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Abstract 

Experimental and numerical investigations on compressive and tensile responses of 

heterogeneous soils in cold environments 
 

Sohail Akhtar, Ph.D. 

Concordia University, 2025 

Climate change is profoundly affecting permafrost regions, posing significant challenges to 

infrastructure stability. As global temperatures rise, permafrost thaws, leading to ground 

subsidence and compromising structures such as roads, pipelines, and buildings. Understanding 

soil behavior under thermo-mechanical forces is crucial for designing resilient engineering 

solutions. This thesis offers a comprehensive study of the thermo-mechanical behavior of cold-

region soils through experimental data and numerical analyses under compression, tension, and 

triaxial conditions. The research investigates temperature-dependent strength variations, effective 

measurement techniques for the tensile behavior of frozen soil, and the rheological and residual 

strength characteristics of lime-treated (L-soil) and untreated natural soil (N-soil) from northern 

Quebec, Canada, after freeze-thaw cycles. The key contributions of this work include: (I) 

identifying effective and reliable techniques for quantifying tensile strength; (II) determining the 

critical number of freeze-thaw cycles to predict residual strength in L-soil and N-soil; (III) 

analyzing failure modes and stress behavior in L-soil and N-soil under varying confining stresses 

and thermal conditions; (IV) accurately modeling visco-elastic, visco-plastic, and creep behavior 

of compressive and tensile strength using finite element methods; and (V) calibrating triaxial 

testing approaches against experimental data. Finally, this study simulates the damage initiation 

and crack propagation in uniaxial compressive test and indirect tensile test using damage XFEM 

model in finite element-based software package (Abaqus). Findings emphasize the importance of 
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considering time-dependent strength degradation, analyzing the complex behavior of frozen soil 

due to interactions between frozen and unfrozen water, and quantifying tensile strength with 

minimal local plastic deformation. The research also highlights the benefits, drawbacks, and 

challenges of using lime to enhance soil residual strength in cold climates. 

Despite significant advancements, the research acknowledges limitations, such as the need for 

microscopic studies of unfrozen pore water and ice interactions, scanning electron microscopy 

(SEM) analyses of lime, silt, fine sand, and clay particle interactions, and broader validation efforts 

for real-world scenarios. Recommendations for future work include micro-level soil sample 

studies, dynamic and creep loading tests under various temperature and moisture conditions, 

modifying hyperbolic Drucker-Prager modeling to account for temperature-dependent parameters, 

conducting long-term studies, and integrating field data to enhance model accuracy and 

applicability. 

Keywords: Frozen soil mechanics, Thermo-mechanical behavior, Freeze-thaw cycles, Double 

punch tensile strength, Lime-treated soil, Numerical modeling in geomechanics, Extended Finite 

Element Method (XFEM), Cold region engineering.  
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 Introduction 

 

1.1 Context and Inspiration for the Study 

The physio-mechanical behavior of frozen soil is highly sensitive to temperature, confining 

pressure, loading rate, and the presence of unfrozen bound water. As the temperature increases, 

the amount of unfrozen water (including bound water and pore-free water) in the soil decreases, 

leading to complex nonlinear mechanical behavior such as viscoelasticity, viscoplasticity, and 

post-peak shear softening. The residual strength of frozen soil after thawing and the effects of 

freeze-thaw cycles on soil stability are critical concerns, particularly in the context of climate 

change and infrastructure durability. Rising global temperatures accelerate permafrost thaw and 

seasonal frost degradation, compromising the structural integrity of frozen ground. This poses 

significant challenges for civil engineering, geotechnical stability, and environmental impact 

assessments, especially in cold regions where roads, pipelines, and buildings depend on frozen soil 

for stability. Repeated freeze-thaw cycles further weaken soil strength by altering its pore structure, 

water content, and particle bonding, resulting in settlement, erosion, and reduced load-bearing 

capacity. These processes necessitate a thorough understanding of residual soil strength to develop 

resilient infrastructure and mitigate risks associated with permafrost degradation and seasonal 

frost. 
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Recently, there has been a notable rise in construction projects involving frozen ground, including 

natural foundations, highways, and railways. Additionally, the use of artificial ground freezing 

(AGF) in mining and tunneling engineering has become increasingly common (Xu et al. 2019). 

However, various construction challenges have emerged both during and after project completion 

due to the deformation of frozen materials. Changes in the mechanical properties of these 

materials, influenced by climate variations and environmental factors, contribute to significant 

engineering and environmental issues, such as infrastructure damage, slope instability, and land 

subsidence (Chen et al. 2023). For example, Figure 1-1a illustrates the uplift of a pipeline by 

approximately 1.1 meters due to frost heave. Figure 1-1b depicts a longitudinal crack in a highway 

caused by tensile stresses induced by frost heaving. Additionally, Figure 1-2 shows cracks and 

warping in the runway and taxiways at Iqaluit International Airport resulting from permafrost 

thaw. 

 
Figure 1-1 Deformation of infrastructure in cold regions; a) Pipe uplifting of norman wells (Nixon and Burgess 

1999); b) longitudinal thermal crack (Doré and Zubeck 2009). 
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Figure 1-2 Ground settlement due to freezing-thawing action on the taxiway of Iqaluit International Airport (Natural 

Resources Canada 2017). 

Frozen soil is widely distributed across the globe, with permafrost covering approximately 21.8% 

of the land area in the Northern Hemisphere (Obu et al. 2019) (Figure 1-3). During the coldest 

month of winter, nearly 50% of the land area is covered by frozen soil (Chen et al. 2023). Canada, 

as a member of the United Nations, is actively implementing decarbonization strategies to achieve 

the Sustainable Development Goals by 2030. Understanding the mechanical behavior and 

properties of frozen soils, such as strength, deformation, and creep is crucial for the investigation, 

design, construction, and operation of engineering projects in cold regions, particularly as these 

environments experience gradual degradation due to climate change and human activities. 
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Figure 1-3 Permafrost distribution and zonation according to modeled permafrost probability, reflecting the 

proportion of permafrost underlying each 1 km² pixel (Obu et al. 2019). 

Currently, there is a lack of comprehensive studies on the residual strength of frozen soil after 

thawing, as well as the threshold of bearing capacity in cold regions following freeze-thaw cycles. 

Additionally, existing numerical modeling tools are limited in their ability to accurately simulate 

deformation processes in both saturated and unsaturated frozen soils. Understanding the residual 

strength threshold and changes in failure patterns of soils in cold regions is crucial for engineers 

and the construction industry to mitigate climate-induced infrastructure damage and minimize 

geotechnical risks. Reliable models are essential for accurately quantifying freeze-thaw effects in 

soils, which are complex porous media composed of solid soil particles, ice, liquid water, and air. 

Therefore, a deeper understanding of frozen soil behavior is critical for improving infrastructure 

resilience in cold environments. 
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Frozen soils consist of a mixture of soil particles, water, ice, and air. They naturally occur in the 

seasonal frozen and permafrost layers of Arctic and subarctic regions, as well as in loess sediments. 

Areas such as Siberia, Canada, Greenland, Antarctica, and Alaska, located in both the Northern 

and Southern Hemispheres, experience prolonged freezing temperatures (Kadivar and Manahiloh 

2019). Additionally, the application of artificial ground freezing in civil and mining projects has 

recently increased as a method to control ground and groundwater movement. Frozen soils are 

generally classified into two categories: saturated, where air is absent, and unsaturated, where air 

is present within the soil matrix. 

The thermo-mechanical behavior of both untreated natural soil (N-soil) and lime-treated soil (L-

soil) under freeze-thaw cycles, varying loading rates, temperatures, and confining pressures has 

been studied from multiple perspectives. Given that frozen soils are heterogeneous materials that 

retain free porewater even at low temperatures, their mechanical behavior is highly sensitive and 

complex under loading conditions. This study aims to develop an effective method for measuring 

the tensile strength of frozen soil, identify the residual strength threshold after freeze-thaw cycles, 

investigate the response of soil under varying temperature and confining pressure conditions, and 

calibrate finite element-based numerical models against experimental data for both N-soil and L-

soil. These insights will contribute to a better understanding of frozen soil mechanics and improve 

predictive modeling for engineering applications in cold regions. 

1.2 Objectives and scope 

This study aims to address the following issues: 

1- To establish an effective tensile strength testing technique for frozen soil that minimizes local 

plastic deformation and accurately determines the lower bound tensile strength, focusing on 

laboratory-based methods relevant to cold region geotechnical applications. 
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2- To determine the threshold number of freeze-thaw cycles required to reach residual strength in 

both N-soil and L-soil, using unconfined compressive strength and double punch tensile 

strength tests. 

3- Experimental analysis of thermo-mechanical behaviour of N-soil and L-soil under temperature 

control triaxial tests at various temperatures, confining pressures and loading rates. 

4- To calibrate the hyperbolic Drucker-Prager model using experimental data from double punch 

tensile, unconfined compressive strength, and triaxial tests, in order to evaluate its 

effectiveness in simulating the complex stress-strain behavior of frozen untreated and lime-

treated soils, including instantaneous and visco-elastic responses, non-linear plasticity, peak 

and post-peak behavior, as well as incorporating time-dependent creep behavior under high 

loading rates. 

5- To utilize and calibrate extended finite element method (XFEM) damage models in Abaqus 

against experimental data, in order to accurately capture damage patterns, crack initiation, and 

propagation in frozen soils under unconfined compressive strength and double punch tensile 

strength tests. 

1.3 Original contribution  

This research introduces several original contributions to the quantifying rheological behavior of 

frozen soil and its residual strength: 

1.3.1 Numerical model for time-dependent uniaxial compression: 

This study focuses on calibrating Abaqus-based numerical simulations with laboratory 

experiments to accurately capture the strain hardening, post-peak softening, and stress relaxation 

behavior of frozen sandy clay. It explicitly integrates strain rate- and temperature-dependent 

functions to characterize plastic hardening. Furthermore, the study distinguishes between short-
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term rate-dependent behavior, governed by strain hardening, and long-term stress relaxation, 

controlled by creep deformation. The findings emphasize that creep deformation plays a critical 

role in prolonged stress relaxation scenarios, making it a key factor in understanding the long-term 

mechanical behavior of frozen soils. 

1.3.2 Identifying effective tensile testing technique for frozen soil: 

In this study, the Double Punch Tensile Strength Test is identified as a conservative yet reliable 

technique for measuring the tensile strength of frozen soil. It ensures consistent contact area 

throughout the test, leading to more accurate and reproducible results. Additionally, this method 

helps determine the effective specimen size for tensile testing, optimizing experimental accuracy. 

By integrating laboratory testing with finite element modeling, this study enhances our 

understanding of tensile failure mechanisms in frozen soils. This combined approach contributes 

valuable insights to both experimental and computational geomechanics, improving predictive 

modeling and the design of engineering structures in cold regions. 

1.3.3 Frozen soil residual strength improvement: 

This study examines the mechanical response of lime-treated silty clay under varying freeze-thaw 

cycles. It quantifies both the degradation and subsequent recovery of strength, which is crucial for 

assessing the long-term performance of stabilized soils in cold climates. A key finding is the 

identification of a freeze-thaw cycle threshold, representing the point of maximum strength 

degradation. Beyond this threshold, the soil begins to exhibit strength recovery, providing valuable 

insights into its resilience and long-term stability. These findings contribute to the optimization of 

soil stabilization techniques for infrastructure durability in cold regions. 
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1.3.4 Predicting cold-region soil behavior treated with lime: 

This study investigates the compressive, tensile, and shear strength of lime-treated silty clay under 

varying temperature and stress conditions, providing a comprehensive understanding of its 

mechanical behavior. It successfully employs the Hyperbolic DruckerïPrager model to simulate 

the response of lime-treated silty clay under different stress paths and temperature conditions. 

Additionally, the study effectively models damage initiation and crack propagation, marking a 

significant advancement in simulating brittle failure in frozen lime-treated soil. These findings 

enhance the predictive capabilities of numerical models, improving the reliability of geotechnical 

assessments in cold regions. 

1.4 Thesis organization 

This thesis follows a manuscript-based format, with four of the seven chapters consisting of journal 

article manuscripts that have either been published or are under review, as outlined in the list of 

publications. Excluding this chapter, the thesis is organized as follows: 

Chapter 2 presents a comprehensive literature review, outlining the key challenges in the field and 

proposing experimental and numerical approaches to address them. This chapter establishes the 

foundational context for the study by synthesizing existing research and identifying critical 

knowledge gaps. 

Chapter 3 explores the development and calibration of a finite element-based numerical model 

using experimental data under unconfined compressive stress. It emphasizes the accuracy and 

effectiveness of the Hyperbolic DruckerïPrager model combined with the SinghïMitchell creep 

model in capturing key mechanical behaviors, including strain hardening, post-peak softening, and 
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stress relaxation. This chapter demonstrates the modelôs capability to simulate the complex 

mechanical response of frozen soils under varying loading conditions.  

Chapter 4 identifies the most effective testing technique for accurately capturing the tensile 

strength behavior of frozen soil. The study demonstrates that the Double Punch Test maintains a 

consistent contact area throughout the testing process, leading to more reliable results up to the 

complete failure stage. This chapter highlights the advantages of the method in minimizing 

variability and improving the accuracy of tensile strength measurements in frozen soils. 

Chapter 5 examines the thermo-mechanical behavior of lime-treated soil subjected to freeze-thaw 

cycles. The study identifies the threshold number of freeze-thaw cycles that results in maximum 

deformation while ensuring reliable residual strength under both compression and tension tests. 

These findings contribute to a better understanding of soil stabilization techniques and their 

effectiveness in cold environments. 

Chapter 6 evaluates both experimental and numerical investigations of the mechanical behavior of 

lime-treated silty clay under varying stress paths and temperature conditions. The study also 

focuses on the calibration of a finite element-based numerical model and damage models using 

experimental data to accurately replicate failure patterns. These advancements enhance the 

predictive capability of numerical simulations, improving the understanding and forecasting of soil 

behavior in cold environments. 

Chapter 7 synthesizes the key findings of the research, highlighting the major contributions to the 

understanding of frozen soil behavior. It also identifies the limitations encountered during the 

study and provides recommendations for future research to further improve the understanding and 

modeling of frozen soils. This chapter serves as a conclusion, outlining potential directions for 
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advancing experimental methods and numerical simulations in geotechnical engineering for cold 

environments.  
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 Literature review 

 

2.1 Introduction  

This section provides a comprehensive review of existing literature on the behavior and 

applications of frozen soil. By examining various aspects of frozen soil research, it aims to 

establish a solid foundation for understanding the complexities involved in studying and utilizing 

frozen soils, particularly in the context of climate change and engineering applications. This review 

highlights key challenges, advancements, and knowledge gaps, guiding future research and 

practical implementations. 

2.2 Thermo-mechanical behavior of frozen soil 

Research on frozen soil dates back to the first half of the 20th century, with early studies primarily 

focusing on determining the bearing capacity of frozen ground while considering its long-term 

stability (Arenson et al. 2007). Interest in frozen soil mechanics, including seasonally frozen soil, 

permafrost, and artificially frozen ground, grew as construction activities expanded to support 

national development. Frozen soil is defined as soil that contains a fraction of ice, with the system's 

prevailing temperature at or below 0°C (Lai et al. 2013). This definition underscores the thermo-

mechanical complexity of frozen soils, making them a critical area of study in geotechnical and 

environmental engineering. 

Frozen soil is a complex, heterogeneous mixture composed of clay particles, non-clay particles, 

unfrozen water, frozen pore ice, and/or air bubbles (Figure 2-1). It occurs naturally in various 
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geographical regions, including seasonally frozen and permafrost layers, Arctic and subarctic 

zones, and loess sediments, all of which experience prolonged freezing temperatures (Kadivar and 

Manahiloh 2019). In addition to its natural occurrence, the use of Artificial Ground Freezing 

(AGF) has recently increased in civil engineering applications, such as tunneling, pipeline 

installation, mining, and slope stabilization. AGF is employed to temporarily enhance soil bearing 

capacity and control ground and groundwater movement (Vitel et al. 2015, Xu et al. 2019). 

However, cyclic freezing and thawing processes introduce significant risks, including 

infrastructure damage, land subsidence, and borehole failures. These concerns are further 

exacerbated by climate change, which is leading to more frequent and severe weather events, 

intensifying the challenges associated with frozen soil stability (Na and Sun 2017). Frozen soils 

are classified into two categories: saturated, which lack air, and unsaturated, where air is present 

within the medium. In both cases, freezing processes can lead to frost heave, causing an expansion 

of soil volume. Frost heave occurs due to increased water migration and crystallization during 

freezing, which separates soil particles. This phenomenon poses significant risks in cold regions, 

often resulting in engineering failures such as pipe ruptures and foundation damage. Extensive 

research has been conducted to quantify the mechanical behaviors of frozen soils, including tensile 

strength, compressive strength, modulus of elasticity, and Poissonôs ratio, as well as to characterize 

deformation behavior. Studies have specifically investigated frozen silty soil (Ladanyi 1972, Zhu 

and Carbee 1984, Akagawa and Nishisato 2009, Azmatch et al. 2010, 2011, Xu et al. 2017b, Ming 

et al. 2017, Kadivar and Manahiloh 2019), clayey soil (Andersland and Akili 1967, Zhao et al. 

2009, Kadivar and Manahiloh 2019), helin loess (Chou et al. 2013, Xu et al. 2017b), and sandy 

soil (Bragg and Andersland 1981, Arenson et al. 2007). These studies have consistently shown 

that as temperature decreases, the strength of frozen soil increases. However, the strength is highly 
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sensitive to water content and strain rate. Further investigations by Parameswaran and Jones 

(Parameswaran and Jones 1981), Ladanyi and Benyamina (Ladanyi and Benyamina 1995), 

Esmaeilli-Falak et al. (Esmaeili-Falak et al. 2018, 2020), Xu et al. (Xu et al. 2019), Kadivar and 

Manahiloh (Kadivar and Manahiloh 2019), and Zhou et al. (Zhou et al. 2020), focused on shear 

failure mechanisms and shear strength quantification of frozen soil using triaxial shear 

compression tests. These studies revealed that the ice fraction in frozen soil enhances cohesive 

strength and elasticity, making it highly sensitive to confining pressure. Strength increases with 

confining pressure up to a critical threshold, beyond which it begins to decrease due to pressure 

melting and the crushing of cemented bonds between ice and solid particles. For frozen loess, 

(Zhou et al. 2018) determined that this inflection point occurs at 7 MPa at -6°C, although it remains 

highly dependent on unfrozen water content and soil type. A comprehensive understanding of the 

mechanical behavior of frozen clay soils is crucial for assessing geological hazards, such as 

permafrost slumps, infrastructure damage due to seasonal freeze-thaw cycles, and artificial ground 

freezing applications in engineering projects (Andersland and Ladanyi 1994, Wang et al. 2016, 

Girgis et al. 2020, An et al. 2022, Ma et al. 2023). 

 
Figure 2-1 Schematic view of frozen soil matrix (Zhou and Li 2012, Kadivar and Manahiloh 2019). {The effect of 

air bubbles is not considerable in saturated soils}  

Previous research has shown that the physio-mechanical behavior of frozen clayey soil is highly 

sensitive to temperature, confining pressure, loading rate, and unfrozen bound water content (Zhou 

Generalized field situation Idealized field situation Idealized lab situation
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et al. 2018, Girgis et al. 2020). As temperature increases, the amount of available unfrozen water 

(including bound water and free pore water) in clay soil decreases, inducing complex nonlinear 

mechanical behavior, such as viscoelasticity, viscoplasticity, and post-peak shear softening. The 

brittle pre-peak and post-peak softening behavior of frozen soil is significantly influenced by 

temperature and deformation rate. However, clayey soils retain more unfrozen water than silty 

soils due to the higher water-holding capacity of clay particles, even at lower freezing temperatures 

(Nixon 1992, Esmaeili-Falak et al. 2018). This characteristic makes clayey frozen soils more 

susceptible to temperature-dependent mechanical variations. According to the studies of Kadivar 

and Manahiloh (Kadivar and Manahiloh 2019), and Girgis et al. (Girgis et al. 2020), pressure 

melting in frozen soil, caused by stress concentration and higher loading rates, leads to reduced 

mechanical strength and post-peak softening behavior, as illustrated in Figure 2-2 and Figure 2-3. 

Similarly, finding of research studies by Nixon (Nixon 1992) and Esmaeilli-Falak et al. (Esmaeili-

Falak et al. 2020) confirm that clay retains a higher percentage of unfrozen water than silt, even at 

lower temperatures. This finding emphasizes the importance of bound water in frozen clay 

minerals, which cannot be treated the same way as non-clay minerals in frozen soils. Therefore, in 

this study, the role of unfrozen water content will be separately analyzed for clay and non-clay 

minerals, as illustrated in Figure 2-4. Several researchers have examined the time-dependent 

microstructural response of frozen soil (Zhou et al. 2018, Wang et al. 2019c). Initially, the applied 

load is resisted by the frozen pore ice, which, under stress, undergoes melting and fracturing. 

Depending on the loading rate, this behavior can be ductile or brittle. As the ice weakens, 

interparticle effective interactions between solid grains take over, counteracting further 

deformation. If the load continues to increase, it eventually leads to particle-level deformation, 

grain rearrangement, and finally lead to failure, as demonstrated in Figures 2-2 and 2-3. It is worth 
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noting that microstructural response dictates the overall deformation behavior of frozen soil. 

Research conducted by Ghoreishian Amiri and Grimstad (Ghoreishian Amiri and Grimstad 2017), 

Hou et al. (Hou et al. 2018), Li et al. (Li et al. 2018), and Wang et al. (Wang et al. 2019b) has 

shown that deformation in frozen soil follows a progressive sequence; Instantaneous elastic and 

plastic deformation, followed by viscoelastic deformation of pore ice, and viscoplastic deformation 

of solid grains, leading to the failure stage (Figure 8). The creep behavior of frozen soil consists 

of three distinct stages: (I) Primary (attenuation) stage where the strain rate decreases, while creep 

strain increases; (II) Secondary (steady) stage where the strain rate remains constant, and creep 

strain increases steadily over time; and (III) Tertiary (acceleration) stage where the strain rate and 

creep strain increase rapidly, leading to failure, as provided in Figure 2-5. As time progresses, the 

sample undergoes progressive damage, ultimately failing completely. If the loading rate is too high 

or the applied stress exceeds the long-term strength of the soil, a post-peak softening behavior will 

emerge. These findings highlight the critical role of strain rate, temperature, and unfrozen water 

content in the mechanical behavior of frozen soils, which must be carefully considered in 

geotechnical engineering applications. 

 

Frozen water
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Figure 2-2 Schematic view of time-dependent micro-structural damage in frozen soil. 

 
Figure 2-3 Schematic view of The response of frozen soil during the shearing stage as influenced by ice content and 

strain rate, after (Kadivar and Manahiloh 2019). 

 
Figure 2-4 Plots for showing phase transition between unfrozen and frozen water content with respect to 

temperature, after (Nixon 1991). 
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Figure 2-5 Schematic view of creep deformation (Li et al. 2018) . 

2.3 Numerical modeling in cold region 

Achieving a comprehensive understanding of the rate-dependent behavior of frozen clay soils and 

its correlation with temperature requires a large number of specimens with similar compositions 

and microstructures. However, obtaining in-situ frozen soil samples presents significant challenges 

due to complex procedures, which hinder theoretical studies of their behavior. Furthermore, 

laboratory tests provide limited characterization, and uncertainties persist regarding the intrinsic 

anisotropic properties of frozen soil samples with varying mineralogy. To overcome these 

challenges, researchers have increasingly turned to finite element-based numerical modeling to 

determine the equivalent properties of heterogeneous media like frozen soils. These models 

consider key variables such as loading rate, time, stress history, and temperature. Numerical 

modeling serves as a powerful tool in soil mechanics, complementing experimental laboratory 

work by enhancing our ability to analyze, predict, and optimize soil behavior under diverse 

conditions. Additionally, it reduces material costs and minimizes the need for extensive trial-and-

error experiments. Several studies have been conducted to model frozen soil behavior using 

numerical approaches (Puswewala and Rajapakse 1990, Zhang et al. 2016a, Akhtar and Li 2020b, 

2024b, Shastri et al. 2021, Sweidan et al. 2022, Suh and Sun 2022, Li and Akhtar 2022). 

Additionally, significant research has focused on frozen soil-structure interactions (Selvadurai et 
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al. 1999a, 1999b, Liu et al. 2008b, Akhtar and Li 2019, 2020b, Wang et al. 2023, Bian and Wang 

2024). These studies have contributed to advancing numerical modeling techniques, improving the 

predictive accuracy of frozen soil behavior, and enhancing the design and performance of 

infrastructure in cold regions. 

Furthermore, numerical modeling is a powerful and effective approach for capturing the complex 

nonlinear thermo-hydro-mechanical behavior of frozen soil. Several studies have demonstrated the 

capability of numerical models to accurately simulate stress behavior, deformation patterns, and 

environmental influences in frozen geomaterials. For instance, Shastri et al. (Shastri et al. 2021) 

investigated the mechanical behavior of natural frozen soils from Alaska, covering a wide 

temperature range (ī6ÁC < T < ī26ÁC) and confining pressures (0 Ů ů  Ů 54.6 MPa). They 

applied an elastoplastic model within a coupled thermo-hydro-mechanical finite element 

framework to analyze experimental data from natural frozen soil samples (Figure 2-6). Their 

results indicate that the numerical model effectively captures stress behavior and deformation 

paths, particularly at very low temperatures. Similarly, Xu et al. (Xu et al. 2022) developed a 

coupled numerical model to simulate seepage and temperature fields in frozen soils. Their study 

identified four key factors affecting the freezing temperature field; (I) Groundwater flow rate; (II) 

Frozen pipe spacing; (III) Frozen pipe diameter; and (IV) Initial ground temperature. They 

concluded that while groundwater flow rate influences the frozen temperature field, its impact can 

be mitigated under controlled conditions. 
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Figure 2-6 Comparison of validation, model, and experimental results for deviatoric stress (top) and volumetric 

strain (bottom) as functions of axial strain. Triaxial tests conducted at T = -26 °C under two confining pressures: (a) 

ů  = 7.2 MPa and (b) ů  = 34 MPa (Shastri et al. 2021). 

For frozen geomaterials, a numerical homogenization approach is required to accurately account 

for the interfacial effects between frozen and unfrozen media. Woo and Go (Woo and Go 2024) 

numerically evaluated the mechanical behavior of a retaining wall subjected to frost heave in frost-

susceptible soil. Their study included a comparative analysis of the interaction between frost-

heaved soil and the retaining wall structure, considering factors, such as initial groundwater level 

in the backfill and presence or absence of drainage material. Their numerical model successfully 

captured frost heave and frost depth (Figure 2-7), demonstrating the importance of hydrothermal 

effects in geotechnical structures. In another study, Zhang et al. (Zhang et al. 2016a) conducted 

numerical simulations of frozen soil under impact loading. They validated their model by 

comparing numerical analysis outputs against experimental data (Figure 2-8), demonstrating the 

effectiveness of numerical approaches in capturing impact-induced deformations. Additionally, 

Akhtar and Li (Akhtar and Li 2020b) performed numerical analysis of a laboratory experiment by 

Liu et al. (2008) on pipeline uplift resistance in frozen soil. Their study identified complex tensile 

and shear deformation mechanisms under uplift loading conditions, further emphasizing the 

necessity of accurate numerical modeling (Figure 2-9). More recently, Akhtar and Li (Akhtar and 
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Li 2024b) conducted numerical model calibration using experimental data on the time-dependent 

behavior of frozen clay soils over a temperature range of 0°C to -15°C. Their study (Figure 2-10) 

highlights the significance of incorporating time-dependent material properties to improve 

numerical predictions of frozen soil behavior. 

 
Figure 2-7 Comparison of results from the one-dimensional frost heave test under stepwise freezing conditions 

(Woo and Go 2024). 
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Figure 2-8 Comparison of experimental and numerical simulation curves at different strain rates (Zhang et al. 

2016a). 
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Figure 2-9 Comparison of experimental and numerical simulation (Liu et al. 2008a, Akhtar and Li 2020b). 
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Figure 2-10 Measured and modeled stressïstrain curves under cyclic loading and stress relaxation conditions (T= ī 

15 °C, loading rate =9 mm/min (Akhtar and Li 2024b). 

Overall, these studies demonstrate that numerical modeling is an essential tool for simulating the 

multi-physics interactions in frozen soils, enabling better prediction, design, and optimization of 

geotechnical systems in cold regions.   

2.4 Utilization of lime for soil stabilization 

Lime stabilization is one of the most widely used soil improvement techniques globally. This 

process causes clay particles to bond together, forming larger aggregates (Broderick and Daniel 

1990). Today, lime stabilization is extensively applied in various infrastructure projects, including 

highways, railways, airports, embankments, foundation bases, slope protection, canal linings, and 

more (Wilkinson et al. 2010). The effectiveness of lime treatment depends on various factors, 

including soil granulometry (Broms 1991, Cabane 2004), clay mineralogy (specifically the type 
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and proportion of minerals in the fine fraction) (Mitchell and Hooper 1961, Bell 1996, Al-Mukhtar 

et al. 2014), the silica-to-alumina structure, and related properties such as specific surface area and 

cation exchange capacity (Mitchell and Soga 2005). Additionally, lime stabilization significantly 

reduces environmental impacts during both construction and the operational phase of access road 

pavements. It minimizes excavation and compaction requirements while preserving visual 

aesthetics during construction. Furthermore, the reduced cut-and-fill volumes during construction 

help mitigate damage to rock quarries. In studies conducted by Kavak (Kavak 1996), lime 

stabilization was applied to pure bentonite and kaolinite clays, and their unconfined compressive 

strengths were analyzed. The results indicated that the unconfined compressive strength increased 

by six times for bentonite and twelve times for kaolinite within one month. Long-term curing 

further enhanced the strength of these samples. Similarly, research by Kavak and Akyrli (Kavak 

and Akyarlē 2007) demonstrated that the compressive strength of lime-stabilized brown clay 

increased by 3.8 times within seven days and by 4.7 times after one year. Additionally, the 

deformation at failure was reduced from 3% to 1%, as illustrated in Figure 2-11. 



25 

25 

 

 
Figure 2-11 Axial stress vs axial strain plot for treated and untreated soil (Kavak and Akyarlē 2007). 

Laboratory studies indicate that the number of freeze-thaw (F-T) cycles, freezing rates, and stress 

conditions have the most significant impact on changes in hydraulic conductivity. As the rate of 

freezing and the number of F-T cycles increase, and as the overburden pressure decreases, 

hydraulic conductivity tends to rise. Other factors, such as the ultimate temperature, dimensionality 

of freezing, and availability of an external water supply, appear to have minimal influence on 

changes in hydraulic conductivity (Yēldēz and Soĵancē 2012). It is well established that extreme 

ground temperature fluctuations, such as those caused by F-T cycles, significantly affect the 

geotechnical properties of soil. Previous research has consistently demonstrated that freeze-thaw 

cycles lead to a noticeable reduction in soil stability (Simonsen and Isacsson 1999, Xu et al. 2019). 

The behavior of clay materials under F-T conditions is complex and depends on various 

parameters, including the type of clay mineral (kaolinite, illite, or montmorillonite), degree of 

saturation, duration, and amplitude of the F-T cycles (Wang et al. 2007, Svensson and Hansen 

2010, Cui et al. 2014). Pousette et al. (Pousette et al. 1999) reported that F-T cycles adversely 

affect strength gain in various types of peat with moisture contents around 200%. Their study 



26 

26 

 

revealed that stabilized peat samples subjected to eight F-T cycles (ī10 ÁC/+20 ÁC) lost 

approximately 30% of their strength compared to samples that were not exposed to these cycles. 

Similarly, Thompson and Dempsey (Thompson 1968) found that if sufficient lime is available, 

pozzolanic reactions continue under favorable conditions. 

In cold regions, the mechanical properties of soils are severely impacted by ice lens formation 

between particles during freezing and the excess water produced during thawing (Konrad 1989). 

These effects can significantly weaken the strength and bearing capacity of foundation soils (Wang 

et al. 2007, Kamei et al. 2012, Aldaood et al. 2014). According to Lee et al. (Lee et al. 1995), 

cohesive soils with a uniaxial compressive strength (UCS) below 55 kPa exhibit negligible effects 

from F-T cycles, whereas soils with a UCS exceeding 103 kPa experience a reduction of more than 

50% in resilient modulus due to the freeze-thaw process. 

Parsons and Milburn (Parsons and Milburn 2003) observed that soil samples subjected to 12 F-T 

cycles exhibited weight losses ranging from 2% to 41%, primarily due to microscale soil-particle 

separation caused by ice pressure within soil pores. The volume expansion of freezing water 

increases pore pressure, reducing particle cohesion and soil strength, ultimately making the soil 

more susceptible to erosion. Among various soil stabilization methods, cement-treated soils 

exhibited the least weight loss (2%ï7%), while lime-treated samples, particularly those with lean 

clay, experienced the greatest losses. Fly ash-treated soils exhibited intermediate losses, ranging 

from 7% to 19%. 

Given the uncertainty in the mechanical response observed in the aforementioned studies, it is 

crucial to explore existing research gaps and identify key missing variables related to lime-soil 

interactions, which this study aims to investigate. 
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2.5 Climate change and permafrost degradation in north of Quebec 

Climate change-induced permafrost degradation presents a significant environmental and 

geological challenge in Arctic and subarctic regions, as exemplified by areas such as Umiujaq and 

Nunavik in Quebec, Canada. Rising temperatures accelerate permafrost thaw, leading to profound 

impacts on slope stability, hydrology, and local ecosystems. In steep bedrock areas, permafrost 

thaw can trigger slope instability, resulting in sudden and severe destabilization (Gruber and 

Haeberli 2007). Permafrost degradation also threatens infrastructure, particularly roads and 

airstrips, which were designed and constructed without accounting for the long-term effects of 

climate warming. In many cases, permafrost was assumed to be stable at the time of construction, 

but increasing temperatures now compromise the structural and functional integrity of these 

facilities. For instance, settlement and cracking patterns observed at Iqaluit Airport in Iqaluit, 

Nunavut, Canada, illustrate the impact of underlying permafrost degradation on the runway 

(Fortier et al. 2011, Natural Resources Canada 2017). Structural distress, including thaw settlement 

and cracking, is commonly observed in areas where permafrost is deteriorating (Figure). On the 

Qinghai-Tibet Plateau (QTP), the damage ratio (the proportion of damaged road sections relative 

to the total length) exceeded 30% for existing roads before the construction of the Qinghai-Tibet 

Railway (Cheng and Wu 2007, Zhang et al. 2016b). These cases highlight the critical challenges 

that permafrost degradation poses to infrastructure design, construction, and maintenance in 

permafrost-affected regions. The ongoing degradation of permafrost due to rising temperatures is 

evidenced by the thickening of the active layer and the northward retreat of permafrost extent, both 

of which are strongly influenced by climatic factors (Vasiliev et al. 2020). Beyond its impact on 

infrastructure, permafrost degradation significantly alters regional hydrology and groundwater 

dynamics (Dagenais et al. 2020). The loss of permafrost is expected to continue throughout the 
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21st century, posing an escalating threat to the stability of Arctic infrastructure and the sustainable 

development of Arctic communities (Hjort et al. 2018, Minsley et al. 2022). Additionally, 

permafrost thaw contributes to climate change by releasing stored carbon into the atmosphere, 

further exacerbating global warming (Miner et al. 2022). Thawing permafrost also influences 

vegetation growth by altering the timing of surface thaw onset, which affects various stages of the 

Arctic growing season (Young et al. 2020, Chen and Jeong 2024). Moreover, the release of plant-

available nitrogen from thawing permafrost in subarctic peatlands drives changes in vegetation 

composition and biomass production (Keuper et al. 2012, 2017). Given the widespread and 

multifaceted consequences of permafrost degradation, the implementation of effective 

stabilization measures is imperative to mitigate foreseeable geohazards and ensure the resilience 

of Arctic and subarctic ecosystems and infrastructure.  

2.6 Summary 

The study of frozen soil behavior, particularly in Arctic and subarctic regions, is crucial due to its 

profound implications for geotechnical engineering, environmental sustainability, and climate 

change adaptation. A comprehensive review of existing literature and research findings highlights 

that permafrost degradation, exacerbated by climate warming, presents complex challenges, 

including slope instability, hydrological changes, and disruptions to ecosystem dynamics. The 

thawing of permafrost not only threatens infrastructure stability, such as roads, airstrips, and 

buildings, but also alters groundwater flow, accelerates soil erosion, and releases greenhouse 

gases, further intensifying global warming. Additionally, the loss of permafrost can impact 

vegetation patterns and biodiversity, affecting local communities that rely on permafrost-stabilized 

landscapes for transportation and resource extraction. Addressing these challenges requires 

interdisciplinary approaches, including advanced soil stabilization techniques, improved 
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engineering design for infrastructure resilience, and climate-adaptive policies that mitigate 

environmental and socioeconomic impacts. 

To address these challenges, researchers have increasingly adopted finite element-based numerical 

modeling approaches. These models integrate factors such as rate dependency, temperature effects, 

and compression behavior into existing constitutive models for unfrozen soils, allowing for a more 

accurate simulation of frozen soil behavior under freezing and thawing conditions. By 

incorporating these complexities, numerical models can effectively capture the mechanical and 

thermal responses of permafrost. Validated through field data and experimental studies, these 

models offer valuable insights into permafrost dynamics, ground stability, and infrastructure 

performance in response to climate-induced changes. They play a crucial role in predicting soil 

deformation, thaw settlement, and slope stability, aiding in the development of mitigation 

strategies for engineering projects in permafrost-affected regions. Furthermore, ongoing 

advancements in computational techniques and material characterization continue to enhance the 

precision and applicability of these models in addressing the challenges posed by permafrost 

degradation. 

Furthermore, alternative approaches such as lime stabilization techniques are increasingly being 

applied in the field to enhance soil stability and mitigate the adverse effects of permafrost thaw. 

These methods help improve the mechanical properties of thawing soils by reducing moisture 

susceptibility, increasing shear strength, and enhancing long-term residual strength in previously 

frozen slopes. Field studies have demonstrated its effectiveness in stabilizing thaw-weakened 

ground, preventing excessive settlement, and improving load-bearing capacity. As a result, lime 

stabilization is emerging as a practical and sustainable technique for mitigating geotechnical 

challenges associated with permafrost degradation and climate change-induced ground instability.  
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Preface to Chapter 3 

 

The study of frozen soil mechanics has gained increasing attention in geotechnical engineering, 

particularly due to the growing infrastructure developments in cold regions. The mechanical 

behaviour of frozen soils is complex, influenced by temperature variations, loading conditions, 

and time-dependent deformation mechanisms such as creep and stress relaxation. However, 

while extensive experimental research has been conducted, there is still a gap in numerical 

modelling approaches that accurately capture the time-dependent stress-strain behaviours of 

frozen clay soils across different subzero temperatures. This chapter presents a comprehensive 

numerical investigation into the uniaxial compressive behavior of artificial frozen sandy clay. 

This study provides a finite element-based approach to simulate both instantaneous and long-

term deformation characteristics. The results contribute valuable insights into the strain 

hardening, post-peak softening, and stress relaxation behaviour of frozen soils, bridging the gap 

between experimental findings and practical numerical modelling. This research will serve as a 

valuable resource for geotechnical engineers, researchers, and practitioners involved in cold-

region infrastructure development. By improving the predictive accuracy of frozen soil behavior, 

this work contributes to the broader understanding and safe construction of engineering projects 

in permafrost and seasonally frozen environments. 

 



31 

31 

 

  

 

 Modeling time-dependent uniaxial compressive behaviors 

of an artificial frozen sandy clay at different temperatures 1 

 

3.1 Abstract 

Extensive experimental studies have demonstrated the time-dependent mechanical behaviors of 

frozen soil. Nonetheless, limited studies are focusing on the constitutive modeling of the time-

dependent stress-strain behaviors of frozen clay soils at different subzero temperatures. The 

objective of this study is to numerically investigate the time-dependent behavior of frozen clay 

soils at a temperature range of 0oC to -15oC. The Drucker-Prager model is adopted along with the 

Singh-Mitchell creep model to simulate time-dependent uniaxial compression and stress relaxation 

behaviors of frozen sandy clay soil. The numerical modeling is implemented through the finite 

element method based on the platform of Abaqus. The constitutive modeling is calibrated by a 

series of experimental results on laboratory-prepared frozen sandy clay soils, where the strain 

hardening, the post-peak softening, and stress relaxation behaviors are captured. Our results show 

that both the rate-dependent model and creep model should be adopted to characterize a 

comprehensive time-dependent behavior of frozen soils. The rate-dependent stress-strain 

 

1
 A version of this manuscript has been published in Journal of Geotechnical and Geological Engineering (2024). 
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behaviors heavily rely on the rate- and temperature-dependent hardening functions, where the 

creep strain provides a very limited contribution. Nevertheless, the creep strain should also be 

adopted when a long-term analysis or stress relaxation behavior is involved. 

Keywords: Uniaxial compression tests, rate-dependent behavior, Drucker-Prager model, Singh-

Mitchell creep model, frozen soils, finite element method 
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3.2 Int roduction 

The continuous economic development requires massive investment in various construction 

industries (i.e. roads, tunnels, high-rise buildings, pipelines, railways). To accommodate this 

requirement, the utilization of land in cold regions and the use of the artificial ground freezing 

technique for soft grounds expanded a lot in the last few decades (Andersland and Ladanyi 2003, 

Chen et al. 2011, Tang et al. 2012, 2015, Liu et al. 2019, Evirgen and Tuncan 2019, Shastri et al. 

2021). As a multiphase porous media, frozen soils are comprised of solid particles, pore ice, 

unfrozen water, and possibly some air. Thus, the mechanical responses of frozen soils are sensitive 

to loading conditions and the applied temperature. Infrastructures built on frozen soil foundations 

in cold regions encounter deformation and heavy uneven settlement due to the influence of 

continuous loading over time (Lai et al. 2013), as well as freeze-thaw actions (Ishikawa et al. 2015, 

Wang and Liu 2015, Li et al. 2019a, Akhtar and Li 2020a, 2020b, Li and Akhtar 2022, Ghazavi et 

al. 2023). Execution of a uniaxial compression test is proficient in studying the mechanical 

properties of frozen soil (Christ and Park 2010, Yang et al. 2015, 2016, Yugui et al. 2016), and 

can efficiently be applied to frozen ground engineering practices. It is mostly applicable for 

shallowly buried frozen soils mainly contained in the active layer of the ground, where the 

magnitude of confining pressure is limited (Baker et al. 1982, Xu et al. 2017b). Numerous research 

studies have been conducted to study the uniaxial compressive strength and deformation behaviors 

of frozen soils. Bragg and Andersland (Bragg and Andersland 1981) studied the impact of loading 

rate and temperature on frozen sand samples under compression and tension stress conditions. 

They concluded that the impact from loading rates on the compressive strength is not significant. 

It is not consistent with the studies on clay soils, which hold considerable unfrozen water even at 

very low temperatures (Chen et al. 2011). Zhu and Carbee (Zhu and Carbee 1984) carried out a 
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number of uniaxial compression tests on Fairbanks silts with a constant rate of deformation and 

examined the impact of temperature, dry density, and strain rate. They develop a nonlinear 

empirical relation between peak strength, strain rate and negative temperature. Hu et al. (Hu et al. 

2013) conducted compression and tensile tests on marine soils under very low temperature 

conditions, and they generated a series of temperature-dependent mechanical relations (e.g., 

strength, elastic modulus, and Poisson ratio), where the loading rate effect is not considered. Fei 

and Yang (Fei and Yang 2019) proposed to describe the unconfined compressive strength of silts 

as a function of negative temperature, strain rate, and density. Empirical relations were developed 

to model the relation between the key parameters and temperature. Additionally, a new power law 

relation was produced for relating strength, negative temperature, and strain rate. Li et al. (Li et al. 

2004) investigated the role of negative temperature, strain rate and dry density on the compressive 

strength of frozen saturated clay. They found a linear relation between the frozen temperature and 

compressive strength. However, the increase in strain rate leads to an increase in strength 

exponentially. Zhao et al. (Zhao et al. 2009) evaluated the compressive strength of saturated frozen 

clay and investigate the effects of temperature gradients on elastic modulus. Linear empirical 

relations were developed to predict the elastic modulus and peak strength as function of negative 

temperature. Girgis et al. (Girgis et al. 2020) conducted a series of uniaxial compression and stress 

relaxation tests on artificially prepared frozen sandy clay soils. A nonlinear power law empirical 

relation as a function of negative temperature was produced to predict the mechanical properties 

of frozen clay soils under different loading rates.  

As most projects in cold regions are expected to maintain their safety for a lifelong term and the 

cold regions infrastructure largely relies on the long-term stability of frozen ground. Another 

important aspect of time-dependent responses of frozen soils is the creep behavior. Initially, 
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various creep models were proposed to study the time-dependent properties of frozen soil (Ladanyi 

1972, Wang et al. 2014, Xu et al. 2017a, Hou et al. 2018). Alternatively, stress relaxation tests, 

being more efficient, have also been considered to study the time-dependent rheological behavior 

of frozen soils (Ladanyi and Benyamina 1995, Wang et al. 2011). Nevertheless, the developed 

models are not suitable to numerically simulate the time-dependent compressive behaviors of 

frozen soil at different constant temperatures. Under different strain rates or temperatures, frozen 

soils tend to display very different stress-strain behaviors (Li et al. 2004, Xu et al. 2017b, Girgis 

et al. 2020). A high deformation rate tends to generate brittle failure with post-peak softening 

behavior, and a low deformation rate results in a diffuse failure associated with strain hardening. 

Most previous constitutive modeling is mainly based on analytical or semi-analytical approaches, 

where a strain rate or temperature condition should be pre-defined to generate matched stress-

strain curves. However, such an approach is not well implemented using a general numerical 

method like FEM. Therefore, an extension of laboratory-scale constitutive modeling to the field 

practice is problematic since the deformation rate and temperature conditions vary geometrically 

and change with time steps.  

 In this study, finite element modeling was performed using the linear Drucker-Prager model 

combined with the Singh-Mitchell creep model, to investigate the temperature and strain-rate-

dependent deformation behaviors. The simulation was calibrated by a series of measured results 

on laboratory-prepared sand clay soil samples at different subzero temperatures. 
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3.3  Modes of failure, constitutive models, and temperature-dependent 

parameters  

3.3.1 Modes of failure in frozen soil 

The degradation behavior of mechanical strength parameters in frozen sandy clay soil during 

uniaxial compression depends on the pore-ice, temperature, and loading rates. Wang et al. (Wang 

et al. 2019b) showed that the characteristics of strength degradation are controlled by the 

microstructural deformation (i.e. instantaneous elastic, viscoelastic deformation in pore-ice, and 

viscoplastic deformation in solid elements of frozen soil). As shown in Figure 3-1, the schematic 

views of stress-strain curves under the uniaxial compression loading condition are characterized 

by two deformation modes. Major features are summarized as follows: 

1. At a lower temperature (i.e. -15oC,) and a higher loading rate (i.e. 9 mm/min), the frozen 

soil encounters three distinctive phases during deformation (i.e. linear elastic, non-linear plastic 

hardening, and shear softening) as shown in Figure 3-1 (a). The shear softening portion (b-c) is a 

unique function of the loading rate. Higher loading rates produce distinctive shear softening which 

diminishes or disappears under the lower loading rate. 

2. At a warmer temperature (i.e. -2oC) and a low deformation rate (i.e. 1 mm/min.), the frozen 

soil yields only two modes of deformation (i.e. linear elastic and plastic hardening) as shown in 

Figure 3-2 (b). 
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Figure 3-1 Schematic diagram of stress-strain modes in frozen clay soils under the uniaxial compression testing 

condition. 

3.3.2 Constitutive model 

In this study, the finite element-based software package Abaqus (Dassault Systèmes 2016) was 

used to simulate instantaneous elastic and rate-dependent elastic and plastic deformation in a 

frozen soil. The linear Drucker-Prager model along with the Singh-Mitchell creep model, are used 

to calibrate the experimental data and numerically analyze the frozen soil deformation behaviors. 

Some user-defined field programming is conducted to make the simulation possible for field 

practice by leveraging the varied temperature and strain rate conditions. 

Drucker-Prager model 

The Drucker-Prager model has been widely used in the numerical analysis of geomaterials and 

geotechnical problems (Helwany 2007). The linear Drucker-Prager yield criterion is given by 

Equation 3.1: 
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tanF q p db¡= - - (3.1) 

where p¡ is the mean effective stress given by the effective stress tensor ¡
ů  as )

1
(

3
p trace¡ ¡= ů

; q  is the von Mises equivalent stress given by 
3

2
q= S :S . The deviatoric stress tensor is defined 

as p¡ ¡= -S ů Ƚ; where Ƚ is the identity matrix; and d  is the Drucker-Prager cohesive parameter 

which can be defined as 
1
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3
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å õ
æ ö= -æ öæ ö
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; 
cs is the uniaxial compression yield stress; and b 

is the angle of friction in the p¡-q space. An unassociated plastic flow potential function can be 

applied as: 

tanG q p y¡= -  (3.2) 

where G  is the flow potential; and y is the dilation angle. Additionally, since the strength of 

frozen soil is both loading rate and temperature dependent, the strain hardening can be expressed 

as functions of strain rate and temperature as: 

( , , )c

pl pl Ts s e e=  (3.3) 

where 
cs  is the uniaxial compression yield stress; ple is the equivalent plastic strain rate; 

0

pl pt ldte e=ñ  is the equivalent plastic strain; T  is temperature. The strain rate-dependent plastic 

hardening behavior can be quantified by applying the rate and temperature-dependent strain 

hardening function. In this study, the hardening behavior is defined by giving the uniaxial 

compression yield stress (
cs ) as a function of uniaxial compression plastic strain (Dassault 

Systèmes 2016) as is shown in Equation 3.4: 

p p
| |

11
e e=  (3.4) 
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Singh-Mitchell creep model 

As another important aspect of time-dependent behavior, the creep deformation should be 

characterized using a separate creep model. We adopt the Singh-Mitchell creep model for the 

present study. There are two separate and independent creep mechanisms. One is shear creep which 

is controlled by the cohesion mechanism (cr

sde ), and the second is consolidation creep which is 

attributed to the consolidation mechanism (cr

cde ). The total creep strain is a combination of these 

two components: 

cr cr cr

s cd d de e e= +  (3.5) 

In this study, only the shear creep needs to be considered since our tests on frozen soils do not 

consider the drainage induced volumetric consolidation behavior. Therefore, the consolidation 

creep can be neglected ( 0cr

cde = ). 

According to the documentation of Abaqus (Dassault Systèmes 2016), the Singh-Mitchell creep 

model for the shear creep takes the form: 

1
1

s

s s
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æ ö= æ öæ ö
ç ÷

 (3.6) 

where 
sA , 

s
a , and  

s
m  are the three creep parameters. 

1t   is the initial time (given in minutes). s
crs  

is the equivalent creep stress, determined from the intersection of the equivalent creep surface with 

the uniaxial compression curve by the following expression: 
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The creep potential function for calculating creep strains in multidimensional directions is given 

by: 

2
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 (3.8) 

3.3.3 Temperature-dependent mechanical properties 

The deformation behavior of frozen soil is highly dependent on the applied temperature and 

loading deformation rates (Arenson and Springman 2005). The unfrozen water present in the 

frozen soil contributes to the complex mechanical behaviors. The research study by Nixon (Nixon 

1992) presents an empirical relation between unfrozen water and temperature using (( )B

u TW A = -

), in which T  is the negative temperature while A  and B  are soil parameters. Similarly, 

experimental data demonstrates that a non-linear power law relation, given by Equation 3.9, 

controls the relation between temperature and peak strengths of frozen soil (Girgis et al. 2020): 
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 (3.9) 

where M, N, and Q are the dimensionless curve fitting parameters to be determined, and 
0T  is a 

reference temperature (-1°C is applied herein). 
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Table 3-1 Elastic properties of soil, rock and interface stiffness parameter applied to current numerical model 

Parameters Units Value 

Bulk Density  (g/cm3) 1.53 

Water content (%) 59 

Specific gravity (%) 2.63 

Liquid limit  (%) 97 

Plastic limit (%) 34 

Plastic Index  (%) 63 

Sand (%) 50 

Clay  (%) 50 

To capture the constitutive behavior of clay soils effectively at different strain rates and under 

varying applied temperature conditions, we carried out a series of uniaxial compressive and stress 

relaxation tests on laboratory-prepared sandy clay samples to maintain repeatability. The tests were 

conducted on artificially frozen sandy clay soil samples composed of silica sand 7030 (50 % by 

weight) and Bentonite Western 325M (50% by weight). According to ASTM D4083-2016, the 

prepared soil is classified as high plastic inorganic sandy clay. Atterberg limits and other physical 

properties of this soil mixture are given in Table 3-1. More detailed information on sample 

preparation and testing conditions are included in our published article by Girgis et al. (Girgis et 

al. 2020). 

Different post-failure modes were observed for samples as shown in Figure 3-2. Three different 

loading rates (i.e. 1mm/min, 3mm/min, and 9mm/min) were used to observe the time-dependent 

strength degradation at various frozen temperatures. At lower temperatures, less external 

disintegration is observed compared to cases with higher temperatures. This difference is 

insignificant at a higher loading rate. Post failure samples for tests at -15oC, -10oC, -5oC, and -2oC 

are displayed in Figure 3-2 to demonstrate the gradual transition of shear failure to compaction 
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type failure when the temperature is getting warmer. The significant sample end enlargement only 

happens to the samples at T = -2oC. 

 
Figure 3-2 Post-failure photos of UCS test samples at different applied temperatures and deformation rates. 

Our experimental data also yields temperature-dependent mechanical properties (Youngôs 

modulus, Poisson ratio, and uniaxial compressive strength) covering a temperature range from 0oC 

to -15oC. The nonlinear relations are summarized in Table 3-2. 

Table 3-2 Nonlinear equations for temperature-dependent mechanical properties of the frozen clay sandy soils 

No. Strength Parameter Equation Loading rate M  N Q R2 

1 Youngôs modulus 

0

N

T
E Q

T
 M
å õ
æ ö

= +æ öæ ö
ç ÷

 

9 mm/min 12.85 1.082 16.952 0.999 

3 mm/min 7.235 1.261 12.621 0.999 

1 mm/min 4.468 1.31 9.594 0.999 

2 Poissonôs ratio 

0

N

T
Q

T
m  M

å õ
æ ö

= +æ öæ ö
ç ÷

 

9 mm/min -0.069 0.3 0.340 0.986 

3 mm/min -0.065 0.3 0.361 0.979 

1 mm/min -0.069 0.3 0.399 0.980 

3 Uniaxial compression 

 Strength 0

0

N

T
C Q

T
 M
å õ
æ ö

= +æ öæ ö
ç ÷

 

9 mm/min 0.41 0.996 0.547 0.998 

3 mm/min 0.28 1.082 0.547 0.999 

1 mm/min 0.206 1.11 0.307 0.999 
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Figure 3-3 Relations between temperature, (a) yield strength and (b) uniaxial compressive peak strength for studied 

frozen sandy clay samples. 

Figure 3-3 illustrates that both yield strength and peak strength increase with the decrease of 

temperature and increase of loading rates. Nevertheless, the temperature parameter is more 

dominant regarding the increase of the yield strength and peak strength when the temperature is 

between 0oC and -5oC, while the loading rate becomes dominant when the temperature is between 

-5oC and -15oC. At the highest loading rate (i.e. 9mm/min.), the elastic limit and peak strength 

increase 5.7 times and 4.7 times respectively when the frozen temperature decreases from -2oC to 

-15oC. At the lowest loading rate (i.e. 1mm/min.), the elastic limit and peak strength increase 6 

times and 6.31 times respectively. Similarly, at the lower temperature (i.e. -15oC), the elastic limit 

and peak strength increase 2 times and 1.5 times respectively when the loading rate increases from 
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1mm/min. to 9mm/min. At a higher temperature (-2oC), the elastic limit and peak strength increase 

1.74 times and 2 times, respectively. 

 
Figure 3-4 Temperature-dependent hardening relations applied for FEM modeling. 

The obtained temperature and rate-dependent hardening relations for the uniaxial compression 

stress as a function of plastic strain are demonstrated in Figure 3-4. The relations were programmed 

as an input file in Abaqus. In this study, separate yield function is not developed but the available 

constitutive model (i.e., Drucker-Prager) was utilized by explicitly considering the plastic strain 

as temperature and rate dependent. The data is coded as a table of values that are linearly 

interpolated. The value of friction angle (26.1o) is obtained using the approach proposed by Li and 

Wong (Li and Wong 2016) based on the sampleôs clay fraction and minerology. The applied 

dilation angle (7o) was derived based on the equation given by Bolton (Bolton 1986). Additionally, 

both dilation angle and frictional angle are used as constant values, thus the temperature 

dependency of friction angle is neglected. 
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3.4 Numerical modeling and analyzing uniaxial compressive behaviors 

3.4.1 Finite element configuration and material parameters 

We used Abaqus (Dassault Systèmes 2016) to conduct finite element modeling of uniaxial 

constitutive behaviors. The linear Drucker-Prager model was used along with the Singh-Mitchell 

creep law to characterize the time-dependent behavior. It should be noted that the rate-dependent 

plastic behavior and creep behavior using stress relaxation approach are accounted for 

separately. A displacement-controlled condition is applied on the top of the soil sample and the 

bottom is kept fixed while the temperature is held constant as an analogy to the condition in 

laboratory tests (Girgis et al. 2020). The 8-node linear brick (C3D8R) element was utilized in our 

finite element modellings, where a reduced integrated scheme  was adopted. The Newton method 

was used to solve the nonlinear equations with the unsymmetric matrix storage approach. For the 

numerical analysis, the required mechanical parameters are based on the equations presented in 

Table 3-2. Parameters of frictional angles are from our recent publications (Akhtar and Li 2020b, 

2023). The creep parameters are based on the result by Girgis et al. (Girgis et al. 2020). The 

finite element model along with the generated mesh and the location of monitoring points (i.e. 

Point 1 is for vertical stress and axial strain and Point 4 is for lateral strain) are illustrated in 

Figure 3-5. The size of the simulated sample is according to those used in laboratory tests (4 

inches in height and 2 inches in diameter). The mesh is kept small enough that a further increase 

in mesh numbers does not affect the overall results. Thus, a mesh convergency was calibrated. It 

should be noted that the selected monitoring point (Point 4) for the lateral strain is at the 

maximum intensity of the strain location. 
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Figure 3-5 Sketch showing the (a) FEM mesh with geometry dimensions and (b) key monitoring points. 

3.4.2 Simulation results and analysis 

Monotonic compression behaviour 

Using the above-mentioned approach, we were able to perform a numerical analysis of the time-

dependent deformation behaviors of frozen soil under the uniaxial compression loading. It should 

be noted that the hardening relations were programmed as a user-defined input file in Abaqus. The 

hardening behavior was explicitly made temperature and rate dependent which can capture the 

yield behavior of frozen soil under uniaxial compression effectively. Given considerable 

laboratory data on the stress-strain relations at different temperatures, values are linearly 

interpolated to cover a broad range of temperature and strain rate conditions. Thus, for a specific 

simulation, there is no need to set up separate yield function and hardening relations at different 

applied temperatures or deformation rates. Such an approach can be considered applicable for a 

field case since the exact temperature and strain rate condition is changing during the modeling 

process. 

Contours of Mises equivalent stress distribution in the samples are given in Figure 3-6, which 

shows the stress dependency of two selective strain rates at a constant temperature of -15oC.  The 

stress is deducted from the integration points. At this stage, numerical analysis contours are not 
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able to show the brittle cracks in the sample. However, the increase in equivalent stress intensity 

can be visualized from these contours at different loading rates. 

 
Figure 3-6 Modeled PEEQ distributions in frozen sandy clay soil at constant temperature (T= -15 oC) using 

deformation rates of (a) 1mm/min, and (b) 9mm/min. 

Figure 3-7 shows the stress-strain relationships between the modeled results and experimental data 

at various frozen temperatures under different loading rates. The curves indicate that the peak 

strength of frozen soil increases with the decrease in temperature and the increase in loading rates. 

The strength degradation characteristics change from ductile behavior to brittle with the increase 

in loading rates. This brittle mechanical strength behavior is more dominant at lower temperatures 

(i.e. -5oC, -10oC, and -15oC). This is because the strength of pore-ice increases at these 

temperatures, which increases the incorporative rate-dependent characteristics in frozen soil. 

Figure 3-7(a)-(b) shows that the post-peak shear softening vanishes with a decrease in temperature 

under constant loading rates, while Figure 3-7(c) displays curves without a post-peak softening 

behavior. Figure 3-7 also calibrates that measured stress-strain relations are properly modeled 

using the proposed approach, where the Drucker-Prager plastic model combined with rate- and 

temperature-dependent hardening is applied. All three deformation stages (i.e. linear elastic, 

hardening, and softening behaviors) were captured. However, it should be noted that some 

deviations between measured and modeled curves for the cases of lower temperatures and higher 

loading rates are also reflected in Figure 3-7. The differences are mainly due to the adopted 

programmed temperature- and rate-dependent hardening laws. The data for hardening is coded as 



48 

48 

 

a table of values that are linearly interpolated, the generated hardening function cannot perfectly 

capture the hardening behavior of all the cases with different strain rates and temperatures. Our 

previous approach of adopting separate hardening function in numerical modeling for cases with 

different temperatures and strain rates has generated better fitting between measured and modeled 

results (Akhtar and Li 2020a). However, that approach requires a manual update of hardening 

function at a given temperature and strain-rate condition. A theoretical development of 

temperature- and rate-dependent hardening law with the consideration of pore ice responses should 

be conducted to generate more comprehensive modeling results. 
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Figure 3-7 Measured and modeled stress-strain curves at various strain rates and temperatures: (a) T = -15oC, (b) T 

= -10oC, (c) T = -5oC, and (d) T = - 2oC. 

The axial strain vs. volumetric strain relationship illustrates the deformation characteristics of 

frozen soil and determines the critical deformation characteristic. Figure 3-8(a) and (b) illustrate 

the measured and modeled axial-volumetric strain relations at various temperatures and under 

different loading rates. These plots show that volumetric strain increases with the decrease of 

loading rate; however, this phenomenon is more dominant at lower temperatures (i.e. -5oC, -10oC, 

and -15oC). The simulation results obtained from the numerical analysis are reasonably promising 

with the experimental data before the post-peak strength. Once the peak of strength is achieved, 

the simulated axial-volumetric strain plots fall apart from the experimental data. This is because 

of major cracks and fractures that occur on the surface of the soil sample during lab testing, which 

cannot be captured in the numerical analysis at this stage. However, as is shown in Figure 3-6, the 

equivalent plastic strain contours predict the intensity of deformation in the frozen soil at different 

loading rates. In addition, it depends on the position of strain gauges on the soil sample. In 

numerical analysis, we simply selected the area where the maximum lateral strain was produced. 

This systemic problem will be illustrated and discussed in the discussion section. 
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Figure 3-8 Measured and modeled axial-volumetric strain curves at various strain rates and temperatures: (a) T = -

15oC and -10oC, (b) T = -5oC and -2oC. 

Cyclic loading with stress relaxation 
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The uniaxial compression behavior under cyclic loading with stress relaxation is also simulated 

using the proposed approach. Shown in Figure 3-9, it is presented that the time-dependent model 

(Singh Mitchell model) used for simulating the creep deformation in frozen soil can generally 

capture the trend of deformation characteristics. In particular, the stress-strain relation tends to 

recover as a state comparable to the monotonic loading condition after three cycles of relaxations. 

However, Figure 3-9 shows that the simulated curves could not capture the magnitude of stress 

degradation during stress relaxation. The reason can be due to the significant strain localization 

due to stress concentration near the contact area between the loading ram and the sample's tops as 

reflected in Figure 3-2, which cannot be captured in our simulation. A better experimental set up 

should be used in the future to mitigate such sample end effect. 
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Figure 3-9 Measured and modeled stress-strain curves under cyclic loading and stress relaxation conditions (T = -

15oC , loading rate = 9mm/min). 

3.5 Discussions 

3.5.1 Volumetric deformation behavior 

The selected constitutive model is generally effective in quantifying the deformation 

characteristics of the studying frozen sandy clay soil. Measured axial-volumetric strain relations 

can generally be simulated for the part before the peak strength (Figure 3-10).  However, measured 

post-peak dilation behavior for the case with the high deformation rate cannot be simulated (Figure 

3-10b). At a lower loading rate, the simulated result is closely following the measured curve 

because there is no dilation behavior or post-peak softening behavior (Figure 3-10c and Figure 3-

10d). 
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Figure 3-10 Measured and modeled stress-strain and volumetric-axial strain relations at T = -15oC. 

The difference in characterizing the volumetric deformation behavior can be due to the pressure-

induced melting behavior.  During laboratory testing, we noticed some cracks at sample ends when 

the applied load is beyond the sample's strength (Figure 3-2). Some extra laboratory tests are 

required to examine the pressure-induced melting behavior.  The enlarged sample ends were 

contributed by the shrinkage of the body part. The lateral strain gauge will always indicate that the 

sample is under compaction. Thereby, the post-peak dilation cannot be captured by the lateral 

strain gauge (Figure 3-11). The impact of such a deformation characteristic is not incorporated in 

the numerical model. It is also recommended to try different plastic potential functions to produce 

better axial-volumetric strain relations for a future study. 

 
Figure 3-11 Diagram showing the position of strain gauges and a soil sample at failure. 

3.5.2 The contribution from creep deformation 

The present simulation considers rate-dependent deformation and creep deformation separately. 

The reason can be demonstrated by showing the strain components from the strain development 

curves (Figure 3-12).  The results indicate that creep deformation contributes to a very small strain 

when compared with the plastic part under such a short testing period.  Thus, the creep itself cannot 
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generate the short-term rate-dependent stress-strain relation. A rate-dependent hardening model is 

needed to quantify the rate-dependent stress-strain relation.  Nevertheless, the necessity of 

applying the creep model is justified in the cyclic loading results (Figure 3-9). The creep should 

be considered in the long-term deformation analysis or stress relaxation analysis. 

 
Figure 3-12 Curves showing the simulated deformations from different components for samples at different loading 

rates and temperatures. 

3.6 Concluding remarks 

The numerical modeling of the time-dependent uniaxial compressive behaviors of an artificial 

frozen sandy clay has provided valuable insights into the mechanical response under different sub-

zero temperature conditions. The complex stress-strain behaviors of frozen sandy clay soils can be 

modeled using the Drucker-Prager model combined with a rate- and temperature-dependent 

hardening function. Both the strain hardening followed by post-peak softening and pure strain 
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hardening behaviors can be characterized using the proposed FEM modeling approach. The user-

defined program embedded in the simulation makes it applicable for field practice by leveraging 

the varied temperature and strain rate conditions. Both a rate dependent model and a creep model 

should be applied to carry out a comprehensive time-dependent analysis of the uniaxial 

compressive behavior of frozen soils. For a short-term study, the creep deformation makes little 

contribution to the strain behavior and has a limited impact on the rate-dependent stress-strain 

relations. However, the creep deformation is essential for the stress relaxation process and a creep 

model should be applied in the constitutive modeling. 
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Preface to Chapter 4. 

 

Frozen clay soils play a critical role in the stability of infrastructure in cold regions, yet their tensile 

strength and failure mechanisms remain challenging to quantify accurately. With climate change 

accelerating permafrost thaw, understanding these materials' mechanical behavior is essential for 

predicting and mitigating geological hazards such as ground settlement and thaw-induced slumps. 

Despite extensive research on frozen soils, limited studies have focused on the tensile yield and 

failure characteristics, particularly at temperatures close to freezing. This chapter presents a 

comprehensive investigation into the tensile strength of frozen clay soils through laboratory testing 

and numerical modeling. A hyperbolic Drucker-Prager model is employed in finite element 

simulations to explore the tensile yield behavior and validate the experimental findings. The results 

provide valuable insights into the rate- and temperature-dependent characteristics of frozen clay 

soils, contributing to the advancement of geotechnical engineering in permafrost regions. By 

bridging the gap between laboratory testing and numerical simulations, this study offers a more 

reliable approach to evaluating the tensile strength of frozen clay soils. The findings will support 

engineers and researchers in designing safer infrastructure and improving risk assessments for 

projects in cold environments. 
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 Characterizations of tensile yield and failure processes of 

frozen clay soils: laboratory testing and numerical 

modeling.2 

 

4.1 Abstract 

An accurate characterization of the tensile failure processes of frozen soils under a warming 

environment is critical for predicting geological disasters such as thawing-induced slumps. In this 

study, the approaches of rod bar splitting test and double punch test are applied to measure the 

tensile strength of artificially prepared frozen sandy clay samples with the same clay fraction. The 

tests are conducted in a temperature-controlled cold room, and the applied temperature ranges from 

-15°C to 0°C. Our laboratory tests demonstrate that the rod bar splitting tests tend to overestimate 

frozen clay soilôs strength, which is owing to the increase in the contact area between loading strips 

and samples. By contrast, the double punch tests keep the same contacting area and provide more 

reliable results. The tensile strength-temperature relationships covering a temperature from -15°C 

to 0°C are modeled using an updated power law function. Our results show that the measured 

tensile strengths are highly dependent on the applied deformation rates. Finite element numerical 

simulations are conducted to investigate the tensile yield and failure processes in the studied frozen 

 

2
 A version of this manuscript has been published in the journal of Bulletin of Engineering Geology and the 

Environment (2022). 
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soil samples. The stress paths at key monitoring points are retrieved to demonstrate the tensile 

yield behavior. Impacts from the sample size and experimental conditions on estimated tensile 

strengths are analyzed, and optimized sample and puncher sizes are determined. Our numerical 

results confirm that the double punch test is an effective and reliable approach in measuring the 

tensile strength of frozen clay soils.  

Keywords: Double punch test; frozen clay soil; tensile yield; hyperbolic Drucker-Prager model; 

laboratory tests; stress paths  
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4.2 Introduction  

The tensile strength characteristics of frozen clay soils have potential influences on ice lens 

initiation and the growth that are closely associated with the stabilities of engineering structures in 

cold regions (Akagawa and Nishisato 2009, Zhou et al. 2015, Ji et al. 2019). Numerous 

infrastructures (e.g., foundations and pipelines) are already, or will soon be, constructed in 

permafrost regions (Jin et al. 2008, Le et al. 2018). Long-term records indicate that the ongoing 

global warming has resulted in the thawing of some permafrost regions, which leads to extensive 

geological disasters including slumps and ground settlements causing damage to infrastructures 

(Andersland and Ladanyi 2003, Wang et al. 2019a). The characterization of mechanical properties 

of frozen clay soils is indispensable for projects in cold regions. Since the tensile strength of clay-

related geomaterials is closely related to the tensile yielding or cracking behavior involved in 

theoretical analysis of slope stabilities (Park and Michalowski 2017) or soil-structure interactions 

(Liu et al. 2008a, Akhtar and Li 2020b), the experimental investigations on the tensile strengths of 

clay or frozen clay soils increasingly draw the attention of researchers all over the world (Akagawa 

and Nishisato 2009, Zhou et al. 2015, Li et al. 2019b). Frozen clay soils displayed significant 

plastic behaviors, which are affected by the moisture content, clay mineralogy, clay contents, 

loading rate, and applied temperature. Thus, there are unavoidable uncertainties in the tensile 

strength measurements. 

Bragg and Andersland (Bragg and Andersland 1981) conducted split cylinder tests on frozen sand 

and indicated that the tensile strength results appear to be independent of deformation rates. They 

also reported that split cylinder tests might not be feasible for warm frozen soils due to the sampleôs 

localized compression in the area of the loading strips (Bragg and Andersland 1981). Zhou et al. 

(Zhou et al. 2015) applied split cylinder tests on warm frozen clay soils under various temperatures 
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warmer than -2°C. Their results indicated that the relationship between the tensile strength of 

frozen clay soils and corresponding negative temperatures can be described by a power law 

function. They also observed that the measured peak tensile strength is independent of the applied 

loading rate, which varies from 1mm/min to 4 mm/min. Clay contents of soil samples used in the 

study by Zhou et al. (Zhou et al. 2015) range from 12% to 20%. Christ and Kim (Christ and Kim 

2009) studied the tensile strength of frozen silt using the direct tensile method on dumbbell shape 

samples. Their results show that the tensile strength of frozen silt increases with an increase in the 

sampleôs moisture content and a decrease in temperature. However, the strain rate impact was not 

studied. Akagawa and Nishisato (Akagawa and Nishisato 2009) investigated the tensile strength 

of Fairbanks silt with a specially designed dumbbell, which facilitated frozen sample preparation 

and tensile strength testing using a single apparatus. The measured relationship between tensile 

strength and negative temperature displays a nonlinear increasing trend. However, the results are 

sparsely scattered, which resulted in a low coefficient of determination. The impact of the strain 

rate was not explored in their study either. Their method would not be appropriate for measuring 

the tensile strength of frozen clay soils, because the sample preparation procedure would require a 

long time to complete given the low consolidation coefficients of clay soils. Haynes et al. (Haynes 

et al. 1975, Zhu and Carbee 1984) both studied the relationship between strain rate and tensile 

strength of frozen silts and reported that a lower strain rate leads to ductile failure and will result 

in a lower tensile strength. Azmatch et al. (Azmatch et al. 2011) applied a four-point bending test 

to study the tensile strength of frozen Devon silt samples under a temperature near freezing (0°C 

to -1.5°C) at different deformation rates (0.08 mm/min to 8.0 mm/min). Their results show that 

the temperature, the deformation rate, and the unfrozen water content all affect the tensile strength 

of the soil, particularly at temperatures close to 0°C. The four-point bending method may not be 
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effective in measuring the tensile strength of frozen clay soils. The highly plastic nature of warm 

frozen clay soils can induce large strain localization at sample-tool contact surfaces like what is 

involved in split cylinder tests.  

Shen et al. (Zhongyan et al. 1995) was the first to apply the double punch test (DPT) to study the 

tensile strength of frozen soils at temperatures varying from -2°C to -15°C and determined that the 

axial splitting method was more feasible and reliable for undisturbed frozen soils. Limited data 

from the literature were found regarding the effectiveness and efficiency of using the double punch 

method to measure the strength of frozen clay soils at temperatures close to the ice melting point 

(0 to -2°C). In addition, the yield and failure processes in different parts of a frozen soil sample 

during a double punch test was never examined. A comparison between results from double punch 

test and direct tension test was not investigated. The double punch test has been used extensively 

to measure the tensile strength of concrete and clay soils at the room temperature condition (Chen 

and Yuan 1980, Fang et al. 2006, Wen et al. 2013). However, a comprehensive study on its 

effectiveness of being used in a cold environment is very necessary.  

In summary, there are various experimental approaches for studying the tensile strength of frozen 

soils, and different observations are recorded (e.g., the effect of strain rates on peak tensile 

strength). A reliable characterization of the tensile strength of frozen soils is critical for site 

selections and designs of engineering infrastructures, early warning of slumps in permafrost 

regions due to climate change, and the stability analysis of artificially frozen ground. A thorough 

understanding of the tensile mechanical behavior and its relationship with temperature requires a 

large number of specimens with similar compositions and micro-structures. The challenges in 

obtaining in-situ frozen clay soils have affected the theoretical development in this field. In 

addition, previous measurements on the tensile strength of frozen soils were most conducted on 
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soils with low clay contents and the samples were treated as brittle material. The investigation on 

the tensile yield and failure behaviors of high clay content frozen soils is limited. In this study, a 

series of laboratory tests were performed on high clay content artificial frozen sandy clay samples 

to measure the tensile strengths using multiple self-designed approaches. Finite element modeling 

was conducted to examine the effectiveness of using the double punch test to measure the tensile 

strength of frozen clay soils.  

4.3 Experimental investigations 

4.3.1 Artificial frozen clay soil samples used 

To permit control and repeatability, a large quantity of artificial frozen clay soils with the same 

mineralogy compositions and stress history were prepared for the laboratory tests. Sand clay 

samples were prepared by using a specially designed consolidation equipment (Girgis et al. 2020). 

The materials used in this research were silica sand 7030, Bentonite Western 325M, and saline 

water as the pore fluid. According to ASTM (ASTM D2488-17e1 2017), the prepared bentonite-

sand mixture was classified as grey, inorganic sandy clay of high plasticity, and well-bonded soil. 

All mixtures were composed of 50% sand and 50% clay by dry weight. The specific gravity value 

of the mixture was measured as 2.63. Saline water with a concentration of 1 g/L (NaCl solution) 

was used to prepare the mixtures. The reason of using saline water is to simulate the saline pore 

fluid present in some clay soils (LôHeureux et al. 2014). Liquid limit (%) and Plastic Limit (%) of 

bentonite-sand mixtures were measured as 97 and 34, respectively. The bentonite-sand mixtures 

were consolidated under a pressure of 60 kPa to replicate a shallowly buried field condition. After 

consolidation, the soil was ejected, and placed in a freezing mold. Basic physical properties 

including bulk density and water content of samples were measured on five selected samples and 

included in Table 4-1. Clay soil samples with a bulk density of 1.53 and moisture content of 59% 
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were obtained upon the completion of consolidation. The sandy clay soil samples were then placed 

into a fast freezer with a minimum temperature of -40°C to produce frozen soil samples. A vacuum 

seal has been applied to prevent the generation of ice lenses (Girgis et al. 2020). All the prepared 

frozen clay soils sample hold a dimension of 50.8 mm (2 inches) in height and 50.8 mm in 

diameter. 

Table 4-1 Physical properties of prepared bentonite-sand samples before freezing 

Dimension Bulk density 

(g/cm3)  

Water content 

(%)  Height (mm) Diameter (mm) 

50.8 50.8 1.53 59 

4.3.2 Experimental setup and procedures 

All tensile strength tests were carried out in an environmental chamber in the Building Envelope 

Performance Laboratory (BEPL) at Concordia University. For a comparison purpose, we applied 

two approaches to conduct indirection tension tests. The setups for the rod bar splitting test (RST), 

and double punch test (DPT) are displayed in Figure 4-1. Among two different approaches, RST 

is a typical splitting test using a loading strip for measuring the tensile strength of brittle materials 

(ASTM D3967-16 2008, Abrishambaf et al. 2015). The application of DPT in frozen soil strength 

measurement traces back to 1995 (Zhongyan et al. 1995), but there is very limited follow-up 

research on the effectiveness of using DPT to measure the tensile strength of frozen clay soils. We 

designed a special sub-loading frame that can handle two different tensile strength tests while only 

changing loading strips and sample orientations (Figure 4-1). The sub-frame was provided with 

two pairs of loading tools made from stainless steel of grade 420. The loading strip of the RST 

was a rod with a diameter of 8 mm (Figure 4-1a) while a pair of cylindrical punchers with a 

diameter of 12.7 mm (½ inch) was used for DPT (Figure 4-1b). 



64 

64 

 

 
Figure 4-1 Picture showing the setup of (a) rod bar splitting test (RST), and (b) double punch test (DPT). 

The vertical load was provided with a motorized, automatic loading system. The axial 

displacement was measured by using a high accuracy linear variable displacement transducer 

(LVDT) with a range of 50 mm. The lateral deformations were obtained with two high accuracy 

LVDTs with a range of 50 mm manufactured by Solartron Metrology. All LVDTs were placed 

into a polyvinyl chloride (PVC) tube with the same external diameter and the back ends were 

closed using a threaded cap. The tubes were then placed in a PVC sleeve and the space between 

them was filled with a dense spray foam to ensure proper insulation. All LVDTs were calibrated 

at a temperature ranging from -20°C to +20°C before starting the experimental work. Two 

thermocouples (type T) were used in measuring the temperature of the frozen soil sample and the 

ambient temperature, respectively. The first thermocouple was adjusted to be in contact with the 

sample, and the second one was fixed close to the sample to measure the ambient temperature 

(Figure 4-1). All thermocouples were calibrated with a resistance temperature detector. Samples 

were placed in BEPL with the required temperature for a minimum of 24 hours. The applied 

temperature ranges from -15°C to 0°C. During tests, displacement-controlled loadings with 

different deformation rates (1 mm/min, 3 mm/min, and 9 mm/min) were applied to soil samples 

until failure, and a data acquisition system was used to record all the measurements. The data of 
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vertical loads, vertical displacements, horizontal displacements, and post-failure pictures of 

samples were obtained. 

4.3.3 Results and analysis 

Different failure modes were noticed for samples at different applied temperatures and strain rates. 

Taking samples after loading at T = -10°C (Figure 4-2a) and T = -1°C (Figure 4-2b) for example, 

the contact area between loading strips and samples for RST is larger for the case with a low strain 

rate (1 mm/min) than that with a high strain rate (9 mm/min). At a temperature close to the freezing 

temperature (-1°C), Figure 4-2b shows that there is not any tensile cracking behavior in samples 

when the loading is applied at a slow rate (1mm/min) using RST. By contrast, the puncher-soil 

contacting area is consistent during a double punch test, and samples always display tensile cracks 

after DPTs at different temperatures. At a high strain rate (9 mm/min), the sample for DPT displays 

a double-fracture failure mode. However, the sample only displays a single failure plane when the 

applied strain rate is 1 mm/min. 
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Figure 4-2 Bentonite-sand samples after indirect tensile tests at (a) T =- 10 °C and (b) T = -1°C. 

Typical load-displacement curves of an RST and a DPT are displayed in Figure 4-3. The tensile 

strength of each tested sample is calculated at two different load levels. As shown in Figure 4-3, 

the load at the end of the linear portion of the load-displacement curve is used to calculate the yield 

tensile strength. The maximum applied load is selected to determine the peak tensile strength. 

According to ASTM (ASTM D3967-16 2008), the tensile strength obtained from RST is 

determined using: 

 1 
(a) 2 

 3 
(b) 4 
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where 
ts is the tensile strength; P is the applied load at yield or failure; D is the diameter of the 

sample, and L is the thickness of the sample. Equation 4.10 assumes that a line load is applied to 

the sample, and tensile failure occurs at the center of the disk where the maximum tensile stress is 

located. 

 
Figure 4-3 Graph showing the yield and peak tensile strengths for bentonite-sand samples tested by different 

approaches (T= -10°C). 

In a DPT, a cylindrical sample is compressed concentrically and vertically through two cylindrical 

steel punchers on the sampleôs top and bottom surfaces. The tensile strength from DPT can be 

calculated using (Fang and Daniels 2017): 
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where 
ts is the tensile strength; P is the punch load at yield or failure points; b is the sample 

radius; a is the punch radius; L is the specimen length; K is a material constant which is given a 

value of 1.0 for soil (Fang and Daniels 2006). It should be noted that the tensile strength calculation 

is based on the theory of perfect plasticity. Fang and Chen (Fang and Chen 1971) indicated that a 

height-to-diameter ratio of the specimen varying from 0.8 to 1.2 and a ratio of diameter of the 

specimen to the diameter of the punch varying from 0.2 to 0.3 are suitable for DPTs on soils.  

Shown in Figure 4-4, the tensile strength results show remarkable differences between different 

approaches. The yield tensile strengths measured by RST and DPT are comparable (Figure 4-4a). 

However, the peak tensile strength values measured by RST are almost twice the values obtained 

by DPT under the same temperature and loading conditions. This difference should be owing to 

the increase in the contact area between loading strips and samples in RST (Figure 4-2). In a 

successful rod bar splitting test, a line load is supposed to be generated along the disc. However, 

due to the local plastic deformation, there is a huge increase in the contact area between the rod 

bar and the soil sample. Thus, the chance of creating a maximum tensile stress in the center of the 

disc is affected. By contrast, the DPT keeps the same loading area and holds the chance of 

generating maximum tensile stress along the annulus region of samples. The DPT results will be 

examined to illustrate the dependency of tensile strength on temperatures and applied deformation 

rates. It should also be noted that an appropriate sample size is also important in obtaining a reliable 

tensile strength result. Related justifications will be presented in the discussion section. 
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Figure 4-4 Derived yield and peak tensile strength-temperature curves for bentonite-sand samples (deformation 

rate=9 mm/min). 

Load-displacement curves of all DPT results for samples at the deformation rate of 9 mm/min are 

displayed in Figure 4-5. Significant differences in vertical load-vertical displacement relationships 

are found at different temperatures. At temperatures lower than -5°C, there is a clear post-peak 

softening behavior. At temperatures close to the freezing point (-2°C to 0°C), a single hardening 

behavior is noticed.  

 
Figure 4-5 Derived yield and peak tensile strength-temperature curves for bentonite-sand samples (deformation 

rate=9 mm/min). 

Previous studies show that frozen soil strengths vary nonlinearly with temperature (Hu et al. 2013, 

Zhou et al. 2015). Such nonlinear correlation should be closely related to the temperature-

  1 
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dependent unfrozen water content in the frozen soil. The tensile strength of frozen soil is mainly 

contributed from pore ice cementation. When the temperature decreases from 0 oC to -5 oC, there 

is a significant decrease in unfrozen content in frozen soil (Nixon 1992). Upon a further decrease 

in temperature, there is little change in unfrozen water content. However, the tensile strength of 

ice keeps on increasing with the decrease in temperature (Haynes 1978). The research by Nixon 

(Nixon 1991) provides a relationship between unfrozen water content and temperature as a non-

linear power law equation. To quantify the tensile strength-temperature relations, we applied a 

modified power law function (Equation 4.12) to properly consider the strength at T = 0°C: 

0

B

t

T
A C

T
s  

å õ
= +æ ö
ç ÷

 (4.12) 

where  ,  and  are parameters to be determined, and   is a reference temperature (-1°C is applied 

herein). Solid correlations between the tensile strength and temperature are developed and plotted 

in Figure 4-6, where the tensile strength has a remarkable increase with a decrease in temperature. 

This power law function is effective for the broad temperature range from -15°C to 0°C. The 

significant impact from deformation rates is indicated with the difference between the curve fitting 

parameters. In order to demonstrate the sensitivity of parameters in Eq. (3) to frozen clay soils 

with different clay contents, we summarize results of clay soil samples with different clay contents 

and present in Figure 4-7. The results for soils with low clay contents (12.3% and 20%) were 

retrieved from Zhou et al (2015) who carried out splitting tests on QinghaiïTibetan Plateau clay 

soils. Since their soils contain lower amount of clay minerals, samples tend to have brittle behavior. 

Thus, they were successful in conducting splitting tests to generate line load along discs and obtain 

reliable tensile strength. In addition, they have applied different loading rates but found that their 

results are not dependent on the applied loading rates. It should also be due to reason that samples 
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contain lower amount of clay minerals. As is displayed in Figure 4-7, parameter B has little 

variations. Even though there is some difference in clay mineralogy, a general trend is noticed that 

parameter A has a higher value for samples with a lower clay content. The parameter C standing 

for the tensile strength at T = 0°C increases with the increase in clay content. 

 
Figure 4-6 Curves showing measured peak tensile strength values versus temperautres at different loading rates (T0 

= -1°C). 
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Figure 4-7 Plots of measured and modeled load-displacement curves for samples with different clay contents. 

 

4.4 Numerical analysis 

In this study, finite element modeling is conducted to simulate the deformation and tensile yield 

behavior of frozen soils under different test conditions. We assumed an associated flow rule and 

applied the hyperbolic Drucker-Prager model, in which the tensile yield behavior is integrated. 

The hyperbolic Drucker-Prager model has been found effective in simulating both brittle and post 

peak ductile behaviors of frozen soil (Akhtar and Li 2020b). According to the Abaqus manual 

(Dassault Systèmes 2016), the hyperbolic Drucker-Prager yield function is given by: 

( )
2 2tan tan 0tF d q p ds b b¡ ¡= - + - - = (4.13) 

where 
ts  is the tensile strength; p  is the mean effective stress (

1
( )

3
p traces= ). Since pore 

pressure is not considered in the present study, the total stress equals to the effective stress; q  is 

the von Mises equivalent shear stress (
3

(S:S)
3

q= ); S is the deviator stress (S Ips= - ); b 
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and d  are Drucker-Prager modelôs angle of friction and cohesion strength parameter in the p q-   

space, respectively; d¡ is related to d  by the following equation: 

2 2( tan ) tan
3

t
t td d b b

s
s s¡= - + +  (4.14) 

and, 

1
(1 tan )

3
td bs= +  (4.15) 

According to Puzrin (Puzrin 2012), the Drucker-Prager friction angle parameter , is related to the 

Mohr-Coulomb friction angle   by: 

1 6sin
tan ( )

3 sin

f
b

f

-=
-

 (4.16) 

Numerical models were created only for laboratory experiments on samples at T= -1oC and T = -

10oC. The input parameters required for this analysis were included in Table 4-2. The peak friction 

angle data was based on published shear test results on sand-bentonite mixtures with similar 

mineralogy compositions (Tanaka et al. 2001, Saffer and Marone 2003). The elastic deformation 

parameter was based on our published uniaxial compression test results on the same type of 

artificial frozen sandy clay samples (Girgis et al. 2020). It should be noted that the creep behavior 

is not considered in the present simulation, thus our numerical modeling will only be validated 

using DPT measurements at a high deformation rate (9 mm/min). 
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Table 4-2 Physical properties of prepared bentonite-sand samples before freezing 

Parameters Value Reference 

Peak friction angle, 
maxf  (degrees) 34 (Tanaka et al. 2001; Saffer 

and Morone 2003) 

Drucker-Prager angle of friction, b (degrees)  54 - 

Initial tensile strength, |t os (kPa) at T = -1oC 103.9 - 

Initial tensile strength, |t os (kPa) at T =-10oC 443.9 - 

Poisson ratio, v  at T =-1oC 0.25 (Girgis et al. 2020) 

Poisson ratio, v  at T =-10oC 0.18 (Girgis et al. 2020) 

Modulus of elasticity, E (MPa) at T =-1oC 28 (Girgis et al. 2020) 

Modulus of elasticity, E (MPa) at T =-10oC 180 (Girgis et al. 2020) 

 

The finite element model is idealized in terms of boundary conditions to make an analogy to the 

conditions in laboratory tests (Figure 4-8a). The frozen soil sample and steel puncher were 

modeled using a small sliding, surface-to-surface contact pair technique. The top puncher contact 

surface was considered a master while the soil top and bottom contact surfaces were considered a 

slave.  

A finite element model along with the mesh distribution and location of monitoring points are 

displayed in Figure 4-8b. The dimensions of the soil sample and the puncher are the same as our 

laboratory test. The bottom puncher was kept restrained in all directions, and the top puncher was 

restrained in x-y directions, respectively. The C3D8R type of element was used for both soil 
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samples and punchers, and the sensitivity of mesh convergence has been examined utilizing 

different element sizes. The steel puncher was treated as a rigid body during the simulation. 

 
Figure 4-8 Sketch showing (a) the sample dimension, boundary condition, and puncher positions (b) FEM mesh 

distribution and locations of monitoring points. 

Simulated principal stress path curves in the meridional (p - q) plane of four monitoring points 

(P1, P2, P3, and P4) of two frozen soils during double punch tests are obtained and displayed in 

Figure 4-9. In general, the trends for the case of T = -10oC (Figure 4-9a) and T = -1oC (Figure 4-

9b) were comparable. The point P1 located under the puncher displayed a compression yielding 

behavior. By contrast, the other three monitoring points (P2, P3, and P4) showed a significant 

tension trend and ended up with a tensile yield while touching the hyperbolic Drucker-Prager 

failure yield envelop. 

 

      1 

  1 



76 

76 

 

Figure 4-9 Simulated stress paths of four monitoring points in soil samples during double punch tests in the 

meridional plane at (a) T = -10oC, and (b) T = -1oC. 

Simulated contours of equivalent plastic strains (PEEQs) of samples after DPT at T = -10oC and 

T = -1oC were displayed in Figure 4-10, where the PEEQ was given by: 

'

: pl
pl d

d

s e
e =ñ  (4.17) 

Not like the punching splitting failure behaviors observed in Figure 4-2, our simulated plastic 

strains were uniformly distributed along samplesô cylindrical sides. However, the circular yield 

along the cylindrical side indicated the large induced tensile stress. Compared with the result for 

T = -1oC (Figure 4-10b), the case with T = -10oC (Figure 4-10a) displayed much less amount of 

plastic strain. The difference in yield behavior was more clearly indicated in load-displacement 

curves (Figure 4-11). At T = -10oC, the sample tended to have a brittle failure behavior. By 

contrast, strain hardening behavior was displayed for the case with T = -1oC. 

The simulated load-displacement curve had a good match with the measured result for the test at 

T = -1oC. However, the simulated result was a little lower than the measured result for the test at 

T = -10oC. It could be due to the difference in failure behavior between the simulated result and 

the measured one since the brittle slitting failure behavior of the sample at T = -10oC was highly 

significant (Figure 4-2). Further studies are required to simulate the brittle splitting failure behavior 

of frozen soils. 
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Figure 4-10 Simulated equivalent plastic strain distribution in the frozen soil sample at (a) T = -10oC with vertical 

displacment = 0.003 m, and (b) T = -1oC with vertical displacement = 0.01 m (PEEQ = equivalent plastic strain). 

 
Figure 4-11 Plots of measured and modeled load displacement curves for samples at different temperatures. 

4.5 Discussions 

4.5.1 Sample size effect 

Currently, there is no standard for determining the sizes of samples and punch for the DPT of 

frozen soils. A change in a sampleôs dimensions or the diameter of the punch will affect the stress 

distribution and result in a different plastic zone or failure mode. Given the difficulty of preparing 

the frozen soil samples in different diameters, we only applied a single sample size for DPTs, and 

therefore the effect of size could not be considered experimentally. Instead, we carried out 3D 

          1 
                                       (a) T = -10oC                                                 (b) T = -1oC 2 
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numerical tests to investigate the effect of sample size on the stress and strain distributions during 

DPTs to determine the optimum sample size for a DPT test. 

We conducted numerical tests for cases of T = -10oC and T = -1oC on simulated samples, which 

had diameters of 1 inch, 2 inches, 3 inches, and 4 inches, respectively. Simulated vertical load-

axial displacement relations of numerical tests on samples with different diameters were displayed 

in Figure 4-12. A sample diameter of D = 2 inches corresponded to the sample size used in our 

laboratory tests. It was noticed that peak vertical loads were very sensitive to sample sizes both for 

cases at T = -10oC and at T = -1oC. At T = -10oC, brittle failure turned to be a plastic strain 

hardening when the sample diameter was increased from D = 1 inch to D = 4 inches (Figure 4-

12a). At T = -1oC, the plastic strain hardening was enhanced with the increase in sample diameter 

(Figure 4-12b). Using Eq. 2, the peak tensile strength values of these numerical tests were obtained 

and displayed in Figure 4-13. At T = -10oC, the peak strength showed a slight increase when D 

was increased from 1 inch to 2 inches, but a  slightly decreasing trend was noticed with a further 

increase in D (Figure 4-13a). In general, the peak tensile strength was not sensitive to the sampleôs 

diameter for cases with T = -10oC. By contrast, a decreasing trend was noticed for cases with T = 

-1oC (Figure 4-13b). When a sampleôs diameter is not appropriate, DPT is not effective because 

of the generated high amount of plastic strain and the chance of inducing splitting punch failure is 

low. As is demonstrated in Figure 4-14, when the size of a puncher is comparable to the sampleôs 

diameter (e.g., D = 1 inch), the plastic yield behavior is more like that from a uniaxial compression 

test. When the puncher size is much smaller than the sampleôs diameter (e.g., D = 4 inches), plastic 

strain tends to generate locally instead of creating tensile yielding along the sampleôs annulus 

region. Based on our numerical tests, a sample diameter of D = 2 inches can be treated as a 

representative size for the DPT test with a puncher size of ½ inch. 
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Figure 4-12 Simulated vertical load-axial displacement relations of numerical tests on samples with different 

diameters at (a) T = -10oC, and (b) T = -1oC. 

 
Figure 4-13 Simulated relations between peak tensile strength and sample diameter at (a) T = -10oC, and (b) T = -

1oC. 

 

 1 
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Figure 4-14 Simulated equivalent plastic strain distributions in the frozen soil samples with different sizes at (a) T = 

-10 oC, and (b) T = -1 oC. 

4.5.2 A comparison with numerical results of direction tension tests 

Direction tension tests were treated as a reliable approach for measuring tensile strength of clay 

soil or concrete in the ambient temperature condition (ASTM C307-18 2003, Li et al. 2019b). 

However, it is extremely difficult to carry out direct tension tests on frozen clay soil samples due 

to the complexity in sample preparation and loading conditions in a cold environment. Instead, 

numerical modeling applies an efficiency way by changing the boundary condition. Since the 

mechanical parameters have been validated by the DPT results, we conducted FEM numerical 

modeling of direct tension tests using the same parameters as indicated that used in DPT numerical 

tests (Table 4-2). The sample size is based on the ASTM recommended standard test method for 

tensile strength of chemical-resistant mortar (ASTM C307-18 2003), where briquet gang shaped 

samples were used for direct tension tests. The FEM mesh, boundary condition, and three 

monitoring points of the direct tension numerical tests are displayed in Figure 4-15. Horizontal 

displacement controlled numerical tests were simulated and the stress paths of three monitoring 

points in soil samples during direct tension tests were shown in Figure 4-16. During direction 

tension loading, the stresses at three monitoring parts were always located in the tension zone. 

Among the three monitoring points, P3 (located in the center of the sample) displayed the most 

significant trend in tensile stress. Plots of modeled load displacement curves and related equivalent 

plastic strain distributions for direct tension tests at different temperatures are displayed in Figure 

4-17. Similar to the DPT results, post peak softening with small area of plastic zone was observed 

for the numerical test at T = -10oC. By contrast, the curve for the numerical test at T = -1oC 

displayed a strain hardening behavior accompanied by a large plastic deformation.  Based on the 

horizontal force and the cross-section area of the sample, the simulated tensile strength values were 
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derived and included in Table 4-3. Even though the applied mechanical parameters are the same, 

estimated tensile strengths values from direct tension numerical tests are 35% more than these 

from DPT numerical tests (samples with D = 2 inches), which confirms that DPT is conservative 

in estimating tensile strength of frozen clay soils. 

 
Figure 4-15 Sketch showing FEM mesh, boundary condition, and three monitoring points of the direct tension 

numerical test. 
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Figure 4-16 Simulated stress paths of monitoring points in soil samples during direct tension tests at (a) T = -10 oC, 

and (b) T = -1 oC. 

 
Figure 4-17 Plots of modeled load-displacement curves and related equivalent plastic strain distributions for direct 

tension tests at different temperatures. 

 

Table 4-3 Summary of estimated tensile strength values of frozen clay soils from different numerical tests 

Test Temperature (oC) Peak tensile strength (kPa) 

Double punch test -1 191.1 

Direct tension test -1 266.9 

Double punch test -10 567.9 

Direct tension test -10 754.6 

4.6 Conclusions 

A series of laboratory tests were performed on artificially prepared frozen sandy clay samples to 

measure tensile strengths. The effects of experimental approaches, applied temperatures, and 






















































































































































































