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Abstract

Exploring Efficiency in Split Federated Learning under System Heterogeneity: A Study of
System Synchronization and Resource Optimization

Haoran Gao

The rise of intelligent edge services has intensified the demand for scalable and privacy-
preserving collaborative learning frameworks. Split Federated Learning (SFL), a hybrid paradigm
that combines the layer-wise decoupling of Split Learning with the distributed aggregation of Fed-
erated Learning, offers an efficient training approach across heterogeneous devices. However, its
scalability remains constrained by device heterogeneity and synchronization delays. This thesis pro-
poses a novel Collaborative Split Federated Learning (CSFL) framework that facilitates real-time
cooperative computation through direct device-to-device communication. At its core lies the Col-
laborative Relay Optimization Mechanism (CROM), in which efficient devices act as computational
relays by executing intermediate model segments on behalf of bottleneck devices, thereby achiev-
ing balanced workload distribution. To minimize end-to-end training latency, we formulate a joint
optimization problem over the model cut-layer and device pairing configuration. This problem is de-
composed into two interdependent sub-tasks: cut-layer selection, addressed via a convergent alter-
nating optimization strategy, and device pairing, modeled as a deferred-acceptance-based weighted
matching game that aligns local utilities with global objectives. Extensive experiments on VGG-16
using the Tiny-ImageNet dataset under non-IID data partitions demonstrate that CSFL significantly
reduces training latency and energy consumption while maintaining accuracy comparable to con-
ventional SFL. Overall, this work advances collaborative edge learning by introducing a unified
framework for system-level co-optimization, emphasizing the importance of algorithm-architecture

codesign for future intelligent systems.
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Chapter 1

Introduction

This chapter presents the motivation for the research, explains the problem context, summarizes

the main contributions, and outlines the structure of the thesis.

1.1 Background

In recent years, the growing demand for low-latency, privacy-preserving intelligent services
has accelerated the shift from centralized cloud learning to collaborative learning at the network
edge [1,2]. Applications such as real-time medical diagnosis, smart surveillance, and autonomous
mobility increasingly rely on data generated by distributed edge devices and require fast, efficient
training mechanisms to adapt to rapidly changing environments [3,4].

In response to this trend, Federated Learning (FL) was introduced as a distributed training
paradigm that preserves data privacy by keeping raw data local [5]. In FL, each client indepen-
dently trains a local copy of the full model using its private dataset and periodically uploads model
updates (e.g., weights or gradients) to a central server. The server then performs aggregation, most
commonly using Federated Averaging (FedAvg), to obtain a global model that is redistributed to all
clients for the next training round. This iterative process enables collaborative model learning with-
out centralizing data [6,7]. Additionally, FL typically follows a synchronous protocol, where the
server waits for all selected clients to complete their local updates before proceeding. While this fa-

cilitates orderly global optimization, it can become a performance bottleneck in practice, especially



when client capabilities vary. More critically, FL assumes that all devices are capable of full-model
training, which imposes substantial computational and memory burdens on resource-constrained
edge clients. As such, application of FL. becomes limited for real-world system involving IoT sen-
sors, wearables, or embedded platforms.

To mitigate local resource burden, Split Learning (SL) [8] was proposed as an alternative
paradigm that reduces local computation by partitioning the deep model between the client and
the server at a designated cut-layer. During training, the client computes only the shallow portion
of the model up to the cut-layer and transmits the resulting intermediate activations to the server.
The server completes the remaining forward and backward passes and returns the gradients cor-
responding to the cut-layer, enabling the client to update its own portion of the model. This setup
dramatically reduces the computational and memory footprint on edge devices [9]. Unlike FL, there
is no built-in aggregation mechanism across clients, which prevents the system from converging to
a globally consistent model. Furthermore, SL introduces high per-sample communication over-
head due to frequent interaction between the client and server during each training step [10]. This
overhead makes SL highly sensitive to network latency and reliability.

Consequently, FL and SL offer complementary advantages: FL ensures global consistency and
privacy through parameter aggregation, but imposes high local demands; while SL enables compu-
tation offloading to the server, but lacks inter-client coordination and incurs significant communica-
tion overhead. These observations have motivated the development of hybrid paradigms that seek
to jointly exploit the benefits of both approaches, among which Split Federated Learning (SFL) [11]
has been proposed as a hybrid framework. In SFL, each client splits its model at a predefined
cut-layer, computes the shallow layers locally, and transmits intermediate activations to the server,
similar to the SL paradigm. After completing the backward propagation, the server performs an
additional aggregation step to update its model segment, which also helps promote convergence
during collaborative training. Meanwhile, federated aggregation [6] is applied to the client-side
model segments, ensuring consistency across participating clients. Specifically, the client-side ag-
gregation often adopts a FedAvg-like mechanism to update the shallow model layers distributed
across participants, while the server-side aggregation fuses representations or parameters corre-

sponding to the deeper layers. This dual aggregation strategy enables a hierarchical coordination



of training, where computation is decoupled between edge and cloud, and model synchronization
occurs on both ends. As a result, SFL balances computation offloading, privacy preservation, and
model consistency, making it a promising solution for collaborative learning in resource-constrained

environments [12].

1.2 Motivation

Despite its conceptual appeal, SFL still faces critical limitations in realistic deployments. The
framework typically assumes that all clients operate synchronously and possess comparable com-
putational capabilities, which is rarely true in heterogeneous edge environments [13]. When device
heterogeneity is significant, fast devices are forced to wait for slower ones during synchronization,
resulting in straggler effects, idle time, and degraded system efficiency.

Edge devices are inherently constrained by limited computational power, battery life, and mem-
ory capacity [14]. In addition, they often suffer from unstable network connectivity, and exhibit
substantial heterogeneity in terms of hardware capabilities and local data availability [15]. These
limitations pose serious challenges to the deployment of conventional learning frameworks, which
typically assume stable connections, homogeneous participants, and sufficient local resources.

In practical edge scenarios, devices exhibit substantial heterogeneity in terms of computing
power, communication bandwidth, and data availability. The standard SFL framework, which relies
on synchronized processing across all clients, becomes inefficient in such settings [11]. Specifically,
the server must wait for all devices to complete their computations before proceeding, leading to the
straggler effect: high-performance devices remain idle while waiting for bottleneck devices to finish
their tasks. This results in significant synchronization latency and poor overall system utilization.
Moreover, current edge learning frameworks are often static and non-cooperative. They assign a
fixed cut-layer to all devices regardless of device heterogeneity and overlook peer collaboration as
a strategy for balancing workload and reducing delay.

These limitations underscore the need for more adaptive, flexible, and cooperative learning
strategies that explicitly account for device heterogeneity and system dynamics. Enabling collabo-

rative training among edge devices—where stronger devices assist weaker ones—offers a promising



path forward to improve scalability, latency, and overall learning efficiency in next-generation dis-
tributed systems. Such collaboration can be supported by emerging device-to-device (D2D) com-

munication technologies [16, 17], which provide low-latency links between nearby edge nodes.

1.3 Objectives

This thesis aims to develop a collaborative and adaptive SFL framework that mitigates synchro-
nization bottlenecks and enhances training efficiency under device heterogeneity. To achieve this

goal, the following objectives are pursued:

* Architectural Design: Design a flexible cooperative learning architecture that enables high-
performance edge devices to assist less capable participants through model-level computation
sharing. This architecture aims to reduce synchronization delays and improve system-wide

resource utilization, while strictly preserving data locality.

* Optimization Formulation: Formulate a principled and extensible joint optimization problem
that captures the critical trade-offs in system configuration. In particular, the formulation
seeks to determine both the optimal model partitioning strategy (i.e., cut-layer selection) and
the cooperation structure among clients, with the overall objective of minimizing end-to-end

training latency under heterogeneous resource and network conditions.

* Solution Methodology: Develop efficient and generalizable solution strategies to solve the
above optimization problem under realistic constraints. The proposed methods aim to en-
sure convergence and scalability, while maintaining compatibility with practical deployment

scenarios involving limited computation and communication resources.

* Empirical Validation: Evaluate the proposed framework through extensive experiments con-
ducted under heterogeneous system conditions and non-IID data. Performance is bench-
marked against representative baselines in terms of training latency, energy efficiency, and
model accuracy, demonstrating the effectiveness and adaptability of the approach in real-

world edge environments.



Collectively, these objectives lay the foundation for a scalable and adaptive learning framework that

addresses the practical challenges of deploying SFL in heterogeneous edge environments.

1.4 Contributions

This thesis is motivated by the belief that cooperative computation among heterogeneous edge
devices offers a promising approach to mitigating resource imbalance, reducing synchronization
latency, and improving the scalability of distributed learning systems. To validate this hypothesis,
we introduce a novel paradigm, Collaborative Split Federated Learning (CSFL), which integrates
device-to-device cooperation into the conventional SFL architecture. At the heart of this framework
is the Collaborative Relay Optimization Mechanism (CROM), in which efficient devices assist bot-
tleneck users by completing additional segments of the model on their behalf. This relay-style
collaboration is designed to exploit the model partitioning flexibility of SL while preserving the
federated aggregation of SFL.

To support this framework, we further develop a joint optimization scheme that minimizes end-
to-end training latency through coordinated decisions over two critical components: the cut-layer
configuration and the device pairing strategy. Recognizing that these two decisions operate on
different temporal and algorithmic scales, we decompose the problem into two interdependent sub-
problems. We then employ an alternating iterative approach for cut-layer selection and model the
device pairing as a weighted matching game, aligning local utility with global system performance.

The main contributions of this thesis are summarized as follows.

* We propose a novel CSFL framework as a principled extension of traditional SFL to address
the limitations of synchronization and resource heterogeneity in edge environments. The col-
laborative nature of CSFL is realized through the integration of the Collaborative Resource
Optimization Mechanism (CROM), a dedicated mechanism that coordinates computation
sharing, device pairing, and model partitioning across heterogeneous clients. We formally
define the system architecture, analyze key design challenges, and demonstrate how CROM

enables efficient and privacy-preserving collaboration under practical deployment constraints.

* Building upon the CSFL framework, we investigate the core problem of jointly optimizing



the cut-layer selection and device pairing strategies. We formulate this as a stochastic op-
timization problem that minimizes training latency while accounting for device capabilities,

communication bandwidth, and model consistency constraints.

* To address this problem efficiently, we propose a scalable two-stage approach that decouples
the joint optimization into alternating subproblems at different time scales. The proposed
methods balance adaptability and convergence, enabling dynamic yet stable optimization of

collaboration structures.

* We validate the proposed framework through extensive simulations under non-1ID data set-
tings and heterogeneous system conditions. Results confirm the superiority of the CSFL
framework in terms of training latency, scalability, and accuracy, while also highlighting its

potential for broader application in practical edge learning systems.

To the best of our knowledge, this work is the first to systematically investigate the joint optimization
of cut-layer selection and device pairing within the CSFL framework. This thesis is built upon the

following publications:

* H. Gao, J. Cai, S. D. Okegbile, et al., “Toward Efficient CSFL: Joint Optimization of Cooper-
ative Pairing and Cut-Layer Allocation in Heterogeneous Environments,” submitted to /EEE

Transactions on Mobile Computing.

* H. Gao, S. D. Okegbile, J. Cai, “Advanced Relay-Based Collaborative Framework for Opti-
mizing Synchronization in Split Federated Learning over Wireless Networks,” submitted to

IEEFE Wireless Communications.

In parallel with the work presented in this thesis, I has actively contributed to a series of collaborative
studies that extend the principles of machine learning and semantic communication to emerging

intelligent network environments. These works contributed to the following publications:

» S. D. Okegbile, H. Gao, O. Talabi, et al., ”Optimizing Federated Semantic Learning in Dis-
tributed AIGC-Enabled Human Digital Twins: A Multi-Criteria and Multi-Shard User Selec-
tion Framework,” in IEEE Transactions on Mobile Computing, vol. 24, no. 7, pp. 5916-5933,
July 2025.



» S. D. Okegbile, H. Gao, O. Talabi, et al., “FLeS: A Federated Learning-Enhanced Semantic
Communication Framework for Mobile AIGC-Driven Human Digital Twins,” in IEEE Net-

work, 2025.

* S. D. Okegbile, H. Gao, J. Cai, “A Novel Secure Split Federated Semantic Learning Frame-
work and its Optimization for Digital Twin Network Evolution,” in IEEE Transactions on

Mobile Computing, 2025.

1.5 Thesis Structure

The remainder of this thesis is organized as follows. Chapter 2 reviews the related work on
federated learning, split learning, and split federated learning, with a particular focus on their adap-
tations to heterogeneous edge environments, as well as representative approaches to privacy preser-
vation. Chapter 3 introduces the proposed CSFL framework, elaborates on its system architecture,
and provides a comprehensive analysis of its overall training efficiency. Building upon this, Chap-
ter 4 formulates a joint optimization problem that simultaneously addresses cut-layer selection and
device pairing, and presents a two-stage solution framework that effectively decouples and solves
these interdependent tasks. Chapter 5 details the experimental evaluation setup, including the model
architecture, parameter settings, and performance benchmarks. Chapter 6 concludes the thesis by
summarizing the key findings and outlining potential directions for future research. In addition,

Appendix A provides a supplementary convergence analysis for one of the proposed methods.



Chapter 2

Literature Review

2.1 Heterogeneity-Aware Strategies in FL. and SL

Device heterogeneity remains one of the core obstacles to efficient and scalable distributed
training at the edge. In practical scenarios, edge clients often differ in computational capabilities,
memory, and connectivity conditions [18]. This leads to the well-known straggler problem, where
slower devices delay the progress of the entire training process. To address this, various strategies
have been introduced within both FL and SL frameworks, particularly targeting synchronization
latency caused by heterogeneous device behavior.

In FL, several mechanisms aim to reduce synchronization latency and improve robustness to het-
erogeneous devices. One prominent method is device clustering [19-21], where clients are grouped
based on hardware profiles or training speeds. Within each group, synchronized updates are per-
formed independently, thus reducing the impact of stragglers without fully discarding synchroniza-
tion. However, the effectiveness of this strategy depends heavily on the initial clustering criteria. If
the criteria are poorly chosen or become outdated, the grouping may become imbalanced or even
counterproductive, undermining the intended synchronization efficiency.

Another widely adopted approach is semi-synchronous scheduling [22-24], which allows the
server to proceed with model aggregation at specific synchronization points without requiring re-
sponses from all clients. Clients that miss a given round can continue training locally and contribute

in later rounds, thereby improving the continuity of the training process. Despite its simplicity, this



method may lead to aggregation bias or slower convergence, especially when updates from slower
clients are persistently delayed or excluded.

Additionally, relay-assisted federated learning [25] has been proposed to mitigate bandwidth
bottlenecks and reduce communication latency. In this setup, edge relay nodes or auxiliary servers
perform local aggregation or intermediate forwarding, enabling distributed aggregation and com-
munication offloading. While effective in reducing direct server-client overhead, this architecture
incurs additional deployment and maintenance costs, and introduces extra system complexity that
may hinder practical scalability.

SL, by contrast, reconfigures the structure of the learning framework. However, SL does not
fully eliminate the synchronization challenge. Due to the tight layer-wise dependency between
clients and the server, most SL frameworks rely on synchronous coordination during both the for-
ward and backward pass [26]. Attempts to incorporate asynchronous mechanisms [27,28] into SL
build upon the observation that each client’s data can be handled independently and that SL does
not involve any global model aggregation at the server. The server can adopt a request-response
pattern and process activations as they arrive, without requiring synchronized coordination across
devices. This design enables asynchronous execution and better accommodates heterogeneity in
computation and connectivity, but it still presents certain limitations.

Device clustering techniques [29] are also applicable in SL. However, the grouping suffers from
the same limitations discussed above—its effectiveness heavily depends on the choice of clustering
criteria, which, if poorly defined, may lead to unbalanced groupings and limited performance gains.

While these strategies provide partial relief from synchronization delays, they are often de-
signed as auxiliary scheduling or clustering mechanisms that operate independently from the model
training process itself. As such, they lack tight integration with the underlying learning framework
and do not leverage architectural properties such as model partitioning or inter-device computation

delegation, which could fundamentally mitigate straggler effects in heterogeneous environments.



2.2 Split Federated Learning and Collaborative Extensions

SFL integrates the model-partitioning structure of SL with the aggregation paradigm of FL. In
a typical SFL setup, clients compute the initial layers of a deep model and transmit intermediate
activations to the server, which completes the forward and backward computations. After multiple
rounds of such interactions, an aggregation step ensures model consistency. This hybrid structure
aims to balance privacy preservation, computational offloading, and collaborative training.

To better adapt to heterogeneous edge environments, recent SFL variants have explored the de-
coupling of conventional synchronized updates. One such adaptation employs a sequential process-
ing strategy, allowing clients to transmit activations asynchronously [11,30]. The server processes
these inputs in a streaming manner without requiring full synchronization. Due to the asynchronous
scheduling, server-side aggregation is removed entirely, and only periodic local aggregation among
clients is retained. While this design alleviates the central bottleneck, the sequential processing of
client updates introduces the risk of temporal bias, as earlier updates may disproportionately in-
fluence the model’s trajectory [31,32]. This not only compromises fairness but can also lead to
convergence instability, especially in non-IID settings where data distributions differ significantly
across clients. Without corrective mechanisms such as update reordering or temporal weighting, the
model may overfit to early clients or fail to generalize across the broader data distribution.

This approach, while alleviating synchronization burdens to some extent, fundamentally treats
device heterogeneity as a constraint to be mitigated rather than a structural property to be exploited.
They lack mechanisms to actively coordinate inter-device computation, adapt model partitioning
to device-specific capabilities, or leverage localized collaboration opportunities [11,30,31]. One
promising yet underexplored system-level mechanism in this context is task offloading, a well-
established strategy in edge computing in which overloaded devices dynamically delegate tasks to
nearby idle nodes [33, 34].

Task offloading typically involves deciding which tasks to offload, selecting suitable candidate
nodes, and optimizing offloading decisions to minimize execution latency, energy consumption, or

maximize throughput. However, most existing offloading frameworks primarily focus on relatively
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coarse-grained workloads, such as entire applications or computation tasks, with limited consid-
eration for structured dependencies within tasks [35]. As such, the integration of task offloading
with structured computational tasks, such as deep neural network (DNN) training, remains rarely
explored. Building upon this gap, CSFL leverages the inherent structural partitioning flexibility of
split neural networks to introduce fine-grained, model-segment-level task offloading. By explicitly
embedding collaborative inference and workload redistribution into the training process itself, CSFL
realizes a deeper integration of offloading principles into collaborative learning, thus fundamentally
addressing the challenges posed by heterogeneous device environments.

This collaboration is made possible by the model-partitioning flexibility inherent in SL [27],
which allows deep networks to be sliced and dynamically reassigned across devices. Combined
with the decentralized scheduling paradigm of task offloading, this design facilitates real-time co-
ordination and efficient utilization of edge resources.

By integrating CROM into the SFL framework, CSFL transforms the conventional client-server
topology into a cooperative, decentralized structure that improves responsiveness, reduces synchro-

nization latency, and enhances system-wide scalability.

2.3 Game-Theoretic Foundations of CSFL

The CSFL framework inherently involves both cooperative and competitive interactions among
participating devices. Game theory provides a rigorous mathematical foundation for modeling such
strategic interactions among rational agents in environments characterized by limited resources or
conflicting interests. In general, game-theoretic models can be categorized into non-cooperative
and cooperative games. Non-cooperative games focus on independent decision-making, where each
agent seeks to maximize its own utility without explicit communication or binding agreements [36].
In contrast, cooperative games allow agents to form coalitions or partnerships, coordinating their
actions to achieve mutually beneficial outcomes [37].

In the context of CSFL, the cooperative computation mechanism can be naturally formulated
as a device pairing problem, wherein participating devices must form stable, mutually beneficial

partnerships. Matching games, a specialized class within cooperative game theory, are designed to

11



model situations where agents’ utilities depend on pairing or matching relationships [38]. Matching
theory provides a systematic approach to determining pairings between agents from distinct sets
based on individual preferences. Accordingly, the device pairing process in CSFL can be effectively

formulated and analyzed within the framework of matching games.

2.4 Privacy Preservation in Distributed Learning

The inter-device cooperation enabled by CROM introduces new privacy challenges. Unlike tra-
ditional FL or SL frameworks where data never leaves the originating device or is transmitted only
to a central server, CROM involves direct exchange of intermediate activations and delegated com-
putations between devices. Such interactions increase the attack surface and may lead to unintended
information exposure if adversarial participants or compromised devices are involved [39].

To address these concerns, secure execution and privacy-preserving computation must be em-
bedded within the CSFL framework. One promising line of defense is the use of Trusted Execution
Environments (TEEs) [40], such as Intel SGX and ARM TrustZone [41,42], which provide isolated
and tamper-resistant regions of memory for processing sensitive data. In the context of CROM,
TEEs can ensure that delegated model segments are computed securely on assisting devices, pre-
venting access or manipulation by the host operating system or other processes.

In parallel, Privacy-Preserving Deep Learning techniques [43] offer cryptographic and statisti-
cal guarantees for safeguarding training data and model parameters. Secure Multi-Party Computa-
tion [44] enables collaborative computation without revealing individual inputs, making it suitable
for scenarios where multiple devices contribute to shared model updates. Homomorphic Encryp-
tion [45] supports direct operations on encrypted activations or gradients, though often with trade-
offs in computational overhead. Differential Privacy [46,47], widely adopted in federated learning
settings, injects noise into model updates or data statistics to limit the influence of any single user’s
data, thereby mitigating inference attacks.

Taken together, these techniques provide a foundation for enabling secure, privacy-aware collab-

oration among devices. In this work, we assume that such mechanisms—whether through hardware

12



isolation, cryptographic protocols, or statistical obfuscation—are available to support the deploy-
ment of CROM. This ensures that collaborative model computation can proceed without compro-

mising the privacy and integrity of user data.

13



Chapter 3

The Collaborative Split Federated

Learning Framework

This chapter introduces the general architecture of the proposed CSFL framework. We first
present the core mechanism, the Collaborative Relay Optimization Mechanism (CROM), which
enables device cooperation through model relaying. We then describe the system architecture and
outline the operational procedures that govern the collaborative training workflow. Finally, we
highlight several essential design elements, including layer splitting, device matching, inter-device
communication, and aggregation, which collectively define the structure and logic of the proposed

framework.

3.1 Collaborative Relay Optimization Mechanism (CROM)

As a foundational component of the proposed CSFL framework, CROM is introduced to fa-
cilitate low-latency, resource-efficient, and fairness-aware training in heterogeneous edge learning
environments. CROM is designed to systematically orchestrate inter-device collaboration by ex-
ploiting the underutilized computational capacity of efficient devices to assist resource-constrained
counterparts, called bottleneck devices, during critical phases of model training.

Through dynamic workload redistribution, this relay-based mechanism effectively mitigates

synchronization delays, enhances system-wide throughput, and accelerates model convergence,
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all while maintaining global model consistency. In addition, by leveraging the intrinsic privacy-
preserving properties of split learning, where only intermediate activations, rather than raw data,
are exchanged, CROM safeguards device privacy throughout the collaborative process. Collectively,
these capabilities establish a principled and scalable foundation for secure, efficient and cooperative

intelligence at the network edge.

3.2 System Architecture

The conceptual structure of the CSFL framework is illustrated in Fig.3.1, which resembles a
three-layer U-shaped SL architecture [48,49] from the perspective of bottleneck devices: the front-
end layers are computed locally by the bottleneck devices, the intermediate layers are relayed and
computed by matched efficient devices, and final layers are executed by the server.

The forward propagation procedure is divided into two stages, dynamically adapting to the
heterogeneous configurations of the participating devices. During the first stage, all devices per-
form local forward computations using their own datasets. Due to their enhanced computational
resources, efficient devices typically finish this stage earlier than bottleneck devices and transition
to the second stage.

In the second stage, each bottleneck device terminates its computation after reaching a prede-
fined cut-off layer and transmits both the intermediate activations and the associated layer index to
its matched efficient device. Based on this information, the efficient device identifies the partition
point and proceeds to compute the remaining layers of the bottleneck device’s forward path. For
clarity, we refer to the data transferred between devices at this point as intermediate smashed data,
to distinguish it from the final smashed data ultimately sent to the server. Upon receiving these data,
the efficient device completes the forward computation on behalf of its matched partner.

This collaboration architecture enables partial offloading of the bottleneck devices’ forward pass
to computationally capable partners. Leveraging both the device heterogeneity and model partition-
ing inherent to SL, CSFL ensures that the final smashed data from all devices can be delivered to
the server in a synchronized and latency-aware manner. The key operational components of CSFL

are described in the following.

15
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Figure 3.1: Collaborative Training with Device Pairing and Server Interaction.

* Device Classification: In the proposed framework, participating devices are categorized into
two types according to their computational capabilities and communication conditions. Ef-
ficient devices possess relatively strong processing power and favorable channel conditions,
enabling them to perform deeper local computations and act as relays to assist bottleneck
devices in collaborative training. Bottleneck devices, by contrast, are constrained by limited
computational resources or weaker communication links, and thus often become the primary
source of synchronization delays. This classification forms the basis of the CSFL mecha-
nism, whereby efficient devices not only contribute to their own training but also alleviate the

burden of bottleneck devices through relay collaboration.
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» Layer Splitting Selection: The selection of cut-layer defines the computational boundary be-
tween the device side and the server side, thereby determining the extent of local processing
before the model is offloaded to the server. In conventional SFL, this boundary primarily in-
fluences communication cost and workload allocation. In contrast, CSFL extends its impact
to inter-device collaboration: the choice of split layer directly determines whether an effi-
cient device can effectively serve as a relay. A deeper cut layer increases the computational
burden on the relay, whereas a shallower split increases the communication overhead of bot-
tleneck devices. Hence, optimal layer splitting must jointly balance computational efficiency,

communication cost, and collaborative feasibility to maximize system-wide performance.

* Efficient-Bottleneck Matching: In the CSFL framework, the most crucial aspect is match-
ing efficient devices with bottleneck devices, which is key to resolving synchronization chal-
lenges and optimizing overall system performance. First, correct matching enables efficient
devices and bottleneck devices to remain synchronized in forward propagation and subse-
quent computations. After matching, efficient devices will independently complete their own
forward propagation tasks and then provide support as relays during the processing phase of
bottleneck devices. If the matching is not optimal, efficient devices may not fully utilize their
computing power, while bottleneck devices may keep hindering the overall system efficiency,
leading to inefficient use of time and resources. Accurate matching can significantly enhance
system performance, ensure optimal resource utilization in each part, and effectively address

the synchronization challenges posed by device heterogeneity.

* Inter-device Wireless Communication: CROM operates within a wireless environment,
where information is transmitted between devices—specifically, between efficient and bot-
tleneck devices after they are matched. Inter-device wireless communication serves as the
crucial bridge between these matched devices, facilitating real-time coordination and min-
imizing delays in the computation process. efficient devices rely on these communication
links to receive data from bottleneck devices and subsequently provide computational sup-
port. Without efficient wireless communication, the system would face challenges in main-

taining the continuous flow of information necessary for optimal collaboration. Thus, wireless
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communication is a critical component, ensuring that the distributed nature of the framework

functions smoothly and effectively.

Determination of Partition Points: The selection of partition points is based on the device
matching results. Unlike the previously discussed split layer selection, partitioning involves
selecting the relay model between devices, aiming to mitigate potential system delays. In this
sense, the partition point specifies the inter-device boundary. Specifically, efficient devices
relay models typically exclude the full client model, as bottleneck devices handle the initial
computations. Therefore, the partition point indicates the completed and unfinished layers,
guiding efficient devices to preserve necessary layers and skip redundant computations. If the
partition point is not optimally selected, the efficient device may retain unnecessary computa-
tional layers during the relaying process, resulting in excess computational load and increased
data transmission. Thus, selecting the correct partition point is crucial to avoid resource waste

and training delays.

Aggregation:The aggregation process in the CSFL framework follows the SFL framework,
aiming to ensure model consistency and synchronization by integrating client model weights.
However, in CSFL, this process is more complex, as efficient devices share model parts to
support bottleneck devices. Minor discrepancies in model parameters can significantly affect
system performance. Therefore, successful aggregation is essential to align bottleneck clients’

output with expectations and prevent deviations.
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Chapter 4

Joint Optimization of Cut-Layer and

Device Pairing

Building upon the structural foundations established in Chapter 3, this chapter formalizes the
CSFL framework through a mathematical characterization. We identify two critical decision di-
mensions, namely device coordination and model partitioning, and analyze their impact on training
latency and energy consumption, leading to a joint optimization problem that captures key per-
formance trade-offs. To address the inherent coupling and timescale disparity between these di-
mensions, we propose a two-stage solution: an offline alternating strategy [50, 51] optimizes the
cut-layer configuration, while an online matching game [52, 53] dynamically assigns collaboration
pairs during training. This hierarchical design enables scalable coordination between long-term

model adaptation and short-term cooperative scheduling across dynamic edge environments.

4.1 Mathematical Modeling of CSFL

The CSFL framework operates within a heterogeneous edge intelligence environment, compris-

ing a set of distributed edge devices K = {1,2, ..., K}, connected to a central edge server s. Each
(k) }Dk (k) (k)

device k € K is assigned a local dataset Dy, = {:cgk),yi i—1» Where z;”" and y,™ denote the
input and label of the i-th sample, and Dy, is the dataset size. Devices exhibit heterogeneous char-

acteristics in terms of computational capacity, channel condition, and data volume. Following the
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SL paradigm, the full model € is split into two parts: the client-side model 6. and the server-side
model 0, where the split layer index is denoted by J.. Each device holds an identical copy of the
client-side model ., and the server is responsible for updating 6.

To enable collaboration, the system classifies devices into two disjoint sets: efficient devices
(EDs) and bottleneck devices (BDs), denoted as ¢/ and V respectively, with i/ UV = K and U N
VY = (). A pairing strategy is then employed to assign each BD a supporting ED, thereby forming
collaboration pairs (u,v) withu € U, v € V.

The initialization phase begins by determining the optimal cut layer J,, classifying devices into

)

ED and BD sets, and generating the initial pairings. Model parameters 0£k and 6 are initialized
accordingly. Based on local resource profiles, each device is assigned its data partition and prepares
for local training. These procedures collectively define the training state at ¢ = 0, after which

collaborative training rounds are launched.

4.1.1 Local Forward Computation

The forward propagation is initially performed independently on each device, followed by a
cooperative stage in which efficient devices serve as relays to assist bottleneck devices. The detailed

workflow for both device types is presented below.

(1) ED-side computation: Each ED first performs independent forward propagation using its
local dataset D, (t) on the client-side model oL (t). The computations proceed layer by

layer, where for each layer j, the output is computed as

() = WO 1) e (1) + 60 (0), M
eID(1) = g (Zl(tj) (t)) , (2)

where W7 (t) and by (t) denote the weights and biases, and g(-) is the activation function.

The output at the designated cut layer .J. is denoted as el (t).

Once the ED completes its own local forward pass, it waits to receive the intermediate results

from its paired BD. Specifically, the BD transmits its stopping point layer J,,(< J.) and the
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corresponding intermediate feature ng”)(t). Upon reception, the ED resumes the forward

computation on behalf of the BD from layer J, + 1 up to J,, thereby generating eSjlc)(t).

Finally, the ED uploads both el (t) and el’?) (t) to the edge server.

BD-side computation: In parallel, the BD v executes forward propagation using its dataset
D, (t). Due to limited computational resources, the BD only proceeds up to a certain layer
Jy < J., producing intermediate features ez(,‘]”) (t). At this point, it pauses computation and

transmits both .J, and e’ (t) to the ED.

4.1.2 Server-Side Execution

The server-side execution in the CSFL framework strictly follows the standard SFL paradigm,

operating independently and in parallel across all collaboration pairs [27].

ey

2

Forward processing: Upon receiving the intermediate outputs from both the efficient and
bottleneck devices in each pair, the server concatenates them to form the input to the server-
side model #;. It then completes the forward propagation through the remaining layers to
generate the final predictions, serving as the basis for loss computation. The output for sample

1 on device k at time ¢ is given by

~(k

1P =g (1), 3)
where .J denotes the index of the output layer of the model and g(-) is the activation function.

(k)

i

Model update: Using the predicted outputs ;" (¢) and ground truth yz(k), the server computes
the overall training loss using a standard sample-wise loss function ¢(-). The aggregated loss

across all devices is defined as

Dy
1 N
c® SOS T aM). @)

2 kek D kek i—1

Based on this loss, it calculates gradients for the server-side model parameters, the gradients
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are computed as

1 «— Pt
VE(0.(0) = ~ 89(;) 5)
kek s

and updates them using stochastic gradient descent (SGD) [54]:
Os(t + 1)  05(t) —nsVL(E, 0s(1)), (6)

where 75 denotes the learning rate of the server-side model updates.

To enable backward propagation on the client side, the server transmits the corresponding
upstream gradients, computed at the cut layer, back to the efficient devices. This design

leverages the role of EDs as the sole uploaders of smashed data [8].

4.1.3 Local Backward Computation

The backward process in CSFL is jointly conducted by the EDs and the BDs following the

completion of server-side backpropagation.

(1) ED-side computation: Each ED performs gradient computation not only for its own model
segment but also for the unfinished portion of its paired BD’s model, spanning from the
cut layer J. down to the BD’s interruption point J,. Let 51(3 ) represent the backpropagated

gradient at layer j. The error signal [55] is calculated recursively as

, , T . .
69 — (WI) a7 w e g (:00) Q)
Once the gradient at layer J,, + 1 is obtained, the ED transmits this gradient 51(,“7““) to the

corresponding BD. It then continues its own backward pass independently. After reaching the

input layer, the ED updates its model parameters using standard SGD:

0 (t + 1) « 0 (t) — .V L(t, 000 (1)) (8)

where 7). is the learning rate of client-side model updates.
(2) BD-side computation: After receiving the intermediate gradient from its paired ED, each
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BD resumes the remaining portion of the backward pass. The local model is then updated

accordingly to complete the training cycle on the bottleneck device.

(3) Device-side aggregation: As proposed in [6], upon completing their local updates, all devices

transmit their client-side model parameters to a designated aggregation server (denoted by a),

which aggregates the updates and redistributes the aggregated parameters to all participants.

This procedure ensures global consistency across the distributed models.

A complete training round in CSFL thus spans from the initiation of forward propagation at the

device level to the final client-side aggregation, forming a closed loop of collaborative model. A

summary of important notations is given in Table 4.1.

Table 4.1: Summary of Notation

Notation Definition

K Set of devices

u Set of efficient device cluster

Vv Set of bottleneck device cluster

T Set of training rounds

D Local dataset of device k

0 Server-side model

9£k) Device-side model of device k

z,(cj ) Linear transformation output at layer j of device &k

e,(cj ) Intermediate result at layer j of device k&

Nes Ns Learning rate of device/server-side model update

§ ,(Cj ) Gradient/Error signal at layer j of device k

Tuw Pairing decision

m, M Pairing configuration and the set of pairing configurations
Jey I Cut layer and the set of cut layers

Jy The layer at which an efficient device starts collaboration
D,(Cj ) Size of intermediate result at layer j of device k
fi/fs/fa Computing capability of device k/server in FLOP/s

K FLOPs required per parameter for gradient computation
N, Average collaborative resource utilization for pairing n;
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4.2 Decision Variables and System Efficiency

Given the collaborative nature of the framework, the selection of the cut layer and the device
pairing strategy play a critical role, directly affecting synchronization delay, computational work-
load distribution, and communication overhead. To systematically address these challenges, we
introduce a set of formal variables and performance metrics to quantify system efficiency and ana-

lyze the interdependencies among them.

4.2.1 Pairing Strategies

The collaborative interaction among devices is governed by the adopted pairing strategy, which
plays a pivotal role in improving system-wide efficiency. In this work, we consider a one-to-one
pairing scheme, where each BD is matched with exactly one ED during each training round. The

pairing decision is formulated as

) €{0,1}, Yueld,veV, teT )
U 1%
dYoall=1, > a2l =1, (10)
u=1 v=1

where xgg = 1 indicates that ED is paired with BD in training round ¢, and 7 = {1,2,...,T'}
denotes the set of all training rounds.

Let M represent the set of all feasible one-to-one pairing configurations in a given round, and
let M = | M| be its cardinality. In the case where U = V/, the total number of feasible pairing

configurations simplifies to

% V!

It is worth noting that in each pairing, the ED and BD inherently follow distinct optimization
objectives. As the assisting agent, the ED must account for both the computational burden of pro-
cessing the BD’s remaining layers and the communication costs associated with uploading the inter-

mediate features and gradients. In contrast, the BD is primarily concerned with the communication
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Figure 4.1: Pairing strategy aligned with shared goals and individual preferences.

overhead involved in transmitting its partial forward results. These differing concerns, illustrated in

Fig.4.1, highlight the necessity of an efficient and balanced pairing strategy.

4.2.2 Cut Layer Selection

The choice of cut layer significantly affects both the computational burden distribution and
the communication overhead throughout the training process. In the CSFL framework, cut layer
selection not only partitions the model between edge devices and the server but also impacts the
collaborative interaction between efficient and bottleneck devices [56].

Let 6 denote the full model architecture, which consists of J layers. The feasible set of cut
layers is then given by

JoeJ={2,3,....J} (12)

The choice of J. determines the position at which the model is divided between local and server.

Crucially, the size of the feature map at the cut layer directly determines the communication
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cost incurred during forward propagation. In convolutional neural networks, feature maps typically
shrink in spatial dimensions as the depth increases [57]. To quantify the communication overhead,

we model the volume of transmitted intermediate features as

Je Je
DY () = el (t) [l x N
dr.(t)
= llex@®llp x { @’ T $5.(8) ) x Noi
=1

dyy, (t)

Je
=Dp@) x [T | & ] 550 (13)
j=1 i=1

Here, || e,(c‘]“) (t)||, denotes the norm of the intermediate activation vector at the cut layer for device
k in round ¢, and Ny represents the bit precision per activation (e.g., 32-bit float). The term o/
denotes the channel expansion factor at layer j, capturing how the number of output channels grows
relative to input channels.! Moreover, [] s (1) captures the cumulative downsampling effect across
spatial dimensions, such as that introduced by pooling or strided convolutions [59].

The resulting expression provides an estimate of the data volume that must be transmitted,

allowing us to assess how different cut layer positions affect bandwidth usage and latency.

4.2.3 Training Latency

The end-to-end latency of a training round in CSFL consists of multiple components stemming
from device-side computation, communication, server-side processing, and aggregation. These

components are detailed as follows:

(1) Device-Side Training Latency: Let f;, represent the computing capacity (in FLOP?/s) of de-
vice k, and ®; denote the per-sample computation load at layer j [61,62]. The latency expe-

rienced at the device level can be decomposed into three distinct segments:

First, the BD conducts local computation up to a partition point .J,,, which is determined by

ensuring that its execution time is not shorter than the ED’s full forward computation. This

'In practice, especially within the shallow-to-mid regions of CNNs where cut layers are typically chosen, the channel
dimension often remains constant or grows slowly [58]. Thus, for analytical tractability, we assume o’ ~ 1 and omit it
in subsequent derivations.

?Floating-Point Operations [60]
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partition point satisfies:

J* Je
d.-D &.-D
J, =min<{ j* > 1 J U > J (14)
c=mind 21| SRR 5 R
Jj= Jj=
Consequently, the BD’s initial computation delay is given by:
» ®,;. D

T = —4— (15)

Second, the BD transmits its intermediate activation eS, *) o the paired ED. The size of this

intermediate feature is approximated by:

Ju(t) dp, (1)

DY (&) = Dy(t) x T T i (16)

j=1 i=1
Accordingly, the associated transmission latency is:

(Jo)

D

T = =2 17
¢ Ry an

)

Third, the ED completes the remaining forward layers (from J, + 1 to J.) on behalf of the

BD. This collaborative computation time is given by:

Je (Jo)
®; - Dy

TE= ) ; (18)
j=Ju+1 v

By aggregating all three components, the total device-side latency becomes:

T, =T+ T/ +T¢ (19)

(2) Uplink Transmission Latency: After completing local computations, the ED transmits both
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3)

)

(&)

(6)

its own and the BD’s outputs at the cut layer .J, to the server. The corresponding latency is:

(Je) (Je)
T, = D“R;D” (20)

)

where R, s is the transmission rate from the ED to server.

Server-Side Computation Latency: Let f; denote the processing speed of the server, and
Dg‘]“) represent the combined data received from all EDs. The server processes the upper

layers from J,. to J with latency:

J (Je)
P, -D
TS = E % 1)
Jj=Je 5

Server-Side Updating Latency: The server then performs backpropagation and model aggre-
gation. Let x represent the number of FLOPs required per model parameter during gradient
computation and backpropagation, which reflects the computational complexity of each pa-

rameter update. The total update latency is:

> 102 5+ K 16
fs

T; = (22)

Downlink Transmission Latency: Upon completing the update, the server sends the upstream

gradients for both devices to the ED:

1
s _ (150 | o 150
T = g (10571 + 185%))) (23)

)

where I?; ,, represents the transmission rate from the server to the related ED.

Device-Side Updating Latency: Once gradients are received, the ED continues the backward

propagation for both itself and the BD up to J,:

Je (u,9)
0. K
o= |f| (24)
]:Jv"l‘l v
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The ED then transmits the intermediate gradient to the BD:

T, =—— (25)
Ru,v
The BD finishes the remaining backward propagation and updates its model:
9 v,7)
Pyl @
Hence, the overall device-side update latency is:
T, =Ty + T + T, 27)

(7) Device-Side Aggregation Latency: Following model updates, devices upload their local pa-

rameters to the aggregation server a, and receive the aggregated results:

K105 1o 10
+ +

T, =
fa Rk,a Ra,k

(28)

where f, denotes the server’s processing capability, and R}, ,, R, denote the uplink and

downlink communication rates between device k and server a, respectively.

All transmission rates defined in this section are derived from the Shannon—Hartley theorem [63].
Let tr and rr denote the transmitter and receiver, respectively. The transmission rate Ry, is de-
termined by the bandwidth B, transmit power py,, channel gain hy, .., and noise power 0 . at the

receiver [64], and is given by

rhrrrz
pt!t, |) (29)

Rtr,rr = By 10g <1 + Btragr

Given P € M indicates a pairing configuration consisting of U collaborative pairs. The total

latency of one training round can therefore be summarized as:

Tove - (mE)LXp (T + Tt?“ + Tb) + maX TS + Tb + maXT + Ta (30)
u,v)e

29



In parallel with latency modeling, we also evaluate the energy consumption of each collabora-
tive pair. For the ED, the energy arises from both computation and transmission processes. The

computation cost is modeled using the CMOS energy model [65]:

Je (Jv) (Je) (Ju+1)
o - Dy Dy + oy
B,= Y —1—— 7 F}p+ 7 ‘-pu (31)

where F), is the CPU frequency and p the energy coefficient. The BD’s energy consumption, domi-

nated by transmission, is given by:
Dy

E, = - Do 32
R, P (32)

These latency and energy expressions collectively serve as foundations for the multi-objective opti-
mization problem introduced in the subsequent section. By quantifying the impact of device hetero-
geneity and collaborative strategies on system performance, the CSFL framework enables principled

exploration of trade-offs between responsiveness, workload distribution, and energy efficiency.

4.3 Problem Formulation and Objective

Building upon the system efficiency analysis in Section 4.2, we now formulate a joint opti-
mization problem that governs the selection of cut layers and pairing strategies. The goal is to
minimize overall training latency while maintaining an acceptable level of energy consumption and
model performance. This problem inherently involves discrete decisions and resource-dependent

constraints, which reflect the collaborative and heterogeneous nature of CSFL.

4.3.1 Problem Formulation

To tackle the intertwined challenges of heterogeneity, workload imbalance, and synchronization
delay, we formulate a long-term optimization problem over 1" collaborative training rounds. The

objective is to minimize the average end-to-end latency across all rounds, while satisfying energy
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and workload balancing constraints. The problem is formulated as follows:

1 T
Pl : J?%) T;Tg}e (33)
st. E! <E"™ FE!<E™ (33a)
I 1<, (33b)
Mo, < AL, Je) <1, (33c)

9), (10),and (12).

Constraint (33a) ensures that the energy consumed by both EDs and BDs during computation and
communication remains within acceptable bounds. Constraint (33b) guarantees the logical correct-
ness of collaboration: the cut layer must be above the BD’s stopping point so that EDs can complete
the unfinished layers. Constraint (33c) promotes fairness in workload distribution by imposing a
lower bound on the system-wide collaboration balance.

To quantify workload allocation, we define the collaboration ratio 7,, for each ED as:

e Jv u,j
Fy- (T¢ +Ty)

Th = (34)

where « is a scaling factor that maps FLOPs to physical CPU cycles based on the ED’s hardware
capability. The numerator captures the assisted computational load from both forward and backward
passes, while the denominator reflects the effective computational window available.

We then adopt the Jain’s fairness index [66] to evaluate workload balance across all EDs:

2
A (Eueu 77“)

N(Je) = 73 (35)

‘ U- Zueu 7712L
As illustrated in Fig. 4.2, the decision variables of cut layer and pairing configuration are mutu-
ally dependent: the choice of J, affects the workload and feasibility of collaboration, while pairing
directly influences the optimality of cut layer placement. This mutual dependency results in a highly
non-trivial search space, rendering direct optimization computationally intractable. Thus, an effi-

cient decomposition strategy is needed to jointly optimize these coupled decisions.
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Figure 4.2: Relationship between two subproblem.

4.3.2 Problem Decomposition

In practical deployment, the cut layer is often fixed throughout the training period, whereas the
pairing strategy must adapt dynamically across iterations. This asymmetry in decision frequency

motivates a decoupled treatment of the two variables.

* Cut layer optimization: The cut layer J. is considered a high-level decision variable, opti-
mized offline under long-term system behavior, while the pairing strategy adapts accordingly.
Given that both data volume D and channel conditions A vary over time, it is infeasible to pre-
define pairing strategies for every round. To enable tractable optimization, we introduce the
expectation operator [E[-] to characterize the average-case latency, assuming that D and h fol-
low known distributions. Based on the expected system state, a steady-state pairing strategy

P. is derived. The resulting problem is formulated as:

P1.1: in E Tove
e D1 [Tove) (36)
st. P.eM, (36a)

9), (10), (12), (33b), and (33c¢).
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Problem P1.1 is non-convex due to the discrete nature of .J., the nonlinear relationship be-
tween computation/communication latency and .J., and the use of max operations in latency

evaluation, which introduces discontinuities in the objective function.

* Pairing optimization: Once the cut layer is determined, pairing configurations are refined
at each training round ¢ to minimize the round-specific training latency. The corresponding
optimization problem is given by

P12: min T\%)
Pt

s.t.  (9), (10),and (33a).

(37

As the pairing configuration defines a set of discrete one-to-one mappings, problem P1.2

constitutes a combinatorial optimization problem, which is inherently NP-hard.

4.4 Cut Layer Optimization

To effectively address the joint optimization problem P1.1, which simultaneously considers the
selection of the cut layer J. and the expected pairing configuration P., we first define a compact
objective function as

f(Pev Jc) = ED,h [Tove] 5

where the expectation is taken over the distributions of device data volumes and channel conditions.
This reformulation captures the long-term average latency under stochastic environments.

Recognizing the interdependence of the decision variables and the disparity in their temporal
scales, where pairing decisions are adjusted frequently while the cut layer remains relatively sta-
ble, we decouple P1.1 into two sub-problems that are solved iteratively. Furthermore, to promote
fairness in resource utilization, we incorporate constraint (33c) directly into the objective as a regu-
larization term, yielding the following two-stage optimization formulation.

In the first stage, we update the expected pairing configuration PeTH) based on the current cut
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layer JC(T) by solving:

PLLI: P = argminf(Pe, JI7) + A7 (i1 = (1)) (38)
st f(J) <1, (38a)

(9), and (10).

(74+1)

The second stage fixes the newly obtained pairing configuration Pe , and seeks the cut layer
JC(TH) that minimizes the regularized latency objective:

P1.1.2: JéTH) = arg m]inf(PéT+1), Je) + )\,J] (M, — 1(Je)) (39)

st 7(Je) <1, (39a)

(12), (33b), and (36a).

Here, 7 denotes the iteration index and /\np, )\;; € [0,1] are trade-off coefficients that balance
latency against workload fairness. For P1.1.1, a matching theory-based algorithm may be employed
to determine a near-optimal P, as detailed in Section 4.5.

Given the discrete nature of J, and the non-smooth latency landscape introduced by max op-
erations, solving P1.1.2 directly is computationally challenging. To enable gradient-based search,

we relax the domain of J, to a continuous interval and approximate its optimal value by identifying

stationary points of the smooth surrogate objective:

PL13: JO) = arg min FPEH )+ N (i, — 7(Je)) (40)

st J. €2,J], (40a)

(33b), (36a), and (39a).

To solve problem P1.1.3 within the continuous domain, we first introduce an auxiliary objective
function that consolidates the expected training latency and the workload balance constraint into a

unified formulation:



We then proceed to compute the partial derivative of the auxiliary objective function G(.J.) with
respect to the continuous relaxation of the cut layer J., thereby enabling gradient-based optimiza-
tion. Given that G(J..) consists of two structurally distinct components, we begin by analyzing the
derivative of the latency-related term f (PB(TH), Je).

According to the system latency model defined in (30), the cut layer J. directly influences
several time-critical components, including the cumulative per-layer computational cost ®;, the

)

, the gradient vector 51(,j ), and the

.)|

model parameters assigned to both server and device sides, i.e., \99 )| and |9£k’] .

auxiliary starting layer J,, the intermediate feature sizes D,(f

The derivation of chzl ®; is simplified through the adoption of integral approximation [67]:

Je J J
c d c
CD-%/ >, dj, </ @-dj):qm (41)
Z J 1 J dJc 1 J

Furthermore, as J. changes, the value of J,, which determines where the BD stops its local
computation, also varies implicitly. Using the thresholding condition defined in (14), we obtain the
sensitivity of .J, with respect to J, as:

8Jv . (I’Jc Dufv
8Jc B (I)Jv 'Dv . fu

(42)

This derivative captures the coupling between ED and BD workload and is critical in determining
how the collaborative boundary adjusts during cut layer updates.

The influence of J. on communication cost is analyzed by examining the size of intermediate
features. Let S(J.) = Hj;l H?i”l s;(), representing the cumulative spatial downsampling up to

layer J.. Its derivative unfolds as:

Je—1
)

ds(J.) \ ds,,
dJ. ES] dJ, “43)

35



where the inner term becomes

dk
o S H (@) EE (44)
= i'=1
i

As aresult, the gradient of the intermediate feature size at the cut layer is written as:

(Jc) Jc_l dm
o sy T w6y 2550 )
i'=1
i’ A1

To reduce complexity, following [68], we assume consistent behavior across spatial dimensions
for each convolutional layer. This assumption implies that the downsampling ratio along different
spatial axes evolves in a uniform manner as the network deepens. This simplification yields an

analytical approximation of the feature size gradient with respect to the cut layer:

Dy’
dJ.

~ Dl(ch) d¥ Insy (46)

Analogously, the size of the intermediate output at J,, also varies with J., and its derivative can be

written as: )
J.
dD;" (Je) gk 0Jy
~D;-d, Insy, - 47)
dJ. keooom dJe
Given that the analytic form of the gradient vector 51({7”“) =3 ?inl) is typically intractable
€y

due to nonlinearity [69], we apply a finite difference approximation based on adjacent layers:

8J oL,
8J (' aeq(JJ”H) ) )

On the server side, the dependency of latency on the parameter count motivates analysis of the

d . 1
5 ([ i) = -1oxs )

For the ED-side model, the effective parameter size is jointly influenced by the collaborative

o 9,
aJ, 0J.

oL,
aeg‘]v +1)

oL,
o aeq(;]ﬂﬂ)

gradient of model size:
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depth J, and the upper boundary J.. Thus, the derivative of its model complexity becomes:

d Je , aJ,
%I di | = QU,JC _ HU,Jqul . v 50
djc(/mu |y) R s (50)

Finally, for the bottleneck device, the local backward path ends at .J,,, and its parameter sensi-

d Joo v Oy
a7 ([ ewna) = e 3 61

By systematically combining all derivative components, we obtain the composite gradient of

tivity is given by:

f (PéTH), J.) with respect to J., which serves as the core driver in approximating the optimal cut
layer within the continuous domain.

In the second term, )\;{ (i, — n(Je)), the fairness metric 7(.J..) reflects the overall workload
balance across collaborative pairs, and is inherently influenced by the choice of cut layer J.. To
quantify its sensitivity with respect to cut layer adjustment, we begin by analyzing the derivative of
each individual ratio 7;, which captures the local workload contribution of the i-th ED. Mathemati-

cally, the derivative of n; with respect to J.. follows a rational form:

dc dc
dni _ C2qn — G gy
dJ, 3

(52)

where C7 and Cs denote the numerator and denominator of n;, respectively, as defined in (34).
These components respectively characterize the cumulative computational load and the effective
computing window available on the ED. The partial derivative of the numerator C accounts for the

dynamics in both forward and backward collaborative computation:

Je ()
ac, 0Js\ ) 0D
L _a[<q>JC cpjv.ajc).Dv + 'Z 5

j=Jv+1
8.J,
+ k- (IHS‘JC)I — |6l D] a7 ) ] (53)

The corresponding derivative of the denominator C' is obtained by recognizing the structural
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proportionality between the numerator and denominator:

dCy  F, dCy
dJ, fu-a dJ.

(54)

Having derived the sensitivity of each 7; to the cut layer, we next compute the total derivative

of the global workload balance metric 7(.J..) using the standard formulation of Jain’s fairness index.

This yields:
= 5 -
dJe U- (Zueu 771%) ueld uel dJe
dny
- (Z m) D dJ] a
u€eU ueU
Combining the gradient expressions for both the expected latency term f (PéTH), J¢) and the

workload balance term 7)(.J.), we obtain the complete derivative of the auxiliary objective function

G(J;). To identify a candidate for the optimal cut layer, we solve the condition

dG(Je)
dJ.

=0,

which corresponds to locating a stationary point of the relaxed objective.

Once a solution is obtained, we perform feasibility verification by checking whether the value
of J,. satisfies the structural constraints imposed by (33b) and (40a). If the result falls outside
the permissible interval, we project it back onto the nearest feasible boundary [70]. Otherwise,
the nearest smaller integer is selected as the optimal cut layer for the current iteration 7, ensuring
compatibility with the discrete structure of the original problem. The detailed procedure for cut
layer determination is summarized in Algorithm 1, and the convergence properties of this alternating

scheme are formally proven in Appendix A.
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Algorithm 1 Cut Layer Selection

Input: I/, V, 7, iteration index 7 and number of iteration 7;.
Output: J;

1: Initialize: )\npe, )\,{ and initial cut layer J;

7O

2: for each iteration 7 = 0 to 7; do

3:
4: /** Pairing Configuration **/
5: Fixed cut layer J]
6: Obtain all stable configurations ¥* using Alg. 2 and 3
7: Select Pe(TH) = arg minpy)@p* Tove
&:
9: /** Layer Selection **/
10: Fixed pairing configuration PC(TH)
11:  Compute stationary point b(7+1)
122 ifb™+D < 2 then
13: bt 2
14: else if b1 > J then
15: bt
16: end if
17. ifb"TD < J, + 1 then
18: b+ 1
19: end if
20 if bt € Z N [max{2,J, + 1}, J] then
21: Set JU Y = p(r+1)
22: else
23: Set 7Y = argmin; crip(4+1) |, [pr+107} G(J.)
24: end if
25: end for

26: return J} = JC(T)

4.5 Pairing Optimization

respects local preference orders and system-wide latency objectives. We design a tailored pairing

mechanism that extends the classical Gale—Shapley [71] deferred acceptance algorithm by embed-

Solving the weighted stable matching problem in this context requires an algorithm that jointly

ding a delay-aware refinement process.

devices (EDs), denoted by U/, and the bottleneck devices (BDs), denoted by V, with cardinalities
satisfying |{/| = |V| = U. This enables a one-to-one matching scenario, where each v € U is

uniquely paired with some v € V, forming a bijective mapping ¢» :  — V such that ¢(u) = v if

To this end, the collaborative device set is partitioned into two disjoint subsets: the efficient
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and only if =1 (v) = u [72].
The preference structures of devices are formulated based on individual energy or latency costs.

For each ED u € U, its strict preference over BDs is determined by:

V] >y Vg < Eu(vl) < Eu(vg), VUl,Ug € V, (56)

and similarly, for each BD v € V, we define:

Uy =y Ug <= Ey(u1) < Ey(u2), Yui,us €U. (57)

Property 1 The bilateral preference relations constructed over the two device sets form strict total
orders. That is, for any pair of devices, exactly one of the following holds: v > v, v = u, or u ~ v.

Moreover, the transitive closure of preferences is preserved, ensuring preference acyclicity.

While these relations capture individual optimization tendencies, our framework additionally re-
quires global alignment with respect to latency minimization. To integrate global considerations, we
reformulate the problem as a weighted stable matching problem, where the matching outcome must
satisfy both local stability and delay-optimality. Specifically, a matching 1) is said to be globally

stable if no unmatched pair (u, v) exists such that:

= (v =y Y(u) Au =y ¥(0) AGEW) < G(W)), (58)
_ (u,v) (u,v) (u,v)
where G(¢) = (gql}f)iép (Tc + T, + T, ) .

The proposed solution proceeds in two stages. First, an initial stable matching g is derived
using the Gale—Shapley deferred acceptance algorithm, which guarantees the absence of blocking
pairs based on individual preference profiles, as outlined in Algorithm 2.

Next, to further reduce the system-wide delay, we employ a rotation-based refinement [73,74],
which exhaustively explores the space of all stable matchings derived from 1)y. This process is

performed through:

40



Algorithm 2 Gale-Shapley for Stable Matching
Input: U, V, >, and >,.
Output: A stable configuration vg.
1: Initialize: vy = ()
2: Mark each individual u € I/ as "unmatched’.
3: while HasUnmatched(/) do
4 select an unmatched u € U with untried candidates
5: v < the top-ranked untried candidate of u
6
7
8
9

if v is unmatched then

Yo 1o U {(u,v)}

mark v and v as matched

else
10: let (u’,v) be the current match in 1
11: if u =, v’ then
1 Yo (o \ {(,0)}) U {(,0)}
13: mark v/ as unmatched
14: mark u as matched
15: else
16: 4 remains unmatched
17: end if
18: end if

19: end while
20: return g

Step I — Rotation Identification: The finding process is conducted by constructing an improve-
ment graph, where each participant is represented as a node, and directed edges indicate potential
preference-improving switches. Specifically, a directed edge (i — v(j)) is added if participant ¢
prefers j’s current partner over their own assignment, and j’s current partner also prefers ¢ over j.
Each edge thus represents a mutually beneficial exchange that does not disrupt stability for individ-
ual participants. A rotation is identified as a directed cycle in this graph, indicating a sequence of
participants who can cyclically exchange partners to achieve a mutually preferable outcome. Since
the rotation is executed as a synchronized swap rather than a sequential change, no intermediate state
introduces new blocking pairs, ensuring that stability is maintained throughout the transformation.

Step 2 — Rotation Elimination: Once a rotation is identified, all involved participants simul-
taneously switch to their next preferred partners within the cycle. This synchronized reassignment
guarantees that no temporary blocking pair is formed during the transformation, preserving stability.

The complete set of stable matchings can be enumerated through iterative application of the

41



above steps, as detailed in Algorithm 3. Among these, we compute the latency associated with each

configuration and select the one that minimizes the global delay (1)) as the optimal outcome.

Algorithm 3 Rotation Enumeration for Stable Matching Sets
Imput: U, V, >, >, and Y.
Output: The set of all feasible stable configurations U*.
1: Initialize: U* < ()
2: Stack < [1)o] > Initialize a stack with the initial stable matching
3: while Stack is not empty do
4: 1 < Stack.pop()

5: R <+ FindAllRotations(7))

6:  if R = () then

7: U* «— U* U {y} > No rotations, record 7 as a final stable matching
8: else

9: for eachr € R do
10: ' + EliminateRotation(1), 1)
11: Stack.push(¢))
12 end for
13: end if

14: end while
15: return U*

The computational complexity of the proposed mechanism is characterized as follows. The
initial stable matching is obtained via the Gale—Shapley algorithm, which incurs a time complexity
of O(U?). Subsequently, the total number of rotations required to enumerate all stable matchings
is upper bounded by O(U?) in the worst case, with each rotation elimination step incurring an
additional cost of O(U). Consequently, the overall computational complexity of the procedure is

asymptotically bounded by O(U3).
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Chapter 5

Experimental Evaluation

This chapter presents the experimental evaluation of the proposed framework. The objective is
to assess its performance in terms of training latency, energy efficiency, and model accuracy under
heterogeneous edge environments. To this end, we implement a simulation platform using the VGG-
16 architecture and the Tiny-ImageNet dataset, with non-1ID data partitions across devices [75].

The effectiveness of the proposed joint optimization strategy, which consists of cut-layer selec-
tion and device pairing, is validated through comparison with several baseline schemes, including
standard SFL without collaboration, random pairing, and greedy matching. Key evaluation metrics
include end-to-end training latency per round, total energy consumption, and convergence behavior

across rounds. All results are averaged over multiple runs to ensure consistency and robustness.

5.1 [Experimental Setup

The evaluation of the proposed CSFL framework is conducted under a simulated heterogeneous
edge environment comprising 20 devices—10 bottleneck devices (BDs) and 10 efficient devices
(EDs). Devices are categorized into BDs and EDs on the basis of their computational capacities,
reflecting processing power as the dominant factor of heterogeneity considered in the experiments.
BDs are characterized by lower computational capabilities, with CPU frequencies ranging from 1.2
to 1.8 GHz, corresponding to a performance of 4.8—7.2 GFLOP/s under an assumed efficiency of 4

FLOPs per cycle [64,76]. In contrast, EDs operate at 2.0 to 3.5 GHz, achieving 16-28 GFLOP/s at
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8 FLOPs per cycle. Reflecting these disparities, BDs and EDs are allocated 10 MHz and 20 MHz
of communication bandwidth, respectively.

The wireless communication model adheres to a Rayleigh fading channel [77], where the chan-
nel coefficients follow a circularly symmetric complex Gaussian distribution. A centralized server
equipped with a 100 GFLOP/s processing unit and 200 MHz of bandwidth supports model aggre-
gation, operating under a nominal signal-to-noise ratio (SNR) of 20 dB.

Training is performed using the Tiny ImageNet dataset', a lightweight subset of ImageNet con-
taining 200 classes, each with 500 training and 50 validation images at a resolution of 64x64 pixels.
This dataset is well-suited for constrained edge computing scenarios while maintaining sufficient
complexity for meaningful performance evaluation. Each device receives a randomly sampled,
class-imbalanced subset of the data, leading to a non-i.i.d. data distribution across participants.

The backbone model employed is VGG-16 [78], composed of 13 convolutional layers and 3
fully connected layers. To accommodate the dataset, the input layer is modified for 64x64x3 image
resolution, and the output layer is adjusted to produce 200 class logits. Model architecture details,

including per-layer computational costs and activation sizes, are summarized in Table 5.1.

Table 5.1: VGG-16 Model Structure for Tiny ImageNet.

Layer Name NN Units Activation
Convl 64 x 64 x 64 (2x Conv) ReLU
Pooll 32 x 32 x 64 (Max Pooling) -

Conv2 32 x 32 x 128 (2x Conv) ReLLU
Pool2 16 x 16 x 128 (Max Pooling) -

Conv3 16 x 16 x 256 (3x Conv) ReLLU
Pool3 8 x 8 x 256 (Max Pooling) -

Conv4 8 x 8 x 512 (3x Conv) RelLLU
Pool4 4 x 4 x 512 (Max Pooling) -

Conv5 4 x 4 x 512 (3x Conv) ReLLU
Pool5 2 x 2 x 512 (Max Pooling) -
Flatten 1 x 2048 -

FCl1 2048 ReLU
FC2 1024 ReLU
FC3 200 (Softmax) Softmax

'Dataset available at: http://cs231n.stanford.edu/tiny—imagenet-200.zip
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5.2 Baseline Comparison

A set of representative schemes is considered to benchmark the effectiveness of the proposed
CSFL framework equipped with stable matching (denoted as CSFL-S). These baselines are chosen

to reflect both non-collaborative and alternative collaborative learning strategies.

» SFL: This configuration follows the classical SFL protocol as described in [11]. Due to the
absence of inter-device collaboration, SFL suffers from significant synchronization delays

under device heterogeneity.

* CSFL with random matching (CSFL-R): In this baseline, the proposed collaborative CSFL
architecture is maintained, but the device pairing is performed randomly in each round. This

variant serves to isolate the impact of the matching strategy.

* CSFL with greedy matching (CSFL-G): This method employs a heuristic strategy aimed at
minimizing latency in device pairing. In each round, BDs are sequentially selected in random
order. Each selected BD greedily pairs with the currently available ED that results in the

lowest estimated pairwise training delay.

These comparison baselines offer varying degrees of coordination and intelligence in pairing, and

the main simulation parameters are summarized in Table 5.2.

Table 5.2: Simulation Parameters

Parameter Value Parameter Value

B, 10 MHz fo [4.8, 7.2] GFLOP/s
B, 20 MHz fu [15, 28] GFLOP/s
B, 200 MHz fss fa 100 GFLOP/s
D,,D, [2000, 5000] F, [1.2,1.8] GHz

T 450 F, [2, 3.5] GHz

P 1072"F UV 10

Nes Ns 0.001 hir e CN(0,1)

Pu [17,23] dBm Do [23,27] dBm
Ninin 0.2 Nyt 8 bit/P

K 2.5 FLOPs/P o? -174 dBm/Hz
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5.3 Performance Evaluation

The effectiveness of the proposed CSFL-S framework is evaluated from multiple perspectives,
including model performance, training latency, energy efficiency, and collaboration fairness, bench-
marked against both classical SFL and alternative pairing strategies. All results are reported over

450 training epochs.

Model Accuracy and Loss The model accuracy and cross-entropy loss [79] under CSFL-S and
SFL are depicted in Figs. 5.1 and 5.2, respectively. Although CSFL-S exhibits slightly delayed
convergence compared to SFL, both approaches achieve nearly identical final accuracy and loss
values. This demonstrates that introducing collaboration via device pairing does not compromise
the optimization trajectory of the global model. The modest increase in the number of training

rounds required by CSFL-S is compensated by its reduced per-round latency.

0.6 | =™ CSFL-S
—-@— SFL

0.51

0.4 1

Top-1 Accuracy

0.34

0.2 1

50 100 150 200 250 300 350 400 450
Epochs

Figure 5.1: Performance in terms of accuracy.
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Figure 5.2: Performance in terms of loss.

Training Latency Dynamics Fig. 5.3 illustrates the training latency evolution across epochs un-
der different pairing strategies. CSFL-S consistently maintains the lowest latency throughout the
entire training process. This behavior is attributed to its preference-aware stable matching mech-
anism, which yields efficient and balanced collaboration patterns. In contrast, the greedy variant
CSFL-G often leads to suboptimal global performance due to its sequential decision-making and
locally optimal pairings. CSFL-R exhibits substantial fluctuations, reflecting its randomized na-
ture. The baseline SFL, lacking collaborative capabilities, suffers from consistently high latency

dominated by the slowest BD.

Energy Consumption Analysis Energy usage by EDs and BDs under different pairing configura-
tions is presented in Figs. 5.4 and 5.5. CSFL-S yields the most energy-efficient performance across
both device types. This improvement stems from its mutual preference matching, which inherently
avoids high-energy communication and computation patterns. In comparison, CSFL-G often cre-
ates unbalanced pairings that lead to energy inefficiencies, while CSFL-R exhibits unstable energy

profiles due to randomness in pairing.
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Energy Consumption For EDs (Joule)
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Figure 5.3: The training delay associated with epochs.
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Figure 5.4: Assistance workload and transmission overhead for EDs.
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Figure 5.5: Transmission overhead for BDs.

Accuracy-Latency Trade-off Fig. 5.6 compares the relation between accuracy and cumulative
training time across methods. As each paradigm exhibits a distinct per-round latency, the training
time varies even when the number of epochs is fixed. CSFL-S achieves a favorable trade-off, attain-
ing target accuracy at a substantially lower latency. Specifically, it reduces the total training time
by approximately 40.7% relative to SFL, while preserving convergence accuracy. This confirms the

efficiency benefits of incorporating intelligent collaboration into the learning process.
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Figure 5.6: Temporal convergence of model accuracy during training.

Collaboration Fairness Fig. 5.7 reports the fairness index of workload distribution among EDs,
where a higher value indicates more balanced participation. CSFL-S achieves a fairness index
of 0.81, reflecting well-distributed assistance workloads and demonstrating the strength of stable
matching in avoiding workload concentration. In contrast, CSFL-G attains only 0.542, as early-
matching BDs monopolize stronger EDs, leaving later ones with suboptimal choices.
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Figure 5.7: Fairness index of assistance workload distribution.
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Scalability with Device Count The impact of device count on system performance is shown
in Fig. 5.8. As the number of devices increases, both training latency and convergence rounds
grow. Nevertheless, this expansion also improves model generalization. For instance, increasing
the number of devices from 8 to 20 reduces training accuracy gaps by nearly 10%, while only
marginally increasing the training time. These results validate the scalability of CSFL-S and its

capability to maintain favorable accuracy—efficiency trade-offs in large-scale deployments.

Top-1 Accuracy

20 Devices
16 Devices

0.25 A
== 12 Devices
0.20 - 4357i 50185 = 8 Devices
T T T T
3000 4000 5000 6000 7000

Training Latency (seconds)

Figure 5.8: Impact of device quantity on training latency for model accuracy.
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Chapter 6

Conclusion and Future Work

This thesis presents a Collaborative Split Federated Learning (CSFL) framework designed to
enhance training efficiency in heterogeneous edge computing environments. At its core, CSFL
jointly optimizes the cut-layer selection and the pairing strategy between devices, aiming to reduce
synchronization delays caused by disparities in computing and communication capabilities. To
address the challenges posed by the interdependence between these decisions, we propose a princi-
pled reformulation that decomposes the joint problem into tractable subproblems. These are solved
via alternating optimization, leveraging both continuous relaxation and game-theoretic methods to
ensure efficient coordination among devices. The proposed framework leads to a more balanced
workload distribution, improves resource utilization, and enhances overall training efficiency.

Through comprehensive experiments, CSFL is shown to match the performance of traditional
SFL frameworks while significantly improving training speed and collaboration quality. In partic-
ular, it consistently outperforms baseline methods, such as greedy and random pairing, by aligning
local computations with system-wide objectives and achieving stable convergence across diverse
system conditions.

Future work may extend this study along several practical and impactful directions. First, al-
though this work assumes that the collaborative training process is protected by secure execution
environments such as Trusted Execution Environments (TEEs), the actual deployment of such se-
curity measures in edge networks remains challenging. Many edge devices, especially low-cost

or legacy hardware, may not support TEEs or may suffer from limited resources that make them
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impractical to use. Even when available, using TEEs can lead to additional latency and memory
consumption. Future studies can explore more lightweight and flexible privacy-preserving methods
that better fit the constraints of real-world edge scenarios. In addition, emerging techniques such
as semantic communication [80], may help reduce privacy risks by avoiding the transmission of
redundant or sensitive intermediate representations. Further investigation is needed to understand
how these privacy strategies impact the performance and training dynamics of CSFL systems.

Second, the current design limits collaboration to a one-to-one pairing between efficient devices
(EDs) and bottleneck devices (BDs). While this simplifies system coordination and analysis, it may
not fully utilize available resources in more complex scenarios. For instance, in some cases, a single
ED may be capable of helping multiple BDs without significant overhead, while in other situations,
a single BD might require assistance from more than one ED to meet latency constraints. Future
work can therefore explore more general collaboration strategies, such as one-to-many or many-to-
one structures, to enhance flexibility and improve resource utilization. These more complex pairing
schemes may also require lightweight coordination protocols to avoid conflict or redundant assign-
ments. Simulation-based evaluations can help determine under what conditions these generalized
schemes outperform one-to-one pairing.

Third, while the current pairing strategy is solved via matching theory and enumerates stable
outcomes through rotation elimination, this approach can still incur significant computational over-
head, particularly when the number of participating devices grows. Although it ensures solution
stability and fairness, its scalability may become a limiting factor in large-scale or real-time appli-
cations. Future work may explore more efficient approximations or learning-based heuristics that
can offer near-optimal pairing decisions with substantially reduced complexity.

Finally, while this work includes comparative evaluations against several representative base-
lines, future studies may expand the benchmark scope to include more diverse deployment scenar-
ios and learning models. For instance, integrating large language models, multimodal architectures,
or real-time inference pipelines could expose new bottlenecks and performance trade-offs. Such
extensions would further validate the generality and robustness of the proposed CSFL framework

across a wider range of applications.
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Appendix A

Proof of Convergence

The convergence of the alternating optimization algorithm employed to solve Problem P1.1 can
be justified by analyzing the behavior of the decision variables (PeT), JCT)) over successive itera-
tions 7. Let £(Pe, J.) denote the composite objective function that integrates the expected training
latency and a fairness-aware penalty term. The algorithm proceeds by iteratively minimizing £ with
respect to each variable while keeping the other fixed.

Let M represent the finite set of all feasible pairing configurations and [2, .J] be the bounded
domain for the cut layer variable. Since (P, J.) belongs to the Cartesian product M x [2,.J],

the domain of the optimization is compact. In each iteration, the algorithm first selects PéTH) by

minimizing ¢ while fixing JC(T), i.e.,

P(T+1)

Subsequently, with the updated pairing Pe fixed, the algorithm updates the cut layer via

P, ) <€D, ),

— [

Together, these steps imply that the objective value does not increase across iterations:

gPIHY, gty < g(plM, J0).
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The non-increasing property of the objective function is further supported by the fact that both
components of ¢ are bounded below. The expected latency term is inherently non-negative, and the
penalty term involving 7)(.J.) is constrained by design, ensuring that £ is lower bounded. That is,

there exists a constant F' € R such that

E(Pe, Jo) 2 F, ¥ (PeyJ) € M x [2,]].

Since the algorithm generates a monotonic and bounded sequence of objective values, conver-
gence in function value is guaranteed. Moreover, because M is finite and the feasible set for J. is
compact, the sequence of variable updates admits accumulation points. Consequently, the algorithm

converges to a stationary solution of Problem P1.1.

Cut Layer Optimization Convergence Fig. A.1 illustrates the iterative convergence behavior of
the cut-layer optimization process. The algorithm reliably converges within seven iterations, ulti-
mately selecting the seventh layer (Pool3) as the optimal partition point. This behavior confirms the

effectiveness of the gradient-guided refinement strategy embedded in our alternating optimization.
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Figure A.1: Optimized Cut Layer Positions versus 7.
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