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Abstract

Online Steiner Cover Problems in Hypergraphs

Joey Byrne

The online Steiner cover problem in hypergraphs (OSCH) is a generalization of the online
Steiner tree problem in graphs. An edge-weighted hypergraph H = (V, E, w) is given offline and
a set of terminal vertices R C V is requested sequentially online. Upon receiving each request
r; € R an algorithm for the problem must buy some edges P; C E which connect r; to the previous
solution. The solution after satisfying the i request is then the union over all edges bought up to that
point, F; = U§:1 P;. The goal is to minimize the total cost of the solution to connect the requests,
ie., for |[R| = nlet F = F,, then we want to minimize ) ., w(e). The generalized OSCH
(GOSCH) is a generalization of both the OSCH and the Steiner forest problem in graphs. Again,
we are given an edge-weighted hypergraph H = (V, E, w) offline, but instead of a set of terminals
as the online portion of the input we are given a set of terminal pairs R C V' x V. Upon receiving
the i request pair p; € R an algorithm for this second problem must buy some set of edges P; C E
which connect the terminals from p;. We define the instantaneous solution after connecting request
p; as before, so F; = U§:1 P; and the final solution is again denoted F' = F;, for a request sequence
of size | R| = n. The worst-case performance of an online algorithm is measured by the competitive
ratio, which is the ratio between the cost of a solution obtained by the online algorithm to that of
an optimal offline solution. Besides some simpler preliminary results, we obtain a lower bound on
the competitive ratio for OSCH (which also applies to GOSCH) of Q2(klog n), where k is the rank
of the hypergraph, and a matching upper bound for the simple Greedy algorithm. For GOSCH we
show that the simple Greedy algorithm is O(k log? n)-competitive and provide another algorithm,

called GGSC, which achieves a competitive ratio of O(klogn).
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Chapter 1

Introduction

Graph theory provides us with a rich and powerful mathematical model to analyze a large variety
of real world problems. Nearly all problems which deal with a finite set of objects and pairwise
relations between them can be conceptualized into a graph problem in a quick and simple way.
Formally, a graph G is a pair (V, E), where V' is a set of vertices representing objects, and E is a
set of edges representing pairwise relations between the objects. Each edge e € E is a subset of V'
of size 2, i.e., e = {u, v} represents that there is a relation between u and v. From social networks
and the internet to building roads and planning trips, after studying graphs one might find that they

appear almost everywhere.

What if we want to study the connection of a group of points in some network, only to find
that the relations are more complex than what can be seen between any two objects? For example,
in a social network there are many ways that a user profile can be influenced by another: if they
are friends then they might share a pairwise relation, but if they share a common interest but have
never met they may still notice each others posts and find interest in what the other has to say. This
common interest is possible to model by including topics pages in a social network, where people
may follow each other but also follow a topic or group. These two relations are not the same, and
nor should the model used to study them be the same. A group of users in a social network who

follow a given topic is often called an online community, and this represents a subset of users who



may or may not know each other yet who interact in ways which aren’t explained simply enough by
pairwise relations. Trying to model these scenarios, one is naturally led to consider the concept of
hypergraphs. A hypergraph H is also a pair (V, E'), where V' is a set of vertices representing objects
of interest, similarly to ordinary graphs. Unlike ordinary graphs, in a hypergraph H the set E' is a
set of hyperedges, where each hyperedge e € E is a subset of V' (not necessarily of size 2), i.e.,
e C V. Thus, for the scenario just discussed, each edge e would correspond to the community of

users of a given topic. The rank of a hypergraph is the size of the largest edge.

This thesis is concerned with Steiner-style problems in hypergraphs in the online setting. Before
we discuss our contributions, we need to explain these terms. In ordinary graphs, the Steiner tree
and Steiner forest problems are classical combinatorial optimization problems with wide-ranging
applications in social networks [50] [30], systems modeling [50] [29], biological networks [30],
urban transit networks [29], just to name a few. Given a graph with edge weights and a subset of
vertices called terminals, the Steiner tree problem seeks the minimum-weight connected subgraph
that spans all terminals, potentially including non-terminal vertices (Steiner vertices) to reduce cost.
The Steiner forest problem generalizes this by allowing multiple terminal pairs or groups, aiming
to connect each specified pair or group within the smallest total edge weight. Both problems are

NP-hard and have inspired a rich body of research in approximation algorithms and heuristics.

Online algorithms are a class of algorithms designed to make decisions sequentially, without
knowledge of future inputs. Unlike offline algorithms, which have access to the entire input up-
front, online algorithms must process information as it arrives, often under strict time or resource
constraints. This setting naturally arises in many real-world scenarios such as caching, scheduling,
and network routing. The performance of an online algorithm is typically analyzed using compet-
itive analysis, which compares its output to an optimal offline solution. Designing effective online
algorithms requires balancing adaptability with foresight, making it a rich area of theoretical and

practical research.

To the best of our knowledge, the analogues of the Steiner tree and Steiner forest problems

on hypergraphs have not been considered in the online setting, despite the fact that for ordinary



graphs both online Steiner tree and online Steiner forest problems have received a fair amount of
attention [39, 2, 31, 6, 13]. This thesis aims to narrow this gap. More specifically, we introduce
and study a variant of the online Steiner tree problem but for the setting of hypergraphs, and we
call it online Steiner cover problem in hypergraphs (OSCH). We note that the term Steiner tree is
no longer appropriate in the hypergraph setting, as it is possible that no hypertree solution exists
for a given instance. Similarly, we introduce and study the extension of online the Steiner forest
problem, also called the generalized Steiner problem in graphs, to the setting of hypergraphs. We
refer to this problem as the generalized online Steiner cover problem (GOSCH). A simple reduction
is described in Chapter 5 showing that the GOSCH is a generalization of the OSCH. The main
difference between the two problems is that in OSCH the requests come one by one, where the first
request is considered the root node, whereas in GOSCH the requests come in pairs. The reduction
simply takes each request in the OSCH and pairs it with the root node, giving an input compatible

with the GOSCH setting.

Besides being natural online problems, the study of OSCH and GOSCH can be motivated by
the following application in recommendation systems for social networks. Let’s say you are trying
to decide what content to recommend to the users of a social network. Obviously recommending
community content to members of each community would be effective, but if that is the entirety of
a users recommendations they might quickly become bored of seeing the same type of content over
and over again. If we want to recommend content outside of a user’s regular consumption, we can
include them as a terminal request in a Steiner cover of the network alongside the profiles whose
content they have consumed in the past outside of their regular community sources. In addition,
the Steiner points (nodes covered by the solution which were not terminals) can be seen as more
users to recommend content to. The edges in the solution are the online communities from which
the recommendations can be sourced for these users. The connectivity requirement ensures that
these recommendations are close to the users interests in some way, so that the recommendations

are sufficiently appropriate for them.

In addition, the concatenation phase of obstacle-avoiding Euclidean Steiner tree problem (OAST)

in ordinary graphs can be formulated as a Steiner tree problem in hypergraphs [68, 62], indicating



that the algorithms we develop in the hypergraph setting can be used as sub-routines in variants of
Steiner problems for ordinary graphs. The OAST has applications in VLSI design, where some ob-
jectives are the minimization of wire lengths within the chip’s circuits and minimizing the distances

between chip components which communicate frequently.

Our contributions. We show a lower bound of Q(k log n) on the competitive ratio of deterministic
algorithms for OSCH on hypergraphs of rank k. We also prove that the natural greedy algorithm
achieves a matching upper bound. For GOSCH on hypergraphs of rank k, we show that the natural
greedy achieves the bound of O(k%logn) and we demonstrate how to modify the algorithm to
achieve the tight bound of O(k logn). Note that results for ordinary graphs follow from our results
by setting £ = 2. Our lower bound result introduces a new construction and, thus, it is an original
contribution. Our proofs of upper bounds heavily rely on the framework and tools from the online
Steiner tree and forest literature and are less original. Nonetheless, we can say that our contribution
with regards to the upper bounds is two-fold: first, we fill in some details missing in original proofs,
and second, we precisely identify and perform the required modifications for values of k larger than
2. The identification of necessary modifications from k = 2 to larger values of & is non-trivial
due to the complexity of the primal-dual framework used to establish the upper bound for GOSCH.
Whenever a theorem or a lemma appeared before in the literature we give a citation next to it, e.g.,

Theorem ([citation]). Theorems and lemmas without citations are original contributions.

Organization. The rest of this thesis is organized as follows. Chapter 2 goes over the requisite
definitions more formally and introduces some useful algorithms and the analytic tools implemented
here. Chapter 3 goes over the previous work on Steiner problems in graphs in the offline and
online setting, as well as some related problems on hypergraphs. Our contributions for the OSCH
problem appear in Chapter 4. Chapter 5 contains our contributions for the GOSCH problem. Finally,

Chapter 6 ends with a recap of the results and some discussion on future work.



Chapter 2

Preliminaries

Here we provide the necessary definitions, algorithms, and results that will be needed in the
rest of the thesis. We begin with formally defining online algorithms in Section 2.1, graphs in
Section 2.2, and hypergraphs in Section 2.3. Then we discuss the Depth-First Search algorithm in
Section 2.4, the Breadth-First Search and Dijkstra’s algorithms in Section 2.5. In Section 2.6, we
discuss Steiner tree and forest problems in graphs, and give an example to illustrate why it is no
longer appropriate to call the problem Steiner tree or Steiner forest, respectively, when extending
them to hypergraphs. We present greedy algorithms for the Steiner tree and Steiner forest problem
in graphs in Section 2.7. Following this we provide the Linear Programming framework and Primal-

Dual analysis method in Section 2.8.

2.1 Online Algorithms

The study of online algorithms concerns itself with problems whose input is not given in its
entirety from the beginning, but which arrives sequentially; piece by piece. Any algorithm designed
to solve such problems must make an irrevocable decision upon receiving each portion of the input
before the next one is revealed to it. The worst-case analysis of these problems is likened to a game

between an algorithm, designed to solve any instance of a problem, and an adversary, who may



design an input sequence with the knowledge of which decisions the algorithm will make.

For an optimization problem, the performance of an algorithm is measured by taking the ratio
of the value it achieves on the adversarial input with the optimum value achievable in an offline
setting (when the entire input is available in advance). More specifically, let R = (r1,72,...,75)
be a sequence of requests for an online minimization problem. Let ALG be an online algorithm';
the value of the objective achieved by ALG on R is denoted by ALG(R). We use OPT to denote
an optimal offline algorithm with O PT'( R) having similar meaning to ALG(R). We say that ALG

achieves competitive ratio p if there exists a constant c such that for all inputs R we have:

ALG(R) < p-OPT(R) +c.

If ¢ = 0 then we say that ALG achieves strict competitive ratio p. If ALG achieves competitive ratio
p (respectively, strict competitive ratio p), we refer to ALG as being p-competitive (respectively,
strictly p-competitive). Then the competitive ratio of ALG, denoted by p(ALG), is defined to be
the infimum over p such that ALG is p-competitive. An algorithm who achieves a ratio of p in this

way is said to be p-competitive.

This online framework can in some cases prove more practical than traditional offline algo-
rithms, where the input is given from the start and an algorithm can perform any sort of preprocess-
ing before attempting to compute a solution. For example, what if the amount of input is exceedingly
large and the available storage is quite small? In this case an algorithm could not preprocess all the
input at once, so it would have to decide what to do with the input it has before moving on to the
next batch. Another example would be if the problem is intractable, then even small input instances
would require an unrealistic amount of time to provide a solution. In this case, it makes sense to
avoid an exact solution in favor of an approximation. To study the online version of the problem and
determine the competitive ratio would then be equivalent to determining the approximation ratio of

an algorithm which doesn’t sort or search through the input beforehand. Although online algorithms

'In this thesis we deal exclusively with deterministic algorithms.



almost always fail to provide optimal solutions, they surprisingly often provide some of the best ap-
proximation guarantees. For more background on online algorithms, we refer an interested reader

to the monograph of Borodin and El-Yaniv [16].

2.2 Graphs

A graph, G = (V, E), is a set of points, or vertices, nodes, denoted V' along with a set of lines,
or edges, arcs denoted F, containing pairs of vertices. If two vertices u,v € V are joined by an
edge e = {u, v}, then we say u and v are adjacent vertices, or that u is adjacent to v, or vice-versa.
We also say that the edge e is incident on w and v. If in a given graph there is a sequence of vertices
{u;}, and edges {ej}?:_l alternating in this way: ug, €g, U1, €1, ..., €n_1, Uy, for some n > 1
with e; = {u;,u;+1}, then we say the vertices ug and u,, are connected. The set of edges in the
sequence is a called a walk from ug to u,, in G. The length of the walk is the number of edges in the
sequence. If every edge in the walk is unique, then it is called a path, if every vertex is unique except
for ug = w, then it is called a cycle. Some graphs can include edge-weights, G = (V, E, w) where
w : E — R, node-weights where w : V' — R. Then we can describe the weight of a path P as
w(P) = > cpw(e) for edge-weighted graphs, or w(P) = >, . p w(v) for node-weighted graphs.

For more information about graph theory, we recommend consulting the text by Harary [37].

2.3 Hypergraphs

A hypergraph is a pair H = (V, E), where V is the set of vertices and E C 2V is a set of
hyperedges. Sometimes we refer to vertices and edges of hypergraph H by V(H) and E(H),
respectively. It is a generalization of a graph in which the edges become subsets of the vertices of
arbitrary size, instead of containing strictly 2 nodes. In a simple hypergraph, no hyperedge may be
a proper subset of another. When it is clear that we are talking about hypergraphs and not ordinary

graphs, we will refer to the hyperedges as simply edges of H.



The rank of a hypergraph H, denoted by rank(H ), is the size of its largest edge, i.e., rank (H) =
maxcp(g) |e]. Similarly, if the rank of a hypergraph is k& we may say that it is k-restricted. Addi-
tionally, if every edge has size k, we say that the hypergraph is k-uniform. Note that every simple

ordinary graph is then a 2-uniform hypergraph.

A walk in a hypergraph H = (V| E) is a sequence of alternating vertices and edges from V' (H)
and E(H), (v1,e1,v2,€2,...,€mn_1,0y) Where each v;,v;11 € e; for every i € [m]. The vertices
and edges may repeat any number of times, and we say that the length of the walk is the number
of edges in the sequence. A path in a hypergraph is defined as a walk which does not repeat any
vertex, and a cycle is a walk which does not repeat any vertex except that v; = v,,. A hypergraph is
called connected if for every pair of vertices s,t € V(H) there is a path P starting at s and ending

at t. The distance between nodes u, v € V(H) is the length of a shortest path connecting u and v.

An edge-weighted hypergraph is a triple H = (V, E, w) where V and E are defined as before,
and w : F — Ris a function from the edge set of H to the real numbers. We will consider only non-
negative edge-weighted hypergraphs, so w : E — R>o. We call w(e) for some e € E the weight of
edge e in H, but sometimes it is referred to as the cost of the edge, especially in the context of an
algorithm selecting edges to include in a solution. Also, the weight of a hypergraph can be defined
as the sum of its edge weights, w(H) = > c gy w(e), and the same can be done for any set of
weighted edges, such as a subset of E(H) for some weighted hypergraph H. All hypergraphs can be
interpreted as edge-weighted hypergraphs, by simply taking the weight function to be w : E — {1}
when no weight function is specified. The notions of walks, paths, and cycles are the same for
weighted hypergraphs, but in addition to the length being the number of edges we can define the
weight of these objects as the sum of their edge-weights, i.e., for a path P = (v1, €1, ..., €m, Umt1)
the weight of the path would be w(P) = >, w(e;). The distance between nodes in a weighted
hypergraph is then the minimum weight among the paths between them,

distg(u,v) = min w(P
H( ) {P| P is a path between u,v € V(H) } ( )

Adjacent vertices in a graph, those connected by a single edge, are sometimes referred to as



neighbors. Expanding on this, we can define the neighborhood of a vertex, sometimes denoted

N (v) for a vertex v € V/, as the subset of vertices in the graph which are adjacent to it,

N(v)={u € V(H):Je € E suchthatu,v € e}.

For a comprehensive introduction to hypergraphs, we refer an interested reader to the book by

Berge [12].

2.4 Depth-First Search

The depth-first search algorithm (see, for example, this classical textbook [21]) in graphs is
shown below, it traverses a graph by following a path of unvisited vertices as far as possible, then
once it has no more options it reverts back to the last seen node which had unvisited neighbors and
continues. To achieve this, we can mark nodes with labels to determine whether they have been
discovered but not explored, explored fully, or neither. It proves useful in the analysis of the greedy
algorithm for Steiner trees. The DFS algorithm is often used to explore the connected components

of a graph.

Algorithm 1 Depth-First Search (DFS)
1: procedure DF'S(G,v)
2: Mark v as discovered
for every edge {v,u} do
if u is unmarked then
DFS(G,u)

Mark v as explored

AN A

Here is the same algorithm (the same method of traversal) in hypergraphs. The main difference

is that each edge now contains multiple vertices to choose where to proceed from.



Algorithm 2 Hypergraph Depth-First Search (HDFS)
1: procedure DF'S(H,v)
2: Mark v as discovered

3 for every edge e such that v € e do

4 for every u € e such that u # v do
5: if v is unmarked then

6 DFS(H,u)

7 Mark v as explored

A property that will prove helpful in the coming analysis is the number of times DF'S and
HDFS traverse a given edge. DF'S will traverse each edge in a connected component exactly
twice; the first time exploring deeper into the component, and the second time while retracing its
steps to explore the next path. This is generalized in the H DF'S, as each edge e is traversed at most
2(]e| — 1) times; going between each of the vertices contained in the edge in search of all paths

outwards from that edge before retracing its steps.

2.5 Breadth-First Search and Dijkstra’s Algorithm

The breadth-first search algorithm visits all neighbors of a given vertex before moving on to the
next node. This splits up the traversal in ”waves” where in each wave we explore nodes further from
the source than the last (in terms of number of edges between the current node and the source, not
necessarily the weight of the path). This is useful for computing the single-source shortest paths of
an unweighted graph. Let () be a queue, which is a data structure similar to a set but which maintains
FIFO (First In - First Out) order. Some important function calls of the queue data structure are the
pop function, which deletes and returns the first element of the queue, and the enqueue function,

which inserts an element to the end of the queue. [21]

10



Algorithm 3 Breadth-First Search Algorithm
1: procedure BFS(G = (V,E),s€V)

2: Q + {S}

3: for uw € V do

4: d(u) + o0

5: d(s) «+ 0

6: while @) # () do

7: u + Q.pop()

8: for e = {u,v} € Edo
9: if d(v) = oo then
10: Q.enqueue(v)
11: d(v) < d(u) +1
12: return d

The BFS algorithm can be implemented with some modifications in order to compute the single-
source shortest paths in a graph with non-negative edge weights. This implementation is referred to
as Dijkstra’s algorithm, after its inventor Edsger Dijkstra. The implementation of BES by Dijsktra’s
algorithm must keep a priority queue of all nodes in the graph. This implementation will make use
of a priority queue, which is a data structure built up from the queue seen in the BF'S algorithm, but
where the elements are added with a given priority value which determines their relative ordering.
The priority of each node in the queue is initialized as oo (besides the source node whose priority
is initialized to 0) which will ultimately correspond to its least distance from the source. This is
updated when the node is encountered in the traversal the first time, then each subsequent time it is
encountered if the update would result in a lesser distance. It can also prove useful to keep track of
the predecessor within this shortest path separately, in order to reconstruct the actual sequence of
edges of the shortest path. Once a vertex becomes is next in the priority, it can be removed from
the queue before its neighbors are explored. The algorithm terminates once the queue is empty,
and the values returned are the list of shortest path distances and the list of predecessors along the

corresponding shortest paths.

11



Algorithm 4 Dijkstra’s Shortest Path Algorithm
1: procedure DUKSTRA(G = (V, E,w),s € V)

2: Q<+ 0

3: for u € V do

4: d(u) + o0

5: Q — QU {(u,d(u))}

6: w(u) + @

7: d(s) ~0

8: update d(s) for s € @

9: while Q # () do

10: u, d(u) < ming) {(v,d(v)) € Q}
n Qe Q\ {(ud(u)

12: for e = {u,v} € Edo

13: if d(v) > d(u) + w(e) then
14: d(v) « d(u) + w(e)

15: m(v) < u

16: update d(v) forv € Q
17: return (d, 7)

The BF'S and Dijkstra [21] algorithm are often used to test the connectivity of a graph, since
if the graph is connected each vertex would have been marked as explored or have a given shortest
path in the distance array at the end of the procedure. In undirected graphs this can be checked
no matter which vertex is chosen to be the source node. In order to get a hypergraph variant of
Dijkstra, we simply replace the for loop starting on line 12 with a nested loop in which the outer
loop iterates over every edge e € E that contains u (as set in line 10), and the inner loop iterates

over every neighbor of v in edge e.

12



Algorithm 5 Dijkstra’s Shortest Hyperpath Algorithm
1: procedure HDUUKSTRA(H = (V, E,w),s € V)

2: Q<+ 0

3: for u € V do

4: d(u) + o0

5: Q+— QU{(d(u):u)}

6: w(u) + @

7: d(s) ~0

8: update d(s) for s € Q

9: while Q # () do

10: u < ming,){v € Q}

11: Q<+ Q\{d(u):u}

12: forec E:ucedo

13: forvee:v#udo

14: if d(v) > d(u) + w(e) then
15: d(v) + d(u) + w(e)
16: m(v) « u

17: update d(v) forv € @
18: return (d, )

2.6 Steiner Problems from Graphs to Hypergraphs

In the online Steiner Tree problem on graphs, the input is split between an online and offline
portion. Offline, we are given the graph itself, G = (V, F,w), and online we are then presented
with the terminal request sequence, R = (r1,r2,...,7,), where r; € V for each ¢ € [n]. Unless
otherwise stated, we will denote |V'| by N. Upon receiving each request an online algorithm for
this problem must make a decision, it must choose which edges to include in the solution in order

to connect the current request to the previous ones.

Problem Definition 6 Online Steiner Tree
Input
G = (V, E,w) an edge-weighted graph w : E — R, offline.
R = (r1,...,ry) — request sequence where r; € V' Vi € [n]; given online.
Output
F; C E on request 7, s.th. UZ F; is a connected component with
Vr € R3e € |J, F, suchthatr € eand (-, F; = 0

Objective
minw(F) = > . pw(e), i.e., minimize the total edge weight of the solution.
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For the online Steiner forest problem on graphs, the input is split similarly to the Steiner tree
variant. In fact, the offline portion of the input is exactly the same. However, the online request

sequence is now pairs of terminals, R = (p1,p2, ..., pn) Where p; = (s;,t;) for s;,t; € V Vi € [n].

Problem Definition 7 Online Steiner Forest
Input
G = (V, E,w) an edge-weighted graph w : F — R, offline.
P = {p1,...,pn} terminal pair sequence p; € V x V for i € [n] online.
Output
F; C E on input p;, set of hyperedges connecting the terminal pairs p;, 1 < 7 <.

Objective
minw(F) =) . w(e), i.e., minimize the total edge weight of the solution, where
F =J!_, F; a sub-hypergraph of H containing all requested terminals.

In Chapter 4 we define a generalization of the Steiner tree problem where the input graph is
instead a hypergraph, and in Chapter 5 we similarly consider the Steiner forest generalization in the

hypergraph setting.

When dealing with ordinary graphs, if we consider only positive edge-weighted graphs, the
optimal solution is necessarily a tree. It is noteworthy that in the hypergraph setting we cannot
in general restrict the solution to be a hypertree while maintaining connectivity of the requests.

Figure 2.1 demonstrates how it is possible that an input instance has no hypertree solutions.

2

uy 2

T4

Figure 2.1: An example input where the solution cannot be a hypertree.

The vertices of the hypergraph H = (V, E, w) in Figure 2.1 are shown as dots labeled r1, 79, 73, u1, ug

and r4. The hyperedges are represented by the colored regions enclosed by curves: {ry, 7o, ui }, {re, rs, us}
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and {u1,ug,74}. For the online request sequence R = (ry, 72,73, 74), the only solution is to buy
all edges which introduces a cycle (r1, 72,73, ug, r4,u1,71). The fact that OPT is always a tree
does not generalize to the hypergraph case, where even the offline problem of deciding if a given
set of terminals has a hypertree solution is NP-complete [38]. For this reason we do not include the
constraint that the solution must be a hypertree, but view it as a result of the minimization constraint

in ordinary graphs.

2.7 The Greedy Family of Algorithms

The greedy algorithm is not in fact a single algorithm, but it is a family of algorithms which
evade strict formal definition. A simple way to think of them is as algorithms which make decisions
based on some optimal choice in the moment. So, for a minimization problems like the Steiner
problems in graphs, the greedy algorithm can be one which selects the shortest path (the path of
minimal edge weight) to satisfy the connection requirements and includes those edges in the solu-
tion. The shortest paths are computed between the current request and all previous requests for the

current step. Since the solution is a tree this satisfies the connection requirements perfectly well.

Algorithm 8 Online Greedy Steiner Tree Algorithm
1: procedure GreedyST(G = (V, E,w), R)
2: 142
3 while i < n do
4 Compute the shortest path P in G connecting r; to 71 >PCFE
5 S+~ SuUP
6: fore € Pdo
7
8
9

w(e) < 0
1+ 1+1
return S

The greedy algorithm for the online Steiner forest problem now needs to connect pairs of ver-
tices in each request, so it only needs to compute the shortest path between each pair of nodes as
they arrive. The connection requirements are more strict in the sense that the set of paths to choose

from is much smaller, but less strict in that the final solution can be a tree, where all requests are
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connected to each other, or a set of paths connecting only the pairs within each request, or anything

in between.

Algorithm 9 Online Greedy Steiner Forest Algorithm
1: procedure GreedySF(G = (V, E,w), R)

2: 141

3 while i < n do

4 Compute the shortest path P in G connecting s; to t; >PCE
5 S« SUP

6: fore € P do

7 w(e) « 0

8 1 1+1

9 return S

When adapting these greedy algorithms to accept hypergraphs as input instead of just ordinary
graphs, the main difference is in the implementation to compute the shortest paths. For example,
using H Dijkstra (Algorithm 5) instead of Dijkstra (Algorithm 4). The term Greedy is used in
Chapter 4 to refer to the adaptation of Algorithm 8 to hypergraphs, and in Chapter 5 to refer to the

adaptation of Algorithm 9 to hypergraphs.

2.8 Linear Programming and Primal-Dual Analysis

Linear programming (we refer the interested reader to the classical text [21] for a gentle intro-
duction) not only has practical applications in many industries, but is also a useful analytical tool.
A linear program (LP) comprises a linear equation, called the objective function, and a set of lin-
ear inequalities, called the constraints. The goal is to optimize the objective function (maximize of

minimize) while satisfying all the constraints. For variables x; and coefficients c;; a minimization
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LP would look like this,

n
minimize: Z cjTj
j=1
n
subject to: Z a;jx; > b; for i € [m]
j=1

xzj > 0for j € [n]

where [n] = 1,2,...,n. A solution which satisfies all the constraints is called feasible, and one
which is feasible and obtains the optimal value is called an optimal solution. Related to this LP is
another, called the dual LP (the original can thus be called the primal LP). When the primal LP is
a minimization problem, then the dual LP is a maximization problem and vice-versa. The dual for

the above example looks like this,

m
maximize: E biyi
i=1

m
subject to: Z a;jy; < ¢ for j € [n]
i=1

y; > 0fori € [m]

We will sometimes employ the vector notation for the above. Observe that the objective function
and each constraint have the form of a vector dot product. If we define a vector ¢ = (cy, co, .. ., cn)
to represent the coefficients in the objective function and #7 = (x1,z2,...,,) to represent the

variables then we can obtain the objective value by computing the vector product ¢’ - Z. Similarly,

we define for the vector for the RHS of the constraints b7 = (b1,...,by) and the dual variables
7' = (Y1, .., ym). The objective value of the dual is the same as the product bl 4. The constraint

coefficients can be obtained by defining a matrix A, x, = [aij], then the dual constraints matrix is
simply the transpose A7 = [aj;] and the primal and dual constraints can be expressed, respectively,

as follows

e primal constraints: AZ > b
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* dual constraints: ATy < &

An important result in the study of linear programming is the strong duality theorem, which

establishes that the optimal solutions to the primal and dual (when they exist) are equal.

Theorem 2.8.1 (Strong duality theorem). Let & be an optimal variable assignment to a LP, then

there exists an optimal variable assignment j for the corresponding dual and

=

&.oz=0p .7

'Y
i.e., the optimal objective values of the primal and dual LP are equal.

One direction of the above theorem is known as the weak duality theorem, namely, the inequality
& .z>0b- 1/, which holds more generally whenever & and i are feasible solutions to primal and

dual (regardless of whether optimal solutions exist or not).

When the variables are further constrained to take on only integer values, the corresponding
program is called an integer linear program, or integer program (IP) for short. An integer program
can be relaxed, that is to say the integrality constraints removed so that the variables can take on
any real value within the same bounds, and the result is called the LP-relaxation of the IP. If the
optimal value to a minimization IP is z;p and to the corresponding LP-relaxation is zy p, then the
value Z—I’j is called the integrality gap between the IP and its LP-relaxation. Let z7p and 2] , be
optimal solutions to the dual IP and dual LP-relaxation, respectively. Since every IP is also an LP,
we can apply the weak-duality theorem to determine that the inequality 27, < 2} p holds. Also, let

ALG be the approximate (feasible) solution of some online algorithm to the primal IP.
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dual integrality gap integrality gap

Z;P ZIp =O0OPT
@ ® ® ®
ZLP:zzp ALG

R

IP feasibility gap

Figure 2.2: Relations between the optimal objective values for an IP, its LP-relaxation, their respec-
tive dual solutions, and an arbitrary approximation for the objective value of the primal IP.

So given a feasible solution to the primal minimization IP, it is possible to bound the competitive
ratio of an online algorithm by the ratio of the value obtained by that algorithm, ALG, over the value

of some offline feasible dual solution for the LP-relaxation, 27 p, i.e.,

ALG = ALG
1< <

zip T Zpp

Interestingly, this gives us a way to possibly determine the competitive ratio of an online algorithm

without any knowledge or assumptions about an offline optimal solution.

The following is a very useful fact about primal-dual analysis,

Theorem 2.8.2. If a feasible primal solution (for a minimization LP) can be partitioned into o
classes such that for each class we can construct a feasible dual solution that achieves objective
value within factor [ of the corresponding primal objective value (for that class), then the ratio

between the primal solution and the total sum of feasible dual solution objective values is at most

a- f.

This theorem gives us a tool to analyze LP problems without worrying about optimal objective
values, so it will consequently prove quite useful. In particular, it will allow us to bound the com-
petitive ratio of an online algorithm for an LP primal by simply providing an algorithm for the dual

LP.

Proof. Let I be a feasible variable assignment for the primal LP, and partition this assignment into

19



« classes Z; for i € [o. Clearly each Z; is feasible. Then

Now let ¢; for i € [«] be a collection of feasible dual variable assignments corresponding to the
variables assigned in each class ;. Since each such dual solution is feasible and each class of
the primal solution is feasible, each dual solution is bounded above by the corresponding primal

solution. Let 3 be the maximum such bound, then
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Chapter 3

Related Work

In this chapter we briefly visit some previous work relevant to this thesis. We begin in Sec-
tion 3.1 with the first occurrence of the Steiner problem in graphs, where the input is given offline.
Following this, in Section 3.2 we look at the main results from the online setting of the Steiner
problem in graphs. In Section 3.3 we look at some work done in the generalized online Steiner
problem (still in graphs). Finally, in Section 3.4 we see some interesting results for some related

offline problems in the hypergraph setting.

3.1 Offline Steiner Problems

The earliest formulation of the Steiner problem in graphs is attributed independently to Hakimi [36]
and Levin [47] in 1971. It was later revealed by Karp [42] to be NP-complete in 1972. Many exact
and approximation algorithms for the Steiner problem in graphs are known. Dreyfus and Wag-
ner [26] provided a first exact dynamic programming algorithm for the problem with time com-
plexity O(3/%!|V|), where R is the set of terminals and V the set of vertices, which has since been
improved (Bjorklund et al. [14], Nederlof [52], and Vygen [64]). The best combinatorial approxi-
mation algorithm so far is by Robins and Zelikovsky [57], with an approximation ratio of 1.55 + €.

The best approximation ratio to date is 1.39 + € and was first discovered by Byrka et al. [17], then
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the same bound was achieved with a more efficient algorithm by Goemans et al. [33]. The simpler
approaches of greedy and MST heuristic give approximation ratios of 2. The LP based algorithm by
Goemans and Williams give a 2 — %‘ approximation. A recent survey was prepared by Ljubi¢ [48]
going into further detail on the latest advances in the offline variants of the problem. For a survey

of earlier work on the problem, there are surveys by Maculan [49], Winter [66], or VoB3 [27].

Many variants on the Steiner tree problem exist, including the priority [59], prize-collecting [54,
41], and node-weighted [60, 45, 51, 22] and group Steiner tree problems [22, 32]. In the priority
Steiner tree problem, terminals have an associated bandwidth requirement which must be met via
the edges connecting them to the root node. Each edge has a bandwidth capacity as well as a cost,
and the goal is to minimize the total edge cost of a solution where there is a path of edges of at
least the required minimum bandwidth connecting each terminal to the root, or between the request
pairs, for the Steiner tree and Steiner forest problems, respectively. The node-weighted Steiner tree
problem is one where the cost function assigns a value to the vertices of the graph instead of the
edges. the goal is to minimize the total cost for the Steiner points of the solution, since the cost of
the terminals is the same for any solution of a given instance. In the prize-collecting Steiner tree
problem, we have two cost functions. The first is on the vertices, and the second is on the edges.
The goal here is to optimize the difference between the total node weight (the prizes) and the total

edge cost.

Some related problems are facility location [20, 61] and survivable network design problems [43].
The facility location problem we have two types of terminals, the first are the facilities and the sec-
ond are the customers. Each node has a given cost to open a facility there and the facilities should be
interconnected by a Steiner tree. The cost to connect customers to the appropriate facility also has a
certain cost. The survivable network design problem is concerned with the robust network connec-
tion. Given an edge-weighted graph G = (V, E, w), a set of terminals R, and an integer assigned to
each pair of terminals d,,Vu,v € R, we want to find a minimum cost subgraph containing at least

dy, edge-disjoint paths between terminals u, v € R.
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3.2 Online Steiner Tree

The Online Steiner Tree Problem in graphs was first posed by Imase and Waxman [39]. They
proved the upper and lower bounds to establish a competitive ratio of O(logn). They also consid-
ered a dynamic variant of the problem where terminal requests could be to add or remove terminals
from the subgraph. Alon and Azar [2] considered the online Steiner problem in the Euclidean plane

in 1993. This is an online formulation of the classical Steiner problem in Euclidean geometry. They

logn

found that there is a lower bound of Q(log Togn

) and give an alternate proof for the same upper
bound from Imase and Waxman (there remains a gap of log log n between the two bounds). Garg et
al. [31] analyzed the problem in i.i.d. stochastic settings. In the i.i.d. model, the adversary specifies
a distribution on the input requests, and the requests given to the algorithm are sampled i.i.d. from
the distribution. There are two kinds of the i.i.d. model — known and unknown, indicating whether
the distribution chosen by the adversary is known to the algorithm in advance or not. Garg et al. [31]
showed that the competitive ratio is O(1) in the known i.i.d. model and almost logarithmic lower
bounds for the setting of unknown i.i.d. model, as well as a stochastic model without the indepen-
dence assumption. In the random order model, the adversary selects a set of requests and they are
presented to the algorithm in (uniformly sampled) random order. Note that upper bounds on the
competitive ratio in the random order model carry over to the i.i.d. models. Thus, the unknown i.i.d.

lower bound of Garg et al. [31] carries over to the random order setting, as well.

The online version of many variants of the Steiner problem in graphs have also been considered,
such as the priority [4], node-weighted [4] and prize-collecting [35] Steiner problems. In the online
versions of these problems, the only difference is that the terminal set arrives as a request sequence,

all other input is given offline.

3.3 Online Steiner Forest

The generalized OST problem, or online Steiner forest (OSF), was studied by Awerbuch et al. [6]

and Berman and Coulston [13]. In [6] it was established that the simple greedy algorithm, which
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they call min-cost, is O(log2 n)-competitive. They conjectured that min-cost is actually O(logn)-
competitive. Berman and Coulston [13] introduced a non-greedy primal-dual based algorithm which
is O(log n)-competitive. Some advancement on the analysis of the greedy algorithm for the Steiner
forest problem was made by Bamas et al. [9], showing that when the algorithm does not benefit
from re-using edges from the current solution, the competitive ratio becomes O(lognloglogn). It
is not shown that these instances (where the contraction is 1) are worst-case, but it is mentioned that

all known worst-case instances are so.

3.4 Similar Problems on Hypergraphs

The offline variant of the Steiner problem in hypergraphs was recently introduced by Horsch
and Szigeti [38] in 2023. They provide some proofs for the NP-Completeness of the problem and
that of some related problems. The problem they consider differs from that of this thesis not only
in that it is in the offline setting, but also in that they constrain the solution to be a hypertree. To
be specific, they show (among other things) that it is an NP-complete problem to decide, given a
hypergraph H = (V, E) a set of terminals 7" C V and an integer k£ whether there is a subhypertree

Hr of weight at most k of H where T' C V (Hr).

In the set cover problem [8, 18, 28], we are given a ground set of points and a family of subsets.
The goal is to select a minimum number of the subsets such that the set of points is contained in
the union. In the weighted version of the problem, the subsets have an assigned cost and the goal
is to minimize sum of costs of the subsets which cover the set of points. This problem is very
easily modeled in hypergraphs, where the ground set represents vertices, the family of subsets are
hyperedges, and the subset of points to be covered are the terminal nodes. Greedy and LP-based al-
gorithms provide an O(In n) approximation for Set Cover [19, 21, 63], and multiple seminal works
established that no significantly better approximation is possible unless fundamental complexity as-
sumptions fail. Johnson’s 1974 [40] algorithmic guarantee and Feige’s 1998 hardness threshold [28]
together pinpointed ©(Inn) as the tight approximation ratio for Set Cover unless NP has slightly

subexponential time algorithms. The subsequent results by Raz-Safra [56], Alon et al. [3], and
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Dinur-Steurer [24] showed that Set Cover’s approximability is settled at roughly the logarithmic
scale — improving beyond a In n factor is infeasible in general — under the standard assumption of P
not equal to NP. Various restricted versions (bounded frequencies or set sizes) also have matching
logarithmic thresholds, further confirming that the known In-factor algorithms are essentially best
possible [23, 44]. The difference between this problem and the Steiner cover problem is that the
solution does not have any connectivity requirements, a single edge can be selected to cover any
given terminal, whereas in the Steiner cover problems a path of hyperedges must be selected con-
necting each terminal to either the root node or the associated vertex from the request pair (for the
original Steiner cover and generalized Steiner cover problems, respectively). The online set cover
problem has also been studied in [1, 25, 46]. In the online version we do not necessarily need to
cover all the points, and so the terminal points to be covered arrive online. Alon et al. [1] provided

an algorithm which is O(logmlogn) competitive, where m is the number of subsets and n the

logmlogn )

number of terminals, and proved a lower bound of {2 (W

The minimum spanning tree problem in hypergraphs (MSTH) [55, 65] represents an extension
of the minimum spanning tree (MST) in ordinary graphs. The goal is to find a subhypergraph H’
of H that is a hypertree such that V(H') = V(H), i.e., every vertex of H appears in H' and H’ is

connected.

In [11] the minimum spanning subhypergraph problem (MSSH) is considered, where the goal
is to find a minimum weight subhypergraph. This is similar to the MSTH, where the result need not
be a hypertree. This is a special case of the offline Steiner cover problem in hypergraphs (the offline
variant of the problem considered in this thesis), where the set of terminals is the entire vertex set.
The difference between the Steiner tree problem in hypergraphs being that the result is no longer
constrained to be a hypertree. Baudis [11] showed that the problem admits a O(In k)-approximation

for k-restricted hypergraphs.

An LP approach to the survivable network design problem in hypergraphs by Zhao et al. [69]
showed a O(k - In7payx) approximation, where k is the maximum edge degree (rank of the hy-

pergraph) and 7y ax is the maximum connectivity requirement. In this problem we are given an
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edge-weighted hypergraph H = (V, E, w) and each pair of vertices u, v € V has an assigned inte-
ger value r,,, representing the number of hyperedge-disjoint paths one must buy in order to connect
them. This problem can be adapted to a further generalization of the (offline) Steiner problem in
hypergraphs, where we would have r,,,, = 1, if the connectivity requirement parameter r were

allowed to take on the value O for pairs containing a non-terminal vertex.

A directed hypergraph is a generalization of a hypergraph in which edges go from a subset of
source nodes to a single target node. A good introduction on this topic can be found in [29, 5].
An interesting change from the undirected setting is that shortest path problems become NP-hard in

directed hypergraphs.
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Chapter 4

Online Steiner Cover on Hypergraphs

In this chapter, we formally define the online Steiner cover on hypergraphs problem (OSCH)
and present an online greedy algorithm (Section 4.1), which we denote by Greedy. Then we prove
a simple upper bound of n on the competitive ratio for Greedy on all hypergraphs, followed by
O(klogn) upper bound on the competitive ratio of deterministic algorithms when the input hyper-
graph is of rank % (Section 4.2). The same bound is then given in another way, using LP duality to
bound Greedy with an algorithm for the dual of the relaxed LP for the problem (Section 4.3). We
end the chapter with a presentation of two lower bounds on the competitive ratio for any determin-
istic algorithm; a simple lower bound of k for hypergraphs of rank k, and an improved lower bound

of Q(k log n) matching the upper bound of O(klogn) (Section 4.4).

4.1 The Online Steiner Cover and Greedy Algorithm on Hypergraphs

In OSCH, we have as input an edge-weighted hypergraph H = (V, E,w) where |V| = N,
E C 2V (offline) and a subset of vertices arriving sequentially (online), R = (r;)?"_,, where r; € V
for all « € [n]. We can consider the first input ; to be the root, upon its arrival there are no edges
which need to be added to the solution. The output of our algorithm after the i*” request should be

a set of edges F; C F describing a connected sub-hypergraph of H which contains all previously
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requested terminals. Recall that a hypergraph is connected when there is a path between any pair
of its vertices, so there should be a path between any two requested terminals along some subset
of F;. After each request arrives, the algorithm must immediately select edges which connect it to
the current solution, so F;_; C F; for2 < i < n and F; = (). In other words, upon arrival of
request ¢, the algorithm must connect r; to the solution obtained after the previous request, F;_1,
thus maintaining connectivity of the solution in each step. After the last request is processed by the

algorithm, we have the final solution F' = Fj,.

Problem Definition 10 Online Steiner Cover on Hypergraphs
Input
H = (V, E,w) — hypergraph with edge weights w : £ — R™T; given offline.
R = (ry,...,ry) — request sequence where ; € V' Vi € [n]; given online.
Output
F; C E on request 1y, s.th. Ul F; is a connected component with
Vr e R3e e J;, F,suchthatr € eand (;_, F; =0
Objective
minw(F) =) . w(e), i.e., minimize the total edge weight of the solution.

Since an edge does not need to be bought multiple times, i.e., once it is included in the solution
by an algorithm it can be reused to connect future requests at no extra cost, we can define the updated

hypergraphs H; = (V, E,w;) after the i*" request is satisfied, where we have

w(e) ife ¢ F;
wi(e) =

0 eck.

4.2 Upper Bounds on Greedy

We begin by showing a simple upper bound of n on the competitive ratio of Greedy for OSCH.
Following this, we improve the bound by adapting the analysis of Imase and Waxman [39] from
ordinary graphs to k-restricted hypergraphs, or hypergraphs of rank k. The following theorem is
proved by observing that the cost of an optimal solution is at least the minimum distance between

any two requests. Since there are n requests in total and Greedy connects requests by minimum
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distances between them, we can bound the total cost of Greedy to satisfy the request sequence of

length n by n times the cost of an optimal solution.

Theorem 4.2.1. For any instance of OSCH with input hypergraph H and request sequence R, |R| =
n, we have

Greedy(R) <n-OPT(R),

that is, p(Greedy) < n.

Proof. Greedy adds the edges which minimize the cost to connect each request to the current
solution. Let request 7,4, be the request furthest from the root node for some instance of the
Steiner problem in hypergraphs; then the cost for any optimal solution is at least dist g7 (rmaz, 71),
where 71 is the root. Since Greedy connects each request to the root, the cost for each request

connected is bounded above by the cost connecting 7,4, to the root.

Greedy(R) < Z disty, ,(ri,7m1) < Z dist(rmaez, 1) < n-OPT(R)
i=1 i=1

So the competitive ratio for the greedy algorithm is at most n, the number of requests. O

In the following theorem we establish O(rank(H ) logn) upper bound by using a more intricate
argument. Notice that in most cases the second bound is stronger. The first bound of n outperforms
the second bound for hypergraphs of very large rank, i.e., when rank(H) > n/logn. We want
to bound the cost of Greedy by comparing the minimum distances between a request r; and those
that appeared before it in H, the input hypergraph, to the cost of Hppr, the subgraph induced by
including the edges in an optimal solution and excluding the rest. Two things are immediately clear:
(i) every request appears in V (Hopr), and (ii) the minimal distances in H are at most the minimal
distances in Hopr, i.e., disty (1, ;) < distg,pp(73,75) Vi,7 € [n]. Then if we can somehow
relate the minimal distances min;«; distg,, . (73, 7;) for ¢, 7 € [n] to the total cost of Hopr, then
we would have a link between the cost of Greedy and the cost of OPT'. To obtain such a relation,
we construct a path graph L,, by H DF'S traversal of Hppr satisfying a recursive structure which

allows it to be shown in Lemma 4.2.3 [39] that the sum of minimal distances min;; disty,, (r;, ;)
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for i, j € [n] is bounded above by a factor log n of the weight of L,,. Combined with the fact that
the H D F'S traversal step in the construction of L,, guarantees that its weight is at most k times that

of Hoprp, with rank(H) = k, we get the desired bound on Greedy.

Theorem 4.2.2. Let H = (V, E) be a hypergraph of rank k and R a request sequence of length n
for OSCH, then:
Greedy(R) < (k—1)logn- OPT(R)

ie., p(Greedy) < (k —1)logn.

Proof. Consider an arbitrary instance of OSCH where H is the input hypergraph and R is the
request sequence. Then if OPT is some offline optimal algorithm, let O PT'(R) be the value of
the solution found by OPT, and let Fpopr be the set of edges selected by O PT on this instance.
Now, let Hopr be the sub-hypergraph induced on H by taking as edges those from Fppr and
the vertices to be those incident on some edge in Fppy. Finally: let dist g (u,v) be the minimum
distance between nodes u,v € V(H) in H and denote the distance between nodes u,v € Hopr by

distopr(u,v).

In order to prove the upper bound, we will adjust the argument of [39] for Steiner trees, gen-
eralizing for hypergraphs of rank k. To begin, define an ordering (a permutation) of the requested
vertices on the nodes of O PT using the HDFS algorithm to traverse Hopp. This traversal reveals
a path structure which preserves the distances between requests, so it can be used to analyze the
cost of Greedy relative to the cost of OPT. To construct this path, we add a node each time a
requested terminal is traversed by the HDFS algorithm for the first time. Each request is connected
to the last traversed request by a single edge whose weight is the sum of the edge weights along the
traversal between them. Any Steiner nodes (non-request vertices) visited between requests in the
traversal are not added to the path. Note that the traversal may cross the same edge multiple times
before reaching the next unvisited request, in which case its weight is added to the sum each time
it is traversed. See Figure 4.1 for an illustration of the line graph construction on ordinary graphs
and Figure 4.2 for the generalized image in hypergraphs. If the rank of the hypergraph is k, then it

will traverse any given edge at most 2(k — 1) times, once per visit for the (at most & — 1) vertices
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other than the source of the traversal incident to that edge and again to backtrack. Then if we denote
the resulting path on n vertices by L,,, the weight of this path can be found by summing the edge

weights as follows

w(Lp)= > wle)= Y (k—1)-w(e)=(k-1)-OPT(R)

e€E(Ly) ecFopr

Note that in this case the distance between some pair of requests ry, 72, where r; was requested
before r2 might not be the minimum distance between the two in Hppr, but it is an upper bound
in the path graph, so the argument still follows. Even when applied to hypergraphs, the traversal
yields an ordinary path structure. The remainder of the proof follows exactly that of [39], which is

repeated here for completeness.

Toprr DFS traversal on Tp pr
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Figure 4.1: Illustration of how the DFS algorithm is used to construct the line graph Lg from Tppr.
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Hopr DFS traversal on Hppr
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Figure 4.2: Illustration of how the HDFS algorithm is used to construct the line graph Lg from
Hopr.

Let 7 denote the permutation of the request sequence in L,, so that w(r;) = ry,, i.e., the ith
request is the t" which is encountered in the traversal. The weight of the edges connecting adjacent
vertices in Ly, is equal to the sum of edge weights between those requests in the traversal of O PT'.
Once the final request 7, is visited and therefore added to L,,, we add a copy of the root 7 (where
the traversal was initiated) to the end of the path, with the edge weight connecting it being the cost

of the path from r, to the root in OPT, distopr(7x,,71).

In L,, what we are interested in is the minimal distances between each request r; 1 < i < n
and the previous requests, min;<;; disty, (r;,7;). This is because Greedy, for each request, adds
the shortest path to connect it to the current solution. Therefore, if we can bound the sum of these
distances in L,, it will give us an upper bound for Greedy. The reason that a copy of the root node
is added to the opposite end of the path L,, is that this imposes a recursive structure, so that each
intermediate node can connect to a previous request either along the path towards r, or towards
r7... In other words, each request after the first is enclosed by earlier requests in either direction

along L,,. If we initiate the traversal at the first request, then 7m; = 1, then no intermediate node of
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L,, was requested before the end nodes. Similarly, if we split the path in two at the second request
r2 (wherever it lies along the path) then we get two paths where still no intermediate nodes were

requested before the end nodes (1 and r2). So, adding up the distances

E min distz,, (r;,7;) = min disty, (r2,75) + E min distr,, (5,7;).
1<]<z 1<5<2 1 <j<i

Where the summation on the right consists of the remaining requests on either side of ro along
L,,. If we let L;; denote the segment of L,, between request ¢ and j, and O'(Lij) as the sums over
ming <<, dist Lij (1, rj) for 7 earliest requested intermediate node between 7; and r; (r; and r;

must be still earlier requests than 7;), then we can describe the summation recursively as follows,

) min{distr,; (r;,r:), distr,; (r,75)} + o (Lq) +o(Ly;) If 3 intermediate node r; € Lj;
o(Lij) =

0 otherwise

Then by induction on the number of intermediate nodes along the path segment, the following is

shown,

Lemma 4.2.3 ([39]). For a path graph with end nodes u, v, and with m intermediate nodes,

loem+1 .
0(Lyy) < %dlstLuv (u,v)
Proof. The base case of the induction is when m = 0, in which case both sides are 0 and the
inequality holds. Now we assume that for any path with 0 < m’ < m intermediate nodes the
inequality holds, and let r; be the earliest requested intermediate node, and consider some path L,
with m intermediate nodes. We can further assume that disty,, (r;, u) < distz,, (7, v), so we get

that

O'(Luv) = diStLuv (T‘l, ’f‘u) -+ O’(Lul) + O'(Lh,)

Now let m; and ms be the number of intermediate nodes in o(L,;) and o(L;,) respectively. Since

r; is not intermediate in either of these path segments, the number of intermediate nodes between
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the two adds up to m; + mg = m — 1. This implies that

logmy +1
2

logm; + 1
2

(distz,, (u,v) — distr,, (7, u))

logmso + 1

0(Lyy) < distyp,, (r;,u) + distz,,, (1, u) + distz,, (1, v)

= disty,,, (1, u) + distr,, (i, u)+

logm — my
2

Since this expression is a linear function of dist,,, (7, v), its maximum will be achieved at one

of the boundary values (i) disty,,, (g, v) = 0 or (i) distp,,, (rg, v) = (ML“#”(UU)

(1) distg,,(r,v) =0

1 _
= 0(Lup) < 227 istr . (u,0)
I 1
< % distz,, (u,v)

dist
(i) disty, () = SEnlt0)

logm; + 1
2

1 1 — 1
3 + w distr,,, (u, v)§

(2 +1logmy +1+1logm —my)

distr,,, (u,v)

N |
+

= distr,,, (u,v)
= distr,, (u,v)

= distp,, (u,v)~(log4(my + 1)(m —m1))

i o Ml N

= distp,, (u, v)§ <log 2v/(m1 +1)(m — ml))

logm + 1

1
< distr,,, (u, U)§ logmi+1+m—mq = distr,,, (u, v)

Since the path L,, rooted at 1 satisfies the above conditions with n — 1 intermediate nodes, we
can conclude that the sums of minimal distances for each request to the previous requests in L,, is
less than k’%w(ljn). And since the weight of the path is w(L,) = 2(k — 1) - OPT(R), we have

that

logn logn

2

Greedy(R) < ~w(Ly) < (2(k—1)) -OPT(R) = (k—1)logn-OPT(R)
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For an instance with n requests on k-restricted hypergraphs. O

4.3 LP Analysis of Greedy

Here we analyze the Greedy algorithm from the perspective of linear program duality. The goal
of this section is to provide an alternative proof to Theorem 4.2.2. The OSCH can be stated first as

the following IP,

min.: Z zew(e)

s.t.: Z z,>1 VS eT
e€d(S)

ze € {0,1}

Where z. is the value of the characteristic function of the solution for edge e € E, T is the family

of cuts which separate at least one pair of terminals, i.e.,
T={SCcV:1<|SNR|<n-1}
and 6(S) represents the set of edges crossing some cut S € T, i.e.,
i(S)={ecE:enS#0,en(V\S)#0}.

Then the objective is to minimize the total edge weight of the solution, satisfying the constraint that

there is at least one edge in the solution which connects a request separating cut S to its complement
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V'\ S in G. If we drop the integrality constraint, we get the following LP-relaxation,

min.: Z zew(e)

ecE

s.t.: Z ze>1 VS eT
e€d(S)

0<z.<1 VeeFE

and the dual of this LP is the following,

max.: Z ys

SeT

s.t.: Z ys <w(e) Vee E
S:e€d(S)

ys >0 VSeT

In the dual, yg is a dual variable corresponding to cut S € 7. The dual is a packing problem,
in that a solution should increase each yg appropriately to maximize their sum, while satisfying
the constraint that for each edge e € §(S5) which crosses some family of cuts, the sum of their
corresponding variables should never increase beyond the cost w(e). In other words, the sum of
values assigned to each cut variable crossed by a given edge should never exceed the cost of that
edge. We know that the result of G'reedy is feasible, where z, are initialized to 0 and changed
to 1 when edge e € E appears in the solution of the algorithm. Therefore, by the weak duality
theorem, we can bound the competitive ratio by the performance of some algorithm to the dual of
this relaxed LP. Since the dual algorithm does not need to run any computations online, we can
consider the request terminals as a subset of vertices, denoted by R = U, {ri}, instead of the

usual subsequence R = (1)7_;.

Given the problem setting described above, we continue with a high-level overview of the argu-
ment to follow. In order to bound the performance of Greedy, we want to compare it to a solution
of the dual for the relaxed LP. This is because the dual of the relaxed LP is a lower bound on the dual

IP, which is in turn a lower bound on any solution for the primal (and therefore a lower bound on any
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optimal solution for the primal). Let C' be the solution of some instance with request sequence R
of the problem obtained by Greedy, and let O PT be some offline optimal algorithm. We begin by
partitioning C' into cost classes, Cj, where the variables assigned in C; correspond to the requests
satisfied by Greedy incurring a cost of at least 27! and less than 27. Let the total cost to Greedy
of each class be denoted by Greedy(C). Note that the total cost of solution C' incurred by Greedy
is equal to the sum of costs incurred by Greedy for the requests in each Cj, i.e.,

log OPT(R)
Greedy(R) = O Z Greedy(Cj)
j=1

Recall from the proof of Theorem 4.2.1 that the cost for any single request satisfied by Greedy
is bounded above by the cost of OPT), so this partitioning defines log O PT'(R) cost classes. We
would like to have that OPT'(R) = n, as this would bring the factor logn which we know can
be achieved from Section 4.2. This can be achieved by normalization, where we normalize every
edge by a factor O%(R)' Normalization does not affect the competitive ratio, since we are dividing
the sum of edge weights of the solution obtained by Greedy with that obtained by OPT, so the
normalizing factor is canceled out. To show this, let F' be the edge set for the solution obtained by

Greedy and Fppr that obtained by O PT, then

Greedy(R) doeerwie) >ecrwie) - OPT(R)

OPT(R) B ZeeFOPT w(e) B ZeEFOPT w(e) : OP’?“(R) '

Back to the cost classes, the big-O notation comes from the fact that the class Cy is not included
in the sum. These requests cost Greedy less than 1 to connect, and there are at most n of them.
Since the cost of O PT was normalized to n, this can only add a constant factor to the competitive
ratio. Now the dual will be solved one cost class at a time, so each primal class C'; will have
a corresponding dual assignment D;. This is because it simplifies proving feasibility, as done in
Lemma 4.3.3, when considering only requests in a given cost class. The cost of a request in class
C; guarantees that the corresponding dual class can be packed by at least % and remain feasible.
If we assume two requests of a given class yield infeasible dual assignments, then we can derive a

contradiction on the cost Greedy needed to pay to connect them. Once the process for solving the
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dual classes is known, it can be used to bound the primal cost classes. Therefore, summing over

each class gives a bound on the solution obtained by Greedy.

log OPT(R) log OPT(R) 9i—1
Greedy(R) = Z Greedy(Cj) < Z T(TT )

j=1 j=1
where ¢j; is the dual assignment for class ¢ and 1 is the vector of ones, where every entry is 1. Note

that since each dual solution is bounded by OPT'(R),

log OPT(R) 9i—1 log OPT(R) 9i—1
Z 7T Z

j=1 j=1

Now that the plan has been elucidated, and before we proceed by describing the algorithm for
setting our dual variables, we give some useful definitions. We define an active component to be

any cut .S represented by the dual variable yg, satisfying the following conditions,

(i) 1<|SNR/<n-1

(i1) Z ysr < w(e) Ve e d(S)
S’:e€d(S”)
We further define the reduced weight w'(e) of an edge e € E to be the result of subtracting the sum
of dual variables at a given point in the computation from the hypergraph weight w(e) of that edge.

This is also known as the slack for the corresponding constraint in the dual LP.

wie)— > s

S:e€d(S)

It is important to note that a given edge can cross up to k components at any given time in the
computation since it is the rank of H, and therefore contains at most % vertices, each of which can

be part of a distinct component.

The way that our algorithm works is as follows; let 7; be the first request in class C}, then the

singleton set S = {r;} is initialized, and the corresponding variable yg is considered active, since

38



1<18n f?\ < mn — 1, and initialized to 0. The algorithm will implement a subroutine in order
to increment the variables associated with a given active component one-by-one. This process is
conceptualized as placing a ball centered at each request, of a given radius. The radius will be
determined by the cost of the request incurred by Greedy. The subroutine is given the hypergraph
H = (V,E,w), aterminal r; € V, the current dual solution vector ¥, and the desired radius . A
dual-LP-ball is then placed of a radius v by incrementing a chain of dual variables centered at 7;
by a cumulative amount of at most ~y. The first such variable in the chain is the one associated with
the singleton S = {r;}, the initial active component containing request ;. We examine the edges
containing r;, which are the edges crossing the cut .5, and increase dual variable yy,..y by the minimal
reduced weight edge, e, from among them. Then, the component S absorbs the vertices contained
in e, by which we mean that S <— SUe, and the component {r; } is considered deactivated while the
new component S is considered activated. The same process is repeated for the newly considered
variable yg; the edges in §(.5) are examined and the minimal reduced weight edge among them is
selected, the value of yg is incremented by that amount, S is updated, and so on until the cumulative
increase in all yg attains . If the final incremented variable requires an increase which would
lead the cumulative change in dual variables beyond -y, then that dual variable is only incremented
enough for the total change to reach v and the active component .S is not updated to include the
vertices of the minimal reduced weight edge which was found in §(S). Once the total change in

dual variables centered at r; reaches y by this process, the next request can be considered.
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Algorithm 11 Algorithm that produces a dual LP solution for a given class ¢ of requests.
1: procedure Create DualSolution(H, R, )

2 7y 0

3 for r € R do

4 if Greedy( ) € [2¢71,2%) then

5: (t, Ay) <— ComputeDual LPBall(H, r, ¥, 2 1)

6 ift = 2 " then

7 TR y + Ay > place the dual-LP-ball Ay
8 return ¢/

9: procedure Compute Dual LPBall(H,v, ¥, )

10: S «— {v}

11: Ky — 6

12: t<« 0

13: while ¢ < v do

14: Aw + minee(g(s){w(e) — ZS’:@E(S(S) (ysr + Aysr)}

15: e < edge in §(5) minimizing w(e) — > g.ce5(sy (¥s' + AyYsr)
16: if Aw =0and } g c55y ys' # 0 then

17: return (¢, Ay)

18: A + min{Aw, vy — t}

19: Ky +— Ays + A

20: S+ SUe

21: t+—t+A

22: return (¢, Ay)

Lemma 4.3.1. Let r1,72,...,7y be a subsequence of requests in a given cost class Cj. If r,
is the first request such that t < % is the first output of Compute Dual LPBall for line 5 of
Algorithm 11, then there is a subgraph of saturated edges connecting ., with up to k — 1 of the

previous requests in the subsequence, with a total weight less than 2971,

Proof. Let r; be the earliest request to co-saturate the edge in question alongside 7,,,. Then let ¢ be
the solution obtained by Algorithm 11 before r,,, was requested. Then
m—1
Ay,
j=1
and this assignment is obtained by placing non-overlapping dual LP balls centered at each 7,
1 <i" < m — 1, each of radius Z—. So 35 such that Aw = 0 and Y oecs (s) ¥s > 0. There can be

at most k balls in ¢/ for which any edge e is in the boundary, so let Ay; = Ayj,, ..., Ay;,, = Ay,
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for k' < k be the corresponding dual variables. The weight of edges connecting 7, to r;, and/or

Tiy, and so on up to r; , is at most

k—1 k-1
i=1 i=1
2j—1 2j—1 ‘
<t (k-1)=—<27L
k + ) k
and the inequality is strict since the radius of the dual LP ball about r, is strictly less than % O

The following lemma tells us that the subroutine Compute Dual L PBall of Algorithm 11 al-
ways terminates successfully, which is to say it manages to pack the dual variables associated with
each request in a given class to the full amount v while maintaining feasibility of the dual solution

for that class.

Lemma 4.3.2. The if statement on line 6 of Algorithm 11 on an instance of OSCH is always true.

Proof. Consider for the sake of contradiction that the value of ¢ < % for some request r. This
means that the while loop on line 9 was terminated early by the if condition on line 16. This
condition implies that the edge with minimal reduced weight was previously reassigned to 0, and
therefore that it was saturated by at most £ — 1 previously requested terminals of the same class.
Then by Lemma 4.3.1, there is a subgraph of saturated edges connecting each of these requests,
whose combined weight is less than k - % = 271, This contradicts the Greedy choice of the

algorithm, since r was supposed to be in class j, and therefore that the cost of Greedy to satisfy

request 7 was at least 2071, ¢(r) € [2771,27). O

Lemma 4.3.2 is now applied in Lemma 4.3.3 to bound the total cost of each class by its cor-
responding dual solution. This brings us one step closer to bounding the total cost incurred by

Greedy.

Lemma 4.3.3. If C; denotes requests in class j, then dual assignment yj; returned by Algorithm 11

. . . — j—1
is feasible and achieves objective value at least |C}| - 2]k
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Proof. As we saw in Lemma 4.3.2, the assignment to each dual LP ball centered at requests of
class C; remains feasible until at least % The while loop condition on line 6 guarantees that this

amount is not exceeded. Therefore we have that the value of the dual solution is

IC51 23‘,1 2]',1
2Tl e
=1

Now we relate the bound on the cost classes by the dual solutions to the cost of Greedy.

Lemma 4.3.4. The cost incurred by Greedy to satisfy the requests in class C; is at most 2k(TT i),

where 7 is the dual assignment returned by Algorithm 11 for the corresponding dual class D;.

Proof. Eachrequestin class Cj cost Greedy strictly less than 27, by construction of the cost classes.
Therefore, we have that

Greedy(Cj) < |Cj| - 27.

Now by simple algebraic manipulation we get

. k 27—1
Greedy(C;) < |Cj|-27 - — - 5= 2k - ]Cj\T

El )

where by Lemma 4.3.3 we have that |C}| % is the amount assigned to the dual class D;, therefore

Greedy(C) < 2k(17 - ;).

The lemma gives us the last piece required to provide the alternative proof for the desired result.

Here we sum over all cost classes to obtain the bound on the total cost of Greedy.

Theorem (4.2.2, restated). Let H = (V, E) be a hypergraph of rank k and R a request sequence of
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length n for OSTH, then:
Greedy(R) < 2klogn - OPT(R)

i.e, p(Greedy) < klogn.

Proof. Let Greedy(R) denote the value of the solution obtained by Greedy, and let T be the
edge set of the corresponding solution. If 7, was the most costly request for Greedy to connect,
then consider the normalized solution obtained by multiplying each edge in E(H) by ﬁ The
normalized cost of 7, becomes ¢, (r,,) = n. Now we proceed by partitioning the terminals of R
into cost classes Cj, 0 < j < logn, where request r; is in Cj if ¢, (r;) € [2771,27). Then

logn

Greedy(R) = Z Greedy(Cj).
j=1

For each cost class C;, we construct a corresponding dual solution D; by implementing Algo-

rithm 11. Then by Lemma 4.3.4 we get that

logn logn

Z Greedy(Cj) < Z 2k(17 - ;)
=1 =

where ¢/; is the dual variable assignment vector for dual solution D;. Since we know from Theo-
rem 2.8.1 that the relaxed dual LP solution 17 - ¥; is bounded above by the primal IP (and therefore
by a given offline optimal solution), we can bound the objective value for each dual solution by that
of OPT(R) to get

logn logn

S 2k(I" ;) < 2k Y OPT(R) = 2klogn - OPT(R).
i=1 j=1
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4.4 Lower Bounds for OSCH

As with the upper bounds, we begin with a quick and easy first result for the lower bound
before moving on to a tight lower bound for the OSCH. To begin, consider the complete k-uniform
hypergraph on N nodes, denoted Ky, with N > k + (k — 1)2. The edges are all subsets of size
k among the N nodes of the graph, so there are (]IX ) edges in total. The online adversarial input
is then a sequence of nodes such that every time a given algorithm selects an edge to connect the
current request (and therefore selects some subset of k vertices), the next request is a vertex from
some other subset of k vertices. The online input is of k vertices, and the competitive ratio when all
hyperedge weights are 1 is therefore at least k. Following this, another adaptation from [39], where
the diamond graph used in that paper is multiplied and organized in layers over itself, so that the

hyperedges extend to connect “similar” vertices across the layers.

We begin by considering an online deterministic algorithm, as defined in Section 2.1.

Theorem 4.4.1. Let ALG be an online deterministic algorithm for OSCH, then
p(ALG) > k

for hypergraphs of rank k. In other words, there is an input instance T = {H = (V, E,w), R} of
OSCH such that rank(H) = k and ALG(R) = k- OPT(R).

Proof. Let ALG be an online deterministic algorithm for OSCH. Consider the complete k-uniform
hypergraph Ky on N > k + (k — 1)? nodes , where the edge set is all vertex subsets of size
k, and Ve € E, w(e) = 1. After the first connection request is made, a deterministic algorithm
must choose at least 1 of the edges to connect it to the root. No matter which edge is selected, there
will be k£ — 2 Steiner vertices covered by this choice, which leaves N — k > (k — 1)2 vertices
uncovered, from which the next terminal is requested. Since each edge can cover at most k — 1
Steiner vertices, the request sequence can last k£ — 2 more rounds without requesting a node which
was previously covered, for a total of k requests. The number of edges selected by the deterministic

algorithm is then ALG(R) = k, one for each request, while all k£ requests lie in just one of the
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edges, OPT'(R) = 1. Thus, the competitive ratio is

ALG(R)
p(ALG) > OPT(R) ~ k.

Now to achieve a tighter bound we use a layered diamond graphs construction. The basic
structure of the modified input is to take the lower bound input of [39] and build it up into a k-
uniform hypergraph. We begin by providing a definition for these original diamond graphs, Gy,
where the ¢ is called the level of the graph. G is simply two nodes (called the level 0 nodes),
vp,0, vo,1 connected by an edge of cost 1. Then G/ is obtained by taking each edge in G/_1, doubling
it, and adding a new level ¢ vertex between the two vertices along each new edge. In other words,
take each edge (u, v) in E(Gy_1), connecting nodes u, v € V(Gy_1), and replace it with new edges
(u,wy), (wi,v) and (u,ws), (we,v) for wi,wy two new level £ nodes. The unit cost for any path
from v o to vp,1 is maintained, so the cost for each edge in G/ is half that of Gy_;. Therefore the

cost of each edge in Gy is 27¢.
GO Gl G2

0,1 V0,1 0,1
V1,1 V2,3
® V0,0
00,0 V1,1

V2,7

0,0

Figure 4.3: Diamond graphs, first described in [39].

Note the following observations about this family of graphs: there is 1 edge at level 0, 4 at level
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1, then 16 at level 2. Each edge in G_1 is split into 4 as the graph gains a level to Gy, so the number
of edges |E(GY)| = 4°. Now for the number of nodes, there are 2 level 0 nodes, 2 level 1 nodes,
and 8 level 2 nodes. For each edge in Gy_1, there will be 2 nodes of level £. This means there are

2 - 4= 1 level ¢ nodes for £ > 0. Then the total number of nodes in Gy is
24> 2.4 =2 (1 +Z4H>
i=1 i=1

Applying the formula for the geometric series we get that Gy has a total of 2 (1 + %) nodes.
Each path from v ¢ to vg 1 in Gy must pass through 2'=1 level i nodes for i > 1, since it must pass
through one of the two level 1 nodes, passing through two of the four level 2 nodes to do so, and so
on. The following lemma was among the first major results in the study of the online Steiner tree

problem in graphs, and it will prove quite handy for the current analysis in hypergraphs.

Lemma 4.4.2. [39] For every {, and any deterministic algorithm ALG there is an adversarial
request sequence R, with |R| = n, such that ALG(R) = O(logn) and OPT(R) = 1. Moreover,

OPT is a single path from vg g to vo,1.

Proof sketch. The idea is for the adversary to request nodes level by level adapting to decisions of
ALG, while ensuring that at the end all the requested nodes would lie on the same path from vg o
to vg 1. This means that OPT would be 1. At each level the adversary selects nodes of that level
not yet covered by ALG (assuming that ALG does not buy redundant edges') and consistent with
previous requests (meaning lying on the same v o to vo 1 path), forcing the algorithm to buy more
paths. Another way to think of this argument is as follows: initially there are many vg o to vg 1

paths, and the adversary wants to delay ALG from guessing the final path for as long as possible.

Initially the adversary requests vpo and vg 1, after which any deterministic algorithm must

"We say that a set of edges bought by ALG is non-redundant if there is no proper subset of the edges bought by ALG
that would still result in valid processing of the input request. Note that any algorithm that buys redundant edges can
be converted into one that does not buy redundant edges by delaying the purchase of redundant edges until they become
non-redundant. Thus, we may assume without loss of generality that a deterministic algorithm only buys non-redundant
edges.
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choose a path through one of the level 1 nodes to connect them, say, v10. In this case, the ad-
versary specifies the next request to be the other level 1 node, specifically, v1 1. Observe that there
are 8 level 2 vertices, but only 4 of them are consistent with vq 1 (that is they lie on vg g to vg 1
paths passing through v1,1). Once the algorithm chooses a set of edges passing through one of the
four level 2 nodes between vg o or vg 1 and the last request, the next request is revealed to be two
of the three level 2 nodes which were not selected by the algorithm in the previous round. This
pattern continues, requesting twice the number of level ¢ nodes than what was requested previously
for those of level ¢ — 1, all while keeping the entire request sequence along a single path. The cost
incurred by any deterministic algorithm is then 1 to connect the level 0 nodes initially, then 2~¢ to
connect each level i node requested afterwards. Since there are 2/~ level 4 nodes requested for each

level ¢ > 0, the cost incurred by the algorithm for the nodes in level 7 > 0 is % Since there is a total

of £ levels, the total cost is 1 + g Since there are 2'~! requests for each level 7 > 0, we have that
the total number of requests is 2 + Zle 211 = 2¢, 50 we can write the total cost in terms of the

number of requests as 1 +

%. Since each request lies along a single path between the level 0

nodes, the cost of the offline optimum is 1, giving us the desired competitive ratio.

For a more formal description and proof, we refer the interested reader to [39]. O

Recall that we have been talking about ordinary graphs (or, 2-uniform hypergraphs) so far. Next
we show how to achieve a similar bound for hypergraphs, amplifying the competitive ratio by a
multiplicative factor of the rank of the hypergraph. The diamond graphs are used as a gadget to build
the hypergraphic input and the adversarial sequence from Lemma 4.4.2 is used as a subsequence to

complete the input instance.

Theorem 4.4.3. No deterministic algorithm for OSCH can achieve a competitive ratio better than

O(klogn) in hypergraphs of rank k, where n is the size of the request sequence.

Proof. Let ALG be a deterministic algorithm for the OSCH. We construct our adversarial input
instance on a k-uniform hypergraph for £k = 2d, d > 2. By implementing the diamond graph

construction of [39], we start with the graph G, and from this we want to construct a hypergraph
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H, by adding layered copies of G above itself, where each edge in the original will correspond to
a family of hyperedges in the resulting hypergraph. We can imagine the original graph is embedded
in the plane, then d layers are filled with copies vertically above it, embedded in parallel planes to
that of the original. The first layer above the original graph will contain 4¢+ 1 copies of the diamond
graph G. The next layer will contain (4¢ + 1)2 copies of the diamond graph. The number of copies
in the j™ layer will be (4° 4 1)7. The reason the number of copies should increase as described
in each layer is that we want there to be a copy of the input graph for which no edges have been
selected to satisfy the requests from lower layers of Hy (unless an algorithm is redundant). This
would allow us to derive a lower bound on the cost of ALG to satisfy the request sequence in each

layer, and subsequently a lower bound on the total cost of ALG.

To describe the edges E(H,), we begin by defining a region in the diamond graph. These
regions are sets of edges, where region 0 is those edges incident on v o, and similarly in the rest
of the graph the region of a given edge is defined by the path length (non-weighted distance) of
the incident vertex nearest to vp,0. Then the hyperedges will contain the vertices connected in the
original diamond graph, as well as a pair connected by an edge of the same region in one of the
copies from each layer of this construction. Each hyperedge is like a ladder from some region of
the original diamond graph, along a particular edge of the same region of the diamond graphs of
each layer all the way to the final layer. Each such ladder-edge is added to this construction, some
of which are illustrated in Figure 4.4 and Figure 4.5 below. The cost of each edge is the same, so

that a direct path from vg o to vp 1 remains 1 the weights are set to 2L,

81,0 50,0 u1,0 up,0 1,0 to,0

o,1 V1,1

Figure 4.4: A part of H; with hyperedges ey, e, e3 highlighted.
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The edges highlighted edges in Figure 4.4 and Figure 4.5 are all region 1 edges, since they

contain at least one copy of either vy o or v1,1, which are at distance 1 from a vg o node.

81,0 50,0 u1,0 0,0 t1,0 to,0

50,1

V0,1 V1,1

Figure 4.5: A part of H; with hyperedges e4, es5, eg highlighted.

The black edges in the Figure 4.4 and Figure 4.5 are edges of Gy, they do not appear in Hy but
the vertices they connect are also connected by a hyperedge in H,. Some of these hyperedges are
highlighted in red in the first figure and blue in the second, the two figures are separate to avoid

clutter.

The adversary shall play the strategy of Lemma 4.4.2 d times, once for each layer, starting with
layer 0 and progressing to higher layers, one-by-one. We refer to the number of requests in a single
copy as ng. Thus, there shall be dng requests in total. Once the adversary moves to the next layer,
it selects a copy of G, untouched by any previously selected hyperedges by ALG (assuming that
ALG does not buy redundant edges) and restarts the strategy of Lemma 4.4.2 on that copy of Gy.
An untouched copy is guaranteed to exist in each layer by pigeonhole principle, since we introduce

an excessive number of copies in each layer and we assume non-redundancy of ALG.

More specifically, whenever ALG buys a hyperedge to process a request in a copy of the original
graph in a particular layer, that hyperedge contains an edge from the same region of some copy of
the original graph in each layer. This way, once the ng requests are exhausted in the original graph
in layer 0, at most 4° hyperedges must have been selected to process these requests (since this is
the total number of ordinary edges in a copy of Gy and non-redundant algorithm would never select

more hyperedges than there are edges in a copy of Gy to cover the requests in (G¢) and one of the
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copies in the next layer remains untouched by ALG, so a similar request sequence can be continued
on this untouched copy. Since the solution of ALG constructed so far does not have any hyperedges
in common with the untouched copy, it must pay the cost of Lemma 4.4.2 again, while the cost of
an optimal solution remains 1. The degree of each hyperedge is twice the number layers diamond
graphs in the new construction k£ = 2d, since each hyperedge contains one ordinary edge per layer.

Since the deterministic algorithm has cost 1 + log% for each layer and the cost of O PT remains 1,

the competitive ratio is

c5l<1+ loano) _ §(1+ log2n0) _ k:<1+ log%> _ E<1+ 10gn;10gk) — O(klogn)

Ny

Note that the same lower bound with &k odd is obtainable by simply adding a dummy vertex to

the construction above and including it in every hyperedge.
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Chapter 5

Generalized Online Steiner Cover on

Hypergraphs

In this chapter, we formally define the generalized online Steiner cover problem on hypergraphs
and present a generalized greedy algorithm (Section 5.1), which we continue to denote by Greedy.
Then we prove an upper bound of O(klog®n) on the competitive ratio (Section 5.2). A tighter
bound is determined for a new algorithm which we call the Generalized Greedy Steiner Cover

algorithm (GGSC for short), using LP duality to bound the performance of GGSC (Section 5.3).

5.1 The Generalized Online Steiner Cover on Hypergraphs

In the generalized online Steiner cover problem on hypergraphs (GOSCH), we have as input an
edge-weighted hypergraph H = (V, E,w) where |[V| = N, E C 2" offline, exactly as in the Steiner
tree problem, and a subset of unordered pairs of vertices R C V x V , |R| = n < (g ) presented
online. In other words, the difference between this problem and the one previously considered is
that the requests now arrive in pairs and no longer need to be connected to a common root node.

A solution needs to select a minimum-weight subset of edges which maintains connectivity of the
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terminal pairs. The output of our algorithm after the i™ request should be a set of edges F; C E
describing a sub-hypergraph of H which contains all previously requested terminals and which
connects the terminal pairs requested thus far. For any given pair p; = (s;,t;),1 < i < n there
should be a path between s; and ¢; along some subset of F;. After each request arrives, the algorithm
must immediately select edges which connect the vertices to each other and add them to the existing
solution, so F;_1 C F; Vi > 0and Fy = (). Once the last request is processed by the algorithm,
we have the final solution denoted by F' = F),. This is a generalization of the online Steiner
cover problem discussed in the previous chapter since the latter can be simulated by this problem
by making each request share a common terminal. This common terminal can be seen as the root
node, or the first request of the OSCH. More specifically, if the online request sequence for OSCH
is R = (r;), (note that in the OSCH problem r; was used to denote the i request, whereas in
this chapter we denote the i request pair as p;) then the equivalent request sequence for GOSCH

would be R = (p; = (141, 7”1))?:_11-

A solution will generally be composed of some collection of connected components C, where

each component C' € C connects a subset of the request sequence.

Problem Definition 12 Generalized Online Steiner Cover on Hypergraphs
Input
H = (V, E,w) a weighted hypergraph w : E — R offline.
P = {p1, ..., pn} terminal pair sequence p; € V x V for i € [n] online.
Output
F; C E on input p;, an edge set connecting the terminal pairs p;, 1 < 7 <.

Objective
minw(F) =) . pw(e), i.e., minimize the total edge weight of the solution, where
F = J;-_, F; a sub-hypergraph of H containing all requested terminals.

Example: Consider the 3-uniform hypergraph H = (V, E, w) with N = 7 vertices and 3 edges of

unit weight defined as follows:
V= {317 S2, U1, U2, U3, tl, t2}7 and

E = {61 = {s1,u1,t1},e2 = {ur,uz,uz}, ez = {82,103,152}}.
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Suppose two requests arrive online p; = (s1,¢1) and p2 = (s2, t2), then the solution F' = {ej, e3}
is feasible and has weight 2. Observe that when this request sequence is reinterpreted in the OSCH
setting as discussed above, this solution is no longer feasible, and the only feasible solution is to

take the entire F. See Figure 5.1.

51\ @ @ /52 S1 S92

uje| o (el uy o 3

e €
ti/® 3 e\l t1 3 to

Figure 5.1: Sample input hypergraph with request sequence (s1,t1), (s2,t2) (left), edges are of unit
weight; and the solution with 2 connected components, connecting s; to 1 and ss to t2 at minimal
edge weight (right).

5.2 Upper Bounds for GOSCH

Recall that in the setting of ordinary graphs, the analysis of Greedy for the online Steiner forest
problem was first done by [6], who showed the upper bound on the competitive ratio of O(log2 N).
Here, we adapt this result to hypergraphs of rank k£ and show that Greedy has a competitive ratio
of at most O(klog? N') for GOSCH. Our argument follows the structure of the argument in [6],
generalizing some steps to the hypergraph setting. We begin by introducing some key definitions

and then giving a high-level overview of the argument.

Let H = (V, E, w) be a given edge-weighted hypergraph and fix d € R>(. Two nodes u,v € V'
are called d-separated if the distance between them in H is greater than d, i.e., disty (u,v) > d. A

map rep : V — V is called a d-net if it satisfies the following two properties:

e foru,v € Vif rep(u) # rep(v) then rep(u) and rep(v) are d-separated, and

53



* forevery u € V, u and rep(u) are not d-separated.

In other words, the pairwise distance between distinct representatives is at least d, and the pairwise

distance between any vertex and its representative is less than d.

Intuitively, d-net partitions the set of vertices of H into blocks, such that each block has a
representative vertex in V, all vertices in the block are within distance d from the representative, and
different representatives are d-separated. We denote the set of representatives by V; = rep(V'). For
a representative v € V, the block of nodes corresponding to this representative is rep~!(v). While
H might have several different d-nets, for the purpose of the argument in this section we could fix
an arbitrary one. For concreteness, we shall fix a d-net constructed by the following greedy process.
Start by picking an arbitrary vertex v and consider the set S of all the nodes w within distance d of
v, i.e., distg(u,v) < d. Define rep(u) = v for all uw € S. Then remove vertices S from H, and

repeat.

Now, suppose that in addition to H we have a sequence of requests R = (p;)""_;. Define an
auxiliary graph G q = (Vy, E 4), Where V is the set of representatives of the d-net rep constructed

as described above, and
Eq= {{rep(si), rep(t;)} : the cost of Greedy on p; = (s;,t;) is at least l}.

Observe that the auxiliary graph is an ordinary graph, but may not be simple, i.e., for some choices
of [ and d, the auxiliary graph might have self-loops and parallel edges (in which case the sets in
the definition of auxiliary graph are replaced by multisets, where elements may not be unique). The
argument below will make sure that [ and d are chosen so that the auxiliary graph is an ordinary

simple graph, thus known graph theory results of simple graphs can be applied to it.

Next, we give a high-level overview of the proof of the main theorem of this section, Theo-
rem 5.2.7, which states that the competitive ratio of Greedy is O(klog? N) with respect to hyper-

graphs of rank k. Fix an arbitrary offline optimal solution O PT" and consider a particular connected
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component C' of this solution. Let P(C') denote the request pairs whose endpoints are within com-
ponent C. It is sufficient to show that the cost of Greedy in processing P(C') is within the factor
O(k-log N -log | P(C)|) of the total weight of that component, denoted by w(C'). The bound would
then follow for the entire input instance by summing over all connected components of O PT'. Sup-
pose that z = |P(C)| and let [y > la > --- > [, be the costs of Greedy in processing P(C')
for each request sorted from largest to smallest. The crux of the argument is in showing that the

i™ largest cost of processing a request by Greedy is not too large compared to the weight of the

kw(C)-log N

component, namely, I; = O ( : ) Observe that if we proved this then the overall bound

would follow using the bound on the Harmonic numbers [58]:

PO [P(O)]
i=1 =1

where the n'™ Harmonic number has the following bound

n

1
ZE:Hnglnn—l—l.
k=1

By simple algebraic manipulation observe that showing I; = O ( M) is equivalent to
showing ¢ = O <M) In fact, an even stronger claim is shown: let P;(C) denote the
subset of requests from P(C') such that the cost of Greedy on a request is at least {. We want to
show |P(C)| = O(M) In order to derive a bound on |P;(C)| we shall make use of the
auxiliary graph G; 4 = (Vy, E; 4). Notice that for every value of d we have |P(C)| = |E 4] if
we allow parallel edges and self-loops in the construction of G 4, as discussed above. If we view
the parameter d as being set on a slider to adjust its value, then increasing or decreasing it has
the following effect on the auxiliary graph: if we increase d then this decreases |V;| but increases
the number of parallel edges and self-loops in (i} 4, and if we decrease d then this increases | V|

but decreases the number of parallel edges and self-loops. The trick is to find a value of d such

that (1) Gy 4 is a simple graph, (2) |E; 4| = O(|Vy

), and (3) |V4] = O <M> Setting

d = m achieves all these goals. More specifically, for this choice of d, the girth of G} 4 is
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at least 4log N > 4 (assuming N > 2). This immediately establishes (1) that G 4 is simple,
and it establishes (2) that |E; 4| = O(|Vy|) via a girth-based bound on the number of edges (see
Lemma 5.2.2 and Lemma 5.2.3). To establish (3), we use the observation that for hypergraphs of
rank k& whenever d < w(C') we have |V;| < %w(C). This is derived from our setting V; given by the
greedy ball packing procedure, where we place balls of radius d repeatedly until there are no more
vertices left to cover, we can implement a similar procedure to prove the existence of a packing
of disjoint balls to achieve the desired bound. This is done in Lemma 5.2.5 and Lemma 5.2.6.
This happens to be where the extra factor of k appears as compared to the ordinary Steiner forest
problem: when packing disjoint %—balls in a hypergraph, at most k& balls can cover any single edge

due to the fact that at most k vertices are contained within it.

In the following lemma, Lemma 5.2.1, we give a proof for the existence of a subgraph with a
large minimum degree in ordinary graphs. This result, together with the girth bound which will
follow, will allow us to count edges to achieve a lower bound on |Ej 4|. The idea here is to remove
vertices of small degree until the minimum degree of the resulting subgraph becomes sufficiently
large, and to prove that this process terminates before removing every vertex in the graph (so the

subgraph obtained is non-empty).

Lemma 5.2.1. [70] Every graph G = (V, E) has a non-empty subgraph with minimum degree

> |B|
5> 8

Proof. Givenagraph G = (V. E
|E]|

with minimum degree §(G’) > v To do this, we simply proceed by iteratively removing vertices
of degree strictly less than % Obviously, if the process terminates and the result is non-empty,

), we want to show that G has a non-empty subgraph G’ = (V' E')
E

the lemma is proved. We must therefore show that the result of this process is non-empty. Assume
for the sake of contradiction that it is. Then after the last round we removed exactly |V| vertices
of degree strictly less than %, and therefore we removed strictly less than % -|V| = |E| edges
overall. This is a contradiction, since if we removed every vertex then we must have removed every
edge as well. This implies that the resulting subgraph is nonempty. Since the process is guaranteed

to terminate in less than |V| steps, we can conclude that the resulting subgraph has minimum degree

56



at least %

Now we apply Lemma 5.2.1 to prove that we can bound the number of edges in a graph by some
function of the number of vertices and the girth of the graph. This will be used to bound the number
of edges in the auxiliary graph (recall that the edges of Ej ;4 correspond to request pairs whose cost
to Greedy exceeds ). As mentioned previously, the proof is done by counting the edges. We
consider an expanding neighbourhood centered at some vertex, up to a diameter just shy of the girth
of the graph. This ensures that no edge is double counted, since this would imply a cycle smaller
than the graph’s girth. Then, by taking into account the existence of a large degree subgraph from

Lemma 5.2.1, we come to a suitable bound on the number of edges.

Lemma 5.2.2. [15] If g is the girth of an unweighted graph G = (V, E) then the following bound
holds

o(1)
Bl < [V

Proof. Let v € V and consider placing a ball G(v,r) with r = L%J in graph G. Then the
covered subgraph G(v,r) must be a tree, since a cycle in this ball would imply a cycle of length
less than g in G and all vertices are reachable from v. Now consider the expanding component
obtained by increasing the radius of the ball from 0 to L%J ; in each step the last vertices added to
the neighborhood reveal at least § new neighbors in G(v, r), where § denotes the minimum degree
of G. Once the ball reaches its maximum radius, there must be at least 5Lg2;1J distinct vertices in
V(B). Therefore,
sl < v

Using Lemma 5.2.1, we know that G contains a subgraph with minimum degree ‘l—g", and since the

girth of any subgraph of G is at least as large as the girth of G,
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+—1r
Bl < V] U2 ="

Proceeding with the plan highlighted previously, we provide the proof of a lower bound on the
girth of the auxiliary graph. The proof makes use of the behaviour of the Greedy algorithm: by
contradiction it is shown that a small cycle cannot exist in the auxiliary graph, since this would
imply the existence of a shorter path which Greedy could have selected to connect the last terminal
pair that was requested along this cycle. This can be used to reveal the edge bound on the auxiliary

graph, thanks to the result from Lemma 5.2.2.

Lemma 5.2.3. [6] The girth of the auxiliary graph g(G) q) is at least ﬁ

L
2d’

Proof. Assume for the sake of contradiction that there is in fact a cycle of length s < and
consider the request sequence on some instance of the GOSCH for those requests which correspond
to edges in the auxiliary graph G 4. The cost of the last of these pairs to arrive (which completes
the cycle) is greater than [, but since it was the last to arrive we can alternatively connect it by
the existing path highlighted by G 4 (see Figure 5.2), by routing each of the requested pairs to its
representative vertex in V; and traveling along a path consisting of edges previously selected by

Greedy, for a cost of at most 2ds < [, contradicting that Greedy selects the minimum cost path

available to connect each request pair. O
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t,

Figure 5.2: An example cycle of length s = 5 in the d-net, where the last pair to arrive was
/ ! g/
p = (S 3 )

The blue path in Figure 5.2 corresponds to the path bought by Greedy to satisfy the last request
pair p to complete the cycle, of cost exceeding [, and the red path in the same figure shows a shortcut
which was available to Greedy using previously selected edges. The total cost using the pre-selected
edges amounts to at most 2ds where s is the length of the cycle, whereas Greedy is supposed to have
paid more than [ > 2ds. As previously stated, Lemmas 5.2.2 and 5.2.3 will allow us to bound the

number of edges in the auxiliary graph.

Corollary 5.2.4. [6] Forl > 8dlog N we have the following bound
|ELal = O(|Val)
Proof. From Lemma 5.2.2 we have that

14 _0@)
|El,d| < ‘Vd’ +g(Gz,d)
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where (G 4) is the girth of the auxiliary graph. Then, since in Lemma 5.2.3 ¢g(G| 4) was bounded

> 8‘“205]\[ = 4log N

below by ﬁ and it is given that [ > 8dlog IV, we have that ﬁ

o) o@)
HiGa < |yt asn

|Val

and since |Vy| < N we have that log | V4| < log N and 710g1|Vd\ > Tgl x> SO

1+ 0O(1) o)
[Va| " #1os N < Vgl - [Vg[#eeVal = [Vy| - O(1) = O(|Val).

Now, since we have bounded the number of edges in the auxiliary graph by a constant factor
of the number of vertices, we proceed with a bound on the number of vertices |Vy|. To do this, we
will use the notion of a ball in a hypergraph. Fix a graph H = (V, E, w), a vertex v € V' and a real
number r > 0. A ball centered at node v of radius r, denoted by H (v,r) = (V(v,7), E(v,7)),is a

subgraph of H with the vertex set
V(v,r) ={u eV :distg(u,v) <r}
and the edge set
E(v,r) ={e € E :Yu € e(distyg(u,v) <r)}.

In words, H (v, ) is a subgraph of H induced on all the vertices within distance 7 of v. Observe that
H (v, r) is a connected subgraph. Then we say the nodes in V' (v, ) and edges in E(v, r) are covered
by the ball H(v,r). A collection of balls B = {H (v;,r;)}i" is called disjoint if Vji, jo € [m]
with j; # jo we have that

V(vj,15) NV (vjy,7j,) =0

and otherwise they are called overlapping.

Example:
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Figure 5.3: A hypergraph with balls centered at nodes v1, v2 and vs.

In Figure 5.3 we have three disjoint balls, By = H(vy,71), Bs = H(vg,r9) and B3 = H (vs, 13)
centered at nodes vy, ve and vs, respectively. B containes nodes vy, u1, u2, By contains nodes
V9, U3, U4, and Bs contains nodes vs, ug, ug. The node u7 is not contained by any of the three balls.
The sum of radii of the balls is r; + 73 + 73 is at least as large as the sum of weights for the red,
yellow, and blue hyperedges (we know this because the vertices contained in each of these edges are
covered by one of the balls). However, the sum of radii is less than eeq + €yellow + €blue + 3 * €brown
since 71 < €red + €browns 72 < Eyellow T €brown, aNd 73 < €plue + Eprown. A more general statement

of this fact is proven in the following lemma, Lemma 5.2.5.

Lemma 5.2.5. If we can pack some connected weighted hypergraph H = (V, E, w) of rank k with
a collection B = {H (v, ;) }".1, m > 2, of pairwise disjoint balls, then the following inequality
holds,

m

Z ri <k-w(H)

i=1

Proof. We define the boundary of aball H(v;, r;), denoted 6 (H (v;, r;)), as the edges which contain

61



at least one vertex in V' (v;, r;) and at least one vertex not in V' (v;, r;), i.e.,

0(H(vi,r;)) ={e€ E(H): Ju,v € e,u # vsuchthatu € V(v;,r;) andv € V(H) \ V(v;, 1)

Then consider the shortest path P; from v; to any node outside of H(v;,7;). It is clear that P;
contains exactly one edge from §(H (v;,7;)), since otherwise we could delete one of them to get a

shorter path which still leads to a node outside of H (v;, ;). Note that this implies the following
w(P;) > ;.
Furthermore, we define the set of edges in P; which intersect with H (v;, r;) as follows,
P =PnN E(vg, 1)
and the edge of P; which lies on the boundary of H (v;, ;) is also defined,

& =F N (5(H(UZ,T7,))

Note that this implies the following,

P=PUé¢
Summing over the radii, we get that
m m m m
D i< Y w(P) =3 jw(P)+) wé)
=1 =1 =1 =1

Where the edges from each P; are disjoint, but each edge among the €; may appear a total of &k times

due to the rank of the hypergraph, and therefore
m

Z w(P) + > w(é) < k- w(H)

=1 =1
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With this we can prove the following lemma regarding the number of representatives of a d-
net. Notice that this number depends on the value of the parameter d relative to the weight of the
hypergraph H = (V, E, w) of rank k. This generalizes the case from [6] on 2-uniform graphs. The
proof follows from Lemma 5.2.5, we need only specify the radii of the balls with which we want to
pack the hypergraph. The idea of the proof is to bound the number of representatives from above by
some factor of the weight of the hypergraph. This is achieved by placing a ball of maximal radius
centered at each representative while avoiding any overlap. This covering by disjoint balls allows

us to sum over the radii of the balls to achieve the desired bound.

Lemma 5.2.6. Let H = (V, E,w) be a hypergraph of rank k and fix d > 0. Let Vy be the set of

representatives of an arbitrary d-net. Then:

o ifd > w(H) we have |Vy| = 1.

» ifd < w(H) we have | V| §2'wTH).

Proof. When d > w(H), the bound is quite trivial since the weight of any path between two
nodes in H is at most the sum of edge weights of H, and therefore any node chosen for the first
representative will remove all other nodes from consideration. Now consider d < w(H ), we want to
show that the balls about nodes in V; can be at most radius % for any hypergraph. This is because we
must avoid overlap along any hyperedge when d-separated. So, assume for the sake of contradiction

that two balls of radius g centered at nodes u, v € V; do overlap. This implies that

disty (u,v) < 2% <d.

This contradicts that the nodes are both d-separated (being distinct representatives in the d-net).
Therefore, by Lemma 5.2.5, the total weight of these balls ]Vd\% is bounded above by the weight of
the component w(H ),

|Va| < wl
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This change in the bound of a factor of k£ when extended to hypergraphs explains the change in
the competitive ratio of O(klog® N) for N the number of vertices and % the rank of the hypergraph
H. Lemma 5.2.1 and Lemma 5.2.2 alongside the previous one, Lemma 5.2.6, combine to prove the

bound on the number of edges in the auxiliary graph from Lemma 5.2.4.

Now we can finally prove the main theorem of this section, by bounding the competitive ratio
of Greedy for the GOSCH problem. This, recall, is done by bounding the performance of Greedy
on request sequence R for the terminal pairs within each connected component of the fixed offline

optimal solution O PT'(R), then taking the sum over all connected components.

Theorem 5.2.7. The Greedy algorithm for the GOSCH is O(klog® N)-competitive, where N is the

number of vertices in the input hypergraph.

Proof. Let ¢(p;) be the cost incurred by Greedy to connect request p; on some instance of GOSCH.
Given some connected component of an optimal solution C for that instance, recall that P(C)
denotes the requests connected in that component (by O PT) and that P;(C') denotes the subset of

P(C') which cost Greedy at least [ to connect,

B(C) = {pi = (Si,ti) €ER:s;t; € V(C) and C(pi) > l}

Then we sort the request pairs by non-ascending cost, where [; corresponds to the i cost in this

sorting, as described previously and get the following:

|P(C)|
Z C(pi) = Z lz
pi€P(C) i=1

Now we consider the auxiliary graph G, L for the component C. Then the number of edges
Blog(N
‘El ] ‘ is equivalent to |P;(C')| by construction. Consider also the sets P, (C'), of pairs whose
’8log N

cost to Greedy was at least as large as the i™ most expensive request in component C. Then

applying Lemma 5.2.4 we have that

i’SlogN

n©I=|E,

~0 (v ) |
8log N
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And following up with Lemma 5.2.6 we get

PL(C)| =0 (’“;“C)) 0 <’<fw<0l>1gN> |

8log N

Allow a simple algebraic manipulation to isolate /;,

e

Note that by definition,

.(C)| > i because it contains at least each request from the first to the i

in the sorted ordering, and therefore

li:()(k.u;(c*wv)

7

Now we can substitute for /; in the summation,
Z L "%Ci)' (k-w(C) logN>
=t i

=1

Here we apply the bound on the Harmonic function [58]

w(C)log N)log |P(C)|.

s\)—t

P(C)]
=0 (k-w(C)logN) Z
Here recall that the number of requests is bounded by () < N? to get

O (k- w(C)log N)log |P(C)| = O (k - w(C) log N log N*?)

=0 (k- w(C)log® N).

Finally, to get the desired bound on the overall performance of Greedy, we simply take the sum

65



over all connected components of O PT,

PO

Greedy(R) = Y clp)=>_ > U
) c =1

C pieP(C
< ZO(/@ -w(C) - log® N)
c

O(k-1og’ N) Y " w(C)
ceC

= O(k -log® N) - OPT(R).

5.3 LP Approach to GOSCH

When looking at the relaxed LP statement for GOSCH, the only difference with the OSCH LP is
that the family of cuts 7 is no longer over cuts which separate any pair of requests, but specifically

those which separate some request pair (s;, ;) for 1 < i < n. [34]

min.: Z w(e)ze

S.t.: Z ze>1 VS eT
e€d(S)

0<z. <1 VeeFk

for T ={S C V:3(s;,t;) € Rwhere |SN{s;,t;}| = 1}, and the corresponding dual,

max.: Z ys

SeT

s.t.: Z ys <w(e) VeeE
S:e€d(S)

ys >0 vSeT
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So, as in the LP analysis from Section 4.3, we consider normalized edge weights to partition the
primal solution C' into logn cost classes Cj, 0 < j < logn. When setting the dual variables for
the GOSCH, it is no longer possible to simply increment all dual variables yg equally and maintain
feasibility. This is because it no longer contradicts the behavior of the algorithm when two dual balls
of a given cost class intersect, as not all requested vertices need be connected. The adjustment is the
following: we continue making greedy decisions while keeping track of the dual variables, this time
placing dual LP balls of radius ? for a request in class C}j, and when the dual LP balls for some
set of dual variables corresponding to request p; = (s;,t;) “intersect” with another dual LP ball
corresponding to s; € p; and/or t,, € py,, for some 1 < 4, j,m < n with j,m < 1, the algorithm
will first buy the shortest paths to connect these non-request terminal pairs. The intersection of
dual LP balls occurs when an edge is saturated by dual variables whose corresponding cuts contain
terminals from distinct requests. Note that after buying the extra path between s; and s; and/or that
between ¢; and ¢,,, the shortest path connecting p; may have changed to include more newly set
zero-weight edges. We do not assign p; a new cost class from this change. Since p;, p; and p;,
belong to the same cost class, buying the paths from s; to s; and/or ; to ,, increases the cost by
a factor of at most 3. This is done by considering a dual auxiliary graph, similar to the auxiliary
graph considered in the previous section, where the terminals at centers of successfully placed dual
LP balls correspond to vertices of the dual auxiliary graph, and paths bought between these vertices
(due to dual LP balls which could not be placed) correspond to the dual auxiliary graph edges.
We show in Lemma 5.3.2 that the auxiliary graph is acyclic, which immediately provides an upper
bound on the number of edges based on the number of vertices. This shows two things, (i) that the
number of dual LP balls which could not be placed is sufficiently small, and (ii) that |C}| can be
upper bounded in terms of the size of the corresponding dual solution |D;|. Since |C}]| is equal to

the number of nodes, |D;

, plus the number of edges, which is at most | D;| — 1, in the dual auxiliary
graph, we get that

|C| < |Dj| + |Dy| - 1.

From Lemma 5.3.1 we get that each edge in the dual auxiliary graph for class C; corresponds to a

path bought by the algorithm of cost at most 2/ =2, add to this the fact that each request in C; cost
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Algorithm 13 at most 3-27 to connect, we can bound the total cost of each class by the corresponding

dual solutions as follows,

) ) 272 2j—2
3:21Cy| < 327Dy + Dyl - 1) = 120 (22 Dyl - 2 )

where % |D;| = 17 - §j; is the value of the dual solution D;. This allows us to bound the total cost

of Algorithm 13 by the desired amount, by summing over the cost classes.

Algorithm 13 Generalized Greedy Steiner Cover Algorithm
1: procedure GGSC(H = (V,E,w), R)

2: T+ 0

3: y< 0

4: while i < n do

5: j < cost class of p; such that Greedy(p;) € [2771,27)
6: T1, Kyl < ComputeDual LPBall(H, 7, s;, %)

7: T9, KyQ < ComputeDual LPBall(H, ¥, t;, %)

8: if 7y =2 " and = 2" then

9. G 7+ Ay, + Ay,

10: if 1 < % then

11 Let s’ be the previous request whose dual LP ball intersected that of s;.
12: T + T U IncludePath(H, s;, s")

13: else

14: 7 7+ Ay,

15: if » < 2],;2 then

16: Let ¢’ be the previous request whose dual LP ball intersected that of ¢;.
17: T < T U IncludePath(H,t;,t")

18: else

19: G 7+ Ay,
20: T < T U IncludePath(H, s;, t;)
21: return 7'
22: procedure IncludePath(H = (V, E,w),u € V,v € V)
23: S0
24: Compute shortest path P in H connecting s; to t;

25: S« SUP
26: for e € P do

27: w(e) 0
28: return S
Example:
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S1\ @ @ /52 51\ @ ® /52

uf] @ qu ® )3 ° qu ® )3

tl. .tQ tl. .tQ

Figure 5.4: Example input for GGSC' Algorithm: first request.

S1\ @ ® /52 S1\ @ ® /52

U2 U2

ti/® o\l ti/® o\l

Figure 5.5: Example input for GG SC' Algorithm: second request.

After the first request in Figure 5.4 p; = (s1,t1), GGSC places balls centered at s1,¢; and
selects the edge {s1,u1, %1} to be in the solution. Since it is the only request, no balls were placed

previously to intersect with and the algorithm simply buys the shortest path connecting the terminals

69



in p1. The terminals s; and ¢; are added to the dual auxiliary graph, but they are not connected by
an edge. After the second request in Figure 5.5, GGSC checks if the balls about so, 2 can be
placed without overlapping those previously placed about s, ¢1. If they can, they are placed and the
algorithm selects edge {s2, us, t2} to add to the solution. The terminals s, and o are added to the
dual auxiliary graph, and no edges are added. If they cannot be placed, then both remaining edges
are added to the solution. This achieves two things, first it connects the request pair ps, and second
it connects the terminals to the previous ones who prevented the balls from being placed. so and ¢

are not added to the dual auxiliary graph, instead an edge is added to it between s; and %;.

Since the placement of dual LP balls can now result in an infeasible solution, we must prove
that in this case we can drop some dual assignments without hurting the asymptotic performance
obtained in the analysis of OSCH. To do this, we first show in the following lemma that some path
of small weight must exist between otherwise unrelated terminals for their dual LP balls to intersect.
We want to buy this path, but need to be sure that the cost of doing so will not grow out of hand for

our desired result.

Lemma 5.3.1. When the if statement on line 10 (or 15) of Algorithm 13 is true, there is a path of
saturated hyperedges from the corresponding terminal(s) in p; to some previously requested termi-

nal(s) s' (and t') corresponding to tight constraints in vy + Ky

Proof. The if statement on line 10 (or 15) being true implies that the if statement on line 16 of
ComputeDual LP Ball was true. In other words, there was an edge which was partially saturated
by a previous request, s’, and which one of the terminals of the current request, p;, contributed to
fully saturating, say s;. Then by Lemma 4.3.1 there is a subgraph of saturated edges connecting up

to k terminals, including s; and at least one other s’ in class C;, of weight at most 202, O

Now we show that the number of extra paths bought by Algorithm 13 is small, which combined
with the result from Lemma 5.3.1 allows us to guarantee that the total cost of these extra paths is
not too large. The lemma and proof are adapted from a similar result from the online Steiner forest

problem in graphs, a high level description of which can be found in [53].
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Lemma 5.3.2. The dual auxiliary graph for each cost class C;, 1 < i < logn, implicitly con-

structed by Algorithm 13 is acyclic.

Proof. This proof is similar to the proof of Lemma 5.2.3. By contradiction, assume there exists a
cycle in the dual auxiliary graph for class C;, and let (s;, ¢;) be the request which introduced this
cycle via an auxiliary edge between terminals v and vs (see Figure 5.2 for an illustration). Then the
algorithm found the shortest path in H to connect them had cost greater than 2/~1. Since the balls
centered at s; and v9 intersect, Place Dual L P Ball must have terminated for some v < ? Then
by Lemma 5.3.1 there is a subgraph connecting s; and v, of weight less than 2/=2. Following the
same line of reasoning, we can say that the same is true for ¢; and v3. Now consider the other edges
in the cycle of the auxiliary graph: they correspond to a zero-cost path for the algorithm between all

previously requested terminals in the cycle. Then the distance in [;_; between s; and ¢; satisfies
disty, ,(si,v2) <2272 =271,

This now contradicts that the terminals were in cost class C;, since the cost classes are assigned by
the cost of Greedy to satisfy them. We can therefore conclude that the auxiliary graphs imposed by

each cost class is a tree. OJ

The following theorem establishes the main result of this section. Recall that for the lower
bound, there were actually exponentially many more vertices than requests. This suggests that the
average-case performance could actually be better than what the pessimistic view of the competitive

ratio implies.

Theorem 5.3.3. GGSC (Algorithm 13) is O(klogn)-competitive for the GOSCH problem w.r.t.

k-restricted hypergraphs, where n is the length of the input sequence.

Proof. Let R be the input sequence of length n for some instance of the GOSCH problem. Let C be
the solution obtained by the GGSC algorithm, and OPT" denote some offline optimal algorithm.

We begin by considering the input instance with normalized edge weights, where the weight of
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each edge is multiplied by #(R)' Then, we consider partitioning C' into cost classes C; for

0 < j < logn. Since each terminal in class C}; cost at most 27 to connect, we get that
GGSC(C )<3- 21|C |

and the factor of 3 comes from the fact that GGSC pays for at most 3 connections within a class

for a given request (Algorithm 13 lines 12, 17, 20).

. 9J—2
3-27|Cy| = 12k

7|le

Now consider the dual auxiliary graph for the cost class C;, whose vertices are terminals of C;
whose dual-LP-balls were placed without intersection and whose edges are terminals whose dual-
LP-balls could not be due to resulting in infeasible variable assignments, i.e., the dual-LP-balls
intersected previously placed ones. From Lemma 5.3.2 we know that this dual auxiliary graph is
acyclic, so if there are | D;| nodes there are at most | D;|—1 edges. Then we get that |C;| < 2|D;|—1.
Note that | D;| is then the number of dual variables whose dual-LP-balls in dual solution D; were
successfully increased in radius to 2,— > without intersecting previously placed dual-LP-balls in that

class. Then
2]' 9J—2

12k——|C;| = 12k < (2|D;| — ))

27—2 272 27
=12k (25— |D;| — =— ) = 24k(17 - ;) — 3=
(22Dl = 2 ) =24k ) - 3%

Since 17 - §; < OPT(R) and 3% > 0,

J
Uk(TT - ;) — 3% O(k - OPT(R))
Summing over all cost classes, we get
logn logn
GGSC(R)=0 | Y GGSC(Cy) | =D O(k-OPT(R)) = O(klogn) - OPT(R).
Jj=1 J=1
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Chapter 6

Conclusions and Future Work

We provide a brief summary of the results of this thesis, and discuss some related open problems.

We consider online Steiner cover problems in hypergraphs, which are generalizations of ordi-
nary graphs, whose internal relations go beyond what can be captured in a pairwise manner. Results
in this setting are more often than not backwards compatible with the more common ordinary graph
setting, given there is no restriction on the size of edges to be greater than 2. The results in this thesis
have considered only the upper restriction on edge sizes, hypergraphs of rank at most &, generalizing

some results from ordinary graphs into the hypergraph setting.

In Chapter 4 we posed the online Steiner cover problem in Hypergraphs, where given a hyper-
graph H = (V, E, w) offline and request sequence R = (r1,72,...,r,) forr; € V, Vi € [n] online,
we must connect each request to the root 1 in the sequence R via a minimal edge-weight subhy-
pergraph of H. This problem is a generalization of the Steiner tree problem in graphs, where for the
hypergraph case we do not impose the constraint that the solution be a hypertree but instead focus
on minimizing the edge-weight of a solution only. We analyzed the Greedy algorithm to show that
the competitive ratio is O(k - log n), where k is the rank of the hypergraph. This analysis was done
from two perspectives: the first was a combinatorial approach in Section 4.2, and the second was an

LP-based approach in Section 4.3. Both these approaches had proven successful in the past for the
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graph Steiner tree problem, where the rank of the hypergraph is at most 2 [39]. In the combinatorial
approach (Section 4.2), we implemented the H D F'S algorithm to construct a 2-uniform path graph
out of some optimal solution, where each edge of the optimal solution appeared at most 2(k — 1)
times in this construction. Then, the analysis of [39] could be applied directly to bound the cost of
shortest path distances between requests in this path with those which were revealed previously. In
the LP-approach (Section 4.3), the primal and dual LP relaxations of the problem were formulated
and an algorithm for assigning dual variables was considered in order to bound the cost of Greedy
not by some optimal offline solution (not directly, anyway), but by the primal-dual bounds obtained
from LP theory. By splitting the primal solution into log n cost classes, we could construct a sep-
arate, feasible dual solution for each class. Each primal cost class was then bounded above by a
factor 2k of its corresponding dual solution. By summing over the primal cost classes we bounded
the solution by 2k times the sum of dual solutions, and since each dual solution is less than the cost

of any optimal solution this gave us the desired bound.

In Chapter 5 we continued to generalize online Steiner problems in graphs to hypergraphs by
considering the online generalized Steiner cover problem in hypergraphs. This problem is a natural
extension of the online Steiner forest problem in graphs. The requests now arrive in pairs R =
(p1 = (s1,t1),p2 = (82,t2),...,Pn = (Sn,tn)), where s;,t; € V Vi € [n] and the goal is to find
a minimal edge-weight subhypergraph of H where only the terminals which arrived together are
required to be connected. For this problem, we show that the corresponding Greedy algorithm has

a competitive ratio bounded as follows

Q(klogn) < p(Greedy) < O(klog®n).

The analysis here was done with a combinatorial approach in Section 5.2, again adapted from the
2-uniform case of previous work [6]. The idea of this approach was to bound the occurences of
costly requests. This was done by constructing a correspondence between the number of requests
exceeding a certain threshold and the number of edges of an auxiliary graph. Many adaptations
were needed to construct this auxiliary graph from a hypergraph instead of an ordinary graph, but

once this was done the argument from [6] followed. We then showed that another algorithm,
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called GGSC, which can be seen as the greedy approach empowered with the insight gained from
keeping track of the dual LP, obtains a competitive ratio of O(k logn) in Section 5.3. The algorithm
attempted to assign the dual variables, conceptualized as growing a dual LP ball about each request.
If the process terminated successfully, the algorithm proceeded in the usual greedy fashion. If
the process was unsuccessful, and the dual LP ball would have resulted in an infeasible variable
assignment, then the algorithm added extra paths to connect nearby terminals corresponding to these
broken constraints before recomputing the shortest path of the current request and finally adding it

to the solution.

Open Problem 6.1. 1t is conjectured that Greedy algorithm is O(logn)-competitive for the on-
line Steiner forest problem in ordinary graphs [6]. Inspired by that, we conjecture that the simple
Greedy algorithm for GOSCH problem is O(k log n)-competitive for hypergraphs of rank k. Re-
gardless of validity of this conjecture, it remains an important open problem to establish the tight

bound on the competitiveness of Greedy for the GOSCH problem.

Open Problem 6.2. This thesis analyzed the competitive ratio on simple and k-restricted hyper-
graphs. A natural next step would be to further restrict the family of hypergraphs for the considered
problems to linear hypergraphs, for which any pair of edges intersect in at most one vertex. The
lower bound provided here was a k-uniform hypergraph, but it was certainly not linear. The number
of edges for a linear k-uniform hypergraph on /N nodes is O (f—;) . Hypergraphs with a polynomial
upper bound on the number of edges are of use in practical applications because many computa-

tional problems become tractable.

Open Problem 6.3. 1t is interesting to analyze OSCH and GOSCH in stochastic settings, such as

known and unknown i.i.d. as well as under the random order input model.

Open Problem 6.4. The online Steiner problem in ordinary graphs has been studied under the or-
acle advice model in [10], and under prediction with error (a.k.a. ML-based advice) model in [7]
and [67]. So far, the considered prediction and advice models have all entailed advice about the
requests themselves. It would be interesting to study other kinds of advice, for example, advice

based on an optimal solution, both in the setting of ordinary graphs as well as hypergraphs.
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Open Problem 6.5. We studied a generalization of the online Steiner problem in graphs by consid-
ering the setting of hypergraphs, but there are more ways one can generalize. For example, inspired
by the survivable network design problem [69], we can consider an extension of GOSCH in which
requests arrive as triples (s;, t;,7;) where s; and ¢; are terminal vertices which must be connected
and r; is the connection requirement, i.e., the number of distinct hyperedge-disjoint paths which

must connect those terminals.
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