
Spectral embeddings through nonstandard samplings

Fabrice Nonez

A Thesis

in

The Department

of

Mathematics and Statistics

Presented in Partial Fulfillment of the Requirements

for the Degree of

Doctor of Philosophy (Mathematics and Statistics) at

Concordia University
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Abstract

Spectral embeddings through nonstandard samplings

Fabrice Nonez, Ph.D.

Concordia University, 2025

Note: This Thesis is comprised of the contents of the paper at [8]. There are minimal modifica-

tions, mostly for cosmetics.

The Spectral Embedding Theorem, one of the formulations of the Spectral Theorem, states that

any densely-defined symmetric operator A on a separable Hilbert space H can be extended by a

multiplication operator through an isometric embedding of H in an L2-space.

In this research project, the goal is to study a novel process. This process starts with a (real or

complex) separable Hilbert space H and a densely-defined symmetric operator A. It results with a

compact metric space Ω̂, a probability measure µ̂ on Ω̂, an isometric embedding Û : H → L2(Ω̂, µ̂)

and a multiplication operator T̂ on L2(Ω̂, µ̂) such that Û ◦ A ⊂ T̂ ◦ Û , satisfying the Spectral

Embedding Theorem.

The process uses two parameters, which are objects of Nonstandard Analysis: the nonstandard

sampling and the standard-biased scale. We see in this Thesis that these objects allow for a new

proof of the Spectral Embedding Theorem, as well as other forms of the Spectral Theorem.

Furthermore, we will observe that with specific operators, the process can result in explicit and

natural objects through the careful tweaking of the parameters. Specifically, we work with landmark

examples of the theory, the shift operator and the differential operator on the line, to derive the

Fourier series and the Fourier Transform from the process.
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1 Overview

We start by stating this version of the spectral theorem.

Theorem 1.1 (Spectral Embedding Theorem). Let H be a separable infinite-dimensional Hilbert

space, and let A be a densely-defined symmetric operator on H .

Then, there exists a compact metric space (Ω, d) endowed with a probability measure µ on its

Borel σ-algebra, a borelian measurable function m : Ω → R generating self-adjoint multiplication

operator T on L2(Ω, µ), and an isometry U : H → L2(Ω, µ) such that T ◦ U extends U ◦A.

The formulation differs from the usual version in thatA is only assumed to be symmetric instead

of self-adjoint, at the cost of U not always being unitary. This also establishes the well-known fact

that any symmetric operator has a self-adjoint extension in a larger Hilbert space.

The main scope of this text is to consider a process that generates the objects described in

Theorem 1.1, given a separable Hilbert space H and a densely-defined symmetric operator A. This

process will depend on two important parameters: a sampling for A and a standard-biased scale

compatible with the sampling. By proving that such parameters always exist, we will also have a

direct proof of Theorem 1.1.

Contrasting with classical proofs, which often use the Cayley transform and spectrum analysis,

this process relies more directly on the finite-dimensional version of the spectral theorem. It works

both for bounded operators and unbounded ones, and for real Hilbert spaces as well as complex

ones. Furthermore, it is surprisingly constructive, in that it may provide a path to construct the

objects, as we will see in the examples.

The method is inspired by previous work in nonstandard analysis, concerning the resolution

version of the spectral theorem. Most notably, the recent work done in [4] shows that nonstandard

methods are suitable to prove the spectral theorem for unbounded self-adjoint operators. Even more

recently, another proof has been considered in [6]. Proofs for bounded operators can also be found

in [2] and [7]. In all of these works, as well as in this one, the initial idea is to transfer the finite-

dimensional version of the spectral theorem and apply it on a suitable choice of hyperfinite space

and internal symmetric map.

A version of this idea that directly uses ultraproducts can be found in [5]. We think that some of
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the ideas we expose could help with the questions found in that body of work, notably concerning

generalizations to unbounded self-adjoint operators.

In Section 2, we define the parameters, which are the sampling for A and the compatible scale.

Then, in Sections 3 and 4, we describe the process of this paper. Specifically, in Section 3, we use

the sampling and the scale to create a suitable Loeb space, and prove a version of Theorem 1.1,

albeit with the L2 space not being separable in many cases. In Section 4, using hull techniques, we

create an interesting compact metric space from that Loeb space, completing the process and the

proof of Theorem 1.1.

Then, in Section 5, we consider the case where A is self-adjoint. Using a spectral resolution,

whose existence is shown in Appendix A using Theorem 1.1, we create a suitable sampling and scale

for which the induced isometry is surjective, proving the usual version of the spectral theorem.

Finally, in Sections 6 and 7, we look at some relevant classic examples for which tweaking the

parameters of the process can provide an explicit, natural and intuitive realization of Theorem 1.1.

1.1 Notation and conventions

In the paper, some familiarity with nonstandard analysis will be assumed. For example, internal

objects, hyperfinite sets, and Loeb measure theory will be used. A comprehensive theory about

nonstandard analysis can be found in [1]. Of note, the notation will be consistent with that book,

whereas for a standard object a, we will note its extension by ∗a.

Sometimes, ∗ may be omitted when there is almost certainly no ambiguity . For example, if

r ∈ ∗R is nonstandard, cos(r) necessarily means (∗ cos)(r). About all other times, ∗ will be use

everywhere it is meant to be. If the expression ”Let ϵ ∈ R>0” is written, ϵ is meant to be standard.

In the construction, we will work with three probability spaces: an internal one, the Loeb-

constructed one and the one from the nonstandard hull. We will try to denote objects related to

the internal space with tilde symbol (˜), ones related to Loeb space with subscript L (L) and ones

related to the hull space with the hat symbol (ˆ).

Throughout the paper, we assume H is an infinite-dimensional separable Hilbert space, with

underlying field R or C, which we will denote by K. Sometimes, we may use the conjugate z̄ or the

real part ℜ(z). Both are just the identity function if K = R. For closed subspace V , the operator

2



projV on H denotes the self-afjoint projection with image V .

Also, A : dom(A) → H is a densely-defined symmetric linear operator on H . This operator is

not assumed to be either bounded or self-adjoint, except when explicitly stated, notably in Section

5 and Appendix A. Details about Hilbert spaces and unbounded operators can be found in [3].

We now fix ∗, an (at least) ℵ1-saturated enlargement1 of objects in a superstructure containing

at least K and H .

Open ends of intervals will use square brackets, for example [1, 2[ instead of [1, 2). We will

assume that N starts at 1. For k ∈ N (or ∗N), we will use [k] = {1, 2, 3, . . . , k}. Also, for k,m ∈ Z,

we will denote [k..m[= {l ∈ Z | k ≤ l < m} = Z ∩ [k,m[. In such a set, we will often use ⊕

and ⊖ for the cyclic addition and subtraction (specifically, n1 ⊕ n2 ≡ n1 + n2 mod m − k and

n1 ⊕ n2 ∈ [k..m[).

For any given function (standard, internal or external) f , we will denote its graph by G(f). For

given operators T1 and T2, we say that T1 ≤ T2 if G(T1) ⊆ G(T2).

2 Samplings and scales

Here, we define the main parameters we will use throughout this paper, the sampling for A and

the compatible scale. Those objects allow a representation ofA in a hyperfinite world, and will later

allow the construction of a relevant standard measure.

Definition 2.1. We call the internal triplet (H̃, Ã, Ω̃) a sampling for A if:

(1) H̃ < ∗H , and ∗ dim(H̃) ∈ ∗N.

(2) Ã : H̃ → H̃ is a ∗linear symmetric operator on H̃ .

(3) Ω̃ ⊂ H̃ is an orthonormal ∗basis of H̃ formed by eigenvectors of Ã.

(4) G(A) ⊂ st(G(Ã)). In other words, for any x ∈ dom(A), there exists x̃ ∈ H̃ such that

x =st(x̃) and Ax =st(Ãx̃).
1The existence of a suitable hyperfinite set is only used once to simplify the construction of a sampling. With more

finesse, such a construction is possible given only countable saturation, so any ultrapower constructed using a countably
incomplete ultrafilter would work well.
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Proposition 2.2. There exists a sampling for A.

Proof. Let H̃ = ∗span(S), where S is any ∗finite subset such that dom(A) ⊂ S ⊂ ∗ dom(A).

Then, condition (1) holds, and dom(A) ≤ H̃ ≤ ∗dom(A) ≤ ∗H .

Now, let Ã := (projH̃ ◦∗A)|H̃ : H̃ → H̃ . Since H̃ is internal, projH̃ is internal, and so Ã is an

internal linear operator. Furthermore, for all x, y ∈ H̃:

(Ãx, y) = (projH̃
∗Ax, y) = (∗Ax, y) = (x, ∗Ay) = (x, projH̃

∗Ay) = (x, Ãy).

Hence, Ã is symmetric and condition (2) holds. By transfer principle of finite-dimensional spectral

theorem applied to Ã, there exists Ω̃, an orthornormal ∗basis of H̃ consisting of ∗eigenvectors of Ã,

and so we fix an arbitrary one. With that, condition (3) holds.

Furthermore, for any x ∈ H , and for all ϵ ∈ R>0, there exists y ∈ H̃ such that ∥x − y∥ < ϵ.

Indeed, H̃ ⊃ dom(A), which is dense in H . Since projection minimizes distance, we have that

∥x − projH̃ x∥ is infinitesimal and x = st(projH̃ x). Therefore, for any x ∈ dom(A) ⊂ H̃ , we

take x̃ := x so that Ax ∈ H and Ax = st(Ãx) = st(Ãx̃).

We get that condition (4) holds, and we conclude that (H̃, Ã, Ω̃) is a sampling for A.

Remark 2.3. The implementations of H̃ and Ã that were given here are the ones that were mainly

considered in previous works [2], [7], [4], [6]. Interestingly, Moore, in [7], defined the general

concept of an hyperfinite extension of A in the nonstandard hull, which has important similarities

with samplings.

Definition 2.4. Let N ∈ ∗N \ N, (ẽj)j∈[N ] be a hyperfinite sequence in ∗H , and (c̃j)j∈[N ] be a

hyperfinite sequence in ∗R≥0. We say that the pair formed by ((ẽj)j∈[N ], (c̃j)j∈[N ]) is a standard-

biased scale if:

(5) For each j ∈ N, both ẽj and c̃j are nearstandard, as respective elements of ∗H and ∗R.

Furthermore, st(c̃j ẽj) ̸= 0.

(6) (st(ẽj))j∈N spans a dense subset in H .

(7)
∑

j∈[N ] c̃j∥ẽj∥2 = 1.
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(8) For any infinite K, st(
∑

K<j≤N c̃j∥ẽj∥2) = 0.

Equivalently,
∑

j∈N st(c̃j)∥ st(ẽj)∥2 = 1.

Furthermore, we say that this scale is compatible with sampling (H̃, Ã, Ω̃) if :

(9) For each j ∈ [N ], ẽj ∈ H̃ .

(10) For each j ∈ N, Ãẽj is nearstandard.

(11) For each f ∈ Ω̃, there exists j ∈ [N ] such that c̃j > 0 and (ẽj , f) ̸= 0.

Remark 2.5. If (H̃, Ã, Ω̃) is a sampling for A, it is straightforward to show that st(G(Ã)) ⊂

G(A∗), whereA∗ is the adjoint ofA. Therefore, the condition that Ãẽj is nearstandard is equivalent

to st(ẽj) ∈ dom(A∗) and Ãẽj ≃ A∗(st(ẽj)).

Proposition 2.6. For any given sampling for A, there exists a standard-biased scale compatible

with it.

Proof. Let (H̃, Ã, Ω̃) be any sampling for A.

First, let (ej)j∈N be a Hilbert basis of H such that for all j ∈ N, ej ∈ dom(A). It exists, since

H is separable and dom(A) is dense. Using Property (4) of Definition 2.1, for each standard j,

choose ẽj such that st(ẽj) = ej , Aej = st(Ãẽj).

By countable saturation and overspill, this can be extended to a non-zero hyperfinite sequence

(ẽj)j∈[K] in H̃ . As with the finite-dimensional case, we can further extend it to obtain an internal

∗finite sequence (ẽj)j∈[N ] that generates H̃ .

Let c̃j = 1
2j(1−2−N )∥ẽj∥2

for j ∈ [N ]. We note c̃j ≃ 1
2j∥ej∥2 = 1

2j
for any standard j. Then, we

know, by definitions, that conditions (5), (6), (9) and (10) hold, while conditions (7), (8) and (11)

are easily verified.

We conclude that ((ẽj)j∈[N ], (c̃j)j∈[N ]) forms a standard-biased scale compatible with (H̃, Ã, Ω̃).

Remark 2.7. There will be multiple choices of samplings and suitable scales for a given A. The

goal here is to define the next objects and properties in relation to any one of the choices. Ultimately,

a good choice of sampling and scale will facilitate the description of the resulting space, as we will

5



see in the examples of Sections 6 and 7. The choice also affects the surjectivity of the constructed

isometry of Theorem 1.1, as we will see in Section 5.

For Sections 3 and 4, the sampling forA given by (H̃, Ã, Ω̃) and the compatible scale ((ẽj)Nj=1, (c̃j)
N
j=1)

will be fixed, but arbitrary. All objects defined in those sections will be considered in relation to this

choice.

Furthermore, for j ∈ N we will note ej = st(ẽj) ∈ dom(A), and cj = st(c̃j) ∈ R>0. We also

note the internal eigenvalue function λ̃ : Ω̃ → ∗R, with the notation λ̃f for λ̃(f).

3 The induced Loeb probability space

Definition 3.1. We define Ã := {V ⊂ Ω̃ | V is internal } = (∗P)(Ω̃). As Ã is an internal

σ-algebra on Ω̃, we define µ̃ : Ã → ∗R≥0 with

µ̃(V ) :=
N∑
j=1

c̃j∥ proj∗ span(V ) ẽj∥2 =
N∑
j=1

c̃j
∑
f∈V

|(ẽj , f)|2.

Remark 3.2. For f ∈ Ω̃, we will often write µ̃(f) instead of µ̃({f}).

The following is a direct consequence of Definitions 2.1 and 2.4, most notably Properties (3),

(7), (9) and (11):

Proposition 3.3. We have that µ̃ is an internal probability measure on Ω̃, and so for any V ∈ Ã,

µ̃(V ) =
∑

f∈V µ̃(f). Furthermore, for any f ∈ Ω̃, µ̃(f) > 0.

Remark 3.4. Here, the purpose of µ̃ is to weight each subset in terms of how much energy that

subset has in the standard world. It has to be done internally though, so the scale is there to create

such an internal bias towards the standard elements.

Definition 3.5. We define the triplet (ΩL,AL, µL) as the Loeb measure space induced from (Ω̃, Ã, µ̃).

Specifically:

• ΩL = Ω̃.

• AL is an external σ-algebra on ΩL, with Ã ⊂ AL.

6



• µL : AL → R≥0 is a σ-additive complete probability measure.

• for any V ∈ Ã, µL(V ) = st(µ̃(V )).

Let HL := L2(ΩL,AL, µL) be the standard Hilbert space on K.

Definition 3.6. Let Ũ : ∗H → (∗L2)(Ω̃, µ̃) be defined by (Ũ(x))(f) = (x,f)√
µ̃(f)

.

Remark 3.7. (∗L2)(Ω̃, µ̃) is meant here as the internal space of internal functions u : Ω̃ → ∗K

with internal inner product

(u, v) = ∗
∫
Ω̃
uv̄dµ̃ =

∑
f∈Ω̃

u(f)v̄(f)µ̃(f).

Proposition 3.8. Ũ is an internal, linear operator. Furthermore, ker(Ũ) = (H̃)⊥, while Ũ |H̃ is a

∗isometry. Finally, if x is nearstandard, then |Ũ(x)|2 is µL-almost always limited, S-integrable and∫
ΩL

| st ◦Ũ(x)|2dµL = ∥ st(x)∥2.

Proof. Ũ is internal, as its domain and co-domain are internal, and as it is defined using only internal

objects. It is clearly linear on ∗H . Furthermore, for any x in H̃ ,

∥Ũ(x)∥2 =
∑
f∈Ω̃

|(Ũ(x))(f)|2µ̃(f)

=
∑
f∈Ω̃

∣∣∣∣∣ (x, f)√
µ̃(f)

∣∣∣∣∣
2

µ̃(f)

=
∑
f∈Ω̃

|(x, f)|2 = ∥ projH̃ x∥2.

This implies that ker(Ũ) = ker(projH̃) = (H̃)⊥. Also, Ũ |H̃ preserves norm, and so as a ∗linear

funcion it is a ∗isometry.

Let x ∈ ∗H be nearstandard. We first show that for almost every f (w.r.t µL), (Ũ(x))(f) is a

limited number.

For r ∈ ∗R≥0, we consider Br = {f ∈ Ω̃ | r < |(Ũ(x))(f)|2} and B∞ = {f ∈ Ω̃ | (Ũ(x))(f)

is infinite}. Br is internal, and we note that B∞ =
⋂

n∈NBn. So B∞ is Loeb-measurable and

7



µL(B∞) = limn→∞ st(µ̃(Bn)). Furthermore,

µ̃(Bn) =
∑
f∈Bn

µ̃(f) ≤
∑
f∈Bn

|(x, f)|2

n
≤ ∥x∥2

n

=⇒ st(µ̃(Bn)) ≤
∥ st(x)∥2

n
=⇒ µL(B∞) = 0.

Thus, st((Ũ(x))(f)) is K-valued for almost every f . To conclude the proof, we will show that for

any infinite K ∈ ∗R>0, ∗
∫
BK

|Ũ(x)|2dµ̃ is an infinitesimal. We have:

∗
∫
BK

|Ũ(x)|2dµ̃ =
∑

f∈BK

|(Ũ(x))(f)|2µ̃(f) =
∑

f∈BK

|(x, f)|2 = ∥ projspan(BK) x∥2.

We want to show that ∥ projspan(BK) x∥ is infinitesimal. Let ϵ ∈ R>0. Since x is nearstandard

and (ej)j∈N spans a dense subset of H , there exists n ∈ N and standard (a1, . . . , an) in K s.t.

∥x−
∑n

j=1 aj ẽj∥ ≤ ϵ
2 , and so:

∥ projspan(BK) x∥ ≤ ∥ projspan(BK)(x−
n∑

j=1

aj ẽj)∥+ ∥ projspan(BK)

n∑
j=1

aj ẽj∥.

We have, by Property (5) of Definition 2.4, that cj > 0 for j ∈ [n]. Therefore:

∥ projspan(BK) x∥ ≤ ∥x−
n∑

j=1

aj ẽj∥+
n∑

j=1

|aj |∥ projspan(BK) ẽj∥

≤ ϵ

2
+

n∑
j=1

|aj |

√
1

c̃j
c̃j∥ projspan(BK) ẽj∥2

≤ ϵ

2
+

n∑
j=1

|aj |√
c̃j

√
µ̃(BK)

8



and thus

st(∥ projspan(BK) x∥) ≤
ϵ

2
+

n∑
j=1

|aj |√
cj

√
µL(BK)

≤ ϵ

2
+

n∑
j=1

|aj |√
cj

√
µL(B∞) =

ϵ

2
< ϵ.

Since it holds for any standard ϵ > 0, we get ∥ projspan(BK) x∥ is infinitesimal, and so is ∗ ∫
BK

|Ũ(x)|2dµ̃.

Since it holds for any K infinite, we get |Ũ(x)|2 is S-integrable, and so
∫
ΩL

| st ◦Ũ(x)|2dµL =

st(∗
∫
Ω̃ |Ũ(x)|2dµ̃) = st(∥ projH̃ x∥2). All we have left to show is projH̃ x ≃ st(x).

By hypothesis, x ≃ st(x). Since projH̃ is non-expanding, projH̃ x ≃ projH̃ st(x). By Prop-

erty (4) of Definition 2.1, we know there exists x̃ ∈ H̃ such that x̃ ≃ st(x). Since projH̃ minimizes

distance, we get projH̃ st(x) ≃ st(x). Thus, projH̃ x ≃ st(x).

Therefore, st(projH̃ x) = st(x), from which we conclude

∫
Ω̃
| st ◦Ũ(x)|2dµL = st(∥ projH̃ x∥2) = ∥ st(x)∥2.

Definition 3.9. We define UL : H → HL with UL(x) = st ◦(Ũ(x)). Furthermore, we define

mL := st ◦λ̃ : ΩL → R ∪ {−∞,∞} which defines a multiplication operator TL on HL.

Theorem 3.1 (Partial spectral theorem). We have that UL is a well-defined linear isometry on H .

The function mL is measurable and almost-everywhere real-valued, so that TL is a densely-defined

self-adjoint operator on HL. Furthermore, for any (x, y) ∈ st(G(Ã)), UL(x) ∈ dom(TL) and

UL(y) = TL(UL(x)). In particular, we have UL ◦ A ≤ TL ◦ UL (in other words, TL ◦ UL extends

UL ◦A).

Proof of the theorem. From the previous proposition, we know that for any x ∈ H , UL(x) is well-

defined almost everywhere on ΩL and that UL(x) ∈ HL = L2(ΩL, µL) with ∥UL(x)∥2 = ∥x∥2.

Since UL is linear, we get that UL is an isometry.

From general Loeb theory, we know that mL is a measurable function. To show that it is

almost everywhere real valued, for n ∈ N, let Bn = {f ∈ Ω̃ | n < |λ̃f |2} while B∞ = {f ∈

9



Ω̃ | λ̃f is infinite } = m−1
L (±∞). As with the previous proof, we have that Bn is internal, while

B∞ = ∩n∈NBn, so that µL(B∞) = limn→∞ st(µ̃(Bn)). Then, let ϵ ∈ R>0, and choose n ∈ N

s.t.
∑N

j=n+1 c̃j∥ẽj∥2 <
ϵ
2 , which exists by Property (8) of Definition 2.4 and underspill. For any

m ∈ N:

µ̃(Bm) =

N∑
j=1

c̃j
∑

f∈Bm

|(ẽj , f)|2

=
n∑

j=1

c̃j
∑

f∈Bm

|(ẽj , f)|2 +
N∑

j=n+1

c̃j
∑

f∈Bm

|(ẽj , f)|2

≤
n∑

j=1

c̃j
∑

f∈Bm

|λ̃f |2

m
|(ẽj , f)|2 +

N∑
j=n+1

c̃j∥ẽj∥2

≤
n∑

j=1

c̃j
∑

f∈Bm

1

m
|(ẽj , λ̃ff)|2 +

ϵ

2

=

n∑
j=1

c̃j
∑

f∈Bm

1

m
|(ẽj , Ãf)|2 +

ϵ

2

=
n∑

j=1

c̃j
∑

f∈Bm

1

m
|(Ãẽj , f)|2 +

ϵ

2
≤ 1

m

n∑
j=1

c̃j∥Ãẽj∥2 +
ϵ

2
.

Hence, we have

µL(B∞) ≤ lim sup
m→∞

st(
1

m

n∑
j=1

c̃j∥Ãẽj∥2 +
ϵ

2
)


= lim sup

m→∞

 1

m

n∑
j=1

cj∥ st(Ãẽj)∥2 +
ϵ

2

 =
ϵ

2
< ϵ.

Since ϵ is arbitrary, we have µL(B∞) = 0. And so mL is measurable and µL-almost everywhere

real-valued. It is widely known that the induced multiplication operator TL is therefore a densely

defined self-adjoint operator on HL.

For the next part of the theorem, let (x0, y0) ∈ st(G(Ã)) ⊂ H × H , and let x̃ ∈ H̃ such that

x̃ ≃ x0 and Ãx̃ ≃ y0.

By the previous proposition, ∥ st ◦Ũ(x̃ − x0)∥HL
= ∥ st(x̃ − x0)∥H = 0, so for almost ev-

ery f (w.r.t. µL), st
(
(Ũ(x̃))(f)

)
= (UL(x0))(f). Similarly, we have that st

(
(Ũ(Ãx̃))(f)

)
=

10



(UL(y0))(f) holds almost everywhere. Let B ⊂ Ω̃ be the set of f for which:

• st(λ̃f ) = mL(f) ∈ R.

• st
(
(Ũ(x̃))(f)

)
= (UL(x0))(f) ∈ K.

• st
(
(Ũ(Ãx̃))(f)

)
= (UL(y0))(f) ∈ K.

B is then Loeb-measurable, and µL(ΩL \B) = 0. For any f ∈ B:

mL(f)(UL(x0))(f) = st
(
λ̃f · (Ũ(x̃))(f)

)
= st

(
λ̃f

(x̃, f)√
µ̃(f)

)
= st

(
(x̃, λ̃ff)√
µ̃(f)

)

= st

(
(x̃, Ãf)√
µ̃(f)

)
= st

(
(Ãx̃, f)√
µ̃(f)

)

= st
(
(Ũ(Ãx̃))(f)

)
= (UL(y0))(f).

Therefore,
∫
ΩL

|mLUL(x0)|2dµL =
∫
ΩL

|UL(y0)|2dµL = ∥y0∥2 ∈ R and so UL(x0) ∈ dom(TL),

with TL(UL(x0)) = mL · UL(x0) = UL(y0).

In particular, if x ∈ dom(A) is arbitrary, then (x,Ax) ∈ st(G(Ã)), implying x ∈ dom(TL◦UL)

and (TL ◦ UL)(x) = UL(Ax). We conclude UL ◦A ≤ TL ◦ UL.

Remark 3.10. For Theorem 3.1, UL is expected not to be unitary in most cases. In fact, HL may

not even be separable. Also, a direct consequence of the theorem is that, for j ∈ N, we have

UL(st(Ãẽj)) = TL(UL(ej)). Since we can show st(Ãẽj) = A∗ej , where A∗ is the adjoint of A,

we get UL(A
∗ej) = TL(UL(ej)) for any j ∈ N. This is not expected to generalize on dom(A∗). In

fact, one can show UL ◦A∗ ≤ TL ◦ UL if and only if A is essentially self-adjoint.

4 The induced pseudometric and the hull space

In this section, we will construct the objects of Theorem 1.1, completing its proof. In contrast

with Theorem 3.1, the target space will be separable and the measure space will be a compact metric

space.
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First, we prove the following.

Proposition 4.1. For any j ∈ [N ], c̃j max(|Ũ(ẽj)|2) ≤ 1.

Proof. Let f ∈ Ω̃. We have

c̃j |(Ũ(ẽj))(f)|2 =
c̃j |(ẽj , f)|2

µ̃(f)
≤ µ̃(f)

µ̃(f)
= 1.

Definition 4.2. We define d̃ : Ω̃× Ω̃ → ∗R≥0 with

d̃(f1, f2) =
N∑
j=1

c̃
3
2
j ∥ẽj∥

2|(Ũ(ẽj))(f1)− (Ũ(ẽj))(f2)|.

Proposition 4.3. d̃ is an internal pseudometric on Ω̃. Furthermore d̃ ≤ 2.

Remark 4.4. As a clarification, a pseudometric is similar to a distance, with the exception that

distance between points can be 0. One can show that if the (ẽj)j∈[N ] forms a ∗basis of H̃ and all

c̃j are positive, then d̃ is actually a metric. However, such a condition is not necessary nor assumed

for what comes next.

Proof. d̃ has an internal domain and co-domain. Moreover, its definition only uses internal objects.

Thus, d̃ is internal. Furthermore, symmetry, non-negativity and triangle inequality directly hold.

We show the upper bound. For any f1 and f2 in Ω̃,

d̃(f1, f2) ≤
N∑
j=1

c̃j∥ẽj∥22
√
c̃j max(|Ũ(ẽj)|) ≤ 2

N∑
j=1

c̃j∥ẽj∥2 = 2.

Next, we construct a nonstandard hull based on d̃ to obtain a real metric space, which will be

the main object we work on. The methods used are quite similar as what is found in the literature

(see [1]). As the object here is an internal pseudometric instead of a standard metric, we prove that

everything works out for the sake of completion.
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Definition 4.5. For f1, f2 in Ω̃, f1 ∼ f2 if d̃(f1, f2) is infinitesimal (so if f1 and f2 are either

indistinguishable or infinitely close).

We then have the following.

Proposition 4.6. ∼ is an equivalence relation on Ω̃. Furthermore, f1 ∼ f2 if and only if for all

j ∈ N, st((Ũ(ẽj))(f1)) = st((Ũ(ẽj))(f2)).

Proof. It is direct that ∼ is an equivalence relation. Indeed, reflexivity follows from d̃(f, f) = 0,

symmetry follows from symmetry of d̃ and transitivity follows from triangle inequality.

Let f1, f2 ∈ Ω̃ such that f1 ∼ f2, and let j ∈ N. We know

st(c̃
3
2
j ∥ẽj∥

2|(Ũ(ẽj))(f1)− (Ũ(ẽj))(f2)|) = 0.

One of the three terms in the product must be infinitesimal. By Property (5) of Definition 2.4,

both c̃j and ∥ẽj∥ are not. Therefore, st((Ũ(ẽj))(f1)) = st((Ũ(ẽj))(f2)).

On the other hand, suppose that for all j ∈ N, we have that st((Ũ(ẽj))(f1)) = st((Ũ(ẽj))(f2)).

Since all involved terms are limited, we have

st(c̃
3
2
j ∥ẽj∥

2|(Ũ(ẽj))(f1)− (Ũ(ẽj))(f2)|) = 0

for any standard j. Furthermore, let ϵ ∈ R>0. For any infinite K ∈ [N ], we have :

0 ≤
N∑

j=K

c̃
3
2
j ∥ẽj∥

2|(Ũ(ẽj))(f1)− (Ũ(ẽj))(f2)| ≤ 2
N∑

j=K

c̃j∥ẽj∥2 <
ϵ

2
.

The last part also holds by Property (8) of Definition 2.4. By underspill, there exists k ∈ N such

that
∑N

j=k c̃
3
2
j ∥ẽj∥2|(Ũ(ẽj))(f1) − (Ũ(ẽj))(f2)| < ϵ

2 . Since the first k terms are infinitesimal, we

get d̃(f1, f2) < ϵ. Since ϵ is arbitrary, we have f1 ∼ f2.

Definition 4.7. Let Ω̂ := ΩL/ ∼, and ν̂ : ΩL → Ω̂ be the natural map. Furthermore, let d̂ :

Ω̂× Ω̂ → R≥0 with d̂(ν̂(f1), ν̂(f2)) = st(d̃(f1, f2)).

Proposition 4.8. d̂ is a well-defined classical distance on Ω̂. Furthermore, (Ω̂, d̂) is a compact

metric space and therefore, it must be separable and second countable.
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Proof. First, we must show d̂ is well-defined. If ν̂(f1) = ν̂(f ′1) and ν̂(f2) = ν̂(f ′2), we have, since

d̃ is an internal pseudometric:

|d̃(f1, f2)− d̃(f ′1, f
′
2)| ≤ d̃(f1, f

′
1) + d̃(f2, f

′
2)

=⇒ 0 ≤ | st(d̃(f1, f2))− st(d̃(f ′1, f
′
2))| ≤ st(d̃(f1, f

′
1) + d̃(f2, f

′
2)) = 0

=⇒ d̂(ν̂(f1), ν̂(f2)) = d̂(ν̂(f ′1), ν̂(f
′
2)).

Furthermore, the non-negativity, symmetry and triangle inequality of d can be proven directly

from the same properties of d̃. We also have d̂(ν̂(f1), ν̂(f2)) = 0 if and only if st(d̃(f1, f2)) = 0, if

and only if f1 ∼ f2, if and only if ν̂(f1) = ν̂(f2), and so d̂ is a metric on Ω̂.

Now we prove compactness by showing that (Ω̂, d̂) is totally bounded and complete.

We first show the totally bounded property.

Let ϵ ∈ R>0. We find a finite set {f1, f2, . . . , fk} ⊂ ΩL such that for all f ∈ ΩL, there exists

l ∈ [k] with d̂(ν̂(f), ν̂(fl)) < ϵ. First, let n ∈ N for which
∑N

j=n+1 2c̃j∥ẽj∥2 ≤ ϵ
2 , so that, for any

f , f ′ in Ω̃:

d̂(ν̂(f), ν̂(f ′)) ≤ ϵ

2
+

n∑
j=1

c
3
2
j ∥ej∥

2| st((Ũ(ẽj))(f))− st((Ũ(ẽj))(f
′))|.

This leads to the definition of the (clearly external) function Xn : ΩL → Kn with Xn(f)j =

c
3
2
j ∥ej∥2 st((Ũ(ẽj))(f)) so that the previous inequality becomes

d̂(ν̂(f), ν̂(f ′)) ≤ ϵ

2
+ ∥Xn(f)−Xn(f

′)∥1.

Since |Xn(f)j | ≤ 1 for any f and any j, we have Xn(ΩL) is a bounded set in Kn, and so is totally

bounded with respect to ∥ · ∥1. Thus, there exists a finite subset {f1, f2, . . . , fk} of ΩL such that for

all f ∈ ΩL, there exists l ∈ [k] for which ∥Xn(f)−Xn(fl)∥1 < ϵ
2 , so d̂(ν̂(f), ν̂(fl)) < ϵ. Since ϵ

is arbitrary, Ω̂ is totally bounded.

Next, we prove the completeness.

Let (ν̂(fk))k∈N be a Cauchy sequence in Ω̂. We use the classical technique of assuming
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d̂(ν̂(fk), ν̂(fk+1)) <
1
2k

, without loss of generality. Indeed any Cauchy sequence has a subse-

quence with that property, and the convergence of a subsequence implies the convergence of the

sequence.

By ℵ1-saturation, the sequence (fk)k∈N can be extended to an internal sequence (f̃k)k∈∗N. Then,

we use overspill on {k ∈ ∗N | d̃(f̃k, f̃k+1) <
1
2k
}. This set is internal and has N as a subset,

therefore also has [K] as a subset for some infinite natural K.

We show limk→∞ ν̂(fk) = ν̂(f̃K). Let ϵ ∈ R>0. Let n ∈ N s.t. 1
2n < ϵ. For any k ∈ N with

k > n,

d̂(ν̂(fk), ν̂(f̃K)) = st(d̃(fk, f̃K)) ≤ st

(
K−1∑
l=k

d̃(f̃l, f̃l+1)

)

≤ st

(
K−1∑
l=k

1

2l

)
=

1

2k−1
≤ 1

2n
< ϵ

as planned. Therefore, Ω̂ is complete. All of that shows (Ω̂, d̂) is a compact metric space, all of

which are separable and second countable.

Remark 4.9. From now on, we use the notation B̂r(x) = {y ∈ Ω̂ | d̂(y, x) < r}, for balls in Ω̂

(here, r ∈ R>0, x ∈ Ω̂). Similarly, we use B̃r(f) = {f ′ ∈ Ω̃ | d̃(f ′, f) < r} for internal balls in Ω̃

(here, r ∈ ∗R>0, x ∈ Ω̃).

Definition 4.10. We define Â = Borel(Ω̂, d̂), the σ-algebra of Borel sets on Ω̂.

Proposition 4.11. ν̂ : (ΩL,AL) → (Ω̂, Â) is a measurable function.

Proof. It is sufficient to show that for any standard ϵ > 0, and for any f in Ω̃, ν̂−1(B̂ϵ(ν̂(f))) is

Loeb-measurable. But then,

ν̂−1(B̂ϵ(ν̂(f))) = {f ′ ∈ Ω̃ | st(d̃(f ′, f)) < ϵ} =
⋃
n∈N
n> 1

ϵ

B̃ϵ− 1
n
(f).

Therefore, ν̂−1(Bϵ(ν̂(f))) is a countable union of internal subsets of Ω̃, and so it is Loeb-measurable.
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Definition 4.12. Let µ̂ : Â → R≥0 be the pushforward probability measure of µL through ν̂, so

that µ̂(W ) = µL(ν̂
−1(W )). Furthermore, let Ĥ be the K-Hilbert space Ĥ := L2(Ω̂, Â, µ̂).

Proposition 4.13. Ĥ is separable.

Proof. Ω̂ is second countable, and so Â is countably generated. Therefore, (Ω̂, Â, µ̂) is a separable

probability space, which implies that Ĥ itself is separable.

Remark 4.14. Now, what’s left is to prove that the relevant objects UL and mL can be push-

forwarded through ν̂. In contrast with the measure and the metric, such functions don’t push

smoothly, but they do pull back well. First, we have to find objects that can easily be push-forwarded,

then play some kind of tug-of-war between spaces to push what we need.

Definition 4.15. Let Î : Ĥ → HL be the isometry defined by Î(g) = g ◦ ν̂.

Remark 4.16. The fact that Î is indeed a well-defined isometry is a well-known consequence of

push-forward measures.

Proposition 4.17. For any j ∈ N, there exists a d̂-continuous Ûj : Ω̂ → K such that Ûj ◦ ν̂ =

st ◦(Ũ(ẽj)) holds on ΩL. Furthermore, UL(H) ⊂ Î(Ĥ).

Proof. Let j ∈ N.

By Proposition 4.6, we know that st ◦
(
Ũ(ẽj)

)
(f1) = st ◦

(
Ũ(ẽj)

)
(f2) holds for any f1, f2 ∈

Ω̃ for which ν̂(f1) = ν̂(f2). Therefore, there exists a unique function Ûj : Ω̂ → K such that

Ûj ◦ ν̂ = st ◦
(
Ũ(ẽj)

)
holds on ΩL. Furthermore, for any such f1, f2 ∈ ΩL:

∣∣∣(Ûj(ν̂(f1))− Ûj(ν̂(f2))
)∣∣∣ = st

(∣∣∣(Ũ(ẽj))(f1)− (Ũ(ẽj))(f2)
∣∣∣)

≤ st

 1

c̃
3
2
j ∥ẽj∥2

d̃(f1, f2)

 =
1

st(c̃
3
2
j ∥ẽj∥2)

d̂(ν̂(f1), ν̂(f2)).

We remind that by Property (5) of Definition 2.4, the denominator of that last fraction is positive.

Thus, Ûj is d̂-Lipschitz, therefore continuous. Since Ω̂ is a compact probability space, Ûj is also L2

on Ω̂.
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As with the proof of Theorem 3.1, we know that ẽj ≃ ej , thus

∥ st ◦
(
Ũ(ẽj − ej)

)
∥HL

= 0.

Therefore, as elements of HL, we have UL(ej) = st ◦(Ũ(ẽj)). We get that Î(Ûj) = Ûj ◦ ν̂ =

st ◦
(
Ũ(ẽj)

)
= UL(ej) as elements of HL.

From that, we deduce UL(span({ej | j ∈ N})) ⊂ Î(Ĥ). Since both UL and Î are isometries

(which map closed sets to closed sets), we can take the closure on both sides and obtain UL(H) ⊂

Î(Ĥ), concluding the proof.

Remark 4.18. From now on, the objects (Ûj)j∈N are fixed, with the properties of Proposition 4.17.

Definition 4.19. We define the map Û := Î−1 ◦ UL : H → Ĥ .

Remark 4.20. Since Î and UL are isometries, Û is also one. Furthermore, it is the unique function

such that Î ◦ Û = UL.

Intuitively, what was straightforward to push through ν̂ was st ◦(Ũ(ẽj)) to Ûj , which was used

to define Û(x) for any x ∈ H . The method resembles how the Fourier transform can be created on

L2 by first considering L2 ∩L1. The connection with that example is in fact quite deeper, as we will

see in Section 7.

Some minutia will be required to push mL through ν̂.

Proposition 4.21. There exists a measurable function m̂ : Ω̂ → R s.t. mL = m̂ ◦ ν̂, in the sense

that they agree µL-almost everywhere on ΩL.

Before we prove this, we first need a definition and a lemma.

Definition 4.22. We define the sets

Ω̂′ =
⋃
j∈N

Û−1
j (K \ {0})

Ω′
L = ν̂−1(Ω̂′).
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Remark 4.23. We directly have Ω′
L =

⋃
j∈N

(
st ◦

(
Ũ(ẽj)

))−1
(K \ {0}). Therefore, for any

f ∈ ΩL, f ∈ ΩL \ Ω′
L if and only if ∀j ∈ N, st

(
(Ũ(ẽj))(f)

)
= 0, so ΩL \ Ω′

L is either empty or

one equivalence class. Thus, Ω̂ \ Ω̂′ is either empty or a singleton.

Lemma 4.24. Ω̂′ ∈ Â, Ω′
L ∈ AL, and µ̂(Ω̂′) = µL(Ω

′
L) = 1.

Proof. Since each Ûj is continuous, Ω̂′ is open. Therefore, Ω̂′ is in Â. As ν̂ is a measurable function,

Ω′
L ∈ AL. By definition, we have µ̂(Ω̂′) = µL(Ω

′
L). To conclude the proof, it is sufficient to show

µL(Ω
′
L) = 1

For k, n in N, let Xk,n = {f ∈ Ω̃ | ∀j ∈ [k], c̃j |(Ũ(ẽj))(f)|2 ≤ 1
n}. We have that Xk,n is

internal, and

ΩL \ Ω′
L = {f ∈ ΩL | ∀j ∈ N, st(Ũ(ẽj)(f)) = 0} ⊂

⋂
k,n∈N

Xk,n.

Furthermore, for k, n in N:

µ̃(Xk,n) =
N∑
j=1

c̃j
∑

f∈Xk,n

|(ẽj , f)|2

=

k∑
j=1

c̃j
∑

f∈Xk,n

|(ẽj , f)|2 +
N∑

j=k+1

c̃j
∑

f∈Xk,n

|(ẽj , f)|2

≤
k∑

j=1

c̃j
∑

f∈Xk,n

µ̃(f)|(Ũ(ẽj))(f)|2 +
N∑

j=k+1

c̃j∥ẽj∥2

≤ 1

n

k∑
j=1

∑
f∈Xk,n

µ̃(f) +
N∑

j=k+1

c̃j∥ẽj∥2

= µ̃(Xk,n)
k

n
+

N∑
j=k+1

c̃j∥ẽj∥2 ≤
k

n
+

N∑
j=k+1

c̃j∥ẽj∥2.

Hence,

µL(ΩL \ Ω′
L) ≤ µL(Xk,n) ≤

k

n
+ st

 N∑
j=k+1

c̃j∥ẽj∥2
 .
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By Property (8) of Definition 2.4, we know that limk→∞ st
(∑N

j=k+1 c̃j∥ẽj∥2
)

= 0. By posing

n = k2 and taking limits, we find µL(ΩL \ Ω′
L) = 0, concluding the proof of the lemma.

Now, we can proceed with the proof.

Proof of Proposition 4.21. The idea is that UL(Ax) = mL · UL(x), and so mL can be written in

terms of objects that can be pushed through ν̂. One has to be careful when UL(x) = 0, which is

why Ω̂′ is used.

First, we partition Ω̂′ with {Cj}j∈N, defined by:

Cj :=
(
Û−1
j (K \ {0})

)
\

(
j−1⋃
k=1

(
Û−1
k (K \ {0})

))
.

All Cj are measurable in Ω̂, and they are pairwise disjoint. Since
⋃

j∈NCj = Ω̂′, {Cj}j∈N

forms a measurable countable partition.

Furthermore, for each j ∈ N,
(
Û(st(Ãẽj))

Ûj

)
|Cj is almost-everywhere defined in Cj , with values

in K, and is measurable (more precisely, we assume an explicit representation of Û(st(Ãẽj)) in

its L2 class). Thus, there exists a measurable function m̂ : Ω̂ → R such that for any j ∈ N,

m̂|Cj = ℜ
(
Û(st(Ãẽj))

Ûj

) ∣∣
Cj

.

All that is left is to show mL = m̂ ◦ ν̂. For any j ∈ N, we have, µL-almost everywhere on

ν̂−1(Cj):

(m̂ ◦ ν̂)|ν̂−1(Cj) = m̂|Cj ◦ ν̂|ν̂−1(Cj)

= ℜ

(
Û(st(Ãẽj))

Ûj

)∣∣∣∣
Cj

◦ ν̂|ν̂−1(Cj)

= ℜ

(
Û(st(Ãẽj))

Ûj

◦ ν̂

)∣∣∣∣
ν̂−1(Cj)

= ℜ

(
UL(st(Ãẽj))

UL(ej)

)∣∣∣∣
ν̂−1(Cj)

= ℜ(mL)|ν̂−1(Cj) = mL|ν̂−1(Cj).
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Furthermore, we have

⋃
j∈N

ν̂−1(Cj) = ν̂−1

⋃
j∈N

Cj

 = ν̂−1(Ω̂′) = Ω′
L.

Therefore, m̂ ◦ ν̂ and mL agree almost everywhere on Ω′
L, and so agree almost-everywhere on

ΩL.

Now, along with (Ω̂, d̂), µ̂ and Û , we can define m̂ and T̂ , completing the list of objects induced

by our process.

Definition 4.25. Fix m̂ : Ω̂ → R as any measurable function such that m̂ ◦ ν̂ = mL (in the

almost-everywhere sense). Furthermore, let T̂ be the induced multiplication operator on Ĥ .

Remark 4.26. As a reminder, T̂ is automatically densely defined and self-adjoint, since m̂ is µ̂-

almost everywhere real valued.

We now show these objects realize the conditions of Theorem 1.1, completing its proof.

Proof of Theorem 1.1. For any x ∈ dom(A), we have, µL-almost everywhere, as a direct conse-

quence of Theorem 3.1:

(m̂ · Û(x)) ◦ ν̂ = mL · UL(x) = TL(UL(x)) = UL(Ax) = (Û(Ax)) ◦ ν̂

=⇒
∫
Ω̂
|m̂ · Û(x)|2dµ =

∫
Ω̂
|Û(Ax)|2dµ = ∥Ax∥2 ∈ R.

Therefore, Û(x) ∈ dom(T̂ ). Furthermore, we have found Î(T̂ (Ûx)) = Î(Û(Ax)) from which we

deduce T̂ (Ûx) = Û(Ax). Since x is arbitrary, we have

Û ◦A ≤ T̂ ◦ Û .
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5 Self-adjoint operators

In this section specifically, we now assume A is self-adjoint, and find out how Theorem 1.1

relates to the other versions of the spectral theorem. More specifically, we will show the following

theorem and discuss its relevancy:

Theorem 5.1. If A is self-adjoint, there exists a sampling for A paired with a compatible standard-

biased scale such that the isometry Û induced by the process is surjective.

Remark 5.1. Here, the condition can directly be loosened to A having some self-adjoint extension

on H , since a sampling for an extension of A is also a sampling for A. It cannot be loosened

further: if Û is surjective, then Û−1 ◦ T̂ ◦ Û is a self-adjoint extension of A.

In proving this, the main problem is that not every sampling and scale will work just from A

being self-adjoint. In fact, if B is a symmetric operator on H with no self-adjoint extension, and

(H̃, B̃, Ω̃) is a sampling for B, then (H̃, idH̃ , Ω̃) is a sampling for idH. Furthermore, any standard-

biased scale ((ẽj)j∈[N ](c̃j)j∈[N ]) compatible with (H̃, B̃, Ω̃) will be compatible with (H̃, idH̃ , Ω̃).

From inspection, neither B̃ nor idH̃ impact the resulting measure space or isometry, they only

impact the multiplication operator. Thus, we get that even though idH is self-adjoint (and bounded),

the resulting isometry Û from (H̃, idH̃ , Ω̃) and ((ẽj)j∈[N ](c̃j)j∈[N ]) will not be surjective.

What that seems to indicate is that the sampling or the scale has to be created using a method

that cannot work unless the operator at least has a self-adjoint extension. For that, we turn to

projection-valued measures:

Definition 5.2. A function of the form P : Borel(R) → {projE | E ≤ H is closed} is called a

projection-valued measure if

• P (∅) = 0 and P (R) = id.

• For all V1, V2 ∈ Borel(R), P (V1 ∩ V2) = P (V1)P (V2).

• If (Vn)n∈N is a pairwise disjoint sequence in Borel(R), we have that the equalityP (
⊔

n∈N Vn) =∑
n∈N P (Vn) holds.

First, we can extract some basic properties:
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• If V1 and V2 are disjoint, P (V1)(H) and P (V2)(H) are orthogonal subspaces.

• For any x, y ∈ H , V → (P (V )x, y) is a K-valued finite signed measure, which we’ll note

µx,y. Furthermore, if x = y, that measure is positive real.

Then, P naturally induces a form of Borel functional calculus:

Definition 5.3. For borelian measurable f : R → R, we define the (possibly unbounded) operator∫
R fdP on H such that:

• dom(
∫
R fdP ) = {x ∈ H |

∫
R |f |2dµx,x ∈ R}.

• For any x ∈ dom(
∫
R fdP ) and y ∈ H , we have (y, (

∫
R fdP )x) =

∫
R fdµy,x.

Remark 5.4. It is widely known (and provable with elementary operator theory and measure the-

ory) that there is a unique operator satisfying these conditions and that it is densely-defined and

self-adjoint. Furthermore, ∥(
∫
R fdP )x∥

2 ≤
∫
R |f |2dµx,x for all applicable x. Finally, for any

borelian mesurable f , g, and for any a ∈ R, we have
∫
R f1dP + a

∫
R f2dP ≤

∫
R(f1 + af2)dP .

Details can be found in [3, Section X.4].

Then, as a corollary of Theorem 1.1 (or even 3.1), we have the spectral resolution theorem.

Theorem 5.2 (Spectral resolution theorem). For any self-adjoint operator A on H , there exists a

projection-valued measure P on Borel(R) such that

A =

∫
R
id dP.

In other words, A admits a spectral resolution.

The proof that it follows from Theorem 1.1 is outlined in Appendix A. We note that often, this

theorem is simply called the spectral theorem, as it is known to be equivalent to the multiplication

operator version. We use this to create the groundwork for the sampling and scale.

We now fix P , the projection-valued measure on Borel(R) resolvingA. Let {g′k}k∈N be a dense

spanning set in H . We define the sequence (gk)k∈N and (Hk)k∈N recursively, so that:

• gk = g′k − proj∑k−1
l=1 Hl

g′k.

22



• Hk = span({P ([a, b[)gk) | a, b ∈ Q}).

We note that g1 = g′1, which may or may not hold for other k ∈ N. Since gk ∈ H⊥
l for any

l < k, we have that for a1, a2, b1, b2 ∈ Q, k1 > k2 ∈ N:

(P ([a1, b1[)gk1 , P ([a2, b2[)gk2) = (gk1 , P ([a1, b1[∩[a2, b2[)gk2)

= (gk1 , P ([max(a1, a2),min(b1, b2)[)gk2) = 0.

Thus, whenever k1 ̸= k2, Hk1 ⊥ Hk2 . Furthermore, gk = limn→∞ P ([−n, n[)gk ∈ Hk, and so

g′k ∈
⊕k

l=1Hl. From that, we conclude that H =
⊕

k∈NHk.

Finally, let (ej)j∈N be a counting of the set {P ([a, b[)gk | a, b ∈ Q, k ∈ N} \ {0}. For all j we

have ej ̸= 0 by definition, and span({ej}j∈N) ⊃
⊕

k∈NHk, and so (ej)j∈N is dense-spanning. We

also pose, for j ∈ N, aj , bj ∈ Q and kj ∈ N such that ej = P ([aj , bj [)gkj .

Now, we construct a suitable sampling for A and compatible scale. Let N ∈ ∗N \ N. Let

S̃ = {[ l
N ! ,

l+1
N ! [}

N !2−1
l=−N !2

so that it partitions [−N !, N ![.

We note that for any standard a, b ∈ Q, we have ∗[a, b[= ⊔N !a≤l<N !b[
l
N ! ,

l+1
N ! [, and so {s ∈

S̃ | s ⊂ ∗[a, b[} partitions ∗[a, b[. By overspill, let K ∈ ∗N \ N such that ∀j ∈ [K], {s ∈ S̃ | s ⊂

[∗aj ,
∗bj [} partitions [∗aj , ∗bj [.

For k ∈ ∗N, s ∈ S̃, let g̃sk := ∗P (s)∗gk ∈ ∗Hk. We note that if (k1, s1) ̸= (k2, s2) in ∗N × S̃,

then (g̃s1k1 , g̃
s2
k2
) = (∗gk1 ,

∗P (s1 ∩ s2)∗gk2) = 0. Then, we define:

Ψ̃ : = {(k, s) ∈ ∗N× S̃ | ∃j ∈ [K] s.t. (∗ej , g̃sk) ̸= 0}

H̃ = ∗ span({g̃sk | (k, s) ∈ Ψ̃})

Ω̃ = {f sk :=
g̃sk

∥g̃sk∥
| (k, s) ∈ Ψ̃}

Ã : H̃ → H̃

Ã

 ∑
(k,s)∈Ψ̃

akg̃
s
k

 =
∑

(k,s)∈Ψ̃

ls
N !
akg̃

s
k,

where ls is the unique hyperinteger such that s = [ lsN ! ,
ls+1
N ! [.
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Finally, for j0 ∈ [K], let

c̃j0 =

1
2j0

min(1, 1
∥∗ej0∥2

)∑
j∈[K]

1
2j

min(1, 1
∥∗ej∥2 )∥

∗ej∥2
> 0.

We note, through convergence of the corresponding sum, that the denominator is infinitely close to∑
j∈N

1
2j

min(1, 1
∥ej∥2 )∥ej∥

2 ∈ R>0. Therefore, for any infinite L, we have both
∑K

j=L c̃j∥∗ej∥2

and
∑K

j=L c̃j are infinitesimal.

We can now proceed to show the following.

Proposition 5.5. (H̃, Ã, Ω̃) is a sampling for A, for which ((∗ej)j∈[K], (c̃j)j∈[K]) is a compatible

standard-biased scale.

Proof. We first note that Ψ̃ is ∗finite, since Ψ̃ ⊂ [maxj∈[K](kj)]× S̃. From that and the fact that all

g̃sk are orthogonal to each other, we can establish Properties (1), (2) and (3) of Definition 2.1.

Furthermore, for j0 ∈ N, ∗ej0 ̸= 0 is standard in H (therefore nearstandard), and we know

st(c̃j0) =

1

2j0
min(1, 1

∥ej0∥2
)∑

j∈N
1

2j
min(1, 1

∥ej∥2
)∥ej∥2

> 0. Thus, we know that Property (5) of Definition 2.4 holds.

Furthermore, from the fact that
∑K

j=L c̃j∥∗ej∥2 is infinitesimal whenever L is infinite, we di-

rectly have that both
∑

j∈[K] c̃j∥∗ej∥2 and
∑

j∈N st(c̃j)∥ej∥2 are equal to 1, establishing Properties

(7) and (8). Since we already established Property (6), we have that ((∗ej)j∈[K], (c̃j)j∈[K]) is a

standard biased scale.

We have Property (9). Indeed, since ∗ej ∈ ∗H∗kj and {s ∈ S̃ | s ⊂ [∗aj ,
∗bj [} partitions

[∗aj ,
∗bj [, we know

∗ej =
∗P ([∗aj ,

∗bj [)
∗gkj =

∑
s∈S̃ and s⊂[∗aj ,∗bj [

g̃skj .

For any of the terms in the summation, we have (∗ej , g̃
s
kj
) = ∥g̃skj∥

2. Therefore, for any non-

zero g̃skj in the sum, (kj , s) ∈ Ψ̃, and so ∗ej ∈ H̃ .

Furthermore, Property (11) holds by definition of Ψ̃.

And so, what we have left to show to conclude the proof are Properties (4) and (10), specifically

that G(A) ⊂ st(G(Ã)) and that for all j ∈ N, Ã∗ej is nearstandard. We start with the latter first.
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Let x = ej = P ([aj , bj [)gkj for arbitrary j ∈ N. We note that
∫
R | id |2dµx,x =

∫
[aj ,bj [

| id |2dµx,x ≤

max(|aj |, |bj |)2∥x∥2. And so x ∈ dom(A). We show Ax = st(Ã(∗x)). We have:

∗x =
∑

(k,s)∈Ψ̃

(∗x, f sk)f
s
k =

∑
(k,s)∈Ψ̃

1

∥g̃sk∥2
(∗
(
P ([aj , bj [)gkj

)
, g̃sk)g̃

s
k =

∑
(k,s)∈Ψ̃
k=kj

s⊂∗[aj ,bj [

g̃sk.

We remind that (kj , s) ∈ Ψ̃ is equivalent to g̃skj ̸= 0 whenever s ∈ S̃ and s ⊂ ∗[aj , bj [. Therefore:

Ã(∗x) =
∑

(k,s)∈Ψ̃
k=kj

s⊂∗[aj ,bj [

ls
N !
g̃sk =

∑
s∈S̃

s⊂∗[aj ,bj [

ls
N !
g̃skj

=
∑

N !aj≤l<N !bj

l

N !
∗P ([

l

N !
,
l + 1

N !
[)∗gkj

=
∑

N !aj≤l<N !bj

l

N !
∗P ([

l

N !
,
l + 1

N !
[)∗x.

For m ∈ N, let ym =
∑

m!aj≤l<m!bj
l
m!P ([

l
m! ,

l+1
m! [)x. Then:

ym =

∫
R

∑
m!aj≤l<m!bj

l

m!
1[ l

m!
, l+1
m!

[dP

x

and so

∥Ax− ym∥2 =

∥∥∥∥∥∥
∫
R

id−
∑

m!aj≤l<m!bj

l

m!
1[ l

m!
, l+1
m!

[

 dPx

∥∥∥∥∥∥
2

≤
∫
[aj ,bj [

∣∣∣∣∣∣id−
∑

m!aj≤l<m!bj

l

m!
1[ l

m!
, l+1
m!

[

∣∣∣∣∣∣
2

dµx,x.
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We note that for t ∈ [aj , bj [,∣∣∣∣∣∣t−
∑

m!aj≤l<m!bj

l

m!
1[ l

m!
, l+1
m!

[(t)

∣∣∣∣∣∣ =
∣∣∣∣t− ⌊tm!⌋

m!

∣∣∣∣ ≤ 1

m!

=⇒ ∥Ax− ym∥2 ≤
∫
[aj ,bj [

1

m!2
dµx,x =

∥x∥2

m!2
.

Therefore, Ax = limm→∞ ym. And so, Ã∗x = ∗yN ≃ Ax. Since ∗x = ∗ej for an arbitrary

j ∈ N, Property (10) holds. Also, Ã(0) ≃ A(0) holds trivially, implying that for any a, b ∈ Q and

k ∈ N, (P ([a, b[)gk, A (P ([a, b[)gk)) ∈ st(G(Ã)).

To conclude the proof, we use that st(G(Ã)) is closed in H ×H to show that it contains at least

G(A).

Let n ∈ N. For any x ∈ P ([−n, n[)(H), we have
∫
R | id |2dµx,x ≤ n2∥x∥2. And so, A is

bounded onP ([−n, n[)(H). Furthermore, since (ej)j∈N is dense-spanning inH , (P ([−n, n[)ej)j∈N

is dense-spanning in P ([−n, n[)(H). Thus, for any x ∈ P ([−n, n[)(H), x ∈ dom(A) and:

(x,Ax) ∈ span({(P ([−n, n[)ej , AP ([−n, n[)ej) | j ∈ N}).

Furthermore, noting P ([−n, n[)ej = P ([a, b[)gkj , where a = max(−n, aj) and b = min(n, bj),

we have

(x,Ax) ∈ st(G(Ã)).

Now, if x ∈ dom(A) is arbitrary, let xn = P ([−n, n[)x for n ∈ N. Then, we know x =

limn→∞ xn. Furthermore, if zn := x − xn, µzn,zn is supported on R \ [−n, n[, and µzn,zn(V ) =

µx,x(V ) for any V ⊂ R \ [−n, n[. Therefore:
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∥Ax−Axn∥2 ≤
∫
R
| id |2dµzn,zn

=

∫
R\[−n,n[

| id |2dµx,x.

That last integral converges to 0 as n → ∞ by the monotonic convergence theorem, and so

(x,Ax) = limn→∞(xn, Axn) in G(A). Therefore, (x,Ax) ∈ st(G(Ã)). Since x ∈ dom(A) is

arbitrary, we have Property (4) and this concludes the proof.

We now want to show that the resulting Û is surjective. In most cases, to do that, we need to

explicit the description of the objects involved. Specifically, the strategy here is to find an explicit

description of st ◦(Ũ(ẽj)) on a set of (Loeb) probability 1. To that end, we reuse the definitions for

Ω̂′ and Ω′
L of 4.22.

Let, for a, b ∈ ∗Q and k ∈ ∗N:

Ω̃a,b,k : = {f sk ∈ Ω̃ | s ⊂ [a, b[},

χ̃
a,b,k

: = 1Ω̃a,b,k
on Ω̃.

Finally, for j ∈ [K], let χ̃(j) = χ̃
aj,bj ,kj

. Then, for any f sk ∈ Ω̃ and j ∈ [K]:

(f sk ,
∗ej) =

1

∥g̃sk∥
(∗P (s)∗gk,

∗P ([∗aj ,
∗bj [)

∗gkj )

=


1

∥g̃sk∥
(∗P (s)∗gk,

∗P (s)∗gk) if k = ∗kj and s ⊂ [∗aj ,
∗bj [

0 otherwise

= ∥g̃sk∥ χ̃(j)(f sk).

We then remark that by definition of Ψ̃, for any f sk ∈ Ω̃, there exists j ∈ [K] for which

χ̃(j)(f sk) ̸= 0. Furthermore, we find, for any f sk ∈ Ω̃:
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µ̃(f sk) =
∑
j∈[K]

c̃j |(f sk , ∗ej)|2

= ∥g̃sk∥2
∑
j∈[K]

c̃jχ̃
(j)(f sk).

And so, for any j0 ∈ [K]:

(Ũ(∗ej0))(f
s
k) =

(∗ej0 , f
s
k)√

µ̃(f sk)
=

χ̃(j0)(f sk)√∑
j∈[K] c̃jχ̃

(j)(f sk)
.

From Remark 4.23, we have

f ∈ Ω′
L =⇒ ∃j ∈ N s.t. (Ũ(ẽj))(f) ̸= 0 =⇒ ∃j ∈ N s.t. f ∈ Ω̃aj ,bj ,kj .

Conversely, since 0 <
∑

j∈[K] c̃jχ̃
(j)(f) ≤

∑
j∈[K] c̃j ≃

∑
j∈N cj ∈ R>0, we have that if f ∈

Ω̃aj ,bj ,kj for j ∈ N, then st((Ũ(ẽj))(f)) > 0, thus f ∈ Ω′
L. We deduce Ω′

L =
⋃

j∈N Ω̃aj ,bj ,kj .

By Lemma 4.24, we know that µL(Ω′
L) = 1. Furthermore, if f sk ∈ Ω′

L, we know
∑K

j=L c̃jχ̃
(j)(f sk) ≤∑K

j=L c̃j , which is infinitesimal for any infinite L. Thus, we have that
∑

j∈[K] c̃jχ̃
(j)(f sk) ≃∑

j∈N cjχ̃
(j)(f sk). Since there exists j ∈ N for which χ̃(j)(f sk) ̸= 0, we have, for any j0 ∈ N

and f sk ∈ Ω′
L:

st
(
(Ũ(ej0))(f

s
k)
)
=

χ̃(j0)(f sk)√∑
j∈N cjχ̃

(j)(f sk)
.

From that we have Ω̃aj ,bj ,kj =
(
st ◦(Ũ(ẽj))

)−1
(K \ {0}). We now define Ω̂a,b,k = ν̂(Ω̃a,b,k)

for a, b ∈ Q and k ∈ N. We can now show the following.

Proposition 5.6. {Ω̂a,b,k | a, b ∈ Q, k ∈ N} forms an open basis of the topology of Ω̂′ induced by

d̂.

Proof. First we show that Ω̂a,b,k is open for any a, b ∈ Q and k ∈ N.

28



We note that for such a, b and k, Ω̃a,b,k = {f ∈ Ω̃ | (∗(P ([a, b[)gk), f) > 0}. Thus, whenever

Ω̂a,b,k is non-empty, we know P ([a, b[)gk ̸= 0, and so there exists j ∈ N such that P ([a, b[)gk =

ej = P ([aj , bj [)gkj =⇒ Ω̃a,b,k = Ω̃aj ,bj ,kj . Then, since ν̂ is surjective:

Ω̂a,b,k = ν̂(Ω̃aj ,bj ,kj ) = ν̂

((
st ◦(Ũ(ẽj))

)−1
(K \ {0})

)
= ν̂

(
ν̂−1(Û−1

j (K \ {0}))
)
= Û−1

j (K \ {0}).

Here, Ûj is defined per Remark 4.18. Since Ûj is continuous for any standard j, we know Ω̂a,b,k is

open.

Now, we show that for any f sk ∈ Ω′
L and any ϵ ∈ R>0, there exists a, b ∈ Q such that

ν̂(f sk) ∈ Ω̂a,b,k ⊂ B̂ϵ(ν̂(f
s
k)). First, let standard δ ∈ R>0 such that for any t ∈ R for which

|t −
∑

j∈N cjχ̃j(f
s
k)| < δ, we get t > 0 and |1t −

1∑
j∈N cj χ̃j(fs

k)
| < ϵmin(1,∥e1∥)

2 . Then, let m ∈ N

such that:

•
∑

j∈N\[m] cj∥ej∥2 <
ϵ
4 .

•
∑

j∈N\[m] cj < δ.

We note, that there must be j ∈ [m] for which χ̃(j)(f sk) = 1, as
∑

j∈N cjχ̃
(j)(f sk) ≥ δ. Then, for

any f ∈ ΩL such that χ̃(j)(f) = χ̃(j)(f sk) whenever j ∈ [m], we have f ∈ Ω′
L, and:

d̂(ν̂(f), ν̂(f sk)) =
∑
j∈N

c
3
2
j ∥ej∥

2
∣∣∣st((Ũ(ẽj))(f)

)
− st

(
(Ũ(ẽj))(f

s
k)
)∣∣∣

≤
∑
j∈[m]

c
3
2
j ∥ej∥

2

∣∣∣∣∣ χ̃(j)(f)∑
l∈N clχ̃

(l)(f)
−

χ̃(j)(f sk)∑
l∈N clχ̃

(l)(f sk)

∣∣∣∣∣
+

∑
j∈N\[m]

2c
3
2
j ∥ej∥

2 1
√
cj

<
ϵ

2
+

∣∣∣∣∣ 1∑
j∈N cjχ̃

(j)(f)
− 1∑

j∈N cjχ̃
(j)(f sk)

∣∣∣∣∣ ∑
j∈[m]

c
3
2
j ∥ej∥

2χ̃(j)(f sk)

≤ ϵ

2
+
ϵ

2
·min(1, ∥e1∥)

∑
j∈[m]

cj∥ej∥2
√
cj < ϵ.
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Of note, to show why the second-to-last inequality holds, we remark the inequalities |
∑

j∈N cjχ̃
(j)(f)−∑

j∈N cjχ̃
(j)(f sk)| ≤

∑
j∈N\[m] cj < δ. For the last one, we remark cj ≤ 1

min(1,∥e1∥2) . Now, all we

need to do is find a, b ∈ Q such that f sk ∈ Ω̃a,b,k and ∀f ∈ Ω̃a,b,k, ∀j ∈ [m], χ̃(j)(f) = χ̃(j)(f sk).

Let I =
⋂

j∈[m]
kj=k

(
1R\[aj ,bj [ + χ̃(j)(f sk)(1[aj ,bj [ − 1R\[aj ,bj [)

)−1
({1}), noting each term is [aj , bj [

or R \ [aj , bj [ depending if s ⊂ ∗[aj , bj [ or not. One can show inductively that I is a finite union

of intervals of the form [a, b[ where each endpoint is rational. Therefore, since s ⊂ ∗I , there is

a, b ∈ Q such that [a, b[⊂ I and s ⊂ ∗[a, b[.

Thus, f sk ∈ Ω̃a,b,k, and if f s2k2 ∈ Ω̃a,b,k, then k2 = k and s2 ⊂ ∗[a, b[. Therefore, s2 ⊂ ∗I , so

for any j ∈ [m] such that kj = k, s2 ⊂ ∗[aj , bj [ ⇐⇒ s ⊂ ∗[aj , bj [. In other words, ∀j ∈ [m],

χ̃(j)(f sk) = χ̃(j)(f s2k2 ), and so d̂(ν̂(f s2k2 ), ν̂(f
s
k)) < ϵ.

We conclude ν̂(f sk) ∈ Ω̂a,b,k = ν̂(Ω̃a,b,k) ⊂ B̂ϵ(ν̂(f
s
k)). Since f sk ∈ Ω′

L and ϵ ∈ R>0 are

arbitrary, we have that {Ω̂a,b,k | a, b ∈ Q and k ∈ N} generate the topology of (Ω̂′, d̂).

This also means that {Ω̂a,b,k | a, b ∈ Q and k ∈ N} generate the Borel algebra Â. And so, if

χ̂
a,b,k

:= 1Ω̂a,b,k
, we have {χ̂

a,b,k
| a, b ∈ Q and k ∈ N} is dense-spanning in Ĥ . We note that

χ̂
a,b,k

◦ ν̂ = χ̃
a,b,k

.

We can now proceed with the proof of Theorem 5.1.

Proof of Theorem 5.1. We show that Û is surjective by building sufficiently many elements in

Û(H).

Let x ∈ H , and let a, b ∈ Q, k ∈ N. Then, for any f sl ∈ Ω̃:

(
Ũ(P ([a, b[) projHk

x)
)
(f sl ) =

(P ([a, b[) projHk
x, f sl )√

µ̃(f sl )

= 1s⊂∗[a,b[1k=l
(x, f sl )√
µ̃(f sl )

= χ̃
a,b,k

(f sl )(Ũ(x))(f sl ).

Thus, Ũ
(
P ([a, b[) projHk

x
)
= χ̃

a,b,k
·Ũ(x). As all involved functions are µL almost-everywhere

nearstandard, we have UL

(
P ([a, b[) projHk

x
)
= χ̃

a,b,k
· UL(x). Therefore, since all involved ele-

ments have a pushforward through ν̂, we get
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Û
(
P ([a, b[) projHk

x
)
= χ̂

a,b,k
· Û(x).

Consequently, for any x ∈ H , χ̂
a,b,k

· Û(x) ∈ Û(H). To conclude the proof, we show that

1 ∈ Û(H). It is indeed sufficient, as that implies χ̂
a,b,k

∈ Û(H) for any a, b ∈ Q, k ∈ N, and those

span a dense subset of Ĥ .

We have that for any j ∈ N and any Borel set B of Ω̂, 1B · Ûj ∈ Û(H). Indeed, Ûj = Û(ej) ∈

Û(H) is bounded, and 1B is an L2-limit point of the set span({χ̂
a,b,k

| a, b ∈ Q and k ∈ N}).

By inspection, we know that for each j ∈ N, Ûj(Ω̂) ⊂ [0, 1
cj
]. With this, we can consider

X =
∑

j∈N
cj
2j
Ûj : Ω̂ → K. Then X(Ω̂) ⊂ [0, 1], and X(f) = 0 only holds for f /∈ Ω̂′, and

so X is almost-everywhere non-zero. We also have that for every Borel set B ∈ Â, 1B · X =∑
j∈N

cj
2j
1B · Ûj ∈ Û(H). Then, for n ∈ N, we can consider:

Xn =
n∑

k=1

n

k
1X−1(] k−1

n
, k
n
])X.

For each n ∈ N, we have Xn ∈ Û(H). Furthermore, for every t ∈ X−1(]0, 1]), we have Xn(t) =

nX(t)
⌈nX(t)⌉ . Therefore, for such t:

|1−Xn(t)| =
⌈nX(t)⌉ − nX(t)

⌈nX(t)⌉
≤ 1

⌈nX(t)⌉
≤ 1

nX(t)
.

That implies that for every t ∈ X−1(]0, 1]), 1 = limn→∞Xn(t). We also have |Xn| ≤ 1 every-

where. By the dominated convergence theorem, we get 1 = limn→∞Xn in Ĥ . Thus, 1 ∈ Û(H),

implying Û is surjective, as discussed previously.

Remark 5.7. Upon inspection, the induced space (Ω̂′, d̂) is homeomorphic to the metric quotient

of (N× R, d), where d(x, y) =
∑

j∈N
1
2j

∣∣∣1{kj}×[aj ,bj [(x)− 1{kj}×[aj ,bj [(y)
∣∣∣.

We have proven the multiplicative version of the spectral theorem as well.

Theorem 5.3 (Spectral theorem for self-adjoint operators). If H is a separable Hilbert space on

K, and A : dom(A) → H is a densely-defined self-adjoint operator on H , then there exists a
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probability space (Ω,A, µ), a unitary operator U : H → L2(Ω,A, µ) and a real multiplication

operator T on L2(Ω,A, µ) such that U ◦A = T ◦ U .

Remark 5.8. We note that U ◦ A = T ◦ U holds (and not just U ◦ A ≤ T ◦ U ) as long as A is

self-adjoint, as shown in Proposition 0.2 of the appendix.

Also, we remark that our proof is not the quickest way of proving this theorem, going from

the spectral resolution theorem. If that is the goal, it is quicker to use that
⊕

k∈N L2(R, µgk,gk) ∼⊕
k∈NHk, whose completion is H . Theorem 5.1 shows not only that in Theorem 1.1, U can be

surjective whenever A is self-adjoint, it also shows that surjectivity of U can be achieved by a

sufficiently adequate choice of sampling and scale.

As stated earlier, to ensure the right properties in the resulting space, we had to construct a

sampling and a compatible scale that behaved well with the known properties of the operator, in this

case one that made use of the spectral resolution. This ties to the next sections. For the rest of the

paper, we work with specific examples of symmetric operators. With each example, we carefully

craft a sampling and a scale that are well suited to the properties of the operator. In doing so, we

find quite rich resulting hull spaces.

6 Example: Shift operator

The first such example of interest is with K = C, H = l2(Z), and A = L+R
2 where L and

R are the left and right shift operators. A is bounded and ∥A∥ ≤ 1 since L and R are isometries.

Furthermore, L and R are the adjoint of each other, so A is self-adjoint. The goal is to construct a

natural sampling and scale that allows for an explicit description of Ĥ , Û and T̂ .

6.1 Constructing a sampling and a scale

As the title implies, here we first construct an explicit and suitable sampling forAwith a specific

compatible scale.

First, we consider {gl}l∈Z, the canonical Hilbert basis of H . We will also enumerate it with

(ej)j∈N, where (e1, e2, e3, e4, e5, . . . ) = (g0, g1, g−1, g2, g−2, . . . ).
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LetN ∈ ∗N\N be an infinite odd number, and letM = N−1
2 . We consider H̃ = ∗ span({∗ej}Nj=1).

We note that

{∗ej}Nj=1 = {∗gl | l ∈ [−M..M ]}.

Here, Ã will be defined to take full advantage of the flexibility offered by Definition 2.1. Let

R̃ and L̃ : H̃ → H̃ be the right-shift and left-shift operators modulo N , so that R̃(∗gl) = ∗gl⊕1,

L̃(∗gl) =
∗gl⊖1, where ⊕ and ⊖ are the addition and subtraction modulo N (i.e. l⊕ 1 ≡ l+ 1 mod

N and |l ⊕ 1| ≤M , similarly for l ⊖ 1). Then, let Ã = L̃+R̃
2 .

Furthermore, let Ω̃ = {fk}Nk=1, with

fk =
1√
N

M∑
l=−M

e−2πi kl
N

∗gl.

Finally, for j ∈ [N ], let c̃j = 1
2j(1−2−N )

. We now prove:

Proposition 6.1. (H̃, Ã, Ω̃) constitutes a sampling forA, with which the pair formed by ((∗ej)j∈N , (c̃j)j∈N )

is a compatible scale.

Proof. By definition, H̃ is an internal subspace of ∗H generated by a ∗finite set, so Property (1) of

Definition 2.1 holds. We have that R̃ and L̃ are internal linear isometries on H̃ and inverses of each

other, and so they are the adjoint of each other. Thus, Property (2) holds.

By definition of H̃ , fk ∈ H̃ for each k ∈ [N ]. Using the internal definition principle, we get that

Ω̃ is an internal subset of H̃ . Furthermore, since the set {∗gl | −M ≤ l ≤ M} is an orthonormal

∗basis of H̃ , we have, for any k1, k2 ∈ [N ]:
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(fk1 , fk2) =
M∑

l=−M

(
1√
N
e−2πi

k1l
N

)(
1√
N
e2πi

k2l
N

)
=

1

N

M∑
l=−M

(e2πi
k2−k1

N )l

=


1
N

∑M
l=−M 1 if k1 = k2

1
N

(e2πi
k2−k1

N )M+1−(e2πi
k2−k1

N )−M

e2πi
k2−k1

N −1
otherwise

=


1 if k1 = k2

0 otherwise.

Therefore, Ω̃ is an internal orthonormal set of H̃ . Since ∗|Ω̃| = N = ∗ dim(H̃), Ω̃ is an internal

orthonormal basis of H̃ . Furthermore, we have

R̃fk =

M∑
l=−M

1√
N
e−2πik l

N (∗gl⊕1) = e2πi
k
N

M∑
l=−M

1√
N
e−2πik l+1

N (∗gl⊕1)

= e2πi
k
N

M∑
l=−M

1√
N
e−2πik l⊕1

N (∗gl⊕1) = e2πi
k
N

1√
N

M∑
l=−M

e−2πi kl
N (∗gl)

= e2πi
k
N fk.

The same way, we find L̃fk = e−2πi k
N fk. Therefore we have

Ãfk =
e2πi

k
N + e−2πi k

N

2
fk = cos(2πk/N)fk.

Thus, Property (3) holds. We now show Property (4).

Let x ∈ H , for which we define x̃ := projH̃
∗x =

∑M
l=−M (∗x, ∗gl)

∗gl. Since we know

x = limm→∞
∑m

l=−m(x, gl)gl, we have x = st(x̃).

Just like with A, we note ∥Ã∥ ≤ 1. Furthermore, we note that for any l ∈] −M..M [, Ã∗gl =
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∗A∗gl =
gl−1+gl+1

2 . Therefore:

∥Ãx̃− ∗(Ax)∥ ≤ ∥(Ã− ∗A)x̃∥+ ∥∗A(x̃− ∗x)∥

≤ ∥∗x− x̃∥+ ∥(Ã− ∗A)
M∑

l=−M

(∗x, ∗gl)
∗gl∥

= ∥∗x− x̃∥+ ∥(Ã− ∗A)((∗x, ∗g−M )∗g−M + (∗x, ∗gM )∗gM )∥

≤ ∥∗x− x̃∥+ 2∥(∗x, ∗g−M )∗g−M + (∗x, ∗gM )∗gM∥

≤ ∥∗x− x̃∥+ 2(|(∗x, ∗g−M )|+ |(∗x, ∗gM )|).

Therefore, st(∥Ãx̃ − ∗(Ax)∥) = 0, and (x,Ax) = st(x̃, Ãx̃) in the graph norm. Since x ∈ H is

arbitrary, G(A) ⊂ st(G(Ã)), thus Property (4) holds and (H̃, Ã, Ω̃) is a sampling for A.

Furthermore, since (ej)j∈N is a Hilbert basis of H , and st(c̃j) =
1
2j

for each standard j, Proper-

ties (5), (6) directly hold, while Properties (7) and (8) are easily verified. By definition, (∗ej)j∈[N ]

is a generating set of H̃ , so Properties (9) and (11) hold. Finally, as established previously, if j ∈ N,

Ã ∗ej =
∗A ∗ej =

∗(Aej). Thus, Ã ∗ej is standard, and Property (10) holds.

Therefore, ((∗ej)j∈[N ], (c̃j)j∈[N ]) is a standard-biased scale compatible with the sampling (H̃, Ã, Ω̃),

concluding the proof.

Remark 6.2. We have also shown that for fk ∈ Ω̃, λ̃fk = cos(2π k
N ).

6.2 Nature of the hull space

Here, we show that (Ω̂, Â, µ̂) is in fact the same measure space as R/Z up to measure-preserving

homeomorphism.

Since |(fk, ẽj)|2 = 1
N is always true, we find that for internal V ⊂ Ω̃:

µ̃(V ) =
1

1− 2−N

N∑
j=1

1

2j

∑
f∈V

1

N
=

∗|V |
N

,

where ∗|V | ∈ N is the internal number of elements of V . And so µ̃ is the uniform internal probability
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measure on Ω̃. Furthermore, we find that for any standard l ∈ Z,

(Ũ(∗gl))(fk) =
(∗gl, fk)√
µ̃(fk)

=
e2πil

k
N /

√
N

1/
√
N

= e2πil
k
N .

Since the exponential is continuous, we find that for any l ∈ Z and fk ∈ Ω̃, st
(
(Ũ(∗gl))(fk)

)
=

e2πil st(
k
N
). We can use this to find that fk1 ∼ fk2 ⇐⇒ e2πi st(

k1
N

) = e2πi st(
k2
N

) ⇐⇒ st
(
k2−k1

N

)
∈

Z ⇐⇒ st(k1N ) ≡ st(k2N ) mod 1.

Quite naturally, this induces ρ : Ω̂ → R/Z with ρ(ν̂(fk)) := st( k
N ) mod 1.

Proposition 6.3. If we consider the probability space (R/Z,Borel(R/Z),L), so that R/Z is equipped

with its usual quotient space topology and L is the Lebesgue measure, then ρ is a measure preserv-

ing homeomorphism.

Proof. The previous equivalence chain shows ρ is well-defined and injective. It is also surjective,

since for any t ∈ [0, 1), there is k ∈ [N ] such that st( k
N ) = t, implying t mod 1 = ρ(ν̂(fk)). Thus

ρ is bijective. We now show that ρ is an homeomorphism.

In fact, since Ω̂ is compact and R/Z is Hausdorff, it is sufficient to show that ρ is continuous.

First, let ϕ : R/Z → S1 be the classical homeomorphism with

ϕ(t mod 1) = e2πit.

If Ûj is defined as per Remark 4.18 for j ∈ N, we have d̂-continuous Û2 with Û2 ◦ ν̂ = st ◦(Ũ(∗e2))

on ΩL. Therefore, for any fk ∈ ΩL,

Û2(ν̂(fk)) = st((Ũ(∗e2))(fk)) = st((Ũ(∗g1))(fk)) = e2πi st(
k
N
).

Thus, Û2(Ω̂) ⊂ S1. Furthermore, we have

Û2(ν̂(fk)) = ϕ(st(
k

N
) mod 1) = ϕ(ρ(ν̂(fk))).

Therefore, Û2 = ϕ ◦ ρ, which implies ρ = ϕ−1 ◦ Û2. Consequently, ρ is continuous, and

a homeomorphism. We get that ρ is also an isomorphism between the σ-algebras (Ω̂, Â) and
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(R/Z,Borel(R/Z)).

We now prove that ρ is measure preserving, given Lebesgue measure L. Let a, b be two standard

real numbers such that 0 ≤ a ≤ b < 1. We consider the set S = [a, b] mod 1. We have that

(ρ ◦ ν̂)−1(S) = {fk ∈ Ω̃ | a ≤ st(
k

N
) ≤ b}

= {fk ∈ Ω̃ | ∀n ∈ N a− 1

n
≤ k

N
≤ b+

1

n
}

=
⋂
n∈N

{fk ∈ Ω̃ | a− 1

n
≤ k

N
≤ b+

1

n
}.

And so,

µ̂(ρ−1 (S)) = µL((ρ ◦ ν̂)−1(S))

= lim
n→∞

st(µ̃({fk ∈ Ω̃ | a− 1

n
≤ k

N
≤ b+

1

n
}))

= lim
n→∞

st(
∗|{fk ∈ Ω̃ | a− 1

n ≤ k
N ≤ b+ 1

n}|
N

)

= lim
n→∞

st(
∗|{k ∈ [N ] | Na− N

n ≤ k ≤ Nb+ N
n }|

N
)

= lim
n→∞

st(
Nb+ 2N

n −Na+ sn

N
) = lim

n→∞
b− a+

2

n
= b− a

= L(S).

We note sn ∈ {−1, 0, 1} so the second-to-last equality holds. Since such S generate the Borel

algebra of R/Z, we find that ρ is measure preserving, concluding the proof.

6.3 Relation to the Fourier series

All that is left is to calculate the form Û and T̂ takes in this space.

Thanks to the previous proposition, we have that ρ is a measure space isomorphism between

spaces (Ω̂, Â, µ̂) and (R/Z,Borel(R/Z),L). This induces a unitary operator Θ : L2(R/Z) →

L2(Ω̂).

U = Θ−1 ◦ Û : H → L2(R/Z) is also an isometry. For l ∈ Z, and t ∈ R, we have, almost
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everywhere:

(U(gl))(t mod 1) = (UL(gl))(fk) = e2πil st(
k
N
) = e2πilt.

Here, fk is such that ρ(ν̂(fk)) = t mod 1. Thus, U(gl) = exp(2πil·). And so, quite interestingly,

U associates any sequence of l2(Z) to its corresponding Fourier series in L2(R/Z). The following

is then widely known (a proof can be found in [9, Chapter 4]).

Proposition 6.4. Both U and Û are surjective.

We find that T = Θ−1 ◦ T̂ ◦ Θ is also a multiplication operator on L2(R/Z) induced by

m = m̂ ◦ ρ−1, and that U ◦A = T ◦ U . We can then calculate that

mL(fk) = cos(2π st(
k

N
)) = cos(2πρ(ν̂(fk))),

from which we conclude m(t) = cos(2πt). The fact that T is unitarily equivalent to A is far from

surprising; it is widely known. What seems quite intriguing is that the presented process, given that

sampling and scale, constructs so naturally and intrinsically this very equivalence.

7 Example: Differential operator

We consider one of the most important example operators studied in this theory, the differential

operator. If µ is the Lebesgue measure on R, let H = L2(R, µ) (with K = C), and A = −i d
dx

defined on dom(A) = C∞
c (R).

First, we will prove a lemma that will be used multiple times throughout this section.

Lemma 7.1. Let p ∈ R≥1, and let f : R → C such that:

• f is continuous on R.

• f ∈ Lp(R).

• |f | is decreasing at infinity, in the sense that there exists m ∈ N such that for any x, y ∈ R,

x > y ≥ m or x < y ≤ −m implies |f(x)| ≤ |f(y)|.
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Furthermore, suppose that f̃ ∈ ∗(Lp(R)) can be formulated by

f̃ =
∑

−L≤k≤M

∗f(c
(r)
k )1[ k

N
, k+1

N
[,

where L,M,N ∈ ∗N \ N, L
N and M

N are both infinite, r ∈ Z and c(r)k ∈ [k+r
N , k+r+1

N ] for each k.

Then, st(f̃) = f in Lp(R), and for any K ∈ ∗N \ N, st(∥1∗R\[−K,K[f̃∥p) = 0.

Proof. We start with the last part. If K ∈ ∗N \ N and X = ∗R \ [−K,K[, we have:

∥1X f̃∥pp =
−NK−1∑
k=−L

∥∥∥|∗f(c(r)k )|1[ k
N
, k+1

N
[

∥∥∥p
p
+

M∑
k=NK

∥∥∥|∗f(c(r)k )|1[ k
N
, k+1

N
[

∥∥∥p
p

=
−NK−1∑
k=−L

|∗f(c(r)k )|p 1

N
+

M∑
k=NK

|∗f(c(r)k )|p 1

N

=
−NK−1∑
k=−L

∥∥∥∥|∗f(c(r)k )|1
[ k+r+1

N
, k+r+2

N
[

∥∥∥∥p
p

+
M∑

k=NK

∥∥∥∥|∗f(c(r)k )|1
[ k+r−1

N
, k+r

N
[

∥∥∥∥p
p

.

For any k in the left sum, any x in [k+r+1
N , k+r+2

N [ is infinite, negative, and greater than c(r)k . There-

fore, |∗f(c(r)k )| ≤ |∗f(x)| for any x ∈ [k+r+1
N , k+r+2

N [. The same way, for any k in the right sum,

|∗f(c(r)k )| ≤ |∗f(x)| for any x ∈ [k+r−1
N , k+r

N [. We get

∥1∗R\[−K,K[
f̃∥pp ≤

−NK−1∑
k=−L

∥∥∥|∗f |1[ k+r+1
N

, k+r+2
N

[

∥∥∥p
p
+

M∑
k=NK

∥∥∥|∗f |1[ k+r−1
N

, k+r
N

[

∥∥∥p
p

≤ ∥1∗R\[−K+ r
N

,K+ r
N

[

∗f∥pp ≃ 0.

We conclude st(∥1∗R\[−K,K[f̃∥p) = 0. We now prove f̃ ≃ ∗f in ∗(Lp(R)).

Let ϵ ∈ R>0. Using underspill, let n ∈ N such that ∥1∗R\∗[−n,n[f̃∥p < ϵ
3 and ∥1R\[−n,n[f∥p <

ϵ
3 .

For any x ∈ ∗[−n, n[, we have f̃(x) = ∗f(c
(r)
k ), where k is such that x ∈ [ kN ,

k+1
N [. Since c(r)k is

in [k+r
N , k+r+1

N [, we have |x− c
(r)
k | ≤ |r|+1

N , and so x ≃ c
(r)
k . Since f is continuous, it is uniformly

continuous on [−n, n]. Therefore, ∗f(x) ≃ ∗f(c
(r)
k ) = f̃(x). Therefore, 1∗[−n,n[|∗f − f̃ | ≤

ϵ

3(2n)
1
p+1

1∗[−n,n[. We then have:
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∥∗f − f̃∥p ≤ ∥1∗R\∗[−n,n[(f̃ − ∗f)∥p + ∥1∗[−n,n[(f̃ − ∗f)∥p

≤ ∥1∗R\∗[−n,n[f̃∥p + ∥1R\[−n,n[f∥p + ∥1∗[−n,n[|f̃ − ∗f |∥p

<
2ϵ

3
+

ϵ

3(2n)
1
p + 1

(2n)
1
p < ϵ.

Since ϵ is arbitrary, we conclude that st(f̃) = f .

7.1 Constructing a sampling

Here, the idea behind Ã will come from numerical approximations of the derivative. As with

Section 6, we will also try to endow H̃ and Ã with sufficient symmetries.

Let N ∈ ∗N \ N such that N = N0! for some N0 ∈ ∗N \ N. That way, for all n ∈ N, n

divides N . We partition [−N,N [ with S̃ := {sk := [ kN ,
k+1
N [ | k ∈ [−N2..N2[}. We define

H̃ := span({1s | s ∈ S̃}).

Then, we use a technique that is similar to what was done in Section 6. Let R̃ : H̃ → H̃ be

the right-shift operator modulo 2N2, so that it is linear and R̃(1sk) = 1sk⊕1
. The same way, we let

L̃ : H̃ → H̃ be the left-shift operator with L̃(1sk) = 1sk⊖1
. Then, let Ã := −i L̃−R̃

2/N .

Furthermore let, for k ∈ [−N2..N2[, fk = 1√
2N

∑N2−1
l=−N2 exp(2πi

kl
2N2 )1sl , and Ω̃ := {fk}N

2−1
k=−N2 .

We now show:

Proposition 7.2. (H̃, Ã, Ω̃) forms a sampling for A.

Proof. By definition, H̃ is an internal subspace of ∗H . Noting that {1s | s ∈ S̃} is an orthogonal

set, we have that ∗ dim(H̃) = |S̃| = 2N2 ∈ ∗N, and Property (1) holds. We know both R̃ and

L̃ are internal linear operators on H̃ . Furthermore, we have, on k, l ∈ [−N2..N2[, (1sk⊕1
,1sl) =

(1sk ,1sl⊖1
). Therefore, the adjoint of R̃ is L̃, and vice versa. We conclude that Ã is an internal

symmetric operator on H̃ , proving Property (2).
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Then, for k1, k2 ∈ [−N2..N2[, we can evaluate:

(fk1 , fk2) =
1

2N

N2−1∑
l=−N2

exp(2πi
k1l

2N2
)exp(2πi

k2l

2N2
)
1

N

=
1

2N2

N2−1∑
l=−N2

exp

(
2πi

k1 − k2
2N2

l

)
.

If k1 = k2, we get

(fk1 , fk2) =
1

2N2

N2−1∑
l=−N2

1 = 1.

If k1 ̸= k2, then k1−k2
2N2 /∈ ∗Z, and we get

(fk1 , fk2) =
1

2N2

exp
(
2πik1−k2

2N2 N
2
)
− exp

(
2πik1−k2

2N2 (−N2)
)

exp
(
2πik1−k2

2N2

)
− 1

=
1

2N2

exp (πi(k1 − k2))− exp (−πi(k1 − k2))

exp
(
2πik1−k2

2N2

)
− 1

= 0.

Therefore, Ω̃ is an internal orthonormal system. Furthermore, ∗|Ω̃| = 2N2 = ∗ dim(H̃). Therefore,

Ω̃ is an orthonormal ∗basis of H̃ . We then evaluate:

R̃(fk) =
1√
2N

N2−1∑
l=−N2

exp(2πi
kl

2N2
)1sl⊕1

=
1√
2N

N2−1∑
l=−N2

exp(2πi
k(l ⊖ 1)

2N2
)1sl

=
1√
2N

N2−1∑
l=−N2

exp(2πi
k(l − 1)

2N2
)1sl

= exp(2πi
−k
2N2

)fk.
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The same way, L̃(fk) = exp(2πi k
2N2 )fk. We then get:

Ã(fk) = −i
exp(2πi k

2N2 )− exp(2πi −k
2N2 )

2/N
fk = N sin(π

k

N2
)fk.

Therefore, Ω̃ consists of eigenvectors of Ã, establishing Property (3). All that is left to show is

Property (4), stating G(A) ⊂ st(G(Ã)).

Let g ∈ dom(A) = C∞
c (R), and let g̃ =

∑N2−1
k=−N2

∗g( k
N )1[ k

N
, k+1

N
[ ∈ H̃ . Since g is com-

pactly supported, |g| is decreasing at infinity. Therefore, using p = 2, g respects all conditions

of Lemma 7.1, and so st(g̃) = g. Furthermore, since ∗g(x) = 0 for any infinite x, and since

k ⊕ 1 = k + 1 and k ⊖ 1 = k − 1 for any limited k
N :

Ãg̃ =
−i
2/N

N2−1∑
k=−N2

∗g(
k

N
)(1sk⊖1

− 1sk⊕1
)

=
−i
2/N

N2−1∑
k=−N2

(∗g(
k ⊕ 1

N
)− ∗g(

k ⊖ 1

N
))1sk

=
−i
2/N

N2−1∑
k=−N2

(∗g(
k + 1

N
)− ∗g(

k − 1

N
))1sk

=
−i
2

N2−1∑
k=−N2

(∗g(k+1
N )− ∗g( k

N )) + (∗g( k
N )− ∗g(k−1

N ))

1/N
1[ k

N
, k+1

N
[

=
−i
2

N2−1∑
k=−N2

(∗(g′)(ck) +
∗(g′)(ck−1))1[ k

N
, k+1

N
[

=
−i
2

 N2−1∑
k=−N2

∗(g′)(ck)1[ k
N
, k+1

N
[ +

N2−1∑
k=−N2

∗(g′)(ck−1)1[ k
N
, k+1

N
[

 .

Where ck ∈ [ kN ,
k+1
N [ is given by transfer of the mean value property that g has. Since ck−1 ∈

[k−1
N , k−1+1

N [, and since g′ is also continuous and compactly supported, we can apply Lemma 7.1

to both sums and we get Ãg̃ ≃ −i
2 (g′ + g′) = Ag. Thus, (g,Ag) ∈ st(G(Ã)). We conclude

G(A) ⊂ st(G(Ã)), ending the proof.
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7.2 Constructing a scale

Here, we want to construct not only a scale that respects the criteria, but also have sufficiently

well-behaved interactions with Ω̃. To this end, we will have ẽj to be different shifts of the same ẽ,

so that we can have (fk, ẽj) be simply a unit multiplication of the same (fk, ẽ). For the choice of ẽ,

it will greatly simplify later calculations if:

• st(ẽ) is an even function, has continuous square-integrable derivative and whose shifts span a

dense subset.

• st
(

(fk,ẽ)
|(fk,ẽ)|

)
= 1 almost everywhere with respect to µL. Intuitively, the expected criterion

would be that st(ẽ) is itself in L1(R), with Fourier transform always positive.

With this in mind, we define ẽ ∈ H̃ by:

ẽ =

(
2

π

) 1
4

 N1∑
k=−N1

exp(−(
k

N
)2)1sk

+
i

N
1s0 ,

where N1 ∈ ∗N \ N, and for all q ∈ Q, we have
√
N < N1

N + q < N . For example, ⌊N
5
3 ⌋

works.

Furthermore, let e :=
(
2
π

) 1
4 exp(−(·)2). We note that e ∈ L2(R) with ∥e∥ = 1.

Let (qj)j∈N be a counting of Q starting with q1 = 0. Since N is divisible by any standard

natural, we know for any j ∈ N, kj := Nqj ∈ ∗Z. Let (kj)j∈[N ] be an internal extension of this

sequence in ∗Z.

We then define, for j ∈ [N ], ẽj = R̃kj ẽ, noting that R̃ is an internal isometry on H̃ with inverse

L̃. Furthermore, let c̃j := 1
2j∥ẽ∥2(1−2−N )

, for j ∈ [N ]. We now show:

Proposition 7.3. ((ẽj)j∈[N ], (c̃j)j∈[N ]) forms a standard biased scale compatible with (H̃, Ã, Ω̃).

Proof. For this proof, let Tt : L2(R) → L2(R) with (Tt(f))(x) = f(x− t) for any t ∈ R.

First, since i
N 1s0 is infinitesimal, we note ẽ ≃

∑N1
k=−N1

∗e( k
N )1[ k

N
, k+1

N
[. Furthermore e is

continuous, and ∀x, y ∈ R, |x| ≤ |y| =⇒ |f(x)| ≤ |f(y)|. Therefore, by Lemma 7.1, e = st(ẽ).

We note that for each k ∈ [−N1 − 1..N1 + 1] and j ∈ N, −N2 ≤ k + kj ≤ N2 − 1, since

−N < −(N1
N − qj) <

N1
N + qj < N . Therefore, k ⊕ kj = k + kj , so ẽj = ∗Tqj (ẽ). Since Tqj is an
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isometry of L2(R), we have st(ẽj) = Tqj (e) ̸= 0. We also have st(c̃j) =
1
2j
> 0.

Through elementary means, we can show that (st(ẽj))j∈N spans a dense subset. Since that fact

is already known (or can be shown using Fourier transforms and convolutions), we will only give a

broad idea as to how. To keep everything visual, in the following list f(x) is written as the function

f : R → C. Let V = span({st(ẽj)}j∈N). Then, with dominated convergence, we can show:

• ∀q ∈ Q, eqxe−x2 ∈ V ((Tqj (e))(x) = e−q2j e2qjxe(x)).

• ∀t ∈ R, etxe−x2 ∈ V , using ernxe−x2
, where rn → t.

• ∀t ∈ R, xetxe−x2 ∈ V , using e(t+1/n)x−etx

1/n e−x2
, and using the mean value theorem to domi-

nate the sequence.

• ∀n ∈ N, t ∈ R, xnetxe−x2 ∈ V , using the same method applied by recurrence.

• ∀t ∈ R, eitxe−x2 ∈ V , using
∑n

k=0
(it)k

k! x
ke−x2

.

For k ∈ N, if Pkf is the periodic extension of f |[−k,k[, then we continue:

• ∀f ∈ C∞
c (R), k ∈ N, supp(f) ⊂]−k, k[ =⇒ (Pkf)(x)e

−x2 ∈ V , using (
∑n

l=−n (̂Pkf)le
2πil
2k

x))e−x2
,

noting the Fourier series converge uniformly (Pkf is smooth).

• ∀f ∈ C∞
c (R), f ∈ V , using, for ]− n, n[⊃ supp(f), (Pn(fe

(·2)))(x)e−x2

• ∀f ∈ H, f ∈ V , since C∞
c (R) is dense.

Thus, (st(ẽj))j∈N spans a dense subset. Furthermore, we know ∥ẽj∥ = ∥ẽ∥ since R̃ is an

isometry. Therefore,
∑

j∈[N ] c̃j∥ẽj∥2 =
∑

j∈[N ]
1

2j(1−2−N )
= 1. We also have ∥ st(ẽj)∥ = ∥e∥ = 1

for any j ∈ N, and so
∑

j∈N st(c̃j)∥ st(ẽj)∥2 =
∑

h∈N
1
2j

= 1.

We have shown Properties (5) to (8) of Definition 2.4, and we conclude that the pair ((ẽj)j∈[N ], (c̃j)j∈[N ])

is a standard-biased scale.

We now show it is compatible with (H̃, Ã, Ω̃). By definition, ẽj = R̃kj ẽ ∈ H̃ , so Property (9)
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holds. Furthermore, we have:

Ãẽ = Ã

 N1∑
k=−N1

∗e(
k

N
)1sk

+
i

N
1s0


=

1

2
(1s−1 − 1s1) +

N1∑
k=−N1

∗e(
k

N
)
−i
2/N

(1sk⊖1
− 1sk⊕1

)

≃
N1∑

k=−N1

∗e(
k

N
)
−i
2/N

(1sk−1
− 1sk+1

)

=
−i
2/N

 N1−1∑
k=−N1−1

∗e(
k + 1

N
)1sk −

N1+1∑
k=−N1+1

∗e(
k − 1

N
)1sk


=

−i
2

N1−1∑
k=−N1+1

∗e(k+1
N )− ∗e(k−1

N )

1/N
1sk

+ w.

Here, w is a sum of the four terms left out. We note that for any standard integer r, |±N1+r|
N ≥

N1−|r|
N > N1

N − 1 >
√
N . And so 0 ≤

∗e(
±N1+r

N
)

1/N ≤ N∗e(
√
N) =

(
2
π

) 1
4 N exp(−N) ≃ 0.

Therefore, w is infinitesimal, and so we proceed with the same strategy as before:

Ãẽ ≃ −i
2

N1−1∑
k=−N1+1

∗e(k+1
N )− ∗e(k−1

N )

1/N
1sk

=
−i
2

N1−1∑
k=−N1+1

(
∗e(k+1

N )− ∗e( k
N )

1/N
+

∗e( k
N )− ∗e(k−1

N )

1/N

)
1sk

=
−i
2

 N1−1∑
k=−N1+1

∗(e′)(ck)1[ k
N
, k+1

N
[ +

N1−1∑
k=−N1+1

∗(e′)(ck−1)1[ k
N
, k+1

N
[

 .

Again ck ∈] kN ,
k+1
N [ is given by the mean value theorem applied to e transferred to ∗e. We

have e′(t) = −2t
(
2
π

) 1
4 exp(−t2), and so e′ is continuous and in L2(R). From studying e′′, we

also find that |e′| is decreasing at infinity. And so, we can apply Lemma 7.1 and conclude that

st(Ãẽ) = −i
2 (e′ + e′) = −ie′.

We note that R̃ and Ã = −2 R̃−1−R̃
2/N commute. As before, for any k in [−N1 − 1..N1 + 1] and

standard natural j, we have k ⊕ kj = k + kj . Therefore, we get Ãẽj = R̃kj Ãẽ = ∗Tqj (Ãẽ) for any

standard natural j. Thus Ãẽj is nearstandard in H with st(Ãẽj) = −iTqje′, proving Property (10).
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All that is left to verify is Property (11), requiring that for all fk ∈ Ω̃, there exists j ∈ [N ] such

that (fk, ẽj) ̸= 0. We note that since q1 = 0, we have k1 = 0 and ẽ1 = ẽ. And so, using that e is an

even real-valued function:

(fk, ẽ1) = (fk,
i

N
1s0) +

N1∑
l=−N1

∗e(
l

N
)(fk,1sl)

=
1√
2N

−i
N

∥1s0∥2 +
N1∑

l=−N1

∗e(
l

N
) exp(2πi

kl

2N2
)∥1sl∥

2


=

1

N
√
2N

(
−i
N

+ ∗e(0) +

N1∑
l=1

∗e(
l

N
)(exp(2πi

kl

2N2
) + exp(2πi

−kl
2N2

))

)

=
1

N
√
2N

(
−i
N

+ e(0) + 2

N1∑
l=1

∗e(
l

N
) cos(2π

kl

2N2
)

)
.

Consequently, Im((fk, ẽ1)) = −1
N2

√
2N

̸= 0. Therefore, for any fk ∈ Ω̃, there exists j ∈ [N ]

such that (fk, ẽj) ̸= 0. Finally, we conclude that the standard-biased scale ((ẽj)j∈[N ], (c̃j)j∈[N ]) is

compatible with sampling (H̃, Ã, Ω̃).

7.3 Characteristics of the Loeb space

We start by noting for any fk ∈ Ω̃ and j ∈ [N ], (fk, ẽj) = (L̃kjfk, ẽ) = exp(2πi
kkj
2N2 )(fk, ẽ).

Let V ∈ Ã, i.e. an internal subset of Ω̃. We have

µ̃(V ) =
∑
j∈[N ]

c̃j
∑
fk∈V

|(ẽj , fk)|2

=
∑
j∈[N ]

c̃j
∑
fk∈V

|(ẽ, fk)|2

=
∑
j∈[N ]

c̃j∥ projV ẽ∥2

=
∥ projV ẽ∥2

∥ẽ∥2
∑
j∈[N ]

c̃j∥ẽj∥2 =
(
∥ projV ẽ∥

∥ẽ∥

)2

.
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Furthermore, for any j ∈ [N ] and fk ∈ Ω̃, we have

(Ũ(ẽj))(fk) =
(ẽj , fk)√
µ̃(fk)

= exp(−2πi
kjk

2N2
)

(ẽ, fk)

|(ẽ, fk)|/∥ẽ∥
.

Let ΩR = {fk ∈ ΩL | k
N is limited}. Furthermore, for standard a, b ∈ R, let Ω̃b

a = {fk ∈

Ω̃ | a ≤ k
N < b} ∈ Ã. Also, let g0 : R → R>0 with

g0(ω) =
(π
2

) 1
2
exp

(
−π

2ω2

2

)
.

We show the following.

Proposition 7.4. We have, for any a, b ∈ R:

µL(Ω̃
b
a) =

∫
[a,b[

g0dµ.

Furthermore, ΩR ∈ AL and µL(ΩR) = 1.

Proof. We have ΩR =
⋃

n∈N Ω̃n
−n, thus ΩR ∈ AL. Furthermore, for any a < b ∈ R,

st(µ̃(Ω̃b
a)) = st(∥ projV ẽ∥2)

= st

 ∑
fk∈Ω̃b

a

|(ẽ, fk)|2


= st

 ∑
Na≤k<Nb

∣∣∣∣∣∣ 1

N
√
2N

 i

N
+

N1∑
l=−N1

∗e(
l

N
) exp(−2πi

kl

2N2
)

∣∣∣∣∣∣
2

= st

 1

2N3

∑
Na≤k<Nb

 1

N2
+

∣∣∣∣∣∣
N1∑

l=−N1

∗e(
l

N
) exp(−2πi

kl

2N2
)

∣∣∣∣∣∣
2

= st

⌈Nb⌉ − ⌈Na⌉
2N5

+
1

2N

∑
Na≤k<Nb

∣∣∣∣∣∣ 1N
N1∑

l=−N1

∗e(
l

N
) exp(−2πi

kl

2N2
)

∣∣∣∣∣∣
2

=
1

2
st

 1

N

∑
Na≤k<Nb

∣∣∣∣∣∣ 1N
N1∑

l=−N1

∗e(
l

N
) exp(−2πi

kl

2N2
)

∣∣∣∣∣∣
2 .
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We first look at the interior sum. For ω ∈ ∗R, we define:

h̃ω : =
1

N

N1∑
l=−N1

∗e(
l

N
) exp(−2πiω

l

2N
)

= ∗
∫

∗R

 N1∑
l=−N1

∗e(
l

N
) exp(−2πiω

l

2N
)1sl

 d(∗µ).

We study the particular case of standard ω ∈ R. Here, we can use Lemma 7.1 with p =

1, using the function t → e(t) exp(−πiωt). Indeed, that function is continuous, integrable and

|e(t) exp(−πiωt)| = e(t) is monotonic with respect to |t|, as we have seen before. Therefore, since

f →
∫
R fdµ is continuous on L1(R), we get, whenever ω is a standard real:

st(h̃ω) =

∫
R
e(t) exp(−πiωt)dµ(t) =

(
2

π

) 1
4
∫
R
e−πiωte−t2dµ(t).

We recognize the formula of the Fourier transform, which will be discussed more in detail in

the next subsections. Through complex analysis, we can calculate the integral, which results to, for

standard ω,

st(h̃ω) = (2π)
1
4 exp

(
−π

2ω2

4

)
=
√

2g0(ω).

We note, from inspection, that ω → st(h̃ω) is continuous.

Then, for ω1, ω2 ∈ ∗R, we have:
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|h̃ω2 − h̃ω1 | ≤
1

N

N1∑
l=−N1

∣∣∣∣∗e( lN ) exp(−2πiω2
l

2N
)− ∗e(

l

N
) exp(−2πiω1

l

2N
)

∣∣∣∣
≤ 1

N

N1∑
l=−N1

2π

∣∣∣∣ l2N
∣∣∣∣ |ω2 − ω1|∗e

(
l

N

)

= π|ω2 − ω1|∗
∫

∗R

 N1∑
l=−N1

∣∣∣∣ lN
∣∣∣∣ ∗e( lN )1sl

 d(∗µ)

= π|ω2 − ω1|

∥∥∥∥∥∥
N1∑

l=−N1

l

N
∗e(

l

N
)1sl

∥∥∥∥∥∥
L1

.

We can use Lemma 7.1, with p = 1, on the function t → te(t), as it is continuous, in L1 and

decreasing at infinity. Thus
∑N1

l=−N1

l
N

∗e( l
N )1sl is nearstandard in L1. From that, we conclude

that there exists a standard real C such that for any ω1, ω2 ∈ ∗R, |h̃ω2 − h̃ω1 | ≤ C|ω2 − ω1|.

And so, whenever ω ∈ ∗R is limited, we have st(h̃ω) = st(h̃st(ω)) =
√

2g0(st(ω)).

We can now return to st(µ̃(Ω̃b
a)) = 1

2 st
(

1
N

∑
Na≤k<Nb |h̃ k

N
|2
)

. For any k ∈ [Na,Nb[, we

have that

|h̃ k
N
|2 ≃ |(2π)

1
4 exp(−

π2(st( k
N ))2

4
)|2

≃ |(2π)
1
4 exp(−

π2( k
N )2

4
)|2

=
√
2π exp(−

π2( k
N )2

2
).

Since 1
N

∑
Na≤k<Nb 1 = ⌈Nb⌉−⌈Na⌉

N < b− a+ 1 is limited, we have, recognizing a Riemann sum:

st(µ̃(Ω̃b
a)) =

1

2
st

 1

N

∑
Na≤k<Nb

√
2π exp(−

π2( k
N )2

2
)


=

√
π

2

∫ b

a
exp(−π

2ω2

2
)dω =

∫
[a,b]

g0dµ

=⇒ µL(ΩR) = lim
n→∞

st(µ̃(Ω̃n
−n)) =

√
π

2

∫ ∞

−∞
exp(−π

2ω2

2
)dω = 1.
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Remark 7.5. In this proof, we have also shown that for any fk ∈ ΩR and limited hyperreal ω,

1

N

N1∑
l=−N1

∗e(
l

N
) exp(−2πiω

l

2N
) ≃

√
2g0(st(ω)).

Now, UL(ej) simplifies a lot on ΩR. If fk ∈ ΩR, we have:

√
2N(ẽ, fk) =

i

N2
+

1

N

N1∑
l=−N1

∗ e( l
N

) exp(−2πi
kl

2N2
) ≃

√
2g0(st(

k

N
)) ∈ R>0

and so

(ẽ, fk)

|(ẽ, fk)|
=

√
2N(ẽ, fk)

|
√
2N(ẽ, fk)|

≃ 1.

Thus, for any j ∈ N and fk ∈ ΩR, we have:

st
(
(Ũ(ẽj))(fk)

)
= st

(
exp(−2πi

kjk

2N2
)

(ẽ, fk)

|(ẽ, fk)|/∥ẽ∥

)
= exp

(
2πi

−qj
2

st(
k

N
)

)
.

Therefore, for any fk1 , fk2 ∈ ΩR, we have:

st(d̃(fk1 , fk2)) = 0 ⇐⇒ ∀q ∈ Q, exp(2πiq st(
k1
N

)) = exp(2πiq st(
k2
N

))

⇐⇒ ∀n ∈ N, exp(2πi
1

n
st(
k1 − k2
N

)) = 1

⇐⇒ ∀n ∈ N, st(
k1 − k2
N

) ∈ nZ

⇐⇒ st(
k1 − k2
N

) = 0 ⇐⇒ st(
k1
N

) = st(
k2
N

).

Also, we find λ̃fk = N sin(π k
N2 ) ≃ π st( k

N ) for any such fk ∈ ΩR. And so, for almost all fk

in ΩL, mL(fk) = π st( k
N ).
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7.4 Nature of the hull space

For a, b ∈ R, we define Ω̂b
a := ν̂(Ω̃b

a). By a saturation argument, we know that since Ω̃b
a

is internal, Ω̂b
a is closed in (Ω̂, d̂), and so measurable. Furthermore, defining Ω̂R := ν̂(ΩR) =

∪n∈NΩ̂
n
−n, we have that Ω̂R ∈ Â and µ̂(Ω̂R) = 1.

The previous results indicate a unique well-defined bijection ϕ : R → Ω̂R with ϕ(st( k
N )) =

ν̂(fk) for any fk ∈ ΩR. We show both ϕ and ϕ−1 are measurable.

We have, for j ∈ N and t ∈ R, (Û(ej))(ϕ(t)) = exp
(
2πi

−qj
2 t
)

. Therefore, for any t1, t2 ∈ R,

we have:

d̂(ϕ(t1), ϕ(t2)) =
∑
j∈N

2−
3j
2

∣∣∣∣exp(2πi−qj2 t1)− exp(2πi
−qj
2
t2)

∣∣∣∣
=
∑
j∈N

2−
3j
2

∣∣∣∣exp(2πi−qj2 (t1 − t2))− 1

∣∣∣∣ .
By uniform convergence properties, we find that ϕ is continuous (usual distance in R). There-

fore, ϕ is measurable. Furthermore, if F ⊂ R is closed, then for any n ∈ N, we have F ∩ [−n, n]

is compact, and so ϕ(F ∩ [−n, n]) is compact in Ω̂. Therefore, ϕ(F ) = ∪n∈Nϕ(F ∩ [−n, n]) ∈ Â.

We conclude ϕ−1 is measurable.

Next, we consider the pushforward measure on R µ′ := (ϕ−1)∗µ̂. We know that J : L2(Ω̂, µ̂) →

L2(R, µ′) with J (f) = f ◦ ϕ is a unitary map. Let U := J ◦ Û : H → L2(R, µ′).

We find that for any a, b ∈ R, µ′([a, b]) = µ̂(ϕ([a, b])) = µ̂(Ω̂b
a) = µL(Ω̃

b
a) =

∫
[a,b] g0dµ . And

so, dµ′ = g0dµ. Since
∫
R |f |2dµ′ =

∫
R |f |2g0dµ, we have that f ∈ L2(R, µ′) ⇐⇒ f

√
g0 ∈

L2(R, µ). We can now show the following:

Proposition 7.6. Both U and Û are surjective.

Proof. We know that for any j ∈ N, (U(ej))(ω) = exp(2πi
−qj
2 ω) µ′-almost everywhere. There-

fore, for y ∈ U(H)⊥ ⊂ L2(R, µ′), we have, for any q ∈ Q:
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0 =

∫
R
y(ω) exp(−2πiqω)dµ′(ω)

=

∫
R
y(ω) exp(−2πiqω)g0(ω)dµ(ω)

= (y
√
g0, exp(2πiq·)

√
g0)L2(R,µ).

And so, y
√
g0 ∈ span({exp(2πiq(·)) exp(−π2(·)2

4 )}q∈Q)
⊥
= {0}. Indeed, we have seen earlier

that functions of that form span a dense subset of L2(R, µ). Since g0 is nowhere 0, we have y = 0.

Therefore, U(H) = L2(R, µ′). Thus, U and Û are surjective.

7.5 Relation to the Fourier transform

We can say a few more interesting facts about this example. First, suppose h ∈ L2(R, µ) ∩

L1(R, µ) ⊂ H . Then, for any fk ∈ Ω̃, we have

(Ũ(∗h))(fk) =
(∗h, fk)√
µ̃(fk)

=
(∗h,

√
2Nfk)

|
√
2N(ẽ, fk)|

=
1

|
√
2N(ẽ, fk)|

(∗h,
N2−1∑
l=−N2

exp(πi
k

N

l

N
)1sl).

For a given standard ω ∈ R, if we define (ψn)
(ω)
n∈N a sequence of simple functions given by

ψ
(ω)
n =

∑n2−1
l=−n2 exp(πiω

l
n)1[ l

n
, l+1

n
[, then we know ψ

(ω)
n converges normally (i.e. uniformly on

compacts) to t → exp(πiωt), while being dominated by 1. Therefore, by the dominated con-

vergence theorem, the sequence ψ(ω)
n h converges to t → exp(−πiωt)h(t) in L1(R). And so,

limn→∞(h, ψ
(ω)
n ) = limn→∞

∫
R hψ

(ω)
n dµ =

∫
R exp(−πiωt)h(t)dµ(t) = (F(h))(ω2 ), where F is

the Fourier transform.

Furthermore, using that |h| is integrable, we can show that for any fk ∈ ΩR:

(∗h,

N2−1∑
l=−N2

exp(πi
k

N

l

N
)1sl) ≃ (∗h,

N2−1∑
l=−N2

exp(πi st(
k

N
)
l

N
)1sl)

= (∗h, ∗ψ
(st( k

N
))

N ) ≃ (F(h))(
1

2
st(

k

N
)),
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and so,

st
(
(Ũ(∗h))(fk)

)
=

(F(h))(12 st(
k
N ))

(F(e))(12 st(
k
N ))

.

We note
√
2g0(ω) = (F(e))(12ω)) for any real ω. Therefore, we have that, almost everywhere,

(U(h))(ω) =
(F(h))(ω

2
)

(F(e))(ω
2
) . This could be an effective definition of the Fourier transform F : L2(R, µ) →

L2(R, µ):

(F(h))(ω) = (U(h))(2ω) ·
√
2g0(2ω) = (2π)

1
4 (U(h))(2ω) exp(−π2ω2).

This can be used directly to recover Plancherel’s identity for such h:

∫
R
|F(h)|2dµ =

1

2

∫
R
|(F(h))(

ω

2
)|2dµ(ω)

=

∫
R

∣∣(F(h))(ω2 )
∣∣

2g0(ω)

2

dµ′(ω)

= ∥U(h)∥2 = ∥h∥2 =
∫
R
|h|2dµ.

We can also recover the differentiation formula using U . We have that for fk ∈ ΩR, mL(fk) =

π st( k
N ), and so for any h ∈ dom(A) and for almost every ω ∈ R, (U(Ah))(ω) = πω(U(h))(ω).

Since for such h ∈ dom(A) both h and h′ are in L1(R, µ) ∩ L2(R, µ) and h′ = iAh, we conclude

(F(h′))(ω) = 2πiω(F(h))(ω). That formula then works for every h ∈ dom(A) = H1(R), the

Sobolev space, as any sampling for A is a sampling for A.

As with Section 6, the surprising part is not that the Fourier transform works, as it is widely

known to be the natural unitary equivalence when it comes to d
dx . What seems quite interesting is

that it appears here, using a general method with a chosen sampling and scale. This appearance

may be even more peculiar here compared to the previous section, because the method of this paper

always ends with a probability space, while (R,Borel(R), µ) is not one.

Given the examples of Sections 5, 6 and 7, it would seem that this method can generate an

explicit, natural unitary equivalence depending on how the chosen sampling and scale interact, and

if those interactions are themselves explicit. It could be interesting to consider other examples, or
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try to generalize beyond symmetric operators.
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Appendix A

Induced spectral resolution

The goal here is to use Theorem 1.1 to prove the spectral resolution theorem:

Theorem 0.1 (Spectral resolution theorem). For any self-adjoint operator A on H , there exists a

projection-valued measure P on Borel(R) such that

A =

∫
R
id dP.

Remark 0.1. The proof outlined here will resemble part of the work done in [4] (and to an extent

[2] and [7]), whereas a suitable spectral measure is pulled from a bigger space through a natural

embedding of H . In those works, the bigger space was the nonstandard hull, while here it will the

one provided by Theorem 1.1. The idea of how will also be similar, but some of the details can differ,

notably due to the fact that the Hilbert space might be real, excluding the direct use of operators

such as T − tiI .

Finally, we remark that no nonstandard analysis will be used in this section, and ∗ will be used

for the adjoint of a map.

Here, we will assume that A is a densely-defined self-adjoint operator on H . Furthermore,

(Ω,A, µ) is a probability space, m : Ω → R is a measurable function inducing self-adjoint multi-

plication operator T , and U : H → L2(Ω, µ) is an isometry such that U ◦A ≤ T ◦U . The one from

Theorem 1.1 works, or even the one from Theorem 3.1. We also note, for measurable f : Ω → K,

the induced multiplication operator Tf .
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We start with the following proposition.

Proposition 0.2. We have that U(H) reduces for T . Furthermore, U ◦A = T ◦ U .

Proof. We first show that U(H) reduces for T . By definition, we must show projU(H) ◦T ≤

T ◦ projU(H). Let x ∈ dom(T ). We first note U∗x ∈ dom(A). Indeed, for y ∈ dom(A), we have:

(Ay,U∗x) = (U(Ay), x) = (T (Uy), x) = (Uy, Tx) = (y, U∗(Tx)).

Thus,U∗x ∈ dom(A∗) = dom(A), andA(U∗x) = A∗(U∗x) = U∗(Tx). We note that (UU∗y, Uz) =

(y, Uz) holds for any y ∈ L2(Ω) and z ∈ H , and so projU(H) = UU∗. Using U ◦ A ≤ T ◦ U ,

we get that projU(H) x ∈ dom(T ), and T (projU(H) x) = U(AU∗x) = UU∗(Tx) = projU(H) Tx.

Since x ∈ dom(T ) is arbitrary, we have projU(H) ◦T ≤ T ◦ projU(H), and so U(H) reduces for T .

To prove U ◦A = T ◦U , it is sufficient to show U−1(dom(T )) ⊂ dom(U ◦A). But for x ∈ H

such that U(x) ∈ dom(T ) and y ∈ dom(A), we have

|(Ay, x)| = |(UAy,Ux)| = |(TUy, Ux)| = |(Uy, TUx)| ≤ ∥y∥∥TUx∥.

Therefore, y → (Ay, x) is a bounded map on dom(A), and since A is self-adjoint, x ∈

dom(A∗) = dom(U ◦A). Since x ∈ U−1(dom(T )) is arbitrary, we conclude U ◦A = T ◦U .

We now consider the projection-valued measure P̂ on L2(Ω) given by P̂ (V ) = T1m−1(V )
for

any V ∈ Borel(R), so that P̂ (V )f = 1m−1(V ) · f for any f ∈ L2(Ω). It is straightforward to verify

that P̂ forms a projection-valued measure. Furthermore, for any f ∈ L2(Ω) and V ∈ Borel(R):

∫
R
1V dµ̂f,f = µ̂f,f (V ) = (P̂ (V )f, f) =

∫
Ω
1m−1(V )|f |2dµ =

∫
Ω
(1V ◦m)|f |2dµ

=⇒
∫
R
| id |2dµ̂f,f =

∫
Ω
(| id |2 ◦m)|f |2dµ =

∫
Ω
|mf |2dµ.

And so, dom(
∫
R id dP̂ ) = dom(T ). Furthermore, for any f ∈ dom(T ):

(

∫
R
id dP̂ f, f) =

∫
R
id dµ̂f,f =

∫
Ω
(id ◦m)|f |2dµ = (m · f, f) = (Tf, f).
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Therefore, since both maps are symmetric,
∫
R id dP̂ = T , and so P̂ forms a spectral resolution for

T .

We now show that P̂ can be pulled back through U .

Proposition 0.3. For any V ∈ Borel(R) and x ∈ U(H), P̂ (V )x ∈ U(H).

Proof. It is sufficient to show the property for intervals of the form [a, b] for a, b ∈ R. Indeed, if

that can be shown, then for any f ∈ U(H), g ∈ U(H)⊥, we have µ̂f,g([a, b]) = 0 for any real a

and b. Since such intervals generate Borel(R), and the measure is finite, we get, for any Borel set

V , µ̂f,g(V ) = 0, and so P̂ (V )f ∈ (U(H)⊥)⊥ = U(H).

So, let f ∈ U(H) and a, b ∈ R. For k ∈ N, let f ′k = 1m−1([−k,k])f and fk = projU(H) f
′
k.

Then, for any n ∈ N:

∫
Ω
|mn · f ′k|2dµ =

∫
m−1([−k,k])

|m|2n|f |2dµ ≤ k2n∥f∥2.

Therefore, inductively, for any natural n, we have f ′k ∈ dom(Tn). Furthermore, still using

induction, we can show U(H) reduces for Tn as well. Thus, for any n ∈ N, fk ∈ dom(Tn) and

mn · fk = Tnfk = projU(H) T
nf ′k ∈ U(H). Using linearity, we have, for any real polynomial p,

(p ◦m) · fk = projU(H)(p ◦m · f ′k) ∈ U(H).

Using continuous functions and Stone-Weierstrass theorem as intermediaries, we can find a

sequence (pn)n∈N of real polynomials such that |pn(x)| ≤ 2 for every x ∈ [−k, k], and pn(x) →

1[a,b](x) for every x ∈ R. Since (pn◦m) ·f ′k is dominated by 2|f ′k|, it converges to (1[a,b]◦m) ·f ′k =

1m−1([a,b]) · f ′k in L2(Ω) by the dominated convergence theorem.

Then, since projU(H) is a bounded operator, we have (pn◦m)·fk converges to projU(H) 1m−1([a,b])·

f ′k in L2(Ω). But we also have that (pn ◦m) · fk converges punctually to 1m−1([a,b]) · fk. Since any

convergent sequence in L2(Ω) has a subsequence that converges punctually almost everywhere to

the L2 limit, we conclude that as L2 functions, 1m−1([a,b]) · fk = projU(H) 1m−1([a,b]) · f ′k ∈ U(H).
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But then, since f = limk→∞ f ′k in L2(Ω) by the monotonic convergence theorem, we have

f = projU(H) f = lim
k→∞

fk

1m−1([a,b]) · f = lim
k→∞

1m−1([a,b])fk.

And so we conclude 1m−1([a,b]) · f ∈ U(H).

We then show, proving the theorem of this section:

Theorem 0.2 (Induced spectral resolution). We have that the function P := U∗P̂ (·)U is a well-

defined projection-valued measure on H , forming a spectral resolution of A.

Proof. We must first show that for V ∈ Borel(R), P (V ) is a self-adjoint projection on H . P (V )

is indeed a well-defined operator on H , and since all operators involved are bounded, P (V )∗ =

U∗P̂ (V )∗U∗∗ = U∗P̂ (V )U = P (V ) is self-adjoint. Furthermore, since (P̂ (V )U)(H) ⊂ U(H)

by the previous proposition:

P (V )2 = U∗P̂ (V )UU∗P̂ (V )U = U∗P̂ (V ) projU(H) P̂ (V )U

= U∗P̂ (V )P̂ (V )U = U∗P̂ (V )U = P (V ).

And so, P (V ) is a self-adjoint projection on H . Furthermore:

• P (∅) = U∗ ◦ 0 ◦ U = 0, and P (R) = U∗U = id.

• For any V1, V2 in Borel(R),

P (V1 ∩ V2) = U∗P̂ (V1)P̂ (V2)U = U∗P̂ (V1) projU(H) P̂ (V2)U = P (V1)P (V2).

• Since L → U∗LU ∈ B(B(L2(Ω)), B(H)), we have that whenever (Vn)n∈N is a pairwise

disjoint sequence in Borel(R), P (
⊔

n∈N Vn) =
∑

n∈N P (Vn).

And so, P is a projection valued measure on H . Furthermore, for any x, y ∈ H and V ∈

Borel(R), µx,y(V ) = (P (V )x, y) = (P̂ (V )Ux,Uy) = µ̂Ux,Uy(V ). Therefore, µx,y = µ̂Ux,Uy

holds for any x, y ∈ H .
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For any x in H , x ∈ dom(
∫
R id dP ) if and only if Ux ∈ dom(

∫
R id dP̂ ) = dom(T ), which

holds if and only if x ∈ dom(T ◦ U) = dom(A). Therefore, dom(
∫
R id dP ) = dom(A). Further-

more, for any x ∈ dom(A) and y ∈ H:

(

∫
R
id dPx, y) =

∫
R
id dµx,y =

∫
R
id dµ̂Ux,Uy = (

∫
R
id dP̂Ux, Uy)

= (TUx,Uy) = (UAx,Uy) = (Ax, y).

Therefore, we have
∫
R id dP = A, concluding the proof.
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