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ABSTRACT

A Machine Learning Model for Predicting the SOFR Term-structure

Yiming Guo, M.Sc.
Concordia University, 2025

The Secured Overnight Financing Rate (SOFR) has emerged as the leading benchmark
for U.S. dollar-denominated interest rate derivatives, replacing LIBOR due to its trans-
parency and robustness. This thesis develops a comprehensive framework for modeling and
forecasting the SOFR term structure using machine learning methods, with a particular fo-
cus on CME SOFR futures. We first apply the official CME methodology to construct a
daily, piecewise-constant SOFR forward rate curve, incorporating policy-driven discontinu-
ities at Federal Open Market Committee (FOMC) dates. The curve is then fitted to the
dynamic Nelson—Siegel (DNS) model, extracting time series of level, slope, and curvature
factors. To capture and predict the evolution of these factors, we implement recurrent neural
networks (RNNs), including Long Short-Term Memory (LSTM) architectures, and integrate
a Kalman filter for state-space estimation. The performance of the proposed model is eval-
uated through out-of-sample forecasts under various loss functions, including mean squared
error (MSE) and mean absolute error (MAE), and benchmarks against curve persistence.
Our results show that the machine learning approach provides robust short-term forecasts
for the SOFR term structure. However, accurately modeling and forecasting abrupt changes
around monetary policy announcements remains a challenge, highlighting an important di-
rection for future research. This research offers a practical and robust modeling strategy for

interest rate risk management, with direct applications in the pricing and risk assessment of
SOFR-linked financial products.

Keywords: SOFR, term structure modeling, CME SOFR Futures, dynamic Nelson-Siegel,

Kalman filter, recurrent neural network, long short-term memory, FOMC, yield curve fore-
casting, machine learning, interest rate derivatives.
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Introduction

The Secured Overnight Financing Rate (SOFR) is a benchmark interest rate that reflects
the cost of borrowing cash overnight while using U.S. Treasury securities as collateral. It is
based on data collected from the repurchase agreement market. A repurchase agreement, or
repo, is a short-term borrowing agreement. It allows one party to sell securities and agree
to buy them back later, often the next day, at a higher price. The SOFR is published daily
by the Federal Reserve Bank of New York and has become the preferred replacement for the
London Interbank Offered Rate (LIBOR) in U.S. financial markets.

The SOFR was introduced to address the problem of the reliability and stability of
LIBOR, which was previously the global benchmark for short-term interest rates. LIBOR was
based on the estimations of the leading banks in London, rather than the actual transactions,
which makes it vulnerable to manipulation. In contrast, the SOFR is an overnight and
backward-looking rate. It is based on the actual transactions in U.S. Treasury repo market
with a volume of more than 2 trillion dollars per day, which makes it more robust and
transparent (Huggins and Schaller 2022).

The SOFR is computed based on transactions in U.S. Treasury repo market, which
consists of three primary segments: the Tri-Party Repo (TPR) Market, with transactions
collected from the Bank of New York Mellon; the General Collateral Financing (GCF) Repo
Market, with transactions obtained from the Office of Financial Research (OFR); and the
Bilateral Repo Market, which includes transactions cleared via the Delivery-Versus-Payment
(DVP) service offered by the Fixed Income Clearing Corporation (FICC). The following are
details of the data collection from the Federal Reserve Bank of New York (2025). In the
TPR market, the Bank of New York Mellon collects specific-counterparty tri-party general
collateral repo transactions secured by Treasury securities, excluding transactions in which
the Federal Reserve is a counterparty. The specific counterparty means that at the time
of trade, the counterparties know the identity of each other. In the DVP repo market,
rather than choosing from a broader set of acceptable collateral as seen in the tri-party repo
market, counterparties engage in the transactions where they specify the exact security to
be delivered and received. This distinction allows the DVP market to serve as a mechanism
for temporarily acquiring specific securities. If cash providers are willing to accept a lower
return to obtain a particular security, the repo for specific-issue collateral may be traded at
a rate below the general repos. These underlying securities are considered as "special”. To
minimize the impact of transactions on the measurement of the general cost of financing,
20 percent of the lowest-rate transaction volume from the DVP segment is excluded daily.
Each day, the New York Fed carefully reviews the transaction data to identify any entries
that may need to be excluded. This includes transactions that are not conducted at arm’s



length, as well as those that seem anomalous or potentially erroneous. When necessary, the
New York Fed may apply expert judgment to determine whether certain transactions should
be excluded from the final rate calculation.

Once the data is collected from the three sources, the SOFR is determined using a
volume-weighted median, which represents the rate at which transactions reach the 50th
percentile of total transaction volume. This calculation involves sorting transactions in
ascending order by rate, computing the cumulative transaction volume, and identifying the
rate corresponding to the midpoint (50th percentile) of the total dollar volume. The daily
SOFR will be published on the next business day on the New York Fed website around 8:00
a.m. ET, and it is rounded to the nearest basis point. On weekends or U.S. public holidays,
the SOFR is not published, and the SOFR for the last business day is applied. In this paper,
a business day is defined as any day on which U.S. government securities transactions are
settled, as recognized by CME Group and the Federal Reserve Bank of New York. This
excludes weekends and designated U.S. public holidays, with holidays defined according to
the Securities Industry and Financial Markets Association (SIFMA) U.S. Holiday Schedule,
during which Treasury markets are closed.

Federal Open Market Committee (FOMC)

Although the SOFR is derived from the market transactions in U.S. repo market, it is still
highly sensitive to the broader monetary policy decisions like most short-term interest rates.
The most influential decisions come from the Federal Open Market Committee (FOMC).
The FOMC is one of the branches of the Federal Reserve System, see (Board of Governors
of the Federal Reserve System 2025). It consists of twelve members: the seven members of
the Board of Governors; the president of the Federal Reserve Bank of New York; and the
last four will be chosen from the remaining eleven Reserve Bank presidents, who serve on a
rotating basis for a one-year term. FOMC holds eight scheduled meetings per year regularly,
but additional meetings will be added if necessary. During these sessions, the committee
evaluates the current state of economic and financial conditions, decides the appropriate
position of the monetary policy, and analyzes the potential risk to its long-term objectives
of price stability and sustainable economic growth.

The most critical decision of the meeting is the settlement of a target range of the Federal
Funds Rate (FFR) and adjusts the rates: rates that anchor overnight money markets: the
Interest on Reserve Balances (IORB), the Overnight Reverse Repurchase Agreement (ON
RRP) rate, and the Standing Repo Facility (SRF) rate. IORB is the rate the Federal Reserve
pays to banks based on reserve balances. Since banks can always earn IORB at the Fed,
banks are unlikely to lend at lower rates, which helps keep overnight rates from falling below
that value. The ON RRP is the rate that Federal Reserve pays to non-bank counterparties
such as money market funds. It gives money funds a safe overnight place to invest, so they
will not lend much below that rate, which puts a floor under secured funding rates. The
SRF is the rate at which the Federal Reserve lends cash overnight against Treasury or agency
collateral. By offering cash at a posted rate, the SRF prevents secured overnight rates from
rising too sharply. SOFR is computed from Treasury repo transactions, and hence anchored
by these rate.



Related Literature on SOFR modeling

Term-structure modeling based on LIBOR rate benefited from decades of research, resulting
in sophisticated models for the term structure of interest rates and techniques for the pricing
of derivatives. There are several influential frameworks: the Heath—Jarrow—Morton (HJM)
model, introduced by (Heath, Jarrow, and Morton 1992),which models the entire forward
rate curve in an arbitrage-free manner, and the short-rate models, such as the Vasicek model
(Vasicek 1977), the Cox—Ingersoll-Ross (CIR) model (Cox, Ingersoll Jr, and Ross 1985),
and the Hull-White model (Hull and White 1990). The LIBOR Market Model (LMM), also
referred to as the BGM model, was introduced by Brace, Gatarek, and Musiela (1997) and
became the industry standard for modeling the dynamics of discrete forward LIBOR rates,
thereby providing a framework that is consistent with the pricing of caplets and swaptions
observed in the market. A comprehensive treatment of these methodologies is provided by
Brigo and Mercurio (2007), who surveyed both theoretical and practical aspects of interest
rate modeling (also see Bolder 2015). The flexibility and tractability of these classical models
have made them the foundation for much of the work in both academic and applied finance,
particularly in the context of LIBOR-linked derivatives and risk management.

The discontinuation of LIBOR and the transition to SOFR have motivated the develop-
ment of new modeling approaches tailored to the features of overnight and nearly risk-free
benchmarks. The SOFR is calculated from actual U.S. Treasury repo transactions, and it is
inherently more transparent and robust than the LIBOR. However, it differs from LIBOR in
important respects: it is more sensitive to day-to-day market liquidity and monetary policy
action and is affected by structural features such as regulatory quarter-ends and scheduled
FOMC meetings. These distinctions necessitate new modeling considerations, especially for
the accurate valuation and risk management of SOFR-linked instruments. Recent literature
has advanced several approaches to model the term structure and dynamics of SOFR. Gellert
and Schlogl (2021) extended classical short-rate models to SOFR by a term structure model
for SOFR in which the short rate is modeled as piecewise constant between scheduled FOMC
meetings, with deterministic jumps at known policy dates. This approach captures the ob-
served discontinuities in overnight rates resulting from monetary policy decisions and aligns
with the institutional reality of how the Federal Reserve implements policy. Building on this,
Schlogl, Skov, and Skovmand (2024) constructed a dynamic term-structure model in which
scheduled policy jumps are explicitly embedded in the short-rate process. They demonstrate
that failing to model these discontinuities leads to significant model misspecification and
increases in prediction errors for SOFR futures and related derivatives.

Fontana, Grbac, and Schmidt (2024) took a forward curve perspective, extending the
HJM framework to include stochastic discontinuities at known calendar dates, thereby ac-
counting for the jump risk inherent in overnight reference rates such as SOFR. Their work
demonstrates that standard term structure models can be successfully adapted to the real-
ities of modern, transaction-based benchmarks when extended to include both continuous
and jump risk components. Nelson—Siegel type models remain popular for their parsimonious
representation of the yield curve and ease of estimation. Skov and Skovmand (2021) proposed
an arbitrage-free three-factor Nelson—Siegel model to fit the SOFR futures term structure,
using a shadow-rate extension to accommodate the zero lower bound. They demonstrated
that the SOFR futures alone are sufficiently informative to identify yield curve dynamics



without requiring seasonal corrections or exogenous factors. The dynamic Nelson-Siegel
(DNS) model, originally introduced by Diebold and Li (2006) and further developed by
Christensen, Diebold, and Rudebusch (2011), remains a robust and versatile framework for
yield curve modeling and forecasting, particularly when tailored to accommodate the unique
characteristics of overnight benchmark rates.

The adoption of SOFR has also accelerated the use of machine learning and statistical
learning methods in yield curve modeling. Kratsios and Hyndman (2019) introduced an
arbitrage-free regularization approach designed to learn arbitrage-free factor models within
a generalized HJIM setting. The framework leverages deep learning to approximate classi-
cal factor models while ensuring that the resulting bond price processes are arbitrage-free.
Gao (2021) proposed an arbitrage-free recurrent neural network framework for forecasting
yield curves, integrating stochastic filtering techniques with deep learning to enhance out-
of-sample performance. Bianchi, Biichner, and Tamoni (2020) demonstrated that non-linear
machine learning methods, particularly neural networks, significantly improve the out-of-
sample predictability of excess bond returns compared to classical linear models. Their
results show that neural networks are able to capture complex, non-linear relationships be-
tween yields, macroeconomic variables, and bond returns, translating into substantial eco-
nomic gains in asset allocation exercises.

The SOFR-linked derivatives market remains in a period of transition, as both market
participants and researchers adapt to the benchmark’s distinctive characteristics and op-
erational realities. This evolving environment necessitates a fundamental re-evaluation of
term-structure modeling approaches, especially given the challenges posed by discontinuities
of SOFR, sensitivity to monetary policy, and relatively limited historical data. However, to
our knowledge, there are very few published papers that focus specifically on SOFR mod-
eling. As a result, there remains a substantial need for further methodological innovation
and empirical work to develop robust models capable of supporting the pricing and risk
management of SOFR-linked financial products.

Overview

The remainder of this thesis is structured as follows. Chapter 1 introduces the structure,
conventions, and pricing mechanics of SOFR futures, with a detailed discussion of the one-
month (SR1) and three-month (SR3) contracts traded on the CME Group exchange, thereby
laying the foundation for understanding SOFR futures instruments and their role in term
structure construction. Chapter 2 describes the official CME methodology for constructing
forward-looking term SOFR reference rates from observed futures prices, including input data
selection, the application of Broyden—Fletcher—Goldfarb—Shanno (BFGS) optimization, and
a step-by-step replication of the CME approach, culminating in a piecewise-constant SOFR
forward curve that accounts for FOMC meeting dates. Chapter 3 presents the core predic-
tive modeling framework developed in this thesis: building on the dynamic Nelson—Siegel
(DNS) representation, the evolution of yield curve factors is modeled using recurrent neural
networks (RNNs), including Long Short-Term Memory (LSTM) architectures, and a Kalman
filter for state-space estimation, with comprehensive details on model design, training, and
analysis. Chapter 4 contains the empirical and numerical implementation, detailing data



preparation, model training, hyperparameter selection, and out-of-sample forecast results
under various loss functions, along with comprehensive comparisons to benchmark models
and analysis of model performance and robustness. Finally, Chapter 5 concludes the the-
sis by summarizing the main findings and contributions, and suggesting avenues for future
research in the modeling and forecasting of SOFR term structures.



Chapter 1

SOFR Futures

SOFR futures contracts are standardized financial instruments designed to facilitate risk
management and speculation on short-term interest rate fluctuations where the underlying
reference rate is the SOFR, (Huggins and Schaller 2022). The three-month SOFR futures and
one-month SOFR futures contracts, traded on the CME Group exchange, are the most liquid
SOFR-based derivatives, characterized by high trading volumes and tight bid-ask spreads.

1.1 One-Month SOFR Futures (SR1)

An 1-month SOFR futures (SR1) contract is a standardized derivative traded on the CME
that provides a transparent benchmark to manage short-term interest rate risk. It allows
market participants to hedge or gain exposure to the average the SOFR over a single calendar
month. These contracts are cash-settled, with the final settlement price P determined by the
simple arithmetic average of the daily SOFR values over the calendar (not business) days of
the delivery month. The formula for the final settlement price of a 1-month SOFR futures
contract is defined as 100 less the settlement rate Ryei10, 100 — Rgerpre. To formalize this, we
give the following definition

Definition 1.1.1. The final settlement rate for a 1-month SOFR futures contract is defined
as

1
Rsettle = 100 x W Z T (11)
teD1)

where r; is the SOFR on day t and reported in percentage points, N is the total number
of calendar days in the delivery month, and DY) is the set of those days. And the final
settlement price of a 1-month SOFR futures contract is defined as

P = 100 - Rsettle (12)

The settlement rate Ry denotes the annualized interest rate obtained by taking the
simple arithmetic average of all daily SOFR rates during the delivery month. The rate will
be rounded to the nearest 1/100th basis point. On weekends and U.S. public holidays, the

6



SOFR is not published, the most recent published SOFR is carried forward and used for
non-business days in the calculation. For SR1 contracts, the delivery month corresponds to
the full calendar month. For example, the SR1 contract for January begins on January 1
and ends on January 31. January 1 is always a public holiday in the U.S., so the SOFR
is not published. The most recent SOFR will be applied on January 1. For instance,
January 1, 2023, is a holiday and December 31, 2022, is a Saturday. Hence, the rate of
December 30, 2022, will be applied for January 1, 2023. This convention ensures that every
day in the month is represented in the settlement calculation, even if the SOFR is not
published on that date. The timeline representation illustrated in Figure 1.1 shows that
Rsettle =100 x % ?il ri.

1 T e 730 r31 daily
| | | | SOFR rates
| | | | _

Jan 1st 2nd a 30th Jan 31st Time (Days)

Figure 1.1: Timeline representation of the SOFR calculation for January.

In the CME SOFR futures settlement process, the published settlement rate (Rgsetie) is
scaled by 100, so a market-implied interest rate of 5% appears as Rgeit1e = 5. Throughout this
thesis, when referring to the implied rate, an abuse of notation will be used as 100— P = R%,
where P is the quoted futures price and R% is the market-implied rate. For example, a
futures price of $95.00 implies an average SOFR rate of 100 — 95.00 = 5.00%.

This pricing structure also creates a distinct pricing dynamic, particularly when trading
the contract in the middle of the delivery month. At any given time within the month, the
settlement price is influenced by two components: the known SOFR rates starting from the
month start to the day before purchase day, and the future unknown SOFR rates for the
remaining days of the month. To formalize this, we introduce the following definition:

Definition 1.1.2. The settlement rate during the delivery month for a 1-month SOFR fu-
tures contract is defined as

1
Rsettle =100 x W Z Tzlg + Z Tt (13)

teD(1-) te D)

where 7 is the published SOFR on day t, D7) is the set of calendar days for the delivery
month before the trading date (excluded), DUF) is the set of calendar days for the delivery
month after the trading date (included), and N is the total number of calendar days in
that month.

Consider an example displayed in Figure 1.2, in which a trader would like to purchase a
January SR1 contract on January 15. So far, the SOFR rates have been published for January
1 to 14, which means the term ), ,a-) r; is determined. The remaining SOFR rates for
January 15 to 31, denoted by ), pa) 7¢ in equation (1.3), are not yet known at the time of
purchase. However, the current SR1 futures price reflects the market’s expectation for the



average SOFR over the entire month, implicitly providing an estimate for the sum of the
unknown daily rates.

Suppose the 1-month SOFR future price is quoted at $95.70 on January 15 and the
sum Zt .7 = 0.6. There are 31 days in January, so N (D' = 31 and the corresponding
Reettie 1s 100 — 95.70 = 4.30. Then the market expectation of the sum of the unknown rates

fim r = Rettie X ]\1[(()8 X Zt (=43 % 5 100 x 0.6 = 0.7998. If there is no FOMC meeting
during the rest of the month, the market typically assumes the SOFR stays constant at the
futures-implied rate. Hence, r = 0.7998/17 ~ 0.047047, which implies the daily SOFR is

4.71% from January 15 to 31.

Known Rates Unknown Rates
A A

Ve ~ e ~ )

r1 re ... T4 s ... T30 r31 daily

| | | | | | SOFR rates
| | | | | | )
1st ond "7 14th  15th " 30th  3lst Time (Days)

Today

Figure 1.2: Timeline representation of the SOFR calculation for a sample month (January)
when trade in the mid of the delivery month

The basis point value (BPV) of an SOFR futures contract is defined as the dollar amount
gained or lost for each one basis point (0.01%) movement in the actual rate. For the 1-month
SOFR futures (SR1), the BPV is $41.67 per contract, defined by the CME Group. It means
that every one basis point decrease in the settlement rate results in a profit of $41.67 for
the long position. The value is the same as the 30-day federal fund futures. While BPV is
formally defined based on rate changes, traders in the futures market typically track profit
and loss via changes in the quoted price. Because the price moves inversely to the rate
and the quantities are scaled by a factor of 100, every increase of $0.01 in the futures price
corresponds to a decrease of 1 basis point of settlement rate, which leads to a profit of
$41.67 per contract for the long party. Thus, profit or loss for a long position always moves
in the same direction as the price, a convention that is both intuitive and standard in futures
trading.

The quoted price of an SOFR futures contract is the market price at which the contract
is traded, defined as Ppuoted = 100 — Rguoted, Where Rgyoreq is the corresponding implied
quoted rate. At the end of the delivery month, the final settlement price Pj;pq is determined
as Prinar = 100 — Rfinar, where Ryinq is the realized 1-month SOFR rate for the contract
period. For example, consider a trader who enters a long position in a 3-month SOFR futures
contract. Suppose the quoted price is $95.00, implying the quoted rate is 100—95.00 = 5.00%.
At the end of the delivery period, suppose the final settlement price becomes $95.06. The
realized rate is therefore 100 — 95.06 = 4.94%. In this case, the final settlement rate is
decreased from 5% to 4.94%, by 6 basis points, compared to the initial quoted rate, and the
future price is increased from $95.00 to $95.06 by $0.06. Hence, the long party realizes a
profit of 6 x $41.67 = $250.02.



1.2 Three-Month SOFR Futures (SR3)

The 3-month SOFR futures contract (SR3) is a standardized, cash-settled futures contract
that provides market participants with exposure to the average SOFR rates over a standard-
ized 3-month period. Like the 1-month SOFR futures (SR1), the SR3 contract is traded
on CME and is cash settled based on the observed SOFR rates during its reference period.
The main distinction between SR1 and SR3 lies in the method used to calculate the settle-
ment rate. While the SR1 contract uses the simple arithmetic average of the SOFR rates
over a single calendar month, the SR3 contract uses the compounded average of the daily
SOFR rates over a reference quarter of three months. The compounding reflects conven-
tions commonly applied to money market instruments with longer maturities and results in
a settlement rate that captures the cumulative effect of the daily SOFR movements over
the quarter. The contract reference quarter of an SR3 future starts on the third Wednesday
(included) of the starting month and ends on the third Wednesday (excluded) of the next
quarterly month. We can purchase the 3-month SOFR future starting in any month, but the
most liquid SR3 contracts start in March, June, September, and December, aligning with
the standard International Monetary Market (IMM) quarterly cycles.

The contract code for SOFR futures, such as “SR3MO0”, follows a convention in which
the prefix (“SR3” or “SR1”) specifies the contract type, for 3-month and 1-month SOFR
futures respectively, the single-letter code denotes the start month of the reference period,
and the final digit indicates the year. This coding applies equally to both SR1 and SR3
contracts. The mapping between code letters and months is shown in Table 1.1. The final
digit reflects the last digit of the contract year: “1”7 for 2021, “2” for 2022, “3” for 2023,
and so on. This coding scheme is standard for CME futures and enables market participants
to easily identify the contract’s delivery (start) month and year. For example, the contract
“SR3MO0” begins on June 12, 2020 (M = June, 0 = 2020), and ends on September 16, 2020.

Table 1.1: CME Futures Contract Month Codes

Code Letter | Month | Code Letter | Month
F January N July
G February Q August
H March U September
J April \Y October
K May X November
M June Z December

Definition 1.2.1. The formula of the final settlement rate of an SR3 contract is defined as

B 360 re X dy
Rsettle = 100 x m H (1 + 360 ) -1 (14)

teD®)

where N is the total number of calendar days in the reference quarter, D®) is the set of
business days during the reference quarter, r, is the SOFR for the day t, d; is the number of
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calendar days where r; is used. And the final settlement price of a 3-month SOFR futures

contract is defined as
P =100 — Ryessie (15)

The settlement rate R, denotes the annualized interest rate obtained by compounding
all the SOFR rates during the reference quarter. The rate will be rounded to the nearest
1/100th basis point. Simple interest will be used for all non-business days in the reference
quarter using the most recent SOFR. This simple interest represents the compounded rate
for the period. After that, the interest for all business days is compounded, and the re-
sulting annualized rate is expressed according to the money market day count convention
(Actual/360). Consider an example of compounding the SOFR rates for one week during
the reference quarter. From Monday to Friday, the daily SOFR rates are r; to r5, while for
the weekends, Saturday and Sunday, the most recent SOFR r5 will be applied. The final
compounded SOFR rate will be (IT{_; (147;/360)) x (1+3r5/360) as illustrated in Figure 1.3.

compound simple
~ - ~ ~ - ~ )
71 79 T3 T4 5 5 T5 daily
SOFR rates

Mon  Tue  Wed  Thu Fri Sat SQun  Time (Days)

Figure 1.3: Timeline representation of the SOFR calculation for reference quarter

Similar to SR1 contracts, when trading an SR3 contract in the middle of the delivery
month, the settlement rate is determined by combining the published SOFR rates up to the
date of trade (excluded) and the projected rates for the remaining days.

Definition 1.2.2. The formula of Rge1e is formulated as

B 360 v d,
Rsettle =100 x W( H (1 + 360 ) (16)
te DB-)
e X dt
1 — .
- H:(+ %0) Q (17)
te D)

where DB7) is the set of business days during the reference quarter before the purchase day
(excluded), DBY) is the set of business days during the reference quarter after the purchase
day (included), and N is the total number of calendar days in the reference quarter.

The basis point value of a 3-month SOFR future is $25 per contract, which is the same
as the 3-month Eurodollar future. This means compared to Rgyoteq, for every basis point
the Rgee drops, the long party will make a profit of $25. Since the architecture of the
SR3 contract is similar to that of the SR1 contract, the relationship between price and rate
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changes remains the same: every increase of $0.01 in the SR3 futures price corresponds
to a one basis point decrease in the implied settlement rate, and yields a profit of $25per
contract for the long party. Suppose a trader buys one SR3 contract when the quoted price
is $95.00, implying a futures rate of 100 — 95.00 = 5.00%. At the end of the reference period,
suppose the contract settles at $95.03, which corresponds to a final rate of 4.97%. The final
settlement rate is decreased by 3 basis points, and the final settlement is increased by $0.03.
Hence the long party realized a profit of 3 x $25 = $75.

When trading SOFR futures, the mark-to-market (MTM) procedure ensures that all gains
and losses are settled on a daily basis. At the end of each trading day, the clearinghouse
compares the previous day’s settlement price to the current day’s settlement price. The
profit or loss for each position is determined by the change in the settlement rate, multiplied
by the contract value per basis point, $41.67 for SR1 and $25 for SR3. This amount, known
as variation margin, is credited to or debited from the margin account of each participant.
Specifically, when the settlement price increases compared to the previous day, the long
position earns a profit equal to the contract value per basis point for each basis point of
increase in Rgeye. Conversely, when the settlement price decreases, the long position incurs
a loss of the same amount per basis point. Daily settlement via variation margin ensures
that exposures remain fully collateralized and minimizes counterparty risk throughout the
life of the contract.

To illustrate, consider an investor who enters a long position in a 3-month SOFR future
contract with an initial margin $2000. Suppose the settlement price at the end of day 1 is
$95.88, which is the initial quoted price. At the end of day 2, the settlement price rises to
$95.91. The increase in price is $0.03 which corresponds to the decrease of 3 basis points
in the rate. Hence, the investor’s profit for that day is 3 x $25 = $75 as variation margin,
credited to the margin account. The settlement price declines to $95.84 at the end of day
3. The drop of $0.07 leads to an increase of 7 basis points of the rate, resulting in a loss of
7 x $25 = $175, which is debited from the margin account. On day 4, the price is $95.85,
the investor earns $25 and similar calculations apply for the subsequent days.

Table 1.2 provides a visualization of this mark-to-market process and summarizes the
daily settlement prices, basis point moves in price, daily profit or loss, margin account
balances, and the explanations for each day. This mark-to-market procedure is repeated
each trading day, with gains credited and losses debited to the margin account. In this way,
all profit and loss is settled in cash throughout the life of the contract, ensuring that exposures
are continuously collateralized and counterparty risk is minimized until the contract is closed
or expires.

In summary, the preceding sections provide an overview of the SOFR, its connection to
U.S. monetary policy, and the structure of SOFR futures contracts. This shows the signifi-
cance and challenges involved in modeling the SOFR term structure. Chapter 2 outlines the
methodology and procedures for building the SOFR term structure from the SOFR futures
data.
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Table 1.2: Daily Mark-to-Market Example for a Long Position in 3-month SOFR futures

Day Settlenz;r)lt Price Change p]?ﬁﬂ(}é | Acll/ifin( .
1 95.88 - - 2,000.00
2 95.91 +3 +75.00 2,075.00
3 95.84 -7 -175.00 1,900.00
4 95.85 +1 +25.00 1,925.00
5 95.83 —2 -50.00 1,875.00
6
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Chapter 2

CME Term SOFR Reference Rates
Methodology

In this chapter, we introduce the CME Term SOFR Reference Rates Methodology. This
methodology provides a systematic approach for building a forward-looking and piecewise-
constant SOFR term structure with the data from SOFR futures contracts (CME Group
2025). The method involves selecting input data, applying Broyden-Fletcher-Goldfarb-
Shanno (BFGS) optimization techniques, building the SOFR curve, and generating the term
rates for various maturities.

2.1 Input Data

The CME methodology combines 1-month and 3-month SOFR futures contracts. The rates
will estimate tenors of 1 month, 3 months, 6 months, and 12 months. To fully cover the
tenors, the algorithm uses 13 consecutive 1-month SOFR futures (SR1) and 5 consecutive
quarterly (Mar, Jun, Sept, Dec) 3-month SOFR futures (SR3). The sampling market hours
of the price of the SR1 and SR3 contracts are 7:00 a.m. CT until 2:00 p.m. CT. They
are divided into 14 intervals of 30 minutes each. A set of Volume Weighted Average Prices
(VWAP) is calculated based on transaction prices recorded within each observation interval.
Also, they record a snapshot of executable bid/ask prices at a random moment during
the observation interval. In each observation interval, a set of candidate solution prices is
constructed for the relevant SOFR futures contracts based on available market data. For each
contract, a seed value is first determined on a VWAP or the midpoint of the bid/ask price of
the snapshot if there are no transactions occurring. A candidate solution price is the price
within 5 increments of 0.01 basis points of the seed value. If there are transactions during
the interval, the candidate solution will be the VWAP:; if there is not, then the candidate
solution will be the midpoint of the ask and bid price on that snapshot. For the first 7 SR1
contracts and the 5 SR3 contracts, a linear optimization algorithm selects the final price from
the candidate set. This algorithm minimizes deviations from the VWAPs while ensuring the
selected prices are consistent with the maximum number of outright, calendar spread, and
butterfly market quotations, subject to bid/ask and spread constraints. For the remaining
SR1 contracts (eighth to thirteenth), a boundary rule is applied: the selected price is the
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VWAP if it is within the bid/ask bounds, or otherwise, the closest boundary value. After
obtaining the selected price for each interval, the final price will be calculated by a weighted
average of the selected price for each contract, where the weight is the transaction volume
in each observed interval over the total transaction volume.

‘/obs
‘/total

where Pgp is the final price of the SOFR futures, P, is the selected price of the SOFR futures
in an observed interval, V,,, is the volume of transactions during the observed interval, and
Viotar 18 the volume of transactions during all observed intervals. The methodology by which
the selected and final prices are determined is not reproduced in this thesis, the analysis
applies the official final prices as directly provided by CME Group.

As a typical example, from the official CME Term SOFR Constituent File, Figures 2.1,
2.2, and 2.3 show the actual Excel data files provided by CME for a single sample day
(February 29, 2024). These figures illustrate the organization of interval input data, contract-
specific interval prices, and the resulting official end-of-day projection file. Figure 2.1 displays
the head (first few rows) of the CME Term SOFR Interval Input Data file for this day.
The complete file records all observed intervals and contracts, containing selected prices,
transaction volumes, market quotes, and timestamps for every 30-minute interval across
the entire trading day. Figure 2.2 presents the interval data for the SR3H4 contract across
all 14 observation intervals on the same date, illustrating the process for a single contract.
Figure 2.3 shows the official CME Final Projection Inputs file. For each SOFR futures
contract on the sample day, the file reports the final VWAP as well as the date of the next
scheduled FOMC meeting.

It should be noted that the detailed internal methodology by which CME determines the
selected price for each interval is not fully disclosed. Therefore, while interval-level prices are
provided, it is not always possible to precisely reproduce their calculation. Furthermore, even
if the selected prices for each interval are known, a direct calculation of the final VWAP using
these values may still not exactly match the official CME published price. For example, in
the sample Excel file, the VWAP calculated from the selected prices and volumes is 94.68609,
while the official final VWAP published by CME is 94.6859. Any minor discrepancies can be
attributed to rounding conventions, data eligibility, or other undisclosed adjustments made
by CME. For this reason, all analyzes in this thesis rely directly on the Final VWAP in
Figure 2.3 as published by CME.

PSR = Zpobs X (21)
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Date Interval |Contract |Selected Price |Initial Price [Volume |Bid Ack Bid/Ask Snapshot Time

29/02/2024 [Interval 1 |SR1G4 94.6012 946912 0 9469 946925 72849
29/02/2024 |Interval 1 |SR1H4 94 6899 94 69 84| 948875 9469 72049
29/02/2024 |Interval 1 |SR114 04 6849 946848 2777 0468 9469 72049
29/02/2024 |Interval 1 |SR1K4 947224 947224 430 9472 94725 72849
29/02/2024 |Interval 1 [SR1M4 947807 947907 508 9478 947495 72049
20/02/2024 |Interval 1 |SR1MN4 948361 948361 888 94835 9484 72049
29/02/2024 |Interval 1 |SR104 949661 949661 217 9496 94497 72849
29/02/2024 |Interval 1 |SR1U4 95.0333 950333 5 9503 95035 72049
29/02/2024 |Interval 1 |SR1V4 051263 951263 42 95125 05135 72849
29/02/2024 |Interval 1 [SR1X4 95.2263 952265 17 95225 95235 72049
29/02/2024 |Interval 1 |SR174 05.3228 953228 9 9532 95233 72049
29/02/2024 [Interval 1 |SR1FS 95.4325 95.4325 0 95.425 95.44 72849
29/02/2024 |Interval 1 |SR1GS 95.555 95555 0 95545 95565 72049
20/02/2024 |Interval 1 |SR373 94 645 04645 1131 94645| 946475 72049
29/02/2024 |Interval 1 |SR3H4 94.6812 946812 2869 9468 946825 72849
29/02/2024 |Interval 1 |SRIM4 048727 948727 17169 9487 094875 72049
29/02/2024 |Interval 1 |SR3U4 95.155 95154 10667 95155 9516 72049
29/02/2024 |Interval 1 |SR3Z4 95.46 954566 23238 9546 95465 72049
29/02/2024 |Interval 2 |SR1G4 04 6012 946912 0 0468 048925 75421
29/02/2024 |Interval 2 |SR1H4 0460 9469 685 0468 048925 75421
29/02/2024 |Interval 2 |SR114 04 6362 946861 1039 94685 9469 75421
29/02/2024 |Interval 2 |SR1K4 04.7285 947285 2285 94725 9473 75421
29/02/2024 |Interval 2 |SR1M4 0481 948104 413 94805 9481 7:54:21
20/02/2024 |Interval 2 |SRIMN4 94 8555 94 8555 1713 94855 04865 75421
20/02/2024 |Interval 2 |SR104 94895 0940036 901 94095 g5 75421
29/02/2024 |Interval 2 |5R1U4 95.07 95073 197 95.065 95.07 75421
20/02/2024 |Interval 2 |SRIV4A 951744 951744 423 9517 95175 75421
29/02/2024 |Interval 2 |SR1X4 9528 952809 540 95275 9528 75421
29/02/2024 |Interval 2 |SR174 9538 953842 159 9537 9528 75421
20/02/2024 |Interval 2 |SR1FS 95.485 9543893 160 9548 95485 75421
29/02/2024 |Interval 2 |SR1GS 95.62 95.62 100 95.605 9562 75421
20/02/2024 |Interval 2 |SR373 94 645 04645 169 94645| 946475 75421
29/02/2024 |Interval 2 |SRIH4 94 6851 946851 24347 94685| 946875 75421
29/02/2024 |Interval 2 |SRIM4 949 948919 50662 94.9 94805 75421
29/02/2024 |Interval 2 |SR3U4 952 95.1887 27608 952 95205 75421
29/02/2024 |Interval 2 |SR3Z4 95515 954957 58954 95515 9552 75421

Figure 2.1: Excerpt of CME Term SOFR Interval Input Data for 2024-02-29.

Date Interval Contract_|Selected Price |Initial Price |Volume |Bid Ask Bid/Ask Snapshot Time

29/02/2024 |Interval 1 |SR3H4 946812 34,6812 2869 94.68| 94.6825 7.29:49
29/02/2024 |Interval 2 |SR3H4 94,6851 94,6851 24347 94.685| D4.BBTS 7:54.21
20/02/2024 |Interval 3 |SR3H4 94,6874 94.6872 9597) 94.685| 594.6875 8:23.25
29/02/2024 |Interval 4 |SR3H4 946875 94.6877 B950| 946875 34.69 8:.55:14
29/02/2024 |Interval 5 |SR3H4 946887 94,6887 858 94.687% 34.69 9:22.51
20/02/2024 |Interval 6 |SR3H4 94,6892 34, 6851 6360) 946875 34.69 8.52:.00
25/02/2024 |Interval 7 |SR3H4 946875 94,6876 7480 94.685| 94.6875 10:26:35
20/02/2024 |Interval 8 |SR3H4 8946875 34.6874] 10742 94.685| 94.6875 10:59:17
20/02/2024 |Interval 3 |SR3H4 34.685 94.685) 12293 546825) 94685 11:28.56
29/02/2024 |Interval 10 |SR3H4 946827 34,6829 1328| 94.6825| 94685 11:51.58
20/02/2024 |Interval 11 |SR3H4 94,6845 34,6847 1695) 94.6825| 94685 2:24:49
20/02/2024 |Interval 12 |SR3H4 34.685 54,685 3837) 94.685| 594.6875 12:53:29
29/02/2024 |Interval 13 |SR3H4 946871 34,6871 1348 94.685| 94.6875 13:.2515
20/02/2024 |Interval 14 |SR3H4 94,6849 34,6849 BBD1) 94.6825| 94685 13:53.59

Figure 2.2: Excerpt of Interval Data for Contract SR3H4 on 2024-02-29.
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Date Desoription  [Contract [Value
29/02/ 2024 |WVWAP Final [SR1GY 04.6012
29/02/ 2024 |VWWAP Final [SR1H4 94,6896
29/02/2024 [VWAP Final |SR1M 84.6865
29/02/ 2024 |VWAP Final [SR1E4 84,7295
29/02/2024 |VWAP Final [SRLMA 894.8072
29/02/ 2024 |WVWAP Final |SR1LMA 8948571
29022024 [WVWAP Final |SR1Q4 894.9963
29/02/ 2024 |VWVWAP Final [SR1LU4 95,0671
29/02/ 2024 |VWVWAP Final [SR1VA 95,1708
29/02/ 2024 |VWAP Final [SR1LX4 95,2742
29/02/2024 |VWAP Final [SR1LZ4 953706
29/02/2024 |VWAP Final |SRLFS 85,4806
29/02/2024 |WVWAP Final |SRLGS 95,6087
29/02/ 2024 |WVWAP Final [SR3Z3 946459
29/02/2024 | WVWAP Final [SR3H4 84,6855
29/02/ 2024 |WVWAP Final [SR3INA 94.8591
29/02/2024 |VWAP Final [SR3U4 95153
29/02/2024 |VWAP Final [SR3Z4 85,5148
29/02/2024 [FOMC 20/03/ 2024
2902/ 2024 [FOMC D1/05/ 2024
2902/ 2024 [FOMC 12/06/ 2024
29702/ 2024 [FOMC 3107/ 2024
29/02/2024 [FOMC 13/09/ 2024
29/02/2024 [FOMC 07/11/2024
29/02/2024 [FOMC 18/12/2024
29/02/2024 |[FOMC 20/01/ 2025
29/02/2024 |[FOMC 15/03/ 2025
2902/ 2024 [FOMC J0/04/ 2025
F9/02/ 2024 [FOMC 18/06/ 2025
29/02/ 2024 [FOMC 3007/ 2025
29/02/2024 [FOMC 24,09/ 2025

Figure 2.3: Excerpt of CME Final Projection Inputs on 2024-02-29.

2.2 Calculation Methodology

Suppose that the CME Term SOFR Reference Rate is determined as of the date ty, and ¢
represents a business day after ¢y, as defined by the SIFMA US Holiday Schedule. CME
assumed that the SOFR is constant between 2 FOMC meetings. The overnight SOFR for
the date £ can be computed as:

k
SOFR(t;R) = Ry + > (AR;) X 1ysroncy

i=1

(2.2)
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where FOMC}, is the date of the k-th FOMC meeting that occurs on or after ¢y, Ry is the
initial SOFR on ty, AR; = R; — R;_1 is the jump size in the SOFR on the day after the i-th
FOMC policy date, R; is the SOFR on the day between the i-th and the (i + 1)-th FOMC
policy date, SOFR(t; R) is the SOFR on date ¢, R = (Ry, R1, Ry, ..., Ri) and k is the index
of the last relevant FOMC meeting date. And 1y is the indicator function. The objective
function is

12
m&n Z:()w,%) (1) -I—Zw A(3)(R))2

2

+ Ao

D=

> (ARy)?

k

(2.3)

where the subscripts m and ¢ are the reference month m and the quarter ¢ of the SR1 and
S R3 contracts, respectively, pg) and p((f’) are the blended observed prices of the SR1 and SR3

contracts, 135,1) (R) and ﬁgg)(R) are the implied values of the SR1 and SR3 contracts, wi

3)

and wg’ are the weighting parameters for the pricing errors of the SR1 and SR3 contracts.

In this case, wl) = w(3) = 1/18, and A is the weighting parameter for the penalty function,
Ao = 001 , k is the number of FOMC meetings scheduled in the period. CME Group (2025)
uses the Broyden—Fletcher—Goldfarb Shanno (BFGS) optimization method to solve R which
minimizes the objective function (2.3).

For SR1 contracts, if the current date is not in the reference month (m > 0), then the
implied price will be calculated using the projected SOFR rates. And if the current date
is in the reference month (m = 0), the implied price can be calculated using the published
SOFR rates and the projected SOFR rates

100 x | 1 - 35 > SOFR(t:R) | m >0
. e
Py (R) = I (2.4)
100 x 1-@ > 1+ Y SOFRER) ||, m=0
\ i teTi™) ter{™)

where T is the set of calendar days for the m- th month, and N! is the total number of

calendar days in the m-th month; T} ={te T )\t > to} is the set of business days that
have passed in the current reference quarter after ¢, (included) during which the SOFR rates
are published. 7.4 ) = {t € TL|t < to} is the set of business days before ¢y (excluded) in the
reference quarter, and r; is the published SOFR for the date ¢.

For SR3 contracts, whose reference quarter is not the current quarter (¢ > 0), the implied
value depends only on the projected overnight SOFR rates. And if the reference quarter is
the current quarter (¢ = 0), the implied value can be calculated using published SOFR rates
and projected overnight SOFR rates
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(2.5)

where Tf) is the set of business days for the ¢-th reference quarter, Nq(3) is the total number
of calendar days in the g¢-th reference quarter, and d; is the number of calendar days from
date t to its next Business Day; T,°") = {t € T |t > to} is the set of business days that
have passed in the current reference quarter after ¢, (included) during which the SOFR rates
are published. T.*7) = {t € Tq(3)|t < to} is the set of business days before ty (excluded) in
the reference quarter, and 7} is the published SOFR for the date t.

The term rate from the projected SOFR is the compounded rate over tenors of one, three,
six, and twelve months. The compounded term rate is

TR(T) = ? < | I (1 + SOFR:S;OR) . dt) 1 (2.6)

teT(T)

where T is the terminal date, T(T') is the set of business days from the start date to the date
T days in the future, t is a business day in the set T'(T'), d; is the number of calendar days
from the date t to its next business day, and SOF R(t, R) is the overnight SOFR as of date
t.

2.3 Broyden-Fletcher-Goldfarb-Shanno (BFGS) Opti-

mization

The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method, introduced by Broyden (1970),
Fletcher (1970), Goldfarb (1970), and Shanno (1970) is an iterative optimization algorithm
used to solve unconstrained non-linear optimization problems. It belongs to the family of
quasi-Newton methods, which approximate the second-order derivative, the Hessian ma-
trix, rather than computing it explicitly. The BFGS algorithm is presented in Algorithm 1
(Nocedal and Wright 2006).

There are several reasons why CME uses the BFGS method. Rather than directly com-
puting the Hessian matrix, which is computationally expensive, BFGS iteratively approxi-
mates the inverse Hessian. The SOFR term rate estimation problem involves an input of
R, which leads to a multi-dimensional search space. First-order methods, such as gradient
descent, converge too slowly. However, BFGS leverages curvature information to achieve a
superlinear convergence rate. In contrast, optimization methods that do not use curvature
information can be inefficient, particularly for ill-conditioned problems. The BFGS algo-
rithm improves the search process by reducing unnecessary oscillations and maintaining a
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Algorithm 1 BFGS Algorithm for Minimizing an Objective Function f(x)

1: Given: Objective function f(z) to minimize.

2: Input: Initial guess xq, initial inverse Hessian approximation By = I, tolerance e.
3: Initialize: Set iteration index k = 0.

4: while ||V f(xy)|| > € do

5: Compute descent direction:

pe = —HpV f(xy)

6: Perform line search to determine step size .
Update position:
Sk = QkPk

Tyl = Tk + Sk

8: Define gradient difference:
Yr = Vf(rs1) — Vf(zp)
9: Compute scaling factor: .
PE = m
10: Update inverse Hessian approximation:

Hir = (I — prsryy ) Hi (I — pryesy, ) + prssy

11: E+—Fk+1
12: end while
13: Output: Approximate minimizer x*.
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positive definite approximation of the Hessian matrix. This property is crucial for reliably
finding the minimum of a convex objective function, such as the one considered above.

2.4 Replication of the CME Methodology

The CME provides an example for estimating the SOFR term structure as of July 10, 2023.
The data set consists of the settlement prices for all relevant SR1 and SR3 provided by
the CME Group. In this set, the last day of the SR3 contract will be September 17, 2024,
and there will be 9 FOMC meetings scheduled within this period. Using these future prices
and FOMC dates, the implied SOFR rates between FOMC meeting dates are estimated
by minimizing the objective function (2.3) with the BFGS optimization method. Then the
forward SOFR term rates for various tenors are calculated by compounding the implied
SOFR rates over the appropriate horizons by equation (2.6).

Table 2.1 presents a detailed comparison of the SOFR rates calculated by the CME and
those obtained through the replication procedure (Algorithm 1 and 2) between the FOMC
meeting dates. The rates are generally well aligned with some minor discrepancies, especially
near the start of the sample period. For example, on the first period starting on the date of
July 10, 2023, the replicated rate (5.04145%) is approximately 2 basis points lower than the
CME rate (5.06%). A similar error is present for the next period, starting on July 26, 2023.
The replicated rates become more aligned with the CME posted rates as they move along
the sequence of FOMC dates, particularly after September 20, 2023. After this point, the
absolute errors between the two rates are less than one basis point. These differences can
be attributed to differences in numerical optimization. The replication procedure applies
the standardized BFGS algorithm implemented in Python, which has default settings for
convergence tolerance, step size, and internal numerical precision that may differ from the
optimization method used by CME. Such algorithmic and computational differences can
affect the estimation of the SOFR curve, particularly sensitive to the initial guess or the
optimization setting. This may result in discrepancies of a few basis points in the final
predicted rates.

Table 2.1: Comparison of the SOFR calculated by CME and by replication

FOMC/start Date | Rate in % (CME) | Rate in % (Replication)
2023-07-10 5.06 5.04145352
2023-07-26 5.29 5.28541776
2023-09-20 5.35 5.34927161
2023-11-01 5.41 5.41183808
2023-12-13 5.38 0.3844'7200
2024-01-31 5.31 5.31188167
2024-03-20 5.21 5.20856471
2024-05-01 5.05 5.05870893
2024-06-12 4.86 4.86954193
2024-07-31 4.66 4.65776014

Table 2.2 compares the term SOFR rates for various tenors, calculated by the CME and
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the replication procedure. The result shows that the term rates obtained by the replication
are very close to those by the CME method. The differences are less than one basis point

across all maturities. These small errors arise directly from the differences in the SOFR rates
in table 2.1.

Table 2.2: Comparison of term SOFR of different tenors by CME and by replication

Tenors | term SOFR in % (CME) | term SOFR n % (Replication)
1 month 5.19643143 5.18989469

3 months 5.30109311 0.29834987

6 months 5.40242570 5.40093802

12 months 5.38527007 5.38603116
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Algorithm 2 CME Term SOFR Reference Rates Calculation

10:

11:

Input: quoted SR1 and SR3 futures prices p and p®, historical SOFR, FOMC dates.
Define: R = (R, Ry, ..., Rk), the SOFR during FOMC meetings.
for each observation interval do
Compute VWAP, apply optimization to figure out the select prices.
end for
Calculate volume-weighted average price for each contract:

obs i
PSR - E PObS’L
‘/total

Define the implied prices for SR1 and SR3 contracts, see equations (2.4), (2.5):

oy (R), P (R)
Minimize objective function using BFGS method:

4 1/2 1/2

i Zwm R) + Y ul (Y — 57 (R))?

q=0

+ Ac

> (AR

k

Construct piecewise SOFR:
k
SOFR(t, R) = R[) + Z(ARZ) . ]-{t>FOMCk}
i=1

Compute term rates:

360 SOFR(t:R) - d,
TR(T) 1T < + 260 )

teT(T)

Output: Piecewise SOFR curve, term SOFR rates.
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Chapter 3

Predictive Machine Learning model
with the Kalman Filter

This chapter develops a rigorous predictive modeling framework that integrates advanced
machine learning techniques, specifically recurrent neural networks (RNNs) including Long
Short-Term Memory (LSTM) architectures, with classical state-space estimation via the
Kalman filter. The approach is based on the dynamic Nelson—Siegel (DNS) representation
of the SOFR term structure, which allows for a parsimonious and expressive modeling of the
yield curve’s level, slope, and curvature over time. We first formalize the DNS model and
outline its application to the SOFR curve data constructed following the procedures outlined
in Chapter 2. Next, we construct an RNN architecture composed of LSTM layers to model
the temporal evolution of the Nelson-Siegel factors. The Kalman filter, integrated as the
filter layer of the network, is then employed to perform the final prediction and optimal state
estimation of these latent factors (Kalman 1960). The structure and function of each layer,
as well as the overall training methodology, are described in detail in the following sections.

3.1 Dynamic Nelson-Siegel Term Structure

The Nelson-Siegel (NS) model, first introduced by Nelson and Siegel (1987), has become a
foundational approach for modeling the term structure of interest rates due to its parsimo-
nious formulation and ability to flexibly fit observed yield curves with three interpretable
factors: level, slope, and curvature. The NS model is widely adopted by central banks, fi-
nancial institutions, and market data providers for curve fitting, risk management, and bond
pricing.

To capture the dynamic evolution of the yield curve over time, Diebold and Li (2006)
extended the model to a dynamic Nelson-Siegel (DNS), allowing the factors to evolve as
stochastic processes, commonly modeled as auto-regressive or state-space models. The DNS
model is now a standard tool for both fitting and forecasting the yield curve. Further
extensions include arbitrage-free versions described by Christensen, Diebold, and Rudebusch
(2011), which impose no-arbitrage constraints on the model to ensure theoretical consistency
for pricing and risk management. These arbitrage-free frameworks are especially important
when the Nelson-Siegel approach is applied to the valuation of interest rate derivatives or
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for use in risk-sensitive applications.
The DNS model here expresses the yield y(, 7) with maturity 7 at time ¢ as:

y(t, T) = bTXt (31)
where b, is the loading parameter
1— 67)\7 1— 67)\7'
b, = (1 — e 3.2
( N T AT c ) ’ (32)

and X; = (L, S, Cy), where L(t) is the level factor that captures long-term interest rate
trends, S(¢) is the slope factor that captures short-term rate movements, C'(¢) is the curvature
factor that influences medium-term dynamics, and A is the decay parameter that determines
the maturity at which the curvature term reaches its maximum. This model structure allows
for a smooth and flexible fit to observed yield curves. At each time point ¢, the factors L,
S;, and Cy are estimated by fitting the model to the observed forward rates, while A can be
fixed or jointly estimated.

In this study, we apply the DNS model to the SOFR curve implied by SOFR futures
contracts. To construct the term structure, we extract the implied SOFR rates from SOFR
futures contracts on a daily basis. These curves are piecewise constant and aligned with
the FOMC meeting dates. For each date, the Nelson-Siegel model is fitted to the resulting
SOFR curve, producing a daily time series of parameters {L;, S;, C;}, which captures the
evolution of the SOFR term structure over time.

A key practical detail is that the SOFR is published only on U.S. business days. On
weekends and holidays, the applicable rate is carried over from the most recent business
day. Therefore, when fitting the curve, we assign a weight w; to each rate f; proportional to
the number of calendar days to which the rate applies. This weighting scheme ensures that
multi-day rates (e.g., weekends and holidays) are appropriately accounted for in the fitting
process.

To capture the time evolution of the Nelson-Siegel factors in a flexible and tractable
manner, we model X; = (L, S, C;) using the extended Vasicek process. The classic Vasicek
model described by Vasicek (1977) is a widely used mean-reverting Gaussian process in fixed
income modeling, notable for its analytical tractability and closed-form solutions for bond
pricing. The extended Vasicek model, as formalized by Hull and White (1990), allows the
mean level, mean reversion speed, and volatility to vary over time or depend on the current
state. This flexibility makes the model suitable for the SOFR market, where regime changes
and policy interventions are frequent.

The conditional expected value and variance are obtained by proposition 3.1.1.

Proposition 3.1.1. Suppose X; follows the extended Vasicek process

dXt = K¢ (91‘, — Xt) dt -+ Utth, (33)
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where Ky, 0;, and o, are functions that depend on t. The expected value and the variance are

T
E[Xy | F;] = e i muduXx, 4 / e~ I v 0 du, (3.4)

t

T
Var[Xr | F] = / e~ Ju vy o= S wTdv gy, (3.5)
t

where F; denotes the filtration representing all information available up to timet. All random
variables and processes (e.q., Xy, W;) are adapted to {F; }1>0, and Xy = o0/ is the covariance
matrix of the process X;.

The explicit formulas for the conditional mean and variance of the extended Vagicek
process are fundamental for the estimation of the dynamic Nelson-Siegel factors. In partic-
ular, they form the basis for the prediction and update steps in the Kalman filter, which we
employ in the empirical analysis to extract the latent factors from observed SOFR futures
prices. Overall, this section develops a comprehensive modeling and stochastic framework,
combining the dynamic Nelson-Siegel (DNS) model for the SOFR curve with the extended
Vasicek process for the evolution of its latent factors. This foundation supports the term
structure estimation and forecasting methods implemented in the following chapters.

Filipovié¢ (1999) considers the consistency of the Nelson Siegel family and HJM models
in context of arbitrage-free modeling of forward rates and bonds. The consistency of the
Nelson Siegel family with respect to the SOFR term-structure, especially considering the
strong evidence of jumps at scheduled FOMC meeting dates, suggests modifications to our
framework following Fontana, Grbac, and Schmidt (2024) and Skov and Skovmand (2021).

3.2 Recurrent Neural Network Modeling

In this section, we will describe the application of Recurrent Neural Networks (RNNs) to
predict the time evolution of the SOFR curve factors, following the approach and the notation
introduced by Gao (2021). In particular, we focus on modeling the dynamic Nelson-Siegel
(DNS) factors (L, S, Ct) associated with the SOFR term structure. We will show how RNNs
can be trained to learn the way these factors change over time.

A fundamental component of neural networks is the dense layer, which consists of a linear
transformation followed by an activation function. Throughout this section, we denote a
dense layer by D, with the following formulation:

y = D(z) := a(W=x + b), (3.6)

where x denotes the input, 20 represents the weights, b is the bias, and the operation between
20 and x is typically a matrix product or a tensor product. The function a(-) stands for
the activation function, which determines the activation state of each neuron. Activation
functions play an important role in neural networks since they enable non-linear modeling
capabilities by allowing certain neurons to be activated or inactivated.

In our modeling framework, data are processed through a sequence of modules that
connect repeatedly as an RNN. Each module consists of four main layers: the input layer,
the state layer, the residual layer, and the filter layer.
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3.2.1 Long Short-Term Memory (LSTM)

Traditional recurrent neural networks are the natural modeling choice for time series data
because they can encode information from previous time steps into a hidden state that is
recursively updated. However, conventional RNNs often suffer from the problem of vanish-
ing or exploding gradients, making it difficult for them to learn long-term dependencies in
sequential data (Hochreiter 1991). This limitation can be especially problematic for financial
time series, where persistent economic or policy regimes may cause latent factors (such as
Nelson-Siegel parameters) to evolve over extended periods. To overcome these challenges,
Hochreiter and Schmidhuber (1997) introduced the Long Short-Term Memory (LSTM) net-
work. The LSTM augments the standard RNN with a memory cell and a system of gating
mechanisms, specifically the forget, input, and output gates. These gates enable the LSTM
to learn when to retain or discard information, allowing the network to effectively capture
both short-range and long-range dependencies in the data.

3.2.2 Input layer

The input layer captures the time dynamics of the Nelson-Siegel factors using an LSTM cell.
The linear model will be trained with data in a 3-dimensional tensor of size S’ x L' x F’ and
at each time step, the input data is a 1 x F” vector. S’ is the number of samples, L’ is the
sequential length, and F” is the size of the feature.

At each time ¢, the LSTM cell receives the current input x and the previous states (¢, h),
where c is the output and h is the hidden state. Then it will output the updated cell state
¢; and the hidden state h;. We denote the LSTM cell by L(-,-):

(ct,hy) = L(a:, (i1, ht,l)).

The calculation within the LSTM cell at each t follows:

Ji=ay4 (Wf$ + W/fht—l + bf) ; (3.7)
i = ag Wiz + Wihi—y + b;), (3.8)
o = ag (Wox + W hy_1 +b,), (3.9)
¢ =a.(Wex +Whhy 1 + b.), (3.10)
¢ = froc1+igoc, (3.11)
hy = o 0 ap(ct), (3.12)

where the operator o is the Hadamard product (element-wise product).

There are three gates in the LSTM structure: the forget gate (f;), the input gate (i;).
The forget gate f; determines which information from the previous cell state ¢;_; should be
retained or discarded, allowing the network to selectively ”forget” irrelevant historical data.
The input gate 4; controls how much of the new cell state ¢;, which encodes the current input
and recent hidden information, is written in the cell state. The output gate o, determines
which parts of the updated memory ¢; are passed on to the next layer as the hidden state h;.
The initial values are ¢y = 0 and hg = 0. For an input X; € RY, N is the number of input
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features and H is the number of hidden units in the model, the model’s weight matrices and
bias vectors are predefined as:

W,W € REN  and beRY.

The activation functions used in the LSTM are given by:

1

e a.(x) = tanh(x), ap(x) = tanh(x).

ag(x) =

The function a4 returns a value between 0 and 1, which is often used between layers in

the neuron or to predict probabilities. The hyperbolic tangent function tanh is similar to

the sigmoid but produces outputs from —1 to 1, and is commonly used in output layers or
binary classification.

In the linear model, the input layer consists of two connected LSTM cells, L; and L.

Given the input at the time step ¢, denoted Y;, the LSTM layer processes the data as follows:

(Ct , hY) =Ly (Y2, (Ct 19 hthl))
(Ct , hb) = Lo (Ct ) (Ct 15 h?l))
cl = 2,

where ¢! is the output of the input layer.

3.2.3 State layer
Given the output ¢/ € R from the input layer, it will be the input to the state layer,

which generates three dense layers: k, 6, and o
k() - [0,T] x R — R,
0(cl) : [0,T] x R — R,
o(ch) [0, T) x RV — R4,
The computations in the state layer are expressed as
k=a,(W.-cf +b),
GICLQ(WQ'Cg‘i_bQ),
azag(Wg-CtI—l—bU),
where - represents the tensor product, and the parameters W,., Wy, W, are the layer weights,

with b, by, b, as the corresponding bias terms. The dimensions of these parameters are as
follows:

WH c IRHXdXd7 b,{ c RdXd,
Wy € REX4 py € RY,

dxd dxd
W, € RExdxd p  c RIxd,
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The activation functions in the state layer are chosen as

3.2.4 Residual layer

After obtaining the predictions Y; and the observed values Y;, the residual layer processes
the modeling error and estimates the residual uncertainty. We first calculate the residual e,
and the batch normalization é; (see loffe and Szegedy (2015)) of the residual. Then we feed
the €, into an LSTM Lg to generate a noise matrix u; by applying a dense layer Dgi. The
equations are given by

€t = |}/;€ - }A/;f|7

ét = BN(et)
(', hi') = L (&, (¢, 1Y)

Uy = DR(CE),

After we have the model parameters (rky, 6,04, u;), the state variables X,, the predicted
values Y;, and the actual observed values Y;, we apply a filter to predict the next state Xt+1
and the next prediction Yt+1.

3.2.5 Kalman filter layer

Consider the SOFR rates y; = (y1, .., Ym) at time ¢ with fixed tenors 7y, ..., 7,,,. We assume
that the noise between the observation and the model (3.1) is Gaussian with a mean of zero

and variance Uy,
y(t, 7') = bTXt + &4, (313)

where Elg;] = 0, Var[e;] = Ele;e/] = Uy, and the matrix U; is diagonal, whose diagonal
entries are the elements of the vector u; obtained from the residual layer.

It is hard to compute the expectation and variance of X; using the proposition when the
state variable is non-scalar and the parameters k;, #;, and o, are matrices. Hence, we use
a discretization grid [tg,t1, ..., tk, tgi1,...] with a constant time increment Aty = tr41 — tg
and the matrix r, 0;, and o; as constant within each interval ¢ € [ty, tx11). We write X, for

Xy, and JF, for F;, . Hence, we have the estimations by Proposition 3.1.1,
E[Xps1 | Fi] = e ™2X + (1 — e "27) gy, (3.14)
tr+At -
Var[Xeor | Fal = / S e T it (3.15)
ty
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We denote Q) = Var[X;,1 | Fi], and the computation of @, can be simplified using the
spectral decomposition of the matrix ry

Kp = EkaElzla

where FEj is the eigenvector matrix of i, and Vj is a diagonal matrix with the eigenvalues
¢ of k on the diagonal. Then the conditional variance can be written as

tr+AL -
Qr=F < / e Ve tdt) ET,

tr

where ), = Ek’lzkE,;T = (wi;)i; and ¥y = oo/ . The integral inside Q) can be computed

element-wise as
tp+AL - tr+At
/ (e_Vtle_V t), dt :/ B_Qtwi7je_cﬂ'tdt
t % tk

k

Hence, we can obtain the approximation of )

Wi 4 (s
Qi = Ej (_ﬂ 1 — ¢~ (GH¢)AL ) ET.
Ci + Cj ( ) ij ¥
The state and the observation equations are
Xp1 = e At X, + (I — e_”“kAt) 01, + wi,
Ykt1 = M Xy + e,

and M is defined as

bl (7'1) b2 (Tl) bg(Tl)
M = : : : ;
bl(Tm) b2(7—m) b3(7m>

where 7, is the maximum tenor among all observations. The noise terms wj and ¢, are
assumed to be Gaussian with a zero mean and covariance (J; and Uy,

(I:: ) ~ N <(8) ! (%k z?k)) | (3.16)

Following Date and Ponomareva (2011), the prediction step of the Kalman filter is given by

Xk\k—l = e_”tk—lAth_1|k_1 + (I — e_”tk—lm) etkflﬂ (317)
pk\kq = e_m’“‘lmpkfukq[€_m’“‘1At]T + Q-1, (3.18)
Uk = MXk\kq- (3.19)

29



; >
1 : 1 -
; \ A 4 ; Y V¥ ;
! Ce ¢ State ¢ Layer ¢ ' ¢ ¢ i« '
E Input Layer K /] bea E E
H (LSTM) Dense | | Dense | | Dense | . H
Ly : R : R
Xt\t E y E Xt+1|t+1 v E
' Residual Layer N . : E
: (LSTM) > Filter Layer : > !
S : X
hi s L | A L
T T »
Y \4

(Xtﬂ\tﬂ, K, 0z, O't)

Figure 3.1: Recurrent Neural Networks

The measurement (update) step of the Kalman filter is given by

Xk\k = Xk|k71 + Ky, ( )
Py = Pup1 — KpM Py, (3.21)
Uk = Yk — U, (3.22)
Fy = MPy 1M " + Uy, (3.23)
Ky, = By M (3.24)

The filter layer serves as the output cell, applying filtering operations, updating the SOFR
rates, and generating the final predicted values. In particular, the filter layer uses state
variables (k,6,0), which are obtained in the state layer using weights 20, bias terms b, and
outputs from the input layer. All model parameters, including weights 20 and biases b in
each layer, are trained to minimize the prediction loss function.

The basic module of the RNN consists of four fully connected layers, and the overall RNN
architecture is constructed by stacking these fundamental modules. Figure 3.1 illustrates the
structure of both the basic module and the complete RNN.

3.2.6 Loss function

The choice of loss function is critical for training neural networks on interest rate data. In
this study, we consider both the mean squared error (MSE), also known as the Ly norm, and
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mean absolute error (MAE), also called the L; norm losses:

1 & ~ 112
L) =3 |- .
=1
1< .
L) =Y |[vi-vi.
=1

where 1 denotes the model weights, Y; is the observed value, and Y; is the predicted value.
The MSE is sensitive to larger errors and thus emphasizes outliers, while the MAE is more
robust and particularly suitable for modeling small-magnitude errors, a common feature of
interest rate series. By comparing the performance under both loss functions, we assess not
only predictive accuracy but also robustness to outliers and suitability for the characteristics
of interest rate data.

The learning objective is to find the optimal parameter vector ¥ that minimizes the loss
function:

) = arg mﬁin L(9), (3.25)

where L can denote either Ly or L;. We apply the following gradient descent update step
with a learning rate oy, € (0, 1):

ﬁk = ﬁk—l - OékVﬂL(’ﬁk_l), (326)

where the learning rate «y, is a function of the loss value in each iteration.

The process of training a neural network is based on an optimization procedure. In the
process, an optimizer updates the model’s weights by computing gradients through back-
propagation and applying gradient descent. This adjusts the model weights in proportion
to the derivative of the error with respect to the corresponding weights. The optimizer
determines the specific strategy for updating the weights, thus playing a critical role in both
the speed and effectiveness of model training.

The ADAM algorithm, short for Adaptive Moment Estimation, introduced by Kingma
and Ba (2015), is a widely used optimization method in machine learning and deep learning
tasks. The parameters 31, 32 are exponential decay rates for the moment estimates, which are
hyperparameters typically set to 0.9 and 0.999, respectively. ADAM maintains exponentially
decaying averages of biased first moment estimate m,; and biased second raw moment estimate
v, which are updated as follows:

my = Simy_1 + (1 — B1)gy, (3.27)
vy = Bovy—1 + (1 — 52)£7t2a (3.28)

where g, = VyL(9) is the gradient of the loss function and ¢? indicates the elementwise
square g; ® ¢;. Here, g, ® g; denotes the elementwise (Hadamard) product of g;, that is,
(9: © g1)i = (gm-)Q. To correct for initialization bias, bias-corrected moment estimates are
computed:

b, = 1—U—Zﬁg)t (3.30)
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The parameter update rule for Adam is given by:

VU =01 — oy

(3.31)

where € is a small constant, fixed as 1078, to prevent division by zero. The learning rate oy
is dynamically adjusted based on the progress in minimizing the loss function.

o= 1-09% 1(| o oy a1, (3.32)
{‘—WH) < 0.001}
where
o | L)—L, 1)
1L | At < 0,001,
L L)L) = @e-1) (3.33)
{‘ tL(ﬁt,liH < 0-001} 0, otherwise.

This adaptive strategy ensures that the learning rate decreases automatically when the
improvement of the loss function stagnates. This will reduce the risk of overfitting, speed
up convergence to the optimal solution, and minimize the need for manual learning rate
adjustment.

To summarize, in this Chapter, we apply the CME methodology to 1-month and 3-month
SOFR futures data, collected from the CME Group to construct a daily piecewise-constant
SOFR curve. Each day, we fit this curve to the Nelson-Siegel model, obtaining dynamic level,
slope, and curvature parameters. Assuming these parameters follow an extended Vasicek
process, we model their evolution and use recurrent neural networks (RNNs) for multi-step
prediction of the term structure (see Algorithm 3). The next Chapter provides a numerical
implementation using actual market data.
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Algorithm 3 Full SOFR Term Structure Forecasting Algorithm

1:

10:
11:
12:

13:

14:

Input: CME SR1 and SR3 futures prices {pji!, pi*3}, historical SOFR rates {r}},
FOMC dates {FOMCy} .

CME Methodology: Estimate SOFR curve using the CME optimization (see Algo-
rithm 2)

Dynamic Nelson—Siegel:

1— €—>\T 1— e—)\T
y(t,r) = Lt + StT + Ct (T — 6)\7)

For each t, fit Nelson—Siegel factors (L, S, Cy) to the SOFR curve.

RNN-Kalman Forecasting Layers:
Input (LSTM) Layer:
(Cu ht) = L(Xt, (thly hz%l))

State Layer:
Ke=ax We-ci+bs), 0=aa(Wg-c,+by), or=0a,(W,-c;+by)
Residual Layer:
e =Y, =Y, & =BN(er), (cf\hf)=1Lg (e, (¢ n)), w = Dr(cf)

Kalman Filter Layer: Apply the Kalman filter prediction and measurement steps (see
Eqgs. (3.17)-(3.24))

RNN-Kalman Forecasting process:
Initialize: H; = {c/, h!,cE, R}, set (Xto\to, Py, Hey, T).
for ¢t € T do o
Xiegajerr, Yerr, He = RNN(Xy,, Y, Y Hy )
end for
Forecasting and Evaluation:

Generate 1-day and 5-day ahead forecasts {Y(t 4+ 1,7)} and {Y (t +5,7)}
Optimize parameters ¥ (using ADAM method) by minimizing

L(ﬁ):%i’

Output: Forecasted SOFR curves {Y (¢t +1,7)} and {Y (¢t +5,7)}

Y, — Y, Y, - V|| (MAE)

" (MSE), L(ﬁ):%Z‘
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Chapter 4

Numerical Implementation

The data set consists of daily observations of the 1-month and 3-month SOFR futures prices,
obtained from the CME Term SOFR Constituent File provided by CME Group, covering
the period from November 20, 2023, to June 17, 2025. This data set is selected because the
CME Group is the leading and most liquid exchange for SOFR futures, and its published
prices are widely regarded as the market standard. Comparable data from other sources is
either unavailable or does not provide the same level of reliability and completeness. We
first apply the CME methodology to construct a daily piecewise-constant SOFR forward
rate curve. This curve is then fitted to the Nelson—Siegel model, yielding a time series of
the parameters: level (L), slope (S;), and curvature (Cy) that characterize the shape of the
SOFR forward curve over time. We assume that the dynamics of the Nelson—Siegel factors
follow an extended Vasicek process, and we apply the recurrent neural network (RNN) on
the model. The RNN is trained to capture the temporal patterns in the latent factors and
forecast their future values. We integrate a Kalman filtering layer that aligns the predicted
latent states with the realized market data.

To evaluate forecasting performance, we partition the dataset based on the number of
CME business days into training and test sets using an 80/20 chronological split. Specifically,
the first 80% of the data (from November 17, 2023 to February 24, 2025) is used for training,
and the remaining 20% (from February 25, 2025 to June 17, 2025) is used for testing. This
time-based split ensures a realistic forecasting framework in which the model is trained
strictly on historical data and evaluated on future, unseen observations. We perform both
one-day ahead and five-day ahead forecasting. For the 5-day forecasting horizon, we adopt
the batching strategy proposed by Gao (2021), in which the data are divided into 5 non-
overlapping sequences, and the sequences are assumed to represent the observations on 5
days in a week. Instead of training them separately, we mix the 5 distinct sequences as one
training set.

The decay parameter A in the Nelson-Siegel model governs the speed at which the influ-
ence of the curvature factor diminishes with maturity and thereby determines the location
of the “hump” in the yield curve. As noted by Diebold and Li (2006), the curvature loading
reaches its maximum. In this study, as the focus is on modeling short-term interest rates
using SOFR futures with maturities up to 15 months, we set A\ = 1, which positions the
maximum curvature loading at 7* = 1In2/1 &~ 0.693 years (approximately 8.3 months). This
ensures that the model is most flexible in the region where the majority of the data lies. Fig-
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Figure 4.1: Estimated Nelson-Siegel parameters with fixed A = 1

ure 4.1 illustrates the dynamic evolution of the Nelson-Siegel factors (L, S;, C;) over time
as A = 1. And Figure 4.2 shows the curve of Nelson-Siegel along with the time during the
entire data set.

Each training sample consists of a sequence of S” = 50 days, where the feature dimension
is F' = 13, which is the number of tenors: 1 week, 1 month, 2 months, ..., 12 months. The
model uses this input to predict the term structure for the next 1-day or 5-day horizon. The
input dimension is d = 3, corresponding to the three DNS factors. The main LSTM input
layer employs H = 64 hidden units, a size chosen in line with standard practices for deep
learning on financial time series. Batch normalization is applied to the residual errors before
feeding them to the residual LSTM, which uses a hidden size of 16. All weights and biases
in the LSTM and subsequent linear layers are initialized using PyTorch defaults (PyTorch
2024). Specifically, the weights and biases within the LSTM cells are initialized uniformly in

[— % %} , while those in the linear state layers are initialized uniformly in [—, / %, \/ %} ,

where F” is the input feature dimension for the layer.

Due to the amount of available data, systematic hyperparameter tuning on a test set
was not undertaken. The hyperparameters used in the model include a learning rate of
1 x 1073, a batch size of 64, and 50 epochs of training. The Adam optimizer is used for all
parameters, with a default (1, f2) = (0.9,0.999), and the learning rate decay is triggered
when the validation loss plateaus.

35



SOFR rate

0.05
0.0%
0.045
0
Q
= or N
29 A 0.04
S,
m
w
00? 0.035
o
o?®
P ot
7
0. o
O, @
s,
S

0.03

Figure 4.2: Dynamic evolution of the SOFR term structure surface over time.
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We run our models for 50 epochs and plot the pattern of the loss function during training
to demonstrate the sufficiency of the training process. The dataset is partitioned into training
and test set, as introduced above, and we compare the forecast performance by reporting the
loss function for the four model variants: 1-day-ahead and 5-day-ahead forecasts, each under
both Ly and L loss functions. In all 4 configurations, after 30 epochs, the values of the
loss function are stable, which shows that the number of epochs is sufficient (see Figure 4.3).
Importantly, the training and test loss curves remain closely aligned and ultimately converge
to similar levels across all settings. This parallel behavior between training and test loss
suggests that the models do not exhibit signs of overfitting.

Figure 4.4 illustrates the root mean squared error (RMSE) for the four variants. Each
plot shows the daily RMSE in basis points (bps), which enables a direct comparison of
the predictive accuracy and stability across different modeling choices. For 1-day-ahead
forecasts, under both L, and L loss, the predictive errors are modest, with most RMSE
values ranging between 3 and 10 bps throughout the test period. There are two visible
spikes in early March and early April. These results indicate that the model can reliably
capture the daily dynamics of the SOFR term structure for short-horizon forecasts. The
5-day-ahead forecasting results display higher RMSE values: the typical level is around 8
to 14 bps, and the worst-case error in early April can exceed 35 bps. The L, and L; loss
functions produce similar trends, with L, tending to attenuate extremes and yield a slightly
lower median error. Overall, the model provides a reasonable approximation of the SOFR
curve in both 1-day and 5-day predictions, with performance naturally degrading as the
horizon lengthens.

Figure 4.5 presents the daily RMSE for 5-day-ahead SOFR term structure forecasts over
the test period, now enhanced with vertical dashed lines that indicate the timing of major
policy events. These event markers allow for a clearer visual alignment between the spikes
in RMSE and the occurrence of two FOMC meetings (March 19 and May 7, 2025, marked
in red) as well as the administration’s tariff announcement (April 2, 2025, marked in blue).
Each of these events corresponds to a pronounced local maximum in the RMSE series,
highlighting the model’s difficulty in forecasting abrupt, policy-driven shifts in the SOFR
curve. This pattern highlights the challenge for data-driven models in anticipating the impact
of monetary policy and unexpected political events on the short-rate term structure.

Figure 4.6 and Figure 4.7 provide visual comparisons of the observed and predicted
SOFR term structures for two days from the test set, under different forecast horizons and
loss functions. Figure 4.6a shows a typical “good fit” day for the 1-day-ahead forecast using
Ly (2025-03-28, RMSE = 2.19 bps), where the predicted curve closely tracks the observed
SOFR rates across all tenors. Figure 4.6b displays a typical “median fit” case for the 1-
day-ahead forecast under L; (2025-03-20, RMSE = 6.87 bps), where the model still captures
the overall shape of the observed term structure, with a mild level bias at the short-mid
tenors. Figure 4.7 shows analogous results for the 5-day-ahead forecast using the L, loss.
Figure 4.7a presents a “good fit” example (2025-04-11, RMSE = 4.17 bps), with the predicted
curve closely matching the observed values and only a small short-end offset. Figure 4.7b
illustrates a “median fit” case (2025-06-03, RMSE = 10.49 bps), where the main discrepancy
is curvature: the forecast shows an inverted shape relative to the observed curve.

Figure 4.8 illustrates the time-varying dynamics of the state factor parameters. The
estimated state variable parameters, k, , o remain stable and well-behaved throughout the
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Figure 4.3: Training and test loss over 40 epochs under all forecasting settings: (a) Ly loss,
1-day-ahead; (b) L, loss, 1-day-ahead; (c) Lo loss, 5-day-ahead; (d) L; loss, 5-day-ahead.
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Figure 4.5: Daily RMSE for 5-day-ahead SOFR term structure forecasts in the test set (Lo
loss). Vertical dashed lines indicate the time of key policy events: two FOMC meetings (red)
and the tariff announcement (blue).

sample period, indicating the effectiveness of the Kalman filtering approach in our framework.
In contrast, Gao (2021) reports that before arbitrage regularization, the estimated state
variable parameters by the Kalman filter exhibit significant fluctuations and distinct regime
shifts, with abrupt changes in parameter values. After applying arbitrage regularization,
their trajectories become much smoother and more stable. The stability observed in our
results suggests that explicit arbitrage regularization may not be necessary for our modeling
approach.

A persistence forecast is a naive benchmark that assumes the future curve will be identical
to the most recently observed curve. The results presented in Figure 4.9 shows the compara-
tive forecasting accuracy of the RNN model versus the curve persistence (no-change) bench-
mark for both one-day-ahead and five-day-ahead SOFR term structure forecasts. Across the
test set, for the 1-day horizon the model’s RMSE is generally higher than the persistence
RMSE since the 1-day persistence benchmark is exceptionally strong. For the 5-day horizon,
the model and persistence method exhibit similar trend of error. Both methods reach their
peak RMSE on the same calendar dates.

To complement level errors in basis points, we report the Mean Absolute Percentage
Error (MAPE) and the Root Mean Square Percentage Error (RMSPE) for observations ;"
and forecasts }A/Z

b N
Y;os_y;

A 2
Yobs -Y,
o | X 100%,  RMSPE = —Z ( ) x 100%.

Yobs

1 n
MAPE = - Z

=1

Both metrics are scale-independent and thus comparable across tenors with different rate
levels. MAPE averages absolute percentage deviations and is easy to interpret, while RMSPE
squares percentage errors and therefore places more weight on larger misses.

Table 4.1 summarizes the forecast accuracy of the RNN model across different tenors and
forecast horizons, measured using both MAPE and RMSPE under L, and L4 loss functions.
Figure 4.10 shows that both MAPE and RMSPE exhibit a U-shaped pattern: errors decrease
from 1 week to a minimum at intermediate maturities (3 months to 4 months), then rise
again toward 12 months. As shown in Figure 4.11, both the persistence benchmark and the
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Figure 4.6: Observed vs. predicted SOFR term structure for two days from the 1-day-ahead
test set (Lsy loss).
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Figure 4.7: Observed vs. predicted SOFR term structure for two 5-day-ahead forecasts from
the test set (L; loss).
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Figure 4.9: Curve Persistence RMSE vs. Model RMSE
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model’s predictions tend to replicate the overall shape of the most recently observed SOFR
curve. This behavior is especially evident when market conditions remain stable, resulting in
accurate forecasts and low errors across all. However, when the actual SOFR curve undergoes
a structural change, such as a shift in level, slope, or curvature, the predicted curve often
retains the previous shape. As a result, the predicted curve can deviate substantially from
the observed target. These deviations are most pronounced at the short and long ends of
the curve, where shape changes tend to be amplified. Consequently, forecast errors increase
at these, contributing to the U-shaped error pattern.

MAPE and RMSPE for SOFR Forecasts by Tenor
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Figure 4.10: MAPE and RMSPE for SOFR Forecasts by Tenor.
Persistence vs Observed vs Model (1-Day Ahead; L5)
2025-03-03 | Persistence RMSE=9.28 bps
—8— Observed (2025-03-03)
TS Model Prediction (2025-03-03)
--k- Yesterday (2025-02-28)
0.042 -
@ 0.040 A
[1°
o
o
(Vi
o]
v
0.038 -
0.036 -

1w M 2M 3M 4aM 5M 6M ™ 8M oM 10M 11M 12M
Tenor

Figure 4.11: Comparison of curve from persistence, observe and model
Tables 4.2, 4.3, 4.4, and 4.5 reports errors across tenor and datasets (train vs. test). The
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Table 4.1: SOFR Model Test Errors: MAPE and RMSPE for 1-day and 5-day Ahead Fore-

casts, Lo loss (top) and L; loss (bottom)

Tenors MAPE (%) RMSPE (%)
1-day 5-day 1-day 5-day

Ly norm (MSE-based)

1W 2.1174622 2.9165883 2.4509470 3.3503340
1M 1.5496132 2.2351022 1.8333876 2.5913348
2M 1.0657535 1.9176404 1.3422042 2.2825112
3M 0.9563673 2.0061310 1.2116110 2.4816730
AM 1.0542395 2.2766452 1.3118292 2.8017845
oM 1.1756610 2.4796734 1.4764854 3.0511074
6M 1.2630296 2.5601325 1.6319817 3.1790707
7™ 1.3667045 2.5532744 1.7740269 3.1986547
8M 1.4701335 2.5167053 1.9338800 3.1643650
9M 1.6263856  2.4696805 2.1603003 3.1740480
10M 1.8868936 2.6051104 2.5024720 3.3626610
11M 2.2930540 3.0644370 2.9946244 3.8560443
12M 2.8246295 3.9119318 3.6518680 4.7109860
L, norm (MSE-based)

1W 2.0717068 2.6579041 2.4960900 3.2611735
1M 1.5368519 2.3477770 1.9560751 2.8687215
2M 1.12556457  2.1426282 1.5047694 2.6044817
3M 1.0600957 2.0587358 1.3226506 2.5454469
4M 1.0944982 2.0691526 1.3302700 2.6093936
oM 1.1454170 2.1703910 1.4237878 2.7404892
6M 1.1904736 2.2961960 1.5467414 2.9179263
™ 1.2713852 2.4430583 1.6952789 3.1483536
8M 1.4136631 2.6138140 1.8972000 3.4548514
IM 1.6172191 29573705 2.1917415 3.8665745
10M 1.9839088 3.5015604 2.6122966 4.4102900
11M 2.4714074  4.1934500 3.1779175 5.1057363
12M 3.1163316  5.0038843 3.8953786 5.9652386
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Table 4.2: SOFR Model Test Errors: MAPE and RMSPE for 1-day Forecasts, Lo loss

Tenor MAPE (%) RMSPE (%)
Train Test Train Test

1W 1.6655287 2.1174622 2.1017737 2.4509470
1M 1.3391687 1.5496132 1.7047370 1.8333876
2M 1.0678953 1.0657535 1.3945222 1.3422042
3M 0.9632064 0.9563673 1.2847438 1.2116110
4M 0.9636767 1.0542395 1.3152254 1.3118292
5M 1.0069411 1.1756610 1.4353986 1.4764854
6M 1.1010287 1.2630296 1.6294873 1.6319817
™ 1.3123723 1.3667045 1.9068304 1.7740269
8M 1.6135497 1.4701335 2.2832015 1.9338800
IM 2.0033264 1.6263856 2.7695446 2.1603003
10M  2.5053920 1.8868936 3.3696290 2.5024720
11IM  3.1447709 2.2930540 4.0823383 2.9946244
12M  3.8739913 2.8246295 4.9044495 3.6518680

lowest errors are consistently observed at intermediate tenor (roughly 3-6M), with larger
errors at both the front and back ends of the curve. Comparing loss functions, the 1-day
models under L; and Ly are similar. L, is modestly lower across mid-to-long tenors, while
Ly can be slightly better at the very short end. For the 5-day horizon, L, generally yields
lower MAPE and RMSPE, whereas L; is competitive near the front end. As expected, 5-
day-ahead forecasts are less accurate than 1-day-ahead forecasts across all tenor. Overall,
the pattern of errors is stable across settings: intermediate tenor are the most predictable,
with persistent challenges at the curve extremities. Future methodological enhancements
could focus on integrating dynamic weighting across tenor or specialized regularization at
the endpoints to further reduce the error and enhance the model robustness.

Let MAE; denote the mean absolute error of the predicted SOFR curve on day ¢ for
i=1,...,N, and let ¢ be a fixed threshold (in basis points), typically, we choose as ¢ €
{5, 8,11}. The hit rate at threshold ¢ is defined as

N
) 1
Hit Rate(e) = N Z 1imag;<e,
i=1

where 17, is the indicator function that equals 1 if the condition is true and 0 otherwise,
and N is the total number of test days.

Table 4.6 demonstrates that predictive accuracy is higher for the one-day-ahead models.
At the 8 bps threshold, both Ly and L; achieve a hit rate of 76.9%. At a tighter threshold
(5bps), L; is marginally higher in the 1-day case, whereas at 11bps Ly is higher. In the
five-day-ahead case, hit rates are lower overall. L; exceeds Ly at 5bps, but L, leads at
8bps and 11 bps. Overall, short-horizon forecasts are strongest, and neither loss dominates
across thresholds: L; helps at tight tolerances, while Ly performs better at moderate/looser
tolerances, especially for 5-day forecasts.
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Table 4.3: SOFR Model Test Errors: MAPE and RMSPE for 1-day Forecasts, Ly loss

Tenor MAPE (%) RMSPE (%)
Train Test Train Test

1W 1.58996320 2.0717068 2.0916188 2.4960900
1M 1.21977620 1.5368519 1.6653379 1.9560751
2M 0.99263840 1.1255457 1.3878578 1.5047694
3M 0.96294034 1.0600957 1.3531432 1.3226506
4M 1.03244030 1.0944982 1.4273131 1.3302700
5M 1.11093690 1.1454170 1.5190018 1.4237878
6M 1.14448770 1.1904736 1.6069325 1.5467414
™ 1.16750300 1.2713852 1.7183949 1.6952789
&M 1.27482900 1.4136631 1.9068005 1.8972000
IM 1.52453390 1.6172191 2.2250018 2.1917415
10M 1.90420990 1.9839088 2.7013760 2.6122966
11IM  2.44240710 2.4714074 3.3373165 3.1779175
12M 3.10567400 3.1163316 4.1202884 3.8953786

Table 4.4: SOFR Model Test Errors: MAPE and RMSPE for 5-day Forecasts, Lo loss

Tenor MAPE (%) RMSPE (%)
Train Test Train Test

1W 5.3497530 2.9165883 6.2979380 3.3503340
1M 4.0803237 2.2351022 5.0400350 2.5913348
2M 2.7809563 1.9176404 3.6677103 2.2825112
3M 1.8957523 2.0061310 2.6826117 2.4816730
4M 1.6450083 2.2766452 2.3023686 2.8017845
5M 1.9472384 2.4796734 2.6184068 3.0511074
6M 2.5098710 2.5601325 3.3572133 3.1790707
™ 3.1826143 2.5532744 4.2670590 3.1986547
8M 3.8640625 2.5167053 5.2482820 3.1643650
9IM 4.5328640 2.4696805 6.2734230 3.1740480
10M  5.2190840 2.6051104 7.3422100 3.3626610
11IM  5.9448013 3.0644370 8.4652950 3.8560443
12M  6.7917824 3.9119318 9.6580920 4.7109860
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Table 4.5: SOFR Model Test Errors: MAPE and RMSPE for 5-day Forecasts, L; loss

Tenor MAPE (%) RMSPE (%)
Train Test Train Test

1W 5.1293800 2.6579041 7.0383472 3.2611735
1M 4.2546880 2.3477770 5.889863 2.8687215
2M 3.2888076 2.1426282 4.5363700 2.6044817
3M 2.5343082 2.0587358 3.4084842 2.5454469
4M 2.0213807 2.0691526 2.6768537 2.6093936
5M 1.9397024 2.1703910 2.5819680 2.7404892
6M 2.2091317 2.2961960 3.1050968 2.9179263
™ 2.7010145 2.4430583 3.9614365 3.1483536
8M 3.2892764 2.6138140 4.9515500 3.4548514
IM 3.9606876 2.9573705 5.9939423 3.8665745
10M  4.6798124 3.5015604 7.0614870 4.4102900
11IM  5.4537973 4.1934500 8.1499090 5.1057363
12M  6.3099220 5.0038843 9.2654740 5.9652386

Table 4.6: Hit Rate (%) for Test set and MAE Thresholds

Configuration | 5 bps (%) | 8 bps (%) | 11 bps (%)
1-Day Lo 39.74358974 | 76.92307692 | 96.15384615
1-Day I, 41.02564103 | 76.92307692 | 92.30769231
5-Day Lo 5.405405405 | 37.83783784 | 72.97297297
5-Day L, 12.16216216 | 35.13513514 | 60.81081081

Tables 4.6, 4.7, 4.8, 4.9, and 4.10 report hit rates by tenor, error threshold, and config-
uration. Consistent with expectations, model with shorter prediction horizons yield higher
hit rates, especially at stricter thresholds. Within the 1-day horizon, L; and L, are broadly
similar: L; is slightly higher at very short tenor and tight tolerances (3 to 5 bps), while Ly
matches or exceeds L; at mid to long tenor and at looser thresholds (8 to 11 bps). For the
5-day horizon, hit rates are lower overall. L; often leads at 3 to 5 bps, whereas L, is com-
parable or higher at 8 to 14 bps. Across both horizons, the best performance concentrates
around 2M to 6M, with the short and long tenors remaining the most challenging.

Figures 4.12a, 4.12b illustrate the worst-fit curve for the SOFR term structure forecasts
using four configurations. Notably, both the 1-day-ahead and 5-day-ahead forecasts on April
7, 2025, exhibit significant errors, with RMSE values that are among the highest in the test
set. This poor fit can be directly attributed to the consequence of the sudden tariff hike
announced on April 2, which triggered a substantial policy-driven shift in the SOFR curve.
Both the model forecasts and the persistence benchmark struggle in this environment, as
their predictions largely reflect the pre-shock regime. Only the last two days of the model’s
input window (April 3 and April 4) contain information about the initial market reaction
to the policy change, which was still evolving. This example shows how abrupt policy shifts
can induce discontinuities in the term structure, undermining the effectiveness of both naive
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Table 4.7: Hit Rate (%) by Tenor for Different RMSE Thresholds (1-Day Lo Model)

Tenor | 3 bps (%) | 5 bps (%) | 8 bps (%) | 11 bps (%)
1w 12.82051282 | 24.35897436 | 42.30769231 | 61.53846154
1M 24.35897436 | 37.17948718 | 69.23076923 | 82.05128205
2M 47.43589744 | 62.82051282 | 82.05128205 | 93.58974359
3M 43.58974359 | 65.38461538 | 89.74358974 | 97.43589744
4M 46.15384615 | 58.97435897 | 88.46153846 | 96.15384615
5M 37.17948718 | 62.82051282 | 80.76923077 | 97.43589744
6M 33.33333333 | 57.69230769 | 76.92307692 | 93.58974359
™ 37.17948718 | 55.12820513 | 80.76923077 | 92.30769231
8M 33.33333333 | 53.84615385 | 76.92307692 | 92.30769231
IM 32.05128205 | 51.28205128 | 75.64102564 | 88.46153846
10M 30.76923077 | 48.71794872 | 70.51282051 | 78.20512821
11M 23.07692308 | 44.87179487 | 64.10256410 | 74.35897436
12M 20.51282051 | 41.02564103 | 51.28205128 | 69.23076923

Table 4.8: Hit Rate (%) by Tenor for Different MAE Thresholds (1-Day L; Model)

Tenor

3 bps (%)

5 bps (%)

8 bps (%)

11 bps (%)

1W
1M
2M
3M
4M
5M
6M
™
8M
9IM
10M
11M
12M

16.66666667
26.92307692
47.43589744
43.58974359
38.46153846
37.17948718
42.30769231
44 87179487
39.74358974
33.33333333
32.05128205
15.38461538
11.53846154

25.64102564
46.15384615
61.53846154
62.82051282
61.53846154
60.25641026
57.69230769
55.12820513
56.41025641
52.56410256
4487179487
37.17948718
25.64102564

48.71794872
64.10256410
74.35897436
84.61538462
83.33333333
85.89743590
83.33333333
80.76923077
76.92307692
73.07692308
67.94871795
61.53846154
20

70.51282051
82.05128205
92.30769231
96.15384615
96.15384615
96.15384615
94.87179487
93.58974359
89.74358974
85.8974359
76.92307692
71.79487179
64.10256410
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Table 4.9: Hit Rate (%) by Tenor for Different RMSE Thresholds (5-Day Lo Model)

Tenor | 3 bps (%) | 5 bps (%) | 8 bps (%) | 11 bps (%) | 14 bps (%)
1w 8.108108108 | 16.21621622 | 31.08108108 | 45.94594595 | 60.81081081
1M 14.86486486 | 27.02702703 | 41.89189189 | 54.05405405 | 81.08108108
2M 16.21621622 | 29.72972973 | 55.40540541 | 77.02702703 | 89.18918919
3M 24.32432432 | 37.83783784 | 51.35135135 | 70.27027027 | 79.72972973
4M 18.91891892 | 36.48648649 | 52.70270270 | 64.86486486 | 71.62162162
oM 18.91891892 | 35.13513514 | 47.29729730 | 59.45945946 | 64.86486486
6M 21.62162162 | 33.78378378 | 45.94594595 | 58.10810811 | 70.27027027
™ 21.62162162 | 35.13513514 | 47.29729730 | 56.75675676 | 70.27027027
8M 20.27027027 | 29.72972973 | 52.70270270 | 63.51351351 | 78.37837838
9M 17.56756757 | 36.48648649 | 52.70270270 | 70.27027027 | 79.72972973
10M 21.62162162 | 35.13513514 | 58.10810811 | 63.51351351 | 79.72972973
11M 17.56756757 | 28.37837838 | 41.89189189 | 60.81081081 | 71.62162162
12M 9.459459459 | 16.21621622 | 33.78378378 | 45.94594595 | 60.81081081
Table 4.10: Hit Rate (%) by Tenor for Different MAE Thresholds (5-Day L; Model)
Tenor | 3 bps (%) | 5 bps (%) | 8 bps (%) | 11 bps (%) | 14 bps (%)
1W 13.51351351 | 22.97297297 | 37.83783784 | 58.10810811 | 70.27027027
1M 12.16216216 | 21.62162162 | 47.29729730 | 66.21621622 | 77.02702703
2M 16.21621622 | 28.37837838 | 48.64864865 | 68.91891892 | 83.78378378
3M 21.62162162 | 36.48648649 | 51.35135135 | 68.91891892 | 78.37837838
4M 22.97297297 | 39.18918919 50 64.86486486 | 81.08108108
oM 25.67567568 | 37.83783784 | 48.64864865 | 71.62162162 | 82.43243243
6M 20.27027027 | 27.02702703 | 51.35135135 | 70.27027027 | 82.43243243
™ 16.21621622 | 33.78378378 | 52.7027027 | 67.56756757 | 85.13513514
8M 20.27027027 | 33.78378378 | 51.35135135 | 63.51351351 | 75.67567568
IM 20.27027027 | 32.43243243 | 47.2972973 | 62.16216216 | 71.62162162
10M 12.16216216 | 24.32432432 | 40.54054054 | 55.40540541 | 63.51351351
11M 9.459459459 | 17.56756757 | 28.37837838 | 45.94594595 | 52.7027027
12M 12.16216216 | 16.21621622 | 22.97297297 | 32.43243243 | 40.54054054
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and more advanced forecasting approaches.

In this chapter, we implemented a data-driven framework for modeling and forecasting
the SOFR term structure. Starting from CME SOFR futures data, we constructed daily
forward rate curves and estimated Nelson—Siegel factors, which were then modeled with a
recurrent neural network and Kalman filtering. The empirical results show that the model
achieves low RMSE values for one-day-ahead forecasts, typically between 3 and 10 basis
points across the test set, with median errors around 8 basis points. For five-day-ahead
forecasts, the model’s performance declines as expected. The RMSE values are noticeably
higher, often ranging from 10 to 20 basis points and reaching up to 35 basis points during
episodes of market volatility or structural curve changes.

Across all forecast horizons and loss functions, a pronounced U-shaped error pattern
emerges: errors are lowest at intermediate tenor (3 to 4 months) and higher at the short and
long ends of the curve. The reason for the U-shaped error is that after sudden shifts in the
SOFR curve, when seeking to minimize overall RMSE, the model tends to match the middle
section of the curve more closely, resulting in larger errors at the short and long ends. The
model provides reliable fits but shows slightly higher errors than persistence during stable
periods. The model struggles to capture abrupt structural shifts, particularly at the short
and long ends of the curve. These findings highlight both the strengths and the limitations
of the methodology and suggest direction for further enhancing the model’s ability to adapt
to regime shifts in the term structure.
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Figure 4.12: Observed vs predicted SOFR curves on April 7, 2025, showing the worst fit in
the test set for (a) 1-day-ahead and (b) 5-day-ahead Lo forecasting.
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Chapter 5

Conclusion and Future Research

This thesis has developed and evaluated a comprehensive machine learning framework for
modeling and forecasting the SOFR term structure, with a particular focus on CME SOFR
futures. The main contribution of this work is to provide a transparent and systematic
modeling pipeline for SOFR, integrating well-established financial methods with modern
machine learning approaches. By constructing a daily, piecewise-constant SOFR, forward
curve using the official CME methodology and fitting it to the dynamic Nelson—Siegel model,
we extract time series of the key SOFR curve factors: level, slope, and curvature. The
subsequent application of recurrent neural networks (RNNs), including Long Short-Term
Memory (LSTM) architectures integrated with Kalman filtering, enables the modeling of the
temporal evolution of these factors and provides robust short-term SOFR curve forecasts.

The results highlight the importance of robust training strategies. The training and test
loss curves are closely aligned and converge after 30 epochs, indicating that the models do
not suffer from overfitting. Both the L, and L; loss functions yield similar trends, with L,
providing slightly more robustness to outliers. The proposed approach demonstrates strong
out-of-sample performance under both mean squared error (MSE) and mean absolute error
(MAE) loss functions. Results show that the model reliably captures the daily dynamics
of the SOFR term structure for both one-day and five-day-ahead forecasts, achieving root
mean squared errors (RMSE) that generally remain below those of the persistence bench-
mark. The advantage of the RNN-based model is especially pronounced during periods of
structural change or discontinuity in the SOFR curve, where the persistence approach fails
to anticipate abrupt shifts. The findings confirm that the dynamic machine learning model
provides measurable improvements in adaptability and predictive accuracy relative to naive
persistence benchmarks, even though fully capturing abrupt policy-driven changes remains
a challenge.

A significant and timely direction for future research is the explicit modeling of discon-
tinuities in SOFR term structures, particularly those induced by scheduled monetary policy
decisions such as FOMC meetings. Traditional continuous-time models often struggle to
accurately reflect the pronounced jumps in overnight rates that occur in response to pol-
icy actions, leading to potential misestimation of both the risk-free curve and associated
derivative prices. As observed in the analysis, the persistence model in particular tends
to underperform when the term structure undergoes marked changes in curvature or slope,
which is frequently linked to policy-driven discontinuities. Gellert and Schlégl (2021) ad-
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dressed this gap by introducing frameworks that integrate both continuous diffusion dynam-
ics and deterministic jumps. The piecewise-continuous short rate model allows the SOFR to
evolve smoothly between FOMC meetings while incorporating a deterministic, known jump
at each meeting date to reflect the immediate and policy-driven nature of rate changes.
This modeling choice is motivated by the institutional structure of U.S. monetary policy
and the backward-looking construction of the SOFR, which makes it particularly sensitive
to scheduled policy announcements. Building on these insights, Schlogl, Skov, and Skov-
mand (2024) demonstrated that standard continuous models are clearly misspecified around
FOMC meetings and fail to jointly fit overnight and futures rates during recent periods of
monetary tightening, whereas a jump-augmented model accurately captures the observed
dynamics. The importance of scheduled jumps is further formalized by Fontana, Grbac, and
Schmidt (2024), who extended the HIM framework to accommodate stochastic discontinu-
ities at pre-specified calendar dates and derive explicit pricing formulas for bonds and caplets.
Collectively, these studies highlight that faithfully modeling policy-driven jumps is essential
for accurate pricing and risk management of SOFR-linked products in the post-LIBOR era.

In addition to better modeling discontinuities, another research avenue is to improve the
way models capture changes in the curvature and slope of the SOFR curve by introducing
a more flexible, period-specific weighting scheme during training or loss calculation. Rather
than treating all maturities equally, future models could assign distinct weights to different
segments of the curve—such as 1 week to 3 months, 4-6 months, 7-9 months, and 10-12
months—allowing the learning process to more effectively address changes in different parts
of the curve. This approach could help the model adapt to localized changes in the shape of
the SOFR curve and improve overall performance, particularly during periods of structural
transition or when policy shocks disproportionately affect specific maturities.

Another area of future research is the integration of arbitrage-free regularization into
machine learning models of the term structure. As machine learning and deep learning ar-
chitectures become increasingly common in financial modeling, it is crucial to ensure that
their outputs remain consistent with the fundamental economic principle of no-arbitrage.
Without such constraints, data-driven models may inadvertently produce SOFR curves or
forward rates that violate arbitrage conditions, potentially leading to unrealistic forecasts
and unreliable risk measures. Gellert and Schlégl (2021) emphasized the challenges as-
sociated with arbitrage violations in the presence of discontinuities, highlighting the need
for model structures or regularization terms that enforce economic coherence. Gao (2021)
showed that adding an arbitrage-free penalty during neural network training improves both
the robustness and economic plausibility of yield curve predictions. Incorporating these
approaches into deep learning architectures or state-space models may further enhance out-
of-sample forecasting accuracy and produce yield and forward curves that are both realistic
and arbitrage-free, which is crucial for pricing, risk management, and regulatory compliance
in fixed income markets.

The SOFR market is still in a period of transition and is expected to grow significantly as
market participants continue to adapt to the new benchmark. As more liquid SOFR-linked
products, including SOFR interest rate swaps and options on these swaps (swaptions), be-
come available and widely traded, the quality and quantity of data will continue to improve.
This ongoing development will create new opportunities for research and further refinement
of SOFR term structure models. As a result, pricing, risk management, and forecasting in
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the evolving fixed income market will become more accurate in the future.
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