical barriers 

and increasing drug uptake in tumor tissues. For example, in a study by Snipstad et al. [254] they 

showed an increase in the delivery of cabazitaxel in breast cancer xenograft due to the application 

of MBs while not observing any physical damage, resulting in complete remission of the tumor. 

Similar results were observed in other cancer studies using MBs and FUS to enhance the drug 

delivery to tumor regions [255–257]. The applications of MBs and FUS in drug and gene delivery 
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are not limited to the examples mentioned here. Many other studies have shown promising 

treatment results in different diseases [239,244]. 

1.3. Numerical Models and Simulation of Ultrasound Contrast Agent Physics 

As we covered many current applications of MBs in various medical ultrasound fields and their 

promising future, it is important to emphasize that their effectiveness is closely tied to their physics 

and behavior in the ultrasound field, whether it be their strong backscattered pressure, fluid 

microstreaming in the context of therapeutic applications, or their non-linear behavior in the 

generation of harmonic and subharmonic response which makes them great blood markers in 

ultrasound imaging. The dynamic response of MBs depends on many variables, such as the 

bubbles' characteristics or the local properties of the surrounding environment in which 

microbubbles are active. Investigation of microbubble vibration physics, either for bubbles in a 

population or an individual bubble, is of major significance as it provides the knowledge and 

understanding needed to design and optimize bubble synthesis, pulse sequences, and image 

interpretation specific to the field and application (our paper, Helfield, Wang, et al. 2018, Goertz 

2015).  

1.3.1. Physics of bubbles 

The most common physical equation to describe bubble vibrations is derived from the conservation 

of mass and liquid incompressibility. Liquid incompressibility and conservation of mass can be 

expanded into a mass flux equation, which, combined with the effect of liquid viscosity and surface 

tension derived from the Young-Laplace equation, can be summarized in an equation widely 

referred to as the Rayleigh-Plesset equation [258–262]: 
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in which 𝑅, �̇�⁡𝑎𝑛𝑑⁡�̈�, are bubble radius, bubble wall velocity and acceleration. 𝑅0, 𝑃0𝑎𝑛𝑑⁡𝜎0are 

initial bubble radius, ambient pressure and initial surface tension at gas bubble interface. In 

equation 1.3.1 𝜇 is fluid viscosity, 𝜎𝑤 is the surface tension and 𝑘 polytropic coefficient. Equation 

1.3.1 is a preliminary equation to model a gas bubble behavior.  

Despite its widespread use, this equation has some limitations. For example, it cannot explain some 

nonlinear and behaviors of MBs, such as compression-only behavior [263]. Another limitation is 

the assumption that bubbles always remain spherical, known to be untrue under specific acoustic 

conditions [261]. Perhaps the most notable limitation is the lack of explanation for the viscoelastic 

shell on MBs. Most commonly used MBs have viscoelastic lipid-monolayer shells, drastically 

changing surface tensions and bubble reactivity to ultrasound waves. Some studies have 

incorporated and adjusted some terms of the equation to explain the mentioned behavior [263–

265]. One of the most commonly used models in numerical studies of microbubbles is the model 

proposed by Marmottant et al. [263], which incorporates a viscoelastic shell accounting properties 

for buckling and rupture. The modified Rayleigh-Plesset equation is written as: 
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in which 𝜎𝑅 is a dynamic and radially dependant surface tension, c is the speed of the sound in 

fluid and 𝜅𝑆 is surface dilatational viscosity of the monolayer. Based on this model the term 𝜎𝑅 in 

equation 1.3.2 further expands into:  

σ(𝑅) =
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In which χ is the shell elasticity, 𝜎𝑤𝑎𝑡𝑒𝑟 is water’s surface tension, 𝑅𝑏⁡𝑎𝑛𝑑⁡𝑅𝑟 are “buckling” and 

“rupturing” radius defined as 𝑅𝑏 = 𝑅0(
𝜎0
χ⁄ + 1)

−1
2⁄ and 𝑅𝑟 = 𝑅𝑏(

𝜎𝑤
χ⁄ + 1)

1
2⁄ . 

1.3.2. Finite Element Modeling 

The finite element method (FEM) is one of the more popular methods used for solving differential 

equations [266]. FEM is applied in many fields of engineering, such as fluid dynamics, structure 

analysis, heat flow analysis, deformation, acoustics, and electromagnetic potential. In FEM 

modeling, the geometry of the system, either 2D or 3D, is divided into smaller pieces or a finite 

number of elements. Figure 1.6 depicts an axis-symmetric 2D schematics of a modeling 

environment in which the study area is the environment around the half-circle. This figure divides 

the study environment into finite elements by a specific space discretization implemented by 

constructing a mesh. After dividing the large system into smaller parts, the numerical analyses and 

the differential equation solving are done on each small part separately, and the solutions are 

reassembled back into the original system. In the FEM environment, each element is solved 

independently, yet its boundary condition is affected by and will itself affect other nearby 

elements. 

Using FEM has many advantages, which is the reason that it is being used extensively in 

engineering and manufacturing [266]. One of the major advantages of using FEM is geometrical 

adaptability and the ability to show the local effects. Since the elements are solved independently, 

they can also move. The movement of one element transfers to another, changing the shape and 

initial conditions of the second, and this effect translates into the whole system, making it possible 

to study deformities and local pressure, heat, or force effects between 2 elements. Furthermore, 



 

 41 

since the system has many independent elements which can move, there is no need for geometrical 

simplifications. 

                                  

Figure 1.6. FEM model environment with triangle mesh selection 

The advantages of FEM in numerical analysis and simulation make it a great tool for studies in 

fluid dynamics and structural analysis. Hence, I chose this method as the core of this PhD project. 

It was mentioned in the previous section that one of the limitations of the Rayleigh-Plesset equation 

is considering the bubble to remain a sphere during its vibration. However, by using FEM, I can 

allow the bubble to deform, which is closer to real-life behavior. Furthermore, the Rayleigh-Plesset 

equation defines only bubble behavior and not the effect of boundaries outside the bubble, such as 

other bubbles or a vessel wall. With FEM, it is possible to incorporate boundaries and external 

effects on bubbles vibration. For example, in Figure 1.6, Navier-Stokes equations can study fluid 

pressure, velocity, and stress from the bubble and translate that effect back to the bubble. This 

coupling between bubble and fluid can be further expanded into systems of two bubbles and vessel 

walls, and the effect between all these sections will be connected through elements inside the fluid 
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domain. By using FEM in MB studies, it is possible to create a more realistic scenario to study 

MBs in an environment closer to the experimental setup. 

Furthermore, the bubble is divided into six segments, allowing it to have different initial values on 

each surface segment at each simulating step. It is worth mentioning that I have tested 12 segments 

and 24 segments, and the final results were very similar to a six-segmented bubble (maximum of 

~2% variation). Considering the small variation, I used a six-segmented bubble to save 

computation time. 

The final output of my model is the change in bubble radius based on time. Since the bubble in our 

model can deform, but I report a radius versus time, I calculated the radius of the bubble with both 

methods of surface integration and the average mesh distance from the center, which both yielded 

similar results, and I chose to use the integration. 

1.4. The Model and Objectives of The Thesis 

Applications of MBs in medical ultrasound have proven to be very promising, and the field is 

expanding quickly. My motivation as a Physics student was to study the physical behavior of MBs 

in conditions close to their experimental and clinical applications to provide some knowledge and 

understanding needed to optimize MBs further to enhance their effectiveness.   

For this PhD project, I used COMSOL Multiphysics® software [5], a FEM-based simulation 

software. I have created a model and environment based on FEM in which a bubble can be 

dynamically coupled with its environment through fluid dynamics. Furthermore, I validated the 

model with existing numerical and experimental results, preparing it to study more realistic 

scenarios.  
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Throughout this project, I studied how two individual MBs affect each other's resonance behavior 

based on different bubble sizes and bubble-bubble distances in various pressure ranges and 

frequencies. Then, I moved on to study the bubble-bubble effect on harmonic and subharmonic 

response based on different values of initial phospholipid packing in various pressure and 

frequency conditions. Finally, in my most recent article, I studied the behavior of MBs vibrating 

close to each other inside a capillary in bubble-bubble-vessel interaction from both the bubble 

perspective and vessel perspective. The combination of work done in this project sheds light on 

some interesting and non-linear MB behavior, which has implications in both imaging and 

therapeutic applications of MB. 

Even though my model provides new insight into bubble vibration dynamics in an environment 

closer to the experimental setup, it still has some limitations. For example, in my model, the 

transmitted ultrasound wave is directly applied on the bubble's surface, and there is no acoustic 

source in this model, which means my model cannot take into account phase differences, delays, 

and acoustic radiation force. Furthermore, I do not consider blood flow and the presence of other 

entities in the blood, such as red blood cells, which can slightly alter the response of microbubbles. 
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2.1. Abstract  

Ultrasound-driven microbubbles, typically between 1-8 𝜇m in diameter, are resonant scatterers 

that are employed as diagnostic contrast agents and emerging as potentiators of targeted therapies. 

Microbubbles are administered in populations whereby their radial dynamics – key to their 

effectiveness - are greatly affected by intrinsic (e.g. bubble size) and extrinsic (e.g. boundaries) 

factors. In this work, we aim to understand how two neighbouring microbubbles influence each 

other. We developed a finite element model of a system of two individual phospholipid-

encapsulated microbubbles vibrating in proximity to each other to study the effect of inter-bubble 

distance on microbubble radial resonance response. For the case of two equal-sized and identical 

bubbles, each bubble exhibits a decrease between 7-10% in the frequency of maximum response 

(𝑓𝑀𝑅) and an increase in amplitude of maximum response (𝐴𝑀𝑅) by 9-11% as compared to its 

isolated response in free-space, depending on the bubble size examined. For a system of two 

unequal-sized microbubbles, the large bubble shows no significant change, however the smaller 

microbubble shows an increase in 𝑓𝑀𝑅  by 7-11% and a significant decrease in 𝐴𝑀𝑅 by 38-52%. 

Furthermore, in very close proximity the small bubble shows a secondary off-resonance peak at 

the corresponding 𝑓𝑀𝑅 of its larger companion microbubble. Our work suggests that frequency-
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dependent microbubble response is greatly affected by the presence of another bubble, which has 

implications in both imaging and therapy applications. Furthermore, our work suggests a 

mechanism by which nanobubbles show significant off-resonance vibrations in the clinical 

frequency range, a behaviour that has been observed experimentally but heretofore unexplained. 

2.2. Introduction  

Small gas-filled microbubbles, typically ranging in size from 1-8 µm and encapsulated with a thin, 

flexible, and biocompatible stabilizing shell, are currently employed as diagnostic ultrasound 

contrast agents [13]. Microbubbles vibrate within an ultrasound beam about their equilibrium 

radius with scattering cross-sections several orders of magnitude larger than a solid size-matched 

particle [14]. Through resonant oscillations and nonlinear harmonic and subharmonic emissions 

[262], microbubble signal enables the detection and separation of echoes originating from the 

blood - to which microbubbles are confined due to their size - from that of the much greater energy 

of the echoes from the surrounding tissue [267]. This vasculature-specific signal enables the 

quantification of blood flow and has many applications spanning from detection, diagnosis and 

therapy monitoring in cardiology and oncology [25,268]. More recently, ultrasound-stimulated 

microbubbles have been exploited to deliver local and targeted bioeffects under specific acoustic 

stimulus [269,270]. Microbubble-mediated shear stress and microstreaming are among the 

mechanisms behind these targeted therapies, including the transient opening of the blood-brain-

barrier [217], site-specific drug/gene delivery [181,271,272], vascular shutdown therapy [182] and 

sono-reperfusion [273].   

For both diagnostic and therapeutic techniques, an understanding of ultrasound-driven 

microbubble dynamics is critical to ensure robust and repeatable application. As has been 
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previously well documented, microbubble behaviour is a function of both its intrinsic features 

[64,262,274,275] (e.g. bubble size, shell properties) and extrinsic environmental factors [64,276–

279]– including fluid viscosity, fluid temperature, local boundaries and the presence of 

neighboring microbubbles.  Indeed, there have been many mechanistic studies investigating the 

physics of vibrating microbubbles to elucidate the role of these factors on bubble behaviour as it 

relates to its imaging and therapeutic potential, the majority of which are performed on an 

individual microbubble [275,277,280–283]. These investigations have explored unique physical 

and biophysical phenomena on an individual bubble scale, resulting in new insights towards 

contrast imaging [61,65] and ultrasound-mediated cellular therapies [284–286]. 

While it is a challenge to estimate local concentrations of contrast agent in-vivo, microbubbles may 

not be in isolation when used diagnostically or as a therapeutic agent. Order of magnitude estimates 

result in clinical agent doses (~1:5000 dilution) possessing an average inter-bubble spacing of 80 

𝜇m, which can decrease due to i) acoustic radiation forces [89], ii) ultrasound-induced bubble 

coalescence [287] and iii) complex fluid flow patterns [288]. Furthermore, smaller ultrasound-

sensitive agents are currently being investigated for both diagnostic and therapeutic application, 

including phase-shift nanodroplets that can acoustically vaporized into in-situ microbubbles [99], 

and stabilized nanobubbles – encapsulated bubbles on the order of several hundreds of nanometers 

in radius [112,289]. Assuming a volume-limited dose similar to clinically used micron-sized 

bubbles, a decrease in size by a factor of 10 translates to a 1000-fold increase in local bubble 

density [100]. 

To begin to address this, there are limited studies exploring the physics of bubble clusters, 

generally performed using analytical modifications of a second-order ODE describing bubble wall 

motion (e.g. Rayleigh-Plesset-type equations [290]). The majority of these studies focus either on 
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bubbles without a material encapsulation or do not take into account any of the fluid dynamic 

considerations of the surrounding fluid [291,292]. In this study, we propose to study effect of 

bubble proximity in a system of two encapsulated microbubble contrast agents using a finite 

element approach to ensure the two-way coupling between bubble vibrations and the local fluid 

environment. Specifically, we examine the coupling between different microbubble sizes and 

inter-bubble spacings with a view towards the resonance response of the system, as it is one of key 

features that make microbubbles an ideal ultrasound agent for imaging and therapy. 

2.3. Mathematical Model 

2.3.1. Fluid Domain 

In the present study, the radial oscillations of two individual microbubbles in free space are 

considered, situated a distance ℎ apart - see Figure 2.1.  The fluid domain surrounding the 

microbubbles is modeled as a Newtonian fluid. Given that the acoustic wavelength is much larger 

than the microbubble size and that the fluid velocity is much slower than the speed of sound, the 

fluid was further assumed to be incompressible [261]. Under these circumstances, the fluid motion 

is modeled by the Navier-Stokes equations, given below: 

𝛻. �⃗� = 0⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2.1) 

𝜌 (
𝛿𝑣

𝛿𝑡
+ 𝑣. 𝛻𝑣) = ⁡−𝛻𝑝 + 𝜇𝛻2𝑣⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2.2) 

where 𝑣 is the fluid velocity, 𝜌 is the fluid density, 𝜇 is the dynamic viscosity of the fluid and 𝑝 is 

the fluid pressure. 
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2.3.2. Microbubble Dynamics 

The gas inside each microbubble is assumed to be spatially uniform and is modeled as an ideal gas 

via a polytropic process [261]. The pressure difference across the bubble wall 𝑃𝐵, is a result of the 

combined affects of surface tension, the surrounding fluid viscosity, and the pressure contributions 

from the viscoelastic encapsulation, and is given as follows:  

𝑃𝐵 = (𝑝0 +
2𝜎0
𝑅0
) (
𝑅0
𝑅
)
3𝑘

(1 −
3𝜅

𝑐
�̇�) + 𝑃𝑣 −

4𝜇�̇�

𝑅
− 𝑃𝑒𝑙𝑎𝑠 − 𝑃𝑣𝑖𝑠𝑐 − 𝑃(𝑡)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2.3) 

where 𝑝0 is the ambient pressure, 𝜎0 is the initial surface tension at the gas-liquid interface, 𝑘 is 

the polytropic index, 𝑃𝑣 is the vapour pressure which is considered negligible compared to the gas 

pressure (𝑃𝑣 = 0), 𝑅 and �̇� represent the bubble radius and wall velocity, respectively, 𝑃𝑣𝑖𝑠𝑐 and 

𝑃𝑒𝑙𝑎𝑠 are the pressure contributions due to the viscosity and elasticity of the shell, respectively, and 

𝑃(𝑡) is the externally applied acoustic pressure at the bubble wall. Multiple models have been 

proposed to explain the behaviour of microbubbles characterized by a thin viscoelastic shell by 

incorporating elastic and viscous terms [35,262,293]. Perhaps the most successful nonlinear 

bubble models to date incorporate phospholipid monolayer dynamics – indeed, experimental lipid 

research highlights that the surface tension of a lipid monolayer, such as those commonly 

employed in contrast microbubble synthesis, decreases with increasing compression rate (i.e. 

decreasing intermolecular area) [294]. Incorporation of this physics into simplistic Rayleigh-

Plesset type bubble models [263,295] have been shown to predict unique microbubble vibrational 

signatures that have been observed experimentally, including ‘compression only’ behaviour 

[65,296]. Given this, we chose to implement an encapsulation model that considers a radially-
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dependent surface tension, as manifested through the elastic pressure contribution 𝑃𝑒𝑙𝑎𝑠 =

2𝜎(𝑅)
𝑅⁄ , with the radially dependent surface tension 𝜎(𝑅) given as:  

σ(𝑅) =

{
 
 

 
 0⁡𝑖𝑓⁡𝑅 ≤ 𝑅𝑏

𝜒 (
𝑅2

𝑅𝑏
2 − 1) 𝑖𝑓⁡𝑅𝑏 ≤ 𝑅 < 𝑅𝑟⁡

𝜎𝑤𝑎𝑡𝑒𝑟 ⁡𝑖𝑓⁡⁡𝑅 ≥ ⁡𝑅𝑟

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2.4) 

where χ is the shell elasticity, and 𝑅𝑏 = 𝑅0(
𝜎0
χ⁄ + 1)

−1
2⁄ and 𝑅𝑟 = 𝑅𝑏(

𝜎𝑤
χ⁄ + 1)

1
2⁄  are defined 

as the ‘buckling’ and ‘rupturing’ radius, respectively, with 𝑅0 as the equilibrium radius of the 

microbubble. These are the radial limits within which the shell contribution dictates a quadratic-

dependence on radius [263]. Indeed, Eq. 2.4 models the repartitioning of phospholipid molecules 

as it is manifested through the alterations in surface tension. Further, we consider the viscous 

contribution as 𝑃𝑣𝑖𝑠𝑐 =
4𝜅𝑆�̇�

𝑅2
⁄  with 𝜅𝑆 defined as the surface dilatational viscosity of the 

monolayer [262]. Note that the compressibility term proportional to �̇� 𝑐⁄  in Eq. (2.3), which was 

added despite our assumption of an incompressible fluid, does not play a large role in our 

simulation results (as �̇� ≪ 𝑐). It was however incorporated for validation purposes against well-

known models (see below). Further, note that Eq. (2.4) was originally derived from surface area 

arguments, however, was incorporated into the current study in the form presented – as has been 

done previously [297].  

2.3.3. Model Description and Method of Solution 

The boundary conditions imposed along each bubble free surface are such that the velocity and 

pressure across the boundary remain continuous, namely:  
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 𝑣(𝑅) = �̇� (2.5a) 

 𝑝(𝑅) = 𝑃𝐵 (2.5b) 

where 𝑃𝐵, the pressure at the bubble wall, is given by Eq. (2.3). Note here that we are imposing a 

no-slip velocity condition and negligible shear stress in the tangential direction along this interface. 

In this manner, these conditions exert two-way coupling between the bubble wall motion and the 

surrounding fluid. In order to allow the slight perturbations deviating from spherical oscillations  

 

Figure 2.1. Finite-element model environment and data analysis description. A) A representative example of 

the mesh grid placement on an individual bubble, where the bubble is divided into 6 sections to allow for 

spatially dependent application of Eq. (3). Simulations were performed using an axisymmetric environment. 

Units are in micrometers. B) Schematic view of the two-microbubble system; h denotes the center-to-center 

distance between the two microbubbles. Units are in micrometers. C) A sample plot of a radial response of a 

microbubble at a given transmit frequency. Both the maximum R_max and the minimum R_min radius were 

used to calculate the radial excursion. D) The frequency of maximum response (f_MR) and amplitude of 

maximum response (A_MR) of an individual microbubble.   
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to influence the fluid domain, each bubble free surface was divided into 6 different sections (Fig. 

2.1), in which each section is subjected to the local boundary conditions given above. This allows 

the local curvature, approximated as spherical and spatially averaged over 1/6 of the microbubble, 

to contribute to the neighboring fluid motion. Pilot studies using 12 segments did not yield 

significantly different results. The final microbubble dynamic curve calculated in our model is 

derived from the average of the radius changes from the different sections of a given microbubble.  

The governing equations subject to the above boundary conditions, along with the boundary 

conditions of constant 𝑝0 along the edges of the simulation domain, were solved computationally 

using the finite-element method (FEM) with COMSOL Multiphysics 5.8 (COMSOL AB. 

Burlington, MA). Figure 2.1B illustrates the geometry of the model and Figure 2.1A is a sample 

of the mesh grid in our FEM simulation for an individual bubble. Due to the symmetry of the two 

microbubbles and the computational domain, only half of the simulation space was calculated in 

an axisymmetric environment to minimize the computational time. The mesh size was selected to 

be 8-20 times smaller than the smallest bubble radius. This results in a mesh size that is much 

smaller than the wavelength of the acoustic wave. Further, the mesh density was much higher in 

the neighborhood of the microbubble wall in order to capture the salient physics of interest, and 

decreased further from the bubbles, where we do not expect any significant effects. The moving 

microbubble free surface was described using a moving mesh arbitrary Lagrangian-Eulerian 

(ALE) algorithm. This allows for the computational mesh to move arbitrarily to optimize the shape 

of the elements and for the mesh nodes to track the moving boundary. The microbubbles are 

considered to be inside the focal volume of a conventional ultrasound transducer. Based of the size 

of a typical focal volume (~mm3) and the size of contrast agent microbubbles (~μm), the 

microbubbles were considered to be inside a uniform domain of ultrasound energy. This energy 
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contribution enters our model as a change in acoustic pressure on the microbubble surface (𝑃(t) 

in equation 2.3).  The transmit pressure employed was a Tukey windowed (tapered cosine) 10 

cycle pulse at a sampling frequency of 500 MHz. The other parameters in this study were held 

constant; 𝜌 = 1000 𝑘𝑔 𝑚3⁄ , 𝑘 = 1.095, 𝜇 = 0.001⁡𝑃𝑎. 𝑠, χ = 1⁡𝑁 𝑚⁄ , 𝜅𝑆 = 1.5 ∗ 10−9 ⁡𝑘𝑔 𝑠⁄ , 

σw = 0.072⁡ 𝑁 𝑚⁄  and 𝜎0 = 0.01⁡𝑁 𝑚⁄ . We acknowledge that recent work has demonstrated 

transmit frequency/bubble size dependent shell properties [36,62]. Given that the current study 

explores many transmit frequency and bubble size combinations, the shell parameters adopted here 

were chosen to lay well within the range of previous experimental reports on phospholipid-

encapsulated contrast agent microbubbles.  

To study the effect of frequency-dependent microbubble vibration, we performed our simulations 

using individual tone bursts with a transmit frequency ranging from 1-8 MHz in increments of 

𝑑𝑓 = 25 kHz. The microbubble diameter (𝑑 = 2𝑅0) range investigated in this study spanned from 

0.5 ≤ 𝑑 ≤ 4 𝜇m to cover both nanobubble and traditional microbubble size ranges [36], with a 

bubble center-to-center distance varying from 2-32 𝜇m and peak-negative pressure ranging from 

1-120 kPa. The parameter range here was selected due to its relevance in clinical imaging and 

therapeutic studies.  

2.3.4. Analysis of Radial Oscillations 

For a given microbubble radial profile, the radial excursion was calculated based on the average 

of 𝑅𝑚𝑎𝑥 and 𝑅𝑚𝑖𝑛 over the 6 regions of the microbubble, which represent the maximum and 

minimum dynamic radius, respectively (Fig. 2.1C). To study frequency-dependent microbubble 

vibrations, the radial excursion was calculated for each bubble at each transmit frequency to 

generate a resonance curve. The metrics extracted from this curve, as shown in Fig. 2.1D, were 
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the amplitude of maximum response (𝐴𝑀𝑅) and the frequency of maximum response (𝑓𝑀𝑅). 

Indeed, 𝑓𝑀𝑅 represents the frequency at which the damped radial oscillations are maximal (i.e. the 

resonance frequency of the nonlinear damped microbubble system) – not to be confused with other 

closely related ‘resonance’ frequencies, including the frequency at which maximal scattered 

pressure or scattering cross-sections are observed [36,298]. 

2.3.5. Validation 

We employed four different metrics to validate our numerical model. Firstly, our model was 

validated in the limit of a single microbubble in free fluid under low acoustic pressures and 

compared to the well-known analytical Rayleigh-Plesset equation (RPE) under the same acoustic 

conditions [261,263]. Figure 2.2A shows the radial oscillation profile for a microbubble (𝑅0 =

1.5⁡𝜇m) driven at 𝑓 =1 MHz at 45 kPa. The graphs show that the result of our simulation (solid; 

red) and the RPE (dashed; black) are in excellent agreement with an average percent error of 0.3%. 

A second validation (Fig. 2.2B) was performed by assessing the resonance response of an 

individual  

microbubble as a function of acoustic pressure from 10-30 kPa. Our simulation generates the 

expected strain-softening behaviour of decreasing resonance frequency with increasing pressure 

and a skewing of the resonance curve – as has been observed both experimentally [62,299] and 

through numerical modeling [300]. Thirdly, under low-amplitude driving conditions (~1 kPa) 

where the bubble experiences small deviations about its equilibrium radius, all bubble models 

reduce to a similar expression for the size-dependent resonance frequency [301]. In this limit, our 

model results over the range of 2.5 ≤ 𝑑 ≤ 5 𝜇m (red dots in Fig. 2.1C) show excellent agreement 

with an average percent error of 3.8% as compared to the well-known equation. Finally, the fourth 



 

 54 

validation was conducted by simulating an individual microbubble adjacent to a rigid wall. Indeed, 

by modifying the RPE via a ‘method-of-images’ approach [261], it can be shown that the 𝑓𝑀𝑅 of 

an individual microbubble decreases by a factor of ≈ √2/3 and its 𝐴𝑀𝑅 increases by a factor of 

≈ √3 2⁄  as it moves in direct contact with the rigid wall (ℎ = 𝑅0). We ran our simulation for a 

⁡𝑑 = 3𝜇𝑚 microbubble situated at varying distances from such a rigid wall under a transmit 

pressure of 30 kPa. The results of this model validation are shown in Fig. 2.2D, resulting in a shift 

of 𝑓𝑀𝑅 and 𝐴⁡𝑀𝑅 of ~13% and ~10% respectively in the expected direction, as the bubble sits at 

ℎ = 4⁡𝜇m  

 

Figure 2.2. Validation of our finite-element model using four different metrics. A) The radial response of a 

microbubble driven at 𝒇 = 𝟏 MHz at 45 kPa. Our model (solid red) is in excellent agreement with the well-

known Rayleigh-Plesset type equation (dashed black). B) The resonance response of a microbubble at different 

driving pressures. The negative skewing of the resonance curve and the decreasing 𝒇𝑴𝑹 with increasing 

pressure is expected. C) The linear resonance frequency at a transmit pressure of 5 kPa versus microbubble 

size (red dots are results of our model and dashed line is result of the well-known resonance frequency equation) 
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D) The resonance response of an individual microbubble adjacent to a purely rigid wall. The direction and 

magnitude of the shift in 𝒇𝑴𝑹 and 𝑨𝑴𝑹 is consistent with the ‘method-of-images’ analysis.  

from the rigid wall. While we note that the ‘method-of-images’ does not capture the complex fluid 

dynamics at the boundary and may not strictly serve as a validating tool, it has been employed in 

more simplistic microbubble modeling scenarios [302]. Indeed, as a rigid wall is not a biologically 

relevant boundary, we did not explore this arrangement any further.  

2.4. Results 

We examine the frequency-dependent response of a two-microbubble system in three different 

scenarios: i) the effect of the presence of an identical, size-matched microbubble, ii) the effect of 

the presence of a nearby smaller microbubble, and iii) the effect of the presence of a nearby larger 

microbubble. In all scenarios, the frequency-dependent radial resonance response is investigated 

for varying inter-bubble distances ℎ, and the response for the individual microbubble in free-space 

(i.e. in isolation) is shown for comparison in green to better appreciate the contributions due to the 

second microbubble.  

2.4.1. Two Identical, Size-matched Microbubbles 

Figure 2.3 shows the result of a simulation in a system of two identical microbubbles (𝑑1 = 𝑑2) 

with diameters of 2, 3, and 4 𝜇m. Microbubbles were subjected to a series of tone bursts at a 

constant peak-negative pressure of 30 kPa and simulated with center-to-center distances of ℎ=8, 

16 and 24 μm. In all examined scenarios, the results show that when a given microbubble 

approaches another microbubble of the same size, each bubble experiences a decrease in 𝑓⁡𝑀𝑅 and 

an increase in 𝐴𝑀𝑅. Further, the extent of this effect amplifies as the microbubbles get closer to 

each other, with the maximal effect shown here at ℎ = 8⁡𝜇𝑚. Taking into account all sizes 
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investigated here, the maximum amount of the shift from two closely-positioned microbubbles at 

ℎ = 8⁡𝜇𝑚 apart as compared to its response in free space is a decrease in 𝑓⁡𝑀𝑅 ranging from 7-10% 

and an increase in 𝐴𝑀𝑅 from 9-11%. Note here the small secondary peaks due to harmonic coupling 

(e.g. 3-4 MHz for 𝑑 = 2⁡𝜇m in Fig. 2.3A) also exhibit the same trend as the primary resonance 

peaks; albeit at a lower amplitude. Indeed, the presence of these harmonic peaks is a well-known 

and established feature of resonant bubble systems [63,300,303]. 

2.4.2. A microbubble in the Presence of a Smaller Microbubble 

In the following two subsections, we examine the results of two unequal sized microbubbles (𝑑1 ≠

𝑑2). Figure 2.4 highlights the resonance curves for the larger microbubble 𝑑1. The following four 

combinations were examined: a 𝑑1 = 2 μm bubble in close proximity to a 𝑑2 = 0.5 μm bubble  

 

Figure 2.3. The resonance response of each microbubble within a two-microbubble system of equal sized 

bubbles shifts towards lower 𝒇𝑴𝑹 and higher 𝑨𝑴𝑹 as the bubbles approach each other. A) 𝒅𝟏 = 𝒅𝟐 = 𝟐⁡𝝁m B) 

A) 𝒅𝟏 = 𝒅𝟐 = 𝟑⁡𝝁m; C) A) 𝒅𝟏 = 𝒅𝟐 = 𝟒⁡𝝁m. Note that each of these two bubble-systems was insonicated at 30 
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kPa and show the same general trend. Individual resonance response in free-space (green curve) is shown for 

comparison. Note the presence of second-harmonic coupling, and that these secondary peaks follow the same 

trend as the primary resonance peaks.  

 

 

Figure 2.4. A small microbubble exerts no influence on the resonance characteristics of a larger microbubble. 

The response responses of the larger microbubble 𝒅𝟏 in the following situations: A) 𝒅𝟏 = 𝟐⁡𝝁𝒎;⁡𝒅𝟐 = 𝟎. 𝟓⁡𝝁m; 

B) 𝒅𝟏 = 𝟑⁡𝝁𝒎;⁡𝒅𝟐 = 𝟐⁡𝝁m; C) 𝒅𝟏 = 𝟒⁡𝝁𝒎;⁡𝒅𝟐 = 𝟐⁡𝝁m; D) 𝒅𝟏 = 𝟒⁡𝝁𝒎;⁡𝒅𝟐 = 𝟑⁡𝝁m. Panel A was insonicated 

at 120 kPa; all others at 30 kPa. Individual resonance response in free-space (green curve) is shown for 

comparison.  

(Fig. 2.4A), a 𝑑1 = 3 μm bubble in close proximity to a 𝑑2 = 2 μm bubble (Fig. 2.4B), a 𝑑1 = 4 

μm bubble in close proximity to a 𝑑2 = 2 μm bubble (Fig. 2.4C), and  𝑑1 = 4 μm bubble in close 

proximity to a 𝑑2 = 3 μm bubble (Fig. 2.4D). For the system depicted in Fig. 2.4A, the 

microbubbles were insonicated at 120 kPa, and all others were insonicated at 30 kPa. We simulated 

the system with center-to-center distances of 2, 4, 8, 16 and 24 μm. The results presented here 
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indicate that, for all combinations examined, the presence of the smaller microbubble 𝑑2 has 

negligible influence on the vibration physics of the larger microbubble 𝑑1. Within the frequency 

resolution employed here, there is no change in 𝑓𝑀𝑅⁡and only a slight shift towards lower 𝐴⁡𝑀𝑅 (2-

3%) as compared to its free, isolated response. 

2.4.3. A microbubble in The Presence of a Bigger Microbubble 

As opposed to the results shown in Fig. 2.4, there is a significant effect on the smaller microbubble 

𝑑2 due to the presence of a neighboring larger microbubble 𝑑1. Figure 2.5 shows the results  of the 

following bubble size combinations: a 𝑑2 = 0.5 μm bubble in close proximity to a 𝑑1 = 2 μm 

bubble (Fig. 2.5A), a 𝑑2 = 2 μm bubble in close proximity to a 𝑑1 = 3 μm bubble (Fig. 2.5B), a 

𝑑2 = 2 μm bubble in close proximity to a 𝑑1 = 4 μm bubble (Fig. 2.5C), and  𝑑2 = 3 μm bubble 

in close proximity to a 𝑑1 = 4 μm bubble (Fig. 2.5D). As in the scenario above, the results in panel 

Fig. 2.5A were simulated at 120 kPa, while the others were insonicated at 30 kPa. We simulated 

the system with center-to-center distances of ℎ =2, 4, 8, 16 and 24 μm. The influence of the larger 

bubble is most strongly felt as the two bubbles approach each other. For all combinations of 

microbubble sizes examined here, the results consistently indicate that the smaller microbubble of 

size 𝑑2 exhibits a strong and significant increase in 𝑓𝑀𝑅 ranging from 7-11%, and a decrease in 

𝐴⁡𝑀𝑅 ranging from 38-52% as compared to its isolated response. In looking at Fig. 2.5B, for 

example, the isolated, free 𝑓𝑀𝑅 ⁡of a 𝑑2 =2 μm microbubble (green curve) at the simulated pressure 

is  approximately 6.5 MHz. In either the presence of a neighboring 𝑑1 = 3𝜇𝑚 (Fig. 2.5B) or 𝑑1 =

4𝜇𝑚 (Fig. 2.5C) microbubble, this peak exhibits a drastic decrease in amplitude and shift to higher 

frequency (≈ 7 MHz in panel C). Note that the primary resonance of the 𝑑2 = 0.5⁡𝜇𝑚 microbubble 
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(i.e. a nanobubble) is well out of the range of examined frequencies (> 8 MHz) and is thus not 

visible in Fig. 2.5A. 

 

Figure 2.5. A large microbubble exerts significant influence on the resonance characteristics of a nearby smaller 

microbubble. The response responses of the smaller microbubble 𝒅𝟐 in the following situations: A) 𝒅𝟏 =

𝟐⁡𝝁𝒎;⁡𝒅𝟐 = 𝟎. 𝟓⁡𝝁m; B) 𝒅𝟏 = 𝟑⁡𝝁𝒎;⁡𝒅𝟐 = 𝟐⁡𝝁m; C) 𝒅𝟏 = 𝟒⁡𝝁𝒎;⁡𝒅𝟐 = 𝟐⁡𝝁m; D) 𝒅𝟏 = 𝟒⁡𝝁𝒎;⁡𝒅𝟐 = 𝟑⁡𝝁m. 

Panel A was insonicated at 120 kPa; all others at 30 kPa. Individual resonance response in free-space (green 

curve) is shown for comparison. The primary resonance peak shifts to higher 𝒇𝑴𝑹 and lower 𝑨𝑴𝑹 as the inter-

bubble spacing 𝒉 decreases. The primary resonance peak of the 𝒅𝟐 = 𝟎. 𝟓⁡𝝁m nanobubble is not visible in panel 

A. Note the secondary, off-resonant peak occurring at the 𝒇𝑴𝑹 of the larger microbubble. This strong off-

resonant nonlinear coupling occurs for all bubble combinations investigated. See text for details.  

 

Another glaring and significant result stemming from the influence of a larger microbubble is the 

presence of a secondary, off-resonance peak that is distinct from the harmonic peak. Indeed, this 

secondary peak in the frequency-dependent response exhibited by the smaller bubble 𝑑2, observed 
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in all combinations of bubbles examined here, corresponds precisely to the 𝑓𝑀𝑅 of the large 

microbubble 𝑑1 and thus represents a nonlinear coupling between the two bubbles. As previously 

stated, while the primary resonance response from the nanobubble is not depicted, the off-

resonance peak due to the neighboring 𝑑1 = 2⁡𝜇𝑚 is clear, with its influence becoming stronger 

as the bubbles approach each other (Fig. 2.5A). The appearance of this peak, which is maximum 

at ℎ = 2⁡𝜇𝑚, appears precisely at a frequency of 4.5 MHz, in excellent agreement with the 𝑓𝑀𝑅 of 

the 𝑑1 = 2⁡𝜇𝑚 microbubble shown in Fig. 2.4A. This is also readily observed in the other three 

panels as the inter-bubble spacing is decreased, with the 𝑓𝑀𝑅 of the larger bubble (𝑑1 = 3⁡𝜇𝑚 in 

panel B; 𝑑1 = 4⁡𝜇𝑚 in panel C&D) corresponding to 3.5 MHz and 2.1 MHz, respectively. Indeed, 

the final two panels highlight that this peak derived from the off-resonance nonlinear coupling of 

the larger bubble vibrations is distinct from the harmonic peak – a peak observed even in isolated, 

individual bubbles (see Fig 2.2A for example). While these peaks overlap in Fig. 2.5D due to the 

specific sizes of the microbubble pair, they are clearly separated in Fig. 2.5C (𝑑2 = 2⁡𝜇m), where 

the harmonic peak expectedly shifts up due to the decreasing size of 𝑑2⁡in Fig. 2.5C versus that of 

Fig. 2.5D; whereas the off-resonance peak at 2.1 MHz remains consistent between these two 

scenarios since the larger microbubble size is constant between these two panels (𝑑1 = 4⁡𝜇m). 

Further, this nonlinear coupling effect can result in a large magnitude effect that rivals or even 

exceeds the 𝐴𝑀𝑅 of the primary resonance peak (e.g. Fig. 2.5C, black curve).  Finally, Fig. 2.6 

highlights the influence of a larger neighboring microbubble on bubble response with a particular 

emphasis on the transmit frequency (the panels represent the same two-bubble system as those  
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Figure 2.6. The direction and magnitude of the proximity effect is highly dependent on the transmit frequency 

(i.e. clinical application) of interest. The panels correspond to the same two-microbubble systems as described 

in Fig. 2.5. The red curves denote a transmit frequency near the primary resonance response, while the blue 

curve denotes a frequency near the off-resonance peak corresponding to the 𝒇𝑴𝑹 of the larger microbubble.   

 

described in Fig. 2.5). Indeed, clinical applications of ultrasound are conducted at a fixed transmit 

center frequency, varying from the lower end of the MHz range for deep targets (e.g. 1-2 MHz for 

abdominal imaging), to mid-range for more superficial parts (e.g. 6-10 MHz for breast imaging, 

carotid imaging) [304]. While clinical pulses are shorter in length (and thus more broadband) than 

the pulses employed here, it is still apparent that depending on the clinical application, the direction 

and magnitude of the influence exerted by the two-bubble system shifts as the inter-bubble spacing 

decreases. The fixed frequencies here are chosen to align with the main (e.g. primary) and off-

resonance coupling peaks.  
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2.5. Discussion 

The results presented here indicate that the presence of a neighboring microbubble influences the 

radial resonance response of an individual microbubble. We note here that a subset of studies 

performed on ‘clean’, unencapsulated microbubbles yield similar relationships regarding 𝑓𝑀𝑅and 

𝐴𝑀𝑅. This phenomenon plays a role not only in ascertaining the resonance response of these 

bubbles in clinically relevant doses, but also in the application dependent (i.e. transmit frequency-

dependent) response of a system of bubbles. Specifically, the magnitude and direction of the shift 

in response due to bubble proximity is a strong function of the transmit frequency, a direct result 

of the changes in 𝑓𝑀𝑅 and 𝐴𝑀𝑅. For the simplest and idealized case of two equal sized bubbles, the 

frequency of maximum response for both of them shifts to lower frequencies while the amplitude 

of maximum response increases. This type of behaviour is similar to the effect of a rigid wall (i.e. 

non-biologically relevant) on the response of a single microbubble – which generates the same 

potential flow as two symmetrically positioned microbubbles oscillating in phase - shown 

theoretically using the method of images [305–307]. 

Of perhaps more interest is the situation of unequal microbubble sizes. In this type of two-bubble 

system, the smaller sized microbubble exhibits a strong shift towards higher 𝑓𝑀𝑅 and a drastic 

decrease in 𝐴𝑀𝑅 – in stark contrast to the equal-sized bubble scenario described above. Further, 

when the two bubbles are in very close proximity, the smaller microbubble exhibits a strong off-

resonance response that corresponds to the resonance frequency of its larger companion 

microbubble, while this larger microbubble exhibits no detectable change in its radial response – 

neither 𝑓𝑀𝑅 nor 𝐴𝑀𝑅. These effects are shown specifically in Fig. 2.6 which is the result of a fixed 

frequency simulation for the condition of Fig. 2.5. Indeed, only small differences in bubble sizes 

are required for this drastic change in overall response. As shown in Figs. 2.5 and 2.6, only the 
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relatively small difference in bubble diameter of 0.5 𝜇m is required to switch the observed effects 

demonstrated for a two-bubble system of two equal sized bubbles to that of unequal sized bubbles.  

This is especially of interest when considering practical application of contrast microbubbles. 

Clinically and commercially available microbubbles (e.g. Definity, SonoVue) are characterized by 

polydisperse microbubble populations (e.g. [36,43]). While there is ongoing research on the design 

of monodisperse microbubble formulations with a view to improving contrast image sensitivity, 

these are still characterized by typical coefficient of variations on the order of 5% [308,309] which 

results in an increased likelihood of the situation presented in Figs 2.5,2.6: unequal sized 

microbubbles. The phenomenon observed here also sheds insight into the recent development and 

characterization of sub-micron bubbles (i.e. nanobubbles). Indeed, while possessing resonance 

frequencies much larger than the clinical frequency range on account of their small size (linear 

estimates beyond 𝑓=30 MHz [100]), robust acoustic measurements have recently provided 

evidence of nonlinear scattering [113,115], contrast imaging, and therapeutic potentiation [117] 

from nanobubble populations within clinical and pre-clinical ultrasound frequency ranges. The 

results presented here, specifically for the nanobubble dataset (𝑑 = 0.5⁡𝜇m), suggest a possible 

mechanism for this off-resonance behaviour, namely strong acoustic coupling from a neighboring 

micron-sized bubble (Fig 2.5.A,2.6.A). The ‘contaminating’ microbubble need not be an artefact 

of bubble synthesis but can also be due to ultrasound-induced bubble coalescence within typical 

imaging and therapeutic pulsing schemes. In this scenario, numerous off-resonant driven 

nanobubbles in addition to neighboring resonant microbubbles would contribute to the observed 

echo at clinical frequencies. Indeed, for ultrasound therapeutics, it is the oscillation amplitude 

examined here that is relevant as they can be linked to sonoporation and other bioeffects (e.g. 

[181]). In fact, there are many current investigations into nanobubble-based therapeutics 
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[100,112,116]. However, for imaging purposes, we can estimate the far-field scattered pressure 𝑃𝑠 

at a distance 𝑟  via the following relation [261]: 

 𝑃𝑠 ≈ 𝜌 (
�̈�𝑅2 + 2𝑅�̇�2

𝑟
) (2.6a) 

where under low driving conditions, the maximum pressure reduces to  

 
𝑃𝑠 ≈ 𝜌(

𝜔2𝑅0
3𝜖

𝑟
) (2.6b) 

where 𝜔 is the angular frequency and 𝜖 is the radial excursion. From the above equation, for a 

fixed frequency and bubble size (as is the case in Fig. 2.5a), the maximum scattered pressure scales 

proportionally to the radial excursion, and thus we expect a similar increase between a nanobubble 

in free-space (green curve in Fig. 2.5a) and a nanobubble close to a microbubble (black curve in 

Fig. 2.5b).  

It is insightful here to place our numerical, finite-element model within the framework of the very 

limited experimental data investigating the influence of a neighboring microbubble and/or a planar 

boundary on the radial response of an individual ultrasound contrast agent. In perhaps the only 

dataset to be directly comparable to our model, Garbin et al.[279] measured the influence of a 

bigger microbubble (𝑑1 = 4.8⁡𝜇m) on the radial dynamics of a smaller one (𝑑2 = 4.5⁡𝜇m) by 

employing a combination of optical trapping and ultrafast full-frame microscopy [310]. In this 

single frequency (𝑓 = 2.25⁡MHz), 8-cycle acquisition, the vibrational response of the smaller 

bubble 𝑑2 was significantly lower when placed ℎ = 8⁡𝜇m away from the larger bubble as 

compared to its free, isolated response (Fig 3B in Garbin et al. [279]). Our simulated result within 

this system consistent with the measured data, with the presence of the larger bubble resulting in 
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a 2% decrease in maximum radius 𝑅𝑚𝑎𝑥 and an 8% decrease in minimum radius 𝑅𝑚𝑖𝑛 as compared 

to its free response (Fig. 2.7). While this does not directly provide conclusive evidence of the 

bubble-proximity based 𝑓𝑀𝑅 and 𝐴𝑀𝑅 shifts observed in the present manuscript – since no such 

experiment has even been conducted – it is consistent at this individual transmit frequency. 

Further, while the individual shell parameters for Garbin et al.’s data were not known, our 

simulation predicts a similar trend over a wide range of lipid shell parameter estimates. 

 

Figure 2.7. Simulation results are consistent with only known experimental data of a similar system. The radius 

versus time of an individual 𝒅𝟐 = 𝟒. 𝟓 𝝁𝒎 simulated (red) in free space and (blue) in the proximity of a larger 

bubble (𝒅𝟏 = 𝟒. 𝟖 𝝁𝒎) situated 𝒉=12.5 𝝁𝒎 away, insonicated at f=2.25 MHz with a single 8-cycle Hanning-

windowed pulse. The trend documented here, of the bigger bubbles’ influence on the smaller one resulting in a 

decrease in overall radial amplitude, is consistent with the experimental work conducted by Garbin et al. – the 

only known such experiment.    

It is also worth noting here that our model does not incorporate bubble coalescence, nor the effects 

of secondary Bjerknes force. While this is a noted limitation of the model, this force is likely not 
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the dominant bubble-bubble interaction under the acoustic forcing conditions imposed here (single 

10-cycle burst, ~30 kPa). Indeed, in one of the only comparable experimental datasets, Garbin et 

al.[311] noted no significant translation (on the order of 100-200 nm) between two lipid-

encapsulated agents situated ℎ = 12.5⁡𝜇m apart from each other subjected to 150 kPa – higher 

than the transmit pressures used in the present manuscript.  

2.6. Conclusions  

For two identical microbubbles vibrating in close proximity to each other, our results show the 

frequency of maximum response (𝑓𝑀𝑅) decreases (7-10%) and the amplitude of maximum 

response (𝐴𝑀𝑅) increases (9-11%) as the microbubbles approach one another. For a two-bubble 

system of different microbubble sizes, the larger bubble shows no change in 𝑓𝑀𝑅  and a slight shift 

of 𝐴𝑀𝑅 (2-3%). However, the smaller bubble exhibits an increase in 𝑓𝑀𝑅 (7-11%) and a significant 

decrease of 𝐴𝑀𝑅 (38-52%). Furthermore, in very close proximity, smaller bubbles exhibit a 

secondary resonance peak corresponding to the 𝑓𝑀𝑅 of the larger bubble, with amplitudes 

comparable to its primary resonance peak. These results have implications in both contrast imaging 

and microbubble-mediated therapeutic applications. 
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3.1. Abstract  

Phospholipid encapsulated ultrasound contrast agents have proven to be a powerful addition in 

diagnostic imaging and show emerging applications in targeted therapy due to their resonant and 

nonlinear scattering. Microbubble response is affected by their intrinsic (e.g. bubble size, 

encapsulation physics) and extrinsic (e.g. boundaries) factors. One of the major intrinsic factors at 

play affecting microbubble vibration dynamics is the initial phospholipid packing of the lipid 

encapsulation. Here, we examine how the initial phospholipid packing affects the subharmonic 

response of either individual or a system of two closely-placed microbubbles. We employ a finite 

element model to investigate the change in subharmonic resonance under ‘small’ and ‘large’ radial 

excursions. For microbubbles ranging between 1.5-2.5 µm in diameter and in its elastic state 

(𝜎0=0.01 N/m), we demonstrate up to a 10% shift towards lower frequencies in the peak 

subharmonic response as the radial excursion increases. However, for a bubble initially in its 

buckled state (𝜎0=0 N/m), we observe a maximum shift of 8% towards higher frequencies as the 

radial excursion increases over the same range of bubble sizes – the opposite trend. We studied 

the same scenario for a system of two individual microbubbles for which we saw similar results. 
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For microbubbles that are initially in their elastic sate, in both cases of a) two identically sized 

bubbles and b) a bubble in proximity to a smaller bubble, we observed a 6% and 9% shift towards 

lower frequencies respectively; while in the case of a neighboring larger bubble no change in 

subharmonic resonance frequency was observed. Microbubbles that are initially in a buckled state 

exert no change, 5% and 19% shift towards higher frequencies, in two-bubble systems consisting 

of a) same-size, b) smaller, and c) larger neighboring bubble respectively. Furthermore, we 

examined the effect of two adjacent bubbles with non-equal initial phospholipid states. The results 

presented here have important implications in ultrasound contrast agent applications. 

  

Keywords: Cavitation, Nonlinear Dynamics, Ultrasound Imaging, Non-spherical vibrations, 

Finite-Element Modeling 

3.2. Introduction 

Ultrasonic contrast agents, which consist of intravascular encapsulated gas bubbles on the order of 

1-8 µm in size, are resonant oscillators in an ultrasound field and give rise to strong scattered 

echoes, notably at resonance[312]. Indeed, these microbubbles are clinically approved with 

applications in cardiology and radiology, with recent approval in pediatric patients[313]. While 

the large magnitude backscatter provides strong signal to the otherwise relatively anechoic blood 

pool, it is their nonlinear oscillation behaviour that makes microbubbles viable and robust contrast 

agents[262,304]. Microbubble vibration within a time-dependent ultrasound beam is inherently 

nonlinear, resulting in asymmetric bubble vibrations that can yield harmonic and subharmonic 

radial vibrations and scattered emissions – behaviour that is not typical of the relatively linear 

scattering from tissue. Subharmonic microbubble vibrations, that is oscillations occurring at half 
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the transmit frequency 𝑓, are of particular interest in diagnostic ultrasound applications. 

Harnessing the subharmonic signals is an attractive strategy for imaging applications since it is 

unaffected by harmonics generated from nonlinear ultrasound propagation through tissue. Indeed, 

contrast specific pulse designs have been developed on clinical systems to take advantage of these 

vibrations to generate bubble-specific images, allowing for suppression of signal originating from 

the surrounding tissue, recently reviewed in [70]. In addition to quantification of blood perfusion 

and flow, microbubble vibrations within the subharmonic frequency band for a subset of 

commercial agents have been shown to be correlated to the ambient hydrostatic pressure; denoted 

𝑝0. This correlation has recently been exploited to detect fluctuations in local blood pressure, 

enabling the new diagnostic application of non-invasive pressure estimation – a technique that has 

shown promising results in various applications (e.g. portal hypertension[144,314], 

cardiology[315]). 

Aside from its use as a diagnostic agent, vibrating microbubbles can be made to elicit local 

bioeffects under specific ultrasound conditions that may be harnessed for therapeutic 

applications[270]. Perhaps the most notable of these is the transient opening of the blood-brain-

barrier (BBB), which was first demonstrated over two decades ago[217]. While this opening 

allows a window for local drug delivery to the brain, there have been many pre-clinical studies 

exploring the acoustic conditions required to ensure safe BBB opening without tissue damage. To 

reach this goal, recent work in this application has acknowledged that precise control of bubble 

cavitation is required, and that subharmonic emissions can be employed to actively calibrate 

exposure levels to increase BBB permeability while minimizing tissue damage[192,201].   

For decades, forced bubble vibration physics has been primarily modeled using a 1D ordinary 

differential equation (ODE) with assumptions on spherical vibrations[261] and bubble isolation 
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(i.e. that the bubble is within an infinite medium). Further extensions of these models to include 

the effects of the viscoelastic encapsulation of ultrasound contrast agent models have also been 

established[263,293,295,316]. In practical applications, many of the assumptions of this 1D ODE 

may not hold; as the non-spherical nature of bubble oscillation has been observed at clinically 

relevant driving pressures, and that the average inter-bubble spacing between neighboring bubbles 

in-vivo may result in the coupling of two adjacent bubbles. While there have been some insightful 

studies that further modify the 1D ODE to attempt to incorporate some of these aspects[292,317], 

they inherently do not capture the influence of the fluid dynamics of the surrounding liquid.  In the 

present manuscript, we extend our previously developed finite-element model[318] to examine the 

subharmonic response of either an individual or a system of two closely-packed phospholipid 

encapsulated microbubbles. We examine a range of clinically-relevant microbubble sizes and 

acoustically interrogate the system over a range of transmit frequencies and acoustic pressures. In 

this manner, we aim to explore the roles of the salient encapsulation feature of initial phospholipid 

packing and the presence of an adjacent, nearby microbubble on the frequency-dependence of 

subharmonic vibrations. 

3.3. Mathematical Model 

The computational domain employed here is similar to our previous work[318]. Briefly, we 

simulate either an individual or a system of two microbubbles separated a distance ℎ = 8⁡𝜇m apart 

(inter-bubble distance; see Fig 3.1). We employ an incompressible fluid (Newtonian) in the 

Navier-Stokes equations to define the surrounding domain of the microbubble as written below:  

𝛻. �⃗� = 0⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(3.1) 
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𝜌 (
𝛿𝑣

𝛿𝑡
+ 𝑣. 𝛻𝑣) = ⁡−𝛻𝑝 + 𝜇𝛻2𝑣⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(3.2) 

where 𝑣, 𝜌, 𝜇 and 𝑝 are the velocity, density, dynamic viscosity, and pressure of the fluid 

respectively. Similar to our previous work, we define the pressure across the bubble wall 𝑃𝐵 as a 

combined contribution of the surface tension, fluid viscosity and pressure due to the viscoelastic 

encapsulation given by the following equation:  

𝑃𝐵 = (𝑝0 +
2𝜎0
𝑅0
) (
𝑅0
𝑅
)
3𝑘

(1 −
3𝜅

𝑐
�̇�) + 𝑃𝑣 −

4𝜇�̇�

𝑅
− 𝑃𝑒𝑙𝑎𝑠 − 𝑃𝑣𝑖𝑠𝑐 − 𝑃(𝑡)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(3.3) 

where 𝜎0 is the surface tension at equilibrium (i.e. when the bubble is at its resting size 𝑅0), 𝑘/𝑐 

is the ratio of the polytropic index to the acoustic sound speed, 𝑃𝑣 is vapour pressure  (𝑃𝑣 ≈ 0), 

𝑃𝑣𝑖𝑠𝑐 and 𝑃𝑒𝑙𝑎𝑠 are the contributions resulting from the viscoelastic nature of the shell (defined 

below), 𝑃(𝑡) is the time-varying driving ultrasound pressure applied at the bubble wall, and the 

overhead dots denote differentiation with respect to time. The subharmonic activity of an 

encapsulated microbubble is strongly affected by the viscoelastic material. The encapsulation 

model that we use for this work is based on a radially-dependent surface tension which is defined 

by the elastic pressure contribution 𝑃𝑒𝑙𝑎𝑠 =
2𝜎(𝑅)

𝑅⁄ . This surface tension 𝜎(𝑅) is defined by the 

following equation [263]: 

σ(𝑅) =

{
 
 

 
 0⁡𝑖𝑓⁡𝑅 ≤ 𝑅𝑏

𝜒 (
𝑅2

𝑅𝑏
2 − 1) 𝑖𝑓⁡𝑅𝑏 ≤ 𝑅 < 𝑅𝑟⁡

𝜎𝑤𝑎𝑡𝑒𝑟 ⁡𝑖𝑓⁡⁡𝑅 ≥ ⁡𝑅𝑟

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(3.4) 
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where χ is the encapsulation elasticity coefficient in units of N/m, and the transition radii – denoted 

as the  ‘buckling’ and ‘rupturing’ radius, respectively - are given as 𝑅𝑏 = 𝑅0(
𝜎0
χ⁄ + 1)

−1
2⁄ and 𝑅𝑟 

Figure 3.1. Schematic representation of the simulation space and representative example highlighting the 

subsequent data analysis. A) A finite-element approach was adopted in which an individual bubble (or two, as 

shown here) is divided into multiple slices to enable application of Eq. 5b in a spatially-dependent manner. An 

axisymmetric environment was chosen to limit computational time, and the measurement of center-to-centre 

distance between two bubbles is denoted as h. Units are in microns. B) A sample radius versus time plot (f=8.3 

MHz) driven at 100 kPa. The maximum and minimum radius achieved (𝑹𝒎𝒂𝒙 and 𝑹𝒎𝒊𝒏) were employed to 

calculate the radial excursion (Eq. 6). Note the clear nonlinear character of the vibration dynamics. C) Fourier 

transform of the radial change of a 2 micron bubble (𝑹𝟎 = 𝟏⁡𝝁𝒎) vibrating at 8.3 MHz under acoustic pressure 

of 100 kPa (same as shown in panel B) showing a powerful subharmonic at 4.15 MHz. D) A sample plot of 

subharmonic amplitude response as a function of transmit frequency for the same microbubble as in panel B 

&C. Here, the subharmonic vibration amplitude (in the example of panel C this would be the magnitude at 4.15 

MHz – i.e. the normalized frequency of 0.5) is plotted directly against the transmit frequency (8.3 MHz) for a 

range of transmit frequencies (7-12 MHz, in this case). The transmit frequency at which the subharmonic 

activity peaks in panel D is termed the subharmonic resonance frequency and the amplitude of this 

subharmonic vibration is termed the peak subharmonic amplitude.  
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= 𝑅𝑏(
𝜎𝑤

χ⁄ + 1)
1
2⁄ . The selection of the above viscoelastic model warrants some justification.  

Firstly, it is well established that the interfacial surface tension at the boundary of a phospholipid 

monolayer changes under strain, seminal experiments of which have been conducted using 

Langmuir troughs[294]. This experimental evidence is limited to frequencies on the order of kHz 

and do not incorporate the spherical curvature of a micron-sized bubble, however very recent 

experimental work using high precision acoustic techniques on monodisperse phospholipid 

microbubble populations by Segers et al.[319] has demonstrated a similar dependence. The above 

equation is then a well-accepted model of this behaviour as applied to lipid-encapsulated contrast 

agents[61,64,263]. Indeed, the buckling of phospholipid encapsulated agents has been 

experimental observed[320]. Secondly, the initial phospholipid packing (i.e. the initial value of 

surface tension when the bubble is at its equilibrium radius 𝜎(𝑅0) = 𝜎0) is known to play a critical 

role in the presence and magnitude of subharmonic vibrations[275,299].  Indeed, a bubble modeled 

in its ‘buckled’ state (𝜎(𝑅0) = 𝜎0 = 0⁡𝑁/𝑚) may elicit subharmonic vibrations more readily than 

in its ‘elastic’ state (𝜎(𝑅0) = 𝜎0 = 0.01⁡𝑁/𝑚)[275]. Practically, it is an unknown parameter for a 

given individual microbubble (ranging from 0 ≤ 𝜎0 ≤ 𝜎𝑤𝑎𝑡𝑒𝑟), and typical microbubble 

populations likely possess a range of bubbles with different initial phospholipid packing. The range 

of initial surface tensions 𝜎0 have been experimentally estimated via curve fitting experiments, 

specifically within the context of subharmonic activity, and is typically found to be in the range of 

0 ≤ 𝜎0 ≤ 0.01 N/m[64,275,299,321,322]. It is for this reason that we focus on examining the 

effect of this parameter on the resulting subharmonic activity. 

The boundary condition on each bubble’s free surface is set specifically to keep velocity and 

pressure on boundary domain continuous: 
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 𝑣(𝑅) = �̇� (3.5a) 

 𝑝(𝑅) = 𝑃𝐵 (3.5b) 

where 𝑃𝐵 is defined via Eq. (3.3). The boundary condition we are setting here ensures a no-slip 

velocity condition with consideration of the tangential shear stress to be of negligible magnitude. 

By setting the conditions as above, we force a two-way coupling between the fluid domain and the 

dynamic motion of the bubble wall. To estimate the radius R(t), the surface area of the bubble is 

calculated, and then the radius is derived from the surface area assuming a sphere (i.e. an effective 

radius). 

The aforementioned conditions as well as the condition of constant 𝑝0 on the edges of the 

computational domain define the complete set of boundary conditions used in this model. For this 

work, we solve our system using a finite-element approach via COMSOL Multiphysics 5.8 

(COMSOL AB. Burlington, MA). Furthermore, the computation was performed in an axis 

symmetric environment as the model system is symmetrical – this justifies simulating half of the 

simulation environment in order to save computational time. The dynamic free surface of the 

microbubble was modeled with a moving mesh via the arbitrary Lagrangian-Eulerian (ALE) 

algorithm. We used a Tukey windowed 10 cycle pulse as the transmit waveform with a sampling 

interval of 0.002 𝜇s (sampling frequency equal to 500 MHz). We kept the rest of the parameters 

in our work constant, which results in 𝜌 = 1000 𝑘𝑔 𝑚3⁄ , 𝑘 = 1.095, 𝜇 = 0.001⁡𝑃𝑎. 𝑠, χ =

1⁡𝑁 𝑚⁄ , 𝜅𝑆 = 1.5 ∗ 10−9 ⁡𝑘𝑔 𝑠⁄ , and σw = 0.072⁡ 𝑁 𝑚⁄ . The fluid parameters chosen here were 

based off of those of water, and the encapsulation stiffness and viscosity inputs are within the well-

accepted range for phospholipid-encapsulated commercial agents [36,41].  
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3.3.1.  Microbubble Vibration Analysis: Subharmonic Resonance 

In our simulations, we use individual tone bursts. The transmit frequency 𝑓 in this work spanned 

from 4-22 MHz (with a frequency interval df of 0.1 MHz), and the microbubble sizes that we 

interrogated were in the range of  1.5 ≤ 2𝑅0 ≤ 2.5 µm in diameter (𝑑 = 2𝑅0), well within the size 

distribution of traditional and clinically used microbubble agents [53]. The peak negative pressure 

in our simulations ranged from 40 to 200 kPa, and the inter-bubble spacing (when simulating a 

two-bubble system) was kept constant at ℎ = 8 μm. We chose the aforementioned parameter 

ranges due to their relevance in microbubble-assisted therapeutic studies and clinical contrast 

imaging.  

From an individual microbubble radius versus time plot calculated at a given transmit frequency 

𝑓 (Fig. 3.1B), the Fourier Transform was performed at which point the amplitude of the 

subharmonic vibrational component (i.e. the amplitude at 𝑓/2) was stored (Fig. 3.1C). The 

amplitude of the subharmonic vibration as a function of transmit frequency is then mapped out, 

resulting in a subharmonic resonance curve, see Fig. 3.1D. The transmit frequency at which the 

subharmonic amplitude of this bubble is maximal is termed the subharmonic resonance frequency; 

and the amplitude at this frequency is termed the peak subharmonic amplitude.   

3.3.2. Method of Comparison: Maximal Strain Matching 

In addition to modeling the lipid encapsulation monolayer with a radially-dependent surface 

tension, it is important to note that recent experimental investigations have also gained critical 

insight into the shell rheology; that is to say how the viscoelastic properties of the shell are 

modulated as the bubble radial dynamics evolve. Indeed, through both numerical and experimental 

work[36,61,62,301], it is well understood that encapsulated microbubbles are both strain-softening 

and shear-thinning oscillators, which manifest as decreasing shell elasticity and decreasing shell 
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viscosity with increasing radial strain and shear rate, respectively. Therefore, to provide an 

appropriate comparison between bubble vibrations from different bubble sizes and at different 

transmit frequencies, we have made such comparisons at constant strain, i.e. between bubbles that 

exhibit approximately equal radial strain at their subharmonic resonance frequency. In this manner, 

the assumption is that this accounts for the apparent decrease in the viscoelastic properties (which 

would otherwise shift the native resonant response) and allows for a more direct comparison of 

subharmonic response. This is in contrast to the comparison of individual bubble responses at a 

fixed transmit pressure, as is commonly performed. Perhaps this issue is most easily exemplified 

through the subharmonic threshold phenomenon; whereby it is well established that the frequency-

dependent transmit pressure is a threshold indicator of subharmonic activity for a given 

bubble[323]. Fixing this transmit pressure for a system of two bubbles for analysis of their 

subharmonic response is either not possible (i.e. one of the bubbles does not exhibit subharmonic 

vibrations) or is intrinsically a comparison between two bubbles vibrating at very different radial 

excursions, confounding the nonlinear contribution of the viscoelastic shell. Thus, in the results 

presented below, comparisons are made between microbubbles that exhibit the same (±2%) radial 

excursion 𝜀 at the transmit frequency of maximum subharmonic activity (i.e. the subharmonic 

resonance frequency).  The excursion is calculated as 

 
𝜀(𝑓) = ⁡

𝑅𝑚𝑎𝑥 − 𝑅𝑚𝑖𝑛
𝑅0

 (3.6) 

where 𝑅𝑚𝑎𝑥 and  𝑅𝑚𝑖𝑛 denote the maximum and minimum bubble radius at a given frequency, 

respectively (Figure 3.1B).  

To add to our reasoning for choosing the excursion as a basis for comparison, we illustrate the 

concept via an example in Figure 3.2. The subharmonic resonance curve of an individual 𝑑 = 2 
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μm microbubble driven at P=100 kPa is shown in Figure 3.2A as a function of initial phospholipid 

packing, ranging from 0 ≤ 𝜎0 ≤ 0.01 N/m, with all other parameters remaining constant. It is clear 

that the nature of the subharmonic resonance is altered, ranging in subharmonic resonance 

frequencies from 8.5-10.5 MHz and demonstrating a ~1.5x change in peak subharmonic amplitude 

response, generally demonstrating a decreasing subharmonic response with increasing initial 

surface tension (previously shown theoretically for a given parameter set in [275]). However, we 

also note that the microbubble excursion at the subharmonic resonance frequency, as indicated in 

the figure legend, greatly varies based on the value of the initial phospholipid packing (14%-20%). 

From this, we can see that care must be taken in more complex scenarios when interpreting the 

subharmonic resonance behaviour of a given individual or set of microbubbles at different initial 

phospholipid density values. Next, we highlight that with all else equal, the microbubble diameter 

plays a large role in the resulting subharmonic resonance behaviour (Fig. 3.2B). While the shift in 

subharmonic resonance frequency and amplitude is perhaps not surprising (e.g. [61,324]), this data 

does highlight a range of resonant excursions (11-17%), and exemplifies how a given microbubble 

in a given context may not exhibit subharmonic emissions (and therefore a subharmonic 

resonance) at all. The existence of such a subharmonic threshold, for both unencapsulated ‘free’ 

bubbles and lipid-coated microbubbles, has been thoroughly explored theoretically and observed 

experimentally[275,323–327]. 
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3.4. Results 

3.4.1. The Effect of Initial Phospholipid Packing on Subharmonic Resonance 

We begin in the simpler scenario of a single microbubble. The effect of the initial phospholipid 

packing, represented by 𝜎0, on the subharmonic resonance response as a function of radial strain 

is shown in Fig. 3.3 for both an individual 𝑅0 = 1 µm and an individual 𝑅0 = 1.25 µm bubble 

with 𝜎0=0.01 N/m (elastic state) and 𝜎0= 0 N/m (buckled state).  As stated above, we compare 

these responses using the radial strain as the base of comparison, which in this case corresponds 

linearly with transmit pressure. From the data presented in Fig. 3.3A, the insonication frequency 

at which the subharmonic response is largest shifts to lower frequencies for bubbles in their 

‘elastic’ state  

 

Figure 3.2. The nature of subharmonic resonance curves and the extent of radial excursion strongly depend on 

both phospholipid packing and bubble diameter. A)  A series of subharmonic resonance curves from an 

individual d=𝟐 µm microbubble with initial phospholipid packing varying from 𝟎 ≤ 𝝈𝟎 ≤ 𝟎. 𝟎𝟏⁡N/m at a peak-

negative pressure of 100 kPa, keeping all other variables constant. Note that the subharmonic resonance 

excursion (listed in the legend) varies from 14-20%. B) Three subharmonic resonance curves (d=1.5, 2 and 2.5 

µm) with all other parameters fixed (P=100 kPa; 𝝈𝟎 =0.01 N/m).  Both the excursion (listed in legend) and the 

characteristics of the subharmonic resonance are strongly affected by bubble size.  
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(𝜎0 = 0.01); for example, from 𝑓 = 11 MHz at 10% excursion to 𝑓 = 10 MHz at 21% excursion 

for the bubble in Fig 3.3A. In addition to the expected increase in the subharmonic peak amplitude 

with increasing radial excursion, the behaviour represented for the bubbles that start off in the 

elastic state mirrors the response typical of the overall radial amplitude[61–63,318]. 

 However, by decreasing the initial phospholipid concentration to 𝜎0=0 N/m (‘buckled’ state), we 

observe the opposite behaviour in that the subharmonic resonance frequency shifts to higher 

frequencies as the excursion increases, a phenomenon observed for both bubble sizes (Fig 

Figure 3.3. The direction of the shift in subharmonic resonance with radial excursion is a function of the initial 

phospholipid packing. A,B) With increasing radial excursion, the peak in subharmonic resonance frequency 

for microbubbles starting in their elastic state shifts to lower transmit  frequencies regardless of microbubble 

size. This situation is reversed for microbubbles starting in their buckled state (C,D), where they exhibit an 

increasing in subharmonic resonance frequency with increasing radial excursion.  
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3.3C&D). As we still expect the overall radial amplitude peak 𝑓𝑀𝑅 to skew towards lower 

frequencies[318], this suggests that the ratio of these frequencies is decreasing. To examine this 

more generally, we repeated the simulation for different bubble sizes ranging from 0.75 ≤ 𝑅0 ≤

1.25 µm and with initial phospholipid concentrations of  𝜎0= 0 N/m; 0.005 N/m and 0.01 N/m. 

Presented in Figure 3.4, we investigated the excursion-dependent effect of initial phospholipid 

packing on subharmonic resonance; quantified as the ratio of the subharmonic resonance 

frequency in the two scenarios of low and high radial excursions. The transmit pressures were 

chosen in such a way to compare 

‘low’ radial excursions (10±2%) and ‘high’ radial excursions (20±2%). The data in Figure 3.4 

highlights the ratio of the frequencies at which the subharmonic resonance response peaks at these 

two radial excursions, where the value of 1 corresponds to no change at all. For bubbles in the 

buckled state (𝜎0= 0 N/m), this shift corresponds to an overall 5±2% increase in subharmonic 

resonance frequency relatively independent of initial size. As the initial packing increases to 𝜎0=  

0.01 N/m, the magnitude of this trend increases and the direction shifts, quantified as a slight shift 

to lower frequencies (8±2%). For the intermediate value of 𝜎0= 0.005 N/m, we observe a size-

dependent shift ranging from an 11% decrease to a 6% increase. 

3.4.2. Two Identical Microbubbles 

We next describe the slightly more complex situation in which two identical microbubbles (𝑅0 =

1⁡𝜇m) are placed within close proximity to one another (center to center distance of⁡8⁡𝜇m). As 

illustrated in Fig 3.5., there is a stark difference in subharmonic resonance in this scenario as a 

function of the initial phospholipid state in a similar manner (and magnitude) to that of an isolated, 

individual microbubble. In the buckled state (𝜎0= 0 N/m, Figure 3.5A) we see a shift towards 
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higher frequencies as we increase the pressure and bubble excursion, and in the elastic state (𝜎0= 

0.01 N/m, Fig. 3.5C) the opposite shift in frequency is observed. In between these two values, at 

𝜎0= 0.005 N/m (Fig. 3.5B), a general shift towards lower frequency is observed with the difference 

that there is a change in shift direction at a specific threshold of radial excursion. In this scenario, 

the subharmonic resonance keeps shifting to lower frequencies until approximately 20% 

excursion, at which point there is a jump to higher frequency before which the previous behaviour 

repeats. 

 

Figure 3.4. The frequency shift in subharmonic resonance behaviour strongly depends on initial 

phospholipid packing.  Summary of the data presented in Fig. 3.3 for a range of microbubble sizes 

𝟏. 𝟓 ≤ 𝒅 ≤ 𝟐. 𝟓 µm. Here, the ratio of the peak frequency of the subharmonic resonance curve for high 

excursion conditions (20%) to low excursion conditions (10%) is shown. A value of 1 (solid line) 

indicates no shift in frequency between these two excursion conditions. Subharmonic resonance shifts 

to lower frequencies when the bubble commences in its ‘elastic’ state (𝝈𝟎 = 𝟎. 𝟎𝟏 N/m) while the 

opposite appears true in the ‘buckled’ state (𝝈𝟎 = 𝟎⁡N/m). A mixed response is observed when the 

packing is in between (𝝈𝟎 = 𝟎. 𝟎𝟎𝟓 N/m).  
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3.4.3. Influence of a Size-Mismatched Neighboring Microbubble 

We next evaluate the proximity effect of an adjacent microbubble of unequal size. In this section, 

we simulate the subharmonic resonance curves of a 𝑑 = 2𝜇𝑚 microbubble undergoing different 

magnitudes of bubble excursion adjacent to either a smaller (𝑑 = 1.5⁡𝜇𝑚; Fig. 3.6) or a larger 

(𝑑 = 2.5𝜇𝑚; Fig. 3.7) partner bubble as a function of initial phospholipid packing. Similar to 

previous work investigating the effects of a smaller nearby bubble on resonance activity, this 

smaller-sized microbubble does not significantly affect the subharmonic characteristics of the 𝑑 =

Figure 3.5. A system two identical bubbles exhibits different shifts in subharmonic resonance as a function of 

initial phospholipid packing. The subharmonic resonance of a 2 µm diameter bubble in close proximity to an 

identical microbubble modeled in A) its buckled state 𝝈𝟎= 0 N/m and C) its elastic state 𝝈𝟎= 0.01 N/m. These 

behaviours are similar in trend and magnitude to the response of an isolated, individual microbubble. Panel B) 

shows these curves when examining a system of two microbubbles at an intermediate value of 𝝈𝟎= 0.005 N/m, 

which shows an initial shift towards lower frequencies as the excursion increases but switches trends to higher 

frequencies at a given excursion threshold.  

 



 

 83 

2𝜇𝑚 bubble (compare figures 3.6A to 3.5A, for example). This includes the direction and 

magnitude of the  

subharmonic resonance curve shifts as a function of initial phospholipid packing. However, a 

larger microbubble in close proximity does indeed influence the subharmonic response of a 𝑑 =

2𝜇𝑚, as can be seen when comparing Figs. 3.5 and 3.7. Perhaps one of the clearer effects of this 

larger microbubble is the shift down in subharmonic resonance for a given excursion at a given 

initial surface tension. In comparing, for example, Fig. 3.6A to Fig. 3.7A, the subharmonic 

resonance frequency for a 𝑑 = 2𝜇𝑚 (𝜎0 = 0 N/m) undergoing 9% excursion (black curve) shifts 

down from 8.2 MHz to 7 MHz, a 15% drop. On an excursion-matched, surface tension-matched 

basis, this trend is generally true for all of the presented data in Figs. 3.5-3.7. Another influence of 

the larger  

microbubble reveals itself in Fig. 3.7C, where it can be seen that the monotonically shifting 

subharmonic resonance frequency behaviour is no longer occurring (compare Fig. 3.6C to Fig. 

3.7C). Indeed, this suggests that the threshold behaviour at which the direction of this shift changes 

is modified by both the initial surface tension and by the influence of a nearby, bigger microbubble 

in close proximity. 

To clarify and summarize our findings, Table 3.1 recapitulates the simulations of the two-

microbubble systems illustrated in Figures 3.5-3.7 both in terms of the direction and magnitude of 

the subharmonic resonance frequency shift and peak amplitude change.   
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3.4.4. Interaction Between Two Bubbles With Different Initial Phospholipid Packing 

Finally, we simulate a scenario in which two size-matched microbubbles are in close proximity to 

each other, each characterized by different initial phospholipid packing. Indeed, this is the most 

likely scenario in real-world applications of ultrasound contrast imaging.  Fig. 3.8 depicts the 

subharmonic resonance of a 𝑑 = 2⁡𝜇𝑚 within a two-bubble system consisting of another 𝑑 =

2⁡𝜇𝑚 bubble, varying the initial surface tension 0 ≤ 𝜎0 ≤ 0.01 N/m. The influence of another 

Figure 3.6. The presence of a nearby, smaller microbubble does not significantly alter the subharmonic 

resonance response of the larger microbubble. The subharmonic resonance curve over a range of maximum 

strain (given in the legends) of a 2 µm diameter bubble close to a 1.5 µm bubble at A) 𝝈𝟎= 0 N/m, B) 𝝈𝟎= 0.005 

N/m and C) 𝝈𝟎= 0.01 N/m. In comparison to the size-matched case (Fig. 3.5), the effect of the initial surface 

tension is similar both in terms of the shift in subharmonic resonance frequency and amplitude.  
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size-matched bubble is very dependent on the nature of their initial phospholipid packing. In Fig. 

3.8A, the subharmonic resonance frequency of an initially ‘buckled’ bubble slightly increases with  

increasing initial surface tension of the neighboring, size-matched bubble, while exhibiting a slight 

decrease in peak subharmonic amplitude. In fact, regardless of the initial phospholipid packing, 

increasing the 𝜎0 of the neighboring bubble results in an increase of the subharmonic resonance 

frequency and a decrease in the peak subharmonic amplitude. The summary of this effect is 

Figure 3.7. A neighboring, larger microbubble alters the character of the subharmonic resonance response of 

the smaller microbubble. The subharmonic resonance of a 2 µm diameter bubble positioned nearby a larger 

2.5 µm diameter bubble at A) 𝝈𝟎= 0 N/m, B) 𝝈𝟎= 0.005 N/m, and C) 𝝈𝟎= 0.01 N/m. In contrast to the other two 

systems, the presence of a larger nearby microbubbles lowers the transmit frequencies at which the 2 µm bubble 

elicits subharmonic vibrations. Further, when the two bubbles are modeled with 𝝈𝟎= 0.005 N/m, there is a clear 

shift towards higher subharmonic resonance; while at 𝝈𝟎= 0.01 N/m, we observe an initial decrease up to 15% 

radial excursion, above which we see a drastic shift to higher resonances.  
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displayed in Fig. 3.8D, with a microbubble with intermediate initial surface tension (𝜎0 = 0.005 

N/m) exhibiting behaviour in between the other two extremes.  

3.5. Discussion 

Our results demonstrate the strong effect of the initial phospholipid packing (i.e. the initial surface 

tension 𝜎0) on the pressure-dependent subharmonic resonance response of both an individual and 

a system of two closely positioned microbubbles. To place this work within context, it is important 

to note that the fundamental microbubble response (the radial response at the transmit frequency) 

as a function in increasing pressure (i.e. excursion) has been well examined. From both 

Figure 3.8:  Interaction between two same-sized bubbles with different initial phospholipid packing. 

Subharmonic resonance of a 2 µm diameter bubble placed in close proximity to an equal size microbubble but 

possessing difference initial phospholipid states vibration at a peak radial excursion of ~21%. In all three 

scenarios (with the first bubble possessing A) 𝝈𝟎= 0 N/m, B) 𝝈𝟎= 0.005 N/m, or C) 𝝈𝟎= 0.01 N/m), increasing 

the initial surface tension of the neighboring microbubble results in an increase in subharmonic resonance 

frequency and a decrease in the peak subharmonic amplitude. The subharmonic resonance frequency shifts 

are quantified in panel D. .   
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experimental[61,62,328] and modelling work[63,66,318,325,329], the pressure-dependent 

frequency of maximum response 𝑓𝑀𝑅 from an individual microbubble shift towards decreasing  

 

frequencies as the transmit pressure is increased. The subharmonic response of an individual 

micron-sized bubble, in particular phospholipid-coated bubbles, has also been well 

investigated[65,193,275,296,324,327,330]. These studies, typically at a single frequency spanning 

a few transmit pressures, have confirmed that subharmonic response magnitude is very sensitive 

to initial phospholipid packing and bubble size. In particular, it is well understood that 

subharmonic activity is a threshold phenomenon, observed above a given driving pressure. The 

transmit frequency 𝑓 at which this threshold is minimum has been shown theoretically to be 𝑓 =

2𝑓𝑀𝑅 for unencapsulated agents[325], and anywhere between 𝑓𝑀𝑅 ≤ 𝑓 ≤ 2𝑓𝑀𝑅 for encapsulated 

agents[275,327]. Given these two pieces of information, as the resonance frequency shifts towards 

lower frequencies, so too would the subharmonic resonance frequency be expected to decrease. 

Table 3.1.  Summary of the subharmonic resonance changes from high and low bubble strain. The percentages 
denote the ratio between a given metric (peak frequency on the top; peak amplitude on the bottom) under high 
microbubble strain (20%) to that under low strain (10%). The sign indicates the direction of the change.  
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However, in one of the only experimental works examining the subharmonic resonance response 

of individual contrast agent microbubbles, this trend was only partially observed – the 

subharmonic resonance frequency shifted up on the order of 1-10% with increasing pressure both 

in-vitro and in-vivo for many of the individually examined bubbles [299,331]. Indeed, our findings 

(Fig. 3.2 & Fig. 3.4) suggest that this is due to the strong influence of the initial phospholipid 

packing and not necessarily the microbubble size (Fig. 3.4); whereby microbubbles that are in their 

elastic state in equilibrium do indeed exhibit a decrease in subharmonic resonance (as their 

fundamental resonance does); however microbubbles in their buckled state (𝜎0 = 0 N/m) exhibit 

the opposite trend of an increase up to 8%, consistent with the aforementioned experimental 

results. Indeed, while the initial phospholipid packing is difficult to control during microbubble 

synthesis, there are ongoing techniques currently being explored to force pre-made phospholipid-

coated microbubbles into their buckled state before use confirming an association between an 

initially buckled bubble and increased subharmonic activity[322,332]. 

It is interesting to note here that, while the direction of the shift in subharmonic resonance 

frequency (between 10% and 20% excursion) is typically monotonic, there exists specific values 

of initial phospholipid packing (e.g.  𝜎0 = 0.005 N/m) in given scenarios where this is not true 

(see Fig. 3.5B or 3.6B, for example).  Indeed, under lower excursions, these bubbles display a 

similar response to those in their elastic state ( 𝜎0 = 0.01 N/m), yet shift directions at higher 

excursions in the same vein as bubbles in their buckled state. This makes the quantified shift in 

subharmonic resonance frequency and peak amplitude very sensitive (see Table 3.1). We note that 

in the presence of a bigger microbubble, this phenomenon occurs at a different initial phospholipid 

packing (see Fig. 3.7C), which emphasizes that this effect is modulated in part by the nonlinear 

coupling between the oscillations of a neighboring bubble. In principle, this phenomenon can be 
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measured experimentally, however to our knowledge has not yet been performed. In the other 

scenarios (𝜎0 = 0.01 N/m or 𝜎0 = 0 N/m), we see similar excursion-dependent responses between 

an individual microbubble and one positioned in close proximity to either a size-matched or a 

smaller bubble. However, a larger microbubble in close proximity does indeed significantly alter 

the subharmonic behaviour of the original microbubble, including a shift down in subharmonic 

resonance for a given excursion at a given initial surface tension. 

3.6. Conclusions  

In this work, we numerically examined the effect of initial phospholipid packing on the 

subharmonic response of the microbubbles in both single bubble and two bubble scenarios. We 

observed that for a range of microbubble sizes (1.5 ≤ 𝑑 ≤ 2.5) µm in the elastic state (𝜎0=0.01 

N/m), there is a maximum of a 10% shift towards lower frequencies in the peak subharmonic 

response as the radial excursion increases; while initially ‘buckled’ bubbles (𝜎0=0 N/m) exhibit on 

maximum shift of 8% shift in the opposite direction, towards higher frequencies. Furthermore, for 

a system of two individual microbubbles, we observed similar trends; albeit with a larger 

neighboring microbubble eliciting a large modulation of subharmonic activity than either a size-

matched or smaller bubble. Furthermore, we investigated the effect of two neighboring bubbles 

with different initial surface tensions (0 N/m to 0.01 N/m) on each other; in this system we 

observed that the proximity of a nearby, adjacent microbubble with increasing initial surface 

tension serves to shift the frequency of maximum subharmonic response of the initial bubble 

towards higher frequencies. The results shown in this work shed some light on the subharmonic 

behavior of microbubble contrast agents which has important implications in both microbubble-

mediated imaging and therapeutic applications. 
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Chapter 4. The Effect of Micro-Vessel Viscosity on The Resonance 

Response of a Two-Microbubble System (Manuscript) 
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1Department of Physics, Concordia University, Montreal, Quebec, Canada 
2Department of Biology, Concordia University, Montreal, Quebec, Canada 

4.1. Abstract  

Clinical ultrasound contrast agent microbubbles remain intravascular and are between 1-8 µm in 

diameter, with a volume-weighted mean size of 2-3 µm. Despite their worldwide clinical utility as 

a diagnostic contrast agent, and their continued and ongoing success as a local therapeutic vector, 

the fundamental interplay between microbubbles – including bubble-bubble interaction and the 

effects of a neighboring viscoelastic vessel wall, remain poorly understood. In this work, we 

developed a finite element model to study the physics of the complex system of two different-sized 

bubbles (2 and 3 µm in diameter) confined within a viscoelastic vessel from a resonance response 

perspective (3-12 MHz). Here, we focus on the effect of micro-vessel wall viscosity on the 

resulting vibrational activity of the two-bubble system. The larger bubble (3 µm) was not 

influenced by its smaller companion bubble, and we observed a significant dampening effect 

across all transmit frequencies when confined within the vessel of increasing viscosity, an expected 

result. However, the smaller bubble (2 µm) was highly influenced by its larger neighboring bubble, 

including the induction of a strong low-frequency resonant response – resulting in transmit 

frequency windows in which its response in a lightly damped vessel far exceeded its vibration 

amplitude when unconfined. Further, micro-vessel wall dynamics closely mimic the frequency-

dependence of the adjacent bubbles. Our findings imply that for a system of multi-bubbles within 

a viscoelastic vessel, the larger bubble physics dominates the system by inducing the smaller 

bubble and the vessel wall to follow its vibration – an effect that can be amplified within a lightly 

damped vessel. These findings have important implications for contrast-enhanced ultrasound 

imaging and therapeutic applications.   
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4.2. Introduction  

Medical ultrasound contrast agents are small bubbles with diameters ranging from 1 to 8 µm. These 

bubbles contain a gas core and a thin viscoelastic encapsulating shell. A compressible gas core 

combined with a viscoelastic shell makes these bubbles very responsive to ultrasound stimulation 

which serves to increase the ultrasound scattered echo, especially at their resonance frequency 

[70,312]. These microbubbles are currently approved to be used clinically in cardiology, radiology, 

and pediatric patients [313]. Due to their size, microbubbles remain confined to the vessels and 

capillaries and produce a much stronger echo and scattered pressure than the blood pool or 

surrounding tissue, thus enhancing the vasculature contrast [267]. This improves the ability of 

quantifying blood flow, which has applications in detection and diagnosis within medical 

applications such as cardiology and oncology [17,25,72]. Aside from the strong echo of the 

ultrasound wave, microbubble vibration creates local shear stress and micron-scale fluid flow 

(micro-streams), which can be harnessed for therapeutic applications such as opening the blood-

brain barrier [217], vascular shutdown therapy[182], and sonoperfusion [273]. Furthermore, by 

binding certain payloads on the surface of these bubbles, they can be used as non-viral carriers 

with applications in drug and gene delivery [181,249,272,333]. 

Understanding the behavior and vibration dynamics of microbubbles can play an important role in 

both diagnostic and therapeutic applications of biomedical ultrasound. One of the key features of 

microbubble vibration is their resonance response, in which they exhibit their maximum activity 

(maximum change in radius) at their resonance frequency [261]. Insight into the factors that affect 
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microbubble response within the context of microbubble synthesis design and pulse sequence 

development can lead to improved bubble performance. Furthermore, it will help produce more 

robust and more repeatable measurements and therapeutic outcome. Microbubble vibration 

dynamics are affected by intrinsic factors, such as bubble size, gas type, viscoelastic shell 

properties; as well as extrinsic factors such as bubble environment characteristics (e.g. fluid 

viscosity, fluid temperature), transmit ultrasound wave characteristics, and boundary conditions 

(e.g. vessel, particles, or other bubbles) [64,262,274,275,278,279,334] – which may also influence 

bubble-mediated bioeffects [335]. 

Indeed, bubble vibration physics has been a focus of many studies in the past decades primarily 

using 1D ordinary differential equations (ODE), with assumptions such as ensuring spherical 

microbubble oscillation and complete isolation within an infinite fluid [63,336]. These models 

have further expansions, each adding an extra consideration, such as viscoelastic encapsulation 

[263,293,295,316]. However, experimentally, it has been observed that the assumptions of such 

an underlying analytical 1D ODE may not be valid for biomedical applications. For example, at 

clinically relevant acoustic pressures, bubbles exhibit non-spherical vibrations [337,338] and can 

be affected by nearby boundaries such as vessel walls or neighboring bubbles [67,279,307]. There 

have been expansions of the 1D ODE models to incorporate some of these features further 

[292,317], however these expanded models are inherently limited as they cannot fully capture the 

fluid dynamics surrounding the microbubbles.  

Finite-element modeling can be a powerful tool to bypass these limitations and consider most 

aspects of the dynamic interaction of bubbles with their surrounding boundaries. It has recently 

been applied in a limited number of studies [277,293] including our own previous investigations 

in which we studied the effect of bubble proximity on the resonance activity of bubbles [318] and 



 

 93 

the effect of shell encapsulation on the subharmonic vibrations of a system of multiple bubbles 

[339]. Here, we further expand our model to incorporate the presence of a cylindrical micro-vessel 

as a viscoelastic boundary to examine the effect of the microvasculature in a system of two 

microbubbles, as well as the effect of microbubble vibration on the dynamics of the viscoelastic 

vessel boundary itself.  

4.3. Mathematical Model and Computation Criteria  

Our model domain consists of three different materials, a schematic of which is shown in Figure 

4.1A, whereby the light blue domain corresponds to bubbles, teal/blue domain to the fluid 

representing the vessel lumen and extraluminal space, and the gray domain representing the 

viscoelastic vessel wall. The interaction of the two bubbles and the vessel wall is translated through 

the fluid. Our model has three multiphysics boundaries and three different types of two-way 

coupling: bubble-fluid, fluid-solid (inside the vessel), and solid-fluid (beyond the vessel wall). 

Here, we outline the equations governing each domain and boundary couplings. 

4.3.1. Solid Domain 

The solid domain is defined by the Cauchy equation of motion (Eq. 4.1a) in which 𝜌𝑠 is the density 

of the solid, 𝑑𝑠 is solid displacement, 𝜎 is Cauchy stress tensor and 𝐹𝑉 is the volumetric force. In 

this model, we use a linear elastic model with Kelvin-Voigt approximation. In such a linear elastic 

material, Hook’s law relates the stress tensor to the elastic strain tensor (Eq. 4.1b), where C is the 

4th-order elasticity tensor based on Young’s modulus and Poisson’s ratio [340], 𝜖𝑒𝑙⁡is the elastic 

strain, 𝜎0 and 𝜎𝑒𝑥𝑡 are initial and external stress, and 𝜎𝑣 is the stress due to viscoelasticity of the 

material. Indeed, here this contribution is represented with a Kelvin-Voigt formulation (Eq. 4.1c) 

in which 𝜀𝑒𝑙̇  is elastic strain rate and 𝜂 is the viscosity of the vessel wall.  
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𝝆𝒔
𝜕2𝒅𝒔
𝜕𝑡2

= ∇. 𝝈 + 𝑭𝑽⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.1𝑎) 

𝜎 = (𝜎0 + 𝜎𝑒𝑥𝑡 + 𝜎𝑣 ⁡⁡) + 𝑪: 𝝐𝒆𝒍⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.1𝑏) 

𝜎𝑣 = 2𝜼𝜀𝑒𝑙̇ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.1𝑐) 

4.3.2. Fluid Domain 

The computational domain of fluid and bubbles is similar to our and others’ previous works [341]. 

The fluid domain in this model is governed by the Navier-Stokes equations given below: 

∇. �⃗� = 0⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.2𝑎) 

𝜌 (
𝛿𝑣

𝛿𝑡
+ 𝑣. ∇𝑣) = −∇𝑃 + 𝜇∇2𝑣⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.2𝑏) 

where, 𝜌, 𝑣, 𝜇⁡𝑎𝑛𝑑⁡𝑃 are the fluid density, velocity, dynamic viscosity and pressure, respectively.  

The above set of equations models an incompressible fluid, which is valid since the acoustic 

wavelength is much larger than the bubble size and fluid velocity is much slower than the speed 

of sound [261]. 

4.3.3. Microbubble Dynamics  

The pressure on the bubble wall 𝑃𝐵 ⁡is the result of the contribution of viscoelastic shell, surface 

tension and fluid viscosity, given as: 

𝑃𝐵 = (𝑝0 +
2𝜎0
𝑅0
) (
𝑅0
𝑅
)
3𝑘

(1 −
3𝜅

𝑐
�̇�) + 𝑃𝑣 −

4𝜇�̇�

𝑅
− 𝑃𝑒𝑙𝑎𝑠 − 𝑃𝑣𝑖𝑠𝑐 − 𝑃(𝑡).⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.3) 

Here, 𝜎0 and 𝑅0 are surface tension and radius of the bubble at equilibrium. 𝑃𝑣𝑖𝑠𝑐 is the contribution 

due to the viscosity of the shell defined as 4𝜅𝑠�̇� 𝑅2⁄  with 𝜅𝑠 being surface dilatational viscosity of 
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the monolayer,  𝑘 is the polytropic index, c is the speed of sound, and 𝑝0 is the ambient pressure. 

The vapor pressure 𝑃𝑣 is considered negligible, consistent with many other bubble modeling work 

(e.g. [263]). Furthermore, 𝑃𝑒𝑙𝑎𝑠 representing contribution due to the elastic shell is defined by 

𝑃𝑒𝑙𝑎𝑠 = 2𝜎(𝑅)/𝑅, in which 𝜎(𝑅) is the dynamic surface tension and defined below [263]: 

σ(𝑅) =

{
 
 

 
 0⁡𝑖𝑓⁡𝑅 ≤ 𝑅𝑏

𝜒 (
𝑅2

𝑅𝑏
2 − 1) 𝑖𝑓⁡𝑅𝑏 ≤ 𝑅 < 𝑅𝑟⁡

𝜎𝑤𝑎𝑡𝑒𝑟 ⁡𝑖𝑓⁡⁡𝑅 ≥ ⁡𝑅𝑟

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.4) 

with the terms⁡𝑅𝑏 and ⁡𝑅𝑟 denoting  ‘buckling’ and ‘rupturing’ radii and are defined as:  

𝑅𝑏 = 𝑅0(
𝜎0
χ⁄ + 1)

−1
2⁄ , 𝑅𝑟 = 𝑅𝑏(

𝜎𝑤
χ⁄ + 1)

1
2⁄ , and 𝜒 is encapsulation elasticity coefficient with 

the unit of N/m. 

4.3.4. Boundary Conditions and Coupling 

The boundary conditions set in bubble-fluid interaction are such as to ensure continuity of velocity 

and pressure on the surface of bubbles, and given below: 

𝑣(𝑅) = �̇�⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.5𝑎) 

𝑃(𝑅) = 𝑃𝐵 .⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.5𝑏) 

Indeed, the above equations ensure a two-way coupling between bubble surface motion and the 

surrounding fluid. In this system, we have a no-slip velocity condition, and the tangential shear 

stress is considered to be negligible.  Furthermore, the boundary conditions are set in fluid-solid 

interaction to ensure the continuity of velocity (Eq. 4.6a) and equilibrium of stress on the fluid-

solid boundaries from inside and outside the vessel. The equations dictating these conditions are 

given below: 
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𝑣 =
𝜕𝑑𝑠
𝜕𝑡
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.6𝑎) 

𝜎. 𝑛 = 𝝉. 𝑛, 𝝉 = [−𝑃𝑰 + 𝜇(∇𝑣 + (∇𝑣)𝑇)]⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4.6𝑏) 

Equation 4.6b represents the equilibrium of stress over the boundary. 𝝉 is the linear stress derived 

from Navier-stokes equations, and 𝐼 is the identity matrix. 

4.3.5. Calculations 

We developed this finite element model using COMSOL Multiphysics 5.6 [5] to calculate the 

radial dynamics of the bubbles. An example of the number of elements used in our calculations is 

shown in Figure 4.1B. The main output of our model is the time-dependent radius of the bubbles 

as derived from the integration over the surface area of the bubble. Further, we derive the 

maximum radial change by averaging the maximum amount of expansion and minimum amount 

of contraction (maximum radial change = 𝑅𝑚𝑎𝑥 − 𝑅𝑚𝑖𝑛 2⁄ ), as shown in Figure 4.1C. By running 

the same calculation over a range of transmit frequencies, we derive a resonance curve representing 

the maximum change in amplitude or maximum response as a function of transmit frequency. For 

each of these resonance curve, we calculate the amplitude and frequency of the maximum 

response, 𝐴𝑀𝑅 and 𝑓𝑀𝑅 respectively. 

4.3.6. Variable Selection 

Clinical ultrasound contrast agents are polydisperse, ranging broadly speaking in size from 1 to 8 

µm and concentrations from ~3-100 x108 microbubbles per ml[313]. Previous work using 

established acoustic techniques have shown that the peak in the frequency-dependent response 

from microbubble populations corresponds well with the volume-weighted mean size[43,342]. 

Indeed, the volume-weighted mean size of commercial lipid agents fall between 2-3 µm in  
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Figure 4.1. Model environment and representative example of the metrics employed. A) A schematic view of 

the model domain representation, in which the light blue area represents the gas, teal represents the fluid, and 

gray region represents a viscoelastic vessel wall. B) Example of mesh system representing the finite elements 

applied to the modeling environment. The areas of interest, including between the bubbles and the vessel wall, 

have a finer mesh pattern to increase calculation accuracy. C) Representative example of the resulting 

microbubble-time curve for a microbubble of initial size 𝟐𝑹𝟎. Both maximum 𝑹𝒎𝒂𝒙 and minimum 𝑹𝒎𝒊𝒏 radii 

are recorded to develop an amplitude metric that is then plotted as a function of transmit frequency, as shown 

in panel D. From here, the frequency of maximum response 𝒇𝑴𝑹 and the amplitude of maximum response 𝑨𝑴𝑹 

are extracted.  

  

diameter, including Sonazoid[46], MicroMarkerTM [343] and DefinityTM (although it has a second 

volume peak at ~7-8 µm) [36,37]. Motivated by this, here we examine the radial dynamics of two 

microbubbles with diameters 2 µm and 3 µm, respectively, separated by a center-to-center distance 

of 10 µm. The physical parameters we employed for the fluid, 𝜌 = 1000
𝑘𝑔

𝑚3
, 𝜎𝑤 = 0.072

𝑁

𝑚
, , 𝜇 =

0.001⁡𝑃𝑎. 𝑠 are standard values for water, and we chose the following quantities for those related 
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to the microbubbles: 𝑘 = 1.095, 𝜒 = 2.5⁡
𝑁

𝑚
, 𝜅𝑠 = 1 × 10

−9𝑘𝑔/𝑠, 𝜎0 = 0.01
𝑁

𝑚
. Here, we 

acknowledge that there are complexities with strain-dependent elasticity and shear-dependent 

viscosity that we are ignoring[62,301,344]. However, while likely present to some extent, we 

selected to fix the shell elasticity, viscosity, and initial surface tension similar to those previously 

reported for lipid agents[36,61,64,84] to allow for a more direct comparison between transmit 

frequencies.  

These two bubbles are situated within a small vessel (4 µm in diameter) that is on the order of the 

size of capillaries. Indeed, bubble dynamics has been shown to be affected by the mechanical 

properties of their neighboring boundaries[279,307]. Most tissues exhibit frequency-dependent 

viscoelastic properties[84,345,346], however few studies have explored such viscoelastic 

parameters of biological tissue at megahertz frequencies. Of relative note is the robust work by 

Hong Chen and colleagues[347] who, with ultrafast bright-field microscopy imaging, constrained 

the vessel relaxation time 𝜏 = 𝜂/𝐸 of rat mesentery venules driven at 1 MHz to on the order of 

microseconds, where 𝜂 and 𝐸 are the viscosity and stiffness measures, respectively. Static elastic 

moduli within arteries have been shown to decrease with decreasing intraluminal pressure, in the 

range of 1-20 MPa over 40-220 mmHg[348]. Given the mean in-situ capillary pressure is on the 

order of 10-60 mmHg[349,350], we set the elastic modulus to 1 MPa. Correspondingly, here we 

investigate microbubble-vessel dynamics over viscosity values 𝜂 ranging from 0.1, 0.5, and 1 Pa∙s 

to place our selection of the vessel mechanical properties within what is known of the current 

physical paradigm.  

In terms of the transmit parameters, we employed a transmit pressure of 30 kPa consisting of a 

single 20-cycle cosine tapered Tukey windowed pulse at a sampling frequency of 500 MHz; 
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similar to single-pulse experimental studies[61,62,301,351]. Furthermore, we simulate the system 

in a frequency sweep range of 2-12 MHz, which covers most frequencies used in clinical 

ultrasound[267]. Since microbubble size (~µm) is much smaller than a typical focal point (~mm), 

they are considered to be in a uniform domain of ultrasound wave. 

 

Figure 4.2. Large microbubble exhibits dampened response within the vessel and remains unaffected by 

smaller, companion bubble. A) For context, the resonance response of an individual 3 µm bubble in isolation 

and within free space. B) When placed near an identical microbubble, there are slight shifts in the frequency 

of maximum response. C) Further, when placed near a smaller, 2 µm bubble, there is no appreciable effect. In 

all cases, microbubble response is dampened as the bubble is placed within progressively more viscous micro-

vessels.  
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4.4. Results and Discussion 

4.4.1. Resonance Response of Each Bubble of a Two-Bubble System Within a Micro-

vessel 

We first analyze the frequency-dependent radial dynamics of a large bubble (3 µm in diameter) 

within the two-bubble system in various physical scenarios. In each panel of Figure 4.2, there are 

four lines representing this bubble confined in a vessel with increasing viscosity of 𝜂=0.1 Pa.s, 0.5 

Pa.s, or 1 Pa.s. The green line represents a bubble vibrating in the absence of a vessel wall, in an 

infinite free medium with all other conditions equal. Across all panels, bubble confinement within 

a micro-vessel decreases the amplitude of maximum response 𝐴𝑀𝑅, with the extent of this change 

increasing with increasing vessel viscosity. For an individual 3 µm bubble (Fig. 4.2A), 𝐴𝑀𝑅 

decreased to 50% when placed in a vessel of 𝜂=0.1 Pa·s, dropping down to 10% and 5% in the  

𝜂=0.5 Pa·s and 𝜂=1 Pa·s vessels, respectively. Furthermore, there is a slight increase in the 

frequency of maximum response 𝑓𝑀𝑅 with increasing vessel viscosity – ranging from 3-4 MHz 

with increasing 𝜂 values.  Indeed, this shift of bubble resonance to higher frequencies when 

confined in a viscoelastic vessel is consistent with other numerical studies[297,352]. When placed 

in the close proximity of an identical bubble (Fig. 4.2B), 𝐴𝑀𝑅 is slightly larger (ranging from 105-

110% the values without its companion bubble) and 𝑓𝑀𝑅 shifts slightly to lower frequencies (~1-

10% shift across all vessel conditions compared to in isolation). Finally, when placed adjacent to 

a smaller bubble of 2 µm (Fig. 4.2C), there is no appreciable change in behaviour compared to this 

bubble in complete isolation (Fig. 4.2A). This suggests that a smaller, neighboring companion 

bubble does not influence the dynamics of other bubbles – a concept that is consistent with 

previous works[318]. 
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Next, we examine the response of the smaller, 2 µm bubble in the same set of confinements as 

above. First, we note that a 2 µm bubble in isolation (Fig. 4.3A) exhibits an asymmetrical 

resonance response, with an 𝑓𝑀𝑅 of 7.8 MHz, and a distinguishable second-harmonic peak at 

approximately 4.9 MHz. Asymmetrical resonance phenomena are a known nonlinear property of 

lipid encapsulated microbubbles, and have been previously observed both experimentally (e.g. 

[61]) and via modeling[63]. When placed within the viscoelastic micro-vessel, the expected 

dampening  

 

Figure 4.3. Small microbubble exhibits induced resonance and larger vibration magnitude within lightly 

damped micro-vessel due to the presence of a neighboring, larger bubble. A) For context, the resonance 

response of an individual 2 µm bubble in isolation and within free space. Note the asymmetrical resonance that 

is characteristic of a stain-softening material. Due to this, there is a small frequency window in which the bubble 

response is larger in magnitude when confined (~6-7 MHz). B) When placed near an identical microbubble, 

there is a slight shift in 𝒇𝑴𝑹 towards lower frequencies, and an increase in 𝑨𝑴𝑹. C) When placed near a larger, 

3 µm bubble, there is a large induced resonance effect near 4 MHz, which aligns with the 3 µm bubble 
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resonance. At this transmit frequency, the bubble vibration amplitude is larger when confined within a lightly 

damped (𝜼 = 𝟎. 𝟏 Pa·s, black trace) micro-vessel as compared to in complete isolation (green trace), and is 

larger than its main resonance peak (~8.2 MHz).  

  

of the resonance response is observed, however to a lesser extent than that shown in Fig. 4.2A – 

with 𝐴𝑀𝑅 decreasing to 77% when placed in a vessel of 𝜂=0.1 Pa·s, dropping down to 60% and 

55% in the 𝜂=0.5 Pa·s and 𝜂=1 Pa·s vessels, respectively. It can also be seen that, along with an 

accompanying increase in 𝑓𝑀𝑅, there is a gradual change from an asymmetrical to symmetrical 

response with increasing vessel viscosity. Due to this, there exists a small frequency window below  

main resonance (6.5-7 MHz) at which the confined bubble response will be larger in magnitude 

than in complete isolation, a behaviour not seen for the larger 3 µm bubble (Fig. 4.2A). When two 

such identical bubbles are placed close to one another (Fig. 4.3B), there is a slight shift in 𝑓𝑀𝑅 

towards lower frequencies, and an increase in 𝐴𝑀𝑅. However, when placed in proximity to a larger 

neighboring bubble (Fig. 4.3C), it is clear that 𝐴𝑀𝑅  within the vessels decrease to a much larger 

extent than in the other two physical systems, decreasing to 50% when placed in a vessel of 𝜂=0.1 

Pa·s, and 48% and 38% in the 𝜂=0.5 Pa·s and 𝜂=1 Pa·s vessels, respectively. In addition to this, 

the presence of a secondary induced resonance response (~4 MHz) is observed, corresponding to 

the resonance response of the larger, 3 µm bubble – a phenomenon that we have previously 

reported on[318]. Perhaps in part due to this, the below-resonance frequency window in which the 

confined bubble vibration was larger than when unconfined is no longer present (6.5-7 MHz). 

However, the secondary, induced resonance peak observed between 3.5-5.5 MHz illustrates a 

region of large bubble vibration within the 𝜂=0.1 Pa·s vessel, a factor of 1.7-fold that of its main 
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resonance response. As such, over this particular frequency range, the 𝐴𝑀𝑅 far exceeds (~1.5-fold) 

that of the two-bubble system in isolated, free space (green cure in Fig. 4.3C).   

4.4.2. Microbubble Harmonic Activity  

To further examine the interactions outlined above, we next investigated the harmonic activity of 

the two microbubble-system in a lightly damped vessel characterized by 𝜂=0.1 Pa·s (Fig. 4A & 

B), where the frequency spectrum is given as a function of transmit frequency for the 3 µm (left) 

and 2 µm (right) bubbles. Here, we can see clear demonstration of higher-order harmonics from 

both microbubbles.  

 

Figure 4.4. The induced resonance response also translates to second-harmonic oscillations. Density plots 

highlighting the response frequency (y-axis) as a function of transmit frequency for the larger (panel A, 3 µm) 

and the smaller (panel B, 2 µm) of the two-bubble system within a lightly damped vessel (𝜼 = 𝟎. 𝟏 Pa·s). Here, 

color encodes the magnitude of bubble vibration. We can clearly observe the presence of higher-order 

harmonics, including the induced resonance response for the 2 µm bubble near a transmit frequency of 4 MHz. 
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The response frequency spectrum at a transmit of 4 MHz as a function of micro-vessel viscosity is shown for 

both bubbles in panels C (3 µm) and D (2 µm). While the larger bubble exhibits the expected trend of attenuated 

signal with increasing confinement viscosity, the smaller microbubble vibrates with larger magnitude at both 

fundamental and second-harmonic frequencies within the lightly damped vessel (𝜼 = 𝟎. 𝟏 Pa·s; black trace) as 

compared to in complete isolation (green trace). Note that for the smaller bubble, a transmit frequency of 4 

MHz is off-resonant.  

Consistent with our above results, the larger of the two bubbles possess a resonance response 

around 4 MHz, accompanied by harmonic structure that attenuates as the vessel viscosity increases 

(Fig. 4.4C). The smaller microbubble possesses a strong off-resonant dynamic at 4 MHz, 

corresponding to the frequency at which its larger, companion bubble is resonant. Similar 

phenomena extend to the harmonic space, whereby the second and third harmonic content at this 

off-resonant transmit frequency is significant (Fig. 4.4D).  Of particular interest is the fact that the 

response of this 2 µm bubble within the 𝜂=0.1 Pa·s vessel (black curve) is larger than in free space 

(green curve) at this off-resonant transmit frequency (Fig. 4.4D) by a factor of ~50%. This 

behaviour is also present for its second harmonic response, in which there is an increase in ~30% 

between these two scenarios.  

4.4.3. Micro-vessel Wall Dynamics Strongly Influenced by Larger of The Two 

Bubbles 

As a natural extension, we next investigated the vibration dynamics of the vasculature itself (Figure 

4.5), specifically directly adjacent to the larger bubble (Fig. 4.5A) and the smaller bubble (Fig. 

4.5B). Broadly speaking, we observe that the vessel wall follows the same behavior as the bubble 

directly adjacent to it, both in terms of resonance response and harmonic generation. Note that this 

is consistent with the limited experimental evidence available, albeit for isolated, individual 

microbubbles within small capillaries[180] and individual endothelial cells[286]. Briefly, in this 

two-bubble system arrangement, this results in the overall vessel response being more powerful 
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around 4MHz, showing the dominance of the larger bubble response in the system both in terms 

of microbubble vibration and that of the vessel wall.  

4.4.4. Confinement-Dependent Induced Resonance Persists for Bubbles Smaller 

Than 2 µm 

To gain further insight into the confinement-dependence of the induced resonance response of the 

smaller bubble within a two-bubble system, we explored how this effect translates when varying 

the size of the smaller bubble (Figure 4.6). Here, we examine the resonance curve of smaller 

bubbles ranging from 1.5 ≤ 2𝑅0 ≤ 2.25 µm while holding the size of the larger bubble constant 

at 2𝑅0 = 3 µm. The transmit frequency range is limited here from 3-6 MHz in order to focus on 

this induced resonance range. Two confinement scenarios are presented: the two bubble system 

within a lightly damped micro-vessel (𝜂 = 0.1 Pa·s; black trace) and in infinite free-space (green 

trace). As can be seen from the figure, microbubbles smaller and equal to 2 µm in diameter exert 

a much larger oscillation magnitude when confined within this vessel – up to ~40% - as compared 

to free-space. However, for the 2.25 µm bubble, the more expected result of the vessel confinement 

decreasing the amplitude of resonance activity is observed, in this case by ~10% (Fig. 4.6D). We 

also observe a shift of this induced frequency peak towards smaller frequencies for this bubble 

combination, due to the increasing overlap between the main and induced resonance values. Note 

that, as the companion bubble scales up to 3 µm, there is a ~50% decrease between these two 

contexts, as shown in Figure 4.2B. Taken together with Fig. 4.2-4.5, this has implications in the 

context of both imaging and emerging microbubble-assisted focused ultrasound applications. 

Firstly, given the polydisperse nature of commercial agents and the native microbubble density 

associated with clinical doses, these types of scenarios (in which multiple bubbles of different sizes 

will be in close proximity to each other) are common.  While there is ongoing research to develop 
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monodisperse microbubbles, they are still characterized by significant coefficient of 

variations[308,309], which further justifies this type of system.   

 

Figure 4.5. Micro-vessel wall dynamics follow the behaviour of the adjacent microbubbles. The vessel wall 

movement directly adjacent to the 3 µm bubble depicts a similar trend both in terms of A) resonance response 

and C,E) harmonic vibration content as the vibrating bubble (see Fig. 4.4). Additionally, the induced resonance 

response also translates to the vessel movement, seen here through the B) resonance curve and D,F) the 

harmonic content of the vessel portion adjacent to the smaller, 2 µm bubble. This data suggests that, when 

multiple bubbles are present within a vessel, the vessel contraction and expansion is dominated by the 

frequency-dependence of the larger microbubble.  
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Secondly, this dataset implies that when considering contrast imaging parameters, favour should 

be given to the larger bubbles of the intended bubble distribution, as they seem to dominate the 

response of smaller adjacent bubbles. In fact, this phenomenon of induced response may also 

influence the radial dynamics of nanobubbles, a recently introduced research-based ultrasound 

contrast agent [112].  Third, microvascular wall movement is also strongly linked to the induced 

resonance response introduced by the bigger bubbles in the population. Indeed, individual 

microbubble-assisted microvascular vasoactivity has been directly observed with high-speed 

cameras (e.g. [347]) and increased vascular permeability via populations of bubbles has been 

directly observed in real-time (e.g. [353]). Perhaps the most advanced application of this bioeffect 

is within the context of blood-brain-barrier opening in neuro-oncology applications [192], in which 

pre-clinical studies have confirmed that both microbubble composition [192] and size distribution 

[354,355] play a role on the resulting vascular permeability and ensuing vascular bioeffects.  

4.4.5. Limitations 

It is important here to consider some limitations of the current study. Firstly, we acknowledge that 

the confinement-dependent amplification effect on the induced resonance frequency needs further 

investigation. While this effect – whereby the radial vibration amplitude was larger when confined 

as compared to free-space in this induced frequency range – was observed for bubbles smaller than 

or equal to 2 µm in diameter (when adjacent to a 3 µm bubble), this response might depend on the 

relative size difference between bigger and smaller bubbles and not the actual size of the two-

bubble companions. Secondly, we fixed the diameter and thickness of the vessel wall to create a 

controlled environment that focused on the effect of vessel viscosity. However, the effect of vessel 

wall thickness and diameter on the multi-bubble system can be a topic of interest for future studies, 
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including the investigation of bubble-to-wall distances. Thirdly, we fixed the inter-bubble spacing 

here to ℎ =10 µm. Indeed, we previously confirmed that this bubble-to-bubble distance results in 

the coupling of vibration activities [318], but this distance will likely place a role on the magnitude 

of the effects observed here.  

 

Figure 4.6. The induced resonance phenomenon persists for bubbles smaller than 2 µm. In these panels, a two-

microbubble system is simulated in either free space (green trace) or within the lightly damped (𝜼 = 𝟎. 𝟏 Pa·s) 

micro-vessel system (black trace). For all of these, the larger microbubble remains 3 µm, and we have depicted 

the resonance curve for a smaller companion microbubble of A) 1.5 µm, B) 1.75 µm, C) 2 µm bubble, and D) 

2.25 µm. From these curves, it is clear that i) the induced resonance at ~ 4 MHz persists, which is the main 

resonance peak of the larger microbubble and ii) the response of the smaller bubble within confinement is 

larger in magnitude than its response in free space for bubbles ≤ 𝟐 µm.  

4.5. Conclusions 

Here, we investigate the effect of micro-vessel viscosity on the response of a two-bubble system. 

The resonance response of the larger microbubble was unaffected by the presence of a neighboring, 
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smaller bubble, and its vibrational amplitude was attenuated over all transmit frequencies when 

placed inside a micro-vessel with increasing viscosity, as expected.  However, the small bubble 

was highly influenced by its larger companion bubble, resulting in strong off-resonance activity at 

lower transmit frequencies. This induced resonance response resulted in larger amplitude 

vibrations when situated in a lightly damped micro-vessel (η=0.1 Pa·s) as compared to free-space. 

Further, the extent of vessel wall deformations mimicked that of the nearby, adjacent bubble. In 

light of the induced resonance on the smaller bubble, it becomes clear that both the two-

microbubble system and vessel wall dynamics are dominated by the physics of the larger 

microbubble. These insights have significant implications for the applications of microbubble 

contrast agents, enhancing their effectiveness in medical applications of ultrasound contrast agents.  
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Chapter 5. Conclusion and Future Outlook  

The development of ultrasound contrast agents has expanded medical ultrasound applications and 

added new promising futures. Microbubbles are being approved and applied in various medical 

ultrasound fields, with many other new applications under development. Even though applications 

of MBs are expanding quickly and new features are being developed, there is still a need to gain 

more insight to fully understand all the behaviors that microbubbles exhibit. MBs are powerful 

tools with many capabilities, and understanding and predicting their behavior is critical to 

designing new applications, improving the current ones, and making them safer for medical 

ultrasound.   

Within the ultrasound field, the behavior of microbubbles is influenced by a multitude of intrinsic 

and extrinsic variables. These include bubble size, shell type, gas core, boundaries, and fluid 

properties. The diverse range of variables, sizes, and the rapid vibration of microbubbles make 

studying a single bubble in a controlled laboratory setting challenging as it also necessitates the 

use of sophisticated instruments like ultra-fast imaging systems, making theoretical studies and 

simulations of microbubbles an attractive avenue. However, it is important to note that, while 

useful, theoretical studies of bubble physics only provide a partial representation of reality due to 

their inherent limitations and simplifications.  

Many numerical analysis studies have been done on MBs, providing valuable results and insight 

into many aspects of bubble dynamics; however, most are focused on one characteristic or variable. 

This project aimed to further advance the numerical studies of bubble dynamics by simulating the 

bubble in an environment closer to reality using the knowledge of the field and software that gives 
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us more freedom. We used finite element modeling (FEM) to study bubbles in a realistic 

environment; we started with a simpler system and built upon it to mimic the real applications of 

MBs. Finally, in our last chapter and publication, we studied a bubble while vibrating inside a 

viscoelastic vessel and close to another bubble, considering fluid properties, bubble-bubble effect, 

bubble-vessel effect, and bubble deformation. 

In chapter two, we studied how two bubbles affect each other while vibrating simultaneously. We 

study the system with different-sized MBs and in a range of frequencies and pressures from the 

resonance response perspective. We observed that in the system of two bubbles of the same size, 

we saw a frequency shift in resonance activity and a slight increase in amplitude. In the case of 

two bubbles of different sizes, we observed that the bigger bubble was almost unaffected by the 

smaller one. In comparison, the smaller bubble felt a big dampening effect in its original resonance 

response while showing off-resonance activities corresponding to the resonance response of the 

bigger bubble. This work shows that two bubbles can affect each other based on their initial size 

and how, in some situations, this effect is drastic.  

In the third chapter, we study the same two bubble systems, focusing on bubbles' subharmonic 

activities and the effect of initial phospholipid packing, an important feature in manufacturing 

bubbles. We observed how different initial conditions of bubbles combined with the boundary 

effect can change the subharmonic response and cause amplitude variations as well as frequency 

shifts.  

Finally, in our most recent work, we combined our previous works and studied a system of two 

bubbles vibrating inside a viscoelastic vessel, considering all boundary effects. We observed how 

a viscoelastic vessel dampens the bubble vibration amplitude and resonance response based on 
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vessel viscosity. We also showed that in a system of two different-sized bubbles, the bigger bubble 

induces a resonance activity on the smaller one, similar to our first work but affected by the vessel 

wall. In certain vessel wall viscosity, this induced resonance activity was further intensified.  

This project sheds some light on how a MB interacts with its environment and how other bubbles 

and vessel walls affect it. It also provides some explanation for MBs' off-resonance activities. The 

results presented in this work on the complex dynamic of MBs' vibration have important 

implications for applications of MBs in imaging and therapy. This work can help guide the 

development of optimal contrast agents, can help in contrast image quantification, and can be used 

in developing specific pulse sequences to detect and diagnose disease. 

The simulation environment created for this work can be further used to simulate MBs in even 

more complicated scenarios. Studying the effect of vessel size, blood flow beyond the vessel wall 

structure, or the translated fluid pressure over the vessel wall and in the cellular area is possible. 

Studying the effect of bubble vibration over the vessel wall makes it possible to assess the safety 

of using MBs in different situations. 
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