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Abstract

XFEM for the Homogenization of Constitutive Properties and its Stabilization
for the Computation of Interface Tractions

Ahmed Yacoub

A computational homogenization method for assessing the local stress distributions and

effective mechanical characteristics of composite materials is presented in this work. Us-

ing the (XFEM) modeling capabilities, the effects of bonding assumptions on interface

tractions, local stress fields, and homogenized constitutive properties are examined. The

possibility of standard XFEM-based models to generate spurious oscillatory tractions at the

bond interfaces is shown, with interface stiffness affecting the oscillations’ magnitude. A

stabilized XFEM framework is suggested as a solution to this problem in order to lessen the

oscillatory behavior at matrix-inclusion interfaces. Comparisons with results from other

modeling methodologies that are accessible in the literature provide a thorough validation

of the developed stabilizing strategy. The suggested methodology’s resilience and adapt-

ability are further illustrated by its application to a number of Representative Volume Ele-

ment (RVE) cases. The impacts of mesh refinement, interface stiffness, and RVE boundary

conditions on the precision and effectiveness of the suggested method are investigated para-

metrically. The findings show that the stabilized XFEM may produce dependable traction

results across bond interfaces and emphasize the significance of interface stiffness in the

precise prediction of stress distributions. Additionally, it is demonstrated that the suggested

approach offers reliable and effective results for a variety of composite microstructural con-

figurations. By providing a reliable tool for the homogenization and analysis of composites

with imperfect interfaces under various mechanical loading situations, this work advances

XFEM-based computational approaches.
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Chapter 1

Introduction

1.1 Background and Motivation

1.1.1 Overview of Finite Element Methods (FEM)

The (FEM) is a widely used numerical technique in engineering and applied sciences for

solving problems involving complex geometries, material properties, and boundary condi-

tions. It is particularly valuable for structural analysis, where the aim is to understand how

materials and structures respond to forces, stresses, and environmental conditions. FEM

allows engineers and scientists to discretize a continuous domain into smaller, finite ele-

ments, making it easier to solve complex differential equations that describe the behaviour

of the system. Each element is connected at discrete points called nodes, and the governing

equations are solved over these elements, allowing for an estimation of the solution across

the entire domain.

One significant benefit of the (FEM) is its adaptability in accommodating various geo-

metrical configurations and boundary conditions, making it an indispensable tool in struc-

tural analysis. Traditional analytical methods often fall short when dealing with irregular

shapes, non-homogeneous materials, or complex loadings, whereas FEM can efficiently

model such conditions by dividing the structure into smaller, simpler parts. Applications

of FEM are extensive and include analyzing stress and strain in mechanical components,
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predicting deformation in civil engineering structures, and simulating thermal or fluid dy-

namics in various systems. Its ability to model the behaviour of both linear and non-linear

systems adds to its versatility.

FEM’s significance in structural analysis lies in its ability to provide accurate and re-

liable predictions for how structures will behave under various loading conditions. In

mechanical engineering, for example, FEM is used to design machine parts, automotive

components, and aerospace structures, ensuring that they meet safety and performance stan-

dards. In civil engineering, it is employed to analyze buildings, bridges, and dams, ensuring

that these structures can withstand environmental forces like wind, earthquakes, and gravity.

This precision not only enhances safety but also leads to cost-efficient designs by optimiz-

ing material usage and preventing over-engineering. By enabling the simulation of complex

real-world problems, (FEM) enables engineers to evaluate multiple design alternatives prior

to the construction of physical prototypes, thereby conserving both time and resources dur-

ing the design phase. Moreover, FEM has been integrated with optimization techniques

to create designs that meet specific performance criteria while minimizing weight, cost, or

material usage. Its role in predicting failure modes, such as buckling or cracking, further

ensures that structures are designed with an adequate margin of safety.

1.1.2 Limitations of Standard FEM

The (FEM) serves as an effective approach for addressing numerous engineering chal-

lenges; however, it encounters considerable difficulties when managing internal boundaries,

fractures, and discontinuities. Standard FEM relies on a mesh that adapts to the specific ge-

ometry of the problem domain, including any internal features such as cracks or material

interfaces. This mesh-dependent approach, which is contingent on the mesh, presents chal-

lenges when internal boundaries or discontinuities are misaligned with the mesh structure.

The precision of the solution is influenced by the extent to which the mesh effectively rep-

resents these characteristics. Refined meshes can improve accuracy, but this often comes at

a high computational cost, particularly in three-dimensional problems or when dealing with

evolving discontinuities like propagating cracks.

One of the primary difficulties associated with the application of conventional Finite

Element Method (FEM) for problems with cracks or discontinuities is the need to re-mesh

the domain as these features evolve. Cracks, for example, create singularities within the
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stress field, necessitating a refined mesh in that area to accurately model the stress concen-

tration at the tip of the crack. As the crack expands, it is necessary to update the mesh in

a dynamic manner, which can lead to significant computational overhead and complexity

in implementation. Additionally, re-meshing can introduce errors, especially when interpo-

lating the solution from the previous mesh to the updated version. These limitations make

standard FEM unsuitable for problems involving moving or evolving discontinuities unless

sophisticated re-meshing algorithms are employed.

Another issue is that standard FEM struggles with the representation of discontinuities

in displacement fields, such as those caused by cracks. The approach generally presumes

that the displacement field remains continuous at the boundaries of the elements, which is

not the case in problems with cracks or sharp material interfaces. This assumption leads to

poor accuracy and convergence when modelling phenomena like crack opening or sliding

along a discontinuity. For instance, cracks necessitate that the displacement field exhibits

discontinuity at the surfaces of the crack, but standard FEM cannot easily accommodate

such behaviour without modifications to the mesh.

In addition, material interfaces or internal boundaries in multi-phase materials pose chal-

lenges for standard FEM. In problems involving composite materials or other heterogeneous

media, the material properties change abruptly at interfaces. The conventional finite ele-

ment method necessitates that the mesh aligns with these interfaces, which can be difficult

in complex geometries or when dealing with micro-structural features. Misalignment be-

tween the mesh and the interfaces can lead to inaccurate stress and strain predictions at the

boundaries, affecting the overall accuracy of the simulation. Moreover, capturing fine-scale

features, such as inclusions or voids within a material, necessitates a highly refined mesh,

which increases computational costs significantly.

These challenges underscore the limitations of standard FEM in addressing problems in-

volving discontinuities and internal boundaries. Alternative approaches, such as the (XFEM),

have been introduced to address these challenges by enabling the representation of discon-

tinuities independently from the mesh structure. This significantly reduces the need for

re-meshing and enhances the method’s capability to model complex phenomena such as

crack propagation, material phase transitions, and the behaviour of multi-phase materials.
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1.1.3 Motivation for XFEM

The (XFEM) was developed to to overcome the constraints of conventional Finite Element

Method (FEM), especially in managing discontinuities such as cracks, material interfaces,

and various internal boundaries. In standard FEM, the mesh must conform to the geometry

of the problem, meaning that any discontinuities need to align with the mesh elements.

This creates significant challenges when modelling evolving or complex discontinuities, as

it often necessitates re-meshing and increases computational effort. Additionally, standard

FEM assumes continuity in the displacement field across element boundaries, which makes

it difficult to model discontinuities accurately without modifying the mesh.

XFEM overcomes these limitations by decoupling the mesh from the location of dis-

continuities. This is accomplished by augmenting the solution space with extra degrees

of freedom that are concentrated in the areas where discontinuities arise. The enrichment

functions enable the displacement field to exhibit discontinuities within an element, elim-

inating the necessity for the mesh to align with these discontinuities. In the case of crack

modelling, for example, XFEM introduces enrichment functions that represent the cracks’

geometry and the associated discontinuous displacement field, allowing cracks to be mod-

elled independently of the mesh. This significantly reduces the need for re-meshing and

simplifies the handling of evolving cracks, making XFEM far more efficient for fracture

mechanics problems.

One of the significant advancements in the (XFEM) is the incorporation of the Parti-

tion of Unity Method (PUM), which facilitates the enhancement of the finite element ap-

proximation space. Incorporating specialized functions that encapsulate the behaviour of

discontinuities (such as the Heaviside function for cracks), XFEM can accurately represent

complex phenomena like crack opening or material separation, without altering the under-

lying mesh. The enrichment process enables the (XFEM) to preserve the computational

efficiency characteristic of the Finite Element Method (FEM), while simultaneously broad-

ening its applicability to a diverse array of problems, including those involving non-aligned

internal boundaries and interfaces.

XFEM’s ability to decouple the mesh from the discontinuities also makes it highly effec-

tive in modelling problems involving multi-phase materials or composite structures. In con-

ventional finite element methods (FEM), it is essential for the mesh to be sufficiently refined

4



to accurately represent the precise positions of material interfaces, which can be inefficient

or computationally prohibitive in cases where the interfaces are complex or evolve. XFEM

bypasses this issue by allowing material interfaces to be embedded within the elements,

without requiring the mesh to conform to them. The implementation of this approach not

only increases the precision of the solution but also boosts computational efficiency, allow-

ing for the utilization of a standard mesh even when faced with intricate internal boundaries.

1.2 Detailed Description of XFEM

1.2.1 Partition of Unity Concept

The approaches grounded in the (PU) are essential for the progression of enrichment tech-

niques within the context of the (XFEM), and they play a critical role in allowing XFEM

to handle discontinuities and complex internal boundaries more efficiently. The approaches

discussed are founded on the principle of enhancing the approximation space of conven-

tional finite elements through the integration of supplementary functions. These functions

are designed to effectively represent the local characteristics of the solution, all while avoid-

ing any alterations to the fundamental finite element mesh. This enrichment process is what

enables XFEM to accurately model phenomena such as cracks and material interfaces, even

when these features do not align with the mesh.

The research conducted by Melenk and Babuška [32] established the theoretical under-

pinnings of the (PUFEM). In their foundational work, they proposed the concept of lever-

aging the (PU) property inherent in finite element shape functions to enhance the solution

space by incorporating functions that capture the local characteristics of the problem. The

(PU) property denotes the characteristic that the conventional finite element shape functions

aggregate to one at every location within the domain, thereby establishing a foundation for

the integration of supplementary information into the solution. By multiplying these shape

functions with enrichment functions that capture local features, such as discontinuities or

singularities, the overall approximation can be tailored to the specific characteristics of the

problem.

In the framework of the (XFEM), the (PU) technique is especially advantageous as it

facilitates the independent representation of discontinuities, such as cracks, regardless of
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the underlying mesh configuration. In the field of fracture mechanics, the Heaviside step

function is frequently employed as an enrichment function to effectively represent the dis-

continuous displacement field that occurs at a crack. The partition of unity framework

ensures that this enrichment is applied only in regions where it is needed near the crack

or discontinuity without affecting the rest of the domain. The localized enrichment signifi-

cantly improves the solution’s accuracy without requiring the mesh to align with the crack

geometry, thus removing the necessity for costly re-meshing processes.

Furthermore, the partition of unity approach extends its applicability beyond the domain

of fracture mechanics. The XFEM framework not only utilizes the Heaviside function but

also integrates functions designed to represent singularities at the tips of cracks. These

include asymptotic functions that characterize the stress distribution surrounding a crack tip.

This capability is vital for accurately modeling the stress intensity factors, which are crucial

for predicting crack propagation and potential failure. By enriching the solution space with

these specialized functions, XFEM can handle problems that involve sharp gradients or

singularities more effectively than standard FEM.

Furthermore, the partition of unity approach extends its applicability beyond the domain

of fracture mechanics. In problems involving material interfaces or inclusions, enrichment

functions that describe the behaviour of the interface can be introduced. For instance, in

multi-phase materials, where different material properties exist on either side of an inter-

face, XFEM can use enrichment functions to model the discontinuity in material behaviour.

This approach eliminates the necessity for the mesh to determine the exact position of the

interface, a task that would otherwise demand an exceedingly fine mesh to accurately rep-

resent the discontinuity.

1.2.2 Enrichment Functions in XFEM

Enrichment functions are essential in the (XFEM), especially for the precise representation

of cracks and discontinuities. These functions allow XFEM to represent complex features

within the problem domain, such as crack openings or material interfaces, without neces-

sitating the alignment of the finite element mesh with these features. In conventional finite

element methods, it is necessary to refine and modify the mesh to accurately represent the

geometry of discontinuities, which can be computationally expensive and prone to inaccu-

racies, especially when dealing with evolving features like propagating cracks. Enrichment
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functions address these issues by augmenting the finite element approximation space with

additional terms that represent the local behaviour near the discontinuity, allowing XFEM

to achieve higher accuracy without re-meshing.

In the context of crack modeling, enrichment functions are developed to address the

discontinuous displacement observed at the crack faces as well as the stress singularity

present at the crack tip. A frequently utilized enrichment function in the (XFEM) is the

Heaviside step function, which effectively models the discontinuity in the displacement

field that occurs at a crack. This function is utilized in a localized manner on the elements

that are intersected by the crack, facilitating a discontinuous displacement field across the

crack without necessitating that the mesh explicitly aligns with the geometry of the crack

e.g., Moës et al. [38] and Belytschko et al. [5]. The Heaviside function is particularly useful

in capturing the behaviour of open cracks, where the displacement on both sides of the

crack face varies, and standard FEM would struggle to model this discontinuity without

significant re-meshing.

The singular stress field near a crack tip is modeled using crack tip enrichment func-

tions, alongside the Heaviside function. These functions are typically derived from the

analytical solutions of stress intensity factors in the field of fracture mechanics, and they

accurately depict the asymptotic characteristics of the stress field as it approaches the crack

tip. The utilization of these enrichment functions presents a significant benefit, as they

enable the (XFEM) to accurately represent stress concentrations without the necessity of

refining the mesh in proximity to the crack tip. This requirement for mesh refinement is

typically essential in traditional finite element methods (FEM) e.g., Belytschko and Black

[4]. By enriching the solution space with these specialized functions, XFEM can achieve

higher accuracy in predicting crack propagation and failure, even in cases where the crack

path is complex or evolves. Additionally, comparable XFEM-based enrichment techniques

for examining crack openings have been presented in the works of in Wells and Sluys [55],

Moës and Belytschko [37] and Mergheim et al. [34].

An additional significant benefit of enrichment functions in the (XFEM) is their inher-

ent flexibility. Depending on the characteristics of the discontinuity, a variety of enrich-

ment functions can be utilized to accurately represent different phenomena. For example,

in problems involving material interfaces or inclusions, enrichment functions that represent

the difference in material properties across the interface can be introduced. This allows

XFEM to model sharp changes in material behaviour without needing to align the mesh
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with the interface e.g., Sukumar et al. [51]. In traditional FEM, accurately capturing such

interfaces would require a highly refined mesh, which would significantly increase the com-

putational cost. XFEM, through the use of enrichment functions, allows these features to be

represented independently of the mesh, reducing computational demands while maintaining

accuracy.

1.3 Challenges in XFEM

1.3.1 Locking and Spurious Oscillations

In the (XFEM), spurious oscillations and locking are significant challenges that arise when

dealing with stiff interface conditions, where material properties exhibit sharp discontinu-

ities across an interface, such as in cracks or material boundaries. These problems primarily

arise from the interdependence of degrees of freedom at the interface, which can result in

pathological behaviour in the numerical solution, especially when low-order finite elements

are used. Understanding these problems is crucial for improving the accuracy and robust-

ness of XFEM in simulations involving discontinuities.

Spurious oscillations typically manifest in the form of unrealistic fluctuations in the

computed stress or displacement fields near an interface. These oscillations are especially

prevalent in problems involving stiff interfaces, where the material on one side of the dis-

continuity is significantly stiffer than on the other. For example, in crack modeling, when

the crack faces are modeled as stiff interfaces (such as in cases of cohesive zone models),

the XFEM approach may struggle to accurately represent the gradual transition of stresses

in the area surrounding the crack tip, leading to oscillatory behavior that compromises the

physical interpretation of the issue. A similar issue is observed in composite materials

with stiff inclusions embedded within a softer matrix, where the stress distribution near

the inclusion interface can become oscillatory, leading to inaccuracies in predicting failure

mechanisms.

First worth mentioning is the work of Simone [49], where for a discontinuity of arbi-

trary orientation with respect to the mesh, variations in the traction profile were observed.

These oscillations in traction became stronger for higher values of the discontinuity stiff-

ness and caused serious deterioration in the accuracy of the local solution around cracks.
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This problem became particularly important when the XFEM was used as an interface or

cohesive element. In fact, the following hypothesis has been put forward: pathological in-

terrelation of the degrees of freedom in the same side of the fractured domain constitutes

a main factor resulting in the spurious traction oscillations exhibited by the discontinuous

elements using the partition-of-unity formulations. The authors in Latifaghili et al. [28] in-

troduced an enrichment strategy based on the use of Laplace shape functions to alleviate the

problem of oscillatory traction profiles arising from the standard XFEM method. The for-

mulation of the proposed finite element and its implementation are independent of the type

of parent element or geometry of the crack/interface thanks to the adaptability of polygo-

nal interpolants. Issues at both the elemental and structural levels have been considered,

including linear elastic models with very stiff interfaces and problems of nonlinear crack

growth. Assessment of the robustness and accuracy of the formulation was done by exam-

ining force-displacement responses, traction profiles across discontinuities, stress contours,

and jump openings.

1.3.2 Integration Schemes

The selection of integration schemes within the framework of the (XFEM) is pivotal in in-

fluencing the precision and computational efficiency of the numerical solution, especially

in the presence of discontinuities like cracks or material interfaces. Traditional Gaussian

quadrature, widely used in standard FEM, faces significant challenges in XFEM due to the

presence of enrichment functions that introduce discontinuities and singularities into the

finite element approximation. The intricacies involved necessitate the use of specialized

integration methods to ensure the precision of the solution while also controlling compu-

tational expenses. In standard FEM, Gaussian quadrature performs well because the shape

functions exhibit smoothness and continuity throughout the elements. In the context of the

(XFEM), elements that are penetrated by a crack or discontinuity incorporate enrichment

functions. These functions may include the Heaviside function, which accounts for dis-

placement discontinuities, as well as asymptotic functions that address singularities at the

tips of cracks. These functions introduce discontinuities within the elements, which sig-

nificantly degrade the accuracy of standard Gaussian quadrature. This inaccuracy occurs

because the quadrature points, which are uniformly distributed across the element, fail to

capture the abrupt changes introduced by the enrichment functions. For instance, in crack
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modelling, where the displacement field exhibits discontinuity at the location of the crack.,

standard integration schemes often yield oscillatory or inaccurate results for stress and dis-

placement distributions.

To address these challenges, various integration schemes have been developed and re-

fined. One widely adopted approach is sub-element integration, where the intersected ele-

ments are divided into smaller sub domains that align with the discontinuity. Within each

sub domain, the enrichment functions become smooth and continuous, allowing Gaussian

quadrature to accurately integrate the contributions. This approach improves accuracy by

localizing the integration to regions with homogeneous behaviour. However, the compu-

tational expense may rise considerably as a result of the necessity for further subdivisions

of sub-elements, especially in three-dimensional scenarios or when dealing with intricate

crack geometries.

Another important method is integration with adaptive quadrature, where the number

and placement of quadrature points are adaptively adjusted to capture the effects of the dis-

continuities. Adaptive schemes concentrate more quadrature points near regions with high

gradients or abrupt changes, such as crack tips or material interfaces, while using fewer

points in smooth regions. This strategy optimizes computational efficiency by focusing

computational effort where it is most needed, ensuring high accuracy without excessive

computational overhead. Adaptive integration is particularly effective in problems with

evolving cracks, where the geometry of the discontinuity changes over time, and fixed inte-

gration schemes may fail to remain accurate.

The numerical integration of singular enrichment functions near crack tips poses an ad-

ditional challenge. The enrichment functions used to capture crack-tip behaviour, such as

those based on the asymptotic stress fields, exhibit singularities that cannot be effectively in-

corporated through conventional quadrature methods. To overcome this, specialized crack-

tip quadrature rules have been developed. These rules place quadrature points in a manner

that aligns with the behaviour of the singular enrichment functions, enabling accurate eval-

uation of stress intensity factors and various parameters associated with the crack tip. For

example, the work by Moës et al. [38] demonstrated the importance of integrating crack-tip

enrichment functions accurately to avoid errors in stress intensity factor predictions, which

are critical in fracture mechanics.

Furthermore, the effects of different integration schemes on computational efficiency

must be carefully balanced with their impact on accuracy. While sub-element and adaptive
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quadrature techniques improve accuracy, the associated computational expense is elevated

as a result of the greater quantity of quadrature points and operations required. In con-

trast, simplified or approximate integration schemes, such as lumped integration, reduce

computational costs by using fewer quadrature points but may compromise accuracy, par-

ticularly in regions with steep gradients or discontinuities. The selection of the integration

method is contingent upon the particular application and the balance between precision and

computational efficiency.

For stiff interface problems, where locking and spurious oscillations are already sig-

nificant concerns, improper integration schemes can exacerbate these issues. In these in-

stances, it is crucial to accurately incorporate the enrichment functions to guarantee that the

stiffness of the interface is appropriately depicted, avoiding the imposition of any artificial

constraints. Studies such as Ahmed and Sluys [2] have shown that selecting appropriate in-

tegration schemes can help alleviate spurious oscillations and locking effects by improving

the numerical accuracy of the enriched degrees of freedom.

1.3.3 Sub-Optimal Convergence

Sub-optimal convergence and oscillatory traction responses are well-documented challenges

in the (XFEM) when dealing with stiff interface conditions. These issues arise due to the

inherent difficulties in accurately representing the sharp discontinuities and complex me-

chanical behavior associated with stiff interfaces, such as those encountered in material

interfaces, crack faces, or cohesive zones. In particular, when the utilization of low-order

finite elements are used as the foundational basis functions, the degrees of freedom coupled

across the stiff interface can result in pathological behavior, such as numerical oscillations

in the traction profile or convergence rates that fail to meet theoretical expectations. These

challenges have motivated the development of advanced stabilization techniques, with La-

grange multiplier-based strategies emerging as an effective approach to address these issues.

The problem of sub-optimal convergence in XFEM often occurs because traditional fi-

nite element formulations struggle to enforce the constraints imposed by stiff interfaces ac-

curately. Ji and Dolbow [24] demonstrated that when the stiffness contrast between two re-

gions is large, the standard XFEM formulation can exhibit convergence rates lower than ex-

pected, particularly for stress and traction fields. The enrichment functions used in XFEM,

although designed to represent discontinuities, may not be sufficient to handle large stiff-
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ness gradients without specialized techniques. This leads to inaccuracies in stress transfer

across the interface, manifesting as errors in the numerical solution that persist even with

mesh refinement. To address these challenges, Moës et al. [39] emphasizes the implemen-

tation of Dirichlet-type boundary conditions in the context of the X-FEM. X-FEM enables

the representation of discontinuity surfaces or domain boundaries within meshes that may

not strictly align with these surfaces. While the imposition of Neumann boundary condi-

tions on boundaries intersecting element interiors is relatively straightforward and preserves

the optimal convergence rate of the background mesh, significantly less attention has been

given to Dirichlet boundary conditions, particularly in the limiting case of stiff boundary

conditions. To address this gap, Moës et al. [39] introduces a novel strategy for impos-

ing Dirichlet boundary conditions while maintaining the optimal convergence rate. The

approach relies on the construction of an appropriate Lagrange multiplier space along the

boundary. Furthermore, Béchet et al. [3] introduced a formulation that explicitly imposes

interface conditions using Lagrange multipliers. By introducing supplementary degrees of

freedom at the interface, Lagrange multipliers enforce continuity conditions or prescribed

tractions more rigorously, ensuring that the mechanical behaviour at the interface is cap-

tured accurately. This approach successfully separates the finite element mesh from the

position of the discontinuity, thereby addressing the constraints associated with low-order

elements.

Recently, Erkmen and Dias-da Costa [12] investigated the performance of the XFEM

in simulating stiff embedded interfaces and inclusions. It is well established in XFEM

literature that ill-conditioned stiffness matrices and oscillatory behavior in the traction field

at interfaces are significant challenges. The severity of these issues largely depends on the

choice of basis functions and the orientation of the interface. Analysis of discontinuity

jumps revealed that quadratic bubble residuals are a major contributor to the oscillatory

behavior, and their effect is exacerbated in systems with highly stiff interfaces due to poor

conditioning.

To address these challenges, the authors proposed a variationally consistent method

that eliminates bubble residuals using an assumed strain approach. Additionally, Legen-

dre polynomials and their orthogonality properties were employed to further improve the

conditioning of the stiffness matrices. The reformulated method demonstrated robustness in

enforcing Dirichlet-type boundary conditions on crack interfaces, including scenarios such

as crack closure and initially rigid cohesive laws. Furthermore, the study examined the
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impact of numerical oscillations on the prediction of effective composite properties using

XFEM-based computational homogenization techniques.

1.4 XFEM in Multi-Phase Materials

1.4.1 Heterogeneous Materials

Multi-phase materials, including composites, concrete, and fiber-reinforced substances, are

extensively utilized in engineering applications owing to their exceptional mechanical char-

acteristics. These materials exhibit high strength-to-weight ratios, remarkable durability,

and performance that can be specifically tailored to meet diverse requirements. These mate-

rials are characterized by their heterogeneous micro-structures, where multiple constituents

such as fibers, aggregates, or inclusions are embedded within a matrix. For example, fiber-

reinforced composites are composed of robust fibers embedded in a polymer matrix, pro-

viding anisotropic characteristics that can be adjusted to meet the requirements of particular

load-bearing applications. Similarly, concrete comprises aggregates and cement paste, re-

sulting in complex behaviour under loading, including crack initiation and propagation.

While these materials provide significant advantages over traditional homogeneous mate-

rials, accurately modelling their behaviour presents substantial computational challenges

because of their intricate internal structures and the relationships among various phases.

Homogenization has emerged as a necessary computational approach to overcome these

challenges, particularly when simulating the response of large-scale structural components

made of multi-phase materials. Directly resolving the fine-scale heterogeneities within

these materials requires an extremely fine mesh, which results in prohibitive computational

costs for large problems. For instance, explicitly modelling each fiber in a fiber-reinforced

composite or each aggregate particle in concrete would lead to an impractically large num-

ber of degrees of freedom, even for modern high-performance computing resources. As a

result, homogenization techniques are employed to smooth out the small-scale variations in

the material structure by replacing the heterogeneous medium with an equivalent homoge-

neous material that exhibits averaged or effective properties.

In the homogenization process, a Representative Volume Element (RVE) is typically

defined to capture the statistical behaviour of the material’s micro-structure. The RVE is
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a small, representative portion of the material that includes all relevant features of the het-

erogeneity, such as inclusions, fibers, or voids. By analysing the response of the RVE

under various loading conditions, effective material properties such as stiffness, strength,

and thermal conductivity can be determined and subsequently used in macroscopic struc-

tural models. This two-scale modelling approach significantly reduces computational costs

while retaining sufficient accuracy to predict the material’s overall behavior. Studies such

as Holmes [23] and Qian et al. [47] have demonstrated the effectiveness of homogenization

in multi-phase materials, showing that the approach provides reliable predictions for both

elastic and inelastic responses.

For composite materials, homogenization techniques are particularly powerful when

combined with numerical methods like the (XFEM). The (XFEM) has demonstrated sig-

nificant benefits in addressing discontinuities caused by inclusions, cracks, or voids, as it

does not necessitate the finite element mesh to align with these features. For example, Gal

et al. [16], Bosco et al. [8], Svenning et al. [52], Patil et al. [45], Nguyen et al. [41], Erkmen

and Dias-da Costa [12], Erkmen and Dias-da Costa [11] and Norouzi et al. [44] integrated

XFEM into homogenization frameworks to analyse the mechanical properties of composites

with complex micro-structures. By leveraging XFEM’s ability to model arbitrary internal

boundaries and discontinuities, the homogenization process can efficiently incorporate the

effects of micro-structural features without resorting to computationally expensive mesh

refinements.

1.5 Applications and Extensions of XFEM

1.5.1 Crack Modeling in Various Materials

The (XFEM) has found extensive applications in modelling cracks, fractures, and phase

changes across various real-world materials and engineering disciplines. Its ability to han-

dle discontinuities without requiring mesh alignment makes it an invaluable tool for predict-

ing the mechanical behaviour of structures and materials under complex loading conditions.

In the field of fracture mechanics, the (XFEM) is extensively utilized to model the prop-

agation of cracks in materials such as metals, concrete, and composite structures. For

instance, in metal structures subjected to fatigue loading, cracks often initiate at stress
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concentrations and propagate over time, eventually leading to catastrophic failure. Moës

et al. [38] demonstrated that XFEM could accurately model crack growth without remesh-

ing, enabling efficient simulation of fatigue-driven crack paths. Similarly, Belytschko and

Black [4] applied discontinuous enrichment functions to represent crack openings in metal-

lic components. This capability is critical for industries like aerospace and automotive,

where fatigue life prediction is essential for ensuring structural integrity.

In the case of concrete, which is prone to crack formation due to its brittle nature, XFEM

has proven particularly effective for analyzing fracture processes. Concrete constructions

including dams, bridges, and edifices are subject to mechanical, thermal, or environmental

loading, leading to crack initiation and propagation. Wells and Sluys [55] adopted XFEM to

model cohesive cracks in concrete, capturing the traction-separation behaviour along crack

surfaces. Their work allowed for more realistic simulation of crack openings and energy

dissipation mechanisms in concrete structures.

1.5.2 Inclusion and Interface Problems

The (XFEM) excels in handling inclusions and interfaces within heterogeneous materials

due to its ability to represent internal boundaries without requiring the mesh to conform to

these interfaces. This ability holds particular importance in the modeling of heterogeneous

materials, including composites, concrete, and multi-phase substances, where the internal

architecture is defined by the presence of inclusions, voids, and interfaces. Traditional finite

element methods (FEM) struggle with these complexities as they require a conforming

mesh, leading to high computational costs and difficulties in mesh generation, especially

when the interface geometry is intricate or evolves over time.

The (XFEM) tackles these issues by utilizing enrichment functions, which enable the fi-

nite element mesh to maintain its independence from the discontinuities present. For exam-

ple, Sukumar et al. [51] demonstrated how XFEM could model inclusions and holes within

a material matrix using level-set functions to define the interface geometry. By augment-

ing the approximation space with discontinuous functions, XFEM effectively models the

material behavior in the vicinity of the inclusion or interface while preserving the integrity

of the original mesh. This makes XFEM particularly efficient for introducing inclusions

of arbitrary shapes into the computational domain, such as circular, elliptical, or irregular

inclusions, which are common in fiber-reinforced composites and porous media.
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In computational homogenization, the (XFEM) is essential for assessing the effective

properties of heterogeneous materials. For instance, Gal et al. [16] and Bosco et al. [8]

applied XFEM to analyze representative volume elements (RVEs) containing inclusions

and interfaces, enabling the accurate prediction of macroscopic material behavior while

accounting for microscopic heterogeneities. By keeping the mesh regular and unaltered,

the (XFEM) facilitates the smooth integration of internal boundaries related to inclusions,

thereby enhancing both computational efficiency and precision.

Furthermore, XFEM has been used to analyze stiff interfaces within multi-phase ma-

terials, where the material properties exhibit significant discontinuities across the bound-

aries. These stiff interfaces often arise in laminated composites, masonry, and other multi-

constituent materials. Erkmen and Dias-da Costa [12] highlighted XFEM’s ability to al-

leviate spurious oscillations and locking, which are common issues when modeling stiff

interfaces with traditional FEM. By decoupling the mesh from the discontinuities, XFEM

enables precise representation of the interface behavior, including the stress and strain dis-

tribution near the boundaries.

Overall, XFEM’s ability to handle inclusions and interfaces within heterogeneous mate-

rials stems from its enriched approximation space, which captures the discontinuities with-

out the need for a conforming mesh. This flexibility makes XFEM particularly suitable

for modeling complex material behaviors in composites, porous media, and multi-phase

systems, where internal boundaries are essential in influencing the mechanical behavior of

materials.

1.6 Outlines

The subsequent sections of this thesis are organized as follows. This work presents a com-

putational homogenization technique aimed at assessing the effective stiffness characteris-

tics of composite materials, employing the (XFEM) to simulate two-dimensional represen-

tative volume elements (RVEs). Utilizing the features of XFEM, this approach considers

the imperfect adhesion between inclusions and the surrounding matrix. To address poten-

tial oscillatory behavior at the matrix-inclusion interface under stiff interface conditions, a

stabilization technique is proposed. The methodology is implemented within an in-house

software framework to accommodate the stabilization procedure. Results obtained using
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the proposed modeling technique are validated against benchmark data from the literature.

Furthermore, parametric analyses are conducted to examine the effects of interface stiff-

ness, mesh resolution, and the boundary conditions of the (RVE) on the calculated effective

properties.

Chapter 2 provides a comprehensive overview of key aspects of homogenization in ma-

terials science, structured to guide the reader through foundational and advanced concepts.

It begins by introducing the field equations and their weak forms, establishing the gov-

erning equations for stress and displacement fields in heterogeneous materials. Building

on this framework, the discussion transitions to the principle of scale separation and first-

order homogenization, detailing the derivation of homogenization equations and the role

of asymptotic expansion in determining homogenized properties. The chapter further de-

velops a variational setting for homogenization, emphasizing the weak form of equilibrium

equations and the computation of the effective stress tensor within a variational framework.

Lastly, it examines the representative volume element (RVE) boundary value problem, high-

lighting the selection of boundary conditions, their impact on effective material properties,

and the application of finite element analysis to solve the RVE problem effectively.

Chapter 3 provides a comprehensive exploration of computational homogenization us-

ing the extended finite element method (XFEM), with a focus on implementing and analyz-

ing Representative Volume Element (RVE) boundary conditions. It begins by detailing the

numerical framework for RVE boundary conditions, employing vector-matrix notation to

formulate stress, displacement, and related tensors. The interpolation of displacement and

Lagrange multiplier fields leads to an algebraic representation of the RVE problem, with

boundary decomposition enabling constraint application. The chapter progresses to uniform

displacement gradient conditions, where macroscopic displacement gradients define bound-

ary displacements without micro-scale fluctuations, simplifying algebraic formulations for

nodal displacements and stress fields. It then examines uniform traction boundary condi-

tions, allowing displacement fluctuations while ensuring stress uniformity, with derivations

culminating in a matrix-based implementation. Periodic displacement conditions are ad-

dressed next, accommodating fine-scale displacement periodicity and anti-periodic traction,

ensuring compatibility and equilibrium across boundaries through reduced degrees of free-

dom. The interpolation of displacement and Lagrange multiplier fields is subsequently dis-

cussed, emphasizing the accurate modeling of discontinuities and element-level efficiency.

Finally, section 3.4 concludes with a detailed stabilization methodology to address traction
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oscillations in XFEM. By decomposing the displacement jump function and incorporating a

stabilization term using Legendre polynomials, the approach ensures numerical robustness

without compromising accuracy. Implementation procedures, including stabilized shape

functions and governing equations, integrate this stabilization framework seamlessly into

XFEM, enhancing its applicability in computational homogenization.

Chapter 4 on case studies focuses on validating the XFEM-based computational ho-

mogenization procedure by comparing its results with established methods from literature.

Overall, the validation results confirm the accuracy and reliability of the developed XFEM-

based computational homogenization approach. The selection of the stabilization parameter

χ in the Stabilized (S-XFEM) is important for controlling oscillations induced by quadratic

bubble terms at the interface. While setting χ = 1 has been effective in certain cases, a uni-

versally optimal value does not exist due to variations in material properties, geometry, and

interface conditions. This chapter also introduces a novel criterion for selecting χ system-

atically and compares it with established methods from literature. The study demonstrates

that the proposed methodology offers a robust and adaptable framework for determining χ,

providing enhanced stabilization across a range of XFEM applications.

Chapter 5 on parametric studies investigates the influence of various parameters on the

homogenized elastic properties of an RVE model. It begins with an analysis of the Effect
of Mesh Size, where different mesh resolutions are compared in terms of their impact on

stress calculations. Following this, the Illustrating the Interface Bond Effect section ex-

amines the role of boundary conditions and interface stiffness on stress distribution. Within

this section, Alternative RVE Boundary Conditions are explored by analyzing the vari-

ation in average stresses under periodic, displacement, and traction boundary conditions,

emphasizing the significance of interface stiffness. Additionally, the Modeling of Fibres
as Inclusions via the XFEM subsection extends this investigation by comparing XFEM

and FEM approaches in fiber-reinforced composites, highlighting how the imperfect bond

assumption in XFEM leads to different stiffness contributions than the perfect bond as-

sumption in FEM. Additionally, this chapter addresses the Stabilization of the XFEM for
Stiff Interface Bond, demonstrating the implementation and effectiveness of the modified

XFEM methodology through parametric studies on previously introduced cases. Lastly, this

chapter introduces the criterion for selecting the optimal χ value, which is applied to four

distinct cases representing different inclusion scenarios in a representative volume element

(RVE). A range of material properties is examined to ensure a comprehensive analysis,
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including the effects of stiff and imperfect bonds at the matrix-inclusion interface. The

modulus of elasticity of both the matrix and inclusions varies across four studies to reflect

different mechanical contrasts. For each study, tables summarize the material properties of

the RVE components, followed by the optimal χ values obtained for various displacement

gradients and interface stiffness conditions.

Lastly, conclusions are presented in chapter 6.
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Chapter 2

Computational Homogenization

2.1 Introduction

Computational homogenization is a vital tool for understanding the behavior of heteroge-

neous materials, which have gained significant attention in engineering and materials sci-

ence. These materials, known for their intricate microstructures, exhibit spatially varying

properties at the microscopic level. Such variations pose considerable challenges in accu-

rately predicting the macroscopic behavior of materials, which is essential for the design

and assessment of engineering structures.

2.1.1 Motivation

The motivation for exploring computational homogenization stems from the pressing need

to develop efficient and accurate predictive tools for heterogeneous materials. Traditional

approaches often struggle to effectively capture the complex multiscale interactions at the

microscopic level, which play an important role in defining the overall material response.

This work aims to provide a deeper understanding and enhanced predictive capabilities for

the mechanical behavior of heterogeneous materials through computational homogeniza-

tion techniques.
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2.1.2 Literature Review

The concept of homogenization has been extensively explored in the existing literature.

Foundational contributions by Hashin and Shtrikman [19], Hill [21], and Eshelby [13] es-

tablished the groundwork for understanding the effective properties of composite materials.

For instance, Hashin and Shtrikman [19] introduced variational principles to derive rigor-

ous bounds for the effective elastic moduli of composite materials, marking a significant

advancement, particularly for multiphase composites. Similarly, Hill [21] extended self-

consistent modeling, which assumes that each phase whether inclusions or matrix experi-

ences an average field equivalent to the composite’s effective field. This method remains

widely used for estimating the effective moduli of materials with random microstructures.

In subsequent years, computational approaches such as the (FEM) have enabled numer-

ical solutions to homogenization problems. More recent studies, including those by Kanit

et al. [25] and Miehe and Koch [36], have advanced the field by addressing challenges

related to the size and boundary conditions of the (RVE). Despite these advancements, a

clear need persists for robust methodologies capable of accurately capturing the effects of

microstructural variations on macroscopic properties.

2.1.3 Methodology

In this chapter, we present a detailed exploration of computational homogenization, begin-

ning with the formulation of field equations and their weak forms. We assume a continuous

stress field, while the displacement field is allowed to be discontinuous at interfaces. This

approach captures the essential features of heterogeneous materials, where discontinuities

arise naturally due to differences in material properties at the micro-scale. We introduce

the displacement, stress, location, and material parameters in both vector and index nota-

tion, but primarily use index notation for tensor operations to facilitate the derivation of

homogenization equations. Our methodology involves deriving the equilibrium equations

governing the behaviour of the heterogeneous domain. We express the stress tensor in terms

of the displacement gradient through the constitutive relation and establish the equilibrium

conditions. By applying the Galerkin weak form, we obtain a set of integral equations that

form the basis for the homogenization process. A key aspect of our approach is the separa-

tion of scales, which underpins the first-order homogenization method. We assume that the
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heterogeneous medium exhibits rapidly oscillating properties, with heterogeneities much

smaller than the overall size of the medium. This allows us to define an effective material

property matrix that captures the averaged behaviour of the micro-structure. We introduce

a scaling parameter, η, representing the ratio between the micro and macro-structure sizes.

As η approaches zero, the homogenized property matrix becomes independent of location,

enabling the formulation of a simplified, homogenized problem. The chapter further elab-

orates on the variational setting for homogenization and integrating the balance equations

over a representative volume element (RVE). To solve the cell problem inherent in homog-

enization, we introduce a finite-sized RVE and explore different boundary value problems.

We derive the relationship between local stress fields and average displacement gradients,

which forms the basis for computing the effective property tensor.

2.1.4 Chapter Structure

This chapter is organized to offer a detailed overview of the essential aspects of homoge-

nization in materials science. It begins with a discussion on field equations and their weak
forms, providing the foundational framework by defining the governing equations for stress

and displacement fields in heterogeneous materials. The focus then shifts to separation of
scales and first-order homogenization, where the principle of scale separation is intro-

duced, and first-order homogenization equations are derived. This section also explains the

asymptotic expansion of the displacement field and its impact on the homogenized proper-

ties.

Subsequently, the chapter develops the variational setting for homogenization, pre-

senting the variational framework necessary to address the computational homogenization

problem. Emphasis is placed on deriving the weak form of equilibrium equations and com-

puting the effective stress tensor. Finally, the chapter addresses the RVE boundary value
problem, examining the role of the (RVE) in the homogenization process. This section ex-

plores the selection of appropriate boundary conditions, their influence on effective material

properties, and the methodology for solving the RVE problem using finite element analysis.
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2.1.5 Summary

By the end of this chapter, we will have established a comprehensive framework for com-

putational homogenization, integrating theoretical formulations with practical numerical

techniques. This framework not only enhances our understanding of heterogeneous mate-

rials but also provides a robust tool for predicting their macroscopic behaviour from mi-

croscopic details. The approaches and findings presented in this chapter play an important

role in enhancing the design and evaluation of engineering materials, thereby facilitating

advancements in material science and engineering applications.

2.2 Field equations and the weak form

In computational mechanics, particularly within finite element analysis (FEA), understand-

ing the behavior of stress and displacement fields is essential for accurate selection of inter-

polation functions, modelling and simulation. The governing equations, or field equations,

describe the physical behavior of these fields, and their reformulation into the weak form

makes them suitable for numerical solutions.

In computational homogenization, the stress field is generally assumed to be continuous

throughout the heterogeneous domain, meaning that the stress components do not exhibit

abrupt jumps across material interfaces. However, after numerical discretization such as

using the finite element method (FEM), the stress field may only be weakly continuous

between elements. This means that while global equilibrium is maintained, small disconti-

nuities may appear due to numerical approximations. These discontinuities can be mitigated

by using advanced techniques such as enriched finite element formulations (e.g., XFEM)

or by refining the mesh. On the other hand, the displacement field exhibits discontinuities

across interfaces between different materials or along cracks and defects. This disconti-

nuity occurs because different materials respond differently to applied loads, leading to

mismatched displacements at material boundaries. For instance, at the interface between a

stiff and a soft material, the displacement on one side may be significantly smaller than on

the other, resulting in a discontinuous jump.

To describe these mechanical fields, both vector notation and index notation are in-

troduced. Vector notation provides a compact representation of physical quantities. For
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example, the displacement vector field in a two-dimensional (2D) system is expressed as

u = ui = ⟨u1 u2⟩T (2.1)

where u1 and u2 represent the displacement components in the x1 and x2 directions, re-

spectively. On the other hand, index notation is often preferred for rigorous derivations of

homogenization equations. This notation explicitly expresses tensor components, simplify-

ing the manipulation of terms involving differentiation and summation. In this context, the

displacement components are denoted as ui, with the subscript i taking values of 1 or 2 for

2D problems.

The stress tensor σij in a heterogeneous domain represents the internal forces per unit

area acting in the i-th direction on a plane perpendicular to the j-th direction. within the

material. It is related to the displacement gradient through the constitutive relation, which

describes how the material responds to deformation. This relation, given by

σ = σij = Dijkl
∂uk
∂xl

(2.2)

The equation expresses the stress σij as a linear function of the displacement gradient ∂uk

∂xl
.

The displacement gradient represents how the displacement field uk changes with respect

to spatial coordinates xl, which is essential in characterizing strain in the material. The

fourth-order stiffness tensorDijkl (also known as the elasticity tensor) relates stress to strain,

encapsulating the mechanical properties of the material. It contains information about the

material’s stiffness and elasticity in different directions. Due to the heterogeneous nature

of the domain, Dijkl varies with position, meaning that the mechanical properties of the

material can change across the domain. The domain consists of materials with different

properties, leading to variations in the stiffness tensor. The stiffness components Dijkl

generally depend on the location vector x, which is expressed as

x = xi = ⟨x1 x2⟩T (2.3)

Here, the components x1 and x2 correspond to the position along the horizontal and verti-
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cal axes, respectively. Together, these components uniquely specify a location within the

domain, enabling precise identification of material properties, boundaries, and physical fea-

tures. In a homogeneous material, Dijkl would be constant throughout the domain, leading

to a uniform stress-strain relationship, whereas in heterogeneous materials such as compos-

ites or materials with voids, Dijkl varies spatially, leading to complex stress distributions.

In computational homogenization, analyzing a material’s response in three dimensions

(3D) requires handling a six-dimensional stress and strain tensor. However, to simplify

the mathematical formulation and computational effort, this analysis is restricted to a two-

dimensional (2D) model. This means that only the in-plane components of displacement,

stress, and strain are considered. Since we are dealing with 2D modeling, the indices i, j, k, l

in the stress-strain relationship range between 1 and 2 (i.e., corresponding to two spatial di-

rections, typically x1 and x2) rather than spanning from 1 to 3 as in 3D problems. The

stiffness tensor Dijkl (also called the elasticity tensor) relates stress to strain and determines

how a material deforms under loading. In a general 3D case, Dijkl has 81 components

(34 = 81), but due to various symmetry conditions, the number of independent components

is significantly reduced. For a 2D linear elastic material, the symmetry conditions include

minor symmetry and major symmetry. The stress tensor exhibits minor symmetry, meaning

σij = σji, which arises from the balance of angular momentum in the absence of body mo-

ments. This symmetry implies that the stiffness tensor satisfies Dijkl = Dijlk. Additionally,

the stiffness tensor satisfies major symmetry, meaning Dijkl = Dklij , which follows from

the symmetry of strain energy density in linear elasticity. In the 2D case, only components

involving indices 1 and 2 are considered, and the shear stress components are symmet-

ric, i.e., σ12 = σ21. This further reduces the number of independent stiffness components,

simplifying the analysis of the material’s mechanical behavior.

Considering the above symmetries, the constitutive equation in 2D plane stress or plane

strain conditions can be rewritten using Voigt notation, where the stress and strain tensors

are converted into vector form. The components are arranged as

σ =

⎡⎢⎢⎣
σ11

σ22

σ12

⎤⎥⎥⎦ , ε =

⎡⎢⎢⎣
ε11

ε22

2ε12

⎤⎥⎥⎦ (2.4)
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Thus, the elasticity tensor Dijkl is expressed as a 3×3 stiffness matrix D

D =

⎡⎢⎢⎣
D1111 D1122 D1112

D1122 D2222 D2212

D1112 D2212 D1212

⎤⎥⎥⎦ (2.5)

Each entry in the stiffness matrix corresponds to a combination of stress-strain relation-

ships. The six independent components of Dijkl arise due to the above symmetries, which

drastically reduce the number of independent parameters from 16 (in a general 2D tensor)

to 6. The diagonal terms D1111 and D2222 represent the material’s stiffness in the principal

directions x1 and x2, respectively. The term D1122 describes the coupling effect between

normal stresses σ11 and σ22, illustrating how deformation in one direction influences the

other. The off-diagonal terms D1112, D2212, and D1212 relate shear stress to normal strain

and vice versa, capturing the interaction between different types of deformation. The sym-

metry conditions ensure that only six independent components remain, significantly simpli-

fying the numerical implementation in computational homogenization. This matrix form is

particularly useful in finite element analysis (FEA) and computational homogenization, as

it provides a compact and efficient way to compute stress-strain relationships.

The equilibrium equations can be written as

∂σij
∂xj

= pi in Ω (2.6)

ui = ri in ΓD (2.7)

σjini = −sj in ΓN (2.8)

Here, Eq. (2.6) defines the balance of forces within a deformable material body, ensuring

that it achieves static equilibrium under the influence of both internal and external forces.

The left-hand side, ∂σij

∂xj
, represents the divergence of the stress tensor σij . This term captures

the spatial variation of stresses within the material, describing how these stresses change

from one point to another in response to deformation. On the right-hand side, the term pi

denotes the external body force per unit volume acting on the material. Such forces can

result from applied loads or other sources. The subscript i indicates the spatial direction in

which the force is applied. To maintain equilibrium, these external forces must be coun-
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terbalanced by the internal stresses within the material. This equilibrium condition applies

within a specified domain Ω, which represents the material body being analyzed.

Eq. (2.7) defines a Dirichlet boundary condition, commonly designated as ΓD. This

condition specifies the displacement field ui on a segment of the boundary ΓD within the

domain. It prescribes fixed values for the displacements ui in one or more specified di-

rections i, eliminating any degrees of freedom for the system to adjust autonomously in

those directions. Instead, the displacement field is strictly constrained to align with the

predetermined values ri established by the boundary condition. This equation explicitly

represents the prescribed displacements in the i-th direction. These fixed displacements

are often derived from physical constraints or tailored design requirements. By enforcing

these displacements on the boundary ΓD, the system’s behavior is directed and influenced

in accordance with the intended deformation pattern.

Eq. (2.8) defines a Neumann boundary condition on ΓN , specifying the traction vector

(external forces) along a portion of the boundary. Here, σji represents the stress tensor

components, where j indicates the force direction and i corresponds to the normal to the

surface. The unit normal vector’s components, ni, define the boundary orientation, with

n pointing outward. The product σjini gives the j-th component of the traction vector,

describing the stress acting along the boundary in the normal direction. This term reflects

internal forces within the material. Meanwhile, sj represents the externally applied surface

traction in the j-th direction, indicating the force per unit area exerted on ΓN . The negative

sign in Eq. (2.8) indicates that the applied traction acts in the direction opposite to the

outward normal stress vector, ensuring force equilibrium. External forces applied to the

boundary act inward, while internal stress forces act outward. For equilibrium, the internal

stress vector (σjini) must balance the external applied traction (−sj), ensuring their sum

is zero. This is particularly evident in compressive loading, where the material’s internal

stress opposes the applied force, maintaining balance.

In boundary value problems, Dirichlet and Neumann conditions define how a physi-

cal system behaves at its boundaries. These two types of boundaries are distinct, non-

overlapping and dividing the entire external boundary of the domain. Mathematically, this

is expressed as ∂Ω = Γ, where Γ = ΓD∪ΓN and ΓD∩ΓN = ∅. Here, ∂Ω represents the outer

boundary of the domain Ω, enclosing all points that define its limits. Dirichlet conditions

are imposed on ΓD, while Neumann conditions apply to ΓN . The equation shows that the

boundary is fully partitioned into these two regions, ensuring every point belongs to either
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ΓD or ΓN , but not both. This strict separation prevents conflicts, guaranteeing well-defined

boundary conditions.

The Galerkin weak form of the above governing equilibrium equations from Eqs. (2.6)

to (2.8) can be expressed after introducing the variation of the displacement field δui and

using integration by parts as shown in Appendix A.1.1 as

∫︂
Ω

δ
∂ui
∂xj

σij dΩ +

∫︂
Ω

δuipi dΩ +

∫︂
ΓN

δuisi dΓ = 0 (2.9)

where the admissible displacement field ui is prescribed at the boundary ΓD as in Eq. (2.7)

and therefore, its variation vanishes, i.e., δui = 0 in ΓD.

In the first term, δ ∂ui

∂xj
represents the virtual strain, where δui denotes a virtual displace-

ment a small, arbitrary variation in the displacement field and ∂ui

∂xj
corresponds to the strain

tensor component. Here, σij represents the stress tensor component, capturing the internal

forces within the material. The integration dΩ spans the entire domain Ω, representing the

volume of the material under analysis. Physically, this term quantifies the work done by

internal stresses as a result of virtual strains within the material, accounting for the internal

distribution of forces responding to deformation.

In the second term, δui remains the virtual displacement field, while pi denotes the

body force per unit volume acting on the material. Similar to the first term, dΩ involves

integration over the entire domain Ω. This term represents the work done by external body

forces on the material due to the virtual displacements, highlighting the interaction between

applied forces and the material’s deformation.

In the third term, δui is again the virtual displacement field, while si refers to the traction

(force per unit area) specified along the Neumann boundary ΓN . The integration dΓ is

carried out over this boundary ΓN . Physically, this term describes the work done by external

surface tractions forces applied to the material’s surface due to the virtual displacements.

Eq. (2.9) embodies the principle of virtual work, asserting that the total virtual work

done by internal stresses and external forces (including both body forces and surface trac-

tions) must equal zero for any arbitrary virtual displacement δui. This principle ensures that

the weak form of the equilibrium equations is satisfied, providing a foundational expression

of balance in the material system.
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2.3 Separation of Scales and First Order Homogenization

A heterogeneous medium refers to a substance or material that exhibits variations in its

properties across different regions or points within it. In simpler meaning, it’s a substance

that isn’t uniform throughout, but rather consists of different components or regions with

distinct characteristics. These differences may appear in a range of physical characteristics,

including density, composition, or conductivity. For instance, a heterogeneous medium

could be a composite material made up of different types of particles, each with its own

unique properties. The key aspect of a heterogeneous medium is that it lacks uniformity, re-

quiring a more refined approach to understanding its behaviour compared to homogeneous

materials. This understanding is essential in fields such as materials science, geology, and

fluid dynamics, where the properties of the medium significantly influence its overall be-

haviour and performance. Here, we adopt the assumption that the heterogeneous medium

has rapidly oscillating properties and the sizes of the heterogeneities are small compared to

the overall size of the medium. And, this assumption means that these properties change

quickly over small distances. For example, in a composite material with alternating lay-

ers of different substances, the material properties might oscillate between those of each

constituent material very frequently. Also, each individual region where the properties are

different is much smaller than the overall dimensions of the material. For instance, if we

consider a metal with embedded ceramic particles, the ceramic particles are much smaller

than the metal piece itself. By assuming that the heterogeneities are small compared to the

overall size of the medium, we can simplify the complex problem of varying properties into

a more manageable form. Furthermore, this assumption is valid as long as the size of the

heterogeneities is significantly smaller than the overall dimensions. This ensures that the

oscillations do not dominate the behaviour of the medium on a macroscopic scale.

When dealing with such rapidly oscillating properties, it’s often impractical to model

each small-scale heterogeneity individually. Instead, a technique called homogenization is

used. Homogenization is the mathematical technique used to transition from the micro-

scale to the macro-scale. It involves averaging out the microscopic variations to obtain ef-

fective or homogenized properties that represent the material’s behaviour on a larger scale.

The objective here is to derive the macroscopic stiffness properties of a material from its

known microscopic properties. This means deriving an average stiffness that captures the
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combined effects of all the micro-scale components. In terms of micro-properties, we’re

referring to the properties of the material at a very fine scale, such as the properties of in-

dividual component in a composite material. These micro-properties of the material can

exhibit considerable variation from one location to another, attributable to its heteroge-

neous characteristics. In terms of macro stiffness properties, these properties refer to the

overall stiffness or mechanical behaviour of a material at a macroscopic level. Once we

have computed these macroscopic stiffness properties using homogenization, the small-

scale variations present in the micro-properties are no longer explicitly accounted for in the

homogenized problem. The homogenized equilibrium equation is expressed as

D̂ijkl
∂2ūi
∂xj∂xk

= pl in Ω (2.10)

This Eq. (2.10) represents the homogenized equilibrium in a heterogeneous medium. It

expresses the balance of internal forces (represented by the effective stiffness tensor and

the displacement field) with the external body forces. The left-hand side of the equation

D̂ijkl
∂2ūi

∂xj∂xk
represents the internal stress distribution within the material, where D̂ijkl repre-

sents the effective stiffness tensor of the homogenized material. It is a fourth-order tensor

derived from the homogenization process. The effective stiffness tensor characterizes the

macroscopic elastic properties of the material. And, it expresses the average behaviour of

the microscopic heterogeneities within the material. One significant feature of the effec-

tive material property matrix D̂ijkl is that its components are independent of the location

within the material. This means that, unlike the original heterogeneous micro-properties,

the effective properties do not vary from point to point. Instead, they represent a uniform,

averaged behaviour across the entire material domain. In Eq. (2.10), ūi represents the

macroscopic displacement field, which describes the overall deformation of the material at

a larger scale, ignoring the small-scale variations. The term ∂2ūi

∂xj∂xk
represents the second

partial derivatives of the displacement field with respect to the spatial coordinates xj and

xk. This term corresponds to the strain components in the material. The right-hand side of

the equation, pl, represents the external body forces per unit volume acting within the ma-

terial in the l-th direction. Body forces include gravitational forces or any distributed forces

acting throughout the volume of the material. This equation indicates that the change in the

internal stresses are in equilibrium with the applied body forces, ensuring the overall force

balance in the material. Ω is the domain over which the equation is defined. It represents
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the region of the material or structure being analysed. Furthermore, The Eq. (2.10) is de-

rived through the process of homogenization, which averages the microscopic properties to

obtain effective macroscopic properties. By using the effective stiffness tensor, the equation

simplifies the analysis of heterogeneous materials by focusing on their averaged behaviour

rather than detailed micro-structural variations.

In order to capture the small-scale influence on the effective property, a scaling parame-

ter η is introduced. This scaling parameter η is a critical concept used to bridge the gap be-

tween the micro-structure and the macro-structure of a material. The parameter η represents

the ratio between the characteristic size of the micro-structure (the small-scale features) and

the characteristic size of the macro-structure (the large-scale domain). Mathematically, it

is defined as η = lmicro
Lmacro

, where lmicro is the length scale of the micro-structural features, and

Lmacro is the length scale of the macroscopic domain. The introduction of η allows the model

to incorporate the effects of small-scale heterogeneities on the overall material properties.

This scaling parameter ensures that the variations in the micro-structure are appropriately

reflected in the homogenized, or effective, properties of the material. The homogenized

property matrix denoted as D̂ijkl is defined analytically in the limit as the scaling parameter

η approaches zero (η → 0). When η approaches zero, it signifies that the micro-structural

features become infinitesimally small compared to the macro-structure. This case is im-

portant in the homogenization process, where the goal is to average out the micro-structural

variations to derive uniform macroscopic properties. As η → 0, the detailed micro-structural

variations are effectively smoothed out, leading to the definition of the homogenized prop-

erty matrix D̂ijkl. This matrix expresses the averaged mechanical properties of the material,

allowing it to be treated as homogeneous at the macroscopic scale. To more accurately de-

scribe this homogenization process, the size of the heterogeneity is introduced as a variable.

This addition allows the homogeneous case to be described as a special instance within the

context of heterogeneous materials. By adjusting the heterogeneity size, it is possible to

shift from a detailed micro-structural analysis to a simplified, homogeneous description,

making D̂ijkl relevant across different scales. In practical terms, introducing the size of

heterogeneity as a variable provides a flexible modelling approach. It enables the consider-

ation of micro-structural influences when necessary while also allowing for the treatment of

materials as homogeneous when appropriate. This dual capability is particularly valuable

in engineering applications, where different levels of detail might be required for different

analyses see Figure 2.1.
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Figure 2.1: Homogenized material as a special case when inclusions are infinitesimally small,
i.e.,η → 0

The solution ūi in Eq. (2.10) is referred to the first approximate solution. It represents

an initial approximation of the displacement field that satisfies the equilibrium conditions

within the material domain Ω. While this solution may not perfectly capture every detail

of the material behaviour, it serves as a starting point for further analysis and refinement.

The main idea is to simplify the solution of a complex, heterogeneous problem by utilizing

the solution of a simpler, homogeneous problem. This approach originates from the under-

standing that solving complex problems directly can be computationally intensive or ana-

lytically challenging. By approximating the solution using a simpler problem, such as the

homogeneous problem, we can organize the analysis while still capturing essential aspects

of the material behaviour. Therefore, The complete displacement field ui is represented in

the form of asymptotic expansion as

ui(xi, yi) = ūi(xi, yi) + η ¯̄ui(xi, yi) + η2 ¯̄̄ui(xi, yi) + . . . (2.11)

The Eq. (2.11) represents the complete displacement field ui as an asymptotic expan-

sion in terms of a small parameter η. This asymptotic expansion is a mathematical technique

used to approximate a function or solution by expressing it as a series of terms, where each

successive term provides a more accurate approximation. This expansion offers a system-

atic approach to approximating the complete displacement field of heterogeneous materials.
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By building upon a simpler homogenized solution and iteratively adding corrections propor-

tional to powers of η. Where, ui(xi, yi) represents the complete displacement field, which is

a function of the spatial coordinates xi and yi. It characterizes the deformation of the mate-

rial at every point in space. In ūi(xi, yi), ūi denotes the solution of a simpler homogenized

problem, where the material is treated as homogeneous. This solution serves as the initial

approximation to the displacement field, capturing the average behaviour of the material. In

η ¯̄ui(xi, yi), the η ¯̄ui introduces the first-order correction to the homogenized solution. It rep-

resents the influence of micro-structural variations and heterogeneities on the displacement

field. The parameter η scales the magnitude of this correction, with smaller values indi-

cating finer micro-structural features. And, η2 ¯̄̄ui(xi, yi) further refines the approximation

by incorporating second-order corrections to the displacement field. It captures additional

details of the material’s micro-structure, contributing to a more accurate representation of

the deformation behaviour. Moreover, the ellipsis (. . .) indicates that the expansion contin-

ues indefinitely, with higher-order terms providing increasingly refined corrections to the

displacement field. In practical scenarios, the series usually converges by limiting it to a

certain number of terms, where additional contributions become negligible.

The concept of oscillatory behaviour which happens in heterogeneous materials arises

from their basic complexity, where changes in micro-structure result in spatially dependent

fluctuations in mechanical properties. These fluctuations appear as small-scale oscillations

in the material’s response, showcasing the complex interaction between various system

scales. These oscillations are most noticeable in areas where the material shows substantial

heterogeneity, causing localized deviations from the typical behaviour. According to the

asymptotic expansion, such oscillatory behaviour is captured by higher-order contributions

beyond the homogenized solution ūi. These contributions, represented by terms like ¯̄ui,
¯̄̄ui, and so on, account for increasingly detailed micro-structural effects that influence the

overall deformation field. While the homogenized solution provides a rough approximation

of the material response, the higher-order terms refine this approximation by incorporating

corrections that capture the small-scale oscillations present in the system. Each successive

term in the expansion contributes to the characterization of these oscillations, revealing their

spatial distribution and magnitude across the material domain. By iteratively adding higher-

order terms, we can gain insight into the fine-scale variations that underlie the macroscopic

behaviour of the material. These contributions clarify the localized effects of heterogeneity,

highlighting regions where deviations from homogenized behaviour are most pronounced.
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Furthermore, the differing orders of η in Equation (2.11) create a hierarchy among the

effects of each term in the series.

The scaling parameter η, as we discussed before, represents the ratio between the size

of the micro-structure and the macro-structure in a heterogeneous material. As η varies, the

position vector xi might change its reference, making it difficult to maintain a consistent

description of material points. This dependency on η complicates the construction of solu-

tions that are valid across different scales. To address the challenge of constructing globally

valid solutions that remain consistent as the scaling parameter η changes, it is essential to

ensure that the position vector xi is independent of η. This is achieved by incorporating

two distinct spatial scales into the analysis. These scales are the slow scale and the fast

scale. This dual-scale approach allows for a more precise representation of the material’s

behaviour at both the macro and micro levels. The position vector xi is designated as the

slow scale, or macro-scale coordinate. This scale measures variations within the global re-

gion of interest, capturing the overall, large-scale behaviour of the material. By defining

xi as the slow scale, it effectively averages out the fine-scale fluctuations caused by the

material’s heterogeneities. As a result, xi remains consistent and always refers to the same

material point, regardless of variations in the scaling parameter η. The fast scale, on the

other hand, measures small-scale variations within one period cell of the micro-structure,

capturing the fine-scale details and oscillations due to heterogeneity. This scale is repre-

sented in Eq. (2.11) by yi. The fast coordinate yi is defined as yi = xi/η to capture the

variations within the micro-structure or heterogeneities that are small compared to the over-

all size of the medium. In a heterogeneous medium, properties such as material stiffness

may vary rapidly at a small scale. By introducing yi = xi/η, we separate the problem

into a macro-scale (slow scale) described by xi and a micro-scale (fast scale) described

by yi. This allows us to handle variations at different scales independently. And, the pa-

rameter η is small, representing the ratio between the size of the micro-structure and the

macro-structure. When η is small, the fast coordinate yi can vary significantly even when xi
varies slightly. This helps in capturing the rapid oscillations in the micro-structure. Also,

the fast coordinate yi enables us to analyse the periodicity and detailed behaviour within

a single representative volume element (RVE) of the micro-structure. This is essential for

determining the effective properties of the heterogeneous material. Furthermore, defining

yi = xi/η simplifies the mathematical treatment of the problem. It allows the use of asymp-

totic expansion techniques to systematically derive the effective (homogenized) properties
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by considering terms of different orders of η. Overall, this definition helps to decouple the

small-scale oscillations from the overall behaviour of the structure, making it easier to de-

rive homogenized equations that describe the macroscopic properties of the heterogeneous

material.

In a standard single-scale analysis, the derivative with respect to the coordinate xi is

straightforward ∂
∂xi

. This operator captures how a quantity changes with respect to the

position xi on the macro-scale. When incorporating the micro-scale coordinate yi, we need

to account for variations on both scales. The micro-scale coordinate yi is defined as yi =
xi

η . Here, η is a small parameter representing the ratio between the micro-scale and the

macro-scale. When η → 0, it implies that the micro-scale length is becoming much smaller

compared to the macro-scale length. In other words, the micro-structural features are very

small relative to the overall size of the material. In multi-scale analysis, as η becomes

smaller, the value of yi increases for a given xi. This means that for any fixed point in

the macro-scale (given xi), the corresponding micro-scale variations captured by yi span a

larger range. To account for both the macro-scale and micro-scale variations, we use the

chain rule for differentiation. This rule allows us to express the derivative with respect to

xi as a combination of derivatives with respect to both xi and yi. Applying the chain rule as

Holmes [23], the derivative with respect to xi transforms as follows

∂

∂xi
→ ∂

∂xi
+
∂yi
∂xi

∂

∂yi
(2.12)

Since yi = xi/η, the derivative ∂yi
∂xi

simplifies to ∂yi
∂xi

= 1
η . Substituting ∂yi

∂xi
into the chain rule

expression Eq. (2.12) , we obtain the combined derivative operator

∂

∂xi
→ ∂

∂xi
+

1

η

∂

∂yi
(2.13)

This transformed derivative operator means that when we differentiate a function with re-

spect to xi, we must consider both the macro-scale derivative ∂
∂xi

and the micro-scale deriva-

tive 1
η

∂
∂yi

. Here, ∂
∂xi

captures the slow, global variations in the function with respect to the

macro-scale coordinate. 1
η

∂
∂yi

captures the fast, local variations in the function with respect

to the micro-scale coordinate, scaled by 1/η to represent more details at the micro-scale.

In the combined derivative operator Eq. (2.13), the term 1
η

∂
∂yi

becomes more significant
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as η decreases. Since 1
η is a large factor when η is small, the contribution of the micro-

scale derivative ∂
∂yi

is amplified. Because 1
η is large, any small variations in the micro-scale

coordinate yi will be magnified when η is small. This means that the finer details of the

micro-structure have a more pronounced impact on the overall behaviour of the material as

η approaches zero. Essentially, the micro-scale variations are more noticeable and influen-

tial in the analysis. Furthermore, imagine looking at a detailed pattern on a fabric through

a magnifying glass. As you zoom in (analogous to decreasing η), the complex details of

the pattern become more visible and pronounced. Similarly, as η approaches zero in multi-

scale analysis, the fine-scale features of the material (micro-scale variations) become more

significant in the overall description of the material behaviour.

Many materials, especially composites and heterogeneous materials, show micro-structural

features that influence their mechanical behaviour. So, we need to extend our analysis

domain to include the micro-scale domain, and that helps us capture the effects of these

micro-structural features on the material’s overall behaviour. The extended domain facil-

itates a multi-scale analysis, where both macroscopic and microscopic effects are consid-

ered simultaneously. Also, the extended domain supports the use of asymptotic expansions,

where the displacement field ui is expanded in terms of contributions from different scales.

Furthermore, many micro-structural features show periodic behaviour, such as the repeating

pattern of inclusions in a composite material. This extended domain captures this period-

icity, allowing for the analysis of how variations within one period cell affect the overall

material behaviour. This extended domain is expressed by

Ωη = Ω× ηY (2.14)

where, the macroscopic domain, denoted by Ω, represents the entire region of interest at the

macro-scale where the physical problem (such as stress or displacement in a material) is

defined. This is the larger scale at which we observe the overall behaviour of the material

or structure. At this level, the material properties might appear homogeneous or smoothly

varying without considering the finer details of the micro-structure. And, the microscopic

cell domain, denoted by Y, represents a single repeating unit of the micro-structure. This

cell captures the detailed, periodic variations in material properties at the micro-scale. For

instance, if the material has a composite structure with repeating patterns, Y would include
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one instance of that pattern. This cell is much smaller compared to the overall size of Ω

and is assumed to repeat periodically throughout the entire material. And, the parameter

η is a small, dimensionless quantity representing the ratio between the size of the micro-

structure and the macro-structure. Essentially, η scales the micro-structure so that it fits

within the context of the macro-scale analysis. When we multiply the micro-scale domain

Y by η, we obtain ηY, which represents the micro-scale domain scaled down relative to

the macro-scale. And, the combined analysis domain, Ωη, is defined as the Cartesian prod-

uct of the macroscopic domain Ω and the scaled microscopic domain ηY. This extended

domain means we are considering both the macro-scale and micro-scale effects simultane-

ously. Imagine a large structure like a beam (Ω). Inside this beam, there are tiny repeating

cells (fibers, grains, etc.) represented by Y. To analyse how these tiny cells affect the whole

beam, we scale down these cells by η and then consider the beam as a combination of the

large structure and the scaled-down cells. This combined view is the extended analysis

domain Ωη. Furthermore, by including ηY in the domain definition, we incorporate the de-

tailed micro-structural variations within the macro-scale analysis. This allows us to account

for the influence of the fine-scale details on the overall behaviour of the material. The micro-

scale domain Y is periodic, meaning it repeats itself throughout the material. By extending

the analysis domain to include ηY, we ensure that these periodic micro-structural patterns

are considered in the analysis. The use of the small parameter η helps to separate the scales

mathematically. The macro-scale variations are described by the coordinates in Ω, while

the micro-scale variations are described by the coordinates in Y. This separation is crucial

for applying multi-scale analysis techniques, such as homogenization. The extended do-

main facilitates the homogenization process, where we aim to derive effective macroscopic

properties by averaging the microscopic properties. By analysing the periodic cell Y and

scaling it with η, we can determine how the micro-scale features influence the macro-scale

properties. From a mathematical perspective, defining the domain as Ωη = Ω × ηY simpli-

fies the formulation of the problem. It allows us to systematically apply partial derivatives

and other operations that take into account both macro and micro-scale effects.

Eq. (2.6) describes the equilibrium of stresses within the domain Ω. However, in the

context of homogenization, where we extend the analysis to include both macroscopic and

microscopic scales, this equation needs to be modified to accommodate the scaled micro-

structural domain. As we explained before, to make the position vector xi independent of

the scaling parameter η and ensure that it refers to the same material point regardless of
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changes in η, we introduce another coordinate vector yi = xi/η. The purpose of introducing

yi is to incorporate a fast coordinate system that measures variations within one period cell

of the micro-structure. As a consequence of introducing the scaled coordinate yi, derivative

operations must be adjusted accordingly to maintain consistency. The partial derivative with

respect to xj

(︂
∂

∂xj

)︂
is transformed into a sum of two terms. These terms are the original

derivative and an additional term involving the scaled coordinate yj . This transformation

is denoted as ∂
∂xj

→ ∂
∂xj

+ 1
η

∂
∂yj

. Applying the transformation to the original equilibrium

equation (2.6), we obtain the following modified equation

∂σij
∂xj

+
1

η

∂σij
∂yj

= pi (2.15)

This modified equation (2.15) accounts for the scaled micro-structural domain by including

the additional derivative term with respect to yj . The additional term involving ∂
∂yj

captures

the variations in stresses within the micro-structure’s period cell. Then, the asymptotic

expansion of the stress tensor can be written as

σij = σ̃ij + η ˜̃σij + η2 ˜̃̃σij + . . . (2.16)

where, the term σ̃ij represents the leading contribution to the stress tensor, corresponding

to the macroscopic stress field. It characterizes the material’s overall response at the largest

scale, encompassing effects from external loads, boundary conditions, and bulk properties.

This term provides a broad description of how the material behaves under macroscopic

loading. The first-order microscopic correction, η ˜̃σij , accounts for the influence of micro-

structural variations on the stress distribution. It captures deviations from the macroscopic

behavior due to local heterogeneities, interface interactions, and small-scale structural fea-

tures. Higher-order corrections, such as η2 ˜̃̃σij and subsequent terms, refine the stress rep-

resentation by incorporating finer-scale effects. These terms become increasingly relevant

when micro-structural influences are more pronounced, providing a more detailed charac-

terization of the material’s response. By including these higher-order contributions, the ex-

pansion accounts for additional complexities and interactions that modify the overall stress

distribution beyond the macroscopic approximation. By substituting Eq. (2.11) into Eq.

(2.2) and using the derivative transform in Eq. (2.13) as shown in Appendix A.2.1, we get
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σ̌ij = Dijkl
∂ūk
∂yl

(2.17)

σ̃ij = Dijkl

(︃
∂ūk
∂xl

+
∂ ¯̄uk
∂yl

)︃
= σ̄ij + ¯̄σij (2.18)

˜̃σij = Dijkl

(︃
∂ ¯̄uk
∂xl

+
∂ ¯̄̄uk
∂yl

)︃
(2.19)

In Eq. (2.17), σ̌ij represents the stress contribution arising exclusively from micro-scale

fluctuations. The material stiffness tensor Dijkl governs the relationship between stress and

strain through the constitutive equation. The term ∂ūk

∂yl
denotes the gradient of the macro-

scopic displacement field ūk with respect to the micro-scale coordinate yl, describing how

displacement changes within the fine-scale structure. Physically, this equation expresses the

micro-scale stress σ̌ij as a function of the macroscopic displacement gradient at the micro-

scale. It highlights how local stress variations arise from deformation at small scales. More-

over, the equation implies that the micro-scale stress is directly linked to the macroscopic

displacement gradient within the micro-scale coordinate system, reflecting the fine-scale

material response.

In Eq. (2.18), σ̃ij represents the leading-order term in the asymptotic expansion of the

stress tensor, incorporating both macro and micro scale effects. The material stiffness ten-

sor Dijkl defines the stress-strain relationship. The term ∂ūk

∂xl
represents the macroscopic

displacement gradient with respect to the macro-scale coordinate xl, describing large-scale

deformation. Meanwhile, ∂ ¯̄uk

∂yl
corresponds to the gradient of the first-order micro-scale dis-

placement correction ¯̄uk in terms of the micro-scale coordinate yl, capturing fine-scale vari-

ations. The macro-scale stress component is given by σ̄ij = Dijkl
∂ūk

∂xl
, while the micro-scale

stress correction is ¯̄σij = Dijkl
∂ ¯̄uk

∂yl
. Physically, this equation expresses the total stress σ̃ij as

the sum of these two contributions, reflecting both large-scale behavior and micro-scale re-

finements. By incorporating first-order micro-scale corrections, it provides a more detailed

representation of the overall stress distribution, demonstrating how both scales influence

the material response.

In Eq. (2.19), ˜̃σij represents the first-order correction in the asymptotic expansion of

the stress tensor, accounting for higher-order effects. The material stiffness tensor Dijkl
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governs the stress-strain relationship. The term ∂ ¯̄uk

∂xl
denotes the gradient of the first-order

micro-scale displacement correction ¯̄uk with respect to the macro-scale coordinate xl, while
∂ ¯̄̄uk

∂yl
represents the gradient of the second-order micro-scale displacement correction ¯̄̄uk rel-

ative to the micro-scale coordinate yl. Physically, this equation defines the first-order stress

component ˜̃σij , incorporating contributions from both macroscopic and higher-order micro-

scale displacement gradients. It refines the stress representation by capturing finer details

of the material response due to more complex micro-structural variations.

Together, Eqs. (2.17), (2.18), and (2.19) illustrate the hierarchical nature of the stress

tensor in a heterogeneous material. This multi-scale expansion systematically incorporates

different levels of micro-scale corrections, enhancing the accuracy of stress predictions

under various loading conditions. Each term in the series refines the model, offering a

comprehensive framework for understanding the interplay between macroscopic behavior

and microscopic interactions.

The stress σij is expanded as a series in Eq. (2.16). Here, σ̃ij represents the leading-

order stress (zero order in η), while η ˜̃σij and η2 ˜̃̃σij correspond to the first and second order

corrections, respectively, with higher-order terms following the same pattern. Notably, the

expansion does not include a term of the form η−1σ̌ij , which is important to the analysis.

From multiscale theory, σ̌ij = Dijkl
∂ūk

∂yl
. If this term were present in the series, the stress

expression would take the form

σij = η−1σ̌ij + σ̃ij + η ˜̃σij + η2 ˜̃̃σij + . . . (2.20)

As η approaches zero, the η−1 term would become unbounded, leading to a singular stress

field. However, in multiscale analysis, σij is assumed to be periodic in the microscopic

coordinates y, meaning it must remain finite. The presence of η−1σ̌ij would contradict this

requirement, implying an unphysical, infinitely large stress component. To ensure that σij
remains bounded and periodic, η−1σ̌ij must vanish, leading to the condition

σ̌ij = Dijkl
∂ūk
∂yl

= 0 (2.21)

This ensures that the stress expansion remains physically meaningful and consistent with

the assumptions of homogenization theory.

Equation (2.21) states that the product of the material stiffness tensor Dijkl and the
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partial derivative of ūk with respect to the fast coordinate yl must be zero. There are limited

ways to satisfy this condition. One possibility is Dijkl = 0, which would imply that the

material has no stiffness, which is a physically unrealistic scenario for most materials. The

other possibility is ∂ūk

∂yl
= 0, meaning the displacement field ūk remains constant with respect

to yl. Since the material stiffness tensor is generally non-zero, the only viable conclusion is

that ūk does not vary with yl, making it a function of only the macroscopic coordinate xi,

i.e., ūi = ūi(xi). This result confirms that ūi represents the macroscopic displacement field,

averaging out micro-scale fluctuations. Its independence from yi indicates that it captures

only the overall deformation of the structure, omitting the fine-scale variations introduced

by the material’s microstructure.

The stress tensor expansion in terms of the small parameter η is given by Eq. (2.16).

To simplify the analysis, we retain only the first non-zero term, σ̃ij , while disregarding

higher-order contributions. This reduces the stress expression to

σij = σ̃ij (2.22)

As a result, terms such as η ˜̃σij are omitted. Similarly, the displacement field ui is expressed

as an asymptotic expansion in Eq. (2.11). In this simplified approach, we keep only terms

up to the first order, leading to

ui = ūi + η ¯̄ui (2.23)

These approximations Eqs. (2.22) and (2.23) focuses on the dominant macroscopic behav-

ior while ignoring higher-order finer-scale corrections except for the first order.

In Eq. (2.23), ūi represents the macroscopic displacement field, while η ¯̄ui accounts for

the first-order correction due to micro-scale variations. Additionally, the correction term ¯̄ui

is assumed to be periodic in the fast coordinates yi, meaning it repeats within each unit cell

Y . Mathematically, this periodicity is expressed as

¯̄ui(xi, yi) = ¯̄ui(xi, yi + Yi) (2.24)

where, ¯̄ui represents the first-order correction in the displacement field, accounting for

microstructural influences that are not captured by the macroscopic displacement ūi. In

computational homogenization, this term reflects fine-scale variations due to material het-
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erogeneities. The coordinates (xi, yi) specify where ¯̄ui is evaluated. The macro-scale co-

ordinates xi describe the global position within the material, varying over the large-scale

domain, while the fast coordinates yi = xi/η capture fine-scale variations within a single

period of the microstructure, changing more rapidly than xi. The expression ¯̄ui(xi, yi + Yi)

represents the displacement correction at a shifted micro-scale coordinate yi + Yi, where Yi
denotes the periodicity of the microstructure. This periodicity ensures that microstructural

variations repeat at regular intervals, maintaining consistency in the material’s heteroge-

neous structure. Eq. (2.24) reflects this periodic behavior, which is characteristic of mate-

rials such as composites or those with regularly spaced inclusions. For a given macro-scale

position xi, the micro-scale displacement correction ¯̄ui remains consistent across repeated

microstructural patterns, ensuring uniformity in the material response.

By substituting Eq. (2.18) into Eq. (2.15) and grouping the terms according to their

order, i.e., O(1) and O(1/η) as shown in Appendix A.2.2, we get

∂σij
∂yj

= 0 in Y (2.25)

∂σij
∂xj

= pi in Ω (2.26)

Equation (2.25) describes the equilibrium condition at the micro-scale. The stress tensor

σij represents internal forces per unit area within the material, with indices i and j indicat-

ing directions in a Cartesian coordinate system. The operator ∂
∂yj

denotes differentiation

with respect to the fast coordinate yj , capturing micro-scale variations. The domain Y cor-

responds to a single periodic cell in the micro-structure. This equation states that σij is

divergence-free within each periodic cell, meaning there are no net internal forces acting

within an individual micro-structural unit. This ensures local equilibrium, maintaining the

periodicity and structural consistency of the material.

Equation (2.26) expresses the equilibrium condition at the macro-scale. Here, σij de-

notes the macroscopic stress tensor, which characterizes internal forces per unit area. The

term ∂
∂xj

represents the partial derivative with respect to the slow coordinate xj , capturing

macro-scale variations. The quantity pi corresponds to the body force per unit volume in

the i-th direction, encompassing effects such as gravity or other external influences. The

domain Ω refers to the entire material body at this scale. This equation asserts that the di-
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vergence of σij must match the applied body force pi, ensuring force equilibrium within the

material, a fundamental concept in continuum mechanics.

2.4 Variational Setting for Homogenization

The weak form of the equilibrium equation can be expressed by integrating the balance in

Eq. (2.26) over a domain of one cell, using the variation of the first approximate displace-

ment field δūi and using integration by parts as shown in Appendix A.3.1 as∫︂
Ω

δ
∂ūi
∂xj

σ̂ij dΩ +

∫︂
Ω

δūipi dΩ +

∫︂
ΓN

δūisi dΓ = 0 (2.27)

In the first term,
∫︁
Ω
δ ∂ūi

∂xj
σ̂ij dΩ, the integral is taken over the domain Ω. Here, δ denotes

a variation (or virtual displacement) of the displacement field, while ∂ūi

∂xj
represents the

strain tensor as the gradient of the displacement field ūi. The term σ̂ij corresponds to the

homogenized stress field, and the overall expression represents the internal forces in the

material. Integrating the product of the strain variation and effective stress over the domain

provides a measure of the internal work done by these stresses.

In the second term,
∫︁
Ω
δūipi dΩ, the integral again spans Ω, where δūi is the variation

of the displacement field, and pi denotes the body force per unit volume. This term ac-

counts for the work done by body forces, obtained by integrating their product with the

displacement variation over the domain.

The third term,
∫︁
ΓN
δūisi dΓ, involves integration over the Neumann boundary ΓN . Here,

δūi represents the variation of displacement at the boundary, and si is the specified traction

(force per unit area) applied on ΓN . This term quantifies the work done by surface tractions,

integrating their interaction with the displacement variation along the boundary.

Equation (2.27) expresses the weak form of the equilibrium equation in a homogenized

framework, ensuring that the sum of internal, body, and boundary forces equals zero for

equilibrium. In computational homogenization, this formulation guarantees that the av-

eraged material behavior satisfies equilibrium conditions. Additionally, in deriving Eq.

(2.27), it is assumed that the source terms pi (body forces) and si (surface tractions) are in-

dependent of the fast coordinate yi. This assumption simplifies the problem by ensuring that

these forces remain uniform across the microstructure, eliminating microscopic variations.
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The homogenized or effective stress tensor σ̂ij in Eq. (2.27) is obtained by averaging

the stress tensor over a representative volume element (RVE), denoted here as one cell, Y

σ̂ij = |Y|−1

∫︂
Y

σij dY (2.28)

This averaging process is essential for several reasons. First, homogenization enables the

derivation of macroscopic properties that characterize the overall behavior of a heteroge-

neous material. By averaging the stress tensor over a cell, a single effective value is ob-

tained, making it applicable in large-scale equations. Additionally, using an effective stress

tensor simplifies both analysis and computation, allowing standard continuum mechanics

approaches to be applied without needing to resolve microscopic variations explicitly. Then,

Eq. (2.28) can be further expanded using the fact that the stress tensor σij can be decom-

posed into terms involving σ̄ij and ¯̄σij based on Eqs. (2.22) and (2.18)

σ̂ij = |Y|−1

∫︂
Y

σij dY = |Y|−1

∫︂
Y

(σ̄ij + ¯̄σij) dY (2.29)

where, the homogenized or effective stress tensor σ̂ij represents the average stress state

within the RVE, providing a macroscopic perspective on the stress distribution. The vol-

ume of the cell, |Y|, is given by the integral |Y| =
∫︁
Y
dY. The term

∫︁
Y
σij dY represents the

total stress accumulated over the cell volume by integrating the local stress tensor σij across

Y. To obtain the effective stress, this total stress must be divided by the cell volume, which

is achieved using the reciprocal |Y|−1, ensuring that σ̂ij retains the correct stress units. The

local stress tensor σij consists of two components: σ̄ij , which varies at the macroscopic

level, and ¯̄σij , which fluctuates at the microscopic scale within the cell. In the integral∫︁
Y
σ̄ij dY, the macroscopic stress σ̄ij is either constant or slowly varying, meaning its inte-

gral provides the dominant macroscopic contribution. Meanwhile,
∫︁
Y
¯̄σij dY accounts for

microscopic fluctuations, averaging them over the cell volume. Ultimately, Eq. (2.29) en-

sures that the effective stress tensor captures the combined influence of both macroscopic

and microscopic stress variations within the RVE, linking the small-scale material behavior

to the overall macroscopic response.

For the solution of the global equilibrium problem in Eq. (2.27), the whole stress tensor
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σij needs to be expressed in terms of the average displacement gradient ∂ūi/∂xj . For that

purpose, Eq. (2.25) is used in the weak form by multiplying with the virtual displacement

fluctuations δ ¯̄ui and integrating over a domain of one cell Y. After integration by parts with

respect to fast coordinate yi as shown in Appendix A.3.2, we get∫︂
Y

δ
∂ ¯̄ui
∂yj

σij dY −
∫︂
Ψ

δ ¯̄uiσijnj dΨ = 0 (2.30)

Note that Eq. (2.25) describes the microscale equilibrium equation for a heterogeneous ma-

terial, assuming the absence of body forces. It asserts that the divergence of the stress field

must vanish at the microscale, ensuring local equilibrium. However, this equation alone

does not establish the link between microscopic and macroscopic behavior. To bridge this

gap, Eq. (2.30) is derived by integrating the microscale equilibrium equation over the pe-

riodic cell volume Y and applying the divergence theorem. Yet, at this stage, it remains

incomplete as it does not explicitly incorporate scale separation. This principle, fundamen-

tal to computational homogenization, assumes that the macroscopic length scale L is much

larger than the microscopic length scale ℓ, i.e., ℓ
L ≪ 1. Such an assumption allows the

separation of microscale fluctuations from macroscopic behavior, leading to the decompo-

sition of the total displacement field and the formulation of Eq. (2.23). To fully define the

homogenized problem and ensure proper decoupling, suitable boundary conditions must be

applied to the representative volume element (RVE). These conditions ultimately lead to Eq.

(2.38), which provides a rigorous framework integrating both microscopic and macroscopic

scales.

Eq. (2.30) represents the weak form of equilibrium within the periodic cell Y, ensuring

balance between internal stresses and boundary interactions. The first term,
∫︁
Y
. . . dY, de-

notes integration over the periodic cell. The expression δ ∂
¯̄ui

∂yj
corresponds to the variation

of the displacement fluctuation gradient with respect to the fast coordinate yj , describing

how virtual displacement changes within the cell. The stress tensor σij represents internal

stresses arising from deformation. This term captures the internal work done by the stress

σij against the virtual strain variation, reflecting the interactions within the cell that con-

tribute to equilibrium. The second term,
∫︁
Ψ
. . . dΨ, integrates over the cell boundary Ψ.

Here, δ ¯̄ui represents the virtual displacement fluctuation at the boundary, while σij remains

the stress tensor, now evaluated at the boundary of the cell Ψ. The unit normal vector com-

ponent nj specifies the outward direction at each boundary point. This term accounts for
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boundary work done by the stress through the virtual displacement, capturing interactions

between adjacent cells. Together, these terms ensure equilibrium in a weak sense, meaning

the internal and boundary forces remain balanced under virtual displacements δ ¯̄ui. This

formulation is essential in homogenization, providing a foundation for deriving effective

material properties by averaging over the periodic cell.

By enabling the separation of local (microscopic) and global (macroscopic) analyses,

it plays an important role in homogenization, where macroscopic properties are extracted

from the material’s microstructure. Solving this problem establishes a relationship between

the average displacement field gradients and the microscopic stress distribution. Once the

microscopic solution is obtained, the resulting stress tensor σij is averaged over the cell Y

to compute the effective stress tensor σ̂ij in Eq. (2.29). This homogenized stress tensor is

then incorporated into the macroscopic equilibrium equation, Eq. (2.27), to characterize the

material’s response on a larger scale. Ultimately, this framework ensures that the macro-

scopic description accurately captures the influence of the heterogeneous microstructure,

providing a reliable and efficient approach for analyzing complex materials.

2.5 RVE boundary value problem

To solve the cell problem in Eq. (2.30), a finite-size Representative Volume Element (RVE)

is introduced. The RVE is the smallest portion of a material’s microstructure that can re-

liably predict macroscopic mechanical behavior, particularly stiffness. It must be large

enough to capture key microstructural features while remaining computationally efficient.

For instance, in a fiber-reinforced composite, the RVE includes a representative number

of fibers and surrounding matrix to account for their distribution and interactions. If the

volume is too small, it may not capture the essential microstructural characteristics, lead-

ing to inaccurate macroscopic property estimations. The parameter η represents the ratio

of the microscopic (RVE) to macroscopic length scale. When η ̸= 0, the RVE is of fi-

nite size rather than infinitesimally small. Homogenization techniques are used to average

microscale properties (e.g., stiffness, strength) to derive effective macroscopic properties.

However, due to the finite RVE size, these properties are only approximate. A smaller RVE

captures finer microstructural details, improving accuracy, but if too small, it may fail to re-

flect the material’s true macroscopic behavior. Accurate boundary conditions are essential
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to ensure the RVE represents the surrounding material correctly. However, exact boundary

conditions are typically unknown, so approximations such as periodic, uniform traction, or

uniform gradient conditions are commonly applied to improve accuracy.

Periodic boundary conditions assume that the material’s microstructure repeats in a reg-

ular pattern, meaning opposite faces of the Representative Volume Element (RVE) maintain

continuity in both displacement and stress fields. This ensures that the RVE behaves as if

it were part of an infinite periodic array of identical units. In this framework, displacement

remains continuous across opposite boundaries, and traction vectors are equal in magnitude

but opposite in direction. For example, in a composite material with periodically arranged

fibers, an RVE subjected to macroscopic deformation must exhibit displacement on one

boundary that corresponds to the displacement on the opposite boundary, adjusted for the

macroscopic strain. Likewise, forces acting on one face must be balanced by those on the

opposing face. Applying periodic conditions enables the RVE to represent a larger material

system while reducing boundary effects, leading to more accurate homogenized properties.

However, this approach relies on the assumption of periodicity, which may not be valid for

all materials, potentially limiting its applicability.

Uniform traction boundary conditions impose a constant stress or traction on the bound-

ary of the RVE. This means that the surface forces (tractions) acting on the boundary of

the RVE are uniform, representing a uniform stress state. For example, for an RVE un-

der uniform compressive stress, the same compressive force is applied at every point on

the boundary. This type of boundary condition is suitable in representing cases with uni-

form external loading. In addition, it may not capture the effects of inhomogeneous internal

stress distributions and can lead to non-representative local stress fields if the microstructure

is highly heterogeneous.

Uniform gradient boundary conditions impose a linear displacement or strain field across

the RVE. This means that the displacements on the boundary of the RVE are prescribed such

that they represent a uniform strain state. For example, for an RVE subjected to a uniform

tensile strain, the displacement on the boundary increases linearly with the distance from

the fixed end. This type of boundary condition is useful when the macroscopic strain field

is uniform, such as in simple tension or compression tests. In addition, it’s simple to im-

plement and effective for homogeneous materials or when the macroscopic strain field is

known. Furthermore, it may not accurately represent local stress concentrations or complex

loading cases.
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Each type of boundary conditions (uniform gradient, uniform traction, and periodic)

serves different cases and assumptions about the material behaviour and loading condi-

tions. By choosing the appropriate boundary condition, one can better approximate the

macroscopic properties of materials from their microstructural characteristics under differ-

ent loading cases, aiding in the study of material properties and behaviour under various

stress and strain conditions.

In homogenization using a Representative Volume Element (RVE), the finite size of the

RVE introduces challenges that affect the accuracy of the computed effective properties.

One key issue is the micro-scale effect, which results from small-scale variations in stress,

strain, or displacement fields, particularly at the RVE boundaries. These fluctuations arise

due to material heterogeneity and discontinuities in microstructural features, such as inclu-

sions or voids. Because homogenization assumes scale separation, meaning the microstruc-

tural details are much smaller than the macro-scale features, these micro-fluctuations may

not be fully captured, leading to approximations in the homogenized properties. When the

RVE boundaries do not align perfectly with microstructural features, discontinuities in me-

chanical fields can occur, affecting the predicted material behavior. The choice of boundary

conditions (e.g., uniform strain, uniform traction, or periodic) directly influences the mag-

nitude and pattern of these fluctuations. For instance, periodic boundary conditions enforce

continuity across opposite faces, but micro-scale variations may still persist at the bound-

aries. The effective modulus, which characterizes the stiffness of the equivalent homoge-

neous material, is particularly sensitive to these micro-scale effects. Stress concentrations

or redistributions at the boundaries can lead to an overestimation or underestimation of stiff-

ness. Similarly, the effective stress field, which represents the averaged stress distribution,

can exhibit non-uniform characteristics due to local stress variations, thereby influencing

the overall load-bearing capacity and deformation behavior of the material. Since a finite

RVE size means that true scale separation is not achieved, homogenized properties remain

approximations rather than exact representations. The influence of boundary conditions

must be carefully considered, especially in applications requiring high precision. Differ-

ent boundary conditions impose distinct constraints on the stress and displacement fields,

leading to variations in calculated effective properties. To quantify these effects, simula-

tions with different boundary conditions should be conducted to assess their impact on the

effective modulus and stress distribution. A more detailed discussion of the influence of

boundary conditions on RVE solutions can be found in Kanit et al. [25], while the imple-
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mentation of the chosen boundary conditions is covered in the next chapter 3.

In homogenization and composite material analysis, the Representative Volume Element

(RVE) and its associated volume and boundary surface are essential concepts. The RVE vol-

ume, VRV E , is a finite segment of the material’s microstructure chosen for analysis. It must

be large enough to statistically capture the material’s macroscopic properties, such as stiff-

ness, while remaining within the microscopic scale. The selection of VRV E is important, as

it needs to encompass key microstructural features like inclusions, voids, or fibers to ensure

accurate predictions of effective properties. The boundary surface of the RVE, SRV E , en-

closes VRV E and plays an important role in defining boundary conditions during analysis.

These conditions dictate how the microstructure interacts with its surroundings, influenc-

ing internal stress and strain distributions. At a smaller scale, the microscopic volume Y

represents a fundamental repeating unit of the microstructure, serving as an idealized, in-

finitesimally small unit cell. The mathematical limit lim|VRV E |→0 VRV E = Y indicates that

as the RVE volume decreases to an infinitesimal size, it converges to the unit cell Y, which

underpins the homogenization process. Similarly, Ψ denotes the boundary surface of the

microscopic unit cell Y. The expression lim|YRV E |→0 SRV E = Ψ signifies that as the RVE

boundary surface shrinks, it approaches the boundary of the unit cell. This relationship

highlights the increasing importance of micro-scale boundary conditions, which influence

the accuracy of homogenized material properties. These limits have significant implica-

tions for homogenization. As VRV E and SRV E approach microscopic scales, the homog-

enized properties derived from the RVE analysis more accurately represent the material’s

behavior. Additionally, boundary conditions at the microscopic level become increasingly

influential, emphasizing the need for careful selection to ensure precise homogenization

results.

In first-order homogenization, the objective is to establish a connection between the

macro-scale material response and its micro-scale structure through an RVE. A key element

of this approach is specifying the displacement field at the RVE boundary. This field ac-

counts for both the macroscopic average behavior and microscopic variations arising from

material heterogeneity. The displacement at the RVE boundary, represented as ψi ∈ SRV E ,

is expressed by

ui(ψi) = ūi(ȳi) + (ψj − ȳj)gij + ui
′ (2.31)

where, ψi denotes a point on the boundary surface of the Representative Volume Element
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(RVE), with the subscript i indicating a specific coordinate direction (e.g., yi, where i = 1, 2

in two-dimensional space). The boundary surface of the RVE, SRV E , consists of all points

forming the outer edge of the RVE volume. When expressed as ψi ∈ SRV E , it signifies that

ψi lies on the RVE boundary rather than inside its volume, marking the interface between

the RVE and its surroundings.

In the first term of Eq. (2.31), the macroscopic displacement field, ūi, represents the

solution to the homogenized equilibrium equation Eq. (2.27). This field describes the

overall displacement at a larger scale, averaging out microstructural variations. The term

ȳi corresponds to the center of the RVE and is mathematically determined as the average

position of all points within the volume

ȳi = |VRV E |−1

∫︂
VRV E

yi dY (2.32)

where, ȳi represents the coordinate of the RVE center in the i-th direction, and |VRV E | de-

notes the total volume of the RVE. The integral
∫︁
VRV E

yi dY sums the yi coordinates over all

infinitesimal volume elements dY, providing the total ”weight” of the coordinates. Dividing

by the RVE volume yields the mean coordinate value in the i-th direction. The term ūi(ȳi)

represents the macroscopic displacement at the RVE center, obtained from the displacement

field ūi. In Eq. (2.31), this serves as the reference displacement at the RVE boundary.

In the second term of Eq. (2.31), ψj denotes the j-th coordinate of a boundary point

on SRV E , where displacement is evaluated. The term ȳj represents the centroid of the RVE

along the j-th direction and is determined as Eq. (2.32). This difference, (ψj−ȳj), quantifies

the spatial offset from the RVE center to the boundary point, indicating both magnitude and

direction. The displacement gradient field, gij , is given by gij = ∂ūi/∂xj , representing

the rate of change of the macroscopic displacement ūi with respect to coordinate xj . This

term captures the material’s overall deformation at a larger scale. The product (ψj − ȳj)gij

accounts for the displacement contribution at ψi resulting from the macroscopic strain field.

In the third term of Eq. (2.31), u′i represents micro-scale displacement fluctuations at

the RVE boundary. These fluctuations arise from the fine-scale microstructural features,

such as inclusions or voids, which are not fully captured by the macroscopic displacement

field. The form of u′i depends on the applied boundary conditions, such as uniform dis-

placement gradient, uniform traction, or periodic conditions, ensuring consistency at the
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microstructural level. In homogenization, u′i is expressed as

lim
|VRV E |→0

u′i(Ψ) = η ¯̄ui(Ψ) (2.33)

where, lim|VRV E |→0 signifies the limit where the RVE volume approaches zero, meaning

the RVE becomes an infinitesimally small representative sample of the material. The term

u′i(Ψ) captures local deviations from the macroscopic displacement due to microstructural

heterogeneities, which are generally unknown. The expression η ¯̄ui(Ψ) introduces a first-

order correction to the displacement field at the RVE boundary, reflecting the influence

of microstructural variations. The scaling parameter η determines the magnitude of this

correction, with smaller values corresponding to finer microstructural details. Physically,

Eq. (2.33) describes how microstructural effects contribute to the displacement field at the

RVE boundary. As the RVE size diminishes, u′i(Ψ) is scaled by η and the microscopic

displacement field ¯̄ui(Ψ). The presence of η indicates that while these fluctuations are small

compared to the macroscopic displacement field, they remain significant in capturing the

material’s overall response.

When analyzing the local stress field within a Representative Volume Element (RVE),

certain simplifications can be introduced to streamline the formulation without compromis-

ing generality. These involve selecting appropriate reference points and assumptions for the

displacement field. The notation ȳi represents the RVE centroid, determined by Eq. (2.32).

By setting ȳi = 0, the coordinate system is shifted so that the origin aligns with the RVE

center. This transformation facilitates the analysis by expressing the position of any point

within the RVE relative to its center. Consequently, the displacement at any point ψi in the

RVE can be formulated as Eq. (2.31). When ȳi = 0, the expression simplifies to

ui(ψi) = ūi(ȳi) + ψjgij + u′i (2.34)

The term ūi(ȳi) represents the macroscopic average displacement at the RVE centroid. Set-

ting ūi(ȳi) = 0 implies that the displacement field within the RVE is defined such that the

average displacement over the RVE is zero. Under this assumption, the displacement field

simplifies to

51



ui(ψi) = ψjgij + u′i (2.35)

In Eq. (2.35), the term ψjgij corresponds to the displacement induced by macroscopic

strain, depending solely on the position vector ψj relative to the origin. The gradient tensor

gij remains unchanged, describing the macroscopic deformation. Meanwhile, u′i continues

to capture the microstructural fluctuations, representing local deviations from the macro-

scopic displacement field. Shifting the coordinate system by setting ȳi = 0 eliminates the

need to consider offsets, streamlining the formulation. Likewise, assuming ūi(ȳi) = 0 al-

lows the focus to remain on relative displacements, which are central to characterizing the

material’s response. These assumptions do not compromise generality, as the absolute dis-

placement field can always be reconstructed by reintroducing the average displacement.

Since the local stress field within the RVE primarily depends on displacement gradients

rather than absolute values, these simplifications facilitate the analysis while preserving all

essential mechanical information.

In homogenization, the displacement gradient gij plays a fundamental role in RVE de-

formation. It characterizes the macroscopic strain or deformation gradient, capturing large-

scale material deformation caused by external forces while remaining independent of mi-

crostructural specifics. Since homogenization seeks to connect micro-scale behavior to

macro-scale properties, gij serves as the most relevant deformation measure. In first-order

homogenization, gij is imposed as a boundary condition on the RVE, ensuring that displace-

ment at the boundary varies linearly with position. This directly governs RVE deformation,

making it the primary driving term. Furthermore, incorporating gij allows for a linear ap-

proximation of the displacement field, a common strategy in first-order homogenization that

simplifies analysis and aids in determining effective material properties.

Since RVE deformation is governed by the displacement gradient, this leads to an inte-

gral equation linking surface integrals over the RVE boundary to volume integrals within

the RVE. In first-order homogenization, the displacement field ui at any boundary point is

described by Eq. (2.31). To simplify the formulation, we assume ūi(ȳi) = 0 and ȳi = 0,

reducing the displacement field to Eq. (2.35). To establish the connection between macro-

scopic and microscopic quantities, we multiply ui by nj and integrate over the boundary

surface, yielding
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∫︂
SRV E

uinj dΨ (2.36)

where, uinj represents the displacement component in the direction of the normal vector

nj , which is critical for understanding how displacement interacts with the RVE boundary.

Since nj defines the outward normal direction, this projection extracts the normal displace-

ment contribution. In homogenization, boundary displacement behavior plays a key role in

determining effective material properties. By integrating the normal displacement over the

boundary, we gain insights into the influence of microscopic deformations on macroscopic

responses. Applying the divergence theorem enables the conversion of a vector field’s flux

through a surface into a volume integral of its divergence. This transformation allows strain

(or displacement gradient) volume integrals to be rewritten as surface integrals involving

displacement and normal vectors, directly linking microscopic behavior to macroscopic de-

formation.

By substituting the simplified displacement field Eq. (2.35) into this integral (2.36),

and considering that the forcing term for the deformation of the RVE is the displacement

gradient as shown in Appendix A.4.1, we obtains

1

2

∫︂
SRV E

(uinj + ujni) dΨ = gij

∫︂
VRV E

dY (2.37)

In the left-hand side of Eq. (2.37), the factor 1
2 ensures symmetric treatment of the dis-

placement and normal vector interactions, avoiding double-counting of uinj and ujni. The

integral
∫︁
SRV E

represents an evaluation over the RVE boundary surface SRV E , where ui and

uj are the displacement components in the i-th and j-th directions, respectively, while ni
and nj denote the corresponding unit normal components. The term (uinj + ujni) accounts

for both normal and tangential displacement contributions, ensuring a comprehensive char-

acterization of the boundary’s response. The infinitesimal surface element dΨ represents a

differential area on SRV E . Physically, this expression describes the average deformation at

the boundary, capturing its interaction with the imposed displacement field.

On the right-hand side of Eq. (2.37), gij represents the macroscopic displacement gradi-

ent component, defined as gij = ∂ūi/∂xj , which quantifies the variation of the macroscopic

displacement ūi along the j-th direction. The integral
∫︁
VRV E

dY spans the volume VRV E , ef-

fectively computing its total size. Physically, this term represents the product of the RVE’s
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volume and the macroscopic displacement gradient, encapsulating the large-scale deforma-

tion.

Eq. (2.37) establishes an important link between microscopic boundary displacements

and macroscopic deformation. The left-hand side, involving boundary displacements inter-

acting with normal vectors, is equated to the right-hand side, which expresses the macro-

scopic strain scaled by the RVE volume. This relationship ensures that the average micro-

scopic boundary deformation aligns with the imposed macroscopic strain, reinforcing its

significance in homogenization for deriving effective material properties.

Following Miehe and Koch [36], the Lagrange multiplier technique can be used to en-

force the displacement gradient in the Representative Volume Element (RVE) problem.

This approach guarantees that the displacement field within the RVE aligns with the pre-

scribed macroscopic displacement gradient, ensuring coherence between microstructural

and macrostructural analyses. Within the framework of variational principles and weak for-

mulations, it imposes constraints with mathematical rigor. Specifically, it ensures that the

microscopic displacement field ui at the RVE boundary remains consistent with the macro-

scopic displacement gradient gij . So, the final weak form of local equilibrium of the RVE

after imposing the constraint as shown in Appendix A.4.2∫︂
VRV E

δ
∂ ¯̄ui
∂yj

σijdY +

∫︂
SRV E

δ ¯̄uiλidΨ +

∫︂
SRV E

δλi (ui − ψjgij) dΨ = 0 (2.38)

In the first term of Eq. (2.38),
∫︁
VRV E

. . . dY denotes the integral over the volume of the

Representative Volume Element (RVE), denoted by VRV E . δ ∂ ¯̄ui

∂yj
is the virtual variation of

the gradient of the displacement fluctuation ¯̄ui with respect to the fast coordinate yj . The

displacement fluctuation ¯̄ui represents the microstructural displacement field. σij represents

the microscopic stress field, which arises from the local equilibrium conditions within the

RVE. Physically, this term characterizes the virtual work done by the microscopic stress

field σij against the virtual variation of the displacement gradient. It signifies the internal

energy contribution due to stress-strain interactions within the microstructure of the RVE.

In the second term of Eq. (2.38),
∫︁
SRV E

. . . dΨ denotes the integral over the boundary

surface of the RVE, denoted by SRV E . δ ¯̄ui is the virtual displacement fluctuation at the

boundary of the RVE. λi is the Lagrange multiplier vector, which is introduced to enforce

the constraint that the boundary displacement within the RVE should match the specified

displacement gradient field. Physically, λi can be interpreted as the traction (force per unit
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area) on the boundary of the RVE. This term accounts for the work done by the virtual

displacement fluctuations against the Lagrange multipliers on the boundary of the RVE.

In the third term of Eq. (2.38),
∫︁
SRV E

. . . dΨ this again denotes the integral over the

boundary surface of the RVE. δλi is the virtual variation of the Lagrange multiplier vector

λi. (ui − ψjgij) represents the difference between the actual displacement ui at the boundary

and the displacement imposed by the specified gradient field gij . Here, ψj is the coordinate

on the boundary surface, and ψjgij is the displacement imposed by the gradient. This term

enforces the constraint that the actual displacement at the boundary should match the dis-

placement dictated by the specified gradient field, by ensuring the virtual variations of λi
act appropriately.

In Eq. (2.38),
∫︁
VRV E

dY =
∫︁
SRV E

ψjnjdΨ is applied. The volume integral
∫︁
VRV E

dY com-

putes the total volume of the RVE, where dY represents the differential volume element.

Similarly, the surface integral
∫︁
SRV E

ψjnjdΨ extends over the boundary of the RVE, with

dΨ denoting the differential surface element. Here, ψj represents the position vector com-

ponents, while nj corresponds to the outward unit normal vector component at the surface

SRV E . This equation is derived from the Divergence Theorem (or Gauss’s Theorem), which

establishes a connection between volume and surface integrals. In this case, it indicates that

integrating the position vector projected into the normal direction over the surface of the

RVE yields the same result as the volume integral over the entire RVE.

In Eq. (2.38), the term λi = σijnj defines the boundary traction, where nj is the outward

unit normal to the RVE boundary SRV E , and σij represents the stress tensor components.

The stress tensor governs the distribution of internal forces within the material, and multi-

plying it by the normal vector yields the traction λi, which ensures consistency between the

displacement field inside the RVE and the applied macroscopic displacement gradient gij .

The traction λi at each boundary point consists of two key components. The normal

traction corresponds to the force acting perpendicular to the boundary surface, given by

σijnj for i = j. This represents normal stresses (σxx, σyy, σzz) that induce pressure or ten-

sion along the normal direction. For example, if the boundary normal is along the x-axis

(nx), the normal traction in that direction is σxxnx. The shear traction accounts for forces

acting tangentially to the boundary, given by σijnj for i ̸= j. Shear stresses (σxy, σxz, σyz)

contribute to this component, which governs shear deformation. For instance, if the normal

vector is along the y-axis (ny), the shear traction in the x-direction is σxyny, representing

the tangential force per unit area. By decomposing λi into normal and shear components,
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the total boundary traction at Ψ ∈ SRV E is fully characterized. This ensures that the micro-

scopic stress distribution within the RVE remains consistent with the imposed macroscopic

strain conditions.

Solving Eq. (2.38) yields the microscopic stress field σij in response to the imposed

average displacement gradient gij on the RVE. This solution captures both the macroscopic

behavior and the localized variations within the RVE. The link between the macroscopic

stress field σ̂ij and its microscopic counterpart σij is expressed in Eq. (2.29). Here, σ̂ij
represents the homogenized stress tensor, obtained by averaging σij over the RVE volume

|Y|, effectively filtering out microscale fluctuations and providing a macroscopic stress de-

scription. Then, by using Eq. (2.29), we derive the relationship

σ̂ij = D̂ijkl gkl (2.39)

Eq. (2.39) establishes the macroscopic stress field in terms of the effective material

properties and the macroscopic strain (displacement gradient). The homogenized stress

tensor σ̂ij represents the average internal force distribution over the RVE, accounting for

microstructural heterogeneities while describing the material’s overall response. The ef-

fective stiffness tensor D̂ijkl characterizes the macroscopic elastic properties derived from

the microscale structure. It defines the relationship between macroscopic stress and strain,

encapsulating the averaged material behavior. The displacement gradient tensor gkl = ∂uk

∂xl

quantifies spatial variations in the macroscopic displacement field, serving as a fundamental

measure of deformation.

In two-scale analysis, D̂ijkl plays an important role in linking microscale behavior to

macroscopic properties. Derived from the RVE, it enables homogenization by incorporat-

ing microscale characteristics into macroscale models. The relation (2.39) serves as the

foundation for solving macroscopic problems in complex materials, integrating microscale

effects into large-scale simulations. When applied in formulations like the variational or

Galerkin approach Eq. (2.27), D̂ijkl ensures that the material response is accurately cap-

tured under various loading conditions. The global equilibrium equation in Eq. (2.27)

accounts for macroscopic fields while incorporating microscale influences through D̂ijkl,

facilitating a comprehensive two-scale analysis and ensuring that the model realistically

represents the material’s overall behavior.

To determine a material’s effective macroscopic properties using a two-scale analysis,
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the local RVE (Representative Volume Element) problem must be solved under appropriate

boundary conditions. These conditions such as uniform gradient, uniform traction, or pe-

riodic boundary conditions must be carefully selected to accurately reflect the macroscale

deformation. They are imposed on the RVE boundaries to generate a specific deformation

pattern. Once these boundary conditions are applied, the local stress field σij within the

RVE is obtained by solving the equilibrium equations. The effective stress tensor σ̂ij is then

computed by averaging σij over the RVE volume, as described in Eq. (2.29). To determine

the components of the effective stiffness matrix D̂ijkl, the relationship between the macro-

scopic stress tensor σ̂ij and the displacement gradient gkl must be established, following

Eq. (2.39). This equation states that the effective stress tensor is linearly related to the dis-

placement gradient via the effective stiffness tensor D̂ijkl. In a 2D case, three independent

displacement gradient cases are required to fully characterize D̂ijkl. These typically include

pure shear and uniaxial tension/compression in different directions, ensuring that all pos-

sible deformations are accounted for. By solving the RVE problem for each displacement

gradient, the corresponding stress responses σ̂ij are obtained. The stiffness matrix compo-

nents are then determined by solving a system of linear equations derived from these cases,

as illustrated in Figure 2.2.

For practical computations, especially in 2D, we represent the tensors in matrix form.

Then, as we discussed before, we apply three independent displacement gradients to the

RVE to obtain the corresponding effective stress components. Case 1 where g11 = 1, g22 =

0, and g12 = 0. Case 2 where g11 = 0, g22 = 1, and g12 = 0. Case 3 where g11 = 0,

g22 = 0, and g12 = 1. For each case, we solve the RVE problem to obtain the effective

stress components σ̂ij . These are denoted as σ̂1ij , σ̂
2
ij , and σ̂3ij for the three respective cases.

Then, we arrange the obtained stress components into a matrix form, aligning them with

the applied displacement gradients. And, this gives us the following

⎡⎢⎢⎣
σ̂111 σ̂211 σ̂311ˆ︁σ122 ˆ︁σ222 ˆ︁σ322ˆ︁σ112 ˆ︁σ212 ˆ︁σ312

⎤⎥⎥⎦ =

⎡⎢⎢⎣
ˆ︁D1111 ˆ︁D1122 ˆ︁D1112ˆ︁D1122 ˆ︁D2222 ˆ︁D2212ˆ︁D1112 ˆ︁D2212 ˆ︁D1212

⎤⎥⎥⎦
⎡⎢⎢⎣

1 0 0

0 1 0

0 0 1

⎤⎥⎥⎦ (2.40)

The components of the effective stiffness matrix D̂ijkl are determined by solving a sys-

tem of linear equations, where each column of the stress matrix corresponds to a specific

57



Determination of the effective macroscopic properties of a material

Define the RVE Problem: Choose appropriate boundary conditions such
as uniform gradient, uniform traction, or periodic boundary conditions

Apply Boundary Conditions: Induce a spe-
cific deformation pattern on the RVE boundaries

Compute Local Stress Field (σij): Solve the equilibrium equations within the RVE

Average Local Stress Field: Obtain the effective
stress tensor (σ̂ij) using volume averaging Eq. (2.29)

Establish Relationship with Displacement Gradient (gkl): Re-
late σ̂ij to gkl via the stiffness tensor (D̂ijkl) Eq. (2.39)

Identify Stiffness Matrix (D̂ijkl): Solve a system of linear equa-
tions using stress responses and displacement gradients Eq. (2.40)

Effective macroscopic properties are determined

Figure 2.2: Two-Scale Analysis for Effective Macroscopic Properties

displacement gradient case. This approach allows for isolating and solving for individual

components of D̂ijkl.

In the first case, setting g11 = 1, g22 = 0, and g12 = 0 prescribes a uniaxial strain

in the x1 direction. The condition g11 = 1 implies that displacement in x1, denoted as

u1, varies linearly with x1, representing uniform stretching or compression along this axis.

Meanwhile, g22 = 0 ensures no deformation in the x2 direction, and g12 = 0 eliminates

shear deformation between x1 and x2. This setup isolates the effect of uniaxial strain in x1
on the macroscopic stress component σ̂11, allowing the contribution of the microstructure

to be assessed.
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For the second case, the displacement gradient is set to g11 = 0, g22 = 1, and g12 = 0,

inducing uniaxial strain in the x2 direction. Here, g22 = 1 causes u2 to vary linearly with x2,

resulting in uniform stretching or compression along this axis. The constraints g11 = 0 and

g12 = 0 prevent deformation in x1 and eliminate shear effects. This configuration isolates

the influence of uniaxial strain in x2 on the macroscopic stress component σ̂22.

The third case applies g11 = 0, g22 = 0, and g12 = 1, inducing pure shear deformation

in the x1-x2 plane. The condition g12 = 1 means that u1 varies linearly with x2, introducing

shear without normal stretching or compression. The constraints g11 = 0 and g22 = 0 ensure

that no normal strain occurs in either direction. This setup isolates the effect of shear strain

on the macroscopic shear stress component σ̂12.

By solving the RVE problem under these three independent displacement gradients,

the corresponding macroscopic stress responses are obtained. These responses are then

used to determine the stiffness matrix components, capturing the influence of the material’s

microstructure on its effective macroscopic properties.

In Eq. (2.40), these notations σ̂111, σ̂
1
22, and σ̂112 represent specific components of the

effective stress tensor σ̂ij under the first displacement gradient condition. σ̂111 denotes the

component of the effective stress tensor σ̂11 in Case 1. Physically, σ̂111 is the effective nor-

mal stress in the x1 direction due to a uniaxial strain applied in the x1 direction. This is

a measure of how the material responds to stretching along the x1 axis. And, σ̂122 repre-

sents the component of the effective stress tensor σ̂22 under the same case. Physically, σ̂122
is the effective normal stress in the x2 direction when a uniaxial strain is applied in the x1
direction. This term arises due to the Poisson effect, where deformation in the x1 direction

induces a stress response in the x2 direction. And, σ̂112 denotes the component of the effec-

tive stress tensor σ̂12 under the same case. Physically, σ̂112 is the effective shear stress in the

x1-x2 plane due to a uniaxial strain in the x1 direction. This term reflects any shear stress

response generated by the applied normal strain. Furthermore, these effective stress com-

ponents are essential for determining the effective stiffness matrix D̂ijkl. σ̂111 contributes

to D̂1111, relating normal stress in the x1 direction to strain in the x1 direction. And, σ̂122
contributes to D̂1122, relating normal stress in the x2 direction to strain in the x1 direction

(Poisson’s ratio effect). And, σ̂112 contributes to D̂1112, relating shear stress to normal strain,

indicating any coupling between shear and normal responses.

In Eq. (2.40), these notations σ̂211, σ̂
2
22, and σ̂212 represent specific components of the

effective stress tensor σ̂ij under the second displacement gradient condition. σ̂211 denotes
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the component of the effective stress tensor σ̂11 in Case 2. Physically, σ̂211 is the effective

normal stress in the x1 direction due to a uniaxial strain applied in the x2 direction. This

term reflects the stress response in the x1 direction resulting from deformation along the

x2 axis, which is often due to Poisson’s effect. And, σ̂222 represents the component of the

effective stress tensor σ̂22 under the same case. Physically, σ̂222 is the effective normal stress

in the x2 direction when a uniaxial strain is applied in the x2 direction. This component

directly measures how the material stretches along the x2 axis under a corresponding strain.

And, σ̂212 denotes the component of the effective stress tensor σ̂12 under the same case.

Physically, σ̂212 is the effective shear stress in the x1-x2 plane due to a uniaxial strain in the

x2 direction. This term captures any shear stress response generated by the applied normal

strain. Furthermore, These effective stress components are essential for determining the

effective stiffness matrix D̂ijkl. σ̂211 contributes to D̂1122, relating normal stress in the x1
direction to strain in the x2 direction (Poisson’s ratio effect). And, σ̂222 contributes to D̂2222,

relating normal stress in the x2 direction to strain in the x2 direction. And, σ̂212 contributes

to D̂2212, relating shear stress to normal strain in the x2 direction, indicating any coupling

between shear and normal responses.

In Eq. (2.40), these notations σ̂311, σ̂
3
22, and σ̂312 represent specific components of the

effective stress tensor σ̂ij under the third displacement gradient condition. σ̂311 denotes the

component of the effective stress tensor σ̂11 in case 3. Physically, σ̂311 is the effective normal

stress in the x1 direction due to a pure shear strain applied in the x1-x2 plane. This term

reflects the stress response in the x1 direction resulting from a shear deformation. And, σ̂322
represents the component of the effective stress tensor σ̂22 under the same case. Physically,

σ̂322 is the effective normal stress in the x2 direction when a pure shear strain is applied in the

x1-x2 plane. This component measures the stress response in the x2 direction due to shear

deformation. And, σ̂312 denotes the component of the effective stress tensor σ̂12 under the

same case. Physically, σ̂312 is the effective shear stress in the x1-x2 plane due to a pure shear

strain. This term directly measures the shear stress response in the material. Furthermore,

these effective stress components are essential for determining the effective stiffness matrix

D̂ijkl. σ̂311 contributes to D̂1112, relating normal stress in the x1 direction to shear strain.

And, σ̂322 contributes to D̂2212, relating normal stress in the x2 direction to shear strain. And,

σ̂312 contributes to D̂1212, relating shear stress to shear strain in the x1-x2 plane.
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2.6 Closing Remarks

The presented homogenization framework offers a robust methodology for analyzing het-

erogeneous materials by bridging the scales between microstructural properties and macro-

scopic behavior. The field equations and their weak form establish the foundation for this

approach, emphasizing the necessity of continuity in stress fields and accommodating dis-

continuities in displacement fields at interfaces. By employing index notation and tensor

representation, the constitutive relations and equilibrium equations are formulated to reflect

the intrinsic complexities of heterogeneous media. The introduction of separation of scales

and the adoption of a first-order homogenization approach enable the effective reduction

of complex microstructural variations into simplified macroscopic properties, encapsulated

within the homogenized stiffness matrix. This systematic decomposition not only facilitates

the derivation of macro-scale equations but also retains the influence of microstructural

details through periodic functions and scaling parameters, thereby ensuring a physically

consistent and mathematically rigorous transition between scales.

The variational formulation of the homogenization process provides a clear pathway

for integrating the governing equations. By replacing the heterogeneous domain with an

equivalent homogeneous material, the framework allows for efficient computation while

preserving the fidelity of the original problem. The application of this homogenization

approach has significant implications for engineering and material science, enabling the

design and optimization of advanced materials with tailored properties. Future research can

extend this methodology to incorporate non-linear behaviors, multi-physics coupling, and

three-dimensional domains, broadening its applicability and enhancing its potential to solve

complex material modeling challenges.
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Chapter 3

Computational Homogenization With

XFEM

3.1 Introduction

Computational homogenization offers a robust framework for connecting microscale mate-

rial behavior with macroscale response through Representative Volume Elements (RVEs).

By leveraging the extended Finite Element Method (XFEM), the computational approach

efficiently handles the challenges posed by heterogeneities, cracks, and discontinuities within

the microstructure. This chapter focuses on the implementation of RVE boundary condi-

tions in the XFEM framework, highlighting the mathematical formulation, numerical dis-

cretization, and the treatment of various boundary constraints such as uniform displacement,

uniform traction, and periodic conditions. These techniques provide a systematic means to

compute effective material properties and stress fields, enabling accurate modeling of com-

plex materials in multiscale simulations.

The (XFEM) has become a widely adopted approach for modeling discontinuities, such

as cracks or material interfaces, within finite element frameworks. However, when inter-

faces are modeled using standard XFEM formulations, excessive traction oscillations may

arise, particularly under stiff interface assumptions. These oscillations can be attributed to
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the presence of quadratic bubble terms in the displacement jump functions at the interface.

3.1.1 Motivation

The motivation for implementing computational homogenization with the Extended Finite

Element Method (XFEM) arises from the need to accurately analyze heterogeneous mate-

rials at multiple scales. In many practical engineering applications, materials exhibit com-

plex microstructures that significantly influence their macroscopic behavior. Computational

homogenization provides a rigorous framework to bridge the micro and macro scales, en-

suring that the overall response of a material is determined by its local properties. XFEM

enhances this approach by enabling the efficient representation of discontinuities and het-

erogeneities without requiring conformal mesh refinement. This methodology allows for

modeling representative volume elements (RVEs) with intricate microstructural features

while maintaining computational efficiency and accuracy.

XFEM is a powerful numerical technique that accurately models discontinuities, such

as cracks and material interfaces, without requiring the mesh to conform to their geometry.

However, when modeling interfaces under stiff interface conditions, the standard XFEM

formulation can lead to excessive traction oscillations. These oscillations arise due to the

quadratic bubble terms inherent in the displacement jump functions, which, while capturing

the interface behavior, can degrade the numerical stability and accuracy of the solution. To

mitigate these oscillations, it is necessary to stabilize the displacement jump representation.

A viable approach involves decomposing the discontinuity jump into two components: an

element-wise constant term and a quadratic bubble component. By addressing the con-

tribution of these bubble terms, numerical instabilities can be suppressed while retaining

the accuracy of the interface solution. The stabilization approach further ensures numeri-

cal robustness by eliminating traction oscillations while preserving the accuracy of XFEM

solutions.

3.1.2 Literature Review

The accurate modeling of discontinuities, such as cracks and material interfaces, has been

a longstanding challenge in computational mechanics. Traditional finite element methods

(FEM) require a mesh that conforms to discontinuities, often resulting in computational in-
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efficiency and reduced flexibility in handling evolving geometries. To address these limita-

tions, the extended Finite Element Method (XFEM) was developed, leveraging enrichment

functions to represent discontinuities independently of the mesh. This approach enables

XFEM to efficiently model crack propagation and material heterogeneity without the need

for remeshing, as demonstrated in the foundational works of Moës et al. [38], Belytschko

and Black [4] and Belytschko et al. [5]. Similar XFEM based enrichment strategies for

the analysis of crack openings have been introduced in Wells and Sluys [55], Moës and

Belytschko [37] and Mergheim et al. [34]. In the context of heterogeneous materials, the

application of XFEM has been further extended to representative volume element (RVE)

analyses. These studies aim to bridge microstructural behaviors and macroscopic responses,

providing a framework for multiscale modeling. Pioneering efforts such as Michel et al.

[35], Hashin and Shtrikman [19] and Hashin and Wendt [20] have demonstrated XFEM’s

capability to handle complex material interfaces, particularly in cases involving inclusions,

voids, or crack networks. Such advancements have underscored XFEM’s potential to de-

liver accurate stress and strain fields, even under nonuniform deformation states.

Over the years, various studies have explored the challenges associated with traction

oscillations in the Extended Finite Element Method (XFEM), particularly under stiff inter-

face conditions. It has been observed that the presence of quadratic bubble terms in the

displacement jump functions contributes significantly to these oscillations, leading to nu-

merical instabilities in the solution. Erkmen and Dias-da Costa [12] highlighted that while

these bubble terms are necessary to capture the quadratic nature of the displacement field

across the interface, they can also degrade the conditioning of the system matrix. The study

emphasized that a stabilization technique is essential to control these instabilities and im-

prove the robustness of XFEM for stiff interfaces.

To address this problem, Ventura and Tesei [54] introduced the concept of stabilization

using fictitious spring-like parameters, which act as a control mechanism to suppress the

oscillations. Ventura and Tesei [54] demonstrated that a sufficiently large stabilization pa-

rameter could effectively eliminate ill-conditioning while maintaining the accuracy of the

XFEM solution. Importantly, this stabilization approach ensures that the oscillations are

controlled without altering the fundamental interface behavior. Subsequent studies have

further refined this approach by incorporating orthogonality conditions into the stabiliza-

tion terms, ensuring that the additional stabilization does not interfere with the physical

behavior being modeled.
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Another critical advancement in stabilization techniques involves the use of Legendre

polynomials to construct stabilization terms that satisfy orthogonality conditions. These

polynomials provide a mathematically rigorous basis for eliminating the problematic quadratic

bubble contributions without introducing artificial effects. The use of Legendre polynomi-

als ensures that the stabilization terms remain consistent with the higher-order nature of

the XFEM formulation, as demonstrated in several recent studies. This approach has been

shown to provide a balance between stability and accuracy, making it a preferred choice for

addressing oscillations in XFEM solutions.

Overall, the existing literature underscores the need for robust stabilization techniques

to address traction oscillations in XFEM. By leveraging orthogonality conditions and sta-

bilization parameters, researchers have developed effective strategies to improve the nu-

merical stability and conditioning of XFEM formulations. This section 3.4 builds upon

these foundational studies to present a comprehensive stabilization approach using Legen-

dre polynomial-based terms, ensuring both accuracy and stability in interface modeling.

3.1.3 Methodology

In this chapter, we develop and implement a computational homogenization framework in-

tegrated with the Extended Finite Element Method (XFEM) to analyze the behavior of het-

erogeneous materials with discontinuities. The primary focus is on modeling representative

volume elements (RVEs) to bridge the micro and macro scales effectively. The chapter

begins with a detailed formulation of the boundary conditions necessary for homogeniza-

tion, including uniform displacement, uniform traction, and periodic conditions, which are

essential for achieving accurate macroscopic responses. XFEM is employed to efficiently

represent discontinuities within the microstructure, such as cracks or material interfaces,

without requiring conformal mesh refinement. The proposed methodology ensures compu-

tational efficiency while capturing the microstructural effects that influence the macroscopic

behavior of materials.

The methodology adopted involves the numerical implementation of boundary condi-

tions using XFEM-based formulations, followed by the solution of the governing equations

at the microscale. We systematically address the challenges of non-matching interfaces,

and ensure compatibility with the homogenization framework. The chapter also includes

the derivation of effective macroscopic properties from the microstructural analysis. The
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accuracy and robustness of the proposed approach are validated through numerical ex-

amples that demonstrate the capability of the XFEM-based homogenization technique to

model heterogeneous materials with complex microstructures. This methodology provides

a powerful tool for multiscale analysis, offering insights into the behavior of materials with

discontinuities and heterogeneities.

In this section 3.4, we address the challenge of traction oscillations in the (XFEM)

caused by the quadratic bubble terms in the displacement jump functions. Our goal is to

develop a robust stabilization methodology that effectively suppresses these oscillations

while maintaining the accuracy and consistency of the XFEM formulation. Building upon

the decomposition approach proposed in the literature, the displacement jump is expressed

as a combination of an element-wise constant term and a quadratic bubble component.

This decomposition enables us to isolate the problematic bubble terms, which are known to

contribute to ill-conditioning, and apply a stabilization mechanism to alleviate their effects.

Our stabilization strategy involves introducing a fictitious spring-like parameter, denoted

as χ, into the formulation. This parameter scales an additional stabilization term constructed

using Legendre polynomials, which inherently satisfy the orthogonality condition required

for stabilization. The orthogonality condition ensures that the added stabilization term does

not interfere with the physical behavior of the discontinuity interface. Specifically, we re-

place the original bubble component Θ̄β with a stabilized form, χΘ̂β, where Θ̄ is defined

using Legendre polynomials up to a certain order. By adopting this approach, we provide

a mathematically consistent framework that suppresses traction oscillations without intro-

ducing numerical artifacts.

To implement this methodology, we derive the stabilized shape functions for the inter-

face in terms of both element geometry and interface coordinates. The stabilization term Θ̄

is explicitly constructed using Legendre polynomials of increasing order, starting with lin-

ear contributions and extending to higher-order terms as needed. This allows us to system-

atically control the stabilization effect based on the specific interface geometry and stiffness

conditions.

In summary, this section 3.4 presents a systematic stabilization methodology that lever-

ages the decomposition of the displacement jump and incorporates orthogonality-preserving

stabilization terms constructed from Legendre polynomials. By integrating this approach

into the XFEM formulation, we ensure numerical stability, suppress traction oscillations,

and maintain solution accuracy, particularly for stiff interface problems. The following

66



subsections will provide the detailed mathematical derivation, implementation procedure,

and verification of the proposed stabilization technique.

3.1.4 Chapter Structure

This chapter is organized to offer a detailed overview of the computational homogeniza-

tion using XFEM. It begins with Implementation of RVE Boundary Conditions. This

section introduces the numerical framework for implementing boundary conditions in Rep-

resentative Volume Elements (RVEs) using the extended finite element method (XFEM). It

begins by adopting vector-matrix notations for the stress, displacement, and related tensors.

The displacement field and the Lagrange multiplier field are interpolated using approxima-

tion functions, leading to a mathematical formulation that describes the RVE problem in

algebraic form. The boundary of the RVE is decomposed into specific regions, enabling

the pairing of boundary points for the imposition of constraints. Detailed derivations ex-

plain how stress and displacement relations are handled at internal and boundary nodes,

setting the stage for applying specific boundary conditions. Then, it moves to Uniform
Displacement Gradient RVE Boundary Conditions. This section focuses on the assump-

tion of a uniform displacement gradient along the boundaries. It explains how macroscopic

displacement gradients determine the boundary node displacements, with no micro-scale

fluctuations. By leveraging these assumptions, the RVE boundary is linearly mapped, and

nodal displacements are explicitly derived. The formulation simplifies the algebraic rep-

resentation of the RVE problem, facilitating the computation of nodal displacements and

stress fields under these condition. Then, it moves to Uniform Traction RVE Boundary
Conditions. Here, the discussion shifts to the case of uniform traction at the boundaries,

where micro-fluctuations in displacement are allowed but stress uniformity is maintained.

The Lagrange multiplier vector is reformulated to enforce uniform stress across the bound-

ary. This section details the construction of the governing equations using matrix inter-

polations, ensuring consistency in stress distribution while handling nodal displacements

through coupled equations. The derivations culminate in a matrix form that allows effi-

cient numerical implementation of uniform traction constraints. Then, it moves to Periodic
Displacement RVE Boundary Conditions. This section addresses the periodic bound-

ary conditions for RVEs, accommodating fine-scale displacement fluctuations. It assumes

that the displacement field is periodic across opposite boundaries, while traction remains
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anti-periodic. These constraints are expressed algebraically, introducing reduced degrees of

freedom for boundary stress. The final derivation provides a systematic method for enforc-

ing periodic displacement and anti-periodic traction through interpolated boundary node

relationships. This ensures compatibility and equilibrium across the boundary, critical for

capturing the periodicity of microstructures in homogenization. Then, it moves to Inter-
polation of Displacement and Lagrange Multiplier. This part of the chapter discusses

the interpolation of the displacement and Lagrange multiplier fields, which is crucial for

solving the RVE problem efficiently using XFEM. The displacement field is expressed as

a sum of continuous and discontinuous components, with the discontinuous component

corresponding to the jump in displacement at the interface. This formulation allows for ac-

curate modeling of the displacement field, especially in regions where there are significant

changes in the material properties. The interpolation method is applied at the element level,

ensuring that the solution is both accurate and computationally efficient.

Then, this chapter ended by Stabilization of the XFEM, which is structured to sys-

tematically present the stabilization methodology for addressing traction oscillations in the

Extended Finite Element Method (XFEM). We begin by providing a detailed explanation

of the mathematical formulation behind the stabilization process. Specifically, we decom-

pose the displacement jump function into an element-wise constant term and a quadratic

bubble component, identifying the contribution of the bubble terms as the primary source

of oscillations. This decomposition lays the foundation for introducing the stabilization

mechanism that ensures numerical robustness without compromising the accuracy of the

solution. Next, we derive the stabilized form of the displacement jump by incorporating an

additional stabilization term scaled by a parameter χ. The stabilization term, constructed

using Legendre polynomials, satisfies an orthogonality condition that guarantees the sta-

bilization effect does not introduce spurious numerical effects. At the end of section 3.4,

we outline the implementation procedure for integrating the stabilization approach into the

XFEM framework. This includes the construction of stabilized shape functions at the inter-

face, the evaluation of key terms in the governing equations, and the incorporation of the

stabilization matrix into the numerical formulation.
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3.1.5 Summary

At the end of this chapter, we obtain a robust computational framework for multiscale anal-

ysis of heterogeneous materials with discontinuities, leveraging the Extended Finite Ele-

ment Method (XFEM). The implementation of appropriate boundary conditions, including

periodic, uniform displacement, and uniform traction conditions, ensures accurate homoge-

nization of the microstructural response. The developed methodology successfully bridges

the micro and macro scales by capturing the influence of microstructural features, such as

cracks and material interfaces, on the overall macroscopic behavior. This framework pro-

vides a reliable tool for analyzing materials with heterogeneities, offering insights into their

mechanical response and guiding future developments in multiscale modeling techniques.

Also, we proceed logically from the mathematical formulation and derivation of the sta-

bilization terms to their implementation. Each component builds upon the previous one,

providing a clear and coherent presentation of the stabilization methodology. By the end of

this chapter, the reader will have a comprehensive understanding of the proposed approach,

its theoretical foundations, and its practical effectiveness in alleviating traction oscillations

in XFEM.

3.2 Implementation of the RVE Boundary Conditions

For the derivations regarding the numerical implementation, in this section we switch to

vector-matrix notations. Now, the goal is to derive equations suitable for numerical im-

plementation. And, switching to vector-matrix notation simplifies the handling and com-

putation of tensors, which are complex objects in their full form. Accordingly, stress and

property tensors can be written in Voigt form. Voigt form, also known as Voigt notation, is

a method of representing higher-order tensors, such as stress and strain tensors in a com-

pact vector form. This simplification is particularly useful in numerical methods like finite

element analysis, where operations on vectors and matrices are computationally more effi-

cient than operations on higher-order tensors. Then, we will use the notations u, σ, g and

D, for the displacement vector, stress, displacement gradient and property tensors, respec-

tively. Here, the displacement at each node of the mesh is represented as a vector. And,

u represents the displacement vector containing all displacement components for the entire
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system. And, the stress tensor σij which is a second-order tensor, can be written in Voigt

form as a vector for 2D and 3D stress states. For example, in continuum mechanics, a stress

tensor σij in 3D has 9 components (i, j = 1, 2, 3) and can be written as the following

σij =

⎡⎢⎢⎣
σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

⎤⎥⎥⎦ (3.1)

Stress tensors are symmetric, meaning σij = σji. Due to this symmetry, the number of in-

dependent components reduces from 9 to 6 in 3D. And, Voigt notation reduces the compo-

nents of the symmetric tensor into a vector format. For a 3D stress tensor, the 6 independent

components are arranged as follows

σ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

σ11

σ22

σ33

σ12

σ13

σ23

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.2)

In 2D, the stress tensor σij has 4 components (i, j = 1, 2) and can be written as the following

σij =

[︄
σ11 σ12

σ21 σ22

]︄
(3.3)

Instead of storing the four tensor components, we store only three independent components

in a vector form ( Voigt notation ) as the following

σ =

⎛⎜⎜⎝
σ11

σ22

σ12

⎞⎟⎟⎠ (3.4)
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The displacement gradient tensor gij , which represents the spatial variation of displacement

components, is also converted to Voigt form. It is a second-order tensor given by

gij =
∂ui
∂xj

(3.5)

where, ui are the displacement components. u1 = u is displacement in the x-direction.

u2 = v is displacement in the y-direction. u3 = w is displacement in the z-direction. And,

xj are the spatial coordinates as x1 = x, x2 = y and x3 = z. In 3D, this displacement

gradient tensor (which is not symmetric) can be represented as the following

gij =

⎡⎢⎢⎣
∂u1

∂x1

∂u1

∂x2

∂u1

∂x3

∂u2

∂x1

∂u2

∂x2

∂u2

∂x3

∂u3

∂x1

∂u3

∂x2

∂u3

∂x3

⎤⎥⎥⎦ (3.6)

Substituting the displacement components u, v, w, we get

gij =

⎡⎢⎢⎣
∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

∂w
∂z

⎤⎥⎥⎦ (3.7)

This tensor describes how displacement varies within a 3D continuum and is fundamental

in deformation analysis, particularly for computing strain and rotation components. In 3D

Voigt notation, the displacement gradient tensor gij is represented as a 9-component vector.

This is different from stress and strain Voigt notation, where symmetry reduces the number

of components. Since the displacement gradient tensor is not symmetric, it must be stored
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as a 9-component vector as the following

g =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g11

g22

g33

g12

g13

g21

g23

g31

g32

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂u
∂x
∂v
∂y
∂w
∂z
∂u
∂y
∂u
∂z
∂v
∂x
∂v
∂z
∂w
∂x
∂w
∂y

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.8)

In 2D, the displacement gradient tensor gij (which is not symmetric) can be represented as

the following

gij =

[︄
∂u1

∂x1

∂u1

∂x2

∂u2

∂x1

∂u2

∂x2

]︄
=

[︄
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

]︄
(3.9)

In 2D Voigt notation, the displacement gradient tensor gij is represented as a 3-component

vector as the following

g =

⎛⎜⎜⎝
g11

g22

g12

⎞⎟⎟⎠ =

⎛⎜⎜⎝
∂u
∂x
∂v
∂y

∂u
∂y + ∂v

∂x

⎞⎟⎟⎠ (3.10)

And, this simplifies the representation of the deformation state. To develop the numerical

solution procedure, we start by selecting appropriate forms for the displacement field u

and the Lagrange multiplier field λ. The purpose of this selection is to approximate these

fields using interpolation functions, which facilitate the discretization and solution of the

governing equations. In terms of displacement field u, we express the displacement field u

in terms of interpolation functions. Now, the displacement field is selected in the following

form

u = Aa (3.11)

In Eq. (3.11), A is a vector of selected approximation functions. These functions are chosen

based on the problem domain and are used to interpolate the displacement field. Common
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choices for A include polynomial functions, trigonometric functions, or finite element shape

functions. a is a vector of unknown parameters (also known as nodal values) that need to

be determined. After discretization, it represents the discretized degrees of freedom for the

displacement field. Each component of a corresponds to a specific node in the discretized

domain.

In terms of Lagrange Multiplier field λ, similarly, we express the Lagrange multiplier

field λ in terms of interpolation functions as the following

λ = Gh (3.12)

In Eq. (3.12), G is a vector of selected approximation functions for the Lagrange multi-

plier field. The choice of functions in G depends on the specific constraints and problem

domain. These functions ensure that the constraints are properly applied throughout the

domain. Furthermore, h is a vector of unknown parameters related to the Lagrange multi-

pliers. Similar to a, these parameters are determined through the discretization process and

represent the discretized values of the Lagrange multipliers. Each component of h corre-

sponds to a specific node where the constraints are applied. By choosing the displacement

field u and the Lagrange multiplier field λ in the forms u = Aa and λ = Gh, we convert the

continuous problem into a discrete one. This allows us to use numerical methods to solve

for the unknown parameters a and h. The vectors A and G contain the interpolation func-

tions that approximate the fields, while a and h are the unknown coefficients determined

through the discretization and solution process. This approach is fundamental in finite el-

ement analysis and other numerical methods used to solve partial differential equations in

engineering and physics.

By substituting Eqs. (3.11) and (3.12) into Eq. (2.38), we obtains the algebraic form of

the RVE problem as shown in Appendix B.1.1, we get[︄
K ST

S 0

]︄{︄
a

h

}︄
=

{︄
0

Θg

}︄
(3.13)

where K, S and Θ can be identified as
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K =

∫︂
VRV E

(︃
∂A

∂y

)︃T

D
∂A

∂y
dY (3.14)

S =

∫︂
SRV E

GTA dΨ (3.15)

Θ =

∫︂
SRV E

GTΨT dΨ (3.16)

The algebraic system in Eq. (3.13) represents a constrained system governing the be-

havior of the (RVE) under imposed macroscopic deformation. It consists of the stiffness

equation (first row) and the constraint equation (second row). Each term in the system rep-

resents a specific physical aspect of the problem. The stiffness matrix K comes from the

weak form of the equilibrium equations and represents the internal stiffness of the RVE. It

is obtained from the integration of the material’s constitutive relation and displacement field

derivatives. Physically, it captures how the microstructure resists deformation in response to

applied forces. The coupling matrix S couples the displacement degrees of freedom a with

the Lagrange multipliers h. It ensures that the displacement field inside the RVE satisfies

the boundary constraints imposed by the macroscopic deformation. This matrix appears be-

cause the RVE needs to be compatible with macroscopic boundary conditions. Regarding

the Lagrange multiplier terms ST and h, STh represents the reaction forces that arise from

enforcing the macroscopic boundary constraints. And, the Lagrange multipliers h are phys-

ically interpreted as traction forces needed to enforce periodic boundary conditions on the

RVE. Regarding the term Θg, this term introduces the macroscopic deformation constraint.

g represents the prescribed macroscopic strain or displacement gradient applied to the RVE.

Θ ensures that this macroscopic deformation is correctly applied over the RVE boundary.

Rewriting the system in equation form, first equation (force balance in the RVE) as

Ka+ STh = 0 (3.17)

This represents the equilibrium equation of the RVE. The internal forces (from the stiff-

ness matrix K) must balance the reaction forces imposed by the boundary constraints. In

essence, the displacement field a inside the RVE is determined by the applied forces. The
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second equation(macroscopic constraint enforcement) is given as

Sa = Θg (3.18)

This enforces the macroscopic boundary conditions. It ensures that the microscopic dis-

placement field a aligns with the macroscopic deformation described by g. This equation

enforces periodicity or other homogenization conditions. In the overall physical mean-

ing, this system Eq. (3.13) describes how the microstructure of the RVE deforms under

macroscopic strain. This system describes how the microstructure of the RVE deforms

under macroscopic strain. It ensures that the microscopic equilibrium conditions are sat-

isfied (first equation) while also enforcing the required macroscopic deformation (second

equation). The presence of S and ST ensures that the RVE behavior is consistent with the

applied boundary conditions. Furthermore, this system can be solved numerically to obtain

the microstructural response and compute homogenized stress-strain relations. The solution

a provides the micro-deformation field, while the reaction forces h give information about

interfacial forces ( tractions ).

The expressions for K, S, and Θ in Eq. (3.13) are central to the finite element method

and provide insight into the physical behavior of the system. The stiffness matrix K, as de-

fined in Eq. (3.14), plays a fundamental role in the homogenization of the RVE. It serves as a

link between microscopic and macroscopic mechanical behavior. Specifically, K character-

izes the stiffness of the RVE by describing how the microstructure resists deformation under

applied forces. Fundamentally, it quantifies the storage of strain energy within the material

at the microscopic scale. The shape function gradient ∂A
∂y is associated with the matrix of

shape functions, A, which interpolates the displacement field within the RVE. The term ∂A
∂y

represents the strain-displacement relationship, converting nodal displacements into strain.

It defines how the displacement field varies across the volume element. The constitutive

matrix D, also referred to as the material property matrix, encapsulates the material’s elas-

tic properties, specifically the elastic stiffness tensor. It establishes the relationship between

stress and strain through Hooke’s law, σ = Dε, where σ and ε denote the stress and strain

tensors, respectively. This matrix governs the mechanical behavior of the material, includ-

ing isotropic elasticity. Integration is carried out over the volume of the RVE, denoted as

VRV E , ensuring that the stiffness matrix K accounts for the entire microstructure rather than
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a single point. This integral incorporates the contributions of all material points within the

RVE. Finally, the transpose operation in
(︂
∂A
∂y

)︂T
ensures dimensional consistency in matrix

multiplication, preserving the mathematical validity of the formulation.

The coupling matrix S, as defined in Eq. (3.15), plays an important role in enforcing

constraints in the homogenization of the RVE. Specifically, S serves as a coupling matrix

that links the nodal displacement field within the RVE to the Lagrange multiplier field,

which enforces specific constraints. This matrix arises from the weak formulation of the

boundary conditions and appears in the variational formulation of the RVE problem. Physi-

cally, it ensures the consistent application of boundary constraints when solving the system

of equations. The transformation matrix of Lagrange multipliers, GT, is associated with

the Lagrange multiplier field λ, which enforces displacement constraints on the boundary

SRV E . The presence of GT in the formulation stems from the variational principle, en-

suring the correct transformation between the Lagrange multipliers and the displacement

field. Physically, G distributes the effect of constraint forces across the RVE boundary. The

shape function matrix A represents the shape functions that interpolate the displacement

field within the RVE. It establishes the connection between nodal displacements and the

overall displacement field inside the RVE. Physically, it ensures the smooth interpolation

of displacement constraints along the RVE boundary. The integration in Eq. (3.15) is per-

formed over the boundary surface SRV E , ensuring that constraint contributions are applied

exclusively at the boundary rather than throughout the entire volume. Overall, this integral

equation enforces boundary constraints such as periodicity or other prescribed conditions

while preventing the introduction of spurious deformation modes. Additionally, it functions

as a constraint enforcement matrix, ensuring that boundary conditions are correctly imple-

mented. Ultimately, the coupling matrix S is essential for accurately enforcing constraints

and ensuring that the RVE solution properly represents the material’s effective response.

The constraint projection matrix Θ, as defined in Eq. (3.16), appears in the final alge-

braic system Eq. (3.13), where it plays an important role in consistently enforcing boundary

conditions. Specifically, Θ serves as a constraint-related matrix that links the Lagrange mul-

tipliers used for boundary constraints with the macroscopic deformation gradient applied to

the RVE. Physically, it ensures that the applied macroscopic boundary conditions are accu-

rately projected onto the Lagrange multiplier field, facilitating the correct enforcement of

various types of boundary constraints. The transformation matrix of Lagrange multipliers,
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GT, is associated with the Lagrange multiplier field λ, which enforces constraints on the

boundary SRV E . The appearance of GT in the formulation arises from the variational prin-

ciple, ensuring the proper transformation between the Lagrange multipliers and the nodal

displacement field. Physically, G distributes the effect of constraint forces across the RVE

boundary. The matrix ΨT is a coordinate-dependent matrix associated with all nodal points

on the boundary of the microstructure. It depends on the reference coordinates of each node

on the RVE boundary and is defined in Eq. (B.30). Physically, Ψ transforms the macro-

scopic deformation gradient into a form compatible with the constraints enforced by the

Lagrange multipliers. This transformation is reflected in the term Θg, which appears on the

right-hand side of the final algebraic form of the RVE in Eq. (3.13). This relationship high-

lights the role of Θ in linking macroscopic boundary conditions to constraint enforcement

within the system. The integration in Eq. (3.16) is performed over the boundary surface

SRV E , ensuring that constraint contributions are applied exclusively at the boundary rather

than throughout the entire volume. Physically, this integral accumulates the effects of the

constraint projection across all boundary nodes. Overall, Eq. (3.16) ensures that the macro-

scopic deformation gradient is properly linked to the constraints enforced by the Lagrange

multipliers, effectively bridging macroscopic deformation and local constraints. Since Ψ

encodes the reference coordinates of nodes on SRV E , the matrix Θ facilitates the transfor-

mation of macroscopic strain conditions into boundary constraints at the microscopic level.

In Eq. (3.13), the stress field within the heterogeneous RVE domain is derived from the

constitutive relationship (2.2) between stress and strain. In solid mechanics, the stress tensor

σ (expressed in Voigt notation) is related to the strain tensor ε via the material stiffness

tensor D as

σ = Dε (3.19)

where, D represents the material stiffness matrix, incorporating properties such as Young’s

modulus and Poisson’s ratio. The strain tensor is defined as the spatial gradient of the

displacement field u as

ε =
∂u

∂y
(3.20)

where y denotes the spatial coordinates in the RVE. Differentiating the displacement ap-
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proximation Eq. (3.11), yields the strain-displacement relationship as

∂u

∂y
=
∂A

∂y
a (3.21)

Substituting this into Eq. (3.19) provides the stress field in terms of the displacement ap-

proximation as

σ = D
∂A

∂y
a (3.22)

This formulation demonstrates how the stress at any point in the RVE depends on the dis-

placement gradient, shaped by the approximation functions, and the material’s constitutive

response. The stiffness matrix D governs the transition from strain to stress, emphasizing

the role of material properties in local deformation resistance.

To solve the RVE problem by using the general algebraic form in Eq. (3.13), we need

to impose certain constraints on the boundary conditions. This can be done by manipulat-

ing the Lagrange multiplier field λ and/or the displacement field u at the boundary SRV E .

In terms of constraining the Lagrange Multiplier Field λ, the Lagrange multiplier field λ

physically represents the tractions or stresses at the boundary of the RVE. By imposing

constraints on λ, we are essentially prescribing the boundary stress conditions. Mathemat-

ically, imposing constraints on λ can be done by setting certain values or expressions for h

in the matrix equation. For example, if we know the stress at the boundary, we can directly

input these values. In terms of constraining the Displacement Field u, the displacement

field u physically describes how each point within the RVE moves. Constraining u means

prescribing how the boundary of the RVE deforms. Mathematically, imposing constraints

on u involves setting specific values or conditions for the displacement vector a. For exam-

ple, we might fix the displacement at certain boundary points to zero (Dirichlet boundary

condition) or allow for a specific displacement gradient. In terms of combining constraints

of both Lagrange multiplier field λ and the displacement field u, a combination of displace-

ment and traction (stress) boundary conditions is used to accurately represent the physical

scenario. This approach allows us to capture both the deformation and the stress distribu-

tion within the RVE. Mathematically, the general matrix equation Eq. (3.13) facilitates the

incorporation of both types of constraints.

The interior points of the RVE are located at y ∈ V̄RV E \ SRV E , i.e.,
{︁
y : y ∈ V̄RV E
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and y /∈ SRV E}, where V̄RV E is the closure of the RVE domain, and y represents a position

vector within the RVE. Also, VRV E denotes the volume of the RVE. And, V̄RV E represents

the closure of the RVE volume, which includes both the interior and the boundary. In

addition, SRV E represents the surface or boundary of the RVE. Here, the interior points

of the RVE are the points that lie strictly within the boundaries of the RVE, excluding the

boundary itself. These are the points where the material behaviour is observed without

direct boundary influences. The closure of the RVE domain, V̄RV E , includes all the points

inside the RVE volume as well as the points on its boundary. In mathematical terms, closure

means the set itself plus its boundary. Also, the boundary SRV E is the surface that encloses

the volume of the RVE. It is where external conditions, such as tractions or displacements,

are applied in boundary value problems. And, the notation V̄RV E \ SRV E represents the

set difference. It means taking the closure of the RVE domain and removing the boundary

points SRV E . Therefore, y ∈ V̄RV E \ SRV E implies that the point y is within the RVE but

not on its boundary. And, these are the true interior points of the RVE. So, in mathematical

meaning,
{︁
y : y ∈ V̄RV E and y /∈ SRV E} means we are considering all points y that belong

to the closure of the RVE domain V̄RV E but explicitly excluding those that are part of the

boundary SRV E . Also, by focusing on the interior points, we are interested in analysing the

material properties and behaviours that are not directly affected by the boundary conditions.

This allows us to understand the properties of the material within the RVE, such as stress

and strain distributions, without the complications introduced by boundary effects.

On the other hand, for the purpose of imposing constraints, the boundary is decomposed

into two parts, i.e., SRV E = S+
RV E ∪ S−

RV E with outward normal n+ = −n− at associated

points Ψ+ ∈ S+
RV E and Ψ− ∈ S−

RV E , respectively see Figure 3.1a. This decomposition

helps in defining and applying specific boundary conditions or constraints separately on

different portions of the boundary. The notation SRV E = S+
RV E∪S−

RV E means that the entire

boundary SRV E is the union of the two parts S+
RV E and S−

RV E . Every point on the boundary

belongs to either S+
RV E or S−

RV E . And, n+ is the outward normal vector at points on S+
RV E .

Also, n− is the outward normal vector at points on S−
RV E . The relationship n+ = −n−

indicates that the normal vectors are oppositely directed at corresponding points on the two

parts of the boundary. In addition, Ψ+ refers to points on the boundary part S+
RV E . Ψ−

refers to points on the boundary part S−
RV E . These points are associated in the sense that

they may represent corresponding locations on the opposite sides of the RVE boundary,

facilitating the definition of boundary conditions. Furthermore, the decomposition of the
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boundary allows for more precise control and application of boundary conditions. This can

be particularly useful in numerical simulations and finite element methods where different

constraints might need to be applied on different parts of the boundary. For instance, one

part of the boundary might be subject to prescribed displacements while the other part might

be subject to prescribed tractions or forces.

In computational mechanics, ensuring that boundary conditions are properly handled

is important for accurate simulation of material behavior. This is particularly important

in the context of Representative Volume Elements (RVEs) used to model heterogeneous

materials. As depicted in Figure 3.1b, a systematic approach is employed where each point

on the boundary of the RVE is paired with a corresponding point, or image, on the opposite

boundary. This method is executed in a standard and regular manner, following established

conventions such as those detailed by e.g. Larsson et al. [27]. For a point Ψ+ located on

the right boundary S+
RV E of the RVE, its corresponding image point Ψ− is found on the left

boundary S−
RV E . The critical aspect of this pairing is that both Ψ+ and Ψ− share the same

vertical coordinate, y2. This means that if Ψ+ is at a particular height on the right boundary,

Ψ− will be at the same height on the left boundary. This ensures a vertical alignment and

continuity across the RVE’s width. Similarly, for a point Ψ+ on the top boundary S+
RV E ,

the corresponding image point Ψ− is located on the bottom boundary S−
RV E . In this case,

both points share the same horizontal coordinate, y1. Thus, if Ψ+ is at a specific horizontal

position on the top boundary, Ψ− will be at the same position on the bottom boundary,

maintaining horizontal alignment and continuity across the RVE’s height. An important

aspect of this boundary pairing is the handling of corner points. Each corner point on the

RVE, which lies at the intersection of two boundaries, has two images. For example, a

corner point on the top-right boundary will have an image on the top-left boundary and

another on the bottom-right boundary. This dual pairing is necessary because corner points

need to maintain continuity in both the horizontal and vertical directions. Furthermore,

pairing points on opposite boundaries ensures that the displacement and stress fields are

continuous across the boundaries. This set-up copies the infinite repetition of the RVE

in a real material, which is essential for accurate homogenization and effective property

estimation. In numerical simulations, this pairing allows for the application of constraints

that enforce the periodicity of the solution. Also, it ensures that deformation or stress at

one boundary is appropriately mirrored at the opposite boundary, maintaining the overall

consistency of the model.
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(a) Schematic picture (b) Mesh for the numerical solution

Figure 3.1: RVE

In the algebraic formulation of the RVE problem, the Eq. (3.13) contains two key ma-

trices. The stiffness matrix K which represents the relationship between the displacement

degrees of freedom and the internal forces within the RVE. The constraint ( coupling )

matrix S which represents how the Lagrange multipliers (enforcing boundary conditions)

interact with the displacement field. The displacement vector a contains the unknown nodal

displacements at all nodes in the RVE domain. And, the RVE domain contains two types

of nodes. Internal nodes (I) which are are located inside the RVE domain, meaning they

are not on the boundary. And, boundary nodes (B) which are lie on the boundary SRV E ,

where constraints (such as periodicity or Lagrange multipliers) are applied. Since the dis-

placements are unknown at both types of nodes, we partition the nodal displacement vector

a into

a =

{︄
aI

aB

}︄
(3.23)

This equation represents the global nodal displacement vector a, which contains the dis-

placements of all nodes in the computational domain. It is partitioned into two components

based on the location of the nodes. Regarding the internal displacement vector aI , aI con-

tains the displacement values of the internal nodes inside the RVE. These displacements are

unknowns that must be solved as part of the finite element system. Regarding the bound-

ary displacement vector aB, aB contains the displacement values of the boundary nodes

of the RVE. These displacements are either prescribed by boundary conditions or interact

with internal nodes and constraint equations. Boundary nodes can be subject to periodic

constraints or any other types in computational homogenization, Lagrange multipliers en-

forcing boundary conditions and applied macroscopic deformation through constraints. In
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overall, this partitioning of a separates the displacement degrees of freedom into internal

and boundary components. This is important because it allows for enforcing boundary

conditions separately. It also helps in reducing computational complexity by solving for

internal displacements while treating boundary conditions appropriately. It is essential for

implementing constraint-based methods (like Lagrange multipliers) to enforce periodicity

or other conditions in computational homogenization.

The stiffness matrix K originally governs the relationship between all nodal displace-

ments and internal forces. However, because nodes are now classified as either internal or

boundary nodes, the matrix is rewritten in a partitioned form as

K =

[︄
KII KIB

KT
IB KBB

]︄
(3.24)

In Eq. (3.24), the internal stiffness matrix KII represents the stiffness contributions from

interactions between internal nodes only. It determines how displacements at internal nodes

influence the forces at other internal nodes. Also, It governs the response of the RVE’s in-

ternal region without direct interaction with the boundary. The coupling stiffness matrix

KIB represents the stiffness contributions due to interactions between internal nodes and

boundary nodes. It defines how boundary node displacements affect internal node forces. It

also couples internal and boundary node displacements, making it crucial for ensuring con-

sistency across the domain. The transpose of the coupling stiffness matrix KT
IB represents

the stiffness contributions due to interactions between boundary nodes and internal nodes.

It defines how internal node displacements affect forces at boundary nodes. It is the trans-

pose of KIB, ensuring symmetry in the stiffness formulation. The boundary stiffness matrix

KBB represents the stiffness contributions from interactions between boundary nodes only.

It governs how boundary displacements interact with each other. This sub-matrix is es-

sential for implementing boundary conditions and constraints, such as periodic boundary

conditions or imposed displacements. In overall, this partitioning of K that separates the

stiffness contributions of internal and boundary nodes is so important for computational ho-

mogenization and finite element modeling. This partitioning helps in solving the system by

focusing on internal nodes separately while enforcing boundary conditions. The structure

allows for applying constraints (such as periodicity or Lagrange multipliers) at the bound-
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ary while solving for the internal displacement field. It reflects how different parts of the

RVE interact and how internal points deform under forces and how the boundary influences

this behavior. Finally, this matrix structure (3.24) enables a systematic approach to solving

the finite element equilibrium equations for the RVE while correctly handling boundary

conditions.

Similarly, the constraint matrix S, which enforces the boundary conditions in the com-

putational homogenization framework. It arises in the algebraic form of the RVE problem

and is related to the Lagrange multiplier method for imposing displacement constraints.

The matrix is partitioned into two components based on the distinction between internal

nodes and boundary nodes as

S =
[︂
SI SB

]︂
(3.25)

In Eq. (3.25), the constraint contribution for internal nodes SI represents the influence

of internal node displacements on the constraints imposed by the Lagrange multipliers.

Since the constraints are only applied at the boundary, SI = 0 because the function G,

which defines the constraints, is zero inside the domain (i.e., at internal nodes). This means

internal nodes are not directly involved in enforcing boundary conditions, which simplifies

the formulation. The constraint contribution for boundary nodes SB represents the influence

of boundary node displacements on the imposed constraints. It defines how displacements

at the boundary nodes interact with the Lagrange multiplier terms to enforce the desired

constraints. This matrix ensures that boundary nodes satisfy the imposed periodicity or

other constraint conditions in the RVE problem. In overall, the matrix S defines how the

displacement field interacts with the Lagrange multiplier field λ, which is used to enforce

specific boundary conditions. And, the matrix S plays an important role in coupling the

displacement field with boundary constraints, ensuring that the RVE behaves consistently

under homogenization conditions.

By substituting the partitioned form of K and a into the equilibrium equation, we obtain

Ka =

[︄
KII KIB

KT
IB KBB

]︄{︄
aI

aB

}︄
(3.26)

This equation describes the system of equilibrium equations governing the response of the

RVE under deformation. When multiplying K with a, the result represents the nodal force
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balance in the system. After performing the matrix-vector multiplication, the equation ex-

pands as {︄
KIIaI +KIBaB

KT
IBaI +KBBaB

}︄
(3.27)

Each row represents the equilibrium equations for a subset of nodes. Regarding the first

row ( Internal node equilibrium ) which is defined as

KIIaI +KIBaB (3.28)

This equation governs the internal nodes of the RVE. KIIaI represents the contribution to

internal forces from internal displacements. KIBaB represents the influence of boundary

node displacements on internal node forces. The sum must balance to satisfy equilibrium.

Regarding the second row ( Boundary node equilibrium ) which is defined as

KT
IBaI +KBBaB (3.29)

This equation governs the boundary nodes of the RVE. KT
IBaI represents the influence of

internal node displacements on boundary node forces. KBBaB represents the contribution

to boundary forces from boundary displacements. The sum must satisfy equilibrium at the

boundary nodes. In overall, Eq. (3.26) enforces mechanical equilibrium in the discretized

system. The internal equilibrium equation ensures that forces within the interior of the

RVE are balanced based on interactions with neighboring nodes. The boundary equilibrium

equation accounts for how boundary displacements and constraints affect the system.

By substituting the partitioned form of S and a into the equilibrium equation, we obtain

Sa =
[︂
SI SB

]︂{︄aI

aB

}︄
(3.30)

This represents the constraints imposed by the Lagrange multiplier method in the RVE

problem, ensuring that certain boundary conditions are satisfied. By Expanding the multi-
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plication of Eq. (3.30), we get

SIaI + SBaB (3.31)

Here, each term represents a different contribution. This term SIaI describes how the in-

ternal displacements (aI) contribute to the constraint equations. Since the constraint condi-

tions are only enforced on the boundary, and the matrix S is defined via a boundary integral,

SI = 0 for internal nodes. This means internal displacements do not directly contribute to

the constraints. This term SBaB accounts for the influence of the boundary displacements

(aB) on the constraint conditions. It ensures that the imposed boundary conditions (e.g.,

periodicity, displacement continuity, or traction constraints) are satisfied at the boundary.

In overall, Eq. (3.30) enforces boundary constraints using the Lagrange multiplier ap-

proach. It ensures that boundary displacements satisfy the imposed conditions, such as

periodicity or any other types in computational homogenization or continuity conditions in

multi-scale modeling. Also, this equation plays an important role in maintaining kinematic

compatibility at the boundary, ensuring that the microscopic RVE behavior aligns with the

macroscopic boundary conditions.

Figure 3.1b, shows the boundary nodes and the interior nodes separately in order to ex-

plain the implementation of the boundary constraint conditions explicitly. The matrix S is

specifically defined through a boundary integral, meaning that it is calculated based on the

interactions and conditions at the boundary of the Representative Volume Element (RVE),

denoted as SRV E . This boundary integral approach implies that S captures contributions

exclusively from the boundary nodes and not from the interior of the RVE. When we con-

struct the matrix S, we integrate over the boundary surface, focusing on how the boundary

nodes interact with the Lagrange multipliers and the displacement field at the boundary.

Given this procedure, the sub matrix SI , which would represent the influence of the La-

grange multipliers on the interior nodes, naturally vanishes. This vanishing occurs because

the interior nodes, those located within the volume V̄RV E but not on the boundary SRV E , do

not contribute to the boundary integral. In simpler terms, since S is defined only through

interactions at the boundary, there is no contribution from nodes that are purely inside the

volume, hence SI becomes a zero matrix. Further reinforcing this concept is the role of the

approximation functions for the Lagrange multipliers, denoted as G. These functions are

chosen to be non-zero only at the boundary nodes where constraints are applied. At any in-

terior point y ∈ V̄RV E \SRV E , the function G is zero. This design ensures that the Lagrange
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multipliers do not influence the interior nodes, aligning with the boundary-focused nature

of S. Consequently, because G is zero for all interior nodes, the matrix SI has no non-zero

entries, thus confirming that it vanishes.

The system now explicitly handles the coupling between interior and boundary nodes

while enforcing the constraints imposed by the Lagrange multipliers. By partitioning these

matrices and vectors, the problem can be solved more efficiently, ensuring that boundary

conditions are properly imposed and that the resulting system of equations is well-posed

for numerical solution. This systematic approach ensures accurate representation and en-

forcement of mechanical equilibrium and boundary constraints in the finite element model

of the RVE.

3.2.1 Uniform displacement gradient RVE boundary conditions

We begin with the assumption that the displacement gradient, denoted as gij , is uniform at

the boundaries of the RVE. This implies that the displacement variation at the boundaries

is consistent and linear. Consequently, we assume the absence of small-scale fluctuations

in displacement at the boundary. Mathematically, this condition is expressed as u′(Ψ) = 0,

where u′ represents micro-scale fluctuations in displacement. The total displacement field

ui(ψi) at any boundary point ψi is expressed in tensor notation in Eq. (2.31). When adopting

Voigt notation, Eq. (2.31) takes the form

u(Ψ) = ū(ȳ) + (Ψ− ȳ)Tg + u′(Ψ) (3.32)

To maintain proper matrix multiplication in Voigt notation, the transpose (Ψ−ȳ)T is applied

when multiplied by g. Under the assumption of no micro-scale fluctuations (u′(Ψ) = 0),

Eq. (3.32) simplifies to

u(Ψ) = ū(ȳ) + (Ψ− ȳ)Tg (3.33)

Here, ū(ȳ) represents the macroscopic or average displacement at the reference point ȳ,

while (Ψ− ȳ)Tg captures the contribution of the displacement gradient. For mathematical

convenience, we choose the reference point as the origin, setting ȳ = 0. Similarly, we

assume that the macroscopic displacement at this reference point is zero, i.e., ū(ȳ) = 0.

With these simplifications, the displacement at any boundary point Ψ depends solely on the
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displacement gradient g, leading to

u(Ψ) = ΨTg (3.34)

This linear relationship indicates that the displacement at the boundary points is directly

proportional to their spatial coordinates, scaled by the displacement gradient. Since the

displacement at the boundary is determined entirely by the macroscopic displacement gra-

dient, the boundary deformations remain linear. Consequently, each boundary point’s dis-

placement is a linear function of its position, resulting in a predictable and well-structured

deformation pattern for the RVE boundary. Given this simplified displacement expression,

the nodal displacements at the RVE boundary can be determined as

ΛB = ΨTg (3.35)

This equation provides a means to compute the boundary nodal displacements ΛB by com-

bining the geometric representation of the boundary surface (Ψ) with the macroscopic

displacement gradient (g). In Eq. (3.35), ΛB denotes the vector of nodal displacements

at the boundary nodes of the RVE, where the subscript B specifically refers to boundary

nodes. These displacements describe the deformation of the RVE boundary under the ap-

plied macroscopic strain. Ψ represents the spatial coordinates of points defining the bound-

ary surface geometry. ΨT, the transpose of Ψ, reorganizes these boundary points into a

format suitable for multiplication with g. g is the macroscopic displacement gradient ten-

sor, which governs the overall deformation of the RVE and describes how the macroscopic

strain influences the displacement field. This formulation ensures that the displacement

values at the boundary nodes (ΛB) are consistently derived from the macroscopic deforma-

tion field (g) while accurately capturing the geometry of the RVE boundary. By aligning

the nodal displacements with the imposed boundary conditions, this approach maintains

the integrity of the numerical model and facilitates an accurate prediction of the RVE’s

mechanical response. Furthermore, the selected vector of approximation function for the

displacement field A is assumed to have interpolatory property, i.e., aBk = ⟨ΛBk⟩T =

⟨uB1 (Ψk) uB2 (Ψk)⟩, where Ψk is the coordinates of the kth node on the boundary, i.e.,

Ψk ∈ SRV E , i.e k = 1, 2, . . .m,uB1 and uB2 are the displacement components at the bound-
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ary in horizontal and vertical directions, and aB =
⟨︂

aB1 aB2 · · · aBk · · · aBm

⟩︂T
,

in which m is the number of boundary nodes.

By substituting Eq. (3.35), Eq. (3.24), and Eq. (3.25) into Eq. (3.13), we obtain the

solution of the RVE problem as as shown in Appendix B.1.2[︄
KII ST

I

SI 0

]︄{︄
aI

h

}︄
=

{︄
−KIBΨ

Tg(︁
Θ− SBΨ

T
)︁
g

}︄
(3.36)

By expanding this matrix multiplication (3.36), we get

KIIaI + ST
I h = −KIBΨ

Tg (3.37)

SIaI =
(︁
Θ− SBΨ

T
)︁
g (3.38)

Given that SI = 0, ST
I = 0 as well. Therefore, we can simplify Eq. (3.37) to

KIIaI = −KIBΨ
Tg (3.39)

Also, Eq. (3.38) is simplified to

0 =
(︁
Θ− SBΨ

T
)︁
g (3.40)

Then, this implies that

Θg = SBΨ
Tg (3.41)

Then, solving for aI in the simplified equation (3.39), this gives

aI = −K−1
II KIBΨ

Tg (3.42)

This is the solution for the internal nodal displacements, aI , in terms of the stiffness matrices

and the macroscopic displacement gradient.

The algebraic form of the RVE problem in Eq. (3.36) represents the finite element dis-
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cretization of the RVE equilibrium equations, incorporating uniform displacement gradient

boundary conditions through the Lagrange multiplier method. It ensures internal equi-

librium within the RVE while enforcing the homogenization constraints on the boundary

displacements. The Lagrange multipliers (h) enforce these boundary conditions, ensuring

that the imposed macroscopic deformation is satisfied. Furthermore, the system consists

of two coupled equations. Equilibrium equation (3.37) for internal nodes (aI) enforces the

balance of internal forces considering the boundary influences. Constraint equation (3.38)

for boundary conditions ensures that the imposed macroscopic displacement gradient is cor-

rectly applied to the RVE boundary. The right-hand side of Eq. (3.36) expresses the external

effects from macroscopic loading, which drive the RVE deformation. Overall, this formu-

lation enables solving for the microscopic displacement field (aI) while ensuring proper

enforcement of macroscopic kinematics via Lagrange multipliers.

3.2.2 Uniform traction RVE boundary conditions

Under the assumption of uniform stress, we aim to apply the same stress across all points

on the boundary of the RVE. This uniform stress assumption implies that the stress compo-

nents do not vary from point to point along the boundary. However, when considering the

displacements corresponding to these stresses, we encounter a challenge. The displacement

at each boundary point is not just a simple macroscopic displacement but includes micro-

scale variations, represented as u′(Ψ). These micro-fluctuations arise from the material’s

local heterogeneities and mean that the displacement at any specific point on the boundary

cannot be directly set to a precise value without considering these variations. Since u′(Ψ)

is generally not zero, the displacements at the boundary nodes include both the average

displacement due to the uniform stress and these additional micro-fluctuations. As a result,

directly prescribing exact displacement values for each boundary node is not feasible be-

cause it would ignore the micro-fluctuations present within the material. Instead, boundary

conditions must be handled in a way that accommodates these variations while maintaining

the overall uniform stress condition.

To ensure uniform boundary stress within the RVE, boundary displacements must be

carefully managed. Due to the presence of micro-fluctuations in the displacement field, di-

rectly prescribing point-wise boundary displacements can introduce stress variations, con-

flicting with the objective of maintaining uniform stress. To address this issue, the vector h,
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which contains the unknowns associated with the Lagrange multipliers used to enforce the

boundary conditions, is expressed in a specific interpolated form as

h = HTr, (3.43)

where

r =
⟨︂
r1 r2

⟩︂T
(3.44)

and

H =

[︄
1 0 1 0 · · · −1 0 −1 0

0 1 0 1 · · · 0 −1 0 −1

]︄
(3.45)

Eq. (3.43) expresses the vector h in terms of a transformation matrix HT and a vector r. The

role of this equation is to enforce a uniform traction boundary condition by ensuring that

the boundary stress remains uniform. Physically, h is a vector of nodal displacement con-

straints (Lagrange multipliers) applied to the boundary nodes. It represents the correction

terms needed to maintain a uniform stress condition at the boundary. The size of h is equal

to the number of boundary degrees of freedom. Each entry in h corresponds to a constraint

imposed at a specific boundary node. In simpler terms, h adjusts the nodal displacements

such that the boundary stress remains uniform. In Eq. (3.44), r is a vector of unknown

parameters that define the uniform traction condition. It contains two components, r1 and

r2, which are the only independent unknowns needed to describe the uniform traction state.

Physically, these unknowns represent the generalized forces (Lagrange multipliers) needed

to balance the applied uniform traction at the boundary. Instead of prescribing nodal dis-

placements explicitly, we solve for r, which allows the traction to remain uniform across

all boundary nodes. In Eq. (3.45), H is a projection (interpolation) matrix that maps the

two independent unknowns r1, r2 to all boundary nodes. Regarding the structure of H,

the first row contains only 1, 0,−1, 0 patterns, meaning that each pair of boundary nodes

is coupled in the x - direction. The second row contains only 0, 1, 0,−1 patterns, ensuring

the same coupling in the y - direction. The way the matrix is built ensures that nodes are

images of each other (on opposite sides). Also, the interpolation enforces that the total

traction is evenly distributed across the boundary. In overall, equation (3.43) ensures that

the boundary displacements adjust in a way that maintains uniform stress conditions. In-
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stead of prescribing nodal displacements directly, the two unknowns r1, r2 govern the entire

boundary behavior. The interpolation matrix H ensures that corresponding boundary nodes

are properly coupled.

By substituting Eq. (3.43) into Eq. (3.13) and using Eqs. (3.24) and (3.25), we obtain

the solution of the RVE problem as as shown in Appendix B.1.3⎡⎢⎢⎣
KII KIB 0

KIB
T KBB SB

THT

0 HSB 0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

aI

aB

r

⎫⎪⎪⎬⎪⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
0

0

HΘg

⎫⎪⎪⎬⎪⎪⎭ (3.46)

In the context of the equations and the uniform traction boundary condition discussed, h is

the vector of Lagrange multipliers associated with the enforcement of boundary conditions.

It ensures that these conditions are uniformly applied across the boundary nodes. Similarly,

aB represents the displacement vector for the boundary nodes, containing the displacement

values for each node on the boundary of the RVE. Both h and aB are specifically defined

at the boundary nodes, which form a subset of the total nodes in the system and play an

important role in defining the boundary conditions. When imposing the uniform traction

boundary condition, all boundary nodes must satisfy the same stress constraints. Conse-

quently, the number of Lagrange multipliers in h must correspond to the number of bound-

ary displacement components in aB. The matrix H is introduced to couple the boundary

nodes, ensuring that each pair of nodes, which are images of each other at the boundary, are

treated collectively. This structure necessitates that the application of boundary conditions

via h spans all boundary nodes, leading to h having the same number of elements as aB.

From a physical perspective, each degree of freedom at the boundary, represented by aB,

requires a corresponding Lagrange multiplier to impose the boundary condition effectively.

Therefore, to maintain consistency in the enforcement of boundary conditions, the vectors

h and aB must have the same dimensions.

The algebraic form of the RVE problem in Eq. (3.46) represents the discrete system of

equations governing the equilibrium of an RVE under uniform traction boundary conditions.

Physically, the equation captures the mechanical response of the RVE, ensuring that both

internal equilibrium and boundary traction constraints are satisfied. The first two rows en-

force the mechanical equilibrium of internal (aI) and boundary (aB) displacement degrees

of freedom. The third row enforces the uniform traction boundary condition, ensuring that
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the boundary displacements satisfy a prescribed macroscopic stress state. Mathematically,

the stiffness sub-matrices (KII ,KIB,KBB) represent the mechanical interactions between

internal and boundary nodes. The constraint terms (SB,H) enforce the prescribed boundary

conditions. The vector r introduces a reduced set of unknowns, simplifying the imposition

of uniform traction conditions. In overall, this formulation (3.46) ensures a well-posed al-

gebraic system where the unknown displacement field (aI , aB) and Lagrange multiplier-like

term (r) collectively satisfy the governing equations of the homogenized problem.

3.2.3 Periodic displacement RVE boundary conditions

In the context of periodic displacement RVE boundary conditions, the fine scale fluctua-

tions of the displacement field at the boundary do not vanish, meaning that u′(Ψ) ̸= 0. This

indicates that the microstructural variations in displacement are significant and must be ac-

counted for in the model. Despite these fluctuations, it is assumed that due to the periodic

nature of the RVE, the displacement fluctuations at a point on one boundary are identical

to the fluctuations at the corresponding point on the opposite boundary. Specifically, for

a point Ψ+ ∈ S+
RV E on one boundary, the displacement fluctuation u′(Ψ+) is the same as

the displacement fluctuation u′(Ψ−) at the corresponding point Ψ− ∈ S−
RV E on the opposite

boundary. This periodic boundary condition implies that the microstructural displacement

fluctuations repeat in a regular pattern across the boundaries of the RVE. This is essential for

accurately modelling materials with periodic microstructures, ensuring that the finite RVE

behaves as part of an infinite periodic material. The periodic displacement conditions main-

tain continuity and consistency in the displacement field across the boundaries, facilitating

the correct simulation of the material’s response to external loads and other conditions.

To impose periodic boundary conditions for the displacement field, we start by consider-

ing the fine-scale displacement fluctuations at corresponding points on opposite boundaries

of the RVE. The condition u′(Ψ+) − u′(Ψ−) = 0 states that these fine-scale displacement

fluctuations must be identical at paired points on the boundaries S+
RV E and S−

RV E . And, this

leads us to the constraint for periodicity. The displacement field u(Ψ) at any point Ψ at

the RVE boundary can be decomposed into three components as Eq. (3.32), where ū(ȳ)

is the macroscopic displacement or average displacement at the reference point ȳ. And,

(Ψ− ȳ)Tg is the contribution due to the macroscopic displacement gradient g. Also, u′(Ψ)

is the fine-scale fluctuation of the displacement field. Under periodic boundary conditions,
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the fine-scale fluctuations at paired points on the boundary should be identical as

u′(Ψ+) = u′(Ψ−) (3.47)

And, this implies that

u′ (︁Ψ+
)︁
− u′ (︁Ψ−)︁ = 0 (3.48)

Then, we consider the displacement field at two paired points Ψ+
k and Ψ−

k on the opposite

boundaries of the RVE as

u
(︁
Ψ+

k

)︁
= ū (ȳ) + (Ψ+

k − ȳ)Tg + u′ (︁Ψ+
k

)︁
(3.49)

u
(︁
Ψ−

k

)︁
= ū (ȳ) + (Ψ−

k − ȳ)Tg + u′ (︁Ψ−
k

)︁
(3.50)

Then, by subtracting the displacement at Ψ−
k from that at Ψ+

k

u
(︁
Ψ+

k

)︁
− u

(︁
Ψ−

k

)︁
=
[︁
ū (ȳ) + (Ψ+

k − ȳ)Tg + u′ (︁Ψ+
k

)︁]︁
−
[︁
ū (ȳ) + (Ψ−

k − ȳ)Tg + u′ (︁Ψ−
k

)︁]︁
(3.51)

Since the macroscopic displacement ū(ȳ) is the same for both points, it cancels out. Also,

by periodicity, u′ (︁Ψ+
k

)︁
= u′ (︁Ψ−

k

)︁
, we get

u
(︁
Ψ+

k

)︁
− u

(︁
Ψ−

k

)︁
=
[︁
(Ψ+

k − ȳ)Tg − (Ψ−
k − ȳ)Tg

]︁
(3.52)

Then, the constraint for the periodicity condition can be introduced in the form of

u
(︁
Ψ+

k

)︁
− u

(︁
Ψ−

k

)︁
=
(︁
Ψ+

k −Ψ−
k

)︁T
g (3.53)

In Eq. (3.53), the term u
(︁
Ψ+

k

)︁
represents the displacement vector at the boundary point

Ψ+
k , which corresponds to a specific point k on one side of the RVE boundary, denoted as

S+
RV E . Similarly, u

(︁
Ψ−

k

)︁
represents the displacement vector at the corresponding bound-

ary point Ψ−
k , located on the opposite side of the RVE boundary, S−

RV E . The difference
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between these displacement vectors, u
(︁
Ψ+

k

)︁
−u

(︁
Ψ−

k

)︁
, quantifies the relative displacement

between the paired boundary points Ψ+
k and Ψ−

k . For a perfectly periodic structure, this

displacement difference should arise solely from the macroscopic deformation of the mate-

rial. Additionally, the term
(︁
Ψ+

k −Ψ−
k

)︁T represents the transpose of the matrix difference

between the coordinates of the paired boundary points. This matrix characterizes the spatial

separation between the two corresponding points on opposite boundaries of the RVE. The

macroscopic displacement gradient tensor, g, describes the overall deformation applied to

the RVE and determines how the macroscopic displacement field varies spatially across the

domain. Overall, Eq. (3.53) ensures that the displacement field across the RVE boundary

remains consistent with periodic boundary conditions. It guarantees that any displacement

difference between paired boundary points arises solely from the imposed macroscopic de-

formation, thereby preserving the periodicity of the displacement field.

The concept of anti-periodic boundary traction is fundamental to understanding material

behavior under periodic boundary conditions. In this framework, the boundary tractions

(forces per unit area) at paired points on opposite sides of the boundary exhibit an anti-

symmetric relationship. Specifically, the traction vectors acting on corresponding nodes

across the boundary are equal in magnitude but opposite in direction. Mathematically, this

anti-periodicity condition is expressed as

λ+ = −λ− (3.54)

where λ+ and λ− represent the traction vectors at boundary nodes Ψ+ ∈ S+
RV E and Ψ− ∈

S−
RV E , respectively. The boundary traction λ corresponds to the forces per unit area acting

on the surface nodes of the RVE, arising due to external loads or internal stresses. The nodes

Ψ+ and Ψ− are paired such that each point on one side of the boundary has a correspond-

ing counterpart on the opposite side. From a physical perspective, this condition ensures

force balance at the RVE boundary, maintaining mechanical equilibrium. For instance, if a

node on one side of the boundary experiences a traction force in a given direction, the cor-

responding node on the opposite side experiences an equal force in the opposite direction.

This anti-periodicity is important for preserving the periodic nature of the RVE, ensuring

that internal stresses and deformations accurately reflect the material’s microstructural re-

sponse under applied loads. By enforcing anti-periodic boundary traction, the model effec-
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tively captures the transmission of forces across the RVE boundaries in a manner consistent

with the periodicity of the material.

By using anti-periodicity of the traction Eq. (3.54), the stress can be represented in a

way that respects this anti-periodic condition at the boundary nodes. Instead of treating

the traction at each boundary node separately, we can reduce the number of unknowns by

recognizing that each pair of opposite nodes contributes only one independent degree of

freedom. To achieve this, we introduce the vector w, which represents the reduced degrees

of freedom for the boundary stress. The relationship between the original boundary stress

vector h and the reduced vector w is given by

h = PTw, (3.55)

where

P =

⎡⎢⎢⎢⎢⎣
1 0 · · · 0 · · · −1 0 0 · · · 0

0 1 · · · 0 · · · 0 −1 0 · · · 0
...

... . . . . . . ...
...

... . . .

0 0 · · · 1 · · · 0 0 0 · · · −1

⎤⎥⎥⎥⎥⎦ (3.56)

This equation (3.55) essentially maps the reduced number of unknowns (w) to the full

boundary stress vector (h). The matrix P is a mapping matrix that enforces the anti-periodic

condition. It ensures that every node Ψ+ on one boundary has a corresponding opposite

node Ψ−, and their contributions are properly accounted for. Each row corresponds to a

single pair of opposite nodes. Each row has only two non-zero values. +1 at the location

of the node on one boundary. And, −1 at the location of the corresponding node on the

opposite boundary. As an example interpretation, suppose we have a simple 2D case with

4 boundary nodes. Nodes 1 and 3 are opposite pairs in the x-direction. Nodes 2 and 4 are

opposite pairs in the y-direction. Then, P would look like

P =

[︄
1 0 −1 0

0 1 0 −1

]︄
(3.57)

This means that the first equation enforces that the x - direction force on node 1 is the

negative of node 3. The second equation enforces that the y - direction force on node 2 is
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the negative of node 4. In overall, this expression (3.55) reduces the number of independent

unknowns, making the system easier to solve. The matrix multiplication PTw reconstructs

the full boundary stress while ensuring the anti-periodicity condition is satisfied. By using

this formulation, we can integrate the periodic boundary condition into the algebraic system

efficiently.

By substituting Eq. (3.55) into Eq. (3.13) and using Eqs. (3.24) and (3.25), we obtain

the solution of the RVE problem as as shown in Appendix B.1.4⎡⎢⎢⎣
KII KIB 0

KIB
T KBB SB

TPT

0 PSB 0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

aI

aB

w

⎫⎪⎪⎬⎪⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
0

0

PΘg

⎫⎪⎪⎬⎪⎪⎭ (3.58)

Physically, Eq. (3.58) represents the finite element discretization of the Representative Vol-

ume Element (RVE) problem under periodic displacement boundary conditions. This equa-

tion ensures equilibrium, displacement compatibility, and periodicity within the system.

The first row enforces equilibrium at the interior (bulk) nodes by ensuring that the net force

at these nodes sums to zero. The second row governs equilibrium at the boundary nodes

while incorporating periodic constraints through the Lagrange multipliers w, which act as

reaction forces maintaining periodicity. The third row imposes the periodicity constraint,

ensuring that the displacements at opposite boundary nodes conform to the macroscopic

deformation gradient g. Collectively, these conditions guarantee that the RVE accurately

represents the macroscopic material response under periodic loading conditions. Mathe-

matically, Eq. (3.58) defines a coupled algebraic system that enforces static equilibrium

through the stiffness matrices KII ,KIB,KBB, which describe the force-displacement rela-

tionships of the interior and boundary nodes. Periodic boundary constraints are imposed

using the matrix P, which establishes the correspondence between displacements of pe-

riodic boundary node pairs. Additionally, periodicity is enforced through the Lagrange

multipliers w, introduced via the constraint term ST
BP

T, ensuring that the system adheres to

the required periodic conditions.

The last row in Eq. (3.58) can be interpreted as the imposition of the constraint in

Eq. (3.53) and introduces the jump displacement constraint. For periodic boundary condi-

tions in an RVE, the displacement jump across corresponding points on the periodic bound-

aries S+
RV E and S−

RV E is related to the macroscopic strain. This jump is expressed as Eq.
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(3.53). This equation enforces periodic displacement constraints by ensuring that opposite

boundary displacements correspond to macroscopic deformation. In a finite element set-

ting, the displacement field is interpolated using shape functions and nodal displacements.

For boundary nodes

u(Ψ) = AaB (3.59)

where, A is the shape function matrix. aB is the vector of boundary nodal displacements.

Since we are dealing with periodic boundaries, we partition A as

AT =
[︁
A+T A−T

]︁
(3.60)

where A+ and A− are related to the nodes at the relevant half of the boundary at SRV E
+

and SRV E
−, respectively. We define Ahalf = A+ = A−, simplifying the notation. Thus, the

displacement jump can be rewritten as

u(Ψ+)− u(Ψ−) = Ahalf(a
+
B − a−B) (3.61)

which expresses the displacement jump in terms of nodal displacements on the periodic

boundaries. By Comparing the periodic boundary condition (3.53) with this expression

(3.61), we get

Ahalf(a
+
B − a−B) = (Ψ+ −Ψ−)Tg (3.62)

which shows how the displacement jump is directly related to the macroscopic deformation.

Then, the periodicity matrix P is introduced to relate the full boundary nodal displacement

vector aB to the displacement difference across periodic boundaries as

PaB = a+B − a−B

Here, the matrix P is a selection and difference operator that extracts and subtracts cor-

responding nodal displacements from opposite periodic boundaries. It ensures that the

periodic nodes are paired correctly, allowing the displacement jump to be computed au-
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tomatically. Thus, we can rewrite the displacement jump equation (3.62) as

AhalfPaB = (Ψ+ −Ψ−)Tg (3.63)

This expresses the displacement jump in terms of the periodicity matrix P, ensuring that

periodic boundary conditions are satisfied. On the right-hand side of the equation (3.62),

we observe that (Ψ+ − Ψ−)Tg is a direct consequence of periodicity, meaning that the

position difference between opposite nodes can also be expressed using P as

(Ψ+ −Ψ−)Tg = PΨTg (3.64)

Thus, substituting this (3.64) into our equation (3.63) gives

AhalfPaB = PΨTg (3.65)

This equation shows how the displacement jump is governed by the macroscopic strain

while maintaining periodicity through P. In the integral formulation, we can express the

previous as

∫︂
SRV E

δλ
(︁
u−ΨTg

)︁
dΨ

= δwTP

∫︂
SRV E

GT
(︁
AaB −ΨTg

)︁
dΨ

= δhT

[︃∫︂
SRV E

GT
(︁
Aa+B −Ψ+Tg

)︁
dΨ +

∫︂
SRV E

GT
(︁
Aa−B −Ψ−Tg

)︁
dΨ

]︃
= δhT

∫︂
SRV E

GT
(︁
Ahalf PaB −PΨTg

)︁⏞ ⏟⏟ ⏞
Strong condition

dΨ

(3.66)

Eq. (3.65) enforces the periodic displacement boundary conditions ( strong condition ) in

terms of the finite element shape functions. If we apply the integral operator
∫︁
SRV E

GT(·) dΨ
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to both sides of this equation, we obtain

∫︂
SRV E

GTAhalfPaB dΨ =

∫︂
SRV E

GTPΨTg dΨ (3.67)

By recognizing that SB and Θ are defined as Eqs. (3.15) and (3.16) and assuming that the

integral operator and P commute (i.e., periodicity is maintained under integration), we can

rewrite the integrals as

PSBaB = PΘg (3.68)

Thus, the periodic transformation remains valid at the integral level, confirming that the two

expressions are equivalent as

AhalfPaB = PΨTg ⇔ PSBaB = PΘg (3.69)

In overall, these two formulations are equivalent, since SB and Θ are derived by integrating

the shape function matrix A and the position matrix ΨT with GT, respectively. This integral

transformation preserves the periodic structure enforced by P. Finally, we can express Eq.

(3.53) as

u
(︁
Ψ+

k

)︁
− u

(︁
Ψ−

k

)︁
= Ahalf

(︁
a+B − a−B

)︁
=
(︁
Ψ+ −Ψ−)︁T g = Ahalf PaB = PΨTg (3.70)

This equation expresses the periodic displacement constraint imposed on the RVE for

computational homogenization. It enforces the continuity and periodicity of the displace-

ment field across periodic boundaries, ensuring that the microscale problem is well-posed

for extracting effective material properties. Physically, it expresses the displacement jump

across opposite periodic boundaries of the RVE. The displacement difference between cor-

responding points Ψ+
k and Ψ−

k on opposite sides of the RVE must satisfy the periodicity

condition. In overall, this equation mathematically enforces periodic boundary conditions

in the RVE by linking microscopic boundary displacements to macroscopic strain fields

using shape functions and the periodicity matrix.
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3.3 Interpolation of displacement and Lagrange multiplier

The displacement field u is expressed in terms of two components: a continuous component

and a discontinuous component. This is particularly useful in problems involving disconti-

nuities such as cracks or interfaces within the material. The expression for the displacement

field is given by

u = Nd+ H|ΓDI
Nβ (3.71)

Where, N is the matrix of the standard finite-element shape functions. And, d is the col-

umn vector of nodal displacement values. And, H|ΓDI
is the vector of Heaviside functions

evaluated at the discontinuity interface ΓDI . And, β is the vector of enriched degrees of

freedom.

In continuous component of Eq. (3.71), Nd represents the continuous part of the dis-

placement field using standard finite-element interpolation. Here, N is the shape function

matrix and d is the vector of nodal displacements. For a bilinear quadrilateral element, the

shape function matrix N at the element level is defined as

N =

[︄
N1 0 N2 0 N3 0 N4 0

0 N1 0 N2 0 N3 0 N4

]︄
(3.72)

This matrix represents the interpolation of the displacement field within a quadrilateral

finite element using bilinear shape functions. A bilinear quadrilateral element has four

nodes, each associated with a shape function Ni (for i = 1, 2, 3, 4). These shape functions

are used to interpolate the displacement field within the element. The shape functionsNi are

typically functions of the local coordinates (ξ, η) of the element. In terms of structure of the

matrix N, the matrix N is constructed to interpolate the displacement components in both

the x- and y-directions. The matrix has two rows because we are considering displacements

in two directions (x and y). Each row corresponds to one of the displacement components

(u and v). In the first row ( Interpolation of u - Component (Displacement in x-Direction) ),

(︂
N1 0 N2 0 N3 0 N4 0

)︂
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Here, N1 is the shape function for node 1 in the u-direction. 0 is the place holder for the

v-direction at node 1. And, N2 is the shape function for node 2 in the u-direction. 0 is the

place holder for for the v-direction at node 2. And, N3 is the shape function for node 3 in

the u-direction. 0 is the place holder for the v-direction at node 3. And, N4 is the shape

function for node 4 in the u-direction. 0 is the place holder for the v-direction at node 4. In

the second row ( Interpolation of v - Component (Displacement in y-Direction) ),

(︂
0 N1 0 N2 0 N3 0 N4

)︂
Here, 0 is the place holder for the u-direction at node 1. N1 is the shape function for node 1

in the v-direction. And, 0 is the place holder for the u-direction at node 2. N2 is the shape

function for node 2 in the v-direction. And, 0 is the place holder for the u-direction at node

3. N3 is the shape function for node 3 in the v-direction. And, 0 is the place holder for the

u-direction at node 4. N4 is the shape function for node 4 in the v-direction.

In Eq. (3.72), the shape function matrix N is used to interpolate the displacement field

within the element. When multiplied by the vector of nodal displacements d, it provides

the displacement at any point within the element. This interpolation is important in finite

element analysis to obtain the continuous displacement field from discrete nodal values. By

organizing the shape functions in this manner, the matrix N efficiently handles the inter-

polation for both displacement components (u and v) in a bilinear quadrilateral element,

ensuring that the displacement field is accurately represented within the element.

In terms of nodal displacement vector d in Eq. (3.71), the vector d represents the dis-

placements of the nodes in a finite element, specifically for a bilinear quadrilateral element.

This vector is organized in a manner that includes both x- and y-direction displacements for

each node. In terms of the structure of d, the nodal displacement vector d is written as

d =
⟨︂
d11 d12 d21 d22 d31 d32 d41 d42

⟩︂T
(3.73)

Here, dij represents the displacement at node i in the j-direction. And, i ranges from 1

to 4 (since there are four nodes in the bilinear quadrilateral element). j is either 1 or 2,

representing the x- and y-direction displacements, respectively. In terms of components, d11
is the displacement in the x-direction at node 1. d12 is the displacement in the y-direction
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at node 1. d21 is the displacement in the x-direction at node 2. d22 is the displacement in

the y-direction at node 2. d31 is the displacement in the x-direction at node 3. d32 is the

displacement in the y-direction at node 3. d41 is the displacement in the x-direction at node

4. d42 is the displacement in the y-direction at node 4. Furthermore, in Eq. (3.73), the

vector d is organized by grouping the displacements of each node sequentially. First, the

displacements for node 1 in both x- and y-directions are listed. Next, the displacements for

node 2 in both x- and y-directions are listed. This pattern continues for nodes 3 and 4. Also,

the notation ⟨· · · ⟩T indicates that the values inside the brackets are transposed to form a

column vector. Thus, d is a column vector with 8 entries (since there are 4 nodes, each with

2 displacement components). Moreover, the vector d is essential in finite element analysis

as it represents the degrees of freedom for the displacement field within an element. When

multiplied by the shape function matrix N, it helps interpolate the displacement field inside

the element. This interpolation allows the calculation of displacements, strains, and stresses

at any point within the element based on the nodal values.

In discontinuous component of Eq. (3.71), H|ΓDI
Nβ accounts for the discontinuous

part of the displacement field across the interface ΓDI . Here, ΓDI represents a discontinuity

interface within the finite element domain. This could be a crack, a material interface, or any

other type of physical discontinuity where the displacement field is expected to have a jump

or discontinuity. And, the Heaviside function H is a step function that is commonly used

to model discontinuities. In the context of finite element analysis, the Heaviside function is

used to capture the sudden change in displacement across the discontinuity interface. The

notation H|ΓDI
indicates that the Heaviside function is evaluated specifically at the disconti-

nuity interface ΓDI . This implies that the vector H is tailored to capture the behaviour of the

displacement field right at the interface where the discontinuity occurs. In the context of the

displacement interpolation with a jump, H|ΓDI
plays a important role. It modifies the stan-

dard displacement interpolation to account for the discontinuity by introducing additional

degrees of freedom. When multiplied by the vector of enriched degrees of freedom β, it

effectively introduces a term in the displacement field that represents the jump across ΓDI .

Furthermore, in discontinuous component of Eq. (3.71), in the context of finite element

methods, especially when dealing with discontinuities like cracks or interfaces, standard

degrees of freedom (displacements at nodes) are sometimes insufficient to accurately rep-

resent the displacement field near discontinuities. So, we use enriched degrees of freedom,

which are additional parameters introduced to capture the complex behaviour of the dis-
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placement field near discontinuities. Here, the vector β is used to collectively represent all

the enriched degrees of freedom in the system. It extends the standard displacement degrees

of freedom to include the effects of discontinuities. The vector β is given as

β =
⟨︂
β11 β12 β21 β22 β31 β32 β41 β42

⟩︂T
(3.74)

Here, βij represents the enriched degree of freedom associated with node i in the j-th di-

rection. This vector is arranged such that β11 and β12 correspond to the enriched degrees of

freedom in the x- and y-directions for node 1. And, β21 and β22 correspond to the enriched

degrees of freedom in the x- and y-directions for node 2. Similarly, β31, β32, β41, and β42

correspond to nodes 3 and 4. Furthermore, each component βij can be thought of as an ad-

ditional parameter that allows the finite element model to represent jumps or discontinuities

in the displacement field at the corresponding node. These enriched degrees of freedom

are particularly important in the surrounding areas of cracks or material interfaces where

the displacement field may exhibit abrupt changes that standard degrees of freedom alone

cannot capture.

In the context of finite element analysis, the displacement field u is expressed in terms of

interpolation functions and nodal values. For complex problems involving discontinuities,

such as cracks or material interfaces, the displacement field can be enriched with additional

degrees of freedom to better capture the behaviour near these discontinuities. The general

form for the displacement field u is given in Eq. (3.11) as u = Aa. Here, u represents the

displacement field, A is a matrix containing the interpolation functions, and a is a vector of

unknown parameters, which includes both the standard and enriched degrees of freedom.

Now, the matrix A can be written for one element as

A =
[︂
N H|ΓDI

N

]︂
(3.75)

Here, this matrix N contains the standard finite element shape functions. For a bilinear

quadrilateral element, N is structured to interpolate the displacement at the nodes of the

element. This term H|ΓDI
N represents the enrichment of the displacement field. H|ΓDI

is

the vector of Heaviside functions defined at the discontinuity interface ΓDI . The product

H|ΓDI
N enriches the standard shape functions to account for the discontinuity. Now, the
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vector a can be written for one element as

aT =
⟨︂

dT βT
⟩︂

(3.76)

Here, d is the column vector of nodal displacement values, representing the standard de-

grees of freedom. For a bilinear quadrilateral element, d contains the displacements at the

four nodes of the element in both x- and y-directions. This vector β contains the enriched

degrees of freedom, which are additional parameters introduced to accurately represent the

displacement field near discontinuities. Now, combining the standard and enriched compo-

nents, the displacement field u for one element can be written as

u = Aa =
[︂
N H|ΓDI

N

]︂[︄ d

β

]︄
(3.77)

This formulation allows the finite element model to capture both the continuous part of the

displacement field and the discontinuities effectively. The matrix A incorporates both the

standard shape functions and their enriched counterparts, while the vector a includes all the

necessary degrees of freedom to describe the displacement field accurately. By incorporat-

ing both standard and enriched degrees of freedom, this approach provides a more compre-

hensive representation of the displacement field, especially in regions with discontinuities.

This results in a more accurate and robust finite element analysis, capable of capturing

complex behaviours that would otherwise be missed with standard shape functions alone.

In finite element analysis, boundary conditions play a important role in defining how the

structure or material interacts with its environment. When dealing with problems involv-

ing discontinuities, such as cracks or interfaces between different materials, the handling

of boundary conditions requires careful consideration. The constraints related to boundary

conditions are applied to the standard nodal displacement values, denoted by d. And, d

represents the vector of displacements at the nodes of the finite element mesh. These dis-

placements are the primary degrees of freedom in a standard finite element analysis without

enrichment. The enriched degrees of freedom, denoted by β, are introduced to capture the

displacement discontinuities at interfaces within the material or structure. And, β contains

additional parameters that enhance the standard finite element shape functions to accurately
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represent discontinuities in the displacement field. The boundary conditions are applied

only to the standard nodal displacements d, not to the enriched degrees of freedom β. This

means that the specified displacements or forces at the boundaries of the finite element

model are imposed on the standard nodal displacement values. And, the enriched degrees

of freedom are free to adjust to capture the displacement discontinuities without being di-

rectly constrained by the boundary conditions. By this way, the enriched degrees of freedom

are specifically designed to handle displacement discontinuities, such as jumps or cracks,

within the material or structure. Constraining these enriched degrees of freedom could in-

terfere with their ability to accurately represent the discontinuities. Therefore, they are left

unconstrained to allow for a more accurate and flexible representation of the displacement

field near discontinuities.

In finite element analysis, shape functions are used to interpolate the values of field vari-

ables, such as displacement, within an element. For a bilinear quadrilateral element, these

shape functions are defined in terms of local coordinates. The element under considera-

tion is a bilinear quadrilateral, which is a common type of element used in finite element

analysis. And, the size of this element is 2 × 2 shown in Figure 3.2b, indicating that the

element spans from −1 to 1 in both the ξ and ζ directions. These are the local coordinates

used to define the shape functions. The shape functions N1, N2, N3, N4 are used to interpo-

late the values of field variables within the element. These functions depend on the local

coordinates ξ and ζ. Furthermore, the local coordinates ξ and ζ range from −1 to 1. These

coordinates are used to define the position within the parent element. In terms of shape

functions, N1 is the shape function associated with the node at (ξ, ζ) = (−1,−1). And, the

formula for N1 is

N1 =
(1− ξ)(1− ζ)

4
(3.78)

This function is 1 at (ξ, ζ) = (−1,−1) and 0 at all other nodes of the element. Then, N2 is

the shape function associated with the node at (ξ, ζ) = (1,−1). The formula for N2 is

N2 =
(1 + ξ)(1− ζ)

4
(3.79)

This function is 1 at (ξ, ζ) = (1,−1) and 0 at all other nodes of the element. Then, N3 is the
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shape function associated with the node at (ξ, ζ) = (1, 1). And, the formula for N3 is

N3 =
(1 + ξ)(1 + ζ)

4
(3.80)

This function is 1 at (ξ, ζ) = (1, 1) and 0 at all other nodes of the element. Then, N4 is the

shape function associated with the node at (ξ, ζ) = (−1, 1). And, the formula for N4 is

N4 =
(1− ξ)(1 + ζ)

4
(3.81)

This function is 1 at (ξ, ζ) = (−1, 1) and 0 at all other nodes of the element. These shape

functions are used to interpolate the displacements or other field variables across the ele-

ment by weighting the contributions from each node based on their respective shape func-

tions. Each shape function is designed to be 1 at its corresponding node and 0 at all other

nodes, ensuring accurate interpolation within the element.

In finite element analysis within the RVE, local coordinates (z1, z2) are used for each

element to simplify interpolation and integration processes. These local coordinates range

from −1 to 1, making it straightforward to define shape functions and perform numerical

integration. The RVE itself is situated in a global coordinate system y ∈ V̄RV E , where

V̄RV E represents the closure of the RVE domain. The closure V̄RV E includes all points

within the RVE domain and its boundary. This notation is important for defining integrals

and boundary conditions over the entire RVE, ensuring that both interior and boundary

effects are considered. And, y represents the global coordinates in the RVE coordinate

system. This dual coordinate system allows for precise calculations at the element level

using local coordinates while accurately positioning these elements within the entire RVE

using global coordinates. Figure 3.1 would typically illustrate this relationship, showing

how local coordinates within each finite element map to the global coordinates of the RVE,

ensuring that local computations integrate seamlessly into the global analysis.

The displacement jump at the discontinuity interface ΓDI can be written as

[[u]] = N|ΓDI
β (3.82)

106



In standard finite element analysis (FEM), the displacement field u is assumed to be contin-

uous within an element. However, in the XFEM, discontinuities such as cracks or material

interfaces are introduced. A displacement jump [[u]] occurs at these discontinuities, repre-

senting the difference in displacement across the interface. Mathematically, the displace-

ment jump is expressed as

[[u]] = u+ − u− (3.83)

where u+ is the displacement on one side of the interface. u− is the displacement on the

other side. The term [[u]] captures the discontinuous nature of the displacement across the

interface. The finite element shape function matrix N is used to interpolate displacements

within an element as we discussed before in Eq. (3.72). The displacement field is interpo-

lated using N, so the nodal displacement contributions to the displacement jump must also

be represented using the same shape function matrix. Since the discontinuity exists only

along the interface ΓDI , we take the shape function matrix evaluated at the discontinuity

interface, which is denoted as N|ΓDI
. In XFEM, additional enrichment functions are intro-

duced to model discontinuities without requiring mesh refinement. A Heaviside function

H(x) is used as an enrichment function to represent a displacement jump. The enriched

displacement component is controlled by the enriched degrees of freedom, represented by

the vector β as Eq. (3.74). These enriched degrees of freedom allow the displacement field

to be discontinuous across ΓDI , which is necessary for modeling cracks and material inter-

faces. If the enrichment function was not included, the displacement field would remain

continuous, making it impossible to model cracks or material discontinuities. By intro-

ducing enriched degrees of freedom β, the displacement field can now be discontinuous,

allowing the finite element formulation to capture material separation effectively. This for-

mulation is fundamental in XFEM for handling problems such as fracture mechanics, where

cracks propagate independently of the mesh. In overall, this equation (3.82) describes how

the discontinuous displacement field is interpolated using enriched degrees of freedom at

the interface. In general, the stress field within a heterogeneous continuum can be expressed

in terms of the nodal displacements. The displacement field consists of both continuous and

discontinuous components, as formulated in Eq. (3.71). The strain field ε, defined as the

gradient of the displacement field u, is computed using the matrix B, which contains the
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derivatives of the shape functions. Consequently, the strain field is given by

ε = Bd+ H|ΓDI
Bβ (3.84)

The stress field σ is related to the strain field ε through the material property matrix D, as

expressed in Eq. (??). Substituting the strain field expression into the stress-strain relation-

ship yields

σ = D
(︁
Bd+ H|ΓDI

Bβ
)︁

(3.85)

This formulation provides the stress field in terms of the nodal displacements while ac-

counting for both continuous and discontinuous contributions. Eq. (3.85) represents the

stress field in a material containing discontinuities, such as cracks or interfaces between

different materials. The stress field σ in two dimensions is expressed as

σ =

⎡⎢⎢⎣
σ11

σ22

σ12

⎤⎥⎥⎦ (3.86)

where σ is the stress field vector, consisting of the normal stresses (σ11 and σ22) and the

shear stress (σ12) at a given point in the material. The material property matrix D, previously

defined as the stiffness matrix, establishes the relationship between strain and stress through

the constitutive equation. This matrix depends on material properties such as Young’s mod-

ulus and Poisson’s ratio. The strain field associated with standard nodal displacements is

represented by Bd, where B is the strain-displacement matrix, which transforms nodal dis-

placements into strain components, and d is the vector of nodal displacements, representing

the finite element nodal displacements. This term accounts for the continuous deformation

of the material, excluding any discontinuities. The strain contribution from the displace-

ment jump is given by H|ΓDI
Bβ. Here, H|ΓDI

represents the Heaviside function, which

introduces a discontinuity in the displacement field across the interface ΓDI . The term Bβ

corresponds to the strain field associated with the enriched degrees of freedom β, which are

introduced to model the displacement jump. This term accounts for the additional strain re-

sulting from discontinuities, such as cracks or material interfaces. Furthermore, Eq. (3.85)
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combines two distinct contributions to define the total stress field in the material. The first

component, Bd, represents the stress field due to the smooth, continuous deformation of the

material, as captured by standard nodal displacements. The second component, H|ΓDI
Bβ,

accounts for the additional stress contribution arising from discontinuities, such as cracks

or interfaces, through the enriched degrees of freedom and the Heaviside function. By

incorporating both continuous and discontinuous deformation effects, this formulation pro-

vides a comprehensive representation of the stress distribution in a heterogeneous material,

enhancing the accuracy of the model in capturing complex mechanical behavior.

In cohesive zone modeling, the traction vector t at the discontinuity interface is related

to the displacement jump through the interface stiffness matrix T. This relationship is

expressed as

t = T[[u]] (3.87)

where T serves as the proportionality constant that quantifies the interface’s resistance to

separation. This formulation indicates that the traction vector t is directly proportional to

the displacement jump [[u]]. To ensure the traction force is localized precisely at the discon-

tinuity, the Dirac delta function δ is introduced. The Dirac delta function is a mathematical

function that is zero everywhere except at a specific location (in this case, the discontinu-

ity interface δ|ΓDI
). At this location, the function exhibits an infinite magnitude, ensuring

that its integral over an infinitesimally small region equals unity. This property allows the

function to confine the traction force exclusively to the discontinuity, such as a crack or ma-

terial interface, without influencing other regions. Incorporating the Dirac delta function,

the traction equation is modified as

t = Tδ|ΓDI
[[u]] (3.88)

Finally, substituting the expression for the displacement jump [[u]] into the traction equation

yields the final expression for the traction vector at the discontinuity interface

t = Tδ|ΓDI
Nβ (3.89)

Here, the traction vector t represents the forces per unit area acting at the discontinuity
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interface ΓDI . This traction vector accounts for the stresses that are transmitted across the

interface, such as the normal and tangential forces at a crack or material boundary. And, the

Dirac’s delta function δ is used to localize the traction forces precisely at the discontinuity

interface ΓDI . This function vanishes everywhere except at the interface, ensuring that the

traction forces are only applied at the discontinuity. And, the matrix T imposes the interface

stiffness. It is a 2x2 diagonal matrix that represents the cohesive resistance against the crack

opening in both the normal and tangential directions. The components of T are assumed

to be identical, indicating that the resistance to normal and tangential separations is the

same and uncoupled. This formulation ensures that the cohesive forces acting across the

discontinuity are properly accounted for, reflecting the material’s resistance to separation

and sliding at the interface ( discontinuities ).

In Eq. (3.89), the matrix T is introduced to impose the interface stiffness. This matrix

quantifies the resistance of the interface (such as a crack or material boundary) to deforma-

tion. In this context, deformation refers to either the opening or sliding along the interface.

The matrix T is a 2 × 2 diagonal matrix with identical components, meaning that it has

non-zero values only on its diagonal, and these values are equal. The cohesive resistance

described by T represents the material interface’s ability to resist both separation in the

normal direction and sliding in the tangential direction. Since the diagonal components are

identical, the material exhibits the same resistance to normal and tangential deformations.

Additionally, the directions are assumed to be uncoupled, implying that the resistance to

opening (normal direction) does not influence the resistance to sliding (tangential direction)

and vice versa. Mathematically, this uncoupling is represented by the diagonal structure of

T. The interface stiffness matrix T is defined as

T = kI (3.90)

where k is the interface stiffness coefficient. This coefficient quantifies the stiffness or

resistance of the interface to deformation. A higher value of k indicates greater resistance

to deformation, meaning the interface behaves like a strong bond, effectively preventing

separation. Conversely, a smaller value of k signifies a weaker interface, which may allow

significant displacement discontinuities. The matrix I represents the 2 × 2 identity matrix,
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which has ones on the diagonal and zeros elsewhere

I =

[︄
1 0

0 1

]︄
(3.91)

By multiplying the stiffness coefficient k with the identity matrix I, we obtain

T = k

[︄
1 0

0 1

]︄
=

[︄
k 0

0 k

]︄
(3.92)

This formulation clearly demonstrates that both the normal and tangential directions possess

the same stiffness k, thereby making T a diagonal matrix with k as its diagonal elements.

Eq. (3.89) defines the traction vector t at the discontinuity interface. It is essential to

understand that t is conjugate to the displacement jump at the interface, meaning that it rep-

resents the forces necessary to resist or balance this displacement jump. The traction vector

t quantifies the forces per unit area acting at the interface. In a two-dimensional context,

t is a vector with two components, each corresponding to the forces required to resist dis-

placement jumps in orthogonal directions. The first component, tn, is perpendicular to the

interface (normal direction) and resists the opening or closing of the crack or interface. The

second component, tt, is parallel to the interface and opposes sliding along the interface.

These two components are crucial for accurately characterizing the mechanical behavior at

the interface, as they collectively define the complete state of traction (force per unit area)

necessary to prevent displacement discontinuities. The Lagrange multiplier field λ is intro-

duced to enforce constraints in the finite element method. The interpolation of λ is given

by Eq. (3.12), where the matrix G is utilized to interpolate the Lagrange multiplier field

λ, thereby enforcing constraints at the interface. The matrix G is selected based on linear

functions and, for a single element, is expressed as

G =

[︄
L1 0 L2 0

0 L1 0 L2

]︄
(3.93)

Here, G is a 2× 4 matrix, where each row corresponds to a spatial direction (e.g., the x and
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(a) Edge of the Element
(b) Standard bilinear parent element en-
riched to introduce discontinuity

Figure 3.2: Extended Finite Element Modelling

y directions in a two-dimensional setting). The terms L1 and L2 represent the linear shape

functions associated with the boundary nodes of the element. These functions interpolate

the values of the Lagrange multipliers at the boundary nodes. The first row of G corresponds

to the x-direction, containing L1 and L2 in positions associated with the x-components of the

Lagrange multipliers. Similarly, the second row corresponds to the y-direction, containing

L1 and L2 in positions associated with the y-components. This structure ensures consistency

in interpolation across both spatial directions. Physically, the Lagrange multiplier field λ is

interpolated using linear shape functions, implying that within the boundary of the element,

λ varies linearly from one node to the next. Furthermore, the matrix G governs how the

nodal values of the Lagrange multipliers, contained in h, are distributed along the element

boundary.

For a one-dimensional edge, the linear shape functions L1 and L2 in Eq. (3.93) are

defined as
L1 =

0.5l − zb
l

,

L2 =
0.5l + zb

l

(3.94)

These shape functions are used to interpolate the value of the Lagrange multiplier field

for one element. The functions L1 and L2 vary linearly along the edge of the element,

ensuring that the value at the midpoint is a weighted average of the values at the nodes. The

variable zb, as shown in Figure 3.3, represents the local coordinate along the edge of the

element. It ranges from −0.5l to 0.5l, where l denotes the length of the edge. In the case of

a quadrilateral element, l corresponds to the length of one of its sides. Specifically, l can be

112



expressed as 2a or 2b, where a and b represent the half-lengths of the element along the two

orthogonal directions (e.g., x and y), as illustrated in Figure 3.2b. Considering the function

L1:

• When zb = −0.5l (at one end of the edge), L1 = 1.

• When zb = 0.5l (at the other end of the edge), L1 = 0.

• L1 decreases linearly from 1 to 0 as zb moves from −0.5l to 0.5l.

Similarly, for L2:

• When zb = −0.5l, L2 = 0.

• When zb = 0.5l, L2 = 1.

• L2 increases linearly from 0 to 1 as zb moves from −0.5l to 0.5l.

Physically, the linear shape functions L1 and L2 are used to interpolate the Lagrange mul-

tiplier field within an element. This interpolation ensures that at the midpoint of the edge

(zb = 0), the interpolated value is the average of the nodal values. The interpolation is linear,

meaning that the value changes uniformly from one end of the edge to the other. Addition-

ally, the Lagrange multipliers at the nodes control the constraints at the element level, with

their influence being distributed linearly along the edge.

For any boundary node i of an element, the vector hi in Eq. (3.12) can be expressed as

hi =

[︄
hi

hi+1

]︄
, (3.95)

where hi and hi+1 are defined as

hi =

[︄
hi,1

hi,2

]︄
, hi+1 =

[︄
hi+1,1

hi+1,2

]︄
(3.96)

The vector hi represents unknown quantities (e.g., displacement constraints, forces, or La-

grange multipliers) at boundary node i and its adjacent node i + 1, which are used to in-

terpolate the Lagrange multiplier field. hi is a sub-vector of hi containing the unknowns
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associated with node i. In Eq. (3.96), hi,1 is the first component (e.g., the x - direction value

of the unknown field, such as displacement, force, or Lagrange multiplier at node i). hi+1,2

is the second component (e.g., y - direction value of the unknown at node i+ 1). In overall,

these quantities are interpolated along the boundary to compute the Lagrange multiplier

field, ensuring smooth enforcement of constraints. For any node i, the Lagrange multiplier

field λi in Eq. (3.12) can be expressed as

λi =

[︄
λi,1

λi,2

]︄
(3.97)

Eq. (3.97) represents the Lagrange multiplier field at node i in a two-dimensional problem.

Physically, this field corresponds to interface forces (or tractions) that act to enforce con-

straints at the boundary of an element. The components λi,1 and λi,2 represent the traction

(force per unit length or unit area) acting in the x and y directions, respectively. This traction

is a reaction force applied at the interface to enforce constraints. By using interpolation, λi

is obtained as Eq. (3.12)

λi = Ghi, (3.98)

where the interpolation matrix G is given by Eq. (3.93). Then, by substituting hi into the

equation for λi, we get

[︄
λi,1

λi,2

]︄
=

[︄
L1 0 L2 0

0 L1 0 L2

]︄⎡⎢⎢⎢⎢⎣
hi,1

hi,2

hi+1,1

hi+1,2

⎤⎥⎥⎥⎥⎦ (3.99)

Computing the matrix-vector product, we obtain

λi =

[︄
L1hi,1 + L2hi+1,1

L1hi,2 + L2hi+1,2

]︄
(3.100)

This equation expresses the Lagrange multiplier field λi at node i as an interpolated combi-

nation of the unknowns at two adjacent boundary nodes (i and i + 1). The first component
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( λi,1 = L1hi,1 + L2hi+1,1 ) represents the x - direction component of the Lagrange mul-

tiplier field at node i. It is interpolated using shape functions L1 and L2, which weight

the contributions from the unknowns at nodes i and i + 1. Physically, it can represent a

constraint force, traction, or reaction force in the x - direction. The second component (

λi,2 = L1hi,2 + L2hi+1,2 ) represents the y - direction component of the Lagrange multiplier

field at node i. It is similarly interpolated using the shape functions L1 and L2. Physically,

like λi,1, this can represent a constraint force, traction, or reaction force, but in the y - direc-

tion. In overall, the Lagrange multiplier λi enforces constraints at the interface or boundary

(e.g., displacement continuity or traction conditions). The shape functions L1 and L2 deter-

mine how the values from neighboring nodes contribute to the Lagrange multiplier at node

i. The resulting vector λi describes forces (or constraints) acting in both x and y directions

at the boundary node.

Figure 3.3: Edge of the Element
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3.4 Stabilization of the XFEM

In the context of the (XFEM), the displacement jump function at the interface, as given in

Eq. (3.82), exhibits a piecewise quadratic nature. This means that the function describing

the discontinuity in displacement across the interface is not simply linear or constant but

instead follows a quadratic form within each element. A piecewise quadratic function is a

function that is quadratic within individual sub-domains (elements) but may exhibit discon-

tinuities at the boundaries between these sub-domains. In XFEM, the displacement field is

enriched to capture discontinuities and sharp gradients effectively, leading to the presence

of quadratic terms in the displacement jump formulation. This function (3.82) contains

quadratic bubbles. These quadratic bubble functions are commonly used in finite element

formulations to enhance approximation properties, particularly for higher-order elements.

However, in the standard XFEM approach, the presence of these bubble terms can lead to

excessive oscillations in the computed traction field, especially under a stiff interface as-

sumption, when the material contrast across the interface is significant e.g., Erkmen and

Dias-da Costa [12]. Such oscillations arise because the quadratic bubble terms introduce

artificial fluctuations in the traction along the interface, which are not physically realistic

and can degrade the numerical stability and accuracy of the solution. This motivates the

need for stabilization techniques, such as the decomposition of the displacement jump.

To mitigate these oscillations, the displacement jump function given in Eq. (3.82) is

decomposed into two separate components

[︁[︁
uh
]︁]︁

= N|ΓDI
β = Nc

⃓⃓
Γl
β +Θβ (3.101)

The first component is an element-wise constant component represented by Nc

⃓⃓
Γl
β. This

part ensures that the discontinuity is captured without introducing excessive variations in the

traction field. It provides a more stable representation of the discontinuity across the inter-

face by preventing high-frequency oscillations. The second component is a quadratic bubble

component represented by Θβ. This term accounts for higher-order variations within the el-

ement, which naturally arise in enriched XFEM formulations. However, this term can con-

tribute to artificial oscillations in the traction field if left unchecked. By explicitly separating
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these two components, the stabilization approach enables better numerical conditioning and

suppresses oscillations while still maintaining the ability of XFEM to accurately represent

discontinuities. This decomposition ultimately leads to improved convergence and solution

accuracy, particularly in problems involving stiff material interfaces.

The matrix Nc

⃓⃓
ΓI

in Eq. (3.101) represents the shape functions associated with the

discontinuity interface in an element-wise constant manner. It plays an important role in

defining the displacement jump function while ensuring that the stabilization mechanism is

properly incorporated into the XFEM formulation. This shape function matrix is given by

Nc

⃓⃓
ΓI

=

[︄
N̄Γ1 0 N̄Γ2 0 N̄Γ3 0 N̄Γ4 0

0 N̄Γ1 0 N̄Γ2 0 N̄Γ3 0 N̄Γ4

]︄
(3.102)

This matrix structure highlights two key aspects: the separation of displacement compo-

nents and the use of node-based shape functions. The first row corresponds to the shape

functions affecting the horizontal displacement (ux), while the second row corresponds to

those influencing the vertical displacement (uy). Additionally, each column pair repre-

sents a nodal shape function (N̄Γ1, N̄Γ2, N̄Γ3, N̄Γ4) at the interface, ensuring that displace-

ment discontinuities are consistently represented in both coordinate directions. The shape

functions N̄Γi are derived from the standard bilinear shape functions used in quadrilateral

elements. Their expressions incorporate the parent element coordinates (ξ, ζ) and nodal

locations (ξa, ζa, ξb, ζb), which define the position of the discontinuity within the element.

N̄Γ1 =
1

8
(1− ξa) (1− ζa) +

1

8
(1− ξb) (1− ζb)−

1

24
(ξa − ξb) (ζa − ζb) ,

N̄Γ2 =
1

8
(1 + ξa) (1− ζa) +

1

8
(1 + ξb) (1− ζb) +

1

24
(ξa − ξb) (ζa − ζb) ,

N̄Γ3 =
1

8
(1 + ξa) (1 + ζa) +

1

8
(1 + ξb) (1 + ζb)−

1

24
(ξa − ξb) (ζa − ζb) ,

N̄Γ4 =
1

8
(1− ξa) (1 + ζa) +

1

8
(1− ξb) (1 + ζb) +

1

24
(ξa − ξb) (ζa − ζb)

(3.103)

Each shape function is constructed using standard bilinear interpolation functions, incor-

porating symmetry adjustments to account for discontinuities. Furthermore, the functions

are defined based on the two nodal positions (ξa, ζa) and (ξb, ζb), which represent the co-

ordinates of the interface points within the parent element. In overall, the shape function
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components play an important role in defining how the displacement jump is distributed

along the interface. Their element-wise constant structure helps stabilize the XFEM formu-

lation by preventing excessive oscillations caused by quadratic bubble terms. Additionally,

this formulation ensures that the displacement jump is accurately represented across the

element boundary, which is essential for capturing discontinuities in heterogeneous materi-

als. Consequently, this decomposition of shape functions provides a numerically stable and

physically accurate representation of the displacement discontinuity along the interface in

XFEM.

The matrix Θ in Eq. (3.101) represents the quadratic bubble component in the decom-

position of the displacement discontinuity. This component plays a key role in capturing the

higher-order variations of the discontinuity jump while preventing nonphysical oscillations.

The matrix Θ is given as

Θ =

[︄
Θ̄ 0 Θ̄ 0 Θ̄ 0 Θ̄ 0

0 Θ̄ 0 Θ̄ 0 Θ̄ 0 Θ̄

]︄
(3.104)

The structure is similar to Nc

⃓⃓
ΓI

, indicating that Θ̄ contributes to both horizontal (x-direction)

and vertical (y-direction) displacement jumps. Each column corresponds to a nodal contri-

bution, ensuring consistent shape representation across the interface. The repeated presence

of Θ̄ across all terms highlights its uniform effect on all interface nodes. The function Θ̄ is

given by

Θ̄ =
1

16
(ξa − ξb) (ζa − ζb) (1− s)2 − 1

24
(ξa − ξb) (ζa − ζb) (3.105)

where, ξ and ζ are the local coordinates in the parent element. s is a normalized coordinate

along the discontinuity interface, constrained within −1 ≤ s ≤ 1. This function Eq. (3.105)

defines a quadratic bubble shape function that ensures proper behavior along the interface.

The (1−s)2 term guarantees that Θ̄ is minimal at the interface endpoints (s = ±1), making it

most significant at the center. Additionally, its dependence on the element’s nodal positions

(ξa, ξb, ζa, ζb) allows it to adapt dynamically to the local element geometry and discontinuity

placement. The quadratic bubble component Θ plays an important role in refining the repre-

sentation of displacement discontinuities in XFEM. By enhancing the piece-wise quadratic

nature of the displacement jump, it improves the accuracy of interface modeling. Addition-

ally, incorporating this component helps stabilize the formulation by reducing non-physical
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numerical oscillations that may arise from sharp discontinuities. Its quadratic dependence

on s further enhances local approximation, enabling a more precise representation of curved

or non-uniform displacement jumps, particularly in heterogeneous materials. In overall, Θ

serves as an essential higher-order correction term that complements the constant part of

the displacement jump, leading to a more stable and accurate numerical formulation in the

(XFEM).

In the finite element formulation, the discontinuity interface is embedded within a parent

element, and the positions of the interface edges within this element must be carefully

defined. To achieve this, the local coordinates (ξ, ζ) are used to describe the interface edges

in the reference (parent) element. The coordinate vector components at the two edges of

the element are represented by (ξa, ζa) and (ξb, ζb), which denote the local coordinates of

the first and second edges of the discontinuity within the parent element, respectively see

Figure 3.2a. These local coordinates correspond to the physical coordinates xe
a and xeb in

the global coordinate system. While local coordinates (ξ, ζ) are used within the reference

element to facilitate interpolation and shape function definitions, physical coordinates xe

describe the actual spatial location of the interface in the problem domain. The relationship

between these coordinate systems is established through element shape functions, which

map local coordinates to the global coordinate system. By using these local coordinate

definitions, the formulation ensures a clear and consistent representation of the interface

within each element, which is fundamental for accurate numerical integration and shape

function evaluations in XFEM.

To enhance the stability of the numerical formulation and reduce oscillations in the

discontinuous displacement field, we can modify the decomposition of the displacement

jump by introducing an additional term as discussed in detail in Erkmen and Dias-da Costa

[12]. Specifically, instead of using the original decomposition

Nc

⃓⃓
Γl
β +Θβ

we replace it with

Nc

⃓⃓
Γl
β + χ Θ̂β (3.106)

Here, Θ̂ is a modified version of Θ, and the parameter χ is a scalar multiplier that allows for
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tuning the contribution of the quadratic bubble term. The validity and numerical stability

of this modified decomposition rely on satisfying the orthogonality condition

∫︂
ΓI

N
T
c

⃓⃓⃓⃓
ΓI

TΘ̂dΓ = 0 (3.107)

This condition ensures that the additional component Θ̂ does not introduce spurious nu-

merical artifacts into the solution. Specifically, the term TΘ̂ represents the modified shape

function component projected onto the interface, and the integral over the interface must

vanish. This guarantees that the new term does not interfere with the primary interpola-

tion of the displacement field, preserving the stability and accuracy of the formulation. It

should be noted that the scalar parameter χ plays an important role in the formulation while

maintaining compliance with the orthogonality condition. Its magnitude does not affect

the validity of this condition, meaning that any non-zero χ remains acceptable as long as

Θ̂ is properly constructed. However, χ can influence numerical stability and convergence,

making it a potential tuning parameter in practical implementations. In computational ap-

plications, χ is often adjusted to optimize numerical performance, particularly for control-

ling oscillations in the displacement field. In overall, this modification (3.106) provides

a more stable numerical formulation by ensuring that the displacement jump decomposi-

tion remains consistent with the orthogonality condition. By appropriately selecting Θ̂ and

ensuring the integral condition holds, we can improve solution accuracy and mitigate oscil-

lations in enriched finite element formulations such as XFEM.

The parameter χ plays a critical role in stabilization by mitigating numerical instabilities

associated with displacement discontinuities at the interface. Its effect can be understood

through an analogy to a fictitious spring system, where χ introduces an artificial stiffness

that resists excessive fluctuations, much like a physical spring dampens sudden movements.

Without adequate stabilization, a small χ can lead to ill-conditioning, resulting in oscillatory

or non-physical displacement jumps, whereas a sufficiently large χ effectively suppresses

these instabilities, ensuring numerical stability. This approach aligns with established stabi-

lization techniques in numerical methods, such as those discussed in Ventura and Tesei [54],

where stabilization parameters like χ help maintain a good system by balancing enrichment

functions in the XFEM framework. The optimal choice of χ is important for balancing

numerical stability and solution accuracy. A very small χ may fail to suppress oscilla-
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tions, leading to unstable results, while an excessively large χ can cause over-stiffening,

potentially compromising accuracy. Therefore, a moderate χ must be selected to effectively

dampen oscillations while preserving the precise representation of discontinuities in the so-

lution. In overall, by treating χ as a fictitious spring stiffness, we can control numerical

oscillations while maintaining stability. A properly chosen χ prevents ill-conditioning and

ensures that the displacement jump is captured accurately in the extended finite element

method (XFEM) framework.

The matrix Θ̂ in Eq. (3.106) is carefully chosen to satisfy the orthogonality condition

(3.107) while incorporating stabilization effects in the numerical framework. This choice is

based on Legendre polynomials, which are commonly used in numerical methods for their

orthogonality properties. The matrix Θ̂ is formulated as

Θ̂ =

[︄
−ˆ︁Θ1 − ˆ︁Θ2 0 ˆ︁Θ2 − ˆ︁Θ3 0 ˆ︁Θ3 + ˆ︁Θ4 0 −ˆ︁Θ4 + ˆ︁Θ1 0

0 −ˆ︁Θ1 − ˆ︁Θ2 0 ˆ︁Θ2 − ˆ︁Θ3 0 ˆ︁Θ3 + ˆ︁Θ4 0 −ˆ︁Θ4 + ˆ︁Θ1

]︄
(3.108)

This formulation ensures that the stabilization terms align with the displacement jump de-

composition while preserving the required orthogonality conditions. The components ˆ︁Θi in

Eq. (3.108) are constructed using Legendre polynomials, which provide an optimal basis

for approximating functions over an interval while ensuring minimal oscillations. These are

expressed as follows ˆ︁Θ1 =

√︃
5

2

(︂
3

2
s2 − 1

2

)︂
(3.109)

ˆ︁Θ2 =

√︃
7

2

(︂
5

2
s3 − 3

2
s
)︂

(3.110)

ˆ︁Θ3 =

√︃
9

2

(︂
35

8
s4 − 15

4
s2 +

3

8

)︂
(3.111)

ˆ︁Θ4 =

√︃
11

2

(︂
63

8
s5 − 35

4
s3 +

15

8
s
)︂

(3.112)

These components progressively capture higher-order variations in the discontinuity field.

The first-order term ˆ︁Θ1, based on the second-degree Legendre polynomial P2(s), captures
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quadratic variations along the interface. The second-order term ˆ︁Θ2, derived from the third-

degree polynomial P3(s), accounts for cubic variations in the displacement discontinuity.

The third-order term ˆ︁Θ3, built from the fourth-degree polynomial P4(s), introduces a quar-

tic correction to the shape functions. Finally, the fourth-order term ˆ︁Θ4, based on the fifth-

degree polynomial P5(s), provides higher-order refinement, enabling a more precise ap-

proximation of discontinuities. This hierarchical structure ensures improved accuracy while

maintaining numerical stability. The use of Legendre polynomials in constructing Θ̂ is sig-

nificant due to their mathematical properties and numerical advantages. Their orthogonality

property ensures that Θ̂ satisfies the required orthogonality condition for stabilization, con-

tributing to numerical robustness. Additionally, Legendre polynomials serve as optimal

basis functions, minimizing oscillatory artifacts in numerical approximations and enhanc-

ing solution accuracy. Their efficient representation allows higher-order terms, such as ˆ︁Θ3

and ˆ︁Θ4, to effectively capture complex displacement discontinuities, making them ideal for

enriched finite element formulations like XFEM. In overall, the choice of Θ̂ using Legendre

polynomial-based components in Eq. (3.108) provides a systematic stabilization approach

in the XFEM framework. By ensuring orthogonality, it effectively suppresses spurious os-

cillations while preserving the accuracy of discontinuity representation along the interface.

3.5 Closing Remarks

The computational homogenization framework using the (XFEM) offers a robust numerical

approach for analyzing heterogeneous materials. By leveraging vector-matrix notations and

adopting boundary conditions tailored to specific macroscopic behaviors, the methodology

enables precise modeling of Representative Volume Elements (RVEs). The derivation and

implementation of boundary conditions, such as uniform displacement gradients, uniform

traction, and periodic displacements, ensure flexibility in addressing various material be-

haviors under different loading scenarios. The mathematical precision of the formulation,

as demonstrated by the algebraic representation of the RVE problem and the explicit parti-

tioning of displacement and stress fields, guarantees consistency and accuracy. Moreover,

the integration of the Lagrange multiplier field and approximated displacement functions

enhances the method’s computational efficiency, making it suitable for large-scale simula-

tions.
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The ability to impose constraints through tailored boundary conditions provides a sig-

nificant advantage, as it allows for the seamless simulation of microstructural effects on

macroscopic properties. The implementation of periodic boundary conditions and the en-

forcement of anti-periodicity for stress and displacement fluctuations further emphasize the

framework’s versatility in capturing realistic material responses. The schematic representa-

tion of boundary and interior nodes illustrates the detailed handling of boundary constraints,

ensuring a systematic approach to homogenization. This comprehensive methodology es-

tablishes XFEM-based computational homogenization as a powerful tool for advancing

material design and analysis, bridging the gap between microscopic heterogeneities and

macroscopic material performance.

The stabilization of the (XFEM) is important in addressing the excessive traction os-

cillations that arise due to quadratic bubble terms in the displacement jump function. By

decomposing the discontinuity jump into an element-wise constant and a quadratic bubble

component, a more stable representation of the interface behavior is achieved. The modified

formulation employs interface shape functions and additional terms to refine the displace-

ment approximation, ensuring greater numerical stability under stiff interface conditions.

The use of orthogonality conditions and the introduction of a scalar parameter χ further en-

hance this stabilization, effectively mitigating oscillatory behavior without compromising

the accuracy of the solution. This approach demonstrates the capability of XFEM to handle

complex interfaces with precision and reliability.

A significant contribution of this stabilization technique is its computational efficiency

and adaptability. The parameter χ, set as a small value for simplicity, effectively functions

as a fictitious spring, providing sufficient suppression of ill-conditioning. Furthermore, the

selection of matrix components, such as Θ̂, in terms of Legendre polynomials ensures that

the orthogonality conditions are satisfied, thus preserving the method’s robustness. This

framework not only stabilizes XFEM under challenging conditions but also paves the way

for its broader application in simulations involving heterogeneous materials. The method-

ology’s sound theoretical foundation and practical effectiveness underscore its value as a

tool for advanced finite element analyses.
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Chapter 4

Case Studies

4.1 Introduction

The validation of the XFEM-based computational homogenization procedure is essential

to assess its accuracy and reliability in predicting the effective material properties of het-

erogeneous media. In this chapter, two validation cases are presented, comparing the

results obtained using the developed XFEM-based approach with those from established

homogenization techniques, including the standard Finite Element-based Homogenization

(HOM02D) in Guedes and Kikuchi [18] and the Voronoi Cell Finite Element Method

(VCFEM) in Ghosh et al. [17]. The first validation case (4.2.1) considers representative

volume elements (RVEs) with single and randomly dispersed circular inclusions, where

the homogenized elastic modulus in the horizontal direction is examined for different vol-

ume fractions. The second validation case (4.2.2) investigates RVEs with short and long

rectangular inclusions, comparing the computed homogenized material tensor components

against alternative numerical and analytical methods from the literature. These compar-

isons provide a comprehensive assessment of the XFEM-based homogenization approach,

demonstrating its capability to capture the mechanical behavior of complex microstructures

with high accuracy.

Through detailed numerical experiments, the effectiveness of the XFEM-based homog-

enization technique is evaluated by systematically analyzing different microstructural con-
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figurations and boundary conditions. The perfect bond assumption between inclusions and

the matrix is incorporated using an interfacial stiffness parameter, ensuring that the homoge-

nized properties remain unaffected beyond a specific threshold value. Furthermore, periodic

boundary conditions are imposed to maintain consistency with classical homogenization

frameworks. The study reveals that the XFEM-based approach yields results that closely

match those obtained from VCFEM, HOM02D, and other reference solutions, with minor

deviations attributed to the different modeling assumptions. The validation cases confirm

that the proposed XFEM-based methodology is a robust and accurate tool for computa-

tional homogenization, providing reliable predictions of the effective material properties

for a wide range of microstructural geometries and inclusion distributions.

The stabilization of the (XFEM) presents a fundamental challenge, particularly in miti-

gating oscillations that arise due to the presence of enriched degrees of freedom at material

interfaces. One widely adopted approach to address this issue is the Stabilized XFEM (S-

XFEM), where a stabilization parameter, χ, is introduced to control numerical instabilities.

The appropriate selection of χ is important, as it directly influences the stiffness of the fic-

titious spring introduced to counteract spurious oscillations. While some studies suggest

setting χ = 1 as a universal choice, this approach may not be suitable for all cases, particu-

larly in complex geometries or material distributions where the system may become either

under or over-constrained. Thus, a more refined methodology is required to determine an

optimal χ value that balances stability and accuracy across a range of applications. This

section (4.3) introduces a systematic criterion for selecting χ, ensuring that stabilization is

achieved without excessively constraining the system, thereby enhancing the robustness of

S-XFEM for diverse material and interface configurations.

To validate the proposed criterion, a comparative analysis (4.4) is conducted against

an existing methodology in Erkmen and Dias-da Costa [11] that determines χ based on

the condition number of the system stiffness matrix. The study employs parametric anal-

yses using Representative Volume Elements (RVEs) with varying inclusion distributions,

material properties, and mesh refinements. The developed MATLAB-based computational

framework iteratively evaluates χ by analyzing its effect on normal and tangential tractions

at material interfaces, selecting an optimal value based on a predefined convergence crite-

rion. This approach not only refines the stabilization strategy but also offers insights into

whether a universal χ can be identified for different cases. The results demonstrate that the

proposed criterion provides a more systematic and reliable selection of χ compared to con-
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ventional approaches, ensuring improved numerical stability while preserving the accuracy

of the stress field in S-XFEM.

4.2 Validation of the XFEM-based Homogenization

4.2.1 Validation Case 1

For validation purposes, we compare the results based on the developed XFEM based

Computational Homogenization procedure with those based on the standard Finite Ele-

ment based Homogenization referred by the name (HOM02D) in Guedes and Kikuchi [18]

and the Voronoi Cell Finite Element Method (VCFEM) in Ghosh et al. [17]. All RVE sizes

are taken as 100mm × 100mm as shown in Figure 4.1. The bond between the inclusions

and the matrix is considered stiff. Stiff bond was imposed in the XFEM-based modelling

by assigning k = 106 N/mm3 in Eq. (3.90). This value is determined such that for any

larger value the homogenized properties are not affected. We have used periodic boundary

conditions.

The microstructure consists of boron-aluminum material whose properties are given in

Table 4.1. Plane stress conditions are assumed for the homogenization. Four different vol-

ume fractions (30%, 40%, 50% and 60%) are considered. In the first group of cases, the

base cell consists of a centrally located single circular inclusion, the diameter of which is

varied to cause different volume fractions as shown in Figure 4.1, where 20×20 element

mesh was used. In the second group of composites, a random dispersion of circular inclu-

sions of different volume fractions constitute the microstructure. The corresponding XFEM

meshes for different volume fractions are shown in Figure 4.2. It can be seen that in this

case 50×50 element mesh was used to be able to accommodate all the inclusions without

causing any contact.
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(a) (b)

(c) (d)

Figure 4.1: RVE with a single circular inclusion: (a) , (b) , (c) and (d) XFEM mesh for 30% , 40%
, 50% and 60% volume fractions

Table 4.1: Properties of the RVE components in Figures 4.1 and 4.2

Parameter Value

Young’s modulus of the aluminum matrix 72.0× 103 MPa

Poisson’s ratio of the aluminum matrix 0.3333

Young’s modulus of the inclusions 400.0× 103 MPa

Poisson’s ratio of the inclusions 0.300
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(a) (b)

(c) (d)

Figure 4.2: RVE with random distribution of circular inclusions (a) , (b) , (c) and (d) XFEM mesh
for 30% , 40% , 50% and 60% volume fractions

For both RVE models shown in Figures 4.1 and 4.2, comparisons of the Young’s mod-

ulus in the horizontal direction, i.e. (E1) against those based on VCFEM and HOM02D in

Ghosh et al. [17] and Guedes and Kikuchi [18] are presented in Figure 4.3. It is interesting

to note that Values of the homogenized Elastic Modulus (E1) for the randomly dispersed

microstructure are slightly lower than those calculated based on single inclusion.
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Figure 4.3: Homogenized Elastic Modulus considering different volume fractions.

4.2.2 Validation Case 2

Two representative volume elements, consisting of short and long inclusions with rectan-

gular cross-sections are considered for homogenization and the results are compared with

those based on alternative solutions provided in literature. The material properties of the

constituents are given in Table 4.2.

Table 4.2: Properties of the RVE components in Figure 4.4

Parameter Value

Young’s modulus of the aluminum matrix 72.0× 103 MPa

Poisson’s ratio of the aluminum matrix 0.33

Young’s modulus of the inclusions 400.0× 103 MPa

Poisson’s ratio of the inclusions 0.20

As shown in Figure 4.4a, for the short inclusions case, the volume fraction of inclu-

sions is 0.375. On the other hand, from Figure 4.4b long inclusion case, it can be verified

that the volume fraction is 0.5. In both cases 20×20 element mesh and periodic bound-

ary conditions were used. Table 4.3 provides the components of the homogenized material
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tensor D̂ijkl given in Eq. (2.40) for the short inclusions case in Figure 4.4. Comparisons

can be made between the XFEM-based results and those based on VCFEM and HOM02D,

as well as the global-local FEM analysis in Fish and Wagiman [15] and the self consis-

tent analytical method developed in Hashin and Wendt [20]. One can verify the excellent

agreement between the homogenized material properties computed based on the developed

XFEM against alternative predictions. From table 4.3, the differences between (XFEM and

VCFEM) can be calculated as [D1111 (3.41%), D2222 (3.52%), D1212 (0.60%), D1122

(3.92%)].

Table 4.3: Comparison of homogenized material properties for short fibre model

VCFEM HOMO2D Fish and Wagiman (1992) Self-Consistent XFEM Computational Homogenization

D1111 (MPa) 118807 122400 122457 132491 122854

D2222 (MPa) 139762 151200 151351 205753 144684

D1212 (MPa) 42440 42100 42112 51384 42692.8

D1122 (MPa) 38052 36230 36191 36191 36561.1

Table 4.4 shows the homogenized components of the homogenized material tensor D̂ijkl for

the long inclusion case shown in Figure 4.4b. The agreement between XFEM and VCFEM

in particular, is excellent. From Table 4.4 the differences between (XFEM and VCFEM)

for the long inclusions case can be calculated as [D1111 (5.82%), D2222 (8.90%), D1212

(4.1%), D1122 (0.95%)].

Table 4.4: Comparison of homogenized material properties for long fibre model

VCFEM HOMO2D Fish and Wagiman (1992) Self-Consistent XFEM Computational Homogenization

D1111 (MPa) 136137 136100 136147 165548 144060

D2222 (MPa) 245810 245800 245810 247575 223974

D1212 (MPa) 46849.8 46850 46850 64887 48739.1

D1122 (MPa) 36076 36080 36076 42048 36418.1
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(a) Short inclusions (b) Long inclusion

Figure 4.4: Microstructure with rectangular heterogeneities mesh for XFEM

4.3 Criteria for Optimal Selection of the Stabilization Parame-

ter Chi in S-XFEM

In the context of stabilizing the (XFEM), the parameter χ plays an important role in con-

trolling oscillations that arise due to quadratic bubble terms at the interface. While setting

χ = 1 has been shown to alleviate such issues in certain cases like Section 5.3.3, the se-

lection of an appropriate value for χ is not always straightforward. The magnitude of χ

directly influences the stiffness of the fictitious spring introduced to counteract these os-

cillations, and an improper value may lead to either insufficient stabilization or excessive

constraint on the system. The need for a more refined approach to selecting χ arises be-

cause the optimal value may vary depending on the specific material properties, geometry,

and interface conditions in different applications. Relying on a universal value like χ = 1

may not provide sufficient stabilization in all scenarios, especially in complex cases where

ill-conditioning is more pronounced. Therefore, it is important to develop new criteria that

can guide the choice of χ for each particular case, ensuring optimal stabilization without

over-constraining the system.

In Section 4.4, our new criterion will be compared with the methodology proposed by
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Erkmen and Dias-da Costa [11] for calculating the penalty factor in XFEM. In their ap-

proach, they focus on the critical task of calculating the required penalty factor. This ap-

proach ultimately leads to an equation for the penalty factor χ2, which, while not exact,

provides an approximate range for use in subsequent case studies. Although the penalty

factor χ2 is based on approximations rather than exact derivation, it offers a practical range

for effective stabilization.

In this section, we will not only introduce this criteria, but also attempt to answer the

broader question: can we suggest a common χ for various situations? By addressing this,

we aim to offer a systematic approach to determining the most suitable value of χ based on

the specific characteristics of each problem, ensuring consistent performance and enhanced

stability across a wide range of XFEM applications.

A new program has been developed to conduct extensive parametric studies for various

cases, with the primary objective of determining a suitable chi value as shown in Figure 4.5.

The program initiates with specified RVE Problem with appropriate boundary conditions

such as uniform gradient, uniform traction, or periodic boundary conditions. Then, inducing

a specific deformation pattern on the RVE boundaries. The program commences with pre-

selected parameters such as the initial chi value, the maximum chi value, the step increment

for each iteration, and the maximum allowable percentage difference between the stresses

calculated by XFEM and S-XFEM. The analysis commences with the application of XFEM.

Subsequently, the program proceeds with S-XFEM analysis, beginning with the initial chi

value and iteratively increasing this value by the specified step increment. The iterative

process continues until either the maximum chi value or the specified maximum percentage

difference between XFEM and S-XFEM stress results is reached. Through this iterative

approach, the program generates multiple chi values, all of which satisfy the pre-selected

stress difference criteria. It is important to note that for each deformation pattern (x, y, or

xy), the program compares the stresses in the corresponding direction. For example, when

analyzing strain g =
⟨︂

1 0 0

⟩︂T
in the x-direction, the difference between stresses in the

x-direction from both methods is computed. The same procedure applies for the y and xy

directions. The program then determines the optimal chi value by calculating the percentage

change between the maximum normal tractions for each iteration of chi. It then selects the

chi value for which the percentage change is less than 0.01. The same process is applied to

the tangential tractions, resulting in two chi values. The larger of the two is considered the
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optimal value, as it ensures the required percentage change of less than 0.01 is achieved in

both normal and tangential tractions. For cases involving multiple inclusions, this process

is repeated for each inclusion. For cases with multiple inclusions, the program repeats

this process for each inclusion and identifies the most frequently occurring chi value as

the optimal solution for the entire problem. The selection criteria employed by the program

ensure that the optimal chi value effectively minimizes oscillations in normal and tangential

tractions between the matrix and inclusions while maintaining a minimal difference in stress

between XFEM and S-XFEM. It is important to emphasize that this approach is purely

mathematical, focusing on optimization without any physical context.

Start

Define the RVE Problem: Choose appropriate boundary conditions

such as uniform gradient, uniform traction, or periodic boundary conditions

Apply Boundary Conditions: Induce a specific deformation pattern on the RVE boundaries

Analyze case using XFEM

Analyze case using S-XFEM

Chi ≤ max Chi

and

Percentage

Difference ≤

Max Percentage

Increment Chi

Select Suitable Chi Value

End

Yes

No

Figure 4.5: The Flowchart for Optimal Selection of the Parameter χ
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4.4 Validation of Optimal Chi Selection Criteria in S-XFEM

For validation, we compare the results obtained using the developed criteria for optimal chi

selection with those based on the approach proposed by Erkmen and Dias-da Costa [11].

Two Representative Volume Elements (RVEs) are used in this comparison with size set to

100 mm × 100 mm. The first RVE contains a single circular inclusion at its center, while

the second consists of randomly distributed circular inclusions. In both RVEs, the volume

fraction of the inclusion is 0.196. The analysis employs 30 × 30 and 50 × 50 element

meshes with a 4 × 4 Gauss-Legendre quadrature rule for both uncracked and cracked bulk

elements, along with 10 integration points along the cracks. This mesh configuration re-

sults in four RVE cases as shown in Figure 4.6. The interface stiffness coefficient is set as

k = 1020N/mm3 for all cases. The material properties of the RVE components are provided

in Table 4.5. Additionally, the RVEs are analyzed under the assumption of a uniform dis-

placement gradient, which serves as the boundary condition for all validation cases in this

section.

Table 4.5: Material Properties of RVE Components.

Parameter Value

Young’s Modulus of Matrix 3.0× 103 MPa

Poisson’s Ratio of Matrix 0.20

Young’s Modulus of Inclusions 70.0× 103 MPa

Poisson’s Ratio of Inclusions 0.20

In the following discussion, we refer to our criterion as approach 1, while the method-

ology proposed by Erkmen and Dias-da Costa [11] is referred as approach 2. Based on the

results of both approaches see Table 4.6, approach 1 provides a single χ value for each strain

type ( displacement gradient g ) across all cases, whereas approach 2 yields two distinct χ

values (χ1 and χ2) for each case. In the case of a single inclusion see Figures 4.6a and

4.6b, approach 1 provides a χ value that falls within the range of the two separate χ values

from approach 2 and is sufficient to reduce the oscillations at the interface. Higher χ val-
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(a) Mesh A - 30x30 Grid with Single Inclusion (b) Mesh B - 50x50 Grid with Single Inclusion

(c) Mesh C - 30x30 Grid with 16 Inclusions (d) Mesh D - 50x50 Grid with 16 Inclusions

Figure 4.6: RVEs used in the analyses

ues, though effective in preventing oscillations, can over-dampen the tractions, leading to

inaccurate results. For multiple inclusions see Figures 4.6c and 4.6d, approach 1 continues

to provide a χ value within the range of the two values from approach 2. However, when

the mesh size increases, as seen in Figure 4.6d, approach 1 produces a higher χ value that

falls outside the range of approach 2. Overall, the difference between the values obtained

from the two approaches is minimal, as we are dealing with small χ values in this context.
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Table 4.6: Comparison of χ Values for Different Strain Types Across Two Computational Ap-
proaches

Displacement Gradient g

Mesh A Mesh B

Approach 1 Approach 2 Approach 1 Approach 2

χ χ1 χ2 χ χ1 χ2

g =

⟨︃
1 0 0

⟩︃T

0.5 0.87 0.38 0.6 0.66 0.24

g =

⟨︃
0 1 0

⟩︃T

0.5 0.87 0.38 0.6 0.66 0.24

g =

⟨︃
0 0 1

⟩︃T

0.5 0.87 0.38 0.6 0.66 0.24

Displacement Gradient g

Mesh C Mesh D

Approach 1 Approach 2 Approach 1 Approach 2

χ χ1 χ2 χ χ1 χ2

g =

⟨︃
1 0 0

⟩︃T

0.6 0.8 0.48 0.8 0.61 0.25

g =

⟨︃
0 1 0

⟩︃T

0.6 0.8 0.48 0.8 0.61 0.25

g =

⟨︃
0 0 1

⟩︃T

0.4 0.8 0.48 0.9 0.61 0.25

4.5 Closing Remarks

The validation of the developed XFEM-based computational homogenization framework

demonstrates its accuracy and effectiveness in predicting the homogenized properties of het-

erogeneous materials. Comparisons with established methods, including the standard finite

element-based homogenization (HOM02D) in Guedes and Kikuchi [18] and the Voronoi

Cell Finite Element Method (VCFEM) in Ghosh et al. [17], reveal a strong agreement, re-

inforcing the reliability of the proposed approach. The study systematically evaluates two
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microstructural configurations: a single circular inclusion and a random dispersion of in-

clusions, with varying volume fractions. The results indicate that the homogenized Young’s

modulus in the horizontal direction (E1) for randomly dispersed inclusions is slightly lower

than that for single inclusion cases, highlighting the influence of microstructural hetero-

geneity. Furthermore, for rectangular inclusions, the XFEM predictions align well with

alternative numerical and analytical solutions, including global-local FEM analysis in Fish

and Wagiman [15] and the self-consistent method in Hashin and Wendt [20], with only

minor discrepancies. The differences between XFEM and VCFEM remain within an ac-

ceptable range for both short and long inclusion cases, demonstrating the robustness of the

XFEM framework in capturing the effective material response. Overall, the findings con-

firm that the developed XFEM-based homogenization methodology provides an accurate

and computationally efficient tool for modeling heterogeneous materials, making it a viable

alternative to conventional homogenization techniques.

The selection of the stabilization parameter χ in S-XFEM is important for mitigating os-

cillations while maintaining numerical accuracy. This study (4.3) introduced a systematic

criterion for determining the optimal χ value through an iterative MATLAB-based para-

metric approach, ensuring minimal deviation between XFEM and S-XFEM stress results.

Compared to the methodology proposed by Erkmen and Dias-da Costa [11], which pro-

vides an approximate range for χ based on the condition number of the stiffness matrix, the

proposed approach offers a single, optimized χ value tailored to each strain type across dif-

ferent cases. The validation using RVEs with single and multiple inclusions demonstrated

that the proposed criterion effectively balances stabilization and accuracy by selecting the

largest χ value that satisfies both normal and tangential traction constraints. Unlike the

predefined ranges of χ obtained from existing methods, the new approach systematically

identifies an optimal value that prevents excessive damping while ensuring stability. This

refinement enhances the robustness of S-XFEM in handling complex interface conditions,

offering a more reliable and generalizable stabilization strategy across diverse applications.
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Chapter 5

Parametric Studies

5.1 Introduction

In the field of computational mechanics, parametric studies play an important role in evalu-

ating the sensitivity of numerical models to key parameters that influence their accuracy and

reliability. One of the fundamental aspects of such studies is the investigation of mesh de-

pendency, which assesses how the discretization of a representative volume element (RVE)

affects the computed elastic properties. The accuracy of stress distributions and homog-

enized material responses is significantly influenced by the chosen mesh size, necessitat-

ing a balance between computational efficiency and precision. Additionally, the interface

bond properties between inclusions and the matrix have a profound impact on the over-

all mechanical behavior of composite materials. The transition from an imperfect bond to

a perfect bond, controlled by the interface stiffness coefficient, alters stress distributions

and homogenized elastic properties, particularly when different boundary conditions are

applied. Understanding these effects is essential for ensuring the validity of computational

homogenization techniques, such as those based on the (XFEM), in modeling the mechan-

ical behavior of heterogeneous materials.

Beyond mesh dependency and interface bonding, the modeling of embedded fibers as in-

clusions introduces additional complexities in finite element analyses. Traditional finite el-

ement method (FEM) models often assume a perfect bond between fibers and the surround-
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ing matrix, potentially oversimplifying the mechanical interactions within fiber-reinforced

composites. By employing the XFEM-based homogenization approach, this study evalu-

ates the impact of bond stiffness variation on the computed material properties and com-

pares the results with conventional FEM models. Moreover, the stabilization of XFEM for

stiff interface bonds is explored to address numerical challenges that arise when dealing

with high interface stiffness values. These parametric studies provide valuable insights into

the applicability and limitations of XFEM in capturing the mechanical behavior of com-

posite materials with embedded inclusions or fibers. The findings contribute to the ongoing

development of advanced numerical techniques that enhance the predictive capabilities of

computational models for engineering applications.

In computational mechanics, the accurate selection of the parameter χ is important for

achieving reliable results in numerical simulations involving the (XFEM) and its stabi-

lized variant (S-XFEM). This study (5.4) systematically determines the optimal χ value by

evaluating four representative cases that reflect diverse microstructural configurations: a

centrally positioned circular inclusion, a centrally located rectangular inclusion, randomly

distributed rectangular inclusions with varying orientations, and randomly distributed cir-

cular inclusions. Each case is analyzed within a 100 mm × 100 mm representative volume

element (RVE) under periodic boundary conditions. The initial χ value is set to 0.10, with

increments of 0.10 up to a maximum of 1.00, ensuring that the percentage difference be-

tween XFEM and S-XFEM stress calculations does not exceed 5.00%. To capture a broad

spectrum of material behavior, four studies are conducted, varying the modulus of elasticity

of the matrix and inclusions to represent scenarios with large, small, or negligible differ-

ences in stiffness. Additionally, the influence of interfacial bonding conditions is examined

by considering both stiff and imperfect bonds, with interface stiffness coefficients set at

k = 106N/mm3 and k = 102N/mm3, respectively. The findings provide a comprehensive

framework for selecting the optimal χ value under different microstructural and material

conditions, contributing to the accurate modeling of heterogeneous materials using XFEM-

based approaches.
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5.2 Effect of mesh size

A group of parametric studies are conducted by varying the mesh size, interface stiffness

coefficient and boundary conditions. To illustrate the effect of mesh size, we refer to the first

RVE model introduced in Figure 4.1a which is the case of 30% volume ratio with only one

inclusion placed at the central of the RVE. The calculated elastic properties are based on one

imposed strain configuration. We imposed the horizontal axial strain i.e. g =
⟨︂

1 0 0

⟩︂T
and presented the mesh of the RVE models against the computed homogenized properties

in Table 5.1, where the average stresses are also compared against maximum stresses. It

can be verified from Table 5.1 that the 20×20 element mesh, that was used previously, is

generating results within 5% when compared against the 30×30 element mesh.

Table 5.1: The effect of mesh size in strain at x-direction

Mesh Size (No. of Elements)
Average Stresses (MPa) Maximum Stresses (MPa)

σ11 σ22 σ12 σ11 σ22 σ12

10× 10 118254 35790 −7.062× 10−6 163000 48200 27400

15× 15 117684 35911.5 −1.210× 10−6 162000 51900 35400

20× 20 117850 35988.7 7.773× 10−7 161000 51500 30400

25× 25 117804 35959.1 9.290× 10−7 161000 52900 30100

30× 30 118121 36020.6 −1.564× 10−7 162000 48500 29400

5.3 Illustrating the interface bond effect

5.3.1 Alternative RVE boundary conditions

The sensitivity of the homogenized elastic properties to the type of boundary conditions is

determined while the interface stiffness coefficient is varied. Figures 5.1 and 5.2 show the
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average stresses while transitioning from imperfect bond towards stiff bond as the interface

stiffness is increased. We used the first RVE model introduced in Figure 4.1a which is the

case of 30% volume ratio with only one inclusion placed at the central of the RVE. All

three types of boundary conditions are tested: periodic, displacement and traction boundary

conditions. Figure 5.1 shows the average axial stress in the horizontal direction due to unit

strain also in the horizontal direction i.e. g =
⟨︂

1 0 0

⟩︂T
. Figure 5.2 shows the average

shear stress due to unit shear strain, i.e. g =
⟨︂

0 0 1

⟩︂T
. It can be seen from both Figures

5.1 and 5.2 that interface stiffness change has very significant influence on the average stress

while difference in the results due to change in the assumed RVE boundary condition are

within 5% at any interface stiffness level.

Figure 5.1: Average stress σ̂1
11 due to g =

⟨︁
1 0 0

⟩︁T

Figure 5.2: Average stress σ̂3
12 due to g =

⟨︁
0 0 1

⟩︁T
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Figure 5.3 provides a comparison of the stress distributions within the RVE between the

cases of imperfect bond when k = 1N/mm3 and stiff bond, i.e. k = 10 × 104 N/mm3. By

comparing the maximum stress values in Figure 5.3 against the average stress in Figure 5.1,

it can be seen that as the stiffness between inclusions and matrix decreases the ratio between

maximum stresses and average stresses increases. On the other hand, the maximum σ11

stress value for the stiff bond case is significantly higher than that of the imperfect bond

case when they are both subjected to g =
⟨︂

1 0 0

⟩︂T
as the overall stiffness of the RVE

is significantly affected by the interface bond between the components.

(a) Imperfect Bond (b) Stiff Bond

Figure 5.3: The local stress distribution σ11 due to g =
⟨︁
1 0 0

⟩︁T

5.3.2 Modelling of fibres as inclusions via the XFEM

In many practical applications fibres are embedded into a raisin matrix to stiffen and strengthen

the material. In finite element modelling of the RVE, 1D truss/bar type elements have been

used previously e.g. Qian et al. [47]. However, it is crucial to take such the imperfect

bond between the fibre and the matrix into account. For that purpose, we apply the de-

veloped XFEM based homogenization approach to a fibre embedded composite problem

and compare against the FEM based approach. The material properties of the RVE con-

tent is as given in Table 5.2. We again use an RVE size of 100×100 mm2 and 20×20
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element mesh was used in both cases. As shown in Figure 5.4, the same mesh was used

for both the XFEM and FEM based modelling. In the XFEM based modelling approach

we have gradually reduced the bond stiffness, while adopting periodic boundary conditions

only. The predictions of the average stress under unit strain in the horizontal direction i.e.

g =
⟨︂

1 0 0

⟩︂T
are presented in Tables 5.3 and 5.4.

Table 5.2: Material properties for matrix, inclusions and fibres

Parameter Value

Young’s modulus of the matrix 20.0× 103 MPa

Poisson’s ratio of the matrix 0.20

Young’s modulus of the inclusions 60.0× 103 MPa

Poisson’s ratio of the inclusions 0.20

Young’s modulus of the fibers 60.0× 103 MPa

Area of fibers 45◦ fibers: 8mm2, horizontal and vertical fibers:

5mm2

(a) The RVE model for inclusion (b) The RVE model for fibres

Figure 5.4: RVE Models

143



Table 5.3: Results for RVE model of inclusions

Interface Stiffness k (N/mm3) Young’s Modulus E1 (MPa) Poisson’s Ratio
Average Stresses (MPa)

σ11 σ22 σ12

100000 25160.20169 0.208223449 26300.5 5476.38 -0.330764

50000 24790.9238 0.206087 25890.5 5335.7 -0.642009

10000 22806.87464 0.192809636 23687.5 4567.17 -2.31657

5000 21301.53193 0.182432503 22034.9 4019.88 -4.44804

1000 16444.95744 0.152016831 16834 2559.05 -22.7246

Table 5.4: Results for RVE model of fibres

Young’s Modulus E1 (MPa) Poisson’s Ratio
Average Stresses (MPa)

σ11 σ22 σ12

20085.7026 0.206184736 20977.5 4325.24 −4.11777× 10−13

It should be noted that in the FEM modelling the bond can only be assumed perfect

between the fibres and the matrix. Despite the perfect bond assumption in FEM modelling,

the average stress values presented in Table 5.4 are smaller than those of the perfect bond

XFEM model given in the first row of Table 5.3. This difference can be attributed to the

fact that even though the axial stiffness properties of the fibres are identical, in the XFEM

modelling fibres also contribute to the overall stiffness with their lateral as well as shear

stiffness properties. For example, the vertical fibre in the FEM model see Figure 5.4b has

almost no influence on the calculated values under the imposed unit strain in horizontal

direction. On the other hand, in the XFEM-based model shown in Figure 5.4a, the vertical

member has a finite thickness and introduces a phase change which increases the stiffness

in all directions in the region where it is embedded.
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5.3.3 Stabilization of the XFEM for stiff interface bond

Based on the modification to the XFEM that we have introduced in section 3.4, in the

current section we aim to illustrate the applicability and the outcomes of the developed

methodology by performing parametric studies on two of the previously introduces cases.

First, we refer back to the case introduced in Figure 4.1a whose material properties have

already been introduced in Table 4.1. We assume stiff bond, for which the interface stiffness

is taken as k = 106 N/mm3 and for the imperfect bond the interface stiffness is taken as

k = 103 N/mm3. We impose unit strain in the horizontal direction i.e. g =
⟨︂

1 0 0

⟩︂T
.

Table 5.5 provides a comparison of the homogenized elastic properties and average stresses,

from which it can be verified that average values are slightly affected when either XFEM

or the stabilized XFEM formulation (S-XFEM) is used. However, as discussed before the

interface stiffness change has significant influence on the homogenized values.

Table 5.5: Equivalent elastic properties and Average stresses for RVE Figure 4.1a

Type (XFEM or S-XFEM)

Case 1

Young’s Modulus E1 (MPa) Poisson’s Ratio
Average Stresses (MPa)

σ11 σ22 σ12

XFEM Stiff Bond 106859.62 0.31 117850.00 35988.70 0.00

XFEM Imperfect Bond 55237.87 0.24 58523.50 13866.70 0.00

S-XFEM Stiff Bond 110033.64 0.30 120750.00 35972.30 0.00

S-XFEM Imperfect Bond 55826.23 0.24 59143.40 14006.70 -0.72

On the other hand, Figure 5.5 shows the interface tractions around the inclusion in both

normal and tangential directions based on the standard XFEM and the stabilized XFEM.

Figure 5.5a shows that when the interface bond is stiff, the standard XFEM formulation

produces oscillatory results. By comparing Figures 5.5a and 5.5b, it can be verified that S-

XFEM alleviates the oscillatory behaviour of the interface traction field. However, as shown

in Figures 5.5c and 5.5d for when the interface bond stiffness is reduced the oscillations

diminish and both XFEM and S-XFEM produce almost identical results. Thus, oscillatory
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(a) XFEM - Stiff Bond (b) SXFEM - Stiff Bond

(c) XFEM - Imperfect Bond (d) SXFEM - Imperfect Bond

Figure 5.5: Interface Tractions - Stabilization - Case 1

tractions tend to occur when the interface stiffness is increased.

For the second case, we refer back to Figure 4.4b, whose material properties have been

previously provided in Table 4.2. The homogenized properties for four different analysis

options is presented in Table 5.6. Again for the stiff bond we use k = 106 N/mm3 and for

the imperfect bond we use k = 103 N/mm3 for the interface stiffness. Table 5.6 provides a

comparison of the homogenized elastic properties and average stress predictions between

XFEM and S-XFEM under unit strain in the horizontal direction i.e. g =
⟨︂

1 0 0

⟩︂T
.

Again, it can be verified that average values are slightly affected between XFEM and S-

XFEM.
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Table 5.6: Equivalent elastic properties and Average stresses for RVE Figure 4.4b

Type (XFEM or S-XFEM)

Case 2

Young’s Modulus E1 (MPa) Poisson’s Ratio
Average Stresses (MPa)

σ11 σ22 σ12

XFEM Stiff Bond 134857.77 0.25 144060.00 36410.40 0.00

XFEM Imperfect Bond 40702.49 0.18 42055.70 7544.02 0.00

S-XFEM Stiff Bond 141607.85 0.25 151440.00 38588.00 0.00

S-XFEM Imperfect Bond 41964.78 0.18 43332.20 7697.64 0.00

On the other hand, Figure 5.6 shows the interface tractions around the inclusion in both

normal and tangential directions. It is interesting to note that XFEM produces a significant

jump in the stiff interface case only at the four corners where the interface is inclined.

As explained in section 3.4, this is because those bubble components disappear when the

interface is horizontal or vertical, i.e. ξa = ξb or ζa = ζb. It can be verified from Figure 5.6b

that S-XFEM suppresses the traction jumps at the corner in the case of the stiff interface,

which otherwise is in excellent agreement with the standard XFEM results.
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(a) XFEM - Stiff Bond (b) SXFEM - Stiff Bond

(c) XFEM - Imperfect Bond (d) SXFEM - Imperfect Bond

Figure 5.6: Interface Tractions - Stabilization - Case 2

5.4 Selection of the optimal Chi value

In this section, the criterion in Figure 4.5 will be applied to four distinct cases, each repre-

senting potential scenarios encountered in nature. Case 1 involves a single circular inclusion

located at the center of the representative volume element (RVE) see Figure 4.1a. Case 2

considers a single rectangular inclusion positioned at the center of the RVE see Figure 4.4b.

Case 3 examines randomly distributed rectangular inclusions with varying orientations see

Figure 5.4a. Finally, Case 4 explores randomly distributed circular inclusions see Figure

4.2a. In all four cases, the size of the representative volume element (RVE) is set to 100

mm × 100 mm, with periodic boundary conditions applied throughout. The initial value χ

is selected as 0.10. And, the increment is 0.10. And, the maximum value of χ is selected as

148



1.00. Also, the maximum allowable percentage difference between the stresses calculated

by XFEM and S-XFEM is selected as 5.00. To ensure a comprehensive analysis, various

material properties were tested to cover a wide range of possibilities. Additionally, the ef-

fect of stiff and imperfect bonds at the interface between the matrix and the inclusions was

examined. The interface stiffness coefficient for stiff bond is set as k = 106N/mm3. And,

the interface stiffness coefficient for imperfect bond is set as k = 102N/mm3. Regarding

material properties, particularly the modulus of elasticity for both the matrix and inclusions,

different values were employed. Small variations in the modulus of elasticity were used to

simulate scenarios where the values for the matrix and inclusions were either similar or

slightly different. In contrast, significantly different values were used to model cases where

the modulus of elasticity for the matrix and inclusions varied substantially. And to achieve

that, four studies will be conducted. Study 1 (see Table 5.7) will investigate cases with

a large difference in the modulus of elasticity between the matrix and inclusion. Study 2

(see Table 5.8) will examine cases where the modulus of elasticity values for the matrix

and inclusion are large but closely matched. Study 3 (see Table 5.9) will address scenarios

with a small difference in the modulus of elasticity between the two. Finally, Study 4 (see

Table 5.10) will analyse cases where the modulus of elasticity values for both the matrix

and inclusion are small and closely matched.

Table 5.7: Material Properties of RVE Components in Study 1

Parameter Case 1 Case 2 Case 3 Case 4

Young’s Modulus of Matrix (MPa) 150.0× 103 100.0× 103 40.0× 103 120.5× 103

Poisson’s Ratio of Matrix 0.20 0.33 0.20 0.33

Young’s Modulus of Inclusions (MPa) 600.0× 103 350.0× 103 80.0× 103 550.0× 103

Poisson’s Ratio of Inclusions 0.30 0.20 0.20 0.33
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Table 5.8: Material Properties of RVE Components in Study 2

Parameter Case 1 Case 2 Case 3 Case 4

Young’s Modulus of Matrix (MPa) 600.0× 103 400.0× 103 250.0× 103 500.0× 103

Poisson’s Ratio of Matrix 0.30 0.20 0.20 0.20

Young’s Modulus of Inclusions (MPa) 500.0× 103 400.0× 103 240.0× 103 550.0× 103

Poisson’s Ratio of Inclusions 0.30 0.20 0.20 0.20

Table 5.9: Material Properties of RVE Components in Study 3

Parameter Case 1 Case 2 Case 3 Case 4

Young’s Modulus of Matrix (MPa) 50.0× 103 40.0× 103 40.0× 103 40.0× 103

Poisson’s Ratio of Matrix 0.20 0.33 0.20 0.20

Young’s Modulus of Inclusions (MPa) 10.0× 103 100.0× 103 20.0× 103 20.0× 103

Poisson’s Ratio of Inclusions 0.20 0.20 0.20 0.20

Table 5.10: Material Properties of RVE Components in Study 4

Parameter Case 1 Case 2 Case 3 Case 4

Young’s Modulus of Matrix (MPa) 50.0× 103 50.0× 103 20.0× 103 22.0× 103

Poisson’s Ratio of Matrix 0.20 0.20 0.20 0.20

Young’s Modulus of Inclusions (MPa) 50.0× 103 50.0× 103 20.0× 103 20.0× 103

Poisson’s Ratio of Inclusions 0.20 0.20 0.20 0.20
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Table 5.11: Optimal Chi Values for Various Deformation Patterns and Interface Stiffness Types in
Study 1

Displacement Gradient g

Case 1 Case 2

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

0.6 0.6942 0.1 -0.00094 0.4 2.9072 0.1 -0.0256

g =

⟨︃
0 1 0

⟩︃T

0.7 0.6969 0.1 -0.00094 0.3 4.0298 0.1 -0.0048

g =

⟨︃
0 0 1

⟩︃T

0.5 0.8947 0.1 -0.00235 0.4 4.9950 0.1 -0.0495

Displacement Gradient g

Case 3 Case 4

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

1.0 1.7134 0.1 0.0247 0.1 4.9523 0.1 -0.1223

g =

⟨︃
0 1 0

⟩︃T

1.0 1.5495 0.1 0.0210 0.1 5.3565 0.1 -0.0676

g =

⟨︃
0 0 1

⟩︃T

1.0 0.9872 0.1 0.0451 0.1 4.8096 0.1 -0.1006

Table 5.12: Optimal Chi Values for Various Deformation Patterns and Interface Stiffness Types in
Study 2

Displacement Gradient g

Case 1 Case 2

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

0.2 0.0363 0.1 -0.0009 0.6 0.0266 0.1 -0.0102

g =

⟨︃
0 1 0

⟩︃T

0.2 0.0366 0.1 -0.0009 0.6 0.0268 0.1 -0.0016

g =

⟨︃
0 0 1

⟩︃T

0.1 0.0608 0.1 -0.0025 0.7 0.0271 0.1 -0.0570

Displacement Gradient g

Case 3 Case 4

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

1.0 0.3870 0.1 0.0042 0.1 -0.0535 0.1 -0.0065

g =

⟨︃
0 1 0

⟩︃T

1.0 0.3368 0.1 0.0035 0.1 -0.0335 0.1 -0.0052

g =

⟨︃
0 0 1

⟩︃T

1.0 0.2973 0.1 0.0107 0.1 -0.0519 0.1 -0.0133
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Table 5.13: Optimal Chi Values for Various Deformation Patterns and Interface Stiffness Types in
Study 3

Displacement Gradient g

Case 1 Case 2

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

0.7 0.6760 0.1 -0.0043 0.3 1.5985 0.1 -0.0373

g =

⟨︃
0 1 0

⟩︃T

0.8 0.6763 0.1 -0.0043 0.2 1.7327 0.1 -0.0100

g =

⟨︃
0 0 1

⟩︃T

0.5 0.9865 0.1 -0.0050 1.0 3.1211 0.1 -0.0549

Displacement Gradient g

Case 3 Case 4

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

1.0 0.3025 0.1 0.0261 0.3 0.8849 0.1 -0.0689

g =

⟨︃
0 1 0

⟩︃T

1.0 0.3374 0.1 0.0240 0.3 0.8064 0.1 -0.0677

g =

⟨︃
0 0 1

⟩︃T

1.0 0.1987 0.1 0.0520 0.2 0.7506 0.1 -0.1240

Table 5.14: Optimal Chi Values for Various Deformation Patterns and Interface Stiffness Types in
Study 4

Displacement Gradient g

Case 1 Case 2

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

0.1 0.0075 0.1 -0.0071 0.1 -0.0050 0.1 -0.0336

g =

⟨︃
0 1 0

⟩︃T

0.1 0.0075 0.1 -0.0071 0.1 -0.0050 0.1 -0.0073

g =

⟨︃
0 0 1

⟩︃T

0.1 0.0101 0.1 -0.0165 0.1 -0.0029 0.1 -0.0478

Displacement Gradient g

Case 3 Case 4

Stiff Bond Imperfect Bond Stiff Bond Imperfect Bond

Chi Value Differences Chi Value Differences Chi Value Differences Chi Value Differences

g =

⟨︃
1 0 0

⟩︃T

1.0 -0.0197 0.1 0.0424 0.1 0.0338 0.1 -0.1500

g =

⟨︃
0 1 0

⟩︃T

1.0 -0.0250 0.1 0.0397 0.1 0.0468 0.1 -0.2927

g =

⟨︃
0 0 1

⟩︃T

1.0 -0.0143 0.1 0.0733 0.1 0.0228 0.1 -0.2277
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Based on the parametric studies conducted (see Tables 5.11, 5.12, 5.13 and 5.14), it

is clear that a universal χ value cannot be applied across various situations. Each case

requires a specific χ value to minimize oscillations in tractions and ensure that the differ-

ences between XFEM and S-XFEM results remain minimal. The appropriate χ value for

each case is influenced by several factors, including boundary conditions, loading direction,

material properties, mesh size, number of inclusions, shape and orientation of inclusions,

their distribution, RVE size, and the number of integration points (for both uncracked and

cracked elements, as well as along the cracks). Moreover, cases with multiple inclusions

often require different χ values for each inclusion within the same scenario. In summary,

the developed criteria provide a tailored χ value for each specific case, ensuring accurate

results.

5.5 Closing Remarks

The parametric studies conducted in these sections (5.2 and 5.3) provide important insights

into the influence of mesh size, interface bond conditions, and modeling approaches on the

homogenized elastic properties of composite materials. The analysis of mesh refinement

demonstrates that a 20 × 20 element mesh produces results within 5.00% accuracy com-

pared to a finer 30 × 30 mesh, indicating computational efficiency without significant loss

of accuracy. The investigation of interface bond effects reveals that as the interface stiff-

ness increases, the average stress values approach those of a perfect bond, with variations in

boundary conditions yielding differences within a 5.00% margin. Moreover, the comparison

between XFEM and FEM modeling approaches highlights the significance of incorporating

imperfect bond conditions, as XFEM allows for a more accurate representation of interfa-

cial effects. The findings indicate that the stiffness contribution of fibers is more realistically

captured in XFEM due to its ability to account for lateral and shear stiffness, whereas FEM

assumes a perfect bond, leading to discrepancies in stress predictions. Furthermore, the

study illustrates that as the interface bond weakens, the ratio between maximum and aver-

age stresses increases, emphasizing the role of interfacial properties in overall mechanical

behavior. These results underscore the importance of carefully selecting mesh resolution,

boundary conditions, and modeling techniques when simulating composite materials, en-

suring accurate representation of their mechanical response.
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The parametric investigation conducted in this section (5.4) systematically analyzed the

selection of the optimal χ value across four distinct cases representing various inclusion

geometries and distributions within a representative volume element (RVE). The study en-

compassed four different material property configurations, ranging from scenarios with a

significant disparity in the modulus of elasticity between the matrix and inclusions to cases

where the properties were closely matched. The results demonstrated that the optimal χ

value is influenced by multiple factors, including the type of inclusion, the material con-

trast, and the nature of the interface stiffness (stiff or imperfect bond). Additionally, the

results reveal that imperfect interface bonds generally necessitate lower χ values compared

to stiff bonds to maintain the allowable percentage difference between XFEM and S-XFEM

stress calculations. The interplay between the deformation pattern and the inclusion config-

uration further affects the optimal selection of χ, with variations observed across different

displacement gradients. These insights contribute to the broader understanding of param-

eter selection in extended finite element modeling, ensuring both computational efficiency

and accuracy in modeling heterogeneous materials.
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Chapter 6

Conclusion

The study of computational homogenization, as presented in chapter 2, provides a sys-

tematic approach for deriving effective macroscopic properties of heterogeneous materials

while accounting for their microscopic behaviours. Through the adoption of fundamen-

tal principles, such as the equilibrium equations and constitutive relations, the framework

allows for the representation of complex material behaviour with reduced computational

complexity.

This chapter 2 began with the definition of field equations and the weak form, empha-

sizing the relationship between stress, strain, and displacement fields within heterogeneous

media. By utilizing the constitutive relationship in index notation, we introduced the stress

tensor and material modulus matrix, capturing the isotropic properties of the material. The

Galerkin weak form formulation of the equilibrium equations demonstrated how governing

laws can be enforced weakly, thus allowing for numerical treatment using finite element

methods.

An important component of computational homogenization is the concept of scale sep-

aration, where the macroscopic and microscopic scales are decoupled. By introducing a

scaling parameter , which governs the ratio of microscopic to macroscopic dimensions, the

asymptotic expansion of displacement and stress fields was formulated. This enabled the

decomposition of the displacement field into a macroscopic part, which governs the global

response, and higher-order microscopic contributions, which reflect the oscillatory effects

of material heterogeneity. Through this formulation, the homogenized material properties
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were obtained as the effective response when , a condition representing infinitesimally small

micro-structures.

The derivation of the homogenized equilibrium equations revealed that the macroscopic

displacement field is independent of the fast coordinate , while the stress tensor comprises

contributions from both macroscopic and microscopic scales. By introducing a two-scale

approach, the analysis extended to a periodic cell representative of the micro-structure,

where localized oscillations are averaged to produce global homogenized properties. The

resulting variational setting provided a rigorous mathematical foundation for the homoge-

nization process, ensuring compatibility between microscopic fluctuations and macroscopic

gradients.

By integrating the equilibrium conditions over the unit cell and incorporating virtual dis-

placement fluctuations, the microscopic stress-strain relationship was established. This re-

lationship enabled the computation of the effective material properties, which subsequently

replaced the heterogeneous domain with an equivalent homogeneous material for macro-

scopic analysis. Such homogenized models significantly reduce computational costs while

maintaining accuracy in predicting global behaviour.

Overall, computational homogenization offers a powerful tool for analyzing complex

heterogeneous materials, where direct numerical simulations of the entire structure would

be complicated. The ability to separate scales and derive effective properties not only sim-

plifies the problem but also provides valuable insights into material behaviour across multi-

ple length scales. The methods discussed in this chapter form the foundation for multi-scale

modelling, enabling engineers and scientists to design and analyze advanced materials with

tailored properties.

Future extensions of this work could involve higher-order homogenization methods,

which account for non-local effects and capture finer details of micro-structural behaviour.

Additionally, incorporating time-dependent effects, such as plasticity, into the homogeniza-

tion framework would further enhance its applicability to real-world materials and struc-

tures. By continuing to refine these methods, computational homogenization will remain

at the forefront of multi-scale modelling, enabling the efficient analysis and design of next-

generation materials and systems.

The chapter 3 has provided a detailed exploration of the methodologies and mathemat-

ical formulations necessary for implementing boundary conditions in (RVE) simulations.

The use of (XFEM) has proven to be a robust framework for addressing the complexities
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associated with heterogeneous materials, particularly in accommodating discontinuities and

intricate boundary constraints. By leveraging vector-matrix notations and discretized forms,

the chapter has elucidated the essential components of computational homogenization, en-

abling the effective resolution of microstructural mechanics problems.

The detailed exposition on RVE boundary conditions including uniform displacement

gradient, uniform traction, and periodic displacement underscores the versatility of the pro-

posed framework. The uniform displacement gradient condition simplifies the boundary

interactions by assuming no micro-fluctuations, while the uniform traction condition ad-

dresses the challenges of maintaining stress uniformity across boundaries. The periodic

displacement condition, with its emphasis on anti-periodicity and reduced degrees of free-

dom, demonstrates an elegant mechanism for handling periodic boundary interactions in

heterogeneous media. Each condition is supported by comprehensive mathematical deriva-

tions, offering a clear roadmap for implementation.

Furthermore, the inclusion of illustrative schematics and mesh representations enhances

the understanding of the physical and numerical concepts presented. The detailed parti-

tioning of matrices and vectors into boundary and internal nodes, coupled with the explicit

treatment of boundary constraints, ensures that the formulations remain grounded in prac-

tical applicability. These representations bridge the gap between theoretical formulations

and real-world computational challenges.

The chapter 3 also emphasizes the role of interpolation functions and their interpolatory

properties in simplifying the computational complexity of the RVE problem. By carefully

constructing these functions, the boundary conditions are seamlessly integrated into the

global problem, ensuring numerical stability and accuracy. This aspect is particularly crit-

ical when dealing with fine-scale fluctuations and their periodic counterparts, as shown in

the periodic displacement condition.

The mathematical rigor and methodological depth of this chapter 3 contribute signifi-

cantly to the field of computational mechanics. By addressing both theoretical foundations

and practical implementation strategies, the chapter equips researchers and practitioners

with the tools necessary to tackle complex homogenization problems in heterogeneous ma-

terials. The systematic approach adopted here lays a strong foundation for future research

and development in computational homogenization, particularly in advancing XFEM-based

methodologies.

The stabilization approach for the XFEM presented in section 3.4 effectively addresses
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the excessive traction oscillations caused by the quadratic bubble terms in the displacement

jump representation. By decomposing the discontinuity jump into an element-wise con-

stant and a quadratic bubble component, the method enables the formulation of a stabilized

framework. The introduction of the scalar parameter χ and its incorporation into the sta-

bilization matrix Θ̂ further demonstrate the robustness of this approach. The orthogonality

condition ensures that the stabilization effect is achieved without compromising the physi-

cal accuracy of the XFEM solutions. Moreover, the use of Legendre polynomials to define

the stabilization matrix highlights the mathematical rigor and flexibility of the proposed

methodology. The careful design of this stabilization technique ensures numerical stability

while maintaining computational efficiency, which is important for practical applications.

The insights gained from this stabilization framework not only enhance the reliability of the

XFEM for stiff interface problems but also provide a foundation for further advancements

in the development of robust numerical methods for discontinuous problems.

In conclusion, this chapter 3 has demonstrated the efficacy of computational homoge-

nization with XFEM in capturing the nuanced behavior of heterogeneous materials. The

formulations and methodologies presented here not only provide a robust framework for

current applications but also pave the way for innovative extensions, such as multi-scale

modeling and the integration of machine learning techniques for enhanced computational

efficiency. As computational power continues to advance, the approaches outlined in this

chapter are poised to play a pivotal role in solving increasingly complex material design

and analysis problems. Also, this chapter has developed a robust stabilization methodology

to address traction oscillations in the (XFEM) caused by the quadratic bubble terms within

the displacement jump formulation.

The validation of the XFEM-based computational homogenization framework demon-

strates its accuracy in predicting the homogenized material properties of composite mi-

crostructures. Comparisons with established methods in literature review, including HOMO2D,

VCFEM, global-local FEM, and self-consistent analytical models, reveal excellent agree-

ment, with minor deviations within an acceptable range. The results indicate that the XFEM

approach effectively captures the influence of inclusion distribution and volume fraction

on the effective material properties. Notably, randomly dispersed microstructures exhibit

slightly lower homogenized elastic moduli compared to single-inclusion models, highlight-

ing the role of microstructural configuration. Furthermore, the computed homogenized

stiffness components for both short and long inclusion cases align well with alternative nu-
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merical and analytical predictions, reinforcing the robustness of the XFEM-based method

for multiscale material modeling.

The selection of the stabilization parameter χ in S-XFEM is important for mitigating

oscillations at the interface while maintaining computational accuracy. A new criterion

was developed to determine the optimal χ value systematically, ensuring minimal stress

deviation between XFEM and S-XFEM while avoiding over-constraining the system. The

proposed methodology, validated against an existing penalty factor approach, demonstrated

its effectiveness across various representative volume elements, including cases with single

and multiple inclusions. Comparative analyses showed that the proposed approach provided

a single χ value that consistently reduced oscillations without excessive damping, unlike the

existing method, which yielded multiple χ values for different strain types. The validation

results confirmed the robustness of the proposed criterion in stabilizing numerical solutions

across different problem configurations. Consequently, this work offers a systematic and

computationally efficient approach for selecting χ, enhancing the stability and accuracy of

S-XFEM in modeling complex material interfaces.

The parametric studies conducted in this work demonstrate the influence of mesh size,

interface bond conditions, and boundary conditions on the homogenized elastic properties

of representative volume elements (RVEs). It is observed that a 20× 20 element mesh pro-

vides results within 5.00% accuracy compared to a 30 × 30 mesh, ensuring computational

efficiency without significant loss of precision. The interface bond effect is shown to be

a critical factor, where increasing interface stiffness significantly influences stress distribu-

tions, with perfect bonds leading to higher maximum stresses compared to imperfect bonds.

Additionally, the choice of boundary conditions has a relatively minor effect, with variations

remaining within 5.00% across different conditions. The XFEM-based approach effectively

captures imperfect bonding effects, demonstrating its advantages over conventional FEM,

particularly in modeling embedded fibers where lateral and shear stiffness contributions

impact overall behavior. Additionally, the stabilization methodology introduced for stiff

interface bonds is validated through parametric analyses, confirming its effectiveness in en-

suring numerical stability and accuracy in highly stiff interface conditions. These findings

provide valuable insights into the modeling of composite materials, highlighting the impor-

tance of appropriate numerical techniques in capturing the mechanical behavior of complex

microstructures.

In this study, the selection of the optimal χ value was investigated across four distinct
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cases representing different inclusion geometries and distributions within a representative

volume element (RVE). The analysis considered variations in material properties, including

the modulus of elasticity of the matrix and inclusions, as well as the influence of interface

stiffness under both stiff and imperfect bonding conditions. Across four studies, different

contrasts in elastic properties were examined, ranging from large discrepancies to closely

matched values, to comprehensively assess the impact of material heterogeneity. The results

demonstrated that the optimal χ value varies depending on the inclusion geometry, material

contrast, and deformation mode, with stiff and imperfect bonding conditions yielding dis-

tinct trends. These findings provide critical insights into the appropriate selection of χ to

enhance the accuracy and efficiency of S-XFEM in modeling heterogeneous materials.
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[38] Nicolas Moës, John Dolbow, and Ted Belytschko. A finite element method for crack

growth without remeshing. International journal for numerical methods in engineer-

ing, 46(1):131–150, 1999.
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Appendix A

Mathematical Derivations - Computational

Homogenization

A.1 Derivations - Field equations and the weak form

A.1.1 Galerkin equilibrium - Eq. (2.9)

We start with the equilibrium equation in the domain Ω Eq. (2.6). Then, we multiply the

equilibrium equation by δui and integrate over the domain Ω

∫︂
Ω

δui
∂σij
∂xj

dΩ−
∫︂
Ω

δuipi dΩ = 0 (A.1)

We now focus on the first integral

∫︂
Ω

δui
∂σij
∂xj

dΩ
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To transform this term, we use the divergence theorem which states

∫︂
Ω

∂vj
∂xj

dΩ =

∫︂
Γ

vjnj dΓ (A.2)

where vj is a vector field, nj is the outward unit normal to the boundary Γ, and Γ is the

boundary of Ω. We apply this theorem to the first integral by choosing vj = δuiσij . Thus,

∫︂
Ω

∂(δuiσij)

∂xj
dΩ =

∫︂
Γ

δuiσijnj dΓ (A.3)

Then, by using the product rule for differentiation, we have

∂(δuiσij)

∂xj
= δui

∂σij
∂xj

+ σij
∂δui
∂xj

(A.4)

Then, substituting this back into the integral, we get

∫︂
Ω

δui
∂σij
∂xj

dΩ =

∫︂
Ω

(︃
∂(δuiσij)

∂xj
− σij

∂δui
∂xj

)︃
dΩ (A.5)

Then, by separating the integrals, we get

∫︂
Ω

δui
∂σij
∂xj

dΩ =

∫︂
Ω

∂(δuiσij)

∂xj
dΩ−

∫︂
Ω

σij
∂δui
∂xj

dΩ (A.6)

Then, by applying the divergence theorem to the first term on the right-hand side, we get

∫︂
Ω

∂(δuiσij)

∂xj
dΩ =

∫︂
Γ

δuiσijnj dΓ (A.7)

where Γ is the boundary of Ω and nj is the outward normal to Γ. Then, we have

∫︂
Ω

δui
∂σij
∂xj

dΩ =

∫︂
Γ

δuiσijnj dΓ−
∫︂
Ω

σij
∂δui
∂xj

dΩ (A.8)
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This boundary Γ consists of two parts: ΓD (Dirichlet boundary) and ΓN (Neumann bound-

ary). Therefore

∫︂
Γ

δuiσijnj dΓ =

∫︂
ΓD

δuiσijnj dΓD +

∫︂
ΓN

δuiσijnj dΓN (A.9)

Since the admissible displacement field ui is prescribed on the boundary ΓD according to

Eq. (2.7), the variation δui must vanish on this boundary, where δui = 0 on the Dirichlet

boundary ΓD. This ensures that any virtual displacement (variation) considered in the weak

form does not alter the fixed boundary conditions. Then, the first term vanishes

∫︂
ΓD

δuiσijnj dΓD = 0 (A.10)

Then, we have ∫︂
Γ

δuiσijnj dΓ =

∫︂
ΓN

δuiσijnj dΓN (A.11)

Then, by combining these results, we obtain

∫︂
Ω

δui
∂σij
∂xj

dΩ =

∫︂
ΓN

δuiσijnj dΓN −
∫︂
Ω

σij
∂δui
∂xj

dΩ (A.12)

Then, substituting this term ∂σij

∂xj
by pi according to Eq. (2.6) and organize the equation, then

we have ∫︂
ΓN

δuiσijnj dΓN −
∫︂
Ω

σij
∂δui
∂xj

dΩ−
∫︂
Ω

δuipi dΩ = 0 (A.13)

Then, applying the Neumann boundary condition (σjini = −sj) on ΓN , which is the same

as (σijnj = −si) due to the symmetry of (σij = σji). So, the weak form of the equilibrium

equation with the given boundary conditions

−
∫︂
Ω

∂(δui)

∂xj
σij dΩ−

∫︂
ΓN

δuisi dΓ−
∫︂
Ω

δuipi dΩ = 0 (A.14)
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The term −∂δui

∂xj
can be rewritten as −δ ∂ui

∂xj
because the variation δ applies to the entire

derivative expression. So, the final Galerkin weak form is given as

∫︂
Ω

δ
∂ui
∂xj

σij dΩ +

∫︂
Ω

δuipi dΩ +

∫︂
ΓN

δuisi dΓ = 0 (A.15)

which corresponds to Eq. (2.9) in Section 2.2.

A.2 Derivations - Separation of Scales and First Order Homog-

enization

A.2.1 Cauchy homogenization - Eqs. (2.17), (2.18) and (2.19)

By substituting Eq. (2.11) into Eq. (2.2) and using the derivative transform in Eq. (2.13),

we get the following operations, the displacement expansion is given by Eq. (2.11) as

ui(xi, yi) = ūi(xi, yi) + η ¯̄ui(xi, yi) + η2 ¯̄̄ui(xi, yi) + . . .

Then, substituting the displacement expansion into the stress-strain relation Eq. (2.2)

σij = Dijkl
∂

∂xl

(︁
ūk + η ¯̄uk + η2 ¯̄̄uk + . . .

)︁
(A.16)

Then, expanding the derivatives

σij = Dijkl

(︃
∂ūk
∂xl

+ η
∂ ¯̄uk
∂xl

+ η2
∂ ¯̄̄uk
∂xl

+ . . .

)︃
(A.17)

The partial differential operator transformation in Eq. (2.13) is given as

∂

∂xi
→ ∂

∂xi
+

1

η

∂

∂yi
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Then, applying this transformation to the partial derivative term in the stress-strain relation

∂

∂xl
→ ∂

∂xl
+

1

η

∂

∂yl
(A.18)

Then, substituting this transformation into the expanded expression

σij = Dijkl

(︃
∂ūk
∂xl

+
1

η

∂ūk
∂yl

+ η
∂ ¯̄uk
∂xl

+
1

η
η
∂ ¯̄uk
∂yl

+ . . .

)︃
(A.19)

Now, the final expansion including terms up to η5 order is given as

σij = Dijkl

(︄
∂ūk
∂xl

+
1

η

∂ūk
∂yl

+ η
∂ ¯̄uk
∂xl

+
1

η
η
∂ ¯̄uk
∂yl

+ η2
∂ ¯̄̄uk
∂xl

+
1

η
η2
∂ ¯̄̄uk
∂yl

+ η3
∂ ¯̄̄̄uk
∂xl

+
1

η
η3
∂ ¯̄̄̄uk
∂yl

+ η4
∂
¯̄̄̄
ūk
∂xl

+
1

η
η4
∂
¯̄̄̄
ūk
∂yl

+ η5
∂
¯̄̄̄
¯̄uk
∂xl

+
1

η
η5
∂
¯̄̄̄
¯̄uk
∂yl

+ . . .

)︄ (A.20)

Then, we identify terms corresponding to different orders of η and extract the coefficients

of each order of η to form new equations. For leading order (η−1) terms, we have 1
η
∂ūk

∂yl
. The

zero power (η0) terms, we have ∂ūk

∂xl
, ∂

¯̄uk

∂yl
. First order (η1) terms, we have ∂ ¯̄uk

∂xl
, ∂

¯̄̄uk

∂yl
. The new

equations that observed after making the previous operations are the following

σ̌ij = Dijkl
∂ūk
∂yl

(A.21)

σ̃ij = Dijkl

(︃
∂ūk
∂xl

+
∂ ¯̄uk
∂yl

)︃
= σ̄ij + ¯̄σij (A.22)

˜̃σij = Dijkl

(︃
∂ ¯̄uk
∂xl

+
∂ ¯̄̄uk
∂yl

)︃
(A.23)

which correspond to Eqs. (2.17), (2.18) and (2.19) in Section 2.3.
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A.2.2 Homogenization equilibrium - Eqs. (2.25) and (2.26)

The stress tensor σ̃ij is give by Eq. (2.18) as

σ̃ij = Dijkl

(︃
∂ūk
∂xl

+
∂ ¯̄uk
∂yl

)︃
= σ̄ij + ¯̄σij

where, σ̄ij = Dijkl
∂ūk

∂xl
and ¯̄σij = Dijkl

∂ ¯̄uk

∂yl
. And, the equilibrium equation is given by

∂σij
∂xj

+
1

η

∂σij
∂yj

= pi (A.24)

Then, substituting σ̃ij into σij , given that

σij = σ̃ij = Dijkl

(︃
∂ūk
∂xl

+
∂ ¯̄uk
∂yl

)︃
(A.25)

Then, substituting the previous expression into the equilibrium equation

∂

∂xj

(︃
Dijkl

(︃
∂ūk
∂xl

+
∂ ¯̄uk
∂yl

)︃)︃
+

1

η

∂

∂yj

(︃
Dijkl

(︃
∂ūk
∂xl

+
∂ ¯̄uk
∂yl

)︃)︃
= pi (A.26)

Then, distributing the partial derivatives

Dijkl

(︃
∂2ūk
∂xj∂xl

+
∂2 ¯̄uk
∂xj∂yl

)︃
+

1

η
Dijkl

(︃
∂2ūk
∂yj∂xl

+
∂2 ¯̄uk
∂yj∂yl

)︃
= pi (A.27)

Then, governing terms according to their order, i.e., O(1) and O(1/η). Terms of order (1/η)

are

Dijkl

(︃
∂2ūk
∂yj∂xl

+
∂2 ¯̄uk
∂yj∂yl

)︃
(A.28)
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As η approaches zero, this term can become unbounded. So, in order for the overall stress

σij to remain bounded and satisfy the periodicity assumption, this part must be zero

∂

∂yj

(︃
Dijkl

(︃
∂ūk
∂xl

+
∂ ¯̄uk
∂yl

)︃)︃
= 0 (A.29)

Then, this results in the following equation

∂σij
∂yj

= 0 in Y (A.30)

which corresponds to Eq. (2.25) in Section 2.3. The Eq. (A.30) indicates that the stress

distribution must be periodic and balanced within the unit cell Y. Also, this ensures the

internal consistency and periodicity of the microscopic stress distribution. Terms of order

(1) are

Dijkl

(︃
∂2ūk
∂xj∂xl

+
∂2 ¯̄uk
∂xj∂yl

)︃
= pi (A.31)

Since ūi is independent of yi, it does not contribute to derivatives with respect to yi. How-

ever, ¯̄uk explicitly depends on yl because it accounts for the microstructural variations.

Therefore, ∂ ¯̄uk

∂yl
̸= 0 in general. Under the assumption of scale separation and periodicity

in the microstructural unit cell, the contribution from ∂2 ¯̄uk

∂xj∂yl
(mixed derivatives with respect

to macro and micro coordinates) can be considered negligible, as the variation with respect

to xj is dominant on the macroscopic scale. Then, we simplify the equation to

Dijkl
∂2ūk
∂xj∂xl

= pi (A.32)

Then, this results in the following equation

∂σij
∂xj

= pi in Ω (A.33)

which corresponds to Eq. (2.26) in Section 2.3.
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A.3 Derivations - Variational Setting for Homogenization

A.3.1 Homogenization Galerkin - Eq. (2.27)

We start with the equilibrium equation in the domain Ω in Eq. (2.26) as

∂σij
∂xj

− pi = 0 in Ω

Then, we multiply the equilibrium equation by δūi and integrate over the domain Ω

∫︂
Ω

δūi
∂σij
∂xj

dΩ−
∫︂
Ω

δūipi dΩ = 0 (A.34)

We now focus on the first integral

∫︂
Ω

δūi
∂σij
∂xj

dΩ

To transform this term, we use the divergence theorem which states

∫︂
Ω

∂vj
∂xj

dΩ =

∫︂
Γ

vjnj dΓ (A.35)

where vj is a vector field, nj is the outward unit normal to the boundary Γ, and Γ is the

boundary of Ω. We apply this theorem to the first integral by choosing vj = δūiσij . Thus,

∫︂
Ω

∂(δūiσij)

∂xj
dΩ =

∫︂
Γ

δūiσijnj dΓ (A.36)

Then, by using the product rule for differentiation, we have

∂(δūiσij)

∂xj
= δūi

∂σij
∂xj

+ σij
∂δūi
∂xj

(A.37)
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Then, substituting this back into the integral, we get

∫︂
Ω

δūi
∂σij
∂xj

dΩ =

∫︂
Ω

(︃
∂(δūiσij)

∂xj
− σij

∂δūi
∂xj

)︃
dΩ (A.38)

Then, by separating the integrals, we get

∫︂
Ω

δūi
∂σij
∂xj

dΩ =

∫︂
Ω

∂(δūiσij)

∂xj
dΩ−

∫︂
Ω

σij
∂δūi
∂xj

dΩ (A.39)

Then, by applying the divergence theorem to the first term on the right-hand side, we get

∫︂
Ω

∂(δūiσij)

∂xj
dΩ =

∫︂
Γ

δūiσijnj dΓ (A.40)

where Γ is the boundary of Ω and nj is the outward normal to Γ. Then, we have

∫︂
Ω

δūi
∂σij
∂xj

dΩ =

∫︂
Γ

δūiσijnj dΓ−
∫︂
Ω

σij
∂δūi
∂xj

dΩ (A.41)

This boundary Γ consists of two parts: ΓD (Dirichlet boundary) and ΓN (Neumann bound-

ary). Therefore

∫︂
Γ

δūiσijnj dΓ =

∫︂
ΓD

δūiσijnj dΓD +

∫︂
ΓN

δūiσijnj dΓN (A.42)

Since the admissible displacement field ui is prescribed on the boundary ΓD according to

Eq. (2.7), the variation δūi must vanish on this boundary, where δūi = 0 on the Dirichlet

boundary ΓD. This ensures that any virtual displacement (variation) considered in the weak

form does not alter the fixed boundary conditions. Then, the first term vanishes

∫︂
ΓD

δūiσijnj dΓD = 0 (A.43)
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Then, we have ∫︂
Γ

δūiσijnj dΓ =

∫︂
ΓN

δūiσijnj dΓN (A.44)

Then, by combining these results, we obtain

∫︂
Ω

δūi
∂σij
∂xj

dΩ =

∫︂
ΓN

δūiσijnj dΓN −
∫︂
Ω

σij
∂δūi
∂xj

dΩ (A.45)

Then, substituting this term ∂σij

∂xj
by pi according to Eq. (2.26) and organize the equation,

then we have ∫︂
ΓN

δūiσijnj dΓN −
∫︂
Ω

σij
∂δūi
∂xj

dΩ−
∫︂
Ω

δūipi dΩ = 0 (A.46)

Then, applying the Neumann boundary condition (σjini = −sj) on ΓN , which is the same

as (σijnj = −si) due to the symmetry of (σij = σji). So, the weak form of the equilibrium

equation with the given boundary conditions is

−
∫︂
Ω

∂(δūi)

∂xj
σij dΩ−

∫︂
ΓN

δūisi dΓ−
∫︂
Ω

δūipi dΩ = 0 (A.47)

The term −∂δūi

∂xj
can be rewritten as −δ ∂ūi

∂xj
because the variation δ applies to the entire

derivative expression. So, the weak form of the equilibrium equation is given as

∫︂
Ω

δ
∂ūi
∂xj

σij dΩ +

∫︂
Ω

δūipi dΩ +

∫︂
ΓN

δūisi dΓ = 0 (A.48)

We now consider the homogenization scenario, where the stress tensor σij is equivalent to

the effective stress tensor σ̂ij , which is obtained by averaging the stress tensor over a single

unit cell. Consequently, the weak form of the equilibrium equation for the homogenized

problem at the global scale is expressed as follows

∫︂
Ω

δ
∂ūi
∂xj

σ̂ij dΩ +

∫︂
Ω

δūipi dΩ +

∫︂
ΓN

δūisi dΓ = 0 (A.49)

which corresponds to Eq. (2.27) in Section 2.4.
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A.3.2 Homogenization boundary - Eq. (2.30)

We begin with the equilibrium equation (2.25) in the periodic cell Y, which is defined as

∂σij
∂yj

= 0 in Y

To derive the weak form, we multiply this equation by the virtual displacement fluctuations

δ ¯̄ui and integrate over the domain Y

∫︂
Y

δ ¯̄ui
∂σij
∂yj

dY = 0 (A.50)

This integral contains a derivative of σij . Our objective is to transfer this derivative into δ ¯̄ui
and apply the divergence theorem, which states

∫︂
Y

∂vj
∂yj

dY =

∫︂
Ψ

vjnj dΨ, (A.51)

where vj is a vector field, nj is the j-th component of the unit normal vector to the boundary

Ψ, and Ψ = ∂Y represents the boundary of the cell. Next, applying the product rule for

differentiation
∂(δ ¯̄uiσij)

∂yj
= δ ¯̄ui

∂σij
∂yj

+ σij
∂δ ¯̄ui
∂yj

, (A.52)

we rearrange the expression to isolate the original term

δ ¯̄ui
∂σij
∂yj

=
∂(δ ¯̄uiσij)

∂yj
− σij

∂δ ¯̄ui
∂yj

(A.53)

Substituting this back into the integral, we obtain

∫︂
Y

δ ¯̄ui
∂σij
∂yj

dY =

∫︂
Y

(︃
∂(δ ¯̄uiσij)

∂yj
− σij

∂δ ¯̄ui
∂yj

)︃
dY (A.54)
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By separating the integrals, we get

∫︂
Y

δ ¯̄ui
∂σij
∂yj

dY =

∫︂
Y

∂(δ ¯̄uiσij)

∂yj
dY −

∫︂
Y

σij
∂δ ¯̄ui
∂yj

dY (A.55)

Now, applying the divergence theorem to the first term on the right-hand side, we choose

vj = δ ¯̄uiσij , yielding ∫︂
Y

∂(δ ¯̄uiσij)

∂yj
dY =

∫︂
Ψ

δ ¯̄uiσijnj dΨ (A.56)

Thus, the equation becomes

∫︂
Y

δ ¯̄ui
∂σij
∂yj

dY =

∫︂
Ψ

δ ¯̄uiσijnj dΨ−
∫︂
Y

σij
∂δ ¯̄ui
∂yj

dY (A.57)

Based on the equilibrium condition in Eq. (2.25), we find that

∫︂
Y

δ ¯̄ui
∂σij
∂yj

dY = 0

Thus, the equation becomes

∫︂
Ψ

δ ¯̄uiσijnj dΨ−
∫︂
Y

σij
∂δ ¯̄ui
∂yj

dY = 0 (A.58)

Then, by rearranging the equation, we get

∫︂
Y

∂δ ¯̄ui
∂yj

σij dY −
∫︂
Ψ

δ ¯̄uiσijnj dΨ = 0

The term ∂δ ¯̄ui

∂yj
can be rewritten as δ ∂ ¯̄ui

∂yj
because the variation δ applies to the entire derivative

expression. Then, the final weak form of equilibrium within the periodic cell Y becomes

∫︂
Y

δ
∂ ¯̄ui
∂yj

σij dY −
∫︂
Ψ

δ ¯̄uiσijnj dΨ = 0 (A.59)
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which corresponds to Eq. (2.30) in Section 2.4.

A.4 Derivations - RVE boundary value problem

A.4.1 Macroscopic strain - Eq. (2.37)

By substituting the simplified displacement field Eq. (2.35) into this integral (2.36) , we get

∫︂
SRV E

uinj dΨ =

∫︂
SRV E

(ψjgij + u′i)nj dΨ (A.60)

The integral on the right-hand side can be decomposed into two parts as

∫︂
SRV E

uinj dΨ =

∫︂
SRV E

ψjgijnj dΨ +

∫︂
SRV E

u′inj dΨ (A.61)

Then, to simplify the first integral on the right-hand side, we use the divergence theorem,

which (also known as Gauss’s theorem) relates the flow (or flux) of a vector field through a

closed surface to the divergence of the vector field inside the surface. Mathematically, for a

vector field F, it is stated as

∫︂
S

F · n dS =

∫︂
V

∇ · F dV (A.62)

Here, V represents a spatial volume, while S denotes its boundary surface. The unit normal

vector n points outward from S. The term ∇ · F refers to the divergence of the vector field

F. In this case, we define F = (ψjgij), where ψj is a coordinate and gij is a constant gradient

tensor component. Applying the divergence theorem, we transform a surface integral into

an equivalent volume integral. To do so, we first compute the divergence of F by taking the

partial derivative with respect to the spatial coordinate yj as

∇ · F =
∂

∂yj
(ψjgij) (A.63)

180



Since gij is constant over the RVE (as it represents a uniform gradient), it can be factored

out as
∂(ψjgij)

∂yj
= gij

∂ψj

∂yj
(A.64)

Then, the volume integral over the RVE becomes

∫︂
VRV E

∂(ψjgij)

∂yj
dY =

∫︂
VRV E

gij
∂ψj

∂yj
dY (A.65)

According to the divergence theorem, this volume integral is equivalent to the surface inte-

gral as ∫︂
SRV E

ψjgijnj dΨ =

∫︂
VRV E

gij
∂ψj

∂yj
dY (A.66)

Here, nj represents the components of the unit normal vector n on the surface SRV E (bound-

ary of the RVE), and ψj is the position vector component on the surface. Since gij is constant

over the volume, we can take it outside of the integral as

∫︂
SRV E

ψjgijnj dΨ = gij

∫︂
VRV E

∂ψj

∂yj
dY (A.67)

Here, this is because ψj is just a spatial coordinate, and its derivative with respect to itself

is always 1. So, we have
∂ψj

∂yj
= 1 (A.68)

Thus, the final expression for the volume integral becomes

gij

∫︂
VRV E

∂ψj

∂yj
dY = gij

∫︂
VRV E

dY (A.69)

Then, we combine the surface and volume integrals as the following

∫︂
SRV E

uinj dΨ =

∫︂
SRV E

ψjgijnj dΨ +

∫︂
SRV E

u′inj dΨ,
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∫︂
SRV E

ψjgijnj dΨ = gij

∫︂
VRV E

dY,

∫︂
SRV E

uinj dΨ = gij

∫︂
VRV E

dY +

∫︂
SRV E

u′inj dΨ (A.70)

Then, we need to consider both uinj and ujni contributions for several reasons. In con-

tinuum mechanics, particularly in linear elasticity, both the strain and stress tensors are

symmetric. This symmetry ensures that deformations in the i and j directions are treated

equivalently. When evaluating deformation energy or work, it is essential to account for all

interactions between displacement components and normal vectors. To accurately describe

material deformation, the average deformation gradient over the RVE boundary is consid-

ered. This gradient is represented as the symmetrized form of the displacement field gra-

dient, naturally incorporating both uinj and ujni. Including both terms ensures a complete

and consistent formulation, fully capturing the influence of the displacement field at the

boundary. Omitting either term would disregard part of the boundary contributions, leading

to an incomplete or inaccurate characterization of the material’s response. Therefore, we

have

∫︂
SRV E

(uinj + ujni) dΨ =

(︃
gij

∫︂
VRV E

dY +

∫︂
SRV E

u′inj dΨ + gji

∫︂
VRV E

dY +

∫︂
SRV E

u′jni dΨ

)︃
(A.71)

By considering that the integral of the micro-fluctuations vanishes over the RVE boundary,

we get ∫︂
SRV E

u′inj dΨ = 0 and

∫︂
SRV E

u′jni dΨ = 0 (A.72)

which simplifies our equation to

∫︂
SRV E

(uinj + ujni) dΨ = (gij + gji)

∫︂
VRV E

dY (A.73)

Since gij and gji are symmetrical, we have

gij + gji = 2gij (A.74)
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Therefore, we have

1

2

∫︂
SRV E

(uinj + ujni) dΨ = gij

∫︂
VRV E

dY (A.75)

which corresponds to Eq. (2.37) in Section 2.5.

A.4.2 Homogenized relation - Eq. (2.38)

By taking the variation of the potential energy of the Representative Volume Element (RVE)

problem, the local weak form of equilibrium is obtained. To enforce the required constraint,

Lagrange multipliers λi are introduced, ensuring that the microscopic displacement ui at

the RVE boundary remains consistent with the macroscopic displacement gradient gij . The

total displacement ui at any point on the RVE boundary can be decomposed, as previously

discussed in Eq. (2.31). Where ūi(ȳi) represents the macroscopic displacement, (ψj − ȳj)gij

accounts for the displacement induced by the macroscopic displacement gradient, and u′i

denotes the micro-fluctuations. For simplicity and without loss of generality, we assume

ūi(ȳi) = 0, set ȳi = 0, and neglect the micro-fluctuations. Consequently, the displacement

expression simplifies to ui = ψjgij . The constraint to be enforced using the Lagrange

multipliers is thus given by

ui − ψjgij = 0 on SRV E (A.76)

Within the framework of the weak form formulation, the primary contributing terms can be

expressed as the following integral expressions: the volume integral term as

∫︂
VRV E

δ
∂ ¯̄ui
∂yj

σij dY, (A.77)

the boundary integral term enforcing traction∫︂
SRV E

δ ¯̄uiλi dΨ, (A.78)
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and the constraint term involving the displacement gradient

∫︂
SRV E

δλi(ui − ψjgij) dΨ (A.79)

By combining these terms, the weak form of the local equilibrium within the RVE is ob-

tained as

∫︂
VRV E

δ
∂ ¯̄ui
∂yj

σijdY +

∫︂
SRV E

δ ¯̄uiλidΨ +

∫︂
SRV E

δλi (ui − ψjgij) dΨ = 0 (A.80)

which corresponds to Eq. (2.38) in Section 2.5.
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Appendix B

Mathematical Derivations - Computational

Homogenization With XFEM

B.1 Derivations - Implementation of the RVE Boundary Con-

ditions

B.1.1 Lagrangian matrix - Eq. (3.13)

To reach the final algebraic form of the RVE problem, we need to substitute the interpolated

forms of the displacement field (3.11) and the Lagrange multiplier field (3.12) into the weak

form of the RVE problem Eq. (2.38) which is defined in terms of tensor index. The first

integral term of Eq. (2.38) is ∫︂
VRV E

δ

(︃
∂ ¯̄ui
∂yj

)︃
σij dY (B.1)

where, ¯̄ui is the microscopic displacement field inside the RVE. σij is the stress tensor. δ de-

notes the variation (virtual displacement principle). yj are the spatial coordinates. We aim

to express this in terms of matrix notation. Before doing that, we need to show the differ-

ence between Between ¯̄ui and ui in Eq. (2.38). ¯̄ui represents the microscopic displacement
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field within the RVE. And, ui refers to the actual displacement of boundary points on SRV E ,

which includes contributions from both microscopic fluctuations and macroscopic deforma-

tion. More specifically, ¯̄ui describes the displacement field inside the RVE, meaning that it

captures the local deformations within the material. ui represents the displacement field on

the boundary of the RVE. This distinction is important because, in homogenization meth-

ods, we express ¯̄ui using shape functions or interpolation functions, while ui must satisfy

compatibility conditions on the RVE boundary. Now, we can say that

¯̄u = Aa (B.2)

This substitution is valid because A represents the shape functions (or interpolation func-

tions) used to approximate the microscopic displacement field. And, a represents the un-

known degrees of freedom of the displacement field. Thus, whenever ¯̄ui appears in the

weak form equation, we can replace it with Aa to obtain the discrete system of equations.

By taking the gradient of Eq. (B.2), we get

∂ ¯̄u

∂y
=
∂A

∂y
a (B.3)

Thus, the variation of the displacement gradient is

δ

(︃
∂ ¯̄u

∂y

)︃
=
∂A

∂y
δa (B.4)

Now, substituting this into the integral (B.1), we get

∫︂
VRV E

δ

(︃
∂A

∂y
a

)︃T

σ dY (B.5)

The reason for introducing the transpose when moving from tensor notation to Voigt nota-

tion is related to how matrix and tensor operations are represented in different notational
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systems. In tensor notation, the stress-strain relationship follows

σij = Dijkl εkl (B.6)

where σij is the Cauchy stress tensor. Dijkl is the fourth-order stiffness tensor. εkl is the

strain tensor. In Voigt notation, second-order tensors (like stress and strain) are written as

column vectors for computational convenience as

σ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ11

σ22

σ33

σ12

σ23

σ31

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ε =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ε11

ε22

ε33

2ε12

2ε23

2ε31

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
This allows us to express the constitutive relation in matrix form as σ = Dε, where D is the

stiffness matrix. Now, let’s return to why the Transpose? The integral we’re considering

is (B.1), where ∂ ¯̄ui

∂yj
is the displacement gradient. The virtual variation δ applies to the

displacement gradient. Expanding in Voigt notation, we express the strain-displacement

relation as

ε =
∂A

∂y
a (B.7)

where ∂A
∂y is the strain-displacement matrix. And, a is the vector of nodal displacements.

Thus, the virtual strain is

δε =
∂A

∂y
δa (B.8)

Then, by rewriting this integral
∫︁
VRV E

δ
(︂
∂ ¯̄ui

∂yj

)︂
σij dY in Voigt notation

δεσT (B.9)

Substituting δε = ∂A
∂y δa, we get

∂A

∂y
aσT (B.10)
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However, in integral expressions, the conventional form for energy consistency is

∫︂
VRV E

δεTσ dY (B.11)

Since

δεT = δ

(︃
∂A

∂y
a

)︃T

(B.12)

Thus, in order for the integral to maintain proper multiplication order in Voigt notation, the

transpose appears as ∫︂
VRV E

δ

(︃
∂A

∂y
a

)︃T

σ dY (B.13)

Then, by using the linear elastic constitutive relation

σ = D
∂A

∂y
a (B.14)

where D is the material stiffness matrix. And, ∂A
∂y is the strain-displacement matrix. Then

by substituting this into the integral, we get

∫︂
VRV E

δ

(︃
∂A

∂y
a

)︃T

D
∂A

∂y
a dY (B.15)

Since δa is a virtual displacement, we factor it out

δaT
∫︂
VRV E

(︃
∂A

∂y

)︃T

D
∂A

∂y
dY a (B.16)

Recognizing that the stiffness matrix K of the RVE is defined as

K =

∫︂
VRV E

(︃
∂A

∂y

)︃T

D
∂A

∂y
dY (B.17)
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which simplifies to

δaTKa (B.18)

Now, let’s move to the second integral from Eq. (2.38) which is

∫︂
SRV E

δ ¯̄uiλi dΨ (B.19)

where δ ¯̄ui is the virtual displacement variation. λi is the Lagrange multiplier field (which

represents traction forces on the boundary). SRV E is the boundary surface of the RVE where

these tractions act. By taking the variation of Eq. (B.2), we get

δ ¯̄u = Aδa (B.20)

Since δ ¯̄ui represents the virtual displacement in tensor notation, we replace it with its cor-

responding matrix representation as

δ ¯̄ui = Aδa (B.21)

Thus, the integral becomes

∫︂
SRV E

δ ¯̄uiλi dΨ =

∫︂
SRV E

(Aδa)T λ dΨ (B.22)

Again, in order for the integral to maintain proper multiplication in Voigt notation, we take

the transpose in the previous integral. Since λ is a vector, taking the transpose of Aδa gives

δaTATλ (B.23)

We approximate the Lagrange multiplier field in Eq. (3.12), where G is the interpolation

function for the Lagrange multiplier field. And, h is the vector of unknown Lagrange mul-
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tipliers. Then, by substituting this into the integral (B.22), we get

δaT
∫︂
SRV E

ATGh dΨ (B.24)

We now define the matrix S as

S =

∫︂
SRV E

GTA dΨ (B.25)

By applying the transpose identity (GTA)T = ATG, then our integral simplifies to

δaTSTh (B.26)

From Eq. (2.38), the third integral is

∫︂
SRV E

δλi (ui − ψjgij) dΨ (B.27)

where δλi is the virtual variation of the Lagrange multiplier field. ui is the displacement

field. ψjgij represents the prescribed macroscopic displacement field. SRV E is the boundary

surface of the RVE. Then, from Eq. (3.11), we approximate the displacement boundary field

as

u = Aa (B.28)

Then, by substituting Eq. (B.28) into the integral (B.27), we get

∫︂
SRV E

δλ
(︁
Aa−ΨTg

)︁
dΨ (B.29)

where Ψ is global coordinate matrix associated with all k nodes on the surface of the dis-

cretized microstructure as in Miehe and Koch [36]. And, it’s defined as

Ψ =
[︂
Ψ1 Ψ2 · · · Ψk

]︂
(B.30)
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And, Ψ is a matrix that depends on the coordinates of the nodal point k in the reference

configuration, for example

Ψk =
1

2

⎡⎢⎢⎣
2y1 0

0 2y2

y2 y1

⎤⎥⎥⎦
k

(B.31)

In 2D Voigt notation, the displacement gradient tensor gij is represented as a 3-component

vector ( which is symmetric ) as the following

g =

⎛⎜⎜⎝
g11

g22

2g12

⎞⎟⎟⎠
Again, in order for the integral to maintain proper multiplication in Voigt notation, we take

the transpose in Ψ when multiplied by g.

In tensor notation, the third integral of Eq. (2.38) originally used index summation (dot

product), which is naturally scalar. However, when converting to Voigt notation (matrix

form), we switch to standard column-vector representation. λ is a column vector. And,

the expression (Aa − ΨTg) is also a column vector. For the integral to remain scalar,

the variation δλ must be written as a row vector before multiplying the column vector

(Aa−ΨTg). This is achieved by taking the transpose as

δλT
(︁
Aa−ΨTg

)︁
(B.32)

Then, by taking the variation of the Lagrange multiplier field in Eq. (3.12)

δλT = GTδhT (B.33)

Substituting this into the integral (B.32), we get

∫︂
SRV E

δhTGT(Aa−ΨTg) dΨ (B.34)
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Then, by expanding the terms

δhT

∫︂
SRV E

GTA dΨ a− δhT

∫︂
SRV E

GTΨT dΨg (B.35)

From Eq. (B.25), We define the matrix S. Similarly, we define the matrix Θ as

Θ =

∫︂
SRV E

GTΨT dΨ (B.36)

Using these definitions, our integral simplifies to

δhTSa− δhTΘg (B.37)

Now, collecting all terms

δaTKa+ δaTSTh+ δhTSa− δhTΘg = 0 (B.38)

where K is the stiffness matrix. S represents the coupling between displacements and La-

grange multipliers. Θ relates the Lagrange multipliers to the macroscopic displacement

constraints. a is the vector of unknown displacement degrees of freedom. h is the vector

of Lagrange multipliers. g represents the prescribed macroscopic displacement field. Since

this equation must hold for arbitrary virtual variations δa and δh, we can separate the terms

that multiply each of these variations. In terms multiplying δaT, we have

δaT(Ka+ STh) = 0 (B.39)

This must hold for all δa, so we conclude

Ka+ STh = 0 (B.40)
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In terms multiplying δhT, we have

δhT(Sa−Θg) = 0 (B.41)

Since this must hold for all δh, we conclude

Sa−Θg = 0 (B.42)

Sa = Θg (B.43)

We now can write these two equations as a single matrix system

[︄
K ST

S 0

]︄{︄
a

h

}︄
=

{︄
0

Θg

}︄
(B.44)

which corresponds to Eq. (3.13) in Section 3.2.

B.1.2 Uniform displacement gradient - Eq. (3.36)

We now derive the algebraic form of the RVE problem under uniform displacement gradient

boundary conditions. This is achieved by substituting Eq. (3.35), Eq. (3.24), and Eq. (3.25)

into Eq. (3.13). The resulting algebraic formulation of the RVE problem is given by Eq.

(3.13) as [︄
K ST

S 0

]︄{︄
a

h

}︄
=

{︄
0

Θg

}︄

From Eq. (3.24) and Eq. (3.25), we know that

K =

[︄
KII KIB

KT
IB KBB

]︄

S =
[︂
SI SB

]︂
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Similarly, we partition the displacement vector a in Eq. (3.23) as

a =

{︄
aI

aB

}︄

Substituting these into Eq. (3.13) gives

⎡⎢⎢⎣
[︄

KII KIB

KT
IB KBB

]︄ [︄
ST
I

ST
B

]︄
[︂
SI SB

]︂
0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

aI

aB

h

⎫⎪⎪⎬⎪⎪⎭ =

{︄
0

Θg

}︄
(B.45)

The expression of ST in Eq. (B.45) follows from the row-wise partitioning of S. Specif-

ically, S is structured as Eq. (3.25) , where SI corresponds to internal nodes and SB to

boundary nodes. Taking the transpose of S interchanges its rows and columns, transform-

ing it into a column-partitioned matrix

ST =

[︄
ST
I

ST
B

]︄
(B.46)

This structure is particularly relevant in the Lagrangian equation in matrix form Eq. (3.13),

where ST must conform to the partitioning of a into aI and aB. By adopting this form, the

multiplication STh results in a vector of the same dimension as a, ensuring compatibility

within the matrix equation. Consequently, transposing S requires the individual transposi-

tion of each block component, yielding ST
I and ST

B. Overall, we express ST in Eq. (B.45) as

given in Eq. (B.46) because S is originally partitioned row-wise, and its transpose naturally

converts it into a column-partitioned form. This transformation ensures proper alignment

for matrix multiplication with a, preserving the structural integrity of the equation.

let’s return back to Eq. (B.45). By expanding the matrix-vector product, we obtain two

separate equations. The first is equation for nodal displacement equilibrium

[︄
KII KIB

KT
IB KBB

]︄{︄
aI

aB

}︄
+

[︄
ST
I

ST
B

]︄
h =

{︄
0

0

}︄
(B.47)
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Breaking this into two separate equations for internal and boundary nodes

KIIaI +KIBaB + ST
I h = 0 (B.48)

KT
IBaI +KBBaB + ST

Bh = 0 (B.49)

The second is equation for Lagrange multipliers

[︂
SI SB

]︂{︄ aI

aB

}︄
+ 0 · h = Θg (B.50)

SIaI + SBaB = Θg (B.51)

Then, we substitute Eq. (3.35) into the previous equations (B.48) and (B.51). Thus, the

nodal displacement equilibrium equation (internal nodes) (B.48) becomes

KIIaI +KIBΨ
Tg + ST

I h = 0 (B.52)

Rearranging

KIIaI + ST
I h = −KIBΨ

Tg (B.53)

Similarly, the Lagrange multiplier equation (B.51) becomes

SIaI + SBΨ
Tg = Θg (B.54)

Rearranging

SIaI =
(︁
Θ− SBΨ

T
)︁
g (B.55)

Eq. (B.49) represents the equilibrium condition for the boundary degrees of freedom.

It comes from the system of equations derived from the finite element discretization of the

RVE problem, where KT
IB represents the interaction between internal (I) and boundary (B)

nodes. KBB corresponds to the stiffness contributions associated with the boundary nodes.

ST
Bh captures the contribution of the Lagrange multipliers. This equation ensures force
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equilibrium at the boundary nodes. One key aspect of the RVE problem is that boundary

nodes are not treated as independent unknowns. Instead, they are expressed in terms of

macroscopic displacement fluctuations. This is achieved using a homogenization constraint

as given in Eq. (3.35). By substituting aB = ΨTg into the equilibrium equation, we elimi-

nate aB as an independent variable. Now, substituting aB = ΨTg into Eq. (B.49) yields

KT
IBaI +KBBΨ

Tg + ST
Bh = 0 (B.56)

Since this equation does not introduce new independent unknowns (it only relates known

quantities), it does not contribute additional information needed to solve for aI and h. Thus,

it can be omitted from the final system without loss of generality. In overall, Eq. (B.56) was

neglected because boundary displacements are not independent variables but are expressed

in terms of the macroscopic deformation through aB = ΨTg. Substituting this relation

into the boundary equation does not introduce additional unknowns but instead expresses a

known relationship, which does not contribute new solvable equations. The key unknowns

in the final system are aI (internal displacements) and h (Lagrange multipliers), which are

already fully determined by the reduced system. Thus, we do not need to include this

equation (B.56) in the final system, as all necessary constraints and equilibrium conditions

are already enforced by the remaining equations.

Rewriting these equations (B.53) and (B.55) in a matrix form yields

[︄
KII ST

I

SI 0

]︄{︄
aI

h

}︄
=

{︄
−KIBΨ

Tg(︁
Θ− SBΨ

T
)︁
g

}︄
(B.57)

which corresponds to Eq. (3.36) in Subsection 3.2.1.

B.1.3 Uniform traction - Eq. (3.46)

We now derive the algebraic form of the RVE problem under uniform traction boundary

conditions. This is achieved by substituting Eq. (3.43) into Eq. (3.13) and using Eqs. (3.24)

and (3.25). The resulting algebraic formulation of the RVE problem after substituting all
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the partitioned matrices is given by Eq. (B.45) as

⎡⎢⎢⎣
[︄

KII KIB

KT
IB KBB

]︄ [︄
ST
I

ST
B

]︄
[︂
SI SB

]︂
0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

aI

aB

h

⎫⎪⎪⎬⎪⎪⎭ =

{︄
0

Θg

}︄

By expanding the given block matrix equation explicitly and multiplying the block matrix

with the vector in the first row, we obtain

[︄
KII KIB

KT
IB KBB

]︄{︄
aI

aB

}︄
+

[︄
ST
I

ST
B

]︄
h =

{︄
0

0

}︄
(B.58)

This expands into two equations

⎧⎨⎩KIIaI +KIBaB + ST
I h = 0

KT
IBaI +KBBaB + ST

Bh = 0
(B.59)

By multiplying the block matrix with the vector in the second row, we obtain

[︂
SI SB

]︂{︄ aI

aB

}︄
+ 0 · h = Θg (B.60)

Which simplifies to

SIaI + SBaB = Θg (B.61)

Thus, the final expanded system becomes

⎧⎪⎪⎪⎨⎪⎪⎪⎩
KIIaI +KIBaB + ST

I h = 0

KT
IBaI +KBBaB + ST

Bh = 0

SIaI + SBaB = Θg

(B.62)
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This fully expanded form presents a system of equations coupling the variables aI , aB, and

h. Due to SI , which is defined through the boundary integral and vanishes at internal nodes,

the final expanded system becomes

⎧⎪⎪⎪⎨⎪⎪⎪⎩
KIIaI +KIBaB = 0

KT
IBaI +KBBaB + ST

Bh = 0

SBaB = Θg

(B.63)

By substituting Eq. (3.43), the final expanded system becomes

KIIaI +KIBaB = 0 (B.64)

KT
IBaI +KBBaB + ST

BH
Tr = 0 (B.65)

SBaB = Θg (B.66)

By multiplying both sides of Eq. (B.66) by H, we get

HSBaB = HΘg (B.67)

Eq. (B.66) defines the relationship between the boundary displacements aB and the macro-

scopic traction-related term Θg, where SB is the matrix responsible for enforcing the bound-

ary conditions. The right-hand side, Θg, represents the imposed macroscopic strain. In Eq.

(3.43), the matrix H is introduced to ensure uniform boundary stress by interpolating the

boundary constraints using r, a vector containing two unknowns, r1 and r2. The key motiva-

tion for multiplying Eq. (B.66) by H is to reformulate the boundary displacement equation

in a manner that is compatible with the uniform traction condition. The matrix H has a

specific structure that couples boundary nodes that are images of each other, ensuring that

boundary conditions are imposed in a way that enforces uniform traction. This transfor-

mation eliminates unnecessary degrees of freedom, reducing the number of independent

equations while properly imposing the constraint. Overall, multiplying Eq. (B.66) by H

restructures the equation so that the uniform traction condition is naturally enforced. This
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approach ensures that boundary displacements are not prescribed explicitly but are instead

linked through H in a way that maintains stress uniformity. Additionally, it reduces the

number of independent unknowns, making the system more efficient while still satisfying

the necessary boundary conditions. By rewriting these equations (B.64), (B.65) and (B.67)

in a matrix form yields⎡⎢⎢⎣
KII KIB 0

KIB
T KBB SB

THT

0 HSB 0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

aI

aB

r

⎫⎪⎪⎬⎪⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
0

0

HΘg

⎫⎪⎪⎬⎪⎪⎭ (B.68)

which corresponds to Eq. (3.46) in Subsection 3.2.2.

B.1.4 Periodic displacement - Eq. (3.58)

We now derive the algebraic form of the RVE problem under uniform traction boundary

conditions. This is achieved by substituting Eq. (3.55) into Eq. (3.13) and using Eqs. (3.24)

and (3.25). The resulting algebraic formulation of the RVE problem after substituting all

the partitioned matrices is given by Eq. (B.45) as

⎡⎢⎢⎣
[︄

KII KIB

KT
IB KBB

]︄ [︄
ST
I

ST
B

]︄
[︂
SI SB

]︂
0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

aI

aB

h

⎫⎪⎪⎬⎪⎪⎭ =

{︄
0

Θg

}︄

By expanding the given block matrix equation explicitly and multiplying the block matrix

with the vector in the first row, we obtain

[︄
KII KIB

KT
IB KBB

]︄{︄
aI

aB

}︄
+

[︄
ST
I

ST
B

]︄
h =

{︄
0

0

}︄
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This expands into two equations

⎧⎨⎩KIIaI +KIBaB + ST
I h = 0

KT
IBaI +KBBaB + ST

Bh = 0

By multiplying the block matrix with the vector in the second row, we obtain

[︂
SI SB

]︂{︄ aI

aB

}︄
+ 0 · h = Θg

Which simplifies to

SIaI + SBaB = Θg

Thus, the final expanded system becomes

⎧⎪⎪⎪⎨⎪⎪⎪⎩
KIIaI +KIBaB + ST

I h = 0

KT
IBaI +KBBaB + ST

Bh = 0

SIaI + SBaB = Θg

This fully expanded form presents a system of equations coupling the variables aI , aB, and

h. Due to SI , which is defined through the boundary integral and vanishes at internal nodes,

the final expanded system becomes

⎧⎪⎪⎪⎨⎪⎪⎪⎩
KIIaI +KIBaB = 0

KT
IBaI +KBBaB + ST

Bh = 0

SBaB = Θg

By substituting Eq. (3.55), the final expanded system becomes

KIIaI +KIBaB = 0 (B.69)
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KT
IBaI +KBBaB + ST

BH
Tw = 0 (B.70)

SBaB = Θg (B.71)

By multiplying both sides of Eq. (B.71) by P, we get

PSBaB = PΘg (B.72)

Eq. (B.71) enforces that the boundary nodal displacements are constrained by the macro-

scopic displacement gradient. SB is the matrix responsible for enforcing the boundary

conditions. It relates nodal displacements to boundary constraints. aB represents the dis-

placements at the boundary nodes. This term Θg represents the macroscopic displacement

gradient imposed on the RVE boundary due to the applied macroscopic strain. The matrix

Θ ensures that the macroscopic strain g is consistently applied. The main reason for mul-

tiplying both sides by P is to reduce the number of degrees of freedom while ensuring that

periodicity constraints are properly enforced. This comes from the periodic boundary con-

dition assumption Eq. (3.53). P a matrix that enforces periodicity by reducing the number

of independent boundary nodes. Periodic boundary conditions state that displacements at

periodic boundary pairs must be linked. That means for every node at Ψ+, there exists a

corresponding node at Ψ− such that their relative displacement follows a specific pattern

dictated by the macroscopic deformation g. By multiplying by P, we remove redundant de-

grees of freedom and ensure that only independent boundary conditions are retained. Math-

ematically, the matrix P has a structure where each row has two non-zero entries: +1 for a

node on one boundary and −1 for its corresponding periodic image. When we multiply P

by SBaB, we enforce the periodic displacement condition by eliminating redundant bound-

ary constraints. Thus, after applying P, the equation enforces the periodicity constraint by

eliminating redundant degrees of freedom. In overall, this transformation is important for

obtaining a solvable system that correctly incorporates periodic boundary conditions while

maintaining mathematical consistency. By rewriting these equations (B.69), (B.70) and
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(B.72) in a matrix form yields

⎡⎢⎢⎣
KII KIB 0

KIB
T KBB SB

TPT

0 PSB 0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

aI

aB

w

⎫⎪⎪⎬⎪⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
0

0

PΘg

⎫⎪⎪⎬⎪⎪⎭ (B.73)

which corresponds to Eq. (3.58) in Subsection 3.2.2.
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