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Abstract

Spectral embeddings through nonstandard samplings

Fabrice Nonez, Ph.D.

Concordia University, 2025

Note: This Thesis is comprised of the contents of the paper at [8]. There are minimal modifica-
tions, mostly for cosmetics.

The Spectral Embedding Theorem, one of the formulations of the Spectral Theorem, states that
any densely-defined symmetric operator A on a separable Hilbert space H can be extended by a
multiplication operator through an isometric embedding of H in an Ly-space.

In this research project, the goal is to study a novel process. This process starts with a (real or
complex) separable Hilbert space H and a densely-defined symmetric operator A. It results with a
compact metric space 0, a probability measure i on €, an isometric embedding U:H— Ly (Q, i)
and a multiplication operator T on LQ(Q, ft) such that UoAcCToU, satisfying the Spectral
Embedding Theorem.

The process uses two parameters, which are objects of Nonstandard Analysis: the nonstandard
sampling and the standard-biased scale. We see in this Thesis that these objects allow for a new
proof of the Spectral Embedding Theorem, as well as other forms of the Spectral Theorem.

Furthermore, we will observe that with specific operators, the process can result in explicit and
natural objects through the careful tweaking of the parameters. Specifically, we work with landmark
examples of the theory, the shift operator and the differential operator on the line, to derive the

Fourier series and the Fourier Transform from the process.
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1 Overview

We start by stating this version of the spectral theorem.

Theorem 1.1 (Spectral Embedding Theorem). Let H be a separable infinite-dimensional Hilbert
space, and let A be a densely-defined symmetric operator on H.

Then, there exists a compact metric space (£2, d) endowed with a probability measure (1 on its
Borel o-algebra, a borelian measurable function m : Q) — R generating self-adjoint multiplication

operator T on Lo(S2, 1), and an isometry U : H — Lo(2, 1) such that T o U extends U o A.

The formulation differs from the usual version in that A is only assumed to be symmetric instead
of self-adjoint, at the cost of U not always being unitary. This also establishes the well-known fact
that any symmetric operator has a self-adjoint extension in a larger Hilbert space.

The main scope of this text is to consider a process that generates the objects described in
Theorem 1.1, given a separable Hilbert space H and a densely-defined symmetric operator A. This
process will depend on two important parameters: a sampling for A and a standard-biased scale
compatible with the sampling. By proving that such parameters always exist, we will also have a
direct proof of Theorem 1.1.

Contrasting with classical proofs, which often use the Cayley transform and spectrum analysis,
this process relies more directly on the finite-dimensional version of the spectral theorem. It works
both for bounded operators and unbounded ones, and for real Hilbert spaces as well as complex
ones. Furthermore, it is surprisingly constructive, in that it may provide a path to construct the
objects, as we will see in the examples.

The method is inspired by previous work in nonstandard analysis, concerning the resolution
version of the spectral theorem. Most notably, the recent work done in [4] shows that nonstandard
methods are suitable to prove the spectral theorem for unbounded self-adjoint operators. Even more
recently, another proof has been considered in [6]. Proofs for bounded operators can also be found
in [2] and [7]. In all of these works, as well as in this one, the initial idea is to transfer the finite-
dimensional version of the spectral theorem and apply it on a suitable choice of hyperfinite space
and internal symmetric map.

A version of this idea that directly uses ultraproducts can be found in [5]. We think that some of



the ideas we expose could help with the questions found in that body of work, notably concerning
generalizations to unbounded self-adjoint operators.

In Section 2, we define the parameters, which are the sampling for A and the compatible scale.
Then, in Sections 3 and 4, we describe the process of this paper. Specifically, in Section 3, we use
the sampling and the scale to create a suitable Loeb space, and prove a version of Theorem 1.1,
albeit with the Ly space not being separable in many cases. In Section 4, using hull techniques, we
create an interesting compact metric space from that Loeb space, completing the process and the
proof of Theorem 1.1.

Then, in Section 5, we consider the case where A is self-adjoint. Using a spectral resolution,
whose existence is shown in Appendix A using Theorem 1.1, we create a suitable sampling and scale
for which the induced isometry is surjective, proving the usual version of the spectral theorem.
Finally, in Sections 6 and 7, we look at some relevant classic examples for which tweaking the

parameters of the process can provide an explicit, natural and intuitive realization of Theorem 1.1.

1.1 Notation and conventions

In the paper, some familiarity with nonstandard analysis will be assumed. For example, internal
objects, hyperfinite sets, and Loeb measure theory will be used. A comprehensive theory about
nonstandard analysis can be found in [1]. Of note, the notation will be consistent with that book,
whereas for a standard object a, we will note its extension by *a.

Sometimes, * may be omitted when there is almost certainly no ambiguity . For example, if
r € *R is nonstandard, cos(r) necessarily means (* cos)(r). About all other times, * will be use
everywhere it is meant to be. If the expression "Let € € R+ is written, € is meant to be standard.

In the construction, we will work with three probability spaces: an internal one, the Loeb-
constructed one and the one from the nonstandard hull. We will try to denote objects related to
the internal space with tilde symbol (™), ones related to Loeb space with subscript L (1) and ones
related to the hull space with the hat symbol (7).

Throughout the paper, we assume H is an infinite-dimensional separable Hilbert space, with
underlying field R or C, which we will denote by K. Sometimes, we may use the conjugate Z or the

real part *(z). Both are just the identity function if K = R. For closed subspace V, the operator



projy on H denotes the self-afjoint projection with image V.

Also, A : dom(A) — H is a densely-defined symmetric linear operator on H. This operator is
not assumed to be either bounded or self-adjoint, except when explicitly stated, notably in Section
5 and Appendix A. Details about Hilbert spaces and unbounded operators can be found in [3].

We now fix *, an (at least) N;-saturated enlargement' of objects in a superstructure containing
at least K and H.

Open ends of intervals will use square brackets, for example [1, 2] instead of [1,2). We will
assume that N starts at 1. For k£ € N (or *N), we will use [k] = {1,2,3,...,k}. Also, for k,m € Z,
we will denote [k.m[={l € Z | k <1 < m} = Z N [k, m[. In such a set, we will often use @®
and © for the cyclic addition and subtraction (specifically, n; & no = ny + ng mod m — k and
ny & ng € [k.m).

For any given function (standard, internal or external) f, we will denote its graph by G(f). For

given operators 77 and T, we say that T} < T4 if G(T1) C G(T%).

2 Samplings and scales

Here, we define the main parameters we will use throughout this paper, the sampling for A and
the compatible scale. Those objects allow a representation of A in a hyperfinite world, and will later

allow the construction of a relevant standard measure.

Definition 2.1. We call the internal triplet (H, A, Q) a sampling for A if:
(1) H<*H, and *dim(H) € *N.
(2) A: H — H is a *linear symmetric operator on H.
(3) Q C H is an orthonormal *basis of H formed by eigenvectors of A.

(4) G(A) C st(G(A)). In other words, for any x € dom(A), there exists & € H such that
& =st(%) and Ax =st(Ax).

!The existence of a suitable hyperfinite set is only used once to simplify the construction of a sampling. With more
finesse, such a construction is possible given only countable saturation, so any ultrapower constructed using a countably
incomplete ultrafilter would work well.



Proposition 2.2. There exists a sampling for A.

Proof. Let H = *span(S), where S is any *finite subset such that dom(A) ¢ S C *dom(A).
Then, condition (1) holds, and dom(A4) < H< *dom(A) < *H.
Now, let A := (projg o*A)| g : H — H. Since H is internal, proj ; is internal, and so Aisan

internal linear operator. Furthermore, for all 2,y € H:

(Az,y) = (projg *Az,y) = (*Az,y) = (z,* Ay) = (z,projz *Ay) = (z, Ay).

Hence, A is symmetric and condition (2) holds. By transfer principle of finite-dimensional spectral
theorem applied to A, there exists €2, an orthornormal *basis of F consisting of *eigenvectors of A,
and so we fix an arbitrary one. With that, condition (3) holds.

Furthermore, for any z € H, and for all ¢ € R+, there exists y € H such that [z -yl <e
Indeed, H O dom(A), which is dense in H. Since projection minimizes distance, we have that
|# — projz x| is infinitesimal and 2 = st(projz ). Therefore, for any » € dom(A) C H, we
take 7 := z so that Az € H and Az = st(Az) = st(Az).

We get that condition (4) holds, and we conclude that (H, A, Q) is a sampling for A. O

Remark 2.3. The implementations of H and A that were given here are the ones that were mainly
considered in previous works [2], [7], [4], [6]. Interestingly, Moore, in [7], defined the general
concept of an hyperfinite extension of A in the nonstandard hull, which has important similarities

with samplings.

Definition 2.4. Let N € *N\ N, (&;);cn] be a hyperfinite sequence in *H, and (¢;)je[n) be a
hyperfinite sequence in *R>q. We say that the pair formed by ((€;) je[n], (¢j)je[n)) is a standard-

biased scale if:

(5) For each j € N, both €; and ¢; are nearstandard, as respective elements of *H and *R.

Furthermore, st(¢jé;) # 0.

(6) (st(€é;));en spans a dense subset in H.

(7) Xjem Gllél? = 1.



(8) For any infinite K, st(3 ;< ¢illé;l1?) = o.

Equivalently, 3y st(¢;)|| st(&;)]]? = L
Furthermore, we say that this scale is compatible with sampling (I:I , A, Q) if :
(9) Foreachj € [N], é; € H.
(10) Foreachj € N, fléj is nearstandard.
(11) For each f € Q, there exists j € [N] such that & > 0 and (&;, f) # 0.

Remark 2.5. If (H, A, Q) is a sampling for A, it is straightforward to show that st(G(A)) C
G(A*), where A* is the adjoint of A. Therefore, the condition that zzléj is nearstandard is equivalent

to st(&;) € dom(A*) and A&; ~ A*(st(&;)).

Proposition 2.6. For any given sampling for A, there exists a standard-biased scale compatible

with it.

Proof. Let (I:I, fl, Q) be any sampling for A.

First, let (e;)jcn be a Hilbert basis of H such that for all j € N, e; € dom(A). It exists, since
H is separable and dom(A) is dense. Using Property (4) of Definition 2.1, for each standard 7,
choose é; such that st(é;) = e;, Ae; = st(AE;).

By countable saturation and overspill, this can be extended to a non-zero hyperfinite sequence
(€7)je[k) in H. As with the finite-dimensional case, we can further extend it to obtain an internal
*finite sequence (€;) e[ that generates H.

Let 6] = W forj S [N] ‘We note 6] ~

57 2% for any standard j. Then, we

1
27 |e; |17
know, by definitions, that conditions (5), (6), (9) and (10) hold, while conditions (7), (8) and (11)
are easily verified.

We conclude that ((€;5) je[n1, (€;) je[n)) forms a standard-biased scale compatible with (H,A,Q).

O]

Remark 2.7. There will be multiple choices of samplings and suitable scales for a given A. The
goal here is to define the next objects and properties in relation to any one of the choices. Ultimately,

a good choice of sampling and scale will facilitate the description of the resulting space, as we will



see in the examples of Sections 6 and 7. The choice also affects the surjectivity of the constructed
isometry of Theorem 1.1, as we will see in Section 5.

For Sections 3 and 4, the sampling for A given by (H, A, Q) and the compatible scale ((éj)év:l, (Ej)é-vzl)
will be fixed, but arbitrary. All objects defined in those sections will be considered in relation to this
choice.

Furthermore, for j € N we will note ej = st(é;) € dom(A), and ¢; = st(¢;) € Rso. We also

note the internal eigenvalue function X : Q — *R, with the notation \ 1 for 5\( f)-

3 The induced Loeb probability space
Definition 3.1. We define A := {V C Q | V is internal } = (*P)(Q). As A is an internal
o-algebra on ), we define o A— *R>o with
N N
av) = Z 6j” proj« span(V) éj”Q = Z G Z ‘(éjy f)|2
j=1 j=1 fev

Remark 3.2. For f € Q, we will often write [i( f) instead of ji({f}).

The following is a direct consequence of Definitions 2.1 and 2.4, most notably Properties (3),

(7), (9) and (11):

Proposition 3.3. We have that [i is an internal probability measure on Q, and so for any V € A,

(V) = > rev B([). Furthermore, for any f € Q, i(f) > 0.

Remark 3.4. Here, the purpose of i is to weight each subset in terms of how much energy that
subset has in the standard world. It has to be done internally though, so the scale is there to create

such an internal bias towards the standard elements.

Definition 3.5. We define the triplet (1, Ay, 1) as the Loeb measure space induced from (Q, A, fi).

Specifically:
e Q) L = Q

o Ay is an external o-algebra on 1, with AcC A;.



e ur : Ar = Rxq is a 0-additive complete probability measure.
« forany Ve A, pup(V) = st(u(V)).
Let Hy, := Lo(Q, AL, 1) be the standard Hilbert space on K.

Definition 3.6. Let U : *H — (*Ly)(Q, i) be defined by (U(x))(f) = (‘Ti{})-
H

Remark 3.7. (*Ly) (X, i) is meant here as the internal space of internal functions u : Q@ — *K

with internal inner product

(u,0) = /Q widi = S u()o(HA(S).

red

Proposition 3.8. U is an internal, linear operator. Furthermore, ker(U) = (H)*, while U| gisa
*isometry. Finally, if x is nearstandard, then |U (x)|? is jur,-almost always limited, S-integrable and

fQ |stoU (z)|2dur, = || st(x)]||>

Proof. U is internal, as its domain and co-domain are internal, and as it is defined using only internal

objects. It is clearly linear on * H. Furthermore, for any « in H,

1T @)I17 = 1(0( “if)

fEQ

B (x, f) | .

— g} ﬂ(f)| a(f)

=Y (2, ) = || projz «.
e

This implies that ker(U) = ker(proj i) = (H)*. Also, U] 7 preserves norm, and so as a *linear
funcion it is a *isometry.

Let 2 € *H be nearstandard. We first show that for almost every f (w.r.t uz), (U(z))(f) is a
limited number.

For € *R>q, we consider B, = {f € Q | 7 < |(U(2))(f)|*} and B = {f € Q| (U(z))(f)

is infinite}. B, is internal, and we note that B, = ﬂneN . So B4 1s Loeb-measurable and



w1, (Bso) = limy, o0 st(f(By,)). Furthermore,

m2
= X i< ¥ Lm0

fE€Bn fE€Bn

st ()]

— st(ji(By) < — j2(Bs) = 0.

Thus, st((U(x))(f)) is K-valued for almost every f. To conclude the proof, we will show that for

any infinite K € *Rq, * [ By | U(z)|?dji is an infinitesimal. We have:
*/ ’2dﬂ = Z ‘ U ﬂ(f) = Z ’(.%', f)’z = H projspan(BK) mHQ
fe€BK feBK

We want to show that || projspan(p,) | is infinitesimal. Let € € Rx¢. Since  is nearstandard
and (e;)jen spans a dense subset of H, there exists n € N and standard (ai,...,a,) in K s.t.

|z =375 a;jé; < 5, and so:

H pro.]span(BK) 1’” < ” pro.]bpan BK Z a’]e] H + H prOJspan Bg) Z a]ej H
7=1

We have, by Property (5) of Definition 2.4, that ¢; > 0 for j € [n]. Therefore:

n n
I projspan(BK) zl| < ||z — Z ajé]'H + Z ‘aj‘ I projspan(BK) é]”

=1 j=1
<5 +Z|CL]| CJHprOJspan(BK e]H
<= + Z \/ (Bk)



and thus

IN

St(” projspan(BK) fL‘H)

vur(Bk)
S -

| /\

POV
e

Since it holds for any standard e > 0, we get || Projspan(p ) | is infinitesimal, and sois * [ By U () ?dja.
Since it holds for any K infinite, we get |U(x)|? is S-integrable, and so Jo, Ist oU (x)[2duy, =
t(* [ U () dj1) = st(]| proj 7 z|[?). All we have left to show is proj 7 x = st(x).
By hypothesis, 2 ~ st(x). Since proj; is non-expanding, proj; x ~ projz st(x). By Prop-
erty (4) of Definition 2.1, we know there exists # € H such that & ~ st(z). Since proj ; minimizes

distance, we get proj ; st(x) ~ st(z). Thus, projz = ~ st(x).

Therefore, st(proj; x) = st(x), from which we conclude

/letoff(w)lzdm = st(|| proj  «]1%) = [[st(2)]I*

O]

Definition 3.9. We define Uy, : H — Hp with Up(z) = sto(U(z)). Furthermore, we define

my, :=sto\: Q; » RU {—00, 00} which defines a multiplication operator T, on H,.

Theorem 3.1 (Partial spectral theorem). We have that Uy, is a well-defined linear isometry on H.
The function my, is measurable and almost-everywhere real-valued, so that Ty, is a densely-defined
self-adjoint operator on Hy. Furthermore, for any (z,y) € st(G(A)), Ur(x) € dom(T}) and
Ur(y) = Tr(Ur(x)). In particular, we have Ur, o A < T, o U, (in other words, Ty, o Uy, extends

UroA).

Proof of the theorem. From the previous proposition, we know that for any € H, U (x) is well-
defined almost everywhere on 27, and that Uy (z) € Hy = Lo(Qp, pup) with ||[UL(z)]|? = ||z
Since Uy, is linear, we get that Uy, is an isometry.

From general Loeb theory, we know that m; is a measurable function. To show that it is

almost everywhere real valued, for n € N, let B, = {f € Q | n < \S\f|2} while B, = {f €

9



Q| A 7 is infinite } = mzl(:too). As with the previous proof, we have that B, is internal, while
Boo = NpenDBn, so that pur(Bo) = limy, o0 st(fi(By)). Then, let € € R+, and choose n € N
s.t. Zjvz i1 Gill€;]I* < &, which exists by Property (8) of Definition 2.4 and underspill. For any

m € N:

" N
=>a >l P+ Y & Y lEn P
feBm

. |5‘f|2 2 Y 2
<> g e (G20 Dl > &lEl
j=1  fE€Bm j=n+1
" 1 €
< 5 (6N 2, -
_Z j m|(e]7)\ff)’ +2
Jj=1 f€Bm
" 1 €
I e iz g &
D% > @ AN+
j=1 fEBm
~ 1 € 1 — €
- T~ 2 ~ 1 Az.112
:Z j —1(A¢;, f)] +§§%ch||f4€j|| t3
Jj=1 feBm j=1

Hence, we have

m—00

. 1~ 2,
pr(Bs) < limsup %Zc || A&, + )

n
= liglj;lop ;;CJH st(Ae;)|* + % = % <e.
Since € is arbitrary, we have py(Bs) = 0. And so my, is measurable and p;-almost everywhere
real-valued. It is widely known that the induced multiplication operator 77, is therefore a densely
defined self-adjoint operator on Hr,.
For the next part of the theorem, let (zg,yo) € st(G(A)) € H x H, and let Z € H such that
T ~ xgand A ~ Y0-

By the previous proposition, || st oU (% — x0)|/z, = ||st(Z — xo)||g = 0, so for almost ev-

ery f (Wt i), st ((U(@))( f)) — (Up(20))(f). Similarly, we have that st ((ﬁ([kz))( f)) -

10



(UL (10))(f) holds almost everywhere. Let B C € be the set of f for which:
* st(Af) =mp(f) €R.
+ st ((0@)()) = Wialao)(f) € K.
st ((O(AD)(F)) = (ULl))(f) € K.

B is then Loeb-measurable, and 1, (27, \ B) = 0. Forany f € B:

m(H)Un(ao)(f) = st (A - (T(@)())

Therefore, [, |[mrUL(z0)|*dur = [o, [UL(yo)l*dpr = |lyol|* € R and so Ur (o) € dom(Ty),
with T (Ur (x0)) = mp - Ur(xo) = Ur(yo)-

In particular, if z € dom(A) is arbitrary, then (z, Ax) € st(G(A)), implying = € dom(Ty,oUp,)
and (T, o Ur)(z) = U (Ax). We conclude Uy, 0 A < T, o Uy. O

Remark 3.10. For Theorem 3.1, Uy, is expected not to be unitary in most cases. In fact, Hy, may
not even be separable. Also, a direct consequence of the theorem is that, for 7 € N, we have
Up(st(Aé;)) = Tr(UL(e;)). Since we can show st(Aé;) = A*e;, where A* is the adjoint of A,
we get Ur(A*e;) = Tr,(UL(e;j)) for any j € N. This is not expected to generalize on dom(A*). In

fact, one can show Up, o A* < Ty, o Uy, if and only if A is essentially self-adjoint.

4 The induced pseudometric and the hull space

In this section, we will construct the objects of Theorem 1.1, completing its proof. In contrast
with Theorem 3.1, the target space will be separable and the measure space will be a compact metric

space.

11



First, we prove the following.

Proposition 4.1. For any j € [N], & max(|U(&;)?) < 1.

Proof. Let f € Q. We have

Definition 4.2. We define d : Q x Q — *Rsq with

=

d(f1,f2) = Z?\egru ) — (@) (f).

Proposition 4.3. d is an internal pseudometric on Q. Furthermore d<2.

Remark 4.4. As a clarification, a pseudometric is similar to a distance, with the exception that
distance between points can be 0. One can show that if the (€;) jeln) forms a *basis of H and all
cj are positive, then dis actually a metric. However, such a condition is not necessary nor assumed

for what comes next.

Proof. d has an internal domain and co-domain. Moreover, its definition only uses internal objects.
Thus, d is internal. Furthermore, symmetry, non-negativity and triangle inequality directly hold.

We show the upper bound. For any f; and f5 in ©,

=2

N
d(f1, f2) < Z 11651172/ max(|U (&;)]) Z%He;HZ

O

Next, we construct a nonstandard hull based on d to obtain a real metric space, which will be
the main object we work on. The methods used are quite similar as what is found in the literature
(see [1]). As the object here is an internal pseudometric instead of a standard metric, we prove that

everything works out for the sake of completion.
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Definition 4.5. For fi, fo in Q, fi ~ fo ich(fl, f2) is infinitesimal (so if f1 and fa are either

indistinguishable or infinitely close).
We then have the following.

Proposition 4.6. ~ is an equivalence relation on ). Furthermore, fi ~ fs if and only if for all
€N, st((U(&))(f1)) = st(T(E))(f2))-
Proof. 1t is direct that ~ is an equivalence relation. Indeed, reflexivity follows from J( £, f)=0,

symmetry follows from symmetry of d and transitivity follows from triangle inequality.

Let f1, fo € ) such that f1 ~ fa,and let j € N. We know
St(éjglléjllzl(ﬁ(éj))(fl) —(U@E)N(f2)) =0

One of the three terms in the product must be infinitesimal. By Property (5) of Definition 2.4,
both &; and ||&;]| are not. Therefore, st((T(&;))(f1)) = st((U(¢;))(f2))-
On the other hand, suppose that for all j € N, we have that st((U(¢;))(f1)) = st((TU(&;))(f2))-

Since all involved terms are limited, we have

$t(22 11651210 E)) (f1) — (O @) (f)]) = 0

for any standard j. Furthermore, let € € R~ . For any infinite K € [IN], we have :

N 3
< Y EEIPIUE)) () — (U E)) f2|<zzc]”€]” <£
:K ] —K

The last part also holds by Property (8) of Definition 2.4. By underspill, there exists k € N such
that Z]  C HeJH (UEN)(f1) — (UEN)(f2)] < $. Since the first k terms are infinitesimal, we

get d( f1, f2) < €. Since € is arbitrary, we have f1 ~ f. O

Definition 4.7. Let () = Qp/) ~ and v : Qp — Q) be the natural map. Furthermore, let d :
Q x Q0 — Rsg with d(0(f1), 0(f2)) = st(d(f1, f2)).
Proposition 4.8. disa well-defined classical distance on Q. Furthermore, (Q, a?) is a compact

metric space and therefore, it must be separable and second countable.
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Proof. First, we must show d is well-defined. If 2(f1) = 2(f}) and &(fa2) = &(f}). we have, since

d is an internal pseudometric:

|d(f1, f2) — d(f1, £2)] < d(f1, f1) + d(fa, £3)
= 0 < |st(d(f1, f2)) — st(d(f1, £3)| < st(d(f1, f1) + d(f2, f3)) =0
= d(0(f1),0(f2)) = d(D(f]), (f3))-

Furthermore, the non-negativity, symmetry and triangle inequality of d can be proven directly
from the same properties of d. We also have d(2(f1), 2(f2)) = 0 if and only if st(d(f1, f2)) = 0, if
and only if f; ~ fo, if and only if o(f1) = ©(f2), and so d is a metric on .

Now we prove compactness by showing that (Q, ci) is totally bounded and complete.

We first show the totally bounded property.

Let € € R-(. We find a finite set { f1, fo, ..., fx} C Qr such that for all f € Qj, there exists
I € [k] with d(&(f), D(f;)) < e. First, let n € N for which E;'V:n—&—l 2¢(1&;]|* < §, so that, for any
f, f"in

A0, 7)< 5+ 32 les 21 se(T(E) () = ST @)
j=1

This leads to the definition of the (clearly external) function X,, : Q — K" with X,,(f); =

3 -
c; llej|I2st((U(€;))(f)) so that the previous inequality becomes

A~

A, 0(f) < 5+ 1XalF) = Xa(£)]h.

Since | X,,(f);| < 1forany f and any j, we have X,,(€2) is a bounded set in K", and so is totally
bounded with respect to || - ||1. Thus, there exists a finite subset { f1, fo, ..., fi} of Q1 such that for
all f € Q, there exists | € [k] for which || X, (f) — X, (fi)|l1 < §, s0 d(0(f),0(f1)) < e. Since €
is arbitrary, Qis totally bounded.

Next, we prove the completeness.

Let (7(f))ren be a Cauchy sequence in 2. We use the classical technique of assuming
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d(ﬂ( f1),0(fry1)) < 2%, without loss of generality. Indeed any Cauchy sequence has a subse-
quence with that property, and the convergence of a subsequence implies the convergence of the
sequence.

By N -saturation, the sequence ( fi)xcn can be extended to an internal sequence ( fk) ke+N- Then,
we use overspill on {k € *N | d(fr, fri1) < 2%} This set is internal and has N as a subset,
therefore also has [K] as a subset for some infinite natural K.

We show limy_, o0 (f) = ﬁ(fK). Lete € Ryp. Letn € Ns.t. 2% < e. For any k € N with

k> n,
d(0(fr), v(fr)) = st(d(fe, fr)) < st ( d(fi, fl+1)>
I—k
Ky 1 1
=k

as planned. Therefore, Q is complete. All of that shows (Q, c?) is a compact metric space, all of

which are separable and second countable. O

Remark 4.9. From now on, we use the notation B,(x) = {y € Q | d(y,z) < r}, for balls in
(here, 7 € Rug, © € Q). Similarly, we use B.(f) = {f' € Q| d(f, f) < r} for internal balls in 2

(here, 7 € *Rsg, x € ().
Definition 4.10. We define A = Borel(<2, d), the o-algebra of Borel sets on .
Proposition 4.11. © : (Q7, Az) — (Q,.A) is a measurable function.

Proof. 1t is sufficient to show that for any standard ¢ > 0, and for any f in Q, 7~ 1(B(¥(f))) is

Loeb-measurable. But then,

v (B(0(f)) = {f € Q| st(d(f, f) < e} = |J Be_r(f)-
neN

Therefore, 7~ (B, (#(f))) is a countable union of internal subsets of {2, and so it is Loeb-measurable.

O]
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Definition 4.12. Ler i : A — R>o be the pushforward probability measure of i1, through U, so
that (W) = pr (0~ Y(W)). Furthermore, let H be the K-Hilbert space H := Ly({), A, [i).

Proposition 4.13. His separable.

Proof. () is second countable, and so A is countably generated. Therefore, (Q, A, f1) is a separable

probability space, which implies that H itself is separable. O

Remark 4.14. Now, what’s left is to prove that the relevant objects Uy, and my, can be push-
forwarded through U. In contrast with the measure and the metric, such functions don’t push
smoothly, but they do pull back well. First, we have to find objects that can easily be push-forwarded,

then play some kind of tug-of-war between spaces to push what we need.
Definition 4.15. Let Z : H — H, be the isometry defined by T (g)=gor.

Remark 4.16. The fact that 7T is indeed a well-defined isometry is a well-known consequence of

push-forward measures.

Proposition 4.17. For any j € N, there exists a d-continuous U i Q — K such that U jovU =

st o(U(é;)) holds on Qr,. Furthermore, Ur,(H) C Z(H).

Proof. Letj € N.
By Proposition 4.6, we know that st o (U(@)) (f1) =sto (U(éﬂ) (f2) holds for any f1, fo €
Q for which #(f;) = (f2). Therefore, there exists a unique function U; : Q — K such that

Uj o =sto (U(éj)) holds on €2y,. Furthermore, for any such f1, fo € Qp:

We remind that by Property (5) of Definition 2.4, the denominator of that last fraction is positive.
Thus, Uj is OZ—Lipschitz, therefore continuous. Since (2 is a compact probability space, U jis also Lo

~

on ().
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As with the proof of Theorem 3.1, we know that €; ~ ¢;, thus

[sto (ﬁ(éj - ej)) |, = 0.

A~

Therefore, as elements of Hp, we have Uy (e;) = sto(U(é;)). We get that f(Uj) =Ujor =
sto (U(éj)) = UL(e;) as elements of H,.

From that, we deduce Ug,(span({e; | j € N})) € Z(H). Since both Uy, and Z are isometries
(which map closed sets to closed sets), we can take the closure on both sides and obtain Uy (H) C

I(H), concluding the proof. O
Remark 4.18. From now on, the objects (U i) jen are fixed, with the properties of Proposition 4.17.
Definition 4.19. We define the map U:=7"'oUy:H — H.

Remark 4.20. Since T and U 1, are isometries, U is also one. F. urthermore, it is the unique function
suchthat T o U = Ur.

Intuitively, what was straightforward to push through ¥ was st o(U () to Uj, which was used
to define U (x) for any x € H. The method resembles how the Fourier transform can be created on
Lo by first considering Lo N Ly. The connection with that example is in fact quite deeper, as we will
see in Section 7.

Some minutia will be required to push my, through v.

Proposition 4.21. There exists a measurable function m : Q) — R s.t. my, = 1o Db, in the sense

that they agree [i1-almost everywhere on ..
Before we prove this, we first need a definition and a lemma.

Definition 4.22. We define the sets
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- -1
Remark 4.23. We directly have QU = | ey (st o <U (éj)>> (K '\ {0}). Therefore, for any
feQr feQr\ Q) ifand only if Vj € N, st ((U(é]))(f)) =0, so Qp, \ Q) is either empty or

one equivalence class. Thus, Q \ Q) is either empty or a singleton.
Lemma4.24. ' € A, Q) € Ap, and (V) = pur () = 1.

Proof. Since each Uj 1s continuous, s open. Therefore, (Visin A. As  is a measurable function,
Q) € Ay. By definition, we have /i(€') = 1u1,(Q} ). To conclude the proof, it is sufficient to show
pr () =1

For k,nin N, let X, = {f € Q | Vj € [k], &[(U())(f)> < 1}. We have that X}, , is

internal, and

QN\QL ={feQ | Vi eN, st(UE)(f) =0} C [ Xin
k,neN

Furthermore, for k&, n in N:

j=1  f€Xpn j=k+1  feXpn
k ~ N
<> AOITENNIP+ D &llgl?
Jj=1  feXikn j=k+1
1 k N
SEZ oo+ Y lel’

N
. R k I
= A(Xpn) -+ &llé;l* < s > Elel”
=kt 1 j=ht1

Hence,

N

k S
pe(Qe\ Q) < pr(Xyn) < — st > EllEl?
j=k+1



By Property (8) of Definition 2.4, we know that limg_, ., st (Z;\f:kﬂ é~||éj||2> = 0. By posing

n = k? and taking limits, we find p7,(2, \ ;) = 0, concluding the proof of the lemma. O
Now, we can proceed with the proof.

Proof of Proposition 4.21. The idea is that U (Ax) = my, - Ur(x), and so my, can be written in
terms of objects that can be pushed through 7. One has to be careful when U (z) = 0, which is
why €V is used.

First, we partition € with {C;} jen, defined by:

¢y = (U7 ®\{01) \ (U (T &\ {0}>)> .
k=1

All C; are measurable in (), and they are pairwise disjoint. Since |J ienCj = <, {Cj}jen
forms a measurable countable partition.

Furthermore, for each j € N, <%’fém> \cj is almost-everywhere defined in C;, with values
in K, and is measurable (more precisely, we assume an explicit representation of U (st(fléj)) in

its Lo class). Thus, there exists a measurable function m : ) — R such that for any j € N,

e, = R (%) }Cj'

All that is left is to show mj = m o . For any j € N, we have, p-almost everywhere on

ﬁ_l(Cj)I

(o D)|p=1(c;) = Mlc; o Plp-1(cy)

19



Furthermore, we have

Therefore, 1 o 7 and m, agree almost everywhere on €, and so agree almost-everywhere on

Qr. O

Now, along with (Q, CZ), it and U, we can define 7 and 7', completing the list of objects induced

by our process.

Definition 4.25. Fix 7 : ) — R as any measurable function such that m o v = my, (in the

almost-everywhere sense). Furthermore, let T be the induced multiplication operator on H.

Remark 4.26. As a reminder, T is automatically densely defined and self-adjoint, since m is [i-

almost everywhere real valued.
We now show these objects realize the conditions of Theorem 1.1, completing its proof.

Proof of Theorem 1.1. For any = € dom(A), we have, py-almost everywhere, as a direct conse-

quence of Theorem 3.1:

(- U(x)) o =my - U(z) = TL(Up(z)) = U(Az) = (U(Az)) o »

— [ Vi O@)Pdu= [ 10040 d = o] € B,
Q Q

Therefore, U(z) € dom(7"). Furthermore, we have found Z(7'(Uz)) = Z(U(Az)) from which we

deduce T'(Uz) = U(Az). Since x is arbitrary, we have

UoA<ToU.
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5 Self-adjoint operators

In this section specifically, we now assume A is self-adjoint, and find out how Theorem 1.1
relates to the other versions of the spectral theorem. More specifically, we will show the following

theorem and discuss its relevancy:

Theorem 5.1. If A is self-adjoint, there exists a sampling for A paired with a compatible standard-

biased scale such that the isometry U induced by the process is surjective.

Remark 5.1. Here, the condition can directly be loosened to A having some self-adjoint extension
on H, since a sampling for an extension of A is also a sampling for A. It cannot be loosened

further: if U is surjective, then UloToUisa self-adjoint extension of A.

In proving this, the main problem is that not every sampling and scale will work just from A
being self-adjoint. In fact, if B is a symmetric operator on H with no self-adjoint extension, and
(ﬁ , B,Q) is a sampling for B, then (H,id i Q) is a sampling for idy. Furthermore, any standard-
biased scale ((€;)e[n)(¢j)je[n)) compatible with (H, B, Q) will be compatible with (H, id 7, Q).
From inspection, neither B nor id f impact the resulting measure space or isometry, they only
impact the multiplication operator. Thus, we get that even though id f is self-adjoint (and bounded),
the resulting isometry U from (H, id 7, Q) and ((€7)e[n(€5) je(ny) will not be surjective.

What that seems to indicate is that the sampling or the scale has to be created using a method
that cannot work unless the operator at least has a self-adjoint extension. For that, we turn to

projection-valued measures:

Definition 5.2. A function of the form P : Borel(R) — {projp | E < H is closed} is called a

projection-valued measure if
* P(0) =0and P(R) = id.
* Forall Vy, Vs € Borel(R), P(V1NVa) = P(V1)P(V3).

* If (Vi)nen is a pairwise disjoint sequence in Borel(R), we have that the equality P(| |,y Vi) =

> nen P (Vi) holds.
First, we can extract some basic properties:
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o If V} and V5 are disjoint, P(V1)(H) and P(V2)(H) are orthogonal subspaces.

e Forany z,y € H,V — (P(V)x,y) is a K-valued finite signed measure, which we’ll note

[z, Furthermore, if @ = y, that measure is positive real.
Then, P naturally induces a form of Borel functional calculus:

Definition 5.3. For borelian measurable f : R — R, we define the (possibly unbounded) operator

fR fdP on H such that:
¢ dom(fR fdP)={z € H | fR | f1dptee € R},
* Forany x € dom( g fdP) andy € H, we have (y, ([ fdP)x) = [ fdjiy.a.

Remark 5.4. It is widely known (and provable with elementary operator theory and measure the-

ory) that there is a unique operator satisfying these conditions and that it is densely-defined and

self-adjoint. Furthermore, |( [z fdP)x|?* < Jz |f|?dpz . for all applicable x. Finally, for any

borelian mesurable f, g, and for any a € R, we have fR frdP + afR fodP < fR(fl + afa)dP.

Details can be found in [3, Section X.4].
Then, as a corollary of Theorem 1.1 (or even 3.1), we have the spectral resolution theorem.

Theorem 5.2 (Spectral resolution theorem). For any self-adjoint operator A on H, there exists a

projection-valued measure P on Borel(R) such that

A:/iddP.
R

In other words, A admits a spectral resolution.

The proof that it follows from Theorem 1.1 is outlined in Appendix A. We note that often, this
theorem is simply called the spectral theorem, as it is known to be equivalent to the multiplication
operator version. We use this to create the groundwork for the sampling and scale.

We now fix P, the projection-valued measure on Borel(R) resolving A. Let {g}. } ren be a dense

spanning set in H. We define the sequence (gj)ren and (Hy,)xen recursively, so that:

* 9k = ), — PrOjy~k—i py G

22



+ Hy, = span({P([a,0)gr) | a,b € Q}).

We note that g1 = g}, which may or may not hold for other k¥ € N. Since g € H, IL for any

[ < k, we have that for a1, as,b1,b2 € Q, k1 > kg € N:

(P([a1,b10) gk, » P([az, b2[)gk,) = (gk,, P([a1, b1[N[az, ba])gk,)

= (gx,, P([max(ay, az), min(by, b2)[)gk,) = 0.

Thus, whenever k1 # ko, Hy, L Hy,. Furthermore, g = lim,,_,oc P([—n, n[)gx € Hy, and so
g5 € @le Hj. From that, we conclude that H = m.

Finally, let (¢;) en be a counting of the set { P([a,b)gx, | a,b € Q,k € N} \ {0}. Forall j we
have e; # 0 by definition, and span({e; }jen) D @y H» and so (e;) jen is dense-spanning. We
also pose, for j € N, a;,b; € Q and k; € N such that e; = P([aj, b;[)gx,-

Now, we construct a suitable sampling for A and compatible scale. Let N € *N \ N. Let

= {[+7, l;;—,l[ N1!2 so that it partitions [—N!, N[.

We note that for any standard a,b € Q, we have *[a, b[= |—|N!a§l<N!b[ﬁ7 l;\;—,l[, and so {s €
S | s C *[a,b[} partitions *[a, b[. By overspill, let K € *N \ N such that Vj € [K], {s € S| s C
[*a;,*b;[} partitions [*a;, *b;[.

Fork € *N, s € S, let g := *P(s)*g), € *Hy. We note that if (k1, s1) # (kz2,52) in *N x S,

then (g;!, G2) = ("gk,, *P(s1 M 52)*gr,) = 0. Then, we define:

U= {(k,s) € *Nx S|3j€[K]st (*e;,d) # 0}
H ="span({g} | (k,s) € U})

Q= {fp = | (ks) e )

[iAl
A-H—H
i Y i) - X et
(k,s)€T (k,s)e¥
where [ is the unique hyperinteger such that s = [%, lSNJr!l [.
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Finally, for jo € [K], let

i SN 1
2 (L, g z)

S e & min(L, o) e 12

6j0 = > 0.

We note, through convergence of the corresponding sum, that the denominator is infinitely close to

> jeN 5 min(1, W)Heﬂp € Rs. Therefore, for any infinite L, we have both Z]K:L &jll*e;l|?
J

and ZJK: 1, €; are infinitesimal.

We can now proceed to show the following.

Proposition 5.5. (H, A, Q) is a sampling for A, for which (("ej)jelx)s (€j)jek)) is a compatible

standard-biased scale.

Proof. We first note that W is *finite, since ¥ C [maxe(x) (k5)] X S. From that and the fact that all
g;, are orthogonal to each other, we can establish Properties (1), (2) and (3) of Definition 2.1.

Furthermore, for jo € N, *ej, # 0 is standard in H (therefore nearstandard), and we know

L min(1,—L—)
St(cjo) =

200 llejo I?

1 . 1 112
ZjeN Emln(l,w)ﬂeﬂ\

> (. Thus, we know that Property (5) of Definition 2.4 holds.

Furthermore, from the fact that Z]K: 1 Gll*€;]|? is infinitesimal whenever L is infinite, we di-
rectly have that both } - ;¢ () &5 "e; |? and > jenst(G)lle; ||? are equal to 1, establishing Properties
(7) and (8). Since we already established Property (6), we have that ((*e;) c(k], (G5) e[k]) 1s @
standard biased scale.

We have Property (9). Indeed, since *e; € *Hy, and {s € S | s C [*aj,*bj[} partitions

[*a;,*b;[, we know

“ej ="P(["a;,"b;[) g, = > i,
s€S and sC[*aj,*b;[
For any of the terms in the summation, we have (*e;, §,§J_) = || i, |2. Therefore, for any non-
Zero g},ﬁj in the sum, (k;, s) € ¥, and s0 *e; € H.
Furthermore, Property (11) holds by definition of 0.
And so, what we have left to show to conclude the proof are Properties (4) and (10), specifically

that G(A) C st(G(A)) and that for all j € N, A*e; is nearstandard. We start with the latter first.
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Letz = e; = P([aj, bj[)gx, forarbitrary j € N. We note that [ | id |*dp . = f[a_ by 11d Pdpg . <
VRAS)
max(|a;, |b;])?||z||>. And so x € dom(A). We show Az = st(A(*z)). We have:

w= S Cuffi= Y ”91,2(* (P(lag.biDaw,) 303 = 3

(k,s)ed (k,s)ed (k,s)ed
k=k;
5C*[ay,bj]

We remind that (k;, s) € W is equivalent to Ik, # 0 whenever s € S and s C *[a;, b;[. Therefore:

l
= > Nf,gz— Z A0k,

(k,s)ed seS
k=k; sC*[aj bl
5C*[ag,b5]
I, 1 1+1.,
= Z N1 P([ﬁ7w[) 9k,
N![ljSl<N!bj
I, 1 1+1.,
= > ~1 Plyp 7 D=
N!aj§l<N!bj

Form e N, lety,, = > LP([-L, BL)2. Then:

mla;<l<m!b; m!

l
/ S 1 wdp|a
m:

m!’ m!
mla; <I<m!b;

and so
2
l
||Ax_ym||2: / id — Z W [nlwl;ul[ dPx
R mla; <I<mlb;
2
l
<[ fa- Y | die
[a,b;]

m!aj§l<m!b
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We note that for ¢ € [aj, b,

l [tm!] 1
D D 0 Z‘t—m!' =l
mla; <I<mlb;
1 [l

aj,bjl

Therefore, Ax = lim,;, o0 Ym. And so, Afx = *yn ~ Az. Since *z = *e; for an arbitrary
j € N, Property (10) holds. Also, A(0) ~ A(0) holds trivially, implying that for any a,b € Q and
k €N, (P([a,b])gk, A (P([a,b])gk)) € st(G(A)).

To conclude the proof, we use that st(G(A)) is closed in H x H to show that it contains at least
G(A).

Letn € N. For any z € P([—n,n[)(H), we have [, |id|*dus. < n?||z|? And so, A is
bounded on P([—n,n[)(H ). Furthermore, since (e;) jen is dense-spanning in H, (P([—n,n[)e;) jen

is dense-spanning in P([—n,n[)(H). Thus, for any x € P([—n,n[)(H), x € dom(A) and:

(z, Ax) € span({(P([-n,n[)e;, AP([=n,n()¢;) | j € N}).

Furthermore, noting P([—n, n[)e; = P([a,b[)gx;, where a = max(—n,a;) and b = min(n, b;),

we have

(z, Az) € st(G(A)).

Now, if x € dom(A) is arbitrary, let z,, = P([—n,n[)x for n € N. Then, we know x =
lim,, 00 @y, Furthermore, if z, := & — xy, 14, 2, is supported on R\ [—n,n[, and p, .. (V) =

e,z (V) forany V. C R\ [—n, n[. Therefore:
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| Az — Am|? < / lid [2dpss, .,
R

= / |id |2 dpts o
R\[—n,n[

That last integral converges to 0 as n — oo by the monotonic convergence theorem, and so

(z,Az) = lim,, 00 (zp, Axy,) in G(A). Therefore, (x, Az) € st(G(A)). Since z € dom(A) is

arbitrary, we have Property (4) and this concludes the proof. O

We now want to show that the resulting Uis surjective. In most cases, to do that, we need to

explicit the description of the objects involved. Specifically, the strategy here is to find an explicit

description of st o(U(€;)) on a set of (Loeb) probability 1. To that end, we reuse the definitions for

A~

Y and Q) of 4.22.
Let, for a,b € *Q and k € *N:

Qo= {fi €Q|sCla,b]},

X c=1g on 2.

a,b,k a,b,k

Finally, for j € [K], let Y\/) = )Zaj,bj,k]-' Then, for any f;; € Qand j € [K]:

(fi"ej) = =5 CP(s) gr, " P([*ay, "bs[) "gr; )
197
_ \\!31}3” (*P(s)*gx, “P(s)*gx) if k =*kj and s C [*a;, *bj[
0 otherwise

= 1G5l XD (f2).-

We then remark that by definition of ¥, for any fi € Q, there exists j € [K] for which

)Z(j)(f,ﬁ) # 0. Furthermore, we find, for any f; € Q:
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AR = Y &l el

S
=lazlI* > &x ()
je([K]
And so, for any jy € [K]:
FT (% s (*ejo’flj) ( l?)
UCeo)) Q) = —F= =
i) ) =" \/Z]e EXD(fp)

From Remark 4.23, we have
feQ, = JFjeNst (UE))(f)#0 = FjeNs.t. f€Qqp,

Conversely, since 0 < 3¢k exV(f) < 2 jelk] G = 2 jen¢ € Rso, we have that if f €
Qawb k; for j € N, then st((U(&;))(f)) > 0, thus f € Q. We deduce O, = Ujen Qaj,bwk]..

By Lemma 4.24, we know that 7, (2} ) = 1. Furthermore, if 7 € @/, we know Zf:L EXD(f2)
Z]K: 1, Gj» which is infinitesimal for any infinite L. Thus, we have that 3.k EXD(fg) ~

ZjeN cjf((j)(f,j). Since there exists j € N for which X(j)(f,j) =% 0, we have, for any jo € N
and f7 € Q:

XU (f2)
\/ZJGN C]X (fk)

st (Ui (7)) =

- - -1 . -
From that we have g, 5. ; = (st o(U(éj))> (K\ {0}). We now define Q0,5 1, = (1)

for a,b € Q and k € N. We can now show the following.

Proposition 5.6. {me’k | a,b € Q,k € N} forms an open basis of the topology of Q) induced by

A~

d.

Proof. First we show that Qa,b,k is open for any a,b € Q and k£ € N.
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We note that for such a,b and k, Qupx = {f € Q| (*(P([a,b])gx), f) > 0}. Thus, whenever
me,k is non-empty, we know P([a,b[)gr # 0, and so there exists j € N such that P([a,b[)gr =
e = P([aj,bj[)gkj — Qa,bJC =0

aj.bjk;- Then, since ¥ is surjective:
71 j ’

s = 9(00,5,0) = ( (st0(0e) 6\ ()
=7 (57107 (K\ {0))) = U7 (K \ {o}).

Here, Uj is defined per Remark 4.18. Since U ;j 1s continuous for any standard j, we know Qa,b,k is
open.

Now, we show that for any f; € Q) and any ¢ € R, there exists a,b € Q such that
v(fy) € Qapr C Be(ﬁ(fg)). First, let standard 6 € R-q such that for any ¢ € R for which
mln(léHeﬂl)

|t—ZjGNcJX](f,j)| < 6, we gett > 0 and |t S oG UD \ <

. Then, let m € N

such that:
* D jeN\[m] cille;l? < &
* D jemm & < O

We note, that there must be j € [m] for which Y\ (f¢) = 1, as > jeN ¢; XV (fg) > 6. Then, for

any f € Qp, such that Y9 (f) = ) (f7) whenever j € [m], we have f € Q}, and:

A, 202 = 3 e sl st (@ @))()) = st (@EN )]

jEN
3 X(j) f >z(j)(fS)

< > el (~(z)) - 005

. YuenaXW(f)  YenaxW(fz)

J€[m]

1
+ > 262H€g||2
jeN\[m] Ve

€ 1 1 3
< -+ T c? les 12X (f3)

2 Z]echx(.])(f) ZJENC.]X (fk) ];] ! ’ :

€ € .
< 5+ 5 - min(l, fle]) > gllelP e <e.

J€[m]
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Of note, to show why the second-to-last inequality holds, we remark the inequalities | ) jeN cjf((j ) (f)—
> jeN XV (f)] < > jeN\[m) € < 0. For the last one, we remark ¢; < m Now, all we
need to do is find a, b € Q such that f{ € Q41 and Vf € Qu 41, Vi € [m], X9 (f) = X9 (f2).

Let I = jepm) <1R\[aj,bj[ + X(j)(flj)(l[aj7bj[ - lR\[%bj[))_l ({1}), noting each term is [a;, b;|
or R\ [a;,b;] ]zljé?]z:nding if s C *[aj, b;] or not. One can show inductively that I is a finite union
of intervals of the form [a, b] where each endpoint is rational. Therefore, since s C *I, there is
a,b € Q such that [a,b[C I and s C *[a, b].

Thus, f; € Qa,b,k, and if f,jj € Qa,b,k, then ko = k and so C *[a, b|. Therefore, so C *I, so
for any j € [m] such that k; = k, so C *[a;,b;| <= s C *[aj,b;[. In other words, Vj € [m],
XO(f) = XD (£32), and s0 d(D(f2), (7)) < e.

We conclude #(f§) € Qupr = U(Qapr) C Be(D(ff)). Since f{ € Q) and € € Rsg are

arbitrary, we have that {Q&b’k | a,b € Qand k € N} generate the topology of (€, d). O

This also means that {me’k | a,b € Qand k € N} generate the Borel algebra A. And so, if

Xopi = 1g,,,» We have {Xosx | @b € Qand k € N} is dense-spanning in H. We note that

A~ ~

Xapk OV = Xapk-

We can now proceed with the proof of Theorem 5.1.

Proof of Theorem 5.1. We show that U is surjective by building sufficiently many elements in
U(H).

Letx € H,and leta,b € Q, k € N. Then, for any f; € Q:

- i o (P([a,b]) projg, =, f}’)
(0(P(la oD projp, =) (£7) 67

(xvfls)
=1, a,b 1———=
C*[a,b[ fls)

fi(
= X F)T @) ()

Thus, U (P([a, b]) proj g, ) = X,., . U(x). Asallinvolved functions are 1, almost-everywhere
nearstandard, we have Uy, (P([a,b[) projg, ©) = X, - UL(x). Therefore, since all involved ele-

ments have a pushforward through 7, we get
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U (P([a,b]) projp, ) = X, - Ul®).

Consequently, for any z € H, x,,, - U (x) € U(H ). To conclude the proof, we show that
1 € U(H). It is indeed sufficient, as that implies Xaws € U(H) for any a,b € Q, k € N, and those
span a dense subset of H.

We have that for any j € N and any Borel set B of ), 15 - U; € U(H). Indeed, U; = U(e;) €
U(H) is bounded, and 1 is an Ly-limit point of the set span({X,,, | @b € Qand k € N}).

By inspection, we know that for each j € N, U;(Q) c [0, %] With this, we can consider
X =Y en5Uj + © = K. Then X(Q) C [0,1], and X(f) = 0 only holds for f ¢ €', and
so X is almost-everywhere non-zero. We also have that for every Borel set B € A, 15 - X =

> jeN #1p - U; € U(H). Then, for n € N, we can consider:

For each n € N, we have X,, € U(H). Furthermore, for every t € X~1(]0, 1]), we have X,,(t) =

[Zig& . Therefore, for such ¢:

nX(t)] — nX(t) < 1 1

L=Xl="0xmT S X @] = ax @)

That implies that for every t € X~1(]0,1]), 1 = lim,, 00 X,,(¢). We also have | X,| < 1 every-
where. By the dominated convergence theorem, we get 1 = lim, o, X, in H. Thus, 1 € U (H),

implying U is surjective, as discussed previously. O

Remark 5.7. Upon inspection, the induced space (Q’ , ci) is homeomorphic to the metric quotient
of (N x R, d), where d(,y) = Y icn 57 | Lik;bxlay by () = Ly yxlay 0,1 (9) |

We have proven the multiplicative version of the spectral theorem as well.

Theorem 5.3 (Spectral theorem for self-adjoint operators). If H is a separable Hilbert space on

K, and A : dom(A) — H is a densely-defined self-adjoint operator on H, then there exists a
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probability space (2, A, 1), a unitary operator U : H — Lo(2, A, 1) and a real multiplication
operator T on La(2, A, p) such thatU o A =T o U.

Remark 5.8. We note that U o A = T o U holds (and not just U o A < T oU) as long as A is

self-adjoint, as shown in Proposition 0.2 of the appendix.

Also, we remark that our proof is not the quickest way of proving this theorem, going from
the spectral resolution theorem. If that is the goal, it is quicker to use that @, oy L2(R, g, g, ) ~
@.cn Hi, whose completion is H. Theorem 5.1 shows not only that in Theorem 1.1, U can be
surjective whenever A is self-adjoint, it also shows that surjectivity of U can be achieved by a
sufficiently adequate choice of sampling and scale.

As stated earlier, to ensure the right properties in the resulting space, we had to construct a
sampling and a compatible scale that behaved well with the known properties of the operator, in this
case one that made use of the spectral resolution. This ties to the next sections. For the rest of the
paper, we work with specific examples of symmetric operators. With each example, we carefully
craft a sampling and a scale that are well suited to the properties of the operator. In doing so, we

find quite rich resulting hull spaces.

6 Example: Shift operator

The first such example of interest is with K = C, H = [3(Z), and A = # where L and
R are the left and right shift operators. A is bounded and ||A|| < 1 since L and R are isometries.
Furthermore, L and R are the adjoint of each other, so A is self-adjoint. The goal is to construct a

natural sampling and scale that allows for an explicit description of H,UandT.

6.1 Constructing a sampling and a scale

As the title implies, here we first construct an explicit and suitable sampling for A with a specific
compatible scale.

First, we consider {g; };cz, the canonical Hilbert basis of H . We will also enumerate it with

(ej)jeN’ where (617 €2,€3,€4,€5, .. ) = (9079179—179279—% ... )
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Let N € *N\N be an infinite odd number, and let M = &1, We consider H = *span({*e; };VZI)

‘We note that
e}l ={"ai |l € [-M..M]}.

Here, A will be defined to take full advantage of the flexibility offered by Definition 2.1. Let
Rand L : H — H be the right-shift and left-shift operators modulo N, so that ]:2(* g1) = *gie1,
L(*¢;) = *gio1, where @ and & are the addition and subtraction modulo N (i.e. [ & 1 = [ + 1 mod
N and |l @ 1| < M, similarly for [ & 1). Then, let A = L4E,

Furthermore, let Q = {f.}1_,, with

1 M gl
Ie=7 Y e N g
I=—M

Finally, for j € [N], let¢; = 7 We now prove:

1
2i(i—2-~
Proposition 6.1. (H, A, Q) constitutes a sampling for A, with which the pair formed by ((*ej)jen, (€)jen)

is a compatible scale.

Proof. By definition, H is an internal subspace of * H generated by a *finite set, so Property (1) of
Definition 2.1 holds. We have that R and L are internal linear isometries on H and inverses of each
other, and so they are the adjoint of each other. Thus, Property (2) holds.

By definition of H, f;, € H for each k € [N]. Using the internal definition principle, we get that
Q) is an internal subset of H. Furthermore, since the set {*91| — M <1< M} is an orthonormal

*basis of H, we have, for any k1, ko € [N]:
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M
(fklvfkg) - Z (\/1N€27Tilif> <\/1N627”‘1%> :% Z (627” 2N 1)[

=M I=—M
M )
= oriF2=k1 M+1 aniF2k1 M
% (e X ) ,kgi,gf N ) otherwise
627rz N -1
1 ifky =k
0 otherwise.
\
Therefore, € is an internal orthonormal set of H. Since *|2| = N = * dim(H), {2 is an internal
orthonormal basis of H. Furthermore, we have
M 1 ! k M 1 141
7 —2mikL 2k o 2mik it
Rfk — ﬁe i N(*gz@1) — 2miy Z ﬁ ik (*gl@l)
I=—M l=—M
k M 1 11 ik 1 M
27rz ~ —27rikT (* = —omikl
— = giep1) = 'N— e N
—-M Y N VN Z:ZM
_ eQm‘% .

The same way, we find L f;, = e2miN fi. Therefore we have

ik _omik
e2mN te 27er
2

Afy = fr = cos(2mk/N) fr

Thus, Property (3) holds. We now show Property (4).
Let + € H, for which we define & := projg*z = Zf‘ifM(*x, *91)*g;. Since we know

z =My o0 D m (@, 91) g1, We have 2 = st(Z).

Just like with A, we note ||A| < 1. Furthermore, we note that for any [ €] — M.. M|, A*g; =
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*Atg = 79’*1;{”“. Therefore:

1Az —*(Az)|| < [[(A = *A)z[| + [*A@E - *=)|
M

<z =2+ I(A="4) Y (o) gl
I=—M

= e = & + (A = A) (2, g-n0) g—nr + (2, gar) gar)|
< |fz =2l + 212, "g-a) " g-nm + (2, "grmr) g |

<o — &l + 2(1("z, "g—ar) | + [z, “gar)])-

Therefore, st(||AZ — *(Az)||) = 0, and (z, Az) = st(&, AZ) in the graph norm. Since z € H is
arbitrary, G(A) C st(G(A)), thus Property (4) holds and (H, A, ) is a sampling for A.

Furthermore, since (e;) jen is a Hilbert basis of H, and st(¢;) = % for each standard j, Proper-
ties (5), (6) directly hold, while Properties (7) and (8) are easily verified. By definition, (*e;) JEIN]
is a generating set of H, so Properties (9) and (11) hold. Finally, as established previously, if j € N,
A*e; =*A*e; = *(Aej). Thus, A *e; is standard, and Property (10) holds.

Therefore, ((*e;)je[ns (€5)je[n) is a standard-biased scale compatible with the sampling (H,A,Q),

O

concluding the proof.

Remark 6.2. We have also shown that for f;, € Q, Aj, = COS(QT(%).

6.2 Nature of the hull space

Here, we show that (Q, A, ft) is in fact the same measure space as R /7 up to measure-preserving
homeomorphism.

Since |( f, &;)|*> = + is always true, we find that for internal V C Q:
N
i 1 1 1 |V
M(V)_ 1_27NZ§ZN_ N’

j=1  fev

where *|V'| € Nis the internal number of elements of V. And so /i is the uniform internal probability
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measure on ). Furthermore, we find that for any standard [ € Z,

T % - (*glvfk) - eZWil%/\/N _ 627”'[%
(UCg)(fx) = N .

Since the exponential is continuous, we find that for any I € Z and f;, € Q, st ((ﬁ(*gl))(fk)) =
e2milst(%)  We can use this to find that T ~ fry = e2mist(F) = o2mist(F) =y st (7]“2;,]“1) €
7 — st(%) = st(%) mod 1.

Quite naturally, this induces p : Q — R/Z with p(2(f3)) := st(+) mod 1.

Proposition 6.3. If we consider the probability space (R /Z,Borel(R/Z), L), so that R/ Z is equipped
with its usual quotient space topology and L is the Lebesgue measure, then p is a measure preserv-

ing homeomorphism.

Proof. The previous equivalence chain shows p is well-defined and injective. It is also surjective,
since for any ¢ € [0, 1), there is k € [N] such that st(%) = ¢, implying t mod 1 = p(2(fx)). Thus
p is bijective. We now show that p is an homeomorphism.

In fact, since O is compact and R/Z is Hausdorff, it is sufficient to show that p is continuous.

First, let ¢ : R/Z — S! be the classical homeomorphism with
H(t mod 1) = &>,

If Uj is defined as per Remark 4.18 for j € N, we have d-continuous Us with U0 = st o(f] (*e2))

on €. Therefore, for any fi € Qp,

A

Ua(o( ) = sH(T Ce2))(fi) = st(T(g0))(f) = €24,

Thus, U>(Q2) C S'. Furthermore, we have

A~

U0 i)) = 6{st(1) mod 1) = G(p(3 ().

Therefore, Uy = ¢ o p, which implies p = ¢~ ! o Us. Consequently, p is continuous, and

a homeomorphism. We get that p is also an isomorphism between the o-algebras (Q,/l) and
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(R/Z,Borel(R/Z)).
We now prove that p is measure preserving, given Lebesgue measure L. Let a, b be two standard

real numbers such that 0 < a < b < 1. We consider the set S = [a, b] mod 1. We have that

(009)(8) = {fe € Q| a <si( ) <b)

~ 1 k 1
= Q — <=L bl
{fre|VneNa n_N_b+n}
- 1 k 1
g{fkg |CL SN S +n}
And so,
™ () = pe((pov)™'(S))
= lim st(a({fr € Q| l<£<b+l}))
= m stpUk a-— << -
_ *‘{kaQ\a—%g%gb_i_%}‘
= g, o )
— t*‘{ke[NHNa—%SkSNb—i—%}]
No+2¥ N .
:tht( i n a—i_s):hmb—a_i_i:b_a
nee N n—00

= £(9).

We note s, € {—1,0,1} so the second-to-last equality holds. Since such S generate the Borel

algebra of R/7Z, we find that p is measure preserving, concluding the proof. O

6.3 Relation to the Fourier series

All that is left is to calculate the form U and 7" takes in this space.

Thanks to the previous proposition, we have that p is a measure space isomorphism between
spaces (Q, A, 1) and (R/Z,Borel(R/Z), £). This induces a unitary operator © : Lo(R/Z) —
Ly ().

U=0"'10U:H — Ly(R/Z) is also an isometry. For | € Z, and t € R, we have, almost
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everywhere:
(U(g0))(t mod 1) = (Up(g0))(f) = e*™5H(x) = e2milt,

Here, f}, is such that p(2(fx)) = t mod 1. Thus, U(g;) = exp(2mil-). And so, quite interestingly,
U associates any sequence of l2(Z) to its corresponding Fourier series in L2 (R /Z). The following

is then widely known (a proof can be found in [9, Chapter 4]).
Proposition 6.4. Both U and U are surjective.

We find that T = ©~' o T 0 © is also a multiplication operator on Lo(R/Z) induced by

m =1 op !, and that U o A = T o U. We can then calculate that

mi(fi) = cos(2mst( 1) = cos(2mp(P(fi).

from which we conclude m(t) = cos(27t). The fact that 7" is unitarily equivalent to A is far from
surprising; it is widely known. What seems quite intriguing is that the presented process, given that

sampling and scale, constructs so naturally and intrinsically this very equivalence.

7 Example: Differential operator

We consider one of the most important example operators studied in this theory, the differential
operator. If u is the Lebesgue measure on R, let H = Lo(R, ) (with K = C), and A = —i%
defined on dom(A) = C°(R).

First, we will prove a lemma that will be used multiple times throughout this section.
Lemma 7.1. Letp € R>q, and let f : R — C such that:

» f is continuous on R.

* feLy(R).

* |f| is decreasing at infinity, in the sense that there exists m € N such that for any z,y € R,

x>y >morx <y < —mimplies|f(x)| < |f(y)|
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Furthermore, suppose that | € *(Lp(R)) can be formulated by

where L, M, N € *N\N, % and % are both infinite, r € Z and c(r) [Btr B for each k.

Then, st(f) = f in Ly(R), and for any K € *N\ N, st(Hl*R\[,K’K[pr) = 0.

Proof. We start with the last part. If K € *N\ Nand X = *R \ [-K, K[, we have:

—NK-1
Fllp — * g0 (1) % gy (1) p
11x fll = _z_: (ck )|1[%,%[ p+ (¢ )|1[%7L§1[ ,
—~NK-1
p 1
SIS WLl
k=—L k=NK
—NK-1 p M P
= Z ’ f(ckjr )’1[k+r+l k+'r+2 Z k+'r—1 M[
ey TN TNl NK TN TN

For any k in the left sum, any z in [*+L B2 g infinite, negative, and greater than c,(:). There-

*f(cg"))\ < |*f(z)| for any = € [ trl RrE2( The same way, for any & in the right sum,

*F(A)] < [* f ()] for any z € [EHE=L,

A [ We get

—NK-1

(U TR S |17 Ty

M
p
*
+ 3 | ey )
k=NK

<1 (Tl = 0.

*R\[-K+ 5, K+5

We conclude st(||1*R\[_K7K[f||p) = 0. We now prove f ~ *f in *(L,(R)).

Let € € R~. Using underspill, let n € N such that | LR\*{_n,n[pr < g and |[1g\[—pp(fllp <

wlm

Forany z € *[—n, n[, we have f(z) = *f(c; )) where k is such that x € [ , %[ Since c,(:) is

in (B EEEELT we have |2 — cg)\ < I andsoz ~ cg). Since f is continuous, it is uniformly

continuous on [—n,n]. Therefore, *f(z) ~ *f(cg)) = f(z). Therefore, 1.(_, n(|*f — fl <

o )p » 14y 5[ We then have:
n
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L« (F = “Nllp + 1L (F =Pl

1*[7n,n[|f~_ *f‘Hp

I"f = Fllp < |

<|

1*R\*[fn,n[f~Hp + H]-R\[fn,n[f”p + ‘

2 1
<=4 %(zn)i <e.
3 3@2n)r +1

Since e is arbitrary, we conclude that st(f) = f. O

7.1 Constructing a sampling

Here, the idea behind A will come from numerical approximations of the derivative. As with
Section 6, we will also try to endow H and A with sufficient symmetries.

Let N € *N\ N such that N = Ny! for some Ny € *N\ N. That way, for all n € N,n
divides N. We partition [N, N[ with S := {s; := [£, 5[ | k € [~N2.N?[}. We define
H :=span({1, | s € S}).

Then, we use a technique that is similar to what was done in Section 6. Let R:H — H be
the right-shift operator modulo 2N, so that it is linear and R(l sp) = Lg; o, - The same way, we let

Then, let A= —iL;R

L : H — H be the left-shift operator with L(1,,) = 1 SN -

Sko1”

Furthermore let, for k € [-N2..N?|, fi, = ﬁ Zl]\j_j\lﬂ exp(QWi%)lsl, and Q := {fk}]kvj:]l\,Q.

We now show:
Proposition 7.2. (H, A, Q) forms a sampling for A.

Proof. By definition, H is an internal subspace of * H. Noting that {1, | s € S } is an orthogonal
set, we have that * dim(H) = |S| = 2N? € *N, and Property (1) holds. We know both R and
L are internal linear operators on H. Furthermore, we have, on k,1 € [-N2..N?|, (15,.,,1,,) =
(1s,,15,,). Therefore, the adjoint of R is L, and vice versa. We conclude that A is an internal

symmetric operator on H, proving Property (2).
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Then, for ky, ko € [—N2..N2 [, we can evaluate:

1 N kil o kel 1

- Rt 2
(frus fra) = 5N _Z2exp(2m2N2)exp(2 22N2)N
N2-1

1 ko

= 3773 z]:w exp <2m e l)
If k1 = ko, we get
N2-1

(fk:l)ka _2N2 Z 1=1

If ki # ko, then & 2 ¢ *7, and we get

2N2

1 ©xXp (2mk1 kZNQ) — exp (27er1 Bioke (— NQ))

2N? exp <2m SN2 ) —1
1 exp (mi(ky — k2)) — exp (—mi(k1 — k2))

_ = 0.
2N? exp (277@ ON? ) —1

(fk:psz) =

Therefore, Q is an internal orthonormal system. Furthermore, *|Q| = 2N? = * dim(H)). Therefore,

() is an orthonormal *basis of H. We then evaluate:

N 1 kl
R(fx) = 7= exp(2mi =5 ) Ly
2N | e 2N
N2-1
1 kE(lel)
= — exp(2mi 5 )15,
2N | e 2N
N2-1
1 k(l—1)
= — exp(2mi 5 )15,
2N | 2N
= exp(2mi " )i
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The same way, L(f;,) = exp(2mi% sz ) fr- We then get:

exp(27r22]]f]2) exp(2mis k)

2/N

A(fi) = fio = Nsin(roy) fi

Therefore, O consists of eigenvectors of A, establishing Property (3). All that is left to show is
Property (4), stating G(A) C st(G(A)).

Let g € dom(A) = C*(R), and let § = Zk_ Nz Fg(E )1[k ki1 € H. Since g is com-
N

— N

is decreasing at infinity. Therefore, using p = 2, g respects all conditions
of Lemma 7.1, and so st(§) = ¢. Furthermore, since *g(z) = O for any infinite =, and since

k@l:k+1andk:@1:k—lforanylimited%:

N2-1

R .k
Ag = 2/N Z g(ﬁ)(lsk@ - 1Skea1)
k=—N?2
. N2-1
—1 kel kol
— * e == 18
k=—N?2
N2-1

2_
_ i ColR) =) + Col) —"o(5h),
9 k k1
1/N [, 5552]
k=—N2
i, NZ-1
=5 2 (@) + (@) en)lg sy
—_N2
i N2-1 NZ-1
9 Z “(9")(er)1 (&, k+1[+ Z )(ck—1) [%7%[
k=—N?2 k=—N2

Where ¢, € [%, kiNl[ is given by transfer of the mean value property that g has. Since c;_1 €

[%, kiﬁrl [, and since ¢’ is also continuous and compactly supported, we can apply Lemma 7.1

to both sums and we get Aj ~ 5S¢’ +¢') = Ag. Thus, (g, Ag) € st(G(A)). We conclude
G(A) C st(G(A)), ending the proof. O
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7.2 Constructing a scale

Here, we want to construct not only a scale that respects the criteria, but also have sufficiently
well-behaved interactions with 2. To this end, we will have ¢€; to be different shifts of the same e,
so that we can have ( fy, €;) be simply a unit multiplication of the same ( fx, €). For the choice of €,

it will greatly simplify later calculations if:

* st(€) is an even function, has continuous square-integrable derivative and whose shifts span a

dense subset.

e st <|E§Zg|> = 1 almost everywhere with respect to py. Intuitively, the expected criterion

would be that st(€) is itself in L (R), with Fourier transform always positive.

With this in mind, we define é € H by:
- 2 k i
= (ﬂ) Z exp(f(ﬁ)%lsk + leo,

where N; € *N\ N, and for all ¢ € Q, we have VN < % + ¢ < N. For example, LNgj
works.

Furthermore, let e := (%)% exp(—(+)?). We note that e € Ly(R) with ||e|| = 1.

Let (gj)jen be a counting of Q starting with ¢; = 0. Since N is divisible by any standard
natural, we know for any j € N, k; := Ng; € *Z. Let (k;);c[n) be an internal extension of this
sequence in *Z.

We then define, for j € [N], € = REi €, noting that R is an internal isometry on H with inverse

L. Furthermore, let & : for j € [N]. We now show:

_ 1
T 2élr(1-2=N)”
Proposition 7.3. ((€;) je(n], (€))je[n)) forms a standard biased scale compatible with (H,A,Q).
Proof. For this proof, let T; : Lo(R) — Lo(R) with (7:(f))(z) = f(z —t) forany ¢t € R.

First, since %150 is infinitesimal, we note € ~ iV:L Ny *e(%)l[ Eay=sys Furthermore e is

continuous, and Vz,y € R,

z| <ly| = |f(z)] <|f(y)|. Therefore, by Lemma 7.1, e = st(é).
We note that for each k € [-N; — 1.N; + 1] and j € N, —N? < k + kj < N2 — 1, since

-N < —(% —qj) < % +¢qj < N. Therefore, k © kj = k + kj, so €; = T, (€). Since Ty, is an
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isometry of Ly(R), we have st(¢;) = T, (¢) # 0. We also have st(¢;) = 57 > 0.
Through elementary means, we can show that (st(€;));en spans a dense subset. Since that fact
is already known (or can be shown using Fourier transforms and convolutions), we will only give a

broad idea as to how. To keep everything visual, in the following list f(z) is written as the function

f:R—= C.LetV = span({st(é;)}en). Then, with dominated convergence, we can show:

*VgeQ e eV (T4, (e))(x) = e_qzz'eQWe(m)).

2 . 2
s Vt € R, e®e™™ €V, using e"%e~*", where 1, — t.

e(t+1/n)z_tx

2 . .
T/ e~ *", and using the mean value theorem to domi-

e Vt € R, relTe ™ ¢ V', using

nate the sequence.

* VYneN;teR, z"ele €V, using the same method applied by recurrence.

; 2 . it)k 2
s VtER, e e ™ €V, using Y p_, (1;2 ke ",

For k € N, if Py f is the periodic extension of f ][_ k,k[» then we continue:

2

e Vf € CX(R), k € N,supp(f) Cl—k, k[ = (Pef)(@)e=*" € V,using (N7 (Prf),e 56%))e"

=—n

noting the Fourier series converge uniformly (P f is smooth).

2

Vf e CXP(R), f € V,using, for | — n,n[D supp(f), (Po(fel))(z)e™®

Vfe H, feV,since C°(R) is dense.

Thus, (st(€;))jen spans a dense subset. Furthermore, we know ||&;]| = ||é|| since R is an

isometry. Therefore, 31y gillé;l? =2 = 1. We also have || st(é;)]| = ||e]| = 1

1
JEIN] 27(1—2-N)
forany j € N, and so Yy st(&)[| st(&)[1* = Y pen o7 = 1.
We have shown Properties (5) to (8) of Definition 2.4, and we conclude that the pair ((€;) je(n1, (C5) je[n])

is a standard-biased scale.

We now show it is compatible with (H, A, Q). By definition, € = RFié € H, so Property (9)
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holds. Furthermore, we have:

= .k )
Ae=A Z e(ﬁ)lsk +N180
=N
N1 .
1 k=i
= 5(15_1 - 131) + Z e(ﬁ)ﬁ(lskel - 15k®1)
k=—N;
N1 .
. k=t
= Z e(ﬁ)ﬁ(ISk—l —Lop)
k=—N;
Ni—1 Ni+1
—1 . k+1 . k=1
= 2/N Z Q(T) Sk Z e( )15k
k=—N1—1 k=—N1+1
Ni—1 _
R S SEC N
1/N o
k=—Ni1+1
Here, w is a sum of the four terms left out. We note that for any standard integer r, W >
%« EN1+T 1
Ml s M 1> VN Andso 0 < A < Ne(VN) = (2)7 Nexp(—N) ~ 0.

Therefore, w is infinitesimal, and so we proceed with the same strategy as before:

Ni—1 _
o N (el el | ceth) = et
1/N 1/N o
k=—N1+1
_ Ni—1 Ni—1
Y Z *(e)(ck)l[%’%[—i— Z (e)(ck—l)l[%,%[
=—Ni+1 =—N1+1
Again ¢y E]%, %[ is given by the mean value theorem applied to e transferred to *e. We

Al

have ¢/(t) = —2

<~

exp(—t2), and so €' is continuous and in Ly(R). From studying e”, we

2
(2)
also find that |e’| is decreasing at infinity. And so, we can apply Lemma 7.1 and conclude that
st(Aé) = Fi(e/ +¢') = —ie.

We note that R and A = —22 = commute. As before, for any k in [-N7 — 1..N; + 1] and
2/N

standard natural j, we have k @ k; = k -+ k;. Therefore, we get A¢; = R¥ A¢ = “To; (Ag) for any

standard natural j. Thus /Iéj is nearstandard in H with st(fléj) = —iTy, €/, proving Property (10).
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All that is left to verify is Property (11), requiring that for all f;, € Q, there exists j € [N] such

that (fx, €;) # 0. We note that since ¢; = 0, we have k; = 0 and €; = €. And so, using that e is an

even real-valued function:

Ny

Y el

I=—N1

(fk7é1) = (fkv%]-so )(fk7151>

1 Ny

—1
= Vo W||150H2 +

l=—N1

+Z
+2Z

1
NF(

1
NF(

Consequently, Im((fx, €1)) =

) (exp(27i

* l 2
> tel) exp(2riz)lL |

l
SN2 ) + exp(2mi

—kl
)

kl )
) cos( 72]\72 .

N%\}W # 0. Therefore, for any f, € Q, there exists j € [N]

such that (f, €;) # 0. Finally, we conclude that the standard-biased scale ((€;);c(n1; (¢j) je[n) i

compatible with sampling (H, A, Q).

7.3 Characteristics of the Loeb space

We start by noting for any f, € Q and j € [N], (fx, €;)

LetV € ft, i.e. an internal subset of . We have

i(V) =& Y 1@ )l

JEIN]  freV

—Z%Z

JE[N]  freV
=" &l projy &l
JE[N]

_ llprojy |

(11—
JE[N]
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Furthermore, for any j € [N] and f;, € 0, we have

(€5, fk)  kjk (€, fx)

AT U

(U(e)(fr) =

Let Qg = {fx € Qr | £ islimited}. Furthermore, for standard a,b € R, let Q= {fi €

Qla< £ <b}e A Also, let go : R — R with

We show the following.

Proposition 7.4. We have, for any a,b € R:

NL(QZ):/[ b[godu.

Furthermore, Qg € Ay and pr,(Qr) = 1.

Proof. We have Qr = |, cn Q’ln, thus Qg € Ay. Furthermore, for any a < b € R,

st(a(2)) = st(|| projy &*)

=st | > 1@l
fredl
2
. Ny
1 l kl
= st Z %—i— *e(ﬁ)exp( 27TZ2N2)
Na<k<Nb I=—N
2
Ny
1 kl
=st - t Z e(ﬁ)exp(—Qmﬂvz)
Na<k<Nb I=—N;
[ [NB] = [Na] 1 1 &, b M i
=t v Ty 2. v 2o el exp(-2miggs)
Na<k<Nb|" ' 1=—Ny

2
N1

1 1 1 . 1 Kl
—§St N Z N Z e(ﬁ)exp( 27”2]\72)

Na<k<Nb l=—N;
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We first look at the interior sum. For w € *R, we define:

Y L o
hy:= N e(ﬁ)exp(—meﬁ)
=N
L !
=" *e(— —2miw——)1g | d(*p).
/. 3 elel-2rivggita | dCn

We study the particular case of standard w € R. Here, we can use Lemma 7.1 with p =
1, using the function ¢ — e(t) exp(—miwt). Indeed, that function is continuous, integrable and

t|, as we have seen before. Therefore, since

le(t) exp(—miwt)| = e(t) is monotonic with respect to

f— fR fdu is continuous on L (R), we get, whenever w is a standard real:

st(h) = /R e(t) exp(—riwt)du(t) = <2>‘1‘ /R et o=t 41, (1).

s

We recognize the formula of the Fourier transform, which will be discussed more in detail in
the next subsections. Through complex analysis, we can calculate the integral, which results to, for

standard w,

It

st(h) = (2m)% exp (—”2“’2) — 200,

We note, from inspection, that w — st(fzw) is continuous.

Then, for wy, wy € *R, we have:
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- - l
|y — Py | < Nl ” *e(ﬁ)exp( 27Tzw22N) — *e(N)eXp( 2miw 2N)
——4iV1l
1 & l
I=—N;
Mo !
=t —aal” [ 3 || et | acm

= I

We can use Lemma 7.1, with p = 1, on the function ¢ — te(t), as it is continuous, in L; and

decreasing at infinity. Thus sz;_ N %*e( %)131 is nearstandard in L. From that, we conclude
that there exists a standard real C' such that for any w1, wy € *R, |hy, — e, | < Clwy — wil.

And so, whenever w € *R is limited, we have st(h,,) = st(ﬁst(w)) = \/2go(st(w)).

We can now return to st(71(Q%)) = 1 st (% > Na<k<Nb |E%]2>. For any k € [Na, Nb|, we

have that

n2(£)2
_ Varexp(- T80,

[Nb]—[Na]
N

Since % > na<kens 1 = < b —a+ 11is limited, we have, recognizing a Riemann sum:

. 1 (1 (%)
(@) = st | & D, Vamexp(——2)

2
Na<k<Nb
/ godp

L
[a,b]
= ur(Qr) = ILm st(f \/>/ exp(—

49



Remark 7.5. In this proof, we have also shown that for any fi, € Qr and limited hyperreal w,

1 &, .
Nl;\h e(ﬁ)exp(—2mwﬁ)2 2go(st(w))-

Now, U (e;) simplifies a lot on Qg. If f, € Qr, we have:

: N
- { 1 l .kl k
VINE fr) =2ty *e(g) exp(=2misrrs) = 4 /200(st(;)) € R>o

and so

Thus, for any j € N and f; € Qg, we have:

st <(U(é]))(fk)> =st (exp(—?wi;jﬁ) |(év(§;£]€/)’é‘> = exp <27Ti_2qj St(;})) :

Therefore, for any fy,, fr, € {dr, we have:

st(d(fkl, fr,)) =0 < Vq € Q,exp(27iq st(%)) = exp(QWiqst(@))

N
1 ki — ko
2mi— =1
< Vn € N, exp( mnst( N )
k1 —k
<= Vn € N, st( L 2)EnZ
kl—kg . kl . k?
— st( 7 ) =0 < st(N)fst(N).

Also, we find ka = N sin(r-) ~ 7st(£) for any such f;, € Qg. And so, for almost all fx

N2

inQp,mp(fx) = WSt(%).
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7.4 Nature of the hull space

For a,b € R, we define QZ = (QP). By a saturation argument, we know that since Q¥
is internal, O is closed in (€2, d), and so measurable. Furthermore, defining Qp = 0(Qr) =
UneNlen, we have that Qp € A and ﬂ(QR) =1.

The previous results indicate a unique well-defined bijection ¢ : R — Qg with <Z>(st(%)) =
(fx) for any fi, € Q. We show both ¢ and ¢! are measurable.

We have, for j € Nand ¢t € R, (U(ej))(¢(t)) = exp <2m'_qut). Therefore, for any t1,t2 € R,

we have:

d(d(t1), d(t2)) =Y 27 %

jeN

:ZQ—%

jeEN

exp(27ri_7qft1) — exp(27ri_7(]jt2)

exp(?wi%qf(tl —t9)) — 1’ .

By uniform convergence properties, we find that ¢ is continuous (usual distance in R). There-
fore, ¢ is measurable. Furthermore, if ' C R is closed, then for any n € N, we have F' N [—n, n|
is compact, and so ¢(F N [—n,n]) is compact in 2. Therefore, ¢(F) = Upen¢(F N[—n,n]) € A.
We conclude ¢! is measurable.

Next, we consider the pushforward measure on R i := (¢~ 1), /1. We know that 7 : Lo (Q, Q) —
Lo(R, i) with T (f) = f o ¢ is a unitary map. Let U := J o U : H — Ly(R, 1/').

We find that for any a,b € R, 1//([a, b]) = i(¢([a, b])) = a(Q0) = pr(Q) = f[a,b] godpu . And
so, di' = godp. Since [ |fI?dy/ = [3|fPgodu, we have that f € La(R,p/) < f\/q0 €

La(R, p1). We can now show the following:
Proposition 7.6. Both U and U are surjective.

Proof. We know that for any j € N, (U(e;))(w) = exp(2mi—*w) p/-almost everywhere. There-

fore, fory € U(H)* C Ly(R, yi), we have, for any ¢ € Q:
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- /Ryw) exp(—2migw)dp ()
— /R y(w) exp(—2miqw)go(w)du(w)
= (y/90, xp(279q*)/90) L (. 1)

L
And so, y,/go € span({exp(27ig(-)) exp(— & )}qeo) = {0}. Indeed, we have seen earlier

that functions of that form span a dense subset of Lo(RR, p1). Since g is nowhere 0, we have y = 0.

Therefore, U(H) = Lo(R, /). Thus, U and U are surjective. O

7.5 Relation to the Fourier transform

We can say a few more interesting facts about this example. First, suppose h € La(R, p) N

L1(R, yr) C H. Then, for any f; € Q, we have

(“h, fx) _ (Ch, V2N fy)
i(f) V2N fi)l
N2—1

1 k1
- p(mie 1,
’ /2N(é,fk)’( 7l:_zj\72€ p(ﬂ'ZNN> )

(UCR)(fr) =

w)

For a given standard w € R, if we define (¢n) oy @ sequence of simple functions given by
¢,(1w) = Z?::ng exp(miw l) ERET then we know ¢n converges normally (i.e. uniformly on
compacts) to t — exp(miwt), while being dominated by 1. Therefore, by the dominated con-
vergence theorem, the sequence Wh converges to ¢t — exp(—miwt)h(t) in L1(R). And so,
litm oo (B 0)) = Limp oo fo ho$dp = [, exp(—miwt)h(t)dp(t) = (F(h))(2), where F is

the Fourier transform.

Furthermore, using that | k| is integrable, we can show that for any f, € Qg:

N2-1 N2-1

(*h, Z exp(m )1s,) =~ (A, Z exp( mst(]lff)]i[)l )
I=—N?2
= () & (P stla))
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and so,

st (OCW)(f)) = ¢
2

We note /2go(w) = (F(e))(3w)) for any real w. Therefore, we have that, almost everywhere,
(U(h)(w) = % This could be an effective definition of the Fourier transform F : Lo(R, p) —

2
Lo(R, p):

(F(R))(w) = (U (h))(2w) - /2g0(2w) = (2m)3 (U (h))(2w) exp(—7w?).

This can be used directly to recover Plancherel’s identity for such h:

[ i =3 [ 1 |cm<>
/‘ 200(s % dp/ (w)

— | Um)|? = uhw — /R P

We can also recover the differentiation formula using U. We have that for f, € Qr, mp(fx) =
Wst(%), and so for any h € dom(A) and for almost every w € R, (U(Ah))(w) = 7mw(U(h))(w).
Since for such h € dom(A) both h and i are in Ly (R, u) N L2(R, 1) and b’ = iAh, we conclude
(F(h))(w) = 2miw(F(h))(w). That formula then works for every h € dom(A) = H'(R), the
Sobolev space, as any sampling for A is a sampling for A.

As with Section 6, the surprising part is not that the Fourier transform works, as it is widely
known to be the natural unitary equivalence when it comes to d . What seems quite interesting is
that it appears here, using a general method with a chosen sampling and scale. This appearance
may be even more peculiar here compared to the previous section, because the method of this paper
always ends with a probability space, while (R, Borel(R), ) is not one.

Given the examples of Sections 5, 6 and 7, it would seem that this method can generate an
explicit, natural unitary equivalence depending on how the chosen sampling and scale interact, and

if those interactions are themselves explicit. It could be interesting to consider other examples, or
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try to generalize beyond symmetric operators.
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Appendix A

Induced spectral resolution

The goal here is to use Theorem 1.1 to prove the spectral resolution theorem:

Theorem 0.1 (Spectral resolution theorem). For any self-adjoint operator A on H, there exists a

projection-valued measure P on Borel(R) such that

A:/iddP.
R

Remark 0.1. The proof outlined here will resemble part of the work done in [4] (and to an extent
[2] and [7]), whereas a suitable spectral measure is pulled from a bigger space through a natural
embedding of H. In those works, the bigger space was the nonstandard hull, while here it will the
one provided by Theorem 1.1. The idea of how will also be similar, but some of the details can differ,
notably due to the fact that the Hilbert space might be real, excluding the direct use of operators
such as T — til.

Finally, we remark that no nonstandard analysis will be used in this section, and * will be used

for the adjoint of a map.

Here, we will assume that A is a densely-defined self-adjoint operator on H. Furthermore,
(Q, A, ) is a probability space, m :  — R is a measurable function inducing self-adjoint multi-
plication operator 7', and U : H — Lo(€2, 11) is an isometry such that U o A < T'o U. The one from
Theorem 1.1 works, or even the one from Theorem 3.1. We also note, for measurable f : 2 — K,

the induced multiplication operator 7's.
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We start with the following proposition.
Proposition 0.2. We have that U(H ) reduces for T. Furthermore, U o A =T o U.
Proof. We first show that U(H) reduces for 7. By definition, we must show projy gy o1 <
T o projy - Let z € dom(T'). We first note U*z € dom(A). Indeed, for y € dom(A), we have:

(Ay, U'z) = (U(Ay),x) = (T(Uy),z) = Uy, Tz) = (y,U*(Tx)).

Thus, U*zx € dom(A*) = dom(A),and A(U*x) = A*(U*z) = U*(T'z). Wenote that (UU*y,Uz) =
(y,Uz) holds for any y € L2(f2) and 2 € H, and so projy gy = UU*. UsingU o A < T o U,
we get that projy ) @ € dom(7), and T'(projy gy v) = U(AU*x) = UU*(Tz) = projy gy Tx.
Since x € dom(T') is arbitrary, we have projy; (g o1 < T'o projy ), and so U (H ) reduces for T'.

To prove U o A = T o U, it is sufficient to show U ! (dom(T)) C dom(U o A). But for z € H

such that U (z) € dom(T') and y € dom(A), we have
(Ay, )| = (U Ay, Uz)| = |(TUy, Uz)| = |(Uy, TU=)] < lylITU=].

Therefore, y — (Ay,z) is a bounded map on dom(A), and since A is self-adjoint, x €

dom(A*) = dom(U o A). Since x € U~!(dom(T)) is arbitrary, we conclude U o A =T o U. [J

We now consider the projection-valued measure P on Lo(Q) given by P(V) = T 1,1y, fOr

any V € Borel(R), so that P(V) f = 1,-1(vy - fforany f € Ly(Q). Itis straightforward to verify

that P forms a projection-valued measure. Furthermore, for any f € Ly(£2) and V € Borel(R):

/ Ldjig s = fi, s (V) = (P(V)f, f) = / L1 fPdp = / (1y om)|fPdp
R Q 0

— [ lidPdags = [ (P om)\fPdu= | jmfPan
R Q Q

And so, dom( [, id dP) = dom(T). Furthermore, for any f € dom(T):

([1aaps.s) = [ dng = [ Gdom|fidn = (m- 1.5) = (T5.5).

56



Therefore, since both maps are symmetric, fR iddP = T, and so P forms a spectral resolution for
T.

We now show that P can be pulled back through U'.

N

Proposition 0.3. Forany V € Borel(R) and x € U(H), P(V)x € U(H).

Proof. 1t is sufficient to show the property for intervals of the form [a, b] for a,b € R. Indeed, if
that can be shown, then for any f € U(H), g € U(H)*, we have fif ,([a,b]) = 0 for any real a
and b. Since such intervals generate Borel(R), and the measure is finite, we get, for any Borel set
V,ii; (V) =0,andso P(V)f € (UH))* = U(H).

So, let f € U(H) and a,b € R. For k € N, let fy = 1,1 f and fx = projym fy-

Then, for any n € N:

/!m”'f/c|2du=/
Q =1 ([—k,k]

)

) m 2" | f1%dp < k2| £,

Therefore, inductively, for any natural n, we have f,’~C € dom(7™). Furthermore, still using
induction, we can show U(H) reduces for 7™ as well. Thus, for any n € N, fx € dom(7™) and
m” - fr = T" fi, = projy ) T" f, € U(H). Using linearity, we have, for any real polynomial p,
(pom)- fu =projyy(pom- fi) € U(H).

Using continuous functions and Stone-Weierstrass theorem as intermediaries, we can find a
sequence (py,)nen of real polynomials such that |p,(z)| < 2 for every x € [—k, k], and p,,(z) —
1(4,4) () for every x € R. Since (p,om)- f is dominated by 2| f |, it converges to (1, yjom)- f;, =
L-1([ap)) - [ in L2(€2) by the dominated convergence theorem.

Then, since projy( ) is a bounded operator, we have (pnom)- fr, converges to proj vH) Im=1((a,b))"
fr in Lo(£2). But we also have that (p, o m) - fj, converges punctually to 1,,-1([4)) - fx- Since any
convergent sequence in Ly(2) has a subsequence that converges punctually almost everywhere to

the Lo limit, we conclude that as Ly functions, 1,,,—1((q.5]) * [k = PrOju () Lm—1((a,p)) - fi. € U(H).
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But then, since f = limy_,« f}, in L2(€2) by the monotonic convergence theorem, we have

f=rprojy(m) f = lm fi

Lot " f = B0 Lo (o p)) fie

And so we conclude 1,,,-1((q.5)) - f € U(H). O

We then show, proving the theorem of this section:

Theorem 0.2 (Induced spectral resolution). We have that the function P := U*P(-)U is a well-

defined projection-valued measure on H, forming a spectral resolution of A.

Proof. We must first show that for V' € Borel(R), P(V) is a self-adjoint projection on H. P(V')
is indeed a well-defined operator on H, and since all operators involved are bounded, P(V)* =
U*P(V)*U* = U*P(V)U = P(V) is self-adjoint. Furthermore, since (P(V)U)(H) c U(H)

by the previous proposition:

P(V)? = U*P(V)UU*P(V)U = U*P(V) projy sy P(V)U

= U*P(V)P(V)U = U*P(V)U = P(V).

And so, P(V) is a self-adjoint projection on H. Furthermore:
* P(0) =U*000U =0,and P(R) = U*U = id.

* For any V1, V4 in Borel(R),
P(Vi N V,) = U*P(V1)P(Va)U = U*P (V) projy sy P(Va)U = P(V1)P(V4).

 Since L — U*LU € B(B(L2(92)), B(H)), we have that whenever (V},),cn is a pairwise
disjoint sequence in Borel(R), P(| |,cx Vi) = D nen P(Va).

And so, P is a projection valued measure on H. Furthermore, for any z,y € H and V €

Borel(R), pzy(V) = (P(V)z,y) = (P(V)Uz,Uy) = iz uy(V). Therefore, pizy = flrzuy

holds for any z,y € H.
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For any z in H, z € dom( [ iddP) if and only if Uz € dom([5iddP) = dom(T), which
holds if and only if # € dom(7T o U) = dom(A). Therefore, dom( [ id dP) = dom(A). Further-

more, for any x € dom(A) and y € H:

( / iddPx,y) = / id dyig., = / id dfitrzvy = ( / iddPUz, Uy)
R R R R

= (TUz,Uy) = (UAz,Uy) = (Az,y).

Therefore, we have fR iddP = A, concluding the proof. O
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