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Abstract 

Finite element modeling of thermo-hydro-mechanical coupled processes in saturated and 

unsaturated frozen soils 
 

Emad Norouzi, Ph.D. 

Concordia University, 2024 

In line with the sustainable development of northern Canada, extensive construction activities are 

taking place in local communities where the ground is composed of clay deposits. With a changing 

climate, the clay soil is expected to undergo more freeze-thaw cycles. This degradation poses a 

major threat to newly constructed infrastructure. Since soil is an essential part of the built 

environment, it is crucial to understand its behavior under freezing and thawing conditions. This 

thesis presents a comprehensive study on the mechanical and thermal-hydro-mechanical (THM) 

behaviors of frozen soils, focusing on both theoretical developments and practical applications. To 

achieve this, the research pays close attention to the interface between the compounds. It introduces 

a stiffness interface parameter to define complex interactions between clay-water composites and 

non-clay minerals at different temperatures. The key contribution of using this parameter includes 

developing a numerical homogenization model with the eXtended Finite Element Method (XFEM) 

to estimate the elastic properties of frozen clay soils. Subsequently, considering the interface 

between air-water capillary pressure and cryosuction, a two-dimensional THM finite element 

model was developed using the Finite Element Method (FEM) to analyze the coupled processes 

in unsaturated freezing soils by incorporating temperature-dependent properties and phase 

changes. Finally, the behavior of permafrost under the operation of Ground Source Heat Pump 
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(GSHP) systems in thawing permafrost regions has been analyzed as part of a geo-energy and 

geological engineering project in the subarctic region of Umiujaq in northern Quebec. 

The study begins with an extensive literature review to establish the current state of knowledge 

and identify gaps in existing research. It then details the development and validation of numerical 

models, including their application to real-world scenarios. The findings highlight the importance 

of considering imperfect bonds between soil components, the complex interaction between air-

water capillary pressure and cryosuction, the influence of phase change-induced strain, and the 

benefits and challenges of using GSHP systems in cold climates. 

Despite the significant advancements made, the research acknowledges several limitations, such 

as the need for more complex soil structure representations and broader validation efforts. 

Recommendations for future work emphasize enhancing model complexity, conducting long-term 

studies, and integrating field data to improve the accuracy and applicability of the models. 

Overall, this thesis advances the understanding of frozen soil mechanics and provides valuable 

tools for engineering applications in Arctic and subarctic regions. It contributes to the development 

of sustainable and resilient solutions for climate adaptation. 

Keywords: THM modelling of frozen Soil, Numerical Homogenization, Imperfect bound, 

Climate adaptation, Ground Source Heat Pump  
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Chapter 1  

 

1 Introduction 

 

1.1 Context and Inspiration for the Study 

During the ground freezing process, the freezing front gradually penetrates downward into the soil. 

Frost heave can occur due to the volumetric expansion caused by the water-ice phase change and 

the formation of ice lenses. Frost heave is a common cause of engineering disasters in cold regions, 

such as pipe ruptures and foundation damage. Upon ground thawing, geo-disasters like significant 

ground settlements or landslides may be triggered.  

Recently, there has been an increase in construction projects in frozen layers, including natural 

foundations, highways, and railways. Additionally, the application of artificial ground freezing 

(AGF) in mining and tunneling engineering has become more widespread (Xu et al., 2019). Many 

construction issues have been observed during and after the construction process due to the 

deformation of the frozen medium. Recent studies have shown that the freeze-thaw process 

severely damages infrastructure in cold regions (Na and Sun, 2017). As an example, Figure 1-1 

shows a runway and taxiways at Iqaluit international airport cracked and warped due to permafrost 

thaw. 
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Figure 1-1 Construction issue in permafrost regions due to degradation (Hjort et al., 2022). 

Canada is one of the UN countries that are taking decarbonization actions to achieve the 

Sustainable Development Goals by 2030. Additionally, new infrastructure needs are arising in 

permafrost regions that are experiencing thermal impacts due to climate change. Thermo-hydro-

mechanical (THM) responses of ground soils are heavily involved in these projects. For example, 

the applications of Borehole Thermal Energy Storage (BTES) and Ground Source Heat Pumps 

(GSHP) have increased recently. These are recognized as renewable energy storage solutions. 

Given that solar energy is insufficient during winter, BTES and GSHP systems are suggested in 

subarctic regions as an alternative way to store energy during summer and provide it in winter. 

Quebec has a significant opportunity to utilize BTES and GSHP systems for both electricity and 

heating, reducing the need to ship fuel by boat and replacing fossil fuels (Gunawan et al., 2020). 

Figure 1-2 schematically depicts the installation of GSHP in a vertical orientation within a 

subarctic region. 
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(a) (b) 

Figure 1-2 (a) Settlement of permafrost due to thawing (Hjort et al., 2022) and (b) installation of GSHP in subarctic 

region 

Currently, there is a lack of comprehensive and inclusive numerical modeling tools to simulate 

large-scale THM processes in saturated and unsaturated frozen soils. Engineering designs often 

rely on oversimplified assumptions, which can underestimate related geo-risks. Reliable models 

are needed to accurately quantify freeze-thaw actions in soils, which are porous media containing 

solid soil particles, ice, liquid water, and air. There is also a high demand for quantitative models 

to characterize the evolution of Arctic tundra hydrology and its impact on Arctic ecosystems. 

Therefore, understanding the behavior of frozen soil is essential. 

Frozen soils are composed of soil particles, water, ice, and air. They naturally occur in the seasonal 

frozen and permafrost layers of Arctic and subarctic regions, as well as in loess sediments. Regions 

such as Siberia, Canada, Greenland, Antarctica, and Alaska, located in the Northern and Southern 

Hemispheres, experience prolonged freezing temperatures (Kadivar and Manahiloh, 2019). 

Additionally, the use of artificial ground freezing in civil and mining projects has recently 

increased to control ground and groundwater movement. Frozen soils are generally classified as 
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either saturated (in the absence of air) or unsaturated (when air is present in the medium) (Figure 

1-3).  

 
 

(a) (b) 
Figure 1-3 (a) Schematic model of saturated frozen soil at micro-scale (Bekele et al; 2017) (b) Heat, liquid, water, 

and air movement in a schematic unsaturated frozen soil (Li et al; 2021). 

The hydro-mechanical behavior of both saturated and unsaturated frozen soils under varying 

temperatures and with different volumetric contents has been studied from various perspectives. 

Given that frozen soils are heterogeneous materials with varying volume ratios of their components 

and different temperatures, their mechanical behavior can change significantly. This study aims to 

introduce new methodologies to create numerical models of frozen soil compounds with different 

volumetric contents of soil, water, ice, and air under varying temperatures. 

1.2 Objectives and scope 

This study aims to address the following issues: 

1- Existing methods to estimate the mechanical properties of frozen soil typically average the 

mechanical properties of the components. This study proposes developing a numerical 

homogenization model to evaluate the temperature-dependent properties of frozen soils by 

considering the flexible interactions between the components at the meso-scale. The goal 

is to create a more accurate model at the macro-scale. 
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2- Develop a two-dimensional fully coupled THM numerical analysis based on a finite 

element framework to investigate the geo-risk of ground subsidence due to cyclic freeze-

thaw action in saturated and unsaturated porous media. Fully saturated and unsaturated 

frozen soil simulations have often been based on biaxial models, particularly in the 

modeling of unsaturated and shallow soils, which is currently limited to 1-D simulations. 

It is necessary to create multidimensional THM models incorporating phase changes to 

study real investigation sites. 

3- By including a plasticity model with calibrated parameters from experimental data, the 

model can be extended to a general one, particularly for frozen conditions. Hardening 

parameters, which are functions of pressure and temperature, should be added to the 

numerical THM model. 

4- After verifying the developed numerical THM model with experimental data, it can be used 

to simulate geo-engineering projects in cold regions. By employing field data, the model 

can investigate temperature variations, water movement, volumetric ice content, and the 

deformation of the medium.  

5- Finally, based on previous objective, a numerical simulation of operation of GSHP in cold 

regions has been conducted to study the application to a geo-energy and geological 

engineering project in Arctic and subarctic regions. Figure 1-4 illustrates the flowchart of 

the proposed method in this thesis. 
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Figure 1-4 Flow chart showing the contribution of the thesis. 

1.3 Original contribution  

This research introduces several original contributions to the field of frozen soil mechanics and its 

application in geo-engineering: 
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1.3.1 Numerical Homogenization Model: 

Development of a novel numerical homogenization model that evaluates the temperature-

dependent properties of frozen soils. This model considers the flexible interactions between the 

soil, water, ice, and air components at the meso-scale, providing a more accurate representation at 

the macro-scale compared to traditional averaging methods. 

1.3.2 Multidimensional THM Analysis:  

Creation of a two-dimensional fully coupled thermo-hydro-mechanical (THM) numerical analysis 

framework. This framework incorporates the effects of cyclic freeze-thaw actions on ground 

subsidence in both saturated and unsaturated porous media, overcoming the limitations of current 

biaxial and 1-D models. 

1.3.3 Integration of Plasticity Models: 

Inclusion of a plasticity model with calibrated parameters from experimental data, specifically 

designed to address the unique conditions of frozen soils. The model integrates hardening 

parameters that are functions of pressure and temperature, enhancing the accuracy and 

applicability of the numerical THM model. 

1.4 Thesis organization 

This thesis follows a manuscript-based format, with three of the six chapters comprising journal 

article manuscripts that have either been published or under review, as detailed in the list of 

publications. With the exclusion of this particular chapter, the thesis is structured in the subsequent 

manner: 

Chapter 2 provides a comprehensive review of the current literature, delineating the specific 

challenges at hand and delineating suggested analytical and numerical approaches for resolution. 
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Chapter 3 explores the development of a novel approach to estimate the elastic properties of frozen 

clay soils by integrating analytical and numerical models. It highlights the critical impact of 

inclusion volume fraction on the accuracy of elastic property estimation. 

Chapter 4 of the thesis presents a comprehensive computational model for analyzing THM coupled 

processes in unsaturated porous media under frost actions. The model's robustness is demonstrated 

through validation against experimental data. 

Moving on to chapter 5, it evaluates the potential of Ground Source Heat Pump systems to mitigate 

ground subsidence in thawing permafrost areas. The study focuses on the interactions between 

thermal regulation and ground stability. 

Finally, Chapter 6 synthesizes the key findings of the research, identifies the limitations 

encountered, and provides recommendations for future work to enhance the understanding and 

modeling of frozen soils.  
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Chapter 2  

2 Literature review 

 

2.1 Introduction  

In this section, a comprehensive review of existing literature on the behavior and applications of 

frozen clay soil is provided. By examining various aspects of frozen soil research, this section aims 

to establish a solid foundation for understanding the complexities involved in studying and 

utilizing frozen soils, especially in the context of climate change and engineering applications. 

2.2 Mechanical properties of frozen clay soil at different temperatures 

Frozen clay soils, distinguished by their heterogeneous composition of clay-water composites and 

non-clay minerals, display significant sensitivity to temperature and the applied load conditions. 

A comprehensive understanding of the mechanical behaviors of frozen clay soils is essential in the 

investigation of geological disasters such as permafrost slumps, infrastructure damage due to 

seasonal freeze-thaw actions, or engineering projects related to artificial ground freezing (An et 

al., 2022; Andersland and Ladanyi, 2013; Girgis, 2019; Li et al., 2024; Ma et al., 2023; S. Wang 

et al., 2016). 

Previous research has involved extensive experimental studies to investigate the mechanical 

responses of frozen clay soils under various temperature and loading rate conditions (Girgis et al., 

2020; Li and Akhtar, 2022). These studies have summarized laboratory data to establish empirical 

temperature-dependent mechanical property relations for frozen soils (Li et al., 2004; Ma et al., 

2017; Shi et al., 2023; Zhu et al., 2020). For example, Xu et al., (2017) conducted uniaxial 



 

10 

 

compressive tests on saturated frozen Helin loess, covering five distinct strain rates and four 

different temperatures, to examine the influence of temperature and strain rate on the mechanical 

properties of frozen loess. 

Furthermore, Girgis et al., (2020) conducted laboratory tests on two artificial frozen clay soils to 

gauge the rate dependency of uniaxial axial compressive behavior at temperatures ranging from -

15°C to 0°C. These studies highlight the marked influence of minerals, void ratio, stress history, 

and pore fluid salinity on the rate-dependent uniaxial compressive behavior of frozen clay soil. 

The temperature-dependent uniaxial compressive mechanical properties were measured and 

modeled using empirical relations, exhibiting a high dependency on the applied deformation rate. 

2.3 Computational homogenization 

Achieving a comprehensive understanding of the rate-dependent behavior of frozen clay soils and 

its correlation with temperature necessitates a significant number of specimens with similar 

compositions and microstructures. However, obtaining in-situ frozen clay soil samples involves 

sophisticated procedures and challenges, delaying theoretical studies of their behavior. Laboratory 

tests offer limited characterization results, and uncertainties persist regarding the intrinsic 

anisotropic properties of samples with varying clay fractions. Understanding how these properties 

change with different clay fractions is crucial. Recently, researchers have turned to 

homogenization methods to determine the equivalent properties of heterogeneous mediums like 

frozen soils by dividing the composite material into multiple scales. Various endeavors, guided by 

homogenization theory, have been made to model the behavior of frozen soils (Chang et al., 2019; 

Zhang et al., 2019; Zhou and Meschke, 2018). Furthermore, numerical homogenization offers 

insight into the mechanical behavior of materials by assuming periodicity. This method involves 

representing a Representative Elementary Volume (REV), containing micro-level properties, 
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throughout the heterogeneous material at the macro level. Figure 2-1 schematically shows the 

homogenization procedure of a heterogeneous material. 

 

Figure 2-1 Numerical homogenization procedure (Meng et al., 2018). 

Numerical homogenization entails computationally modeling the REV with appropriate boundary 

conditions and loading to calculate localized fields. These fields are then homogenized to derive 

effective properties of heterogeneous composites. Geers et al., (2010) and Otero et al., (2018) 

provide comprehensive reviews of the diverse applications of numerical homogenization. Several 

studies have employed various numerical methods to model the effective properties of artificial 

frozen soil, as demonstrated in the works of Meng et al., (2020, 2018). However, challenges persist, 

including the complexity of accounting for microstructures and the reliance on simplifying 

assumptions regarding constituent interactions. To address the interaction between compounds in 

a heterogeneous medium, Zhang et al., (2020) introduced a micromechanics-based constitutive 

model within the continuum micromechanics and homogenization theory framework. This model 

considers interactions between the matrix (bonded element) and inclusions (frictional element). 
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Similarly, Norouzi et al., (2022) utilized a two-dimensional numerical homogenization model. 

They incorporated cohesiveness between compounds and introduced stiffness interface parameters 

using the eXtended Finite Element Method (XFEM). Incorporating extra degrees of freedom, 

XFEM enables the modeling of various types of discontinuities, including cohesiveness between 

matrix and inclusions, and has found successful application in numerical homogenization (Erkmen 

and Dias-da-Costa, 2022; Erkmen and Dias-da-Costa, 2021; Nguyen et al., 2020). Both analytical 

and numerical homogenization approaches have been employed to characterize elastic properties, 

each with its advantages and limitations. Analytical solutions have been shown to yield ineffective 

elastic properties in cases with a high-volume fraction of inclusions (Li and Wong, 2016). For 

frozen geomaterials, a numerical homogenization approach must appropriately consider the 

interfacial effect among frozen and unfrozen media. Additionally, obtaining the elastic properties 

of each compound, crucial inputs for numerical homogenization, is typically not feasible from 

experimental data. Thus, there's a lack of comprehensive analytical or numerical approaches that 

can adequately address these challenges. 

2.4 Thermo-Hydro-Mechanical behavior of frozen soil 

Frozen soils, consisting of soil particles, water, ice, and air, are naturally abundant in various 

geographical regions, including seasonal frozen and permafrost layers, arctic and subarctic zones, 

and loess sediments. These regions experience prolonged periods of freezing temperatures 

(Kadivar and Manahiloh, 2019). Additionally, there has been a recent increase in the use of the 

Artificial Ground Freezing (AGF) technique in civil engineering applications such as tunneling, 

pipelining, mining, and slope constructions. AGF is employed to temporarily enhance soil bearing 

capacity and regulate ground and groundwater movement (Vitel et al., 2015; Xu et al., 2019). 

However, the cyclic freezing and thawing processes pose risks, including infrastructure damage, 
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subsidence, and borehole failures. Concerns are exacerbated by the effects of climate change, 

leading to more frequent and severe weather events (Na and Sun, 2017). Frozen soils are divided 

into two categories: saturated, lacking air, and unsaturated, where air is present within the medium. 

Freezing processes in both saturated and unsaturated frozen soil can lead to frost heave, causing 

an expansion of the soil volume. Frost heave occurs when freezing increases water migration and 

crystallization, resulting in the separation of soil particles. This phenomenon poses a significant 

risk in cold regions, often causing engineering disasters like pipe ruptures and foundation damage. 

In saturated soils, where all pores are filled with pore water, the increased volume of water 

migration and crystallization leads to frost heave. However, in unsaturated cases, part of the 

volume expansion initially fills the pores, with the remaining increased volume causing frost heave 

(Bai et al., 2020). Predicting frost heave becomes more complex as it cannot be solely determined 

by variations in total water and air content. Unlike saturated soil, predicting frost heave in 

unsaturated soil requires consideration of additional physical variables such as air flux (Li et al., 

2021). 

2.5 Numerical simulation of frozen soil 

Efforts to simulate frozen soil can be broadly categorized into thermo-hydro (TH), thermo-

mechanical (TM), and thermo-hydro-mechanical (THM) modeling (Arzanfudi and Al-Khoury, 

2018). TH modeling involves studying temperature variations and the movement of water, vapor, 

and ice in the medium by considering mass and energy balance equations. Numerous studies have 

sought to incorporate the complex behavior of freeze-thaw phenomena through analytical, 

experimental, and numerical approaches. These aspects encompass phase transition, cryo-suction, 

and premelting dynamics (Mikkola and Hartikainen, 2001; Zhou and Meschke, 2013). 
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To determine the total water content in unsaturated frozen soil, Kurylyk and Watanabe, (2013) 

conducted a comprehensive mathematical study elucidating various forms of the Clapeyron 

equation and the relationship between the soil moisture curve and soil freezing curve under both 

saturated and unsaturated freezing conditions. They also developed a model to estimate the 

hydraulic conductivity of partially frozen soil. 

Bi et al., (2023) examined 29 models and categorized them into four groups: theoretical models, 

soil water characteristic curve (SWCC)-based models, empirical models, and estimation models. 

Several TH models have been developed and validated using experimental data. Mizoguchi, 

(1990) conducted experiments to measure the variation of total water content during freezing using 

a vertical biaxial sample. These experiments have been utilized to validate numerical simulations 

by Liu and Yu, (2011), Painter, (2011), Peng et al., (2016), and Stuurop et al., (2021). 

Hansson et al., (2004) provided a list of inputs for a thermo-hydro numerical simulation. They 

developed numerical simulations using a mixed formulation for both water flow and heat transport 

without considering vapor movement and frost heave. They employed a combination of the Van 

Genuchten, (1980) soil water characteristic (SWC) curve and a modified Clapeyron equation to 

estimate liquid and ice saturations during freezing in unsaturated soils. Lower freezing 

temperatures were determined for unsaturated soil due to pre-freezing pressures (suction). 

DallôAmico et al., (2011) proposed that the total water content could be determined independently 

of temperature using the van Genuchten equation. To enhance the understanding of freezing 

processes, it's crucial to establish comprehensive constitutive equations describing the relationship 

between cryogenic suction and capillary pressure. Painter and Karra, (2014) introduced a 

constitutive relation to calculate ice, water, and air saturations for unsaturated frozen soils, 

considering temperature, water pressure, and air pressure. 
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Another benchmark experimental data of soil freezing was reported by Jame and Norum, (1980). 

Similar to the previous case, they conducted a set of 1D freezing experiments but in a horizontal 

direction. The numerical inputs for different cases and boundary conditions are available in 

Painter, (2011) and Peng et al., (2016). Peng's model, based on non-equilibrium ice-water 

interfaces and utilizing the central Finite Difference Method (FDM) to discretize equations in both 

spatial and temporal domains, was verified using the aforementioned experimental data (Peng et 

al., 2016). Figure 2-2 shows the comparison between experimental data and numerical simulations. 

 
Figure 2-2 Comparison between numerical simulations and experimental data (Peng et al. 2016). 
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Chen et al., (2022) introduced an enhanced TH-coupled model based on the Finite Element Method 

(FEM), which they validated using experimental data from Jame and Norum. These studies 

primarily investigate variations in temperature and volumetric water content. 

Moreover, in modeling unsaturated frozen soil, studying vapor movement during freezing requires 

additional governing equations (Gawin et al., 2019). However, the impact of vapor movement on 

water content has been largely overlooked in the literature, with only a few studies acknowledging 

that vapor movement cannot be disregarded when the initial water content is low (He et al., 2020). 

Previous studies on modeling frost actions in unsaturated soils primarily concentrated on thermo-

hydraulic responses, often neglecting geomechanical behavior to simplify the models. However, 

by incorporating the momentum balance equation into the system of coupling equations, it 

becomes possible to identify the deformation and stress changes of the medium. 

Current THM models for frozen soils are predominantly developed for fully saturated frozen 

geomaterials (Arzanfudi and Al-Khoury, 2018; Koniorczyk et al., 2015; Thomas et al., 2009). 

Among these THM models, Nishimura et al., (2009) derived a formulation and conducted a fully 

coupled THM analysis of elastoplastic water-saturated frozen soils, considering freezing and 

thawing processes by incorporating the concept of cryo-suction. Bekele et al., (2017) developed a 

numerical model to estimate frost heave in saturated porous media using the Isogeometric Analysis 

(IGA) technique. 

Recently, there has been an increased focus on coupled THM models for unsaturated soils (Liu 

and Yu, 2011; Teng et al., 2020). Bai et al., (2020) introduced a frost heave model for saturated-

unsaturated soils, incorporating an effective strain ratio to relate frost heave strain in unsaturated 

soils to moisture and temperature fields. The back-calculated effective strain ratio was integrated 
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into displacement equations, and the model's results were validated against experimental data 

(Figure 2-3), although it did not account for pore pressure. 

  
(a) (b) 

Figure 2-3 Results of simulation of Bai et al., (2020): (a) total volumetric water content at the end of the experiment 

and (b) frost heave with different values of effective strain ratio 

Huang and Rudolph, (2021) presented a THM model to analyze frost heave in variably saturated 

freezing soils. The gas phase included vapor, with dry air transport neglected for simplicity. The 

model's validity was confirmed using laboratory test data from literature. They utilized void ratio 

as a dependent variable to illustrate the correlation between ice lens segregation, stress-

deformation, and void ratio evolution. 

Li et al. validated their numerical model using experimental data from Mizoguchi and their 

comprehensive uniaxial experiments (Li et al., 2021). Their numerical results encompassed 

variations in water content, vapor, and temperature, alongside frost heave. Similarly, Wu and 

Ishikawa, (2022) devised a thermo-hydro-mechanical model to simulate the freezing process of 

partially saturated frost-susceptible soils in Hokkaido. Their multiphysics simulations aligned well 

with frost heave tests on Touryo soil and Fujinomori soil, indicating that the frost heave ratio is 

directly proportional to the initial degree of saturation and inversely proportional to the cooling 

rate and overburden pressure. 
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However, previous models have not adequately characterized pore water, pore ice pressure, and 

pore air pressure, leading to an unclear definition of the effective stress law. Model formulations 

have varied significantly due to different researchers' backgrounds (Gawin et al., 2020). There is 

a lack of a comprehensive and inclusive finite element formulation for describing thermal-hydro-

mechanical coupled processes in unsaturated freezing soils, considering pore pressure components 

from liquid water, air, and ice (Li et al., 2024). 

2.6 Climate change and permafrost degradation in north of Quebec 

Permafrost degradation poses a significant environmental and geological challenge in Arctic and 

subarctic regions, exemplified in places like Umiujaq in Quebec, Canada. The warming climate 

induces permafrost thaw, resulting in substantial alterations in slope stability, hydrology, and local 

ecosystems. Thawing permafrost can instigate slope instability in steep bedrock areas, leading to 

unexpected and unprecedented slope destabilization (Gruber and Haeberli, 2007). This is 

particularly concerning as permafrost serves a crucial role in preserving ground stability. The 

degradation of permafrost due to rising temperatures is evidenced by the increasing thickness of 

the active layer and the northward retreat of permafrost extent, with climatic factors playing a 

significant role (Vasiliev et al., 2020). Further impacts of permafrost degradation include 

significant implications for hydrology and groundwater dynamics in these regions (Dagenais et 

al., 2020). Permafrost loss is projected to persist throughout the 21st century, posing a threat to the 

stability of Arctic infrastructure and the sustainable development of Arctic communities (Hjort et 

al., 2018; Minsley et al., 2022). The release of carbon from Arctic permafrost due to warming is a 

significant concern as it can impact the climate (Miner et al., 2022). Additionally, thawing 

permafrost affects vegetation growth, with changes in surface thaw onset affecting various stages 

of the growing season in the Arctic permafrost region (Chen and Jeong, 2024; Young et al., 2020). 
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Moreover, the release of plant-available nitrogen from thawing permafrost in subarctic peatlands 

leads to changes in vegetation composition and biomass production (Keuper et al., 2017, 2012). 

Consequently, implementing stabilizing measures in these regions is imperative to mitigate 

foreseeable geohazards. 

2.7 Application of Ground Source Heat Pump in permafrost region 

In recent years, there has been a rise in the adoption of renewable energy sources for stabilizing 

permafrost regions. Among these, the Ground Source Heat Pump (GSHP) system has emerged as 

a notable option, offering a sustainable solution for space heating in subarctic areas. With 44,561 

inhabitants of Nord-du-Québec residing in villages within subarctic regions, there exists 

significant potential to leverage GSHP systems for heating purposes, thereby reducing reliance on 

fuel typically transported by boat (Gunawan et al., 2020). GSHP technology harnesses the stable 

temperature of the ground to provide heating, cooling, and hot water for both residential and 

commercial buildings. In Arctic and subarctic regions, Ground Source Heat Pump (GSHP) systems 

offer significant applications owing to the relatively stable ground temperatures. Recently, 

numerous experimental and numerical studies have been conducted to assess various aspects of 

geothermal energy systems such as Borehole Thermal Energy Storage (BTES), Ground-coupled 

heat pump (GCHP), and GSHP systems under diverse conditions. These studies have focused on 

the practical application and benefits of GSHP systems in areas affected by permafrost (Baser and 

McCartney, 2015; Bidarmaghz et al., 2016; Catolico et al., 2016; Maranghi et al., 2023; Moradi et 

al., 2015). For a comprehensive overview, Giordano and Raymond, (2019) offer a detailed 

literature review. GSHP technology proves particularly effective in regions characterized by 

extreme temperature fluctuations, highlighting its adaptability and potential environmental 

advantages in Arctic and subarctic climates. Hence, comprehending the intricate behavior of 
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frozen soil during freezing and thawing is crucial for simulating permafrost and forecasting its 

behavior with and without the implementation of Ground Source Heat Pump (GSHP) systems. 

Numerical models play a pivotal role in simulating the effects of freezing and thawing on 

permafrost, offering valuable insights into future changes and potential impacts on ground 

stability. These models must integrate climate-warming-induced alterations to precisely simulate 

permafrost dynamics amid shifting climatic conditions (Perreault et al., 2021; Thomas et al., 2009).  

Although using phase change strain, Li et al. validated their numerical model with field data of 

highly unsaturated loess in northwest China (Li et al., 2024), employing the poro-elastic THM 

model. Norouzi and Li introduced a coefficient to adjust the phase change strain in an unsaturated 

frozen medium, developing a poro-plastic numerical model and validating it with experimental 

data (Norouzi and Li, 2024). However, none of these models were utilized to simulate ground 

responses under GSHP operations. 

2.8 Summary 

The study of frozen soil behavior, particularly in Arctic and subarctic regions, is paramount given 

its significant implications for geotechnical engineering, environmental sustainability, and climate 

change adaptation. Through a synthesis of literature and research findings, it becomes evident that 

permafrost degradation, accelerated by climate warming, poses multifaceted challenges ranging 

from slope instability to alterations in hydrology and ecosystem dynamics. 

To address these challenges, researchers have increasingly turned to numerical modeling 

approaches, incorporating advanced methodologies such as numerical homogenization, poro-

elastic, and poro-plastic models, to simulate the complex behavior of frozen soil under freezing 

and thawing conditions. These models, validated through field data and experimental studies, 
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provide valuable insights into permafrost dynamics and ground stability under changing climatic 

conditions. 

Furthermore, the application of GSHP systems emerges as a promising solution for permafrost 

stabilization and renewable energy generation in Arctic and subarctic regions. While numerous 

studies have investigated the practical applications and benefits of GSHP systems in permafrost-

affected areas, there remains a gap in understanding the ground responses under GSHP operations. 

Moving forward, future research efforts should focus on bridging this gap by integrating numerical 

models, including numerical homogenization, with GSHP operations to simulate the impacts of 

freezing and thawing on permafrost. Additionally, there is a need for comprehensive models that 

incorporate climate-warming-induced changes to accurately predict permafrost dynamics and 

ground responses under evolving environmental conditions. 
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Preface to Chapter 3 

 

The Arctic and subarctic regions are experiencing unprecedented changes due to climate change, 

leading to significant alterations in the mechanical properties of frozen soils. Understanding these 

changes is critical for infrastructure development and environmental preservation in cold regions. 

This chapter explores a novel approach to estimate the elastic properties of heterogeneous frozen 

clay soils by integrating analytical and numerical models. By employing the eXtended Finite 

Element Method (XFEM) for numerical homogenization, we delve into the complex interactions 

between clay-water composites and nonclay mineral inclusions, emphasizing the importance of 

considering imperfect bonds in predictive models. The insights gained from this study aim to 

enhance the reliability of engineering applications and contribute to the broader knowledge of soil 

mechanics in freezing environments. 
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Chapter 3  

 

3 Estimating equivalent elastic properties of frozen clay soils 

using an XFEM-based computational homogenization1 

 

3.1 Abstract 

This study addresses the challenge of estimating the elastic properties of heterogeneous frozen 

clay soils by introducing a comprehensive approach that combines analytical and numerical 

models. The frozen clay soil is treated as a mixture composed of frozen clay-water composites and 

nonclay mineral inclusions. An inversion algorithm is employed to deduce the elastic properties 

of the matrix (clay-water composites) of two artificially frozen sandy clay samples with known 

temperature-dependent elastic properties. Subsequently, a two-dimensional numerical simulation 

using the eXtended Finite Element Method (XFEM) is conducted to carry out numerical 

homogenization by considering the imperfect bond among frozen clay-water composites and 

nonclay minerals. The numerical homogenization model offers insights into the temperature-

dependent behavior of the interface stiffness parameter. The numerical homogenization results are 

compared with conventional numerical homogenization approaches like the FEM, which rigidly 

defines the bonding between inclusions and the matrix. The comparison indicates that the neglect 

                                                 

1
 A version of this manuscript has been published in Journal of Cold Regions Science and Technology (2024). 
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of imperfect bonds among clay-water composites and nonclay minerals will lead to unrealistic 

outcomes in cases with a high fraction of inclusions. This integrated approach advances the 

understanding and prediction of elastic properties of frozen clay soils by considering their 

heterogeneous nature. 

Keywords: frozen clay soils, elasticity, computational homogenization, XFEM, interface stiffness 

parameter 
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3.2 Int roduction 

Frozen clay soils, distinguished by their heterogeneous composition of clay-water composites and 

non-clay minerals display significant sensitivity to temperature and the applied load conditions.   

(An et al., 2022; Girgis, 2019; Li et al., 2024).  A comprehensive understanding of the mechanical 

behaviors of frozen clay soils is essential in the investigation of geological disasters such as slumps 

of permafrost (B. Wang et al., 2016), infrastructure damage due to seasonal freeze-thaw actions  

(Andersland and Ladanyi, 2013), or engineering projects related to the artificial ground 

freezing (AGF) techniques (Ma et al., 2023). Substantial characterization results on elastic 

properties of frozen clay soils are essential for studying stress and strain distributions in the frozen 

ground. Previously, a series of experimental studies have been conducted by researchers to 

investigate the mechanical responses of frozen clay soils under different temperature and loading 

rate conditions (Girgis et al., 2020; Li and Akhtar, 2022). Lab data has been summarized to 

establish empirical temperature-dependent mechanical property relations for frozen soils (Li et al., 

2004; Ma et al., 2017; Shi et al., 2023; Zhu et al., 2020). To examine the influence of temperature 

and strain rate on the mechanical properties of frozen loess, (Xu et al., 2017) carried out a set of 

uniaxial compressive tests on saturated frozen Helin loess covering five distinct strain rates (1 × 

10ī2/s, 1 Ĭ 10ī3/s, 1 Ĭ 10ī4/s, 5 Ĭ 10ī5/s, and 1 Ĭ 10ī5/s) and four different temperatures (ī2 

ÁC, ī4 ÁC, ī5 ÁC, and ī7 ÁC).  Considering that the rate-dependent uniaxial compressive behavior 

of frozen clay soil is markedly influenced by its minerals, void ratio, stress history, and pore fluid 

salinity, (Girgis et al., 2020) conducted a series of laboratory tests on two artificial frozen clay 

soils to gauge the rate dependency of uniaxial axial compressive behavior at temperatures ranging 

from ī15 ÁC to 0 ÁC. The temperature-dependent uniaxial compressive mechanical properties were 
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measured and modeled using empirical relations, exhibiting a high dependency on the applied 

deformation rate.  

A thorough understanding of the rate dependency behavior and its relationship with temperature 

requires a large number of specimens with similar compositions and microstructures. Thus, the 

required sophisticated procedures and the challenges to obtain in-situ frozen clay soils have 

delayed the theoretical study of their behavior. Laboratory tests can only provide a limited amount 

of characterization results on some samples, and the intrinsic anisotropic properties of samples 

with different clay fractions are still with large uncertainties. It is of practical importance to 

determine how those intrinsic anisotropic properties change with varying amounts of clay 

fractions. Recently, homogenization methods have been employed to ascertain the equivalent 

properties of a heterogeneous medium, such as frozen soils, by partitioning the composite material 

into two or more scales (Chang et al., 2019). Various attempts have been made based on 

homogenization theory to model the behavior of frozen soils (Zhang et al., 2019; Zhou and 

Meschke, 2018). Moreover, numerical homogenization elucidates the mechanical behavior of a 

material under the assumption of periodicity, wherein a Representative Elementary Volume (REV) 

containing properties at the micro-level is reiterated throughout the heterogeneous material at the 

macro level. Numerical homogenization involves the computational modeling of a REV with 

appropriate boundary conditions and loading to compute localized fields, which are then 

homogenized to obtain effective properties of heterogeneous composites. A comprehensive review 

of the extensive applications of numerical homogenization is available in the works of Geers et 

al., (2010) and Otero et al., (2018). Different studies have been conducted to model the effective 

properties of artificial frozen soil using various numerical methods, such as the works by Meng et 
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al., (2020, 2018). However, challenges persist, including difficulties in accounting for complex 

microstructures and reliance on simplifying assumptions about constituent interactions. 

To address the interaction between compounds in a heterogeneous medium, a micromechanics-

based constitutive model is presented by Zhang et al., (2020) within the framework of continuum 

micromechanics and homogenization theory, considering the interactions between the matrix 

(bonded element) and inclusions (frictional element). Additionally, Norouzi et al., (2022) 

employed a two-dimensional numerical homogenization model and applied cohesiveness between 

compounds, introducing stiffness interface parameters using the eXtended Finite Element Method 

(XFEM). By incorporating extra degrees of freedom, XFEM is capable of modeling various types 

of discontinuities, including cohesiveness between matrix and inclusions, and has been 

successfully applied to numerical homogenization (Erkmen and Dias-da-Costa, 2022; Erkmen and 

DiasКdaКCosta, 2021; Nguyen et al., 2020). Both analytical and numerical homogenization 

approaches have been applied to characterize elastic properties but they have advantages and 

limitations. It has been proven that the effective elastic properties calculated from the analytical 

solutions are not acceptable for cases with a high volume fraction of inclusions (Li and Wong, 

2016). For frozen geomaterials, the interfacial effect among frozen and unfrozen media should be 

properly considered in a numerical homogenization approach. Apart from that, the elastic 

properties of each compound as the major inputs for numerical homogenization are not usually 

available from experimental data. It is a lack of comprehensive analytical or numerical approaches 

that can accommodate these challenges.  

 The objective of this paper is to establish a combination of analytical and numerical 

homogenization methods to estimate the elastic properties of frozen clay soils. The experimental 
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results of the elastic properties of two different artificial frozen sandy clays are chosen as an 

application of our numerical approach.  After the introduction, the physical properties of frozen 

sandy clays are provided in Section 3.3. The analytical and numerical homogenization methods 

applied in this paper are introduced in Sections 3.4 and 3.5, respectively. The model verification 

and mechanical properties of artificial frozen sandy clay soils are given in Section 3.6. Discussion 

about the higher volumetric content of the non-clay minerals, comparison of the simulated results 

with the analytical solution, and the effect of randomly generated minerals are provided in Section 

3.7. Finally, Section 3.8 is allocated for the conclusions of this study. 

3.3  Basic physical properties 

In this section, the physical properties of frozen soils including volumetric-mass and densities 

relations that are used in the following sections are described. A saturated frozen clay soil medium 

is composed of clay mineral (c), water (w) and non-clay minerals (nc). Therefore, the total volume 

of the frozen soil (V) medium can be explained as: 

ὠ ὠ ὠ ὠ  (3.1) 

where, ὠ, ὠ, and ὠ  are the volume of clay minerals, water and non-clay minerals. Denoting cw 

as the clay-water composite, the volume fraction of the clay-water composite is defined as follows: 

Ὢ
ὠ

ὠ
ρ Ὢ  (3.2) 

Here ὠ  is the total volume of clay-water composite and Ὢ  is the volume fraction of non-clay 

minerals. Accordingly, the clay fraction by mass of the sample is expressed as: 

ὅ
ά

ά ά

”ὠ

”ὠ ” ὠ
 (3.3) 
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where ά  and ά  are the mass of clay and non-clay minerals, respectively and ” and ”  are the 

densities of clay and non-clay minerals, respectively. If we assume that the densities of clay and 

non-clay minerals are equal (i.e., ɟc=ɟnc), a relation between the volume fraction of clay water 

composite and clay fraction by mass is concisely given as: 

Ὢ ὅ ρ ‰ ‰ (3.4) 

in which, ‰ is the porosity of the medium and is defined as the ratio of the volume of void to the 

total volume: 

‰
ὠ

ὠ

Ὡ

ρ Ὡ
 (3.5) 

where e is the void ratio of the medium. To calculate the void ratio, the following equation can be 

used: 

Ὡ
Ὃ”

”
ρ (3.6) 

In Equation (3.6), Ὃ is the specific gravity of the medium, ”  is the water density, and ” is the 

dry density. The dry density is expressed as a function of bulk density (”) and water content (ύ) 

as follows: 

”
”

ρ ύ
 (3.7) 

3.4 Analytical homogenization methods  

This section presents two typical analytical approaches for estimating the effective elastic 

properties of heterogeneous materials. The Reuss model employs simplified formulations to 

compute the lower bound of elastic properties, while the differential effective medium (DEM) 

theory determines the homogenized elastic parameters of a medium by solving a pair of fully 

coupled ordinary differential equations (Markov et al., 2009). 
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The Reuss model enables the estimation of the lower bound for the elastic properties of 

geomaterials. The Reuss model assumes that all components of the heterogeneous material 

experience identical stress conditions and estimates the equivalent bulk (ὑ) and shear (Ὃ) moduli 

of a fine-grained geomaterial as follows: 

ρ

ὑ

Ὢ

ὑ

ρ Ὢ

ὑ
 

(3.8) 
ρ

Ὃ

Ὢ

Ὃ

ρ Ὢ

Ὃ
 

where, ὑ  and ὑ  denote the bulk modulus of clay-water composites and nonclay minerals, 

respectively, while Ὃ  and Ὃ  represent the shear modulus of clay-water composites and 

nonclay minerals, respectively. 

The differential effective medium (DEM) theory approaches the modeling of two-phase 

composites by progressively introducing inclusions from one phase into the matrix phase until the 

desired composition of the constituents is achieved (Cleary et al., 1980; Norris et al., 1985; 

Zimmerman, 1984). In the case of frozen clay soil samples, by considering ὃ  and ὃ  as the 

geometric factors, the coupled system of ordinary differential equations governing the effective 

bulk modulus and shear modulus is expressed as follows: 

The rate of change of bulk modulus concerning the volume fraction of nonclay minerals (Ὢ ) is 

given by: 

Ὠὑ

ὨὪ

ρ

ρ Ὢ
ὑ ὑ ὃ  (3.9) 

The rate of change of shear modulus concerning the volume fraction of nonclay minerals (Ὢ ) is 

given by: 
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ὨὋ

ὨὪ

ρ

ρ Ὢ
Ὃ Ὃ ὃ  (3.10) 

Also, Markov et al., (2009) introduced geometric factors for nonclay minerals with a spherical 

shape as: 

ὃ
σὑ τὋ

σὑ τὋ
 

(3.11) 

ὃ
υὋ σὑ τὋ

Ὃ ωὑ ψὋ φὋ ὑ ςὋ
 

3.5 Numerical homogenization 

3.5.1 Equilibrium of a deformable body 

Considering ɋ as the domain of analysis and ũD, and ũN as the Dirichlet and Neumann boundaries, 

respectively, by principles of continuum mechanics, the governing equation for the equilibrium of 

a deformable two-dimensional body and its corresponding boundary conditions can be formulated 

as follows: 

ὀɳẗ Ἰ π in ɋ 

(3.12) Ἵ Ἲ in ũD 

ἶẗ Ἳ in ũN 

In these equations, ɳὀ ộ‬Ⱦ‬ὼ ‬Ⱦ‬ὼỚ represents the gradient operator, and ó.ô signifies the dot 

product operator. Additionally,  and p denote the stress tensor and body force, while r  and s 

represent the prescribed displacement and traction, respectively. To establish the relationship 

between stress and the gradient of displacement, a constitutive relation is essential: 

ἎḊɳὀṧἽ in ɋ (3.13) 

Here, ó:ô denotes the double dot product, óṧô represents the tensorial product, and D is the stiffness 

matrix. Due to variations in the mechanical properties of heterogeneous materials throughout the 
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medium, the numerical homogenization method allows for the estimation of the effective stiffness 

matrix (Ἆ) based on the equivalent elastic modulus and Poissonôs ratio of the substance. This 

matrix can then be substituted into Equation 3.13 to assess the homogenized displacement. 

3.5.2 The first order of homogenization 

In numerical homogenization, it is assumed that the properties of non-homogenous material vary 

periodically at the mesoscale. As drawn in Figure 3-1, the domain can be segmented into uniform 

cells that are considerably smaller than the entirety of the soil structure. Based on the asymptotic 

expansion theory, x refers to the position in the macro-scale and ὁ ὀȾ– is a fast-periodic 

coordinate within a cell i.e., π Ù ἧ that Y is the geometric period of the cell (Figure 3-1). As 

a result, the transformed derivation operation will be presented as: 

Ћ

ЋØ
ᴼ
Ћ

Ћὀ

ρ

–

Ћ

Ћὁ
 (3.14) 

where ɖ is the scaling parameter representing the ratio between the size of the meso-scale and 

macro-scale. Accordingly, the exact displacement field and the expanded form of the stress 

gradient are determined based on the asymptotic expansion theory as follows (Hassani and Hinton, 

1998): 

Ἵὀȟὁ Ἵὀȟὁ –Ἵὀȟὁ Ễ (3.15) 

ὀȟὁ ὀȟὁ – ὀȟὁ Ễ (3.16) 

wherein, Ἵὀȟὁ  and ὀȟὁ  are the first approximation solutions. The oscillatory behavior 

parameters of displacement and stress fields are represented by Ἵὀȟὁ and ὀȟὁ, each varying 

with distinct orders of ɖ. 
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Figure 3-1 Representation of slow and fast coordinates in a heterogeneous framework: (a) a sample, (b) a REV at the 

micro-scale model, and (c) a REV converted to the fast coordinate, after Norouzi et al. (2022). 

By inserting Equation 3.14 into Equation 3.12, the resulting equation is: 

ὀɳẗ ὀȟὁ
ρ

–
ᶯẗ ὀȟὁ Ἰὀ (3.17) 

Incorporating Equations 3.15 and 3.16 into Equation 3.13 and arranging them by their respective 

orders (i.e., 1 and ɖ), results in: 

π Ἆὀȟὁ Ḋɳ ṧἽὀ (3.18) 

ὀȟὁ ἎὀȟὁḊᶯṧἽὀ ᶯṧἽὀȟὁ  (3.19) 

Equation 3.18 highlights the independence of Ἵ  from the rapid coordinate. Given that only the 

first order of homogenization is the focus of this research, other stress parameter terms are 

disregarded. Consequently, integrating Equation 3.19 into Equation 3.20 yields two distinct 

equations with different orders: 

ὀɳẗ ὀȟὁ Ἰὀ π in ɋ O(1) (3.20) 

ᶯẗ ὀȟὁ π in ɔ O(1/ɖ) (3.21) 
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3.5.3 The variational setting for homogenization 

In order to solve the governing equations (i.e., Equations 3.20 and 3.21), the weak form of partial 

differential equations (PDEs) should be derived. Transforming these equations from their strong 

forms to their weak forms will facilitate a more robust numerical treatment. It enables us to impose 

different boundary conditions and offers flexibility in our choice of approximation functions. 

Assuming that p and s are not a function of the fast coordinate, to establish the weak form of the 

balance equation, Equation 3.20 is multiplied by the variation of the first approximate 

displacement (‏Ἵ) and integrated by parts throughout a single domain of the cell. This gives: 

ὀɳṧ‏ἽḊ Ὠɱ ἽẗἸ Ὠɱ‏ ἽẗἻ Ὠῲ‏ π (3.22) 

where,  stands as the effective stress tensor. With ȿ9ȿ as the area of the cell, the effective stress 

tensor is given as: 

ȿ9ȿ ὀȟὁ Ὠ9 (3.23) 

The weak form of Equation 3.21 can be derived similarly by multiplying with the virtual 

displacement fluctuations (‏Ἵ), and integrating over a domain of one cell (Y) (Geers et al., 2010): 

ᶯṧ‏ἽḊ Ὠ9 Ἵẗ ẗἶ Ὠɰ‏ π (3.24) 

Here, ɰ Ћ9 denotes as the boundary of the cell representing the fast coordinate on the cell 

boundary. In the context of numerical engineering analysis, the Hill-Mandel condition is described 

by Equation 3.24 that offers a framework for evaluating non-homogeneous materials at both micro 

and macro scales. It enables the decoupling of analyses for heterogeneous materials into local and 
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global scales. Assuming that the scaling parameter approaches zero (i.e., –O π), and given the 

relationship between the gradients of average displacement and stress within a single cell, as 

derived from the solution of Equation 3.24, the weak form of the equilibrium equation over the 

heterogeneous domain can be replaced by Equation 3.22. This substitution allows the 

heterogeneous model to transition to a homogenized model, characterized by effective properties 

derived from the REV. 

3.5.4 REV boundary value problem 

To represent the properties of the finest segment of the heterogeneous medium's micro-structural 

volume, it's essential to define a REV alongside the appropriate boundary conditions for solving 

Equation 3.24. Given that the precise boundary condition of the heterogeneous medium isn't 

predetermined, various general boundary conditions like uniform gradient, uniform traction, or 

periodicity can be chosen to analyze the REV. In this research, considering our assumption of the 

heterogeneous medium's periodicity (as illustrated in Figure3-1b), we've opted for the periodic 

boundary condition. This condition is applied to the REV, facilitating the computation of the 

average displacement field and the local level stress tensor. From this, the components of the 

effective stiffness matrix are discerned based on three specific displacement gradient cases: 

Case1  Case2   Case3

1 2 3
1111 1122 111211 11 11

2 3

22 22 22 1122 2222 2212

2 3

12 12 12 1112 2212 1212

Ĕ Ĕ ĔĔ Ĕ Ĕ 1 0 0

Ĕ Ĕ ĔĔ Ĕ Ĕ 0 1 0

Ĕ Ĕ ĔĔ Ĕ Ĕ 0 0 1

D D D

D D D

D D D

s s s

s s s

s s s

è øè ø è ø
é ùé ù é ù
=é ùé ù é ù
é ùé ù é ùê úê úé ùê ú

 
(3.25) 

Subsequent to establishing the weak form of the computational homogenization equations, they 

are discretized utilizing the eXtended Finite Element Method (XFEM). By utilizing the XFEM, 

the displacement field and the traction vector at the discontinuity interfaces can be defined. To 

adjust cohesion between inclusions and the matrix at the discontinuity interfaces, the cohesive 
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stiffness matrix (expressed as Ἣ ὧἓ) is incorporated within the traction vector formulation, where 

c is scalar stiffness coefficient, and I  is the unit matrix. Detailed steps, such as the method for 

enforcing boundary conditions and the final matrix assembly, are further discussed in (Nguyen et 

al., 2020; Emad Norouzi et al., 2022). To deduce the elastic characteristics of the heterogeneous 

material, a specialized code developed in-house was leveraged. 

After introducing both analytical and numerical homogenization methods, the flowchart of the 

current research is described herein. Figure 3-2 shows the step-by-step computational 

methodology employed to extract the elastic properties of a clay-water composite within a 

heterogeneous material, considering the concurrent presence of non-clay minerals. In a study area, 

samples with the highest clay fraction (preferred to have an fcw higher than 0.7) will be selected to 

carry out laboratory tests. Since the elastic properties of nonclay minerals (rigid particles or 

aggregates) of a geomaterial can be easily retrieved from the literature or handbook (Markov et 

al., 2009), the elastic properties of the clay-water composite can be back-calculated using the DEM 

approach through an inversion calculation when the elastic properties of the bulk soil sample are 

available from laboratory tests. With the calculated elastic properties of clay-water composites and 

non-clay minerals as inputs, we will be able to estimate equivalent elastic properties of a frozen 

clay sample with any fcw
 using our XFEM tool. 

Within the XFEM framework, the interface stiffness parameter, is calibrated by using the newly 

determined elastic properties of the clay-water composite and the known properties of the non-

clay mineral. The calibrated model is subsequently run to validate convergence. Post-validation, 

adjustments to the volume content are made, if necessary, to represent scenarios with higher non-

clay mineral volume content. The final output yields the effective homogenized elastic properties 
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of the heterogeneous material, paving the way for more accurate geotechnical modeling and 

simulations.  

 

Figure 3-2 The flowchart of the proposed comprehensive numerical approach for estimating elastic properties of 

frozen clay soils. 

3.6 Verification and numerical simulations 

3.6.1 Model verification 

To evaluate the robustness of the analytical and numerical models, the experimental data of a soil-

rock mixture has been selected. For a soil-rock mixture, the soil is treated as the matrix and rock 

is included as the inclusion. Thus, the volume fraction of soil in a soil-rock mixture will be 

equivalent to the fcw in a frozen clay soil.  The experimental data presented in this study was 

originally obtained by Yang et al., (2015). These experiments were conducted at both normal 

(+20°C) and frozen (-20°C) temperatures, encompassing a range of volume fraction of rock 

content, varying from 0.30 to 0.70. Yang et al., (2015) also developed an analytical model for the 

normal temperature case using a two-layer embedded model of a single inclusion and a three-layer 

model of a double inclusion composite for the frozen temperature case. Their models were 

rigorously validated against the experimental results. Additionally, Meng et al., (2020) and (2018) 

employed the experimental data of 30% and 40% of rock content to verify the accuracy of their 

numerical homogenization model. The current numerical method has been validated by employing 
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the experimental data of elastic modulus of soil-rock mixture with different rock content in the 

REV under both normal and frozen conditions (Emad Norouzi et al., 2022). The results based on 

the XFEM model were achieved by calibrating interface stiffness parameters using samples 

containing 30% rock content by volume at both normal and frozen temperatures. Subsequently, 

these calibrated parameters were applied to verify other samples.  

The material properties of the soil and rock, acquired from existing literature, as well as the 

interface stiffness parameters calibrated for normal and frozen temperatures as reported in 

references, are presented in Table 3-1. 

Table 3-1 Elastic properties of soil, rock and interface stiffness parameter applied to current numerical model 

Material properties Temperature 

 T = 20 oC T = -20 oC 

Elastic modulus of the matrix (MPa) 2.62 10.15 

Poissonôs ratio of the matrix (-) 0.4 0.38 

Elastic modulus of the rock (MPa) 40000 40000 

Poissonôs ratio of the rock (-) 0.2 0.2 

Interface stiffness parameter (MPa) 336 1600 

To compare the results of analytical models as well as numerical XFEM simulation results, Figure 

3-3 presents the graph of homogenized elastic modulus of soil-rock mixtures at normal and 

freezing conditions. 

  
(a) (b) 
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Figure 3-3  Elastic modulus of soil-rock mixtures: comparison between analytical and numerical methods for (a) 

normal and (b) freezing temperatures. 

As shown in Figure 3-3, the results show that the DEM is notably effective for scenarios with a 

predominant soil component. Conversely, when dealing with samples that have a diminished soil 

proportion, analytical approaches fail to accurately represent outcomes, largely due to the 

neglecting of interactions between the matrix and inclusions. By introducing an interface stiffness 

parameter, it becomes possible to quantify the cohesive relationship between soil and rock. 

Additionally, Figure 3-3 highlights that while this parameter is temperature-dependent, its value 

remains consistent irrespective of the rock fraction at a specific temperature, emphasizing its 

relevance in geotechnical analyses. The case of this soil-rock mixture is used to demonstrate that 

the DEM approach is very reliable when the soil volume fraction (volume fraction of matrix) is 

more than 0.7. Thereby, we have chosen 0.7 as a threshold fcw value for a frozen clay soil sample 

selected to estimate clay water composite elastic properties using DEM (Figure 3-2).  

3.6.2 Mechanical properties of artificial frozen sandy clay soils 

In this section, the algorithm previously introduced is used to estimate the elastic properties of two 

artificially frozen sandy clay samples. The experimental data and related experimental procedures 

can be found in (Girgis et al., 2020). In their studies, Kaolinite-sand and Bentonite-sand samples 

were prepared and tested at diverse temperatures: 0 °C, -0.5 °C, -1 °C, -2 °C, -5 °C, -10 °C, and -

15 ÁC. The elastic modulus and Poissonôs ratio for every sample were determined at loading rates 

of 1mm/min, 3mm/min, and 9mm/min. The physical properties of the samples including 

dimensions, bulk density, and water content are provided in Table 3-2. 
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Table 3-2 Kaolinite-sand and Bentonite-sand: Experimental setup and properties. 

Sample Dimension Bulk density 

(g/cm3) 

Water 

content 

 Height (mm) Diameter (mm)   

Kaolinite-sand 101.6 50.8 1.76 23% 

Bentonite-sand 101.6 50.8 1.53 59% 

Girgis et al. (2020) determined the Young's modulus using the tangent method at the half-peak 

strength point, and similarly, the Poisson ratio was computed under the same stress conditions. 

Some results of Youngôs modulus and Poissonôs ratio of artificially frozen Kaolinite-sand and 

Bentonite-sand versus temperature are displayed in Figure 3-4 for each loading rate. They also 

found that values of the deformation parameters are sensitive to temperature and loading rate. 

Fitted temperature-dependent power law functions were proposed to estimate elastic modulus and 

Poisson's ratio for each loading rate. A strong correlation between both Youngôs modulus and 

Poissonôs ratio was captured. Young's modulus displayed a significant linear-like increasing trend 

with the decrease in temperature, while Poissonôs ratio displays a nonlinear decreasing trend with 

a decrease in temperature. Figure 3-4a and Figure 3-4b indicate that the bentonite-sand samples 

have higher values of Youngôs modulus compared to kaolinite-sand samples, whereas the values 

of Poissonôs ratio values for Bentonite-sand samples are lower than Kaolinite-sand samples.  
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 (a) 

 
(b) 

Figure 3-4 Elastic modulus and Poissonôs ratio of (a) Kaolinite-sand, and (b) Bentonite-sand, data is from Girgis et 

al. (2020).  
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3.6.2.1 Back calculation of elastic properties of matrix 

As mentioned, the elastic properties of the clay-water composite should be calculated and then 

applied to the numerical homogenization model. In order to find the elastic properties of the clay-

water composite at different temperatures and different rates, the inversion method, drawn in 

Figure 3-5 should be employed. The inversion approach commences with the obtained elastic 

properties of the matrix (represented in clay-water composites) from artificially frozen Kaolinite-

sand and Bentonite-sand. 

 
Figure 3-5 The inversion algorithm to find elastic properties of clay-water composites using DEM, modified after 

(Li and Wong, 2017). 

As verified in the previous section, DEM can be employed if the volume fraction of the clay water 

composite (fcw) is larger than 0.7. As the elastic properties of the samples and non-clay minerals 

are available, DEM can estimate the elastic properties of the matrix can be back-calculated. The 

volume fraction of non-clay minerals and the elastic properties of non-clay minerals are written in 

Table 3-3. In this paper, it is assumed that the elastic properties of the non-clay minerals are 

constant as temperature differs. 

Table 3-3 Volumetric and elastic properties of non-clay minerals, applied to DEM 

Sample Volume fraction of 

non-clay minerals, fnc 

Elastic modulus of non-

clay minerals (MPa) 

Poissonôs ratio of 

non-clay minerals (-) 

Kaolinite-sand 0.27 40000 0.2 

Bentonite-sand 0.18 40000 0.2 

Inversion

Clay-water composite

Non-clay 

mineral

Clay-water composite
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The experimental data of 1mm/min and 9mm/min are selected and their corresponding elastic 

properties of both Kaolinite-sand and Bentonite-sand are calculated and presented in Figure 3-6 at 

different temperatures. 

  

 (a) (b) 
Figure 3-6 Inversion algorithm: Using DEM method to find the elastic properties of (a) Kaolinite-sand and (b) 

Bentonite-sand versus temperature 

3.6.2.2 Interface stiffness parameters at different temperatures 

Following the estimation of the clay-water composite properties, the proposed numerical 

homogenization can be utilized by creating the REV. Inclusions should be defined based on the 

volumetric content of the non-clay minerals, as outlined in Table 3-3. For the sake of generality, 

the inclusions are placed in an aligned and symmetric fashion, with their positioning being 

determined by the size of the non-clay minerals as shown in Figure 3-7. In the discussion section, 

the impact of the size and configuration of inclusions is explored.  
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(a) (b) 

Figure 3-7 Numerical meshing of REVs employed in current numerical homogenization method: (a) Kaolinite-sand 

and (b) Bentonite-sand 

Both REVs are simulated with calculated elastic properties of clay-water composites from the 

previous section, the elastic properties of non-clay minerals written in Table 3-3. Also, to match 

the modeled results with the experimental data, the interface stiffness parameter should be 

calibrated. After simulation of all cases, the results of the interface stiffness parameter for both 

artificially frozen soils are provided in Figure 3-8. The results show that the behavior of the 

interface stiffness parameter is similar to elastic modulus so as temperature decreases, the interface 

stiffness parameter increases. The comparison between the values of the calibrated interface 

stiffness parameter of Kaolinite-sand and Bentonite-sand also reveals a significant difference. The 

results for Bentonite-sand are around 10 times greater than Kaolinite-sand, while the elastic 

modulus of the Bentonite-sand is in the same order as the Kaolinite-sand which may be because 

of the difference in the volumetric content of the samples. 

 
(a) 
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(b) 

Figure 3-8 Calibrated interface stiffness parameter versus temperature (a) Kaolinite-sand and (b) Bentonite-sand 

3.7 Discussion 

3.7.1 Higher volumetric fraction of non-clay materials 

After calibrating the interface stiffness parameters, the numerical homogenization is employed to 

simulate the cases with higher volumetric fractions of non-clay minerals. The RVEs are generated 

containing clay-water composites as matrix and non-clay minerals as inclusions. The inclusions 

are similar and are placed with aligned configuration like the cases depicted in Figure 3-7 and their 

area are calculated based on the volumetric content of the non-clay minerals. Like Section 3.6.2, 

the experimental data of elastic modulus and Poissonôs ratio conducted by loading 1 mm/min and 

9 mm/min are selected. The modeled outcomes for all cases are shown in Figure 3-9 and Figure 

3-10 for Kaolinite-sand and Bentonite-sand respectively at selected temperatures (i.e., -0.5°C, -

5.0°C, -10°C, and -15°C). The presented simulation data shows the rate of increase of elastic 

modulus of Kaolinite-sand with respect to the volume fraction of non-clay mineral is less than 

Bentonite-sand. Moreover, unless the simulated elastic modulus results, Poissonôs ratio data 

displays an increasing trend as the volume fraction of clay-water composites augments. Finally, it 

can be found that as the temperature decreases, the Poissonôs ratios converge. 



 

46 

 

  
 (a) (b) 

Figure 3-9  Elastic properties of Kaolinite-sand at selected temperatures with different volume fractions of clay-

water composites for the cases with (a) 1 mm/min and (b) 9mm/min loading 

  
 (a) (b) 

Figure 3-10 Elastic properties of Bentonite-sand at selected temperatures with different volume fractions of clay-

water composites for the cases with (a) 1 mm/min and (b) 9mm/min loading 

3.7.2 Comparison with other analytical and numerical solutions 

In this section, the results of the elastic modulus for both artificially frozen sands across different 

volumetric fractions of clay-water composites at two temperatures (i.e., T = -0.5 °C and T = -15 

°C) for the cases with 1mm/min and 9 mm/min loadings simulated are compared with the 
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analytical methods introduced in Section 3.4. The graphs of the elastic modulus versus volume 

fraction of clay-water composites are drawn in Figures 3-11 and 3-12 for Kaolinite-sand and 

Bentonite-sand, respectively. The comparison shows that the difference between analytical 

solutions and the current method is increasing as the volume fraction of clay-water composites 

decreases. Furthermore, the error ratio between the numerical method and analytical solution of 

the cases with T = -0.5 oC is more than the error ratio of the cases with T = -15 oC which can be 

inferred that the error ratio between the analytical and numerical methods decreases as the 

temperature drops and the elastic modulus increases. 

Subsequently, the model was rerun with an exceedingly high interface stiffness parameter. This 

was done to simulate the elastic properties of RVEs, aiming to assess the impact of these properties 

in scenarios where a rigid bond exists between the non-clay minerals and the clay-water 

composites. The numerical meshing, the inclusion configurations within the REVs, and the 

material properties were retained as in the XFEM models. The comparisons, as illustrated in 

Figures 3-11 and 3-12, reveal that the error ratio between the XFEM and rigid bond model 

augments with the increasing volume fraction of non-clay minerals. Notably, for cases at T = -0.5 

°C, the rigid bond model appears unreliable for cases with fcw of clay-water composites less than 

0.7. It's also observed that the error ratio between the outcomes of the XFEM and the rigid bond 

model for cases with a 9 mm/min loading is lesser than for those with a 1 mm/min loading under 

identical conditions. 
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T = -0.5 oC 

  
T = -15 oC 

  
 (a) (b) 

Figure 3-11 Modeling of elastic modulus of Kaolinite-sand at T = -0.5 oC (first row) and T = -15 oC (second row) 

with different volume fraction of clay-water composites: Comparison of modeled elastic modulus between Reuss, 

DEM, Rigid bond, and XFEM for the cases with (a) 1 mm/min and (b) 9mm/min loading 
T = -0.5 oC 

  
T = -15 oC 

  
 (a) (b) 

Figure 3-12 Modeling of elastic modulus of Bentonite-sand at T = -0.5 oC (first row) and T = -15 oC (second row) 

with different volume fraction of clay-water composites: Comparison of modeled elastic modulus between Reuss, 

DEM, Rigid bond, and XFEM for the cases with (a) 1 mm/min and (b) 9mm/min loading 

3.7.3 Randomly generated models 

As previously mentioned, to maintain generality, the inclusions were symmetrically distributed 

and aligned uniformly. In this section, new REVs with randomly generated inclusions are 
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simulated, drawing from the graph depicting particle diameter of the non-clay minerals of 

experimental samples versus percentage passing as provided by Girgis (2019). These simulations 

use the same inputs from the modeling of the previous sections' to investigate variations in the 

results. Accordingly, both Kaolinite-sand and Bentonite-sand REVs were designed with inclusions 

generated at random. To ensure the consistency and reliability of the results, three distinct REVs, 

each with a different number of inclusions, were established for both types of artificially frozen 

sands. The methodology behind the random generation of inclusions is elaborated upon in Nguyen 

et al., (2020) and Norouzi et al., (2022). The configurations of these REVs are displayed in Figure 

3-13 for both Kaolinite-sand and Bentonite-sand. 

   
(a) (b) (c) 

   
(d) (e) (f) 

Figure 3-13  Numerical meshing of REVs with randomly generated of Kaolinite-sand with fnc=0.27 with (a) 14, (b) 

15, (c) 13 inclusions and Bentonite-sand with fnc=0.18 with (d) 9, (e) 10, (f) 11 inclusions. 

The derived values for the elastic modulus and Poissonôs ratio, corresponding to selected 

temperatures, are presented in Table 3-4 (for Kaolinite-sand) and Table 3-5 (for Bentonite-sand), 
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specifically for the cases with a 9mm/min loading. Given that the REVs aren't symmetrical, the 

homogenized elastic properties differ between horizontal and vertical orientations. Differences 

between the mean elastic properties and the experimental data are quantified in the last two 

columns of both tables. 

Table 3-4 The results of simulated elastic properties of Kaolinite-sand with randomly generated inclusions in xx and 

yy directions and absolute error ratio with respect to experimental data at different temperatures 

Temperature 
Sample 

number 

Exx 

(MPa) 
ɜxx (-) 

Eyy 

(MPa) 
ɜyy (-) 

Emean 

(MPa) 
ɜmean (-) 

Error of 

Emean 

Error of 

ɜmean 

T= -0.5 oC a 19.140 0.290 19.040 0.290 19.090 0.290 3.974% 3.333% 
 b 19.170 0.289 19.050 0.289 19.110 0.289 3.873% 3.667% 
 c 19.270 0.291 18.700 0.296 18.985 0.294 4.502% 2.167% 

T= -5 oC  a 78.630 0.223 78.390 0.222 78.510 0.223 3.372% 3.261% 
 b 78.630 0.214 78.090 0.221 78.360 0.218 3.557% 5.435% 
 c 79.300 0.224 76.930 0.229 78.115 0.227 3.858% 1.522% 

T= -10 oC a 154.030 0.204 153.450 0.203 153.740 0.204 3.369% 3.095% 
 b 153.670 0.205 154.030 0.204 153.850 0.205 3.300% 2.619% 
 c 155.470 0.205 150.890 0.210 153.180 0.208 3.721% 1.190% 

T= -15 oC a 233.740 0.195 232.650 0.195 233.195 0.195 3.439% 2.500% 
 b 233.090 0.196 233.890 0.195 233.490 0.196 3.317% 2.250% 
 c 236.030 0.196 229.200 0.201 232.615 0.199 3.679% 0.750% 

 

Table 3-5 The results of simulated elastic properties of Bentonite-sand with randomly generated inclusions in xx and 

yy directions and absolute error ratio with respect to experimental data at different temperatures 

Temperature 
Sample 

number 

Exx 

(MPa) 
ɜxx (-) 

Eyy 

(MPa) 
ɜyy (-) 

Emean 

(MPa) 
ɜmean (-) 

Error of 

Emean 

Error of 

ɜmean 

T= -0.5 oC d 22.430 0.289 23.070 0.286 22.750 0.288 1.770% 0.862% 
 e 22.860 0.286 23.330 0.284 23.095 0.285 0.281% 1.724% 
 f 22.180 0.293 22.180 0.291 22.180 0.292 4.231% 0.690% 

T= -5 oC d 88.750 0.225 91.240 0.222 89.995 0.224 2.084% 0.667% 
 e 90.170 0.221 92.070 0.220 91.120 0.221 0.860% 2.000% 
 f 88.860 0.229 88.780 0.228 88.820 0.229 3.362% 1.556% 

T= -10 oC  d 163.700 0.200 168.440 0.197 166.070 0.199 2.128% 0.750% 
 e 166.270 0.196 169.830 0.195 168.050 0.196 0.961% 2.250% 
 f 164.740 0.204 164.180 0.203 164.460 0.204 3.076% 1.750% 

T= -15 oC d 248.570 0.190 255.960 0.187 252.265 0.189 2.086% 0.789% 
 e 252.550 0.186 257.930 0.185 255.240 0.186 0.932% 2.368% 

 f 250.780 0.194 249.570 0.193 250.175 0.194 2.897% 1.842% 

The errors calculated fall within an acceptable range, underlining the stability of the results. This 

suggests that the use of numerical homogenization, combined with the calibrated interface stiffness 
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parameters derived from aligned inclusions, can be effectively extended to REVs with randomly 

generated inclusions, while maintaining an acceptable error margin. Additionally, to highlight the 

influence of the temperature on the clay-water composite's stress, the von Misses stress contours 

for sample (c) of Kaolinite-sand are showcased in Figure 3-14 This is done across various 

temperatures (i.e., T = -0.5 °C, T = -5 °C, T = -10 °C, and T = -15 °C), in both horizontal and 

vertical orientations. 

Horizental direction 

    
(a) (b) (c) (d) 

Vertical direction 

    
(e) (f) (g) (h) 

Figure 3-14  The von Misses stress contours of sample (c) of Kaolinite-sand at (a) T = -0.5 oC, (b) T = -5 oC, (c) T = 

-10 oC, and (d) T = -15 oC in horizontal direction and (e) T = -0.5 oC, (f) T = -5 oC, (g) T = -10 oC, and (h) T = -15 
oC in vertical direction with imperfect bonding between matrix and inclusions 
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xx direction 

    
(a) (b) (c) (d) 

yy direction 

    
(e) (f) (g) (h) 

Figure 3-15  The von Misses stress contours of sample (c) of Kaolinite-sand at (a) T = -0.5 oC, (b) T = -5 oC, (c) T = 

-10 oC, and (d) T = -15 oC in horizontal direction and (e) T = -0.5 oC, (f) T = -5 oC, (g) T = -10 oC, and (h) T = -15 
oC in vertical direction with rigid bonding between matrix and inclusions. 

Figure 3-14 indicates that as the temperature reduces, the rate of increase of stress around the 

bonding of matrix and inclusions will be higher than the rate of stress increase within matrix and 

inclusion. This is because in this simulation, the elastic properties of inclusions remain constant 

at different temperatures. Furthermore, utilizing the XFEM, the stress concentration around the 

inclusions is distributed more smoothly compared to analogous cases modeled with rigid 

bonding, as depicted in Figure 3-15. 

3.7.4 Limitations 

While this study provides valuable insights into estimating the homogenized elastic properties of 

frozen soils, it is important to acknowledge its limitations. The homogenization method discussed 

here overlooks factors such as plasticity, the impact of ice lenses, and anisotropy, potentially 

compromising the accuracy of the results. Additionally, the focus solely on saturated frozen soil 
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samples neglects the potential differences in behavior exhibited by unsaturated frozen soils. The 

presence or absence of water within the soil matrix can significantly influence its mechanical 

properties and responses to freezing, introducing complexities that may not be fully addressed by 

the proposed method. Unsaturated soils may manifest distinct deformation mechanisms and 

hydraulic behaviors compared to their saturated counterparts under freezing conditions. As a 

result, the findings and conclusions of this study may not be entirely applicable to unsaturated 

frozen soils. Future research endeavors should aim to explore and rectify these limitations to foster 

a more comprehensive understanding of frozen soil mechanics. 

3.8 Conclusions 

In this paper, we present a novel method to estimate the homogenized elastic properties of frozen 

soils, drawing on both analytical and numerical models. The numerical approach is applied to 

estimate the elastic properties of two artificially frozen sandy clay samples with known 

temperature-dependent elastic properties. The following conclusions can be drawn from our 

investigations:  

¶ The results from DEM modeling are reliable when the volume fraction of matrix or clay-

water composites is higher than 0.7. For cases with a matrix volume fraction under 0.7, the 

results prove to be less reliable. Through an inversion approach using DEM, the elastic 

parameters of clay-water composites can be obtained using laboratory results on samples 

with fcw higher than 0.7, which serves as the critical input for the subsequent numerical 

homogenization using XFEM.  

¶ A 2D numerical homogenization is conducted using the XFEM by considering the 

imperfect bond among frozen clay-water composites and nonclay minerals. Conventional 

numerical homogenization approach like the FEM rigidly defines the bonding between 
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inclusions and the matrix. The neglect of imperfect bonds among clay-water composites 

and nonclay minerals will lead to unrealistic outcomes, particularly in cases with a high 

fraction of inclusions. 

¶ The interface stiffness parameter, which signifies the cohesiveness between the matrix and 

the inclusions, has been calibrated across a range of temperatures. This calibrated interface 

parameter has been crucial in the application of the REVs with a significant fraction of 

non-clay minerals, facilitating accurate predictions of their elastic properties. The 

numerical homogenization model revealed insights into the behavior of the interface 

stiffness parameter concerning temperature variations. Unlike Poissonôs ratio, the 

calibrated interface parameter increases as temperature decreases like elastic modulus. 

Moreover, the values of the interface stiffness parameter of the Bentonite-sand are 

considerably higher than those of Kaolinite-sand. This difference can be attributed to the 

differences in mineralogical composition and water content.   

For simplicity, the inclusion distribution can be kept aligned and symmetric. However, when 

models with randomly generated inclusions were introduced, variations in the elastic properties 

could be noticed. Our results highlight the need to account for non-homogeneous distributions in 

practical applications. 
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Preface to Chapter 4. 

 

The behavior of unsaturated freezing soils poses a unique challenge in the field of geotechnical 

engineering, particularly in cold regions where frost actions significantly impact soil stability and 

infrastructure integrity. This chapter presents a comprehensive computational model to analyze 

the coupled thermal, hydraulic, and mechanical processes in unsaturated soils under frost 

conditions. Utilizing the finite element method, this study introduces a new soil freezing 

characteristic curve model that incorporates air-water capillary pressure and water-ice cryosuction. 

By verifying the model against experimental data, we demonstrate its robustness and provide a 

detailed discussion on the influence of different pore pressure components. This work aims to 

bridge the gap in our understanding of unsaturated soil behavior during freezing and thawing 

cycles, offering valuable insights for future research and practical applications. 
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Chapter 4  

 

4 Finite element modeling of thermal-hydro-mechanical 

coupled processes in unsaturated freezing soils considering 

air-water capillary pressure and cryosuction.2 

 

4.1 Abstract 

This paper presents a comprehensive computational model for analyzing thermo-hydro-

mechanical coupled processes in unsaturated porous media under frost actions. The model employs 

the finite element method to simulate multiphase fluid flows, heat transfer, phase change, and 

deformation behaviors. A new soil freezing characteristic curve model is proposed to consider the 

suctions from air-water capillary pressure and water-ice cryosuction. A total pore pressure with 

components from liquid water pressure, air pressure, and ice pressure is used in the effective stress 

law.  Vapor and dry air are considered miscible gases, utilizing the ideal gas law and Dalton's law. 

The governing equations encompass the linear momentum balance equation, the energy balance 

equation, and mass conservation equations for water species (ice, liquid, and vapor) and dry air. 

Weak forms are formulated based on primary variables of displacement, water pressure, air 

pressure, and temperature. The spatial discretization is achieved through the finite element method, 

while temporal discretization employs the fully implicit finite difference method, resulting in a 

                                                 

2
 A version of this manuscript has been published in the journal of  International Journal for Numerical and 

Analytical Methods in Geomechanics (2024). 



 

57 

 

system of fully coupled nonlinear equations. To verify the proposed computational model, a 

numerical implementation is developed and validated against a set of experimental data from the 

literature. The successful verification demonstrates the robustness of the model. A detailed 

discussion of the contributions from phase change strain and different sources of pore pressure is 

also addressed.  

Keywords: Unsaturated soils, frost actions, finite element method, pore pressure, thermo-hydro-

mechanical coupling  
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4.2 Introduction  

Frozen soils, comprising soil particles, water, ice, and air are naturally abundant in various 

geographical regions such as seasonal frozen and permafrost layers, arctic and subarctic zones, 

and loess sediments, where prolonged periods of freezing temperatures are prevalent (Kadivar and 

Manahiloh, 2019). Moreover, there has been a recent surge in the utilization of the Artificial 

Ground Freezing (AGF) technique to temporarily enhance soil bearing capacity and regulate 

ground and groundwater movement in civil engineering applications such as tunneling, pipelining, 

mining, and slope constructions (Vitel et al., 2015; Xu et al., 2019). However, the cyclic freezing 

and thawing poses a threat and may cause a set of Geo-Risks (e.g., infrastructure damages, 

subsidence, borehole failures). The concern is amplified by the impact of climate change, which 

brings about more frequent and severe weather events (Na and Sun, 2017). Frozen soils can be 

categorized as either saturated, lacking air, or unsaturated, where air is present within the medium. 

Freezing processes in saturated and unsaturated frozen soil can give rise to frost heave, resulting 

in an expansion of the soil volume. Frost heave occurs when the freezing process increases the 

volume of water migration and water crystallization, causing the separation of soil particles. Frost 

heave poses a significant risk in cold regions, often leading to engineering disasters such as pipe 

ruptures and foundation damage. In fully saturated soils, where all pores are already filled with 

pore water, the increased volume of water migration and crystallization leads to frost heave. 

However, in unsaturated cases, a portion of the volume expansion is initially allocated to fill the 

pores, with the remaining increased volume causing frost heave (Bai et al., 2020). The prediction 

of frost heave becomes a more intricate task, as it cannot be solely determined by variations in 

total water and air content. In addition, unlike saturated soil, the prediction of frost heave in 

unsaturated soil should consider additional physical variables such as air flux (Li et al., 2021). 
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The attempts to simulate frozen soil can be generally categorized to thermo-hydro (TH), thermos-

mechanical (TM), and thermo-hydro-mechanical (THM) modeling (Arzanfudi and Al-Khoury, 

2018). TH modeling considers mass balance and energy balance equations to study the temperature 

variations and water, vapor, and ice movement in the medium. To relate the governing equations, 

many studies have been conducted to include the complex behavior of freeze-thaw phenomena 

through analytical, experimental, and numerical approaches. The aspects cover phase transition, 

cryo-suction, and premelting dynamics (Mikkola and Hartikainen, 2001; Zhou and Meschke, 

2013). To estimate the total water content in an unsaturated frozen soil, Kurylyk and Watanabe, 

(2013) conducted a comprehensive mathematical study to elucidate various forms of the Clapeyron 

equation and the connection between the soil moisture curve and soil freezing curve under both 

saturated and unsaturated freezing conditions. They also developed a model to estimate the 

hydraulic conductivity of partially frozen soil. Generally, Bi et al., (2023) examined a collection 

of 29 models and categorized them into four groups: theoretical models, soil water characteristic 

curve (SWCC)-based models, empirical models, and estimation models. Using the above 

constitutive relations, many TH models are developed and verified by experimental data. 

Mizoguchi, (1990) conducted a set of experiments to measure the variation of total water content 

during freezing using a vertical biaxial sample. This experiment has been employed to validate 

some numerical simulations (Liu and Yu, 2011; Painter, 2011; Peng et al., 2016; Stuurop et al., 

2021). A list of inputs is available in a thermo-hydro numerical simulation conducted by Hansson 

et al., (2004). They have developed numerical simulations using a mixed formulation for both 

water flow and heat transport without considering vapor movement and frost heave. The 

combination of the Van Genuchten, (1980) soil water characteristic (SWC) curve and a modified 

Clapeyron equation was employed to estimate liquid and ice saturations during freezing in 
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unsaturated soils. A lower freezing temperature was determined for unsaturated soil due to pre-

freezing pressures (suction). Additionally, DallôAmico et al., (2011) suggested that the total water 

content could be determined independently of temperature using the van Genuchten equation. To 

enhance the understanding of freezing processes, it is crucial to establish comprehensive 

constitutive equations that describe the relationship between cryogenic suction and capillary 

pressure. Painter and Karra, (2014) proposed a constitutive relation to calculate ice, water, and air 

saturations for unsaturated frozen soils by considering temperature, water pressure, and air 

pressure. Another benchmark experimental data of soil freezing was reported by Jame and Norum, 

(1980).Similar to the previous case, they conducted a set of 1D freezing experiments but in a 

horizontal direction. The numerical inputs are available in Painter, (2011) and Peng et al., (2016) 

for different cases and boundary conditions. Using the central Finite Difference Method (FDM) to 

discretize the equations in both spatial and temporal, Pengôs model that is based on non-

equilibrium ice-water interfaces and is verified by the above-mentioned two sets of experimental 

data (Peng et al., 2016). Additionally, Chen et al., (2022) developed an improved TH-coupled 

model based on the Finite Element Method (FEM) model and applied it to verify their model with 

the experimental data by Jame and Norum. These studies primarily focus on variations in 

temperature and volumetric water content. Furthermore, in modeling unsaturated frozen soil, the 

study of vapor movement during freezing requires additional governing equations (Gawin et al., 

2019). However, the effect of vapor movement on water content has been mostly neglected in the 

literature, with only a few studies addressing that the vapor movement cannot be neglected when 

initial water content is low (He et al., 2020). 

Previous research on modeling frost actions in unsaturated soils mainly focused on thermo-

hydraulic responses while neglecting geomechanical behavior for simplicity. By adding the 
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momentum balance equation to the system of coupling equations, the deformation and stress 

changes of the medium can be identified. The current THM models for frozen soils are mainly 

developed for fully saturated frozen geomaterials (Arzanfudi and Al-Khoury, 2018; Koniorczyk 

et al., 2015; Thomas et al., 2009; Yang et al., 2015).  Among these THM models for frozen soils, 

Nishimura et al., (2009) derived a formulation and numerically applied a fully coupled THM 

analysis of elastoplastic water-saturated frozen soils, considering the freezing and thawing 

processes by incorporating the concept of cryo-suction. Bekele et al., (2017) developed a 

numerical model to estimate frost heave in saturated porous media using the Isogeometric Analysis 

(IGA) technique. Recently, there has been increased attention given to coupled THM models for 

unsaturated soils (Liu and Yu, 2011; Teng et al., 2020). Bai et al., (2020) proposed a frost heave 

model for saturated-unsaturated soils by introducing an effective strain ratio to establish the 

relationship between frost heave strain in unsaturated soils and the fields of moisture and 

temperature. The back-calculated effective strain ratio was incorporated into the displacement 

equations, and the results were verified against their experimental data, although their model did 

not consider pore pressure. Huang and Rudolph, (2021) presented a THM model to analyze frost 

heave in variably saturated freezing soils. The gas phase contains vapor, and the transport of dry 

air was neglected for simplicity. The model was verified using laboratory test data from the 

literature. The void ratio was used as a dependent variable to demonstrate the link between ice lens 

segregation, stress-deformation, and the evolution of the void ratio. Li et al. validated their 

numerical model with Mizoguchiôs experimental data and their comprehensive uniaxial 

experiments (Li et al., 2021). Water content, vapor, and temperature variations as well as the frost 

heave were included in their numerical results. Similarly, Wu and Ishikawa, (2022) developed a 

thermo-hydro-mechanical model to simulate the freezing process of partially saturated frost 
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susceptible soils in Hokkaido. Their multiphysics simulations aligned well with frost heave tests 

on Touryo soil and Fujinomori soil, indicating that the frost heave ratio is proportional to the initial 

degree of saturation and inversely proportional to the cooling rate and overburden pressure. 

Nevertheless, previous models have not adequately characterized pore water, pore ice pressure, 

and pore air pressure, resulting in an unclear definition of the effective stress law. Model 

formulations have varied significantly due to different researchers' backgrounds (Gawin et al., 

2020). There is a lack of a comprehensive and inclusive finite element formulation for describing 

the thermal-hydro-mechanical coupled processes in unsaturated freezing soils considering pore 

pressure components from liquid water, air, and ice (Li et al., 2024). 

In this study, we propose a novel fully coupled THM numerical model, implemented within a finite 

element framework, to simulate the frost actions in unsaturated porous media. A new soil freezing 

characteristic curve (SFCC) model is applied to consider the suctions from air-water capillary 

pressure and water-ice cryosuction. Thus, liquid water pressure, air pressure, and ice pressure are 

treated as parts of the total pore pressure. The general governing equations of THM coupling are 

derived based on the fundamentals of continuum mechanics. The spatial discretization of the 

governing equations is performed using the FEM and the time-dependent equations are solved 

using the FDM. To demonstrate the efficacy of the developed equations and numerical code, data 

from a recently published experimental test is used for validation.  

4.3 Mathematical models of unsaturated frozen medium 

This section covers the basic physical properties or models that serve as the fundamentals of THM-

coupled processes in an unsaturated frozen soil. A notation list of parameters is presented in 

Appendix A. Similar formulations can be found in other theoretical developments for porous 

media (Khoei and Mortazavi, 2020; Mortazavi et al., 2023). 
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4.3.1 Volumetric relation  

The volumetric content of each phase, denoted by —, is determined by dividing the volume of that 

specific phase (Ŭ) by the total volume (V). The phases considered include soil (s), water (w), ice 

(i), and moist air (g). 

—
ὠ

ὠ
 (4.26) 

Moreover, porosity is defined as the ratio of void volume (i.e., ὠ ὠ ὠ) to the total volume: 

ὲ
ὠ

ὠ
  (4.27) 

The saturation of water, ice, and air, denoted as Ὓ, can be expressed as the respective volume ratio 

divided by the porosity as follows: 

Ὓ
—

ὲ

ὠ

ὠ
ȟ     ‌ ύȟὫȟÉ 

(4.28) 

The summation of saturations is unity. Figure 4-1 shows the components of an unsaturated frozen 

soil and their corresponding volumetric ratios. 

 
Figure 4-1 Sketch showing the configuration of different phases of an unsaturated frozen soil. 
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4.3.2 Capillary pressure 

According to the capillary theory, the discontinuity pressure between air pressure and pore water 

pressure in an unsaturated soil can be written as: 

ὖ ὖ ὖ (4.29) 

in which ὖ, ὖ, and ὖ are air-water capillary pressure, moist air pressure, and water pressure, 

respectively. A similar relation between ice pressure (ὖ) and pore water pressure in a partially 

frozen soil (ὖ ) can be written for the cryosuction pressure ὖ : 

ὖ ὖ ὖ  (4.30) 

Defining ɓ as the ratio of ice-liquid to liquid-air surface tensions which can be either 1.0 for solidï

liquidïsolid (SLS) soils or 2.2 for solid-to-solid (SS) soils (Kurylyk and Watanabe, 2013), we have 

(Painter and Karra, 2014):   

ὖ
ὖ

‍
 (4.31) 

The SS soil is characterized by the absence of colloidal materials and consists of soil types like 

sand, silt, or coarse clay fractions where particles have direct solid-to-solid (SS) contacts. On the 

other hand, SLS soil represents a scenario where soil particles are consistently separated by liquid 

water. SLS soil typically involves clay-water composites. According to Kurylyk and Watanabe, 

(2013), the ɓ  coefficient is dependent on the interface energies from different interface components 

in an unsaturated frozen soil.  

The modified Clausius-Clapeyron equation describes the relationship between temperature, ice 

pressure, and pore water pressure in partially frozen soil. The equation is as follows (Kay and 

Groenevelt, 1974): 
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ὒ

Ὕ
ὨὝ

Ὠὖ

”

Ὠὖ

”
 (4.32) 

In Equation (4.32), ”  and ” are the densities of water and ice respectively. ὒ is the latent heat, 

T is the temperature, and Ὕ ςχσȢρυ + represents the reference temperature. Through the 

integration of the above differential equation of equilibrium and assuming that ice pressure at 

freezing point equals air pressure, the following equations can be obtained to quantify the freezing 

point temperature: 

ὒ

Ὕ
Ὕ Ὕ

ὖ

”

ὖ

”
 (4.33) 

where Ὕ is the freezing point temperature which can be calculated by assuming ” ḙ”: 

Ὕ Ὕ
Ὕ

ὒ”

ὖ

‍
 (4.34) 

4.3.3 SWCC and SFCC 

As mentioned in the introduction, to find water, ice, and air saturations in an unsaturated frozen 

medium, many soil freezing characteristic curve (SFCC) models have been proposed in the 

literature and most of them are soil water characteristic curve (SWCC)-based models. However, 

previous SFCC models mainly consider temperature as a dependent variable for calculating ice 

saturation results (Huang and Rudolph, 2021). The neglect of the dependency of ice saturation on 

air-water capillary pressure will bring numerical issues because the partial derivative term of ice 

saturation over capillary pressure is needed in the numerical implementation. In this study, we 

intend to solve this numerical issue by introducing an SFCC model with the consideration of air-

water capillary pressure and temperature.  
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Introducing the volumetric total water content as — — —, the model of Van Genuchten, 

(1980) is employed in this study, to estimate the water, ice, and air saturations as a function of 

capillary pressure and temperature. The model is presented as: 

¶ Above freezing point temperature (Ὕ Ὕ), ice content is zero. Therefore, total water 

content equals volumetric water content: 

— — — — ρ ‌ὖ  

Ὓ
—

ὲ
ȟ Ὓ ρ Ὓ  

(4.35) 

¶ Under freezing point temperature (Ὕ Ὕ), we have: 

— — — — ρ ‌
ὖ

‍
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(4.36) 

in which, ‌, ά , and ὲ are the curve fitting parameters. It should be noted that the total suction 

pressure in Equation 4.11 contains the component from air-water capillary pressure and the 

component from cryosuction (quantifying using the Clausius-Clapeyron equation). The 

component from cryosuction is approximated using ” Ὕ Ὕ . The introduction of  in 

Equation 4.11 can be treated as converting the capillary pressure to an equivalent amount of 
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cryosuction pressure, thus, to consistently apply the SFCC. When we only include  as suction, 

ice will be treated as a part of water, thus allowing the determination of the total water content 

— . In contrast, if both air-water capillary pressure and cryosuction are included in the van 

Genuchten model, the liquid water content — can be derived. The inclusion of ὖ term in Equation 

4.11 will generate reasonable values for the term of  in the subsequent FEM formulation.  

According to the Daltonôs law,(Moran et al., 2010) moist air pressure is a combination of dry air 

(ga) pressure and vapor (gw) pressure, the pressure of moist air can be expressed as (Lewis and 

Schrefler, 1998): 

ὖ ὖ ὖ  (4.37) 

where ὖ  and ὖ  are the vapor pressure and dry air pressure, respectively. Vapor pressure can 

be calculated using the Kelvin-Laplace law by defining relative humidity as follows (Khoei et al., 

2021): 

Ὤ
ὖ

ὖ
ÅØÐ

ὖὓ

”ὝὙ
 (4.38) 

In Equation 4.13, ὖ  is saturated vapor pressure as a function of temperature. In this study, we 

assume that the moist air behaves as a perfect gas following the ideal gas law to find dry and vapor 

densities (Lewis and Schrefler, 1998): 

”
ὖ ὓ

ὝὙ
ȟ ”

ὖ ὓ

ὝὙ
ȟ ” ” ”  (4.39) 

 where ὓ  and ὓ  are the molar masses of the constituents of dry air and water; R is the universal 

gas constant, and ” is the density of moist air. 
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4.3.4 Darcyôs law 

The hydraulic conductivity of the porous medium changes continuously during the 

freezing/thawing process depending on the degree of water saturation i.e., as a function of 

temperature and capillary pressure. To calculate the hydraulic conductivity at a given temperature, 

a relative hydraulic conductivity parameter is introduced into the Darcyôs law: During freezing, a 

part of wider pores is closed by frozen water. Nevertheless, at the macro-scale level, the volume-

averaged advective flux of liquid water (i.e. caused by pressure gradients) still can be described 

by the Darcyôs law (Gawin et al., 2019): 

ὲὛἾȟ
ἳὯ

‘
ὖɳ ”Ἧȟ     ‖ ύȟὫ (4.40) 

in which k = kI  represents intrinsic permeability while I  is the identity matrix. Additionally, ‘ is 

viscosity, g is the acceleration due to gravity, and Ὧ  is the relative permeability of ə. Considering 

the effect of freezing, the relative permeability for water and air is given as: 

Ὧ   Ὓ ρ ρ Ὓ  (4.41) 

Ὧ ρ Ὓ ρ Ὓ  (4.42) 

In Equation 4.16,   ρπ  is the phenomenological impedance factor of ice that reduces the 

hydraulic conductivity of soil, where Ὁ is an empirical constant and ὗ  is the mass ratio 

of ice over the total water (Hansson et al., 2004; Kurylyk and Watanabe, 2013). 
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4.3.5 Fickôs law 

To explain the diffusive-dispersive mass flux, the Fickôs law is employed for dry air and water 

vapor phases (Lewis and Schrefler, 1998): 

ἔ ”Ἆᶯ
”

”
ȟ     ‖ ὫύȟὫὥ (4.43) 

where Ἆ  is the effective dispersion tensor of the diffusing phase and can be proven that  Ἆ

Ἆ  since (Lewis and Schrefler, 1998): 

ᶯ
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ᶯ
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”
 (4.44) 

Equation 4.18 can be rewritten as follows: 

ἔ ”
ὓὓ

ὓ
Ἆ ᶯ

ὖ

ὖ
ἔ  (4.45) 

in which, ὓ  is the molar mass of the gas phase and can be found as: 

ὓ
”

”

ρ

ὓ

”

”

ρ

ὓ
 (4.46) 

4.3.6 Fourierôs law 

Conductive heat flux in materials below the freezing point of water is assumed to follow 

Fourierôs law (Gawin et al., 2019): 

Ἱ ʇ Ὕɳ (4.47) 

Here, ʇ  is the overall thermal conductivity of porous media which is a function of the thermal 

conductivity of each phase and their corresponding volumetric fractions (Li et al., 2021): 
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‗ ‗ ‗ ‗ ‗  (4.48) 

4.3.7 Material nonlinearity  

In this paper, to incorporate the nonlinear behavior of unsaturated frozen soil, an associative 

Drucker-Prager model has been chosen (Drucker and Prager, 1952). The yield function (Ʉ) is 

defined as (de Souza Neto et al., 2011): 

ɩ ȟὧ
ρ

ς
Ἳ ȡἻ –ὴ ‚ὧ (4.49) 

where , Ἳ, and ὴ are effective stress, deviatoric stress, and hydrostatic pressure, and ὧ is 

cohesion. The selection of parameters ɖ and ɝ is based on the approximation of the Mohr-Coulomb 

plasticity model (Sanei et al., 2022). For a 2D plane strain model, these parameters are expressed 

as: 

–
σÔÁÎ‰

ω ρςÔÁÎ‰
 

‚
σ

ω ρςÔÁÎ‰
 

(4.50) 

where ʟ  is the friction angle. To correct the stress-strain relation, two return-mapping algorithms 

are utilized for smooth portions of the cone and its apex. The details of stress-strain correction and 

the derivation of the tangential stiffness matrix are described in de Souza Neto et al., (2011) 

Previous experimental results have demonstrated that the plasticity parameters of the constitutive 

model are highly dependent on the applied temperature Girgis et al., (2020). The hardening 

parameters can be explicitly considered in the numerical modeling by including temperature (Yu 

et al., 2022; Zhang and Michalowski, 2015). 
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4.3.8 Elasticity in a partially saturated frozen soil 

According to Bekele et al., (2017), the following relation can be used to relate effective stress and 

effective strain: 

ÄⱭ Ἆ ὨⱠ ὨⱠ ὨⱠ  (4.51) 

where ů' represents the effective stress vector, Ἆ  is the tangential constitutive matrix, and dŮ 

represents the total strain increment vector. Moreover, the increment strain due to phase change 

(dŮph) for unsaturated freezing condition is modified as: 

ὨⱠ ḙ
‍

σ

ὲ” ”

”Ὓ ”Ὓ
Ὠί ἓ (4.52) 

The relation is developed based on the mass balance of water and ice during the phase, where,  ‍  

π ‍ ρ is the adjustment coefficient for unsaturated porous media that can be assigned an 

approximate value equivalent to the initial water saturation. The application of the strain increment 

herein mirrors the concept of integrating a porosity evolution term due to water-ice phase change 

(Michalowski and Zhu, 2006; Vosoughian and Balieu, 2023). 

Considering ‍ as the thermal expansion coefficient of the solid skeleton, a linear relation can be 

used to calculate the thermal elastic strain increment (dŮT) (Bekele et al., 2017; Lewis and 

Schrefler, 1998): 

ὨⱠ
‍

σ
ὨὝἓ (4.53) 

4.4 Balance equations 

This section presents the fundamental form of the governing equations for porous media, 

specifically focusing on the phase change induced by freezing and thawing processes. These 
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processes can be effectively modeled using THM analysis, which considers the interactions 

between the different phases involved. 

4.4.1 Linear momentum balance equation 

Equation 4.29 represents the conservation of linear momentum in the porous media, which states 

the balance between the divergence of the total stress tensor (ů) and body force (b): 

ẗɳ Ἢ  (4.54) 

where ɳ ộ‬Ⱦ‬ὼ‬Ⱦ‬ώ‬Ⱦ‬ᾀỚ represents the gradient operator and "ẗ" denotes the dot product. 

According to Yin et al., (2023), the total stress can be approximated using the effective stress and 

pore pressure components: 

Ɑ Ɑ Ὓὖἓ Ὓὖἓ Ὓὖἓ (4.55) 

where Ɑ is the effective stress. Thus, in Equation 4.30, saturations of individual components (fluid 

water, air, and ice) are used as weight coefficients for their pore pressure components.  

4.4.2 Mass balance equations 

The general equation for the conservation of mass for each phase is given by: 

$

$ὸ
—” —” ẗɳἾ ά πȟ     ‌ ίȟύȟὭȟὫ (4.56) 

In Equation 4.31, $ᶻȾ$ὸ ᶯᶻẗἽ ‬ᶻȾ‬ὸ is the material time derivation (Khoei et al., 

2021), Ἶ and ” represents the velocity and density of the Ŭ phase, and ά  is the rate of increase 

or decrease of mass per volume for the Ŭ phase. 
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By combining the conservation of mass equations for water, ice, and vapor, and assuming that the 

rates of mass change for water and ice are equal but with opposite signs during freezing and 

thawing (i.e., ά ά ), the following equation can be obtained (Gawin et al., 2020): 
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(4.57) 

It should be noted that water evaporation/condensation rate is neglected in the mass balance of 

Equation 4.32.  

The mass balance equation for dry air can be written as (Gawin et al., 2020): 
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(4.58) 

In the above equations, the velocity of solid particle is given by Ἶ
Ἵ
 with u as the displacement 

of the medium. In addition, the terms ‍  and ‍  represent the equivalent thermal expansion 

coefficients for the mass changes of the unsaturated frozen soil and solid air mixture: 

‍ ρ ὲ ” Ὓ ”Ὓ ‍ ὲ”Ὓ‍ ὲ”Ὓ‍ (4.59) 

‍ ρ ὲὛ” ‍ (4.60) 
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4.4.3 Energy balance equation 

It is assumed that all the phases are locally in a state of thermodynamic equilibrium and the change 

in thermal state caused by the liquid water evaporationïdesorption is neglected. Thus, the energy 

balance equation of the medium can be derived as (Li et al., 2021): 

”ὅ
‬Ὕ

‬ὸ
ἩẗɳὝ ẗɳ‗ Ὕɳ ὒ”

‬—

‬ὸ
ὒ”
‬—

‬ὸ
π (4.61) 

Here, ὒ  and ὒ are latent heat coefficients for the water-vapor phase change and the water-ice 

phase change, respectively. In Equation 4.36, the heat transfer between the phases is neglected and 

it is assumed that the time rate of vapor content is almost zero (i.e., ḙπ). The equivalent heat 

capacity ”ὅ  is defined as (Li et al., 2021): 

”ὅ ρ ὲ”ὅ ὲὛ”ὅ ὲὛ”ὅ ὲὛ”ὅ (4.62) 

Additionally, a is the vector of advection of heat transfer in Equation 4.36, which is a function of 

relative velocities of water-solid Ἶȟ and air-solid Ἶȟ: 

Ἡ ὲὛ”ὅἾȟ ὲὛ”ὅἾȟ (4.63) 

4.5 Variational formulations  

In this study, displacement, pore water pressure, pore air pressure, and temperature are taken as 

primary variables. Accordingly, the initial conditions are defined as: 

Ἵ Ἵȟὖ ὖ ȟὖ ὖ ȟὝ Ὕ on ɋ  (4.64) 
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where, ɋ is the problem domain bounded by the boundary ũ. As shown in Figure 4-2, the boundary 

conditions could be either Dirichlet boundary conditions (ɜ) for predefined values or Neumann 

boundary conditions (ɜ) for traction and fluxes. Note that ɜ᷾ɜ ῲ and ɜ᷊ɜ .ɲ 

 

Figure 4-2 Sketch showing the problem domain and boundary conditions with primary variables 

(modified after (Khoei and Mortazavi, (2020)). 

¶ Dirichlet boundary conditions are expressed as follows: 

Ἵ Ἵ  on ɜ 

(4.65) 

ὖ ὖ  on ɜ  

ὖ ὖ  on ɜ  

Ὕ Ὕ  on ɜ 

in which the prescribed values of primary variables (i.e., Ἵ, ὖ, ὖ, Ὕ) are imposed on the 

essential boundary conditions ɜ, ɜ , ɜ , and ɜ, respectively. 

¶ Neumann boundary conditions are defined as: 

ẗἶ ἼӶ  on ɜ (4.66) 
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Here,  ἶ represents the unit outward vector normal to the boundary. ἼӶ denotes the traction, and 

ή , ή , ή , and ή  are water pressure, vapor pressure, dry air pressure, and thermal fluxes 

respectively on their corresponding natural boundary conditions (i.e., ɜ, ɜ , ɜ , ɜ ).  

To solve the governing equations, the weak form of the equations is obtained by integrating the 

strong forms (i.e., Equations 4.29, 4.32, 4.33, and 4.36) over the domain and multiplying them by 

their corresponding admissible test functions (ἥ , ἥ , ἥ , and ἥ ), followed by the application 

of the divergence theorem. The weak forms are given as:  

¶ Weak form of momentum balance equation: 

ἥɳ
‬Ɑ

‬ὸ
Ὠ  ἥ

‬ἼӶ

‬ὸ
Ὠῲ (4.67) 

¶ Weak form of mass balance equation for water species: 
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(4.68) 

¶ Weak form of mass balance equation for dry air: 
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(4.69) 

¶ Weak form of energy balance equation: 

To address the advection-dominated problems in the energy balance equation (i.e., Equation 4.36), 

the Stream Upwind/Petrov Galerkin (SUPG) method is implemented to improve the accuracy and 

stability of simulations. It involves augmenting the weighting function, which determines the 

contribution of each term in the equation, with an appropriate term. This modification enables the 

accounting of advection effects. According to a previous model, we also utilize an arbitrary 
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weighting function, denoted as ἥ ᶻ, which combines a continuous weighting function ἥ  and a 

discontinuous streamline upwind correction term as stated in Equation 4.45 (Brooks and Hughes, 

1982; Kelly et al., 1980): 

ἥ ᶻ ἥ †Ἡẗɳἥ   

with: 

†
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(4.70) 

here, † is an upwind parameter. It is derived based on the local Peclet number (ὴ  which is 

defined as: 

ὴ
ᴁἩᴁ

  (4.71) 

where he denotes the maximum length of the element of the mesh and ᴁϽᴁ is the Euclidean norm. 

By incorporating the computed arbitrary weighting function, the resulting weak form of the energy 

balance equation is expressed as: 
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4.6 FEM implementation 

4.6.1 Spatial discretization 

In this paper, the Finite Element Method (FEM) is utilized for spatial discretization of the 

governing THM equations. This technique involves dividing the domain into smaller elements, 

and within each element, the solution is approximated using shape functions. By reformulating the 

THM governing equations into a weak form, the FEM transforms the original partial differential 

equations into a system of algebraic equations that can be solved numerically. Consequently, the 

FEM approximation of the displacement, strain, pressure, and temperature fields can be expressed 

as follows: 

 Ἵὀȟὸ Ἒ ὀἣὸ 
 

(4.73) 
 ὀȟὸ Ἄ ὀἣὸ 

 

 ὖ ὀȟὸ Ἒ ὀἜ ὸ (  ́= w, g) 

 Ὕὀȟὸ Ἒ ὀἢὸ  

where, Ἒ ὀ, Ἒ ὀ, and Ἒ ὀ are shape functions of fields of displacement, fluid pressure, and 

temperature, respectively. Ἄ ὀ is the spatial derivative of shape function, and ἣὸ, Ἔ ὸ, and 

ἢὸ are the nodal values of displacement, fluid pressure and temperature fields, respectively. To 

enhance the numerical stability and accuracy of the results, linear test functions were utilized to 

discretize the water pressure and temperature, while second-order shape functions were employed 

to discretize the displacement in this THM-coupled analysis. This improves the accuracy in 

representing the displacement field compared to linear shape functions (Lewis and Schrefler, 1998; 

Zienkiewicz and Shiomi, 1984). Finally, the set of discretized coupled governing equations end up 

to an ordinary time-dependent differential equation system stated as: 



 

80 

 

ụ
Ụ
Ụ
ợ
π π
π ἕ

π π
ἕ ἕ

π ἕ

π π

ἕ ἕ

π ἕ Ứ
ủ
ủ
Ủ
Ἵ
Ἔ
Ἔ

ἢ ụ
Ụ
Ụ
Ụ
ợ
Ἅ Ἅ
Ἅ Ἅ

Ἅ Ἅ

Ἅ Ἅ

Ἅ Ἅ

Ἅ Ἅ

Ἅ Ἅ

Ἅ Ἅ Ứ
ủ
ủ
ủ
Ủ
Ὠ

Ὠὸ

Ἵ
Ἔ
Ἔ

ἢ ừ
Ừ

ứ
Ἦ
Ἦ
Ἦ

Ἦữ
Ữ

ử
 (4.74) 

All  the matrix elements are presented in Appendix B. 

4.6.2 Temporal discretization 

Assuming ἦ Ἵ Ἔ Ἔ ἢ  as the vector of unknown variables, Equation 4.49 can be 

rewritten as the following compact form: 

ἕἦ Ἅ
Ὠἦ

Ὠὸ
ἐ (4.75) 

To solve the above equation, the fully implicit Finite Difference Method is utilized herein. After 

time integration of the nonlinear set of ordinary differential equations over the time domain, the 

form of the discretized residual vector at time ὸ  is derived based on backward Euler algorithm 

as follows: 

ἠ Ἅ
╧ ἦ

ῳὸ
ἕ ╧ ἐ  (4.76) 

where ῳὸ is the time interval. To solve fully coupled nonlinear system of Equation 4.51, the 

unknown increments should be computed using a Newton-Raphson iteration scheme:  

ἠ ἠ ἔὨἦ π (4.77) 

Ὠἦ
ἠ

ἔ
 (4.78) 

where ἠ  is the result of subtracting the total force (ἐ ) and the vector of converged solution 

from the previous time step of analysis (Ἔ) from the internal force:  



 

81 

 

ἠ ἔἦ ἐ Ἔ (4.79) 
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 (4.80) 

Subsequently, the Jacobian matrix (ἔ) in Equation 4.52 can be derived by differentiating the 

residual with respect to the unknown variables vector (ἦ): 
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 (4.81) 

Finally, the unknown vector is updated at each iteration until the required convergence criterion is 

satisfied: 

ἦ ἦ Ὠἦ  (4.82) 

By defining ‐ ρπ as the prescribed tolerance, the convergence criterion of iteration is set as: 

ἠ ‐ (4.83) 

The algorithm for solving nonlinear FEM numerical models for the present THM coupled 

processes is summarized in Box 4-1. In our formulation, the material plastic nonlinear behavior is 

treated using the implicit return mapping algorithm. However, the thermally induced plastic 

yielding (hardening or softening) is considered explicitly, which is similar to the approach 

presented by Semnani et al., (2016). 
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1) Start 

2) Start time step n+1 

3) Assemble Ἅ , ἕ , and Jacobian matrix, using variables in step n 

4) Calculate external forces and residual 

5) Impose boundary conditions 

6) Start while loop 

a) Start a new iteration 

b) Compute Ὠἦ  

c) Calculate effective strain, trial volumetric and deviatoric stresses 

d) Update temperature-dependent mechanical properties (i.e., E, ɜ, c, and ʟ ) based on 

updated temperature 

e) Check for plasticity 

i) If plasticity trues: 

- update plastic strain, volumetric and deviatoric stresses using return mapping 

algorithm and find tangential stiffness matrix 

ii)  Else,  

- keep the elastic and thermal-hydraulic parameters and use elastic stiffness matrix. 

f) Update thermal, hydraulic variables for THM coupling 

g) Assemble Ἅ , ἕ  and Jacobian matrix using updated variables 

h) Find internal force and update the external force to find new residual 

i) If the residual meets the convergence criterion,  

- end while loop and go to (7) 

ii)  Else,  

- go to the next iteration 

7) Save primary and secondary variables for the next step. 

8) Go to the next step 

Box 4-1 Numerical algorithm for solving the nonlinear THM coupled FEM problem. 

4.7 Numerical verification 

Based on the above-mentioned formulations and algorithm, we implement the new THM model 

through our in-house developed FEM code using MATLAB. The thermal-poroelastic part of the 

code was validated previously (Norouzi et al., 2019). In order to validate the performance of 

simulating frost actions in unsaturated soils, we use the 1D freezing test data on an unsaturated 

soil conducted by Bai et al., (2020). In their experiment, an unsaturated silty soil sample is 
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subjected to an initial temperature profile of 3°C. A constant temperature of -3°C is applied to the 

top side for 100 hours, while the bottom temperature is kept constant at 3°C. Before frozen, the 

initial water saturation of the studied soil is 49%. During the test, data of total water content, 

temperature, and frost heave is recorded.  

We carry out a 2D FEM modeling on the above-mentioned laboratory freezing test. In the 

simulation, a sample with the dimension of 50 mm × 90 mm is modeled as a plane strain problem. 

The size of elements is 5 mm × 5 mm and each element contains four Gauss points. Figure 4-3 

shows the finite element mesh for the simulation. We have carried out a mesh sensitivity analysis 

to make sure the applied mesh size generates a stable result. 

 
Figure 4-3 FEM mesh and boundary conditions of both ends for the numerical test. 
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The displacement of the bottom side is restricted in both directions and the lateral side is restricted 

in the horizontal direction. Additionally, the lateral sides are adiabatic with no hydraulic flux and 

all sides are impermeable. The problem is solved for a total time of 100 hours.  

According to Bai et al., (2020), the temperature-dependent mechanical properties of the soil are 

given as: 
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In the above equations, the units of Youngôs modulus (Ὁ), cohesive (ὧ), and friction angle (‰) are 

MPa, kPa, and degree, respectively. The rest of the material properties or parameters applied in 

the numerical model are presented in Table 4-1. 

Table 4-1 Material properties for the unsaturated soil in the 1D freezing (Bai et al., 2020) 

Initial porosity ὲ πȢτχ (-) 
Density of solid ” ςχππ (kg/m3) 

Density of ice ” ωρπ (kg/m3) 

Density of water ” ρπππ (kg/m3) 

Universal gas constant Ὑ ψȢσρ (J/mole) 

Molar mass of dry air ὓ ςψȢωχ (g/mole) 

Molar mass of liquid water ὓ ρψȢπς (g/mole) 

Intrinsic permeability ἳ ψ ρπ  (m2) 

Dynamic viscosity of water ‘ ρ ρπ  (Pa.s) 

Dynamic viscosity of air ‘ ρ ρπ  (Pa.s) 

Van Genuchtenôs model parameter ‌ ρȢψωρπ (Pa-1) 

Van Genuchtenôs model parameter ὲ ρȢςυ (-) 
Van Genuchtenôs model parameter ά πȢςψ (-) 
Empirical constant of impedance factor of ice Ὁ ρπ 
Ratio of ice-liquid to liquid-air surface ‍ ςȢς (-) 
Specific heat capacity of soil ὅ ψψπ (J/kg/K) 
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Specific heat capacity of ice ὅ ρψχτ (J/kg/K) 

Specific heat capacity of water ὅ τρψπ (J/kg/K) 

Specific heat capacity of air ὅ χρχ (J/kg/K) 

Thermal conductivity of soil ‗ ρȢς (W/m/K) 

Thermal conductivity of ice ‗ ςȢςς (W/m/K) 

Thermal conductivity of water ‗ πȢυψ (W/m/K) 

Thermal conductivity of air ‗ πȢπσ (W/m/K) 

Thermal expansion coefficient of solid ‍ ω ρπ (1/K) 

Thermal expansion coefficient of ice ‍ υ ρπ  (1/K) 

Thermal expansion coefficient of water ‍ φȢσ ρπ (1/K) 

Latent heat of fusion ὒ σȢτυρπ(J/kg) 

Reference temperature Ὕ ςχσȢρυ (K) 

Simulated temperature variations at different heights are obtained and displayed in Figure 4-4 

along with the measured data. In general, the simulation results are aligned with the experimental 

data. 

 
Figure 4-4 Simulated temperature evolvements at different heights (measured data is from Bai et 

al., (2020) 

Figure 4-5 presents a simulated the total volumetric water content (ice and liquid water) profile at 

ὸ ρππ hours along with experimental data by Bai et al., (2020). The water redistribution due to 

frost action can be well characterized except at the ice-water interface. A more detailed description 
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of the water content development during freezing is illustrated in contour plots displayed in Figure 

4-6. 

 

Figure 4-5 Simulated and measured total volumetric water contents at the end of the test (t = 100 

hrs) (measured data is from Bai et al., (2020)). 

 

 
Figure 4-6 Simulated contours of total volumetric water contents at: (a) initial condition, (b) t 

=10 hrs, (c) t = 25 hrs, (d) t = 50 hrs, (e) t = 75 hrs, and (f) t = 100 hrs. 
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As is displayed in Figure 4-7, the variation in total water content during freezing is mainly driven 

by the increase in the ice content. Water from the lower portion moves to the upper side due to the 

cryosution. Even though the soil is unsaturated, such a change in water re-distribution still can lead 

to a significant heaving in the soil sample. Figure 4-8 presents the simulated frost heave result 

against the measured result by Bai et al., (2020), which indicates a comparable agreement. The 

results of considering phase change induced strain will be discussed in the subsequent section.   

 
Figure 4-7 Plots showing the profile developments of total water content, air content, and ice 

content. 
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Figure 4-8 Simulated and measured frost heave developments with time (measured data is from 

Bai et al., (2020)). 

4.8 Discussions 

4.8.1 Effect of phase change strain 

In this study, the phase change strain for an unsaturated soil is calculated using a coefficient ‍  

to accommodate the water saturation state as is shown Equation 4.27. For simplicity, we have 

assigned the initial water saturation value to ‍ . In order to examine the sensitivity of using 

different ‍  values, we also carry out some numerical tests using different ‍  values while 

keeping other materials properties and boundary conditions the same as described in Section 6. 

The results of frost heave curves are also included in Figure 4-8. The case with ‍ ρ represents 

a fully saturated condition, while ‍ π represents a case without considering phase change 

induced strain. Significant differences are noticed in the three curves displayed in Figure 4-8. The 

results indicate that assuming a fully saturated condition will overestimate the frost heave, while 

the neglect of phase change strain underestimates the frost heave. The adoption of the initial water 
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saturation value for ‍  yields a reasonable frost heave prediction. The difference in the 

deformation behavior can also be demonstrated by the difference in porosity profiles. Simulated 

porosity contours (at t = 100 hrs) for cases with and without considering phase change strain are 

presented in Figure 4-9. The porosity change is updated according to the change in the volumetric 

strain using the equation of Ўὲ ρ ὲЎἾ. The major difference is located in the upper part, 

where the ice tends to be accumulated. The case by considering phase change strain displays a 

larger amount of increment in porosity when compared with the case without phase change strain. 

However, it should be noted that the freezing driven water movement from the warm side to the 

cold side has contributed to a significant amount of porosity increase. Thus, the porosity increase 

in the upper part of sample is still obvious even if the phase change induced volumetric strain is 

not accounted (Figure 4-9b). It also confirms with the possibility of having frost heave in an 

unsaturated soil. 

 

Figure 4-9 Simulated porosity contours at the end of numerical tests: (a) with phase change 

strain, (b) without phase change strain (t = 100 hrs). 
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4.8.2 Pore pressure variations 

As an investigation of the poromechanical response, the characterization of the pore pressure is 

essential. In this study, we applied the equivalent pore pressure concept as:  

ὖ Ὓὖ Ὓὖ Ὓὖ (4.88) 

The liquid water pressure ὖ, air pressure ὖ, and ice pressure ὖ are treated as parts of the total 

pore pressure ὖ . The saturations of individual components are used as simplified weight 

coefficients. Such application is valid when there is a pore water pressure balance between 

macropores and micropores. More detailed microstructure-based derivation for the equivalent pore 

pressure for unsaturated porous media is presented by Yin et al., (2023). The simulated total pore 

pressure changes during the numerical test are obtained and displayed in Figure 4-10a. The curves 

show the variations along the height profile at different times, but the total pore pressure has always 

been positive.  

In this study, both vapor and dry air are included in the gas phase. Thus, we can quantify the 

contributions from vapor and dry air according to the simulation results. Simulated vapor pressure 

and dry air pressure profiles are obtained and displayed in Figures 4-10b and 4-10c. The vapor 

pressure varies significantly along the height, but the range of vapor pressure changes with time is 

only around 2 kPa. By contrast, the dry air pressure is uniformly distributed but increases 

considerably with time. Thus, dry air contributes more effectively to an increase in the air pressure 

during freezing. As is displayed in Figure 4-10d, the freezing point temperature values are slightly 

affected by the change in pore pressure. The variation of freezing point temperature profiles is 

similar to that of pore pressure profiles. 
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Figure 4-10 Simulated pore pressure and freezing temperature point profiles at different times of 

the numerical test: (a) total pore pressure, (b) vapor pressure, (c) dry air pressure, (d) freezing 

temperature point.   

 


























































































































