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Abstract

Collision Avoidance for Non-Cooperative Multi-Swarm Coverage Control with

Measurement Uncertainty

Karolina Schmidt

The main focus of this thesis is to provide strategies for collision-free motion in multi-swarm

coverage control. Motivated by the diverse use of agent-based systems for various tasks,

the scenario of multiple non-cooperating swarms independently covering a common area is

presented. Using Voronoi tessellation in coverage control, collision-free motion of agents

within the same swarm has been proven before. However, in the case of multiple swarms

following their own objectives, these guarantees do not hold. To address this issue, the Opti-

mal Reciprocal Collision Avoidance (ORCA) method used for safe navigation in multi-agent

scenarios is applied to multi-swarm coverage control. Assuming knowledge regarding the

positions of all agents, the proposed methodology is formally analyzed for planar motion and

validated through Monte Carlo simulations. Subsequently, the collision-avoidance algorithm

is investigated in environments where bounded disturbance measurement uncertainties are

present. To account for these disturbances, an extension of ORCA is proposed. Formal

guarantees are presented for motion without collisions between agents. This is done under

the assumption that the input needed to counteract the disturbance can always be achieved.

The theoretical results are applied to coverage control of multiple non-cooperating swarms

and validated through MATLAB simulations.

iii



Acknowledgments

I am extremely pleased with the successful completion of my master’s studies, which would

not have been possible without my family. My sincere gratitude to my father Karsten, my

mother Susanne, and my brother Bastian. Your support, encouragement, and inspiration

are the greatest gifts I could ever wish for. Thank you for your pleasant visits and for always

warmly welcoming me at your home.

I also express my deepest appreciation to my supervisor, Dr. Luis Rodrigues, for his

exceptional guidance and invaluable support. Thank you for patiently sharing your immense

expertise and for your knowledgeable advice. I would also like to gratefully acknowledge

CRIAQ, CAE, and RWDI for the opportunity to work on their fascinating and innovative

projects and for generously funding my research.

Special thanks to Zachary, Camilo, Lucas, Mohammad, and Steven for being the best

colleagues I could have asked for. It has been a great pleasure to work with you, and I

am looking forward to continuing to do so. Thank you, Steven, for being a great fellow

adventurer and travel companion, but most importantly, an amazing friend.

Last but not least, I very much appreciate the great company of my roommates Cristina,

Ethan, and Yelena. Many thanks also to my teammates and coaches on my two soccer teams,
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Chapter 1

Introduction

1.1 Motivation

Due to the various tasks that swarms of agents are intended to execute, there is a need for

multiple non-cooperating swarms to independently provide maximum coverage to a common

area. Applications include wildfire management, where search and rescue operations must

be performed simultaneously with fire monitoring and other tasks. Moreover, additional

examples are planetary exploration where swarms belonging to different countries compete

to cover as much terrain as possible, and mobile network coverage for remote areas or places

with temporarily increased network load provided by drones from different companies.

An important consideration to guarantee safe navigation in all of these scenarios, as well

as in other applications, is the avoidance of collisions between agents. This includes the

necessity to compensate for wind when Unmanned Aerial Vehicles (UAVs) are deployed,

or currents when Autonomous Underwater Vehicles (AUVs) are involved. The following

subsections examine the need for coverage control within multiple non-cooperating swarms.
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1.1.1 Wildfire Management

In recent years, wildfires have raised concerns within Canada and throughout the world.

In 2023, Canadian forests suffered record-breaking destruction caused by wildfires. The

Internal Displacement Monitoring Centre [5] reports that in that year 43 percent of global

wildfires occurred in Canada. According to the Government of Canada [6] more than 6000

fires affected an area of 15 million hectares, which is more than 4 percent of the country’s

overall forest area ranging over 367 million hectares [7]. A map of wildfire perimeters across

Canada in 2023 is shown in figure 1.1.

Figure 1.1: Map of wildfire perimeters across Canada in 2023 [1]

Not only do wildfires destroy nature and properties, but they also release large amounts of
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greenhouse gases such as carbon dioxide and hazardous pollutants, making them contributors

to climate change and threats to public health [8]. In addition to the hazards posed to

populations, firefighting teams risk their lives to extinguish fires and save their fellows. To

ensure security for individuals and communities while monitoring affected areas, a strong

need for reliable means of assistance arises.

In that sense, the use of Unmanned Aerial Vehicles (UAVs) has gained importance in

recent years. Applications include search and rescue missions to trace missing people, as well

as fire mapping and monitoring. In addition, firefighting systems based on swarms of UAVs

are conceivable. They promise higher deployment speeds than manned aircraft, reduced

limitations due to factors such as visibility and water refueling, and elimination of missions

that threaten pilot lives [9].

In these contexts, it is common for UAVs to work in collaborative units rather than indi-

vidually to pursue a mutual goal. A prevalent example for operations in wildfire management

is the provision of maximum coverage over an area of interest with a swarm of multiple UAVs.

As a result of the various tasks that swarms are intended to execute, a need for multiple

swarms operating within the same area arises. Collision avoidance between agents from the

same swarm as well as different swarms must then be guaranteed. Moreover, since wildfires

commonly occur in remote areas where UAVs are exposed to winds of high intensities, drifts

due to wind and measurement uncertainty must be taken into account.

1.1.2 Planetary Exploration

Space-related competition between countries has been going on since the mid-20th century,

when the Union of Soviet Socialist Republics launched the first artificial satellite [10]. Besides

the advancement of satellite technologies and missions focusing on human spaceflight, the

exploration of our solar system and beyond plays a crucial role. One component is planetary

exploration. Notable missions are conducted on Mars. These include missions performed by

the US-American National Aeronautics and Space Administration (NASA)’s active rovers
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Curiosity and Perserverance and their precursors, as well as NASA’s Mars helicopter Inge-

nuity [11, 12]. A photo of Ingenuity taken by Perserverance on August 2, 2023 is shown in

figure 1.2. Moreover, after their deployment of Mars rover Zhurong the People’s Republic

of China plans to continue the exploration of the red planet in their Tianwen-3 mission in

2028 [13]. A rover called Rosalind Franklin is scheduled to launch in 2028 within the scope

of the European Space Agency ’s ExoMars program [14].

Figure 1.2: Photo of Ingenuity taken by Perserverance on August 2, 2023 [2]

Although the above planetary exploration missions are conducted by independent rovers

rather than swarms of vehicles, multi-agent systems represent a promising solution for fu-

ture operations. One potential solution is the concept of so-called Marsbees developed by

researchers from the United States of America and Japan [15]. A Marsbee is a flapping-wing

flyer the size of a bumblebee. In addition to the characteristic that a Marsbee can generate

sufficient lift to hover in Mars’ thin atmosphere, the deployment of multiple Marsbees as a

swarm provides a resilient system and can increase the total area covered within a given time.

Another proposal of a multi-agent system for planetary exploration is the use of two-wheeled

robotic swarms [16].

It is apparent that when multiple swarms of agents operating on the ground or in the

air and belonging to different countries explore a common area, collisions between agents
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must be avoided. Wind or other disturbances, along with measurement uncertainties that

evidently appear in unexplored environments, can complicate this challenge.

1.1.3 Drone-based Mobile Networks

Drone-based Mobile Networks have gained attention in recent years. Especially in rural

and remote areas that are difficult to reach, UAVs promise to be a competitive and cost-

effective alternative to conventional stationary mobile network infrastructure consisting of

cell towers. Similarly, UAVs can provide a simple and flexible solution for mobile coverage

after disaster events such as earthquakes, floods, and wildfires. A crucial factor to increase

the chances of survival of missing people is communication and connectivity between rescuers.

UAVs can quickly establish a flexible network when stationary infrastructure is not available

or destroyed [17]. In recent years, the company Zhongxing Telecommunication Equipment

Corporation (ZTE) has developed and deployed airborne base stations in China to ensure

communication during and after natural disasters [18].

In addition to that, UAVs can provide a simple and effective solution in scenarios where

reinforced network capacity is temporarily needed, for example, during large-scale events.

In February 2025, the first deployment of a UAV acting as a base station in Europe was

performed during the cross-country ski race Jizerská in the Czech Republic [19].

Although to date most applications used individual agents rather than swarms of multi-

ple UAVs, potential future enhancements include cooperation of multiple agents to jointly

establish stronger networks and increase reliability. To allow maximum coverage of the mo-

bile network, UAVs acting as airborne cell towers must be positioned accordingly. However,

similarly to stationary networks, it is likely that multiple companies will compete to offer

mobile network services within the same area. Therefore, it is crucial for UAVs belonging to

different companies to not collide with each other. Disturbances such as wind cause addi-

tional difficulties. In particular, when UAVs are deployed after natural disasters that involve

storms, winds can reach high intensities and are difficult to predict.
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1.2 Literature Survey

1.2.1 Coverage Control

Coverage control has been a widely studied subject during the past two decades. The use of

centroidal Voronoi partitions and proximity graphs for coverage control was first investigated

by Cortés et al. in references [20, 21]. Using Lloyd’s iterative algorithm [22] and gradient

descent methods, a swarm of agents is coordinated to provide maximum coverage for an area.

Furthermore, guarantees for the convergence of the algorithms are studied. Applications of

centroidal Voronoi tessellations are discussed in [23].

Extensions and further advances are proposed, among others, in reference [24] where

energy conservation and efficiency are considered by formulating an optimal control problem.

Reference [25] addresses the same problem for discrete-time systems. Moreover, analytic

expressions for the rate of change of the mass and the location of the center of mass of a

Voronoi cell are introduced in reference [26].

More recent work on coverage control includes the presentation of approaches to avoid

obstacles within the area to be covered. In reference [27], a controller based on control

barrier functions is proposed to restrict the system to maintain a safe state. The authors of

reference [28] present a method using an ant colony algorithm for agents to achieve coverage

of an area while avoiding collisions with static obstacles.

A common feature of the above references is the consideration of one single swarm of

agents working as a team towards a common goal. In reference [29], more than one swarm

of vehicles is incorporated into a multi-agent scenario. However, the objective is multi-agent

formation rather than coverage control. Coverage control using a group of Unmanned Ground

Vehicles along with a swarm of UAVs was considered in reference [30]. The work focuses

on collaboration between the two swarms that cover the given area as a unit. Moreover,

reference [31] investigates the use of more than one swarm of vehicles to cover larger areas in

less time. To achieve this, a leader-follower approach is adopted. Similarly to reference [30],

6



different swarms jointly work towards a common goal. The division of a unit of robots into

subgroups of similar size that work towards one common goal is studied in [32]. The work

focuses on increasing the regional coverage speed and reducing the moving distances of the

agents.

In practice, uncertainty is an important consideration in control systems of all types. For

coverage control with a single swarm, reference [33] addresses bounded measurement errors in

the positions of the agents. The focus is on the reduction of the effects of the bounded position

measurement errors on the convergence to a configuration that entails optimal coverage of an

area. Reference [34] proposes two variants of the Voronoi tessellation to account for position

uncertainty while avoiding collisions with other agents that are part of the swarm. Reference

[35] presents a leader-follower approach to avoid collisions with obstacles in coverage control

scenarios. The work addresses actuator faults and time-varying uncertainties, but followers

are restricted to stay within the sensing range of the leader, which limits the size of the

area that can be covered. The authors of [35] extend their work in reference [36] using a

controller based on control barrier functions. Specifically, the controller addresses the loss

of controllability due to actuator faults and time-varying disturbances. All of the above

consider one swarm only rather than multiple.

1.2.2 Collision Avoidance with Velocity Obstacles

The velocity obstacles (VO) technique was first introduced in reference [3]. It performs

operations within the velocity space to select maneuvers that lead to avoidance of static

and moving obstacles. Assuming obstacles with constant velocities and directions of motion,

agents select their velocity outside a subset of the velocity space called the Velocity Obstacle

containing all velocities that would result in collision at a future time.

An extension of VO was proposed in reference [37]. To make the method suitable for

multi-agent systems, the authors assumed similar avoidance strategies of the obstacles and

considered their reactive behavior. Further research on the extension and improvement
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of VO for multi-agent navigation includes the introduction of truncated collision cones in

reference [38]. An optimization problem is formulated to ensure collision-free motion in multi-

agent situations. Furthermore, the work includes considerations for computational efficiency

through data and thread-level parallelism. The authors of [4] adopted the idea of Velocity

Obstacles in the form of truncated cones and derived a method called Optimal Reciprocal

Collision Avoidance (ORCA). ORCA achieves collision-free motion in multi-agent systems

with independently operating agents by deriving half-spaces of permitted velocities so that a

low-dimensional linear program can be solved to obtain local collision avoidance. A detailed

overview of collision avoidance methods based on VO is given in [39]. Note that the above

references do not consider the effects of disturbances and uncertainties.

Although in general VO methods are not concerned with uncertainties, modifications that

account for deviations and noise have been presented over the years. Reference [40] extends

the original VO method to account for stochastic uncertainties in the position and velocity of

moving obstacles. The approach enlarges the collision cone computed by VO and combines

it with an artificial potential field to include a buffer zone between an agent and an obstacle.

Another approach based on the original VO method that accounts for uncertainties in the

movement of obstacles due to sensor deviations is presented in reference [41]. The authors

use a cost function to determine a collision-free velocity of an agent. Reference [42] presents

a motion planning strategy that bounds the risk of collision in multi-agent systems. The

collision avoidance strategy presented is based on VO and accounts for Gaussian noise in the

system dynamics, model uncertainty, and uncertainty in the initial positions of the agents.

Independent of VO and its extensions, reference [43] presents a control strategy to avoid

collisions between two agents. Bounded uncertainties in the positions of the agents due to

sensing errors are addressed. Moreover, the effects of random wind on collision avoidance

are analyzed in reference [44].
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1.3 Contributions

The main contributions of the work presented in this thesis are the following:

1. In Chapter 3, the scenario of multiple non-cooperating swarms that independently

cover a common area is introduced. In contrast to previous work, distinct swarms act

as entirely independent units without explicitly exchanging information. An algorithm

for collision-free motion in Voronoi-based coverage control is proposed based on ORCA.

Although ORCA was introduced in reference [4], to the best of our knowledge, there are

no theorems available in the open literature that prove collision avoidance. In contrast

with the literature, Chapter 3 provides formal guarantees for collision-free motion when

ORCA is used. Monte Carlo simulations validate the results.

2. Chapter 4 addresses the problem introduced in Chapter 3 in the presence of bounded

measurement uncertainties. A methodology is presented that accounts for these pertur-

bations. Formal guarantees for collision avoidance are given under the assumption that

the input needed to counteract disturbances can always be achieved. An algorithm for

coverage control with multiple non-cooperating swarms is then proposed. MATLAB

simulations confirm the validity of the results.

1.4 Thesis Structure

The structure of this thesis is as follows. Chapter 2 introduces preliminary notions and

definitions, including Delaunay graphs and Voronoi tessellation, coverage control and re-

lated work on energy efficiency, as well as the original VO method with its extension called

ORCA. In Chapter 3, the scenario of multiple non-cooperating swarms in coverage control

is presented, along with formal guarantees for collision avoidance using ORCA, and an algo-

rithm that combines multi-swarm coverage control with ORCA to avoid collisions between

agents. Examples and Monte Carlo simulations validate the results. Subsequently, Chapter

9



4 proposes a methodology for collision-free motion in multi-agent scenarios with bounded

disturbance measurement uncertainties. After analyzing the influences of disturbances on

the motion of an agent, an extended version of ORCA is presented and formalized that

accounts for bounded measurement uncertainties. The proposed methodology is applied

to multi-swarm coverage control in an algorithm. Simulations that validate the results are

shown. Conclusions are drawn in Chapter 5.
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Chapter 2

Mathematical Preliminaries

2.1 Introduction

This chapter summarizes underlying notions as well as definitions introduced in the related

literature. After a brief description of Voronoi tessellation and Delaunay Graphs in section

2.2, some concepts of Voronoi-based coverage control are described in section 2.3 following

[20, 21]. A comprehensive summary is given in [24]. The consideration of energy efficiency

and conservation in coverage control as introduced in [24] is explained in section 2.4. Section

2.5 presents the original VO method as introduced in [3]. The version of VO that this work

is based on, ORCA [4], is summarized in section 2.6.

2.2 Voronoi Tessellation and Delaunay Graphs

Consider n distinct points referred to as generators located within a convex area Q. Voronoi

tessellation is obtained by partitioning Q into subsets. Each generator pi, i ∈ {1, ..., n} is

associated with one subset called Voronoi cell Vi(P ), i ∈ {1, ..., n}, where P = {p1, ..., pn} ¢

Q. Voronoi cells take the shape of a convex polytope, where the Lebesgue measure of

the boundaries between Voronoi cells is zero. In a two-dimensional scenario, the boundary

between Voronoi cells corresponding to neighboring generators is defined by a straight line.
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Figure 2.1: Voronoi tessellation of an area Q containing four generators

Each point on the line is equidistant from the locations of the two respective generators. The

partition into Voronoi cells is performed so that the distance from any point q ∈ Q to the

generator of its Voronoi cell is less than or equal to the distance to any other generator pj.

Voronoi tessellation with the generators located at the center of mass of their Voronoi cells

is called a centroidal Voronoi configuration. Figure 2.1 shows an example of a non-centroidal

Voronoi diagram for an area containing four generators.

A Delaunay graph is a proximity graph related to Voronoi tessellation. It is obtained

by connecting neighboring generators. The line connecting two neighboring generators is

perpendicular to the shared boundary of their Voronoi cells. A visualization of a Delaunay

graph is given in figure 2.2. The Delaunay graph is shown in solid black lines. Dashed gray

lines represent the Voronoi tessellation.

2.3 Coverage Control

One field of application of Voronoi tessellation is multi-agent coverage control. Multi-agent

coverage control deals with the problem of deploying a number n of collaborating agents so

that maximum coverage of a given area Q is achieved. The positions of the agents are denoted

12



Figure 2.2: Delaunay triangulation (solid black lines) for an area Q with four generators.
Voronoi tessellation is displayed in dashed gray lines.

by X = {x1, ..., xn}, where xi ∈ Q, i ∈ {1, ..., n}. Then, to obtain a Voronoi tessellation of

Q, each agent i acts as a generator for its respective Voronoi cell Vi. Each point q ∈ Q is

associated with its closest agent which provides coverage at q,

Vi(X) = {q ∈ Q | ∥q − xi∥ f ∥q − xj∥ ∀xj ∈ X}. (2.1)

Coverage at a point q ∈ Q is inversely proportional to the square of the distance from q to

the agent located closest to q, here indicated by i(q). A distance function is described as

f(xi(q), q) = ||xi(q) − q||2. High distance values correspond to a low level of coverage, whereas

low values indicate high coverage.

Moreover, the priority of coverage at q is described by a density function φ(q). Therefore,

a function that indicates the poorness of coverage over Q is [24],

V (x) =

∫

Q

||xi(q) − q||2φ(q)dq, (2.2)

where x = [x1, ..., xn]
T . To maximize overall coverage over Q, V (x) is minimized. By

rewriting (2.2) to consider all Voronoi cells Vi individually instead of Q as a whole and
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summing up the results, one obtains

V (x) =
n
∑

i=1

∫

Vi

||xi(q) − q||2φ(q)dq. (2.3)

The necessary condition for a local minimum of V (x) is [24]

∂V

∂xj

= 2

∫

Vj

(xj − q)Tφ(q)dq

= 2

(

∫

Vj

φ(q)dq

)(

xj −

∫

Vj
qφ(q)dq

∫

Vj
φ(q)dq

)T

= 0.

(2.4)

Note that equation (2.4) contains a term for the mass MVj
of Voronoi cell Vj,

MVj
=

∫

Vj

φ(q)dq, (2.5)

and a term for its center of mass CMVj
,

CMVj
=

∫

Vj
qφ(q)dq

∫

Vj
φ(q)dq

=

∫

Vj
qφ(q)dq

MVj

. (2.6)

Equation (2.4) can therefore be rewritten as

∂V

∂xj

= 2MVj
(xj − CMVj

)T = 0. (2.7)

Clearly, this condition holds when xj = CMVj
, indicating that agent j is located at the center

of mass of its Voronoi cell Vj. With the mass always being positive, the sufficient condition

for a local minimum of V is satisfied,

∂2V

∂x2
j

= 2MVj
> 0. (2.8)
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When each agent is located at the center of mass of its Voronoi cell, a centroidal Voronoi

configuration is obtained.

To move each agent towards the center of mass of its Voronoi cell, a commonly used

strategy is Lloyd’s algorithm [22]. Iteratively, agents compute the center of mass of their

Voronoi cells and select velocity vectors pointing in the respective direction. A first order

dynamical model for the closed-loop dynamics of each agent is thus

ẋi = ui,

ui = ki(CMVi
− xi),

(2.9)

with ui being the control input of agent i and where ki > 0. Notice that agents slow down

as they get closer to their target position. Using LaSalle’s invariance principle, it can be

concluded that the system converges to a centroidal Voronoi configuration [24].

2.4 Energy-Efficient Coverage Control

The authors of [24] formulate the coverage task as the following optimal control problem,

inf
ui,i∈{1,...,n}

∫ ∞

0

n
∑

i=1

(

si||

∫

Vi

(xi − q)φ(q)dq||2 + riu
T
i ui

)

dτ

s.t. ẋi = ui.

(2.10)

The coefficients si g 0 and ri > 0 weigh the importance of coverage as measured by the

coverage criterion

MVi
||xi − CMVi

|| = ||

∫

Vi

(xi − q)φ(q)dq||, (2.11)

and energy used by each agent, respectively. The authors of reference [24] prove that the

optimal solution to (2.10) that is spatially distributed over Delaunay graphs is

ui = −
√

si/ri

∫

Vi

(xi − q)φ(q)dq. (2.12)
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In this thesis, we will consider the following first order dynamical model for the dynamics of

each agent,

ẋi = ui,

ui = ki(CMVi
− xi),

(2.13)

with

ki = Mi

√

si/ri. (2.14)

In reference [24], using LaSalle’s invariance principle, the authors prove that agents with

dynamics as in (2.13) converge to a centroidal Voronoi configuration.

2.5 Velocity Obstacles

The original method of VO was first introduced in [3]. This section summarizes the concept.

Consider a robot A and an obstacle B, both spherical. The respective positions, as well

as the velocities vA and vB are assumed to be known. Denoting the radii as rA and rB,

respectively, A is represented as a point mass Â, while B̂ represents B enlarged by rA. A

collision cone CCA,B is then defined as [3]

CCA,B =
{

vA,B

∣

∣

∣
λA,B ∩ B̂ ̸= ∅

}

, (2.15)

where vA,B = vA − vB is the relative velocity of Â with respect to B̂, and λA,B is the line of

vA,B passing through Â. CCA,B is the set of relative velocities between Â and B̂ that result

in a collision if both vA and vB are constant. It has its apex at Â and is bounded by two lines

λf and λr, which are tangent to B̂ and pass through Â. Relative velocities outside CCA,B

will not entail a collision. The geometry of CCA,B is visualized in figure 2.3a.

An equivalent condition is obtained by translating CCA,B by vB to obtain the Velocity
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(a) (b)

Figure 2.3: Visualization of (a) Collision Cone CCA,B and (b) Velocity Obstacle V OA,B,
adapted from [3]

Obstacle,

V OA,B = CCA,B + vB = {c+ vB |c ∈ CCA,B } . (2.16)

In that case, to avoid collisions A must choose its velocity, so that

vA /∈ V OA,B. (2.17)

A visual representation of V OA,B is shown in figure 2.3b. To consider multiple obstacles, the

union of the Velocity Obstacles with respect to each obstacle is computed,

V O = ∪mi−1V OA,Bi
, (2.18)

with m being the total number of obstacles. To avoid collisions, A must then choose its new

velocity outside V O,

vA /∈ V O. (2.19)
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2.6 Optimal Reciprocal Collision Avoidance

This section summarizes the work presented in reference [4]. Consider two spherical agents

A and B with radii rA and rB and centered at positions xA and xB, respectively.

Definition 2.1. A collision between two spherical agents A and B occurs when

∥xA − xB∥ f rA + rB. (2.20)

Conversely, the agents do not collide when

∥xA − xB∥ > rA + rB. (2.21)

Using ORCA, agent A can compute the so-called Velocity Obstacle of A with respect to

B for time horizon τ , denoted as VOτ
AB, which is a truncated collision cone in the velocity

space. It is proven in section 3.4 that assuming A and B keep their velocities constant for at

least τ instants of time, the agents collide if and only if their relative velocity vA − vB falls

within VOτ
AB. The Velocity Obstacle VOτ

AB is computed as [4]

VOτ
AB = {v | ∃t ∈ (0, τ ] : v ∈ D((xB − xA)/t, (rA + rB)/t)} , (2.22)

where

D(x, r) = {q | ∥q − x∥ f r} . (2.23)

A visualization of VOτ
AB is shown in figure 2.4.

Let vprefA and vprefB be the desired velocities that A and B aim to follow, respectively, to

meet other potential path planning objectives. To avoid a collision with B, A computes the

shortest vector from

vprefAB = vprefA − vprefB (2.24)
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Figure 2.4: Geometry of VOτ
AB, adapted from [4]

to the boundary of VOτ
AB, denoted as ∂VOτ

AB. The resulting vector is denoted as w,

w =

(

argmin
v∈∂VOτ

AB

∥

∥

∥
v − vprefAB

∥

∥

∥

)

− vprefAB . (2.25)

Assuming that the two agents share the responsibility to avoid collisions with each other, a

half-plane containing velocities that A can adopt so that no collision with B occurs before τ

instants of time is then described as [4]

ORCAτ
AB =

{

v

∣

∣

∣

∣

(

v −

(

vprefA +
1

2
w

))

· n > 0

}

, (2.26)

where n is the outward normal vector of ∂VOτ
AB at vprefAB +w. Note that w and n are parallel

if vprefAB ∈ VO
τ
AB and antiparallel otherwise. With B computing its respective half-plane of

collision-free velocities in a similar manner, the boundary of ORCAτ
BA is parallel to that of
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ORCAτ
AB but the corresponding normal vector points in the opposite direction,

ORCAτ
BA =

{

v

∣

∣

∣

∣

(

v −

(

vprefB −
1

2
w

))

· (−n) > 0

}

. (2.27)

In multi-agent scenarios with m agents, the set of feasible velocities for A is obtained by

computing a half-plane with respect to each other agent B1, ..., Bm−1 and a disc D(0, vmax
A ),

where vmax
A is the maximum speed achievable by A. Taking the intersection of all half-planes

computed by A and D(0, vmax
A ) yields

ORCAτ
A = D(0, vmax

A ) ∩
m−1
⋂

i=1

ORCAτ
ABi

. (2.28)

Reference [4] specifies that because the velocity obstacle is a truncated cone, for a finite time

horizon τ , the origin of the velocity space always lies outside the velocity obstacle. ORCAτ
A

will therefore not be empty if the desired velocities of all agents are set to zero.

Agent A can then compute a collision-free velocity vnewA as

vnewA = argmin
v∈ORCAτ

A

||v − vprefA ||. (2.29)
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Chapter 3

Multi-Agent Coverage Control with

Non-Cooperating Swarms

3.1 Introduction

In this chapter, the scenario of multiple non-cooperating swarms that independently cover a

common area is introduced. First, section 3.2 outlines the need for suitable collision avoid-

ance strategies for coverage control with multiple swarms. Then, a motivating example is

presented in section 3.3. Formal guarantees for collision avoidance when the ORCA method

is used are derived in section 3.4. Furthermore, the section shows an example that visual-

izes the procedure of ORCA independently of coverage control. Subsequently, section 3.5

investigates how ORCA can be used to avoid collisions in coverage control scenarios with

multiple non-cooperating swarms by proposing a collision avoidance algorithm. Monte Carlo

simulations are presented for a specific example in section 3.6.

3.2 The Need for Collision Avoidance Strategies

Previous work [45] proved that for a single swarm of multiple agents following the Voronoi

partitioning approach, the agents do not collide with each other. The reference assumes that
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the agents are represented as points and move toward the center of mass of their respective

Voronoi cells to cover a convex area. Collisions do not occur because for a convex area all

Voronoi cells take a convex shape. This results in the center of mass of a Voronoi cell always

being within its boundaries. Thus, an agent directly applying its desired control input to

move towards the center of mass of its Voronoi cell will always stay within the respective

boundaries and does not enter the cells of other agents.

However, one limitation of the proof presented in [45] is that it considers the agents as

point masses and neither incorporates their shape nor a safety zone. Moreover, when multiple

non-cooperating swarms operate within a common area to provide coverage, the guarantees

for collision avoidance do not hold anymore. Since Voronoi cells of agents belonging to

different swarms overlap, collisions with agents from other swarms can occur, even if the

agents do not leave the boundaries of their cells. Therefore, a risk of collision is present

during the entire travel time. Furthermore, with the approaches introduced in sections 2.3

and 2.4, it is possible that agents belonging to different swarms aim to take identical final

locations. The example presented in section 3.3 shows a scenario where this is the case. Thus,

it is indispensable to incorporate suitable collision avoidance strategies. Such strategies are

proposed in section 3.5.

3.3 Motivating Example

Example 3.1. A MATLAB simulation that demonstrates an example of the coverage task ex-

ecuted by distinct swarms with different initial positions within a common area is performed.

The density distribution that specifies the importance of coverage over the area is uniform.

No collision avoidance method is incorporated. Notice that since this work considers kine-

matics rather than dynamics with variables such as mass, force, and inertia, all simulations

presented in this thesis are shown with general units of distance and time. Two swarms, each

containing four agents, are placed at the following initial positions:
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(a) (b)

(c) (d)

Figure 3.1: Trajectories for multi-swarm coverage (a) at time step 1 (b) after 10 time steps
(c) after 50 time steps and (d) after 145 time steps.

• Swarm 1 (S1): [(2, 1), (2, 1.5), (2.5, 1), (2.5, 1.5)],

• Swarm 2 (S2): [(5, 6), (5, 6.5), (5.5, 6), (5.5, 6.5)].

Both groups aim to independently cover an area defined by a convex polygon with vertices at

locations [(1, 0), (6, 0), (8, 5), (5, 8), (0, 4)]. All agents possess a circular safety zone centered

at their respective positions with a radius of 0.2 units. The time step between computations

chosen for this simulation is 0.01 units of time.
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Figure 3.1 shows the results of the simulation. In figure 3.1a, the agents and their safety

zones are shown in their initial positions. The first swarm is represented in red, while the

second swarm is displayed in blue. Figures 3.1b and c show the configuration of the agents as

well as their traveled trajectories after 10 and 50 time steps, respectively. The final positions

and complete trajectories of the agents after convergence to the centers of mass of their

Voronoi cells are illustrated in figure 3.1d. Notice that in figure 3.1d the positions of the

agents from the two swarms coincide, and therefore the red agents are hidden behind the blue

ones. Clearly, the simulation shows a case in which both swarms converge to the same local

optimum of coverage, so that agents from distinct swarms find themselves at identical final

locations. This highlights the need for reliable collision avoidance.

3.4 Formal Guarantees for Collision Avoidance Using ORCA

Although reference [4] introduces a collision avoidance methodology, to the best of our knowl-

edge, there are no theorems and proofs available in the open literature. This section will

therefore establish formal guarantees for collision-free motion when ORCA is used. In addi-

tion, an example demonstrates the procedure followed by ORCA.

Theorem 3.1. Consider two agents A and B traveling with velocities vA and vB, respectively.

Assume that both vA and vB are constant for a time horizon τ . Then A and B collide before

τ if and only if

vA − vB ∈ VO
τ
AB, (3.1)

where VOτ
AB is defined in (2.22) as

VOτ
AB = {v | ∃t ∈ (0, τ ] : v ∈ D((xB − xA)/t, (rA + rB)/t)} . (3.2)
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Therefore, A and B do not collide if and only if

vA − vB /∈ VOτ
AB. (3.3)

Proof. We first prove the if statement. The truncated cone of VOτ
AB (equation (3.2)) can be

interpreted as

VOτ
AB =

⋃

t∈(0,τ ]

D((xB − xA)/t, (rA + rB)/t). (3.4)

When

vAB = vA − vB ∈
⋃

t∈(0,τ ]

D((xB − xA)/t, (rA + rB)/t), (3.5)

it is equivalent to say that there is a t ∈ (0, τ ] such that

vAB ∈ D((xB − xA)/t, (rA + rB)/t). (3.6)

Then,

∥(vA − vB)− (xB − xA) /t∥ f (rA + rB)/t. (3.7)

The positions of A and B at t ∈ (0, τ ] are

xnew
A = xA + vAt,

xnew
B = xB + vBt.

(3.8)

Solving (3.8) for vA and vB and inserting into (3.7), yields

∥((xnew
A − xA) /t− (xnew

B − xB) /t)− (xB − xA)/t∥ f (rA + rB)/t. (3.9)

Multiplying by t and simplifying, one obtains

∥xnew
A − xnew

B ∥ f rA + rB, (3.10)
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which indicates a collision between A and B as described in equation (2.20).

We now prove the only if statement. Note that

vAB /∈
⋃

t∈(0,τ ]

D((xB − xA)/t, (rA + rB)/t) (3.11)

is equivalent to

vAB /∈ D((xB − xA)/t, (rA + rB)/t) (3.12)

for all t ∈ (0, τ ]. This implies that

∥(vA − vB)− (xB − xA) /t∥ > (rA + rB)/t. (3.13)

Again, we can solve (3.8) for vA and vB and insert the results in (3.13). After simplification,

∥xnew
A − xnew

B ∥ > rA + rB, (3.14)

which means that A and B do not collide, as per equation (2.21).

Example 3.2 illustrates the ORCA concept for a specific scenario. First, the computation

of the velocity obstacles of two agents with respect to each other is shown. The second part

demonstrates the identification of the corresponding half-planes. Finally, the functionality

of the method with more than two agents is demonstrated.

Example 3.2. Consider two agents A and B moving within a common area of ten by ten

meters (figure 3.2). Let A and B be located at the positions xA = [2 2]T meters and xB =

[8 3]T meters, respectively. Both agents have a radius of rA = rB = 0.5 meters. Let the goal

position of agent A be at (8,8) meters and that of agent B at (2,8) meters. In this example,

both agents compute their desired velocities as a vector pointing toward their goal position

with the magnitude defined by their maximum speed of 0.1 meters per second. Therefore, at
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the initial time of the simulation t0 = 0 seconds,

vprefA = [0.707 0.707]T ,

vprefB = [−0.0768 0.0640]T ,

so that

vprefAB = [0.1475 0.0067]T ,

vprefBA = [−0.1475 − 0.0067]T .

The expressions for the velocity obstacles are obtained by inserting the chosen time horizon,

the positions of the agents, and their radii into equation (3.2). For τ = 2 seconds, figure 3.3

visualizes the velocity obstacle of A with respect to B (red),

VOτ
AB =

{

v

∣

∣

∣

∣

∃t ∈ (0, 2] : v ∈ D

(

[6 1]T

t
,
1

t

)}

,

along with that of B with respect to A (blue),

VOτ
BA =

{

v

∣

∣

∣

∣

∃t ∈ (0, 2] : v ∈ D

(

[−6 − 1]T

t
,
1

t

)}

,

at t0 = 0 seconds. Clearly from figure 3.3, the vprefAB and vprefBA lie outside VOτ
AB and VOτ

BA,

respectively. Following Theorem 3.1, the agents will therefore not collide within the next 2

seconds, assuming that the desired velocities stay constant for both agents.

In contrast, figure 3.4 shows the locations and relative desired velocities of the agents after

35 seconds. Since vprefA and vprefB take the same values as at t0, so do vprefAB and vprefBA . The

corresponding velocity obstacles

VOτ
AB =

{

v

∣

∣

∣

∣

∃t ∈ (0, 2] : v ∈ D

(

[0.8364 0.7658]T

t
,
1

t

)}
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Figure 3.2: Example 3.2: Current positions, goal positions, and desired velocities of agents
A and B at the initial time t0 = 0 seconds

Figure 3.3: Example 3.2: Velocity obstacles of agents A and B with respect to each other
and relative desired velocities at the initial time t0 = 0 seconds
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Figure 3.4: Example 3.2: Current positions, goal positions, and desired velocities of agents
A and B after 36 seconds

Figure 3.5: Example 3.2: Velocity obstacles of agents A and B with respect to each other
and relative velocities after 36 seconds
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and

VOτ
BA =

{

v

∣

∣

∣

∣

∃t ∈ (0, 2] : v ∈ D

(

[−0.8364 − 0.7658]T

t
,
1

t

)}

,

are depicted in figure 3.5. It is clearly visible that the vprefAB and vprefBA fall within VOτ
AB and

VOτ
BA, respectively. Thus, if both agents follow their desired velocities, a collision will occur

within the next 2 seconds.

Theorem 3.2. Consider an agent A moving with velocity vnewA ∈ ORCAτ
AB and an agent B

moving with velocity vnewB ∈ ORCAτ
BA, both computed as per equation (2.29),

vnewA = argmin
v∈ORCAτ

A

||v − vprefA ||. (3.15)

If both vnewA and vnewB are constant for a time horizon τ , then A and B do not collide before

τ ,i.e.,

vnewA − vnewB /∈ VOτ
AB. (3.16)

Proof. Consider two agents A and B with desired velocities vprefA and vprefB . The half-plane

of feasible velocities for agent A is the set defined in equation (2.26) whereas the half-plane of

feasible velocities for B is the set defined in equation (2.27). Considering only agents A and

B and using equation (3.15), A and B will choose their new velocities vnewA and vnewB to be the

velocities closest to vprefA and vprefB contained within ORCAτ
AB and ORCAτ

BA, respectively.

Therefore,

vnewA = vprefA +
1

2
w + an, (3.17)

and

vnewB = vprefB −
1

2
w − bn, (3.18)

with a > 0 and b > 0. The new relative velocity of agent A with respect to B is

vnewAB = vnewA − vnewB . (3.19)
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(a) (b)

Figure 3.6: Example 3.2: Half-planes of permitted velocities of (a) agent A with respect to
B and (b) agent B with respect to A at the initial time t0 = 0 seconds

Inserting (3.17) and (3.18) into (3.19) and simplifying yields

vnewAB = vprefA − vprefB + w + (a+ b)n. (3.20)

By definition of w from equation (2.25),

w =

(

argmin
v∈∂VOτ

AB

∥

∥

∥
v − vprefAB

∥

∥

∥

)

− vprefAB , (3.21)

this implies that vnewAB is not contained within VOτ
AB, i.e.

vnewA − vnewB /∈ VOτ
AB, (3.22)

so that no collision occurs according to Theorem 3.1.

Example 3.2 (continued). The half-planes of permitted velocities corresponding to the velocity

obstacles and the desired velocities computed in figures 3.3 and 3.5 are illustrated in figures

3.6 and 3.7, respectively. Figure 3.6a shows the half-plane of permitted velocities of agent A
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(a) (b)

Figure 3.7: Example 3.2: Half-planes of permitted velocities of (a) agent A with respect to
B and (b) agent B with respect to A after 35 seconds

with respect to B at the initial time t0 = 0 seconds. Its expression is obtained by inserting

vprefA , w (computed using equation (3.21)), and n into equation (2.26),

ORCAτ
AB =

{

v
∣

∣

∣

(

v − [1.4969 0.0674]T
)

· [−0.9999 0.0023]T > 0
}

.

In turn, figure 3.6b depicts the half-plane of permitted velocities of agent B with respect to

A at the same instant of time

ORCAτ
BA =

{

v
∣

∣

∣

(

v − [−1.5031 0.0674]T
)

· [0.9999 − 0.0023]T > 0
}

,

where vprefB , w, and n are inserted into equation (2.27). It is evident from figure 3.6 that the

desired velocities of both agents fall within the respective half-planes. The agents do therefore

not need to adapt their velocities to avoid collisions within the next 2 seconds.

On the other hand, the half-planes of permitted velocities after 35 seconds are shown in
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figures 3.7a (agent A with respect to B),

ORCAτ
AB =

{

v
∣

∣

∣

(

v − [0.0615 0.0446]T
)

· [−0.3320 − 0.9433]T > 0
}

,

and 3.7b (agent B with respect to A),

ORCAτ
BA =

{

v
∣

∣

∣

(

v − [−0.0674 0.0901]T
)

· [0.3320 0.9433]T > 0
}

.

Clearly from figure 3.7, the desired velocities of the agents do not fall within the corresponding

half-planes. The agents must therefore choose new velocities in the respective half-planes of

permitted velocities to avoid a collision.

Theorem 3.3. Consider an agent A and an agent B. Let A adopt any velocity vnewA ∈

ORCAτ
AB and let B adopt any velocity vnewB ∈ ORCAτ

BA. If vnewA and vnewB are constant for

a time horizon τ , then A and B do not collide before τ , i.e.,

vnewA − vnewB /∈ VOτ
AB. (3.23)

Proof. Define a velocity p as

p = vprefA − vprefB + w (3.24)

and a half-plane

π = {v |(v − p) · n > 0}. (3.25)

Then, using equations (3.24) and (3.25) and the definition of w (equation (2.25)) it can be

concluded that

π ∩ VOτ
AB = ∅. (3.26)

From (2.26), when choosing a new velocity vnewA ∈ ORCAτ
AB,

(

vnewA −

(

vprefA +
1

2
w

))

· n > 0 (3.27)
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must be fulfilled. Similarly, using (2.27), vnewB must satisfy

(

vnewB −

(

vprefB −
1

2
w

))

· (−n) > 0. (3.28)

Rearranging (3.27) yields

vnewA · n >

(

vprefA +
1

2
w

)

· n. (3.29)

Moreover, we can rearrange (3.28) to obtain

vnewB · (−n) > −

(

vprefB −
1

2
w

)

· n. (3.30)

Adding (3.29) and (3.30) maintains the validity of the inequality and yields

vnewA · n+ vnewB · (−n) >

(

vprefA +
1

2
w

)

· n+

(

−

(

vprefB −
1

2
w

)

· n

)

, (3.31)

which can be simplified to

(vnewA − vnewB ) · n >
(

vprefA − vprefB + w
)

· n. (3.32)

Using equation (3.24), we can rewrite equation (3.32) as

(vnewA − vnewB ) · n > p · n, (3.33)

which is equivalent to

(vnewA − vnewB − p) · n > 0. (3.34)

Therefore, from (3.25),

vnewA − vnewB ∈ π. (3.35)

Using equation (3.26), (3.23) follows.
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Corollary 3.1. Consider m agents operating within the same area and following the ORCA

approach to avoid collisions with each other. Then an agent A choosing its new velocity

vnewA ∈ ORCAτ
A, where ORCAτ

A is defined in equation (2.28) as

ORCAτ
A = D(0, vmax

A ) ∩
m−1
⋂

i=1

ORCAτ
ABi

, (3.36)

will not collide with any other agent Bi, i ∈ {1, ...,m− 1}, before a time horizon τ , if vnewBi
∈

ORCAτ
Bi
, assuming that vnewA and vnewBi

are constant for τ , i.e.,

vnewA − vnewBi
/∈ VOτ

ABi
, ∀i ∈ {1, ...,m− 1} . (3.37)

Proof. From the definition of ORCAτ
A (equation (3.36)), assuming that vmax

A is finite,

ORCAτ
A ¢ ORCAτ

ABi
, ∀i ∈ {1, ...,m− 1} . (3.38)

Therefore, vnewA ∈ ORCAτ
A implies that vnewA ∈ ORCAτ

ABi
. From Theorem 3.3, we know that

vnewA ∈ ORCAτ
ABi

and vnewBi
∈ ORCAτ

BiA
leads to

vnewA − vnewBi
/∈ VOτ

ABi
, (3.39)

which is (3.37).

Example 3.2 (continued). Let 4 agents be located as follows,

• A at (5,5) meters with goal position at (1,3) meters,

• B1 at (8,3) meters with goal position at (2,8) meters,

• B2 at (2,3) meters with goal position at (8,6) meters,

• B3 at (7,8) meters with goal position at (5,3) meters.
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Figure 3.8: Example 3.2: Current positions, goal positions, and desired velocities of agents
A, B1, B2, and B3 at the initial time t0 = 0 seconds

Figure 3.9: Example 3.2: Half-planes of permitted velocities of agent A with respect to each
of the other agents at the initial time t0 = 0 seconds
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As before, the agents compute their desired velocities as a vector pointing toward their goal

position with the magnitude defined by the maximum speed which is 0.1 meters per second

for each agent. Figure 3.8 illustrates the scenario at the initial time t0 = 0 seconds. The

half-planes of permitted velocities for agent A with respect to each other agent are

ORCAτ
AB1

=
{

v
∣

∣

∣

(

v − [0.4759 − 0.6517]T
)

· [−0.6816 0.7318]T > 0
}

,

ORCAτ
AB2

=
{

v
∣

∣

∣

(

v − [−0.8255 − 0.2617]T
)

· [0.9592 0.2827]T > 0
}

,

ORCAτ
AB3

=
{

v
∣

∣

∣

(

v − [0.1984 0.7568]T
)

· [−0.3380 − 0.9411]T > 0
}

,

and are shown in figure 3.9. Notice that in the figure the label nABi
indicates the normal

vector corresponding to half-plane ORCAτ
ABi

. Clearly, choosing a velocity vector located

within one half-plane does not imply the validity of the new velocity with respect to the

other agents. Instead, the new velocity must be part of the intersection of all half-planes of

permitted velocities, which is labeled ORCAτ
A in figure 3.9.

3.5 Algorithm for Collision-free Coverage Control with Mul-

tiple Swarms

In this section, an algorithm (algorithm 1) to incorporate collision avoidance into Voronoi-

based coverage control is proposed, specifically for the case where multiple non-cooperating

swarms independently aim to cover a shared area. The following assumptions are made:

1. Planar motion of the agents is assumed. For flying vehicles such as UAVs, this corre-

sponds to the scenario where all agents operate at the same constant altitude.

2. All swarms use the same algorithm to cover the area and avoid other vehicles.

3. The computations are executed synchronously for all agents.
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4. Group affiliation, as well as the radius of the circle that defines a safety zone, is known

for each agent.

5. Knowledge regarding the locations of all other agents within the same swarm can be

obtained through communication between vehicles.

6. Knowledge regarding the locations of all agents from other swarms can be obtained

using sensors.

Notice that, considering that agents from different swarms do not collaborate, assumption

6 may seem stringent at first. However, an example of a setup to obtain the positions of

agents from other swarms is the sensing of their distance from multiple agents belonging to

the same swarm. Based on these measurements and respective computations, the locations

of agents from other swarms can be estimated.

Algorithm 1 Computation of a Collision-Free Velocity for an Agent in a Multi-Swarm Cov-
erage Control Scenario

Input: X,Q
Output: vnewi,j

1: X ← update(X);
2: xi,j ← Xj(i);
3: Edgesj, V erticesj ← voronoi(Xj, Q);
4: CMVi,j

← centerOfMass(Edgesj(i), V erticesj(i));

5: vprefi,j ← desiredVelocity(CMVi,j
, xi,j, ki,j);

6: for all Xl ¢ X, l = {1, ..., N} do
7: for all xk,l ∈ Xl, ∀ (k, l) ̸= (i, j), k = {1, ...,m} do
8: Edgesl, V erticesl ← voronoi(Xl, Q);
9: CMVk,l

← centerOfMass(Edgesl(k), V erticesl(k));

10: v̂prefk,l ← desiredVelocity(CMVk,l
, xk,l, k̂k,l);

11: VOτ
(i,j)(k,l) ← velocityObstacle(xi,j, xk,l, ri,j, rk,l, τ);

12: ORCAτ
(i,j)(k,l) ← halfplane(VOτ

(i,j)(k,l), v
pref
i,j , v̂prefk,l );

13: end for

14: ORCAτ
(i,j)(l) ←

⋂m

k=1 ORCAτ
(i,j)(k,l);

15: end for

16: ORCAτ
i,j ← D(0, vmax

i,j ) ∩
⋂N−1

l=1 ORCAτ
(i,j)(l);

17: vnewi,j ← newVelocity(ORCAτ
i,j);

18: return vnewi,j
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Algorithm 1 modifies ORCA to incorporate it into Voronoi-based coverage control to

avoid collisions between vehicles belonging to N different swarms. For agents with first-

order dynamics introduced in sections 2.3 and 2.4, the control input is a velocity vector

that an agent i aims to adopt. We therefore set vprefi = ui. With ORCA operating in the

velocity space, the algorithm uses ORCA to modify the desired control inputs of the agents

and obtain a new collision-free velocity vnewi for each agent.

The algorithm is executed by each agent individually at each time step. The notation of

xi,j and vi,j indicates the position and velocity of the ith agent belonging to the jth swarm,

respectively. X stands for a set that contains the positions of all agents, while Xj ¢ X

includes only those belonging to swarm j. After updating the positions of all agents including

its own for the current time step (lines 1,2 in algorithm 1), agent i of swarm j computes

the Voronoi tessellation generated by the members of its swarm and calculates the location

of the center of mass of its Voronoi cell (lines 3,4). Subsequently (line 5), the computation

of its desired control input velocity follows. This is done by obeying the coverage control

approach introduced in equation (2.9) and repeated here for convenience

vprefi,j = ui,j = ki,j(CMVi,j
− xi,j), (3.40)

where ki,j can be selected as

ki,j =

√

si,j
ri,j

(3.41)

to obtain the control input described in equation (2.13) that takes energy-efficiency into

account. Note that in this step, the avoidance of potential collisions with other agents is not

yet addressed.

Corrections to the preferred velocity are made using ORCA to avoid collisions with other

agents (lines 6-17). For each swarm, the Voronoi tessellation over the area is computed along

with the centers of mass of the Voronoi cells (lines 8,9). Estimates of the desired velocities

of the agents are obtained using assumption 2 (line 10).

39



The truncated Velocity Obstacle cones with respect to the other agents are computed

in line 11. The corresponding half-planes are inferred and intersected with each other and

with a disc of radius vmax
i,j centered at the origin of the velocity space to obtain the set of

permitted velocities (lines 12-16). Finally, agent i, j chooses its new velocity from the set of

permitted velocities that do not result in collision with other agents (line 17). This is done

using equation (2.29).

3.6 Simulations

To validate the algorithm proposed in section 3.5, simulations with multiple non-cooperating

swarms independently covering a common area were run and are presented in this section.

The section is divided into two parts. First, the setup and results of Monte Carlo simulations

are shown, before a specific example is presented. All simulations are performed in MATLAB

R2019a on a laptop featuring 16 GB of RAM and an Intel Core i7-1255U CPU with base

speed 1.7 GHz.

Consider the same area Q as in Example 3.1 with the vertices of the boundaries located

at [(1, 0), (6, 0), (8, 5), (5, 8), (0, 4)]. To demonstrate that the agents do not collide, when

the proposed algorithm is implemented, Monte Carlo simulations of 100 repetitions were

executed for different initial positions of two swarms, each consisting of four agents. Notice

that all algorithms proposed in this thesis are general for any number of swarms. However,

for simplicity, only simulations with two swarms are presented. Notice also that the swarms

do not need to contain the same number of agents. For all simulations presented in this

thesis, the desired velocity for each agent is computed using equation (2.13) with si,j =

ri,j = 1, ∀i ∈ {1, ...,m} , ∀j ∈ {1, ..., N}. The time step between computations is chosen

to be 0.01 units of time. For collision avoidance, the time horizon τ is chosen to be one

time step. This implies that the computed Velocity Obstacle cones include all velocities that

result in collision during the next time step. Notice that choosing the time horizon τ is a
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Figure 3.10: Initial positions of agents in Monte Carlo simulations of 100 repetitions

trade-off. On the one hand, choosing a large time horizon means that collision-free motion

can be guaranteed for a long time without recomputation of new velocity obstacles and half-

planes of permitted velocities. However, it is assumed that the agents keep their velocities

constant during the chosen time horizon, which in real-world scenarios may require choosing

a smaller time horizon.

For each repetition of the simulation, the initial locations of the four agents of swarm

1 are randomly chosen from an area QS1 ¢ Q with the vertices of its boundaries at

[(1, 0), (6, 0), (2.5, 6), (0, 4)]. Similarly, the initial locations of the four agents of swarm 2

are randomly chosen from an area QS2 ¢ Q that has the vertices of its boundaries at

[(0, 6), (8, 5), (5, 8), (2.5, 6)]. This ensures that at the beginning of each repetition of the sim-

ulation, at least one part of Q is not well covered by each swarm. To achieve coverage over

the entirety of Q, the trajectories of the agents will therefore be comparatively long. This
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(a) (b)

(c) (d)

Figure 3.11: Simulation of coverage control with two non-cooperating swarms with collision
avoidance showing the trajectories and positions of the agents of swarm 1 (S1) and swarm
2 (S2) (a) at the first time step (b) after 10 time steps (c) after 50 time steps (d) after
convergence to their final positions.

increases the likelihood of encounters with agents from the other swarm. It is ensured that

each agent always starts at a collision-free distance from each other agent (at least the sum

of its own and the other agent’s radius) and at a minimum distance from the boundaries of

Q. All simulated sets of initial positions are visualized in figure 3.10.

In 100 repetitions of the simulation with random initial positions of the agents as de-
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scribed, no collision occurred. An illustration of a specific example is demonstrated in Ex-

ample 3.3.

Example 3.3. This example illustrates the coverage task executed by distinct swarms of four

agents each within a common area using the proposed algorithm, where collision avoidance

is implemented. Suppose the same conditions as in Example 3.1, with a uniform density

distribution over the area with the vertices of its boundary at [(1, 0), (6, 0), (8, 5), (5, 8), (0, 4)].

The agents of the two swarms are placed at the following positions:

• Swarm 1 (S1): [(2, 1), (2, 1.5), (2.5, 1), (2.5, 1.5)],

• Swarm 2 (S2): [(5, 6), (5, 6.5), (5.5, 6), (5.5, 6.5)].

The radii of the safety zones of all agents are 0.2 units. The time step between computations is

chosen to be 0.01 units of time, and the time horizon τ is one time step. The desired velocity

Figure 3.12: Plot of the speed of the agent initially located at (2, 1.5)
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for each agent is computed using equation (2.13) with si,j = ri,j = 1, ∀i ∈ {1, ...,m} , ∀j ∈

{1, ..., N}.

The results obtained are depicted in figure 3.11. The agents of both swarms are shown

in their initial locations in figure 3.11a. After 10 time steps (figure 3.11b) and 50 time

steps (figure 3.11c), the trajectories traveled by the agents are still similar to those observed

after the same number of time steps in Example 3.1. Notice that despite the trajectories

appearing to cross each other, no collisions occurred. This is because the agents reached

these intersections at different points in time. As the agents approach their final positions

(figure 3.11d), the differences between the simulation without obstacle avoidance in Example

3.1 and the simulations with obstacle avoidance are clearly visible. Instead of reaching the

centers of mass of their Voronoi cells, the agents from different swarms aim to converge to

the same final positions and compete for their respective spots to achieve maximum coverage.

Yet, collisions do not occur, which supports the suitability of the proposed algorithm.

Figure 3.12 visualizes the speed of the agent that is initially located at position (2, 1.5). It

is clearly visible that the agent first moves at high speed and then decelerates as it approaches

the center of mass of its Voronoi cell.
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Chapter 4

Multi-Swarm Coverage Control with

Bounded Disturbance Measurement

Uncertainty

4.1 Introduction

This chapter introduces a collision avoidance methodology for multi-agent systems in the

presence of bounded disturbance measurement uncertainties. First, the uncertainties con-

sidered in this chapter are described and modeled in section 4.2. Section 4.3 introduces the

proposed methodology and formalizes the results through theorems and proofs guaranteeing

collision-free motion. The method is then applied to multi-swarm coverage control as intro-

duced in chapter 3. This is done through an algorithm proposed in section 4.4. MATLAB

simulations showing an example for collision-free motion in multi-swarm coverage control

are presented in section 4.5 to validate the functionality of the proposed collision avoidance

methodology and the corresponding algorithm.
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4.2 Modeling of Disturbances and Measurement Uncertainty

Consider a first-order system where a velocity control input is applied to an agent i operating

in the presence of a disturbance. Denote the velocity of the disturbance at the location of i

as vd(i)(t). Then, the dynamics are

ẋi = vi,

vi = ui + vd(i)(t).

(4.1)

Although technologies exist that measure disturbance velocities at a specific location, un-

certainties in the measurements need to be accounted for. In this work, the measured dis-

turbance velocity at the location of i is denoted as vmeas
d(i) (t). It is described by the real

disturbance velocity plus an additive sensor bias bd(i) and time-dependent noise ed(i)(t),

vmeas
d(i) (t) = vd(i)(t) + bd(i) + ed(i)(t). (4.2)

It is assumed that an estimate b̂d(i) for bd(i) is available. We will describe the deviation of

b̂d(i) from bd(i) as

δbd(i) = bd(i) − b̂d(i). (4.3)

To obtain an estimate v̂d(i)(t) for the disturbance velocity based on the measured value and

the estimated sensor bias, let

v̂d(i)(t) = vmeas
d(i) (t)− b̂d(i). (4.4)

Inserting vmeas
d(i) (t) as defined in equation (4.2) into equation (4.4) yields

v̂d(i)(t) = vd(i)(t) + bd(i) + ed(i)(t)− b̂d(i), (4.5)

46



which using equation (4.3) leads to

v̂d(i)(t) = vd(i)(t) + δbd(i) + ed(i)(t). (4.6)

Let

ξd(i)(t) = δbd(i) + ed(i)(t). (4.7)

It is assumed that

ξd(i)(t) ∈ εi(z), (4.8)

where

εi(z) =
{

z
∣

∣zTPz f 1
}

(4.9)

for some given P = P T g 0 and z = [vx vy 1]
T .

Equations (4.6) and (4.7) yield

v̂d(i)(t) = vd(i)(t) + ξd(i)(t). (4.10)

Solving (4.10) for ξd(i)(t) yields

ξd(i)(t) = v̂d(i)(t)− vd(i)(t). (4.11)

Given a desired velocity vprefi that is to be adopted, we will now design a velocity con-

trol input ui that counteracts external disturbances based on their bounds. Assuming that

sufficient control input to counteract these disturbances can always be achieved, consider

ui = vprefi − v̂d(i)(t). (4.12)
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Inserting (4.12) into (4.1), we obtain

vi = vprefi + vd(i)(t)− v̂d(i)(t). (4.13)

Using (4.11) and (4.13),

vi = vprefi − ξd(i)(t). (4.14)

The next section will address the effects of ξd(i)(t) by computing a new collision-free

velocity vnewi based on vprefi and εi.

4.3 Collision Avoidance with Measurement Uncertainty

In this section, a modification of the ORCA methodology is introduced to account for

bounded disturbance measurement uncertainty and guarantee collision-free motion. As in

the previous chapter, we will use the alphabet to identify agents, i.e., i = A,B, ..., to be

consistent with the notation used in reference [4] as presented in section 2.6.

Assume that the disturbance velocity field across an area is measured and communicated

to all agents moving within the area. The velocity obstacle VOτ
AB is computed by equation

(2.22) and repeated here for convenience,

VOτ
AB = {v | ∃t ∈ (0, τ ] : v ∈ D((xB − xA)/t, (rA + rB)/t)} . (4.15)

Subsequently, the desired relative velocity of agent A with respect to agent B is calculated

as

vprefAB = vprefA − vprefB . (4.16)

When disturbance measurement uncertainty is present, the ellipses bounding the uncertainty

at the locations where agents A and B are located are εA and εB, respectively, and are

described by (4.9). In that case, unlike the original ORCA approach, it is not sufficient that
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vprefAB be outside VOτ
AB. Instead, the Minkowski sum of εA and εB is computed as

εsumAB = εA + εB = {ηA + ηB | ηA ∈ εA, ηB ∈ εB}, (4.17)

and the resulting set εsumAB is translated by vprefAB , which yields

εsumAB = εsumAB + vprefAB . (4.18)

A visual representation of εA with semi-major axis 2.5, semi-minor axis 0.8, angle of rotation

15°, εB with semi-major axis 1.8, semi-minor axis 1, angle of rotation 155°, and εsumAB is shown

in figure 4.1 for vprefAB = [−3 3]T .

Figure 4.1: Visualization of εA, εB, and εsumAB
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Theorem 4.1. Assume that the constraint (4.8) is satisfied for both ξd(A) and ξd(B). If the

agents A and B apply control inputs uA and uB as defined in equation (4.12) with i replaced

by A and B, respectively, based on given desired velocities vprefA and vprefB , then

vA − vB ∈ εsumAB , (4.19)

where vA and vB are given by equation (4.14) with i replaced by A and B, respectively.

Proof. From equation (4.14) with i replaced by A and B, respectively, we can write

vA = vprefA − ξd(A),

vB = vprefB − ξd(B).

(4.20)

Subtracting vB from vA yields

vA − vB = vprefA − ξd(A) −
(

vprefB − ξd(B)

)

, (4.21)

which using equation (4.16) can be rewritten as

vA − vB = −ξd(A) + ξd(B) + vprefAB . (4.22)

Since ξd(A) ∈ εA and ξd(B) ∈ εB from equation (4.8),

−ξd(A) + ξd(B) ∈ −εA + εB, (4.23)

where

−εA = εA (4.24)

due to εA being symmetric about the origin. Adding vprefAB on both sides, we obtain

−ξd(A) + ξd(B) + vprefAB ∈ −εA + εB + vprefAB . (4.25)
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Therefore, from equation (4.22) and (4.25),

vA − vB ∈ −εA + εB + vprefAB . (4.26)

Using (4.24) allows us to rewrite equation (4.26) as

vA − vB ∈ εA + εB + vprefAB . (4.27)

Equations (4.17), (4.18), and (4.27) yield (4.19).

Corollary 4.1. Let A and B apply their control inputs uA and uB as defined in equation

(4.12) with i replaced by A and B, respectively, based on given desired velocities vprefA and

vprefB . Assume that vprefA and vprefB are constant for a time horizon τ and that the constraint

(4.8) is satisfied for both ξd(A) and ξd(B). Then A and B will not collide before τ units of

time if

εsumAB ∩ VO
τ
AB = ∅. (4.28)

Proof. Using Theorem 4.1 we know that

vA − vB ∈ εsumAB . (4.29)

Moreover, Theorem 3.1 states that a collision between A and B happens if and only if

vA − vB ∈ VO
τ
AB. (4.30)

Thus, no collision occurs if and only if

vA − vB /∈ VOτ
AB, (4.31)

which is the case when (4.28) is satisfied.
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Define

p = argmin
v∈∂VOτ

AB

∥

∥

∥
v − vprefAB

∥

∥

∥
, (4.32)

and let n be the outward normal vector of ∂VOτ
AB at p. Define

d = p− vprefAB . (4.33)

Then d and n are collinear, i.e.,

d ∥ n § ∂VOτ
AB. (4.34)

Let

π = {v |(v − p) · n > 0} . (4.35)

Then

π ∩ VOτ
AB = ∅. (4.36)

As a result of Corollary 4.1, we determine a vector w that translates εsumAB outside of

VOτ
AB. Using (4.36) this is achieved by translating εsumAB into π. We therefore solve

w =









argmin
w̄

∥w̄∥

s.t.
(

εsumAB + w̄
)

∈ π









, (4.37)

or, equivalently,

w = [(p− x∗) · n] · n, (4.38)

where

x∗ =







minnTx

s.t.x ∈ εsumAB






. (4.39)
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Figure 4.2: Visualization of π

Theorem 4.2. ([46], page 46) Suppose C and D are nonempty disjoint convex sets, i.e.,

C ∩D = ∅. Then there exist a ̸= 0 and b such that aTx f b for all x ∈ C and aTx g b for

all x ∈ D. In other words, the affine function aTx− b is nonpositive on C and nonnegative

on D. The hyperplane
{

x
∣

∣aTx = b
}

is called a separating hyperplane for the sets C and D,

or is said to separate the sets C and D.

Note that π is the upper half-space of the hyperplane that separates εsumAB + w from

VOτ
AB. A visualization of w is given in figure 4.2. The translation vector w is then used to

define ORCAτ
AB by equation (2.26). After obtaining the half-planes with respect to all other

agents, A computes a set of collision-free velocities as in equation (2.28). The new velocity

is obtained using equation (2.29).
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Theorem 4.3. Let A and B apply their control inputs uA and uB as defined in equation

(4.12) with i replaced by A and B, respectively, based on given velocities vnewA ∈ ORCAτ
AB

and vnewB ∈ ORCAτ
BA, where ORCAτ

AB is computed as

ORCAτ
AB =

{

v

∣

∣

∣

∣

(

v −

(

vprefA +
1

2
w

))

· n > 0

}

, (4.40)

and ORCAτ
BA is computed as

ORCAτ
BA =

{

v

∣

∣

∣

∣

(

v −

(

vprefB −
1

2
w

))

· (−n) > 0

}

, (4.41)

with w as defined in equation (4.37) and where n is the outward normal vector of ∂VOτ
AB at

p = argmin
v∈∂VOτ

AB

∥

∥

∥
v − vprefAB

∥

∥

∥
. (4.42)

Assume that vnewA and vnewB are constant for a time horizon τ and that the constraint (4.8)

is satisfied for both ξd(A) and ξd(B). Then A and B do not collide before τ , i.e.,

vA − vB /∈ VOτ
AB. (4.43)

Proof. Using equation (4.20) with vprefA replaced by vnewA and vprefB replaced by vnewB ,

vA = vnewA − ξd(A) (4.44)

and

vB = vnewB − ξd(B). (4.45)

Choosing new velocities vnewA ∈ ORCAτ
AB (equation (4.40)) and vnewB ∈ ORCAτ

BA (equation

(4.41)) must satisfy
(

vnewA −

(

vprefA +
1

2
w

))

· n > 0 (4.46)
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and
(

vnewB −

(

vprefB −
1

2
w

))

· (−n) > 0. (4.47)

Solving (4.44) and (4.45) for vnewA and vnewB , respectively, and inserting them in (4.46) and

(4.47) yields
(

vA + ξd(A) −

(

vprefA +
1

2
w

))

· n > 0 (4.48)

and
(

vB + ξd(B) −

(

vprefB −
1

2
w

))

· (−n) > 0. (4.49)

Adding (4.48) and (4.49) gives

(

vA − vB + ξd(A) − ξd(B) − vprefA + vprefB − w
)

· n > 0. (4.50)

Using (4.16) then yields

(

vA − vB + ξd(A) − ξd(B) − vprefAB − w
)

· n > 0, (4.51)

Define

e = w − d, (4.52)

where w is defined in (4.38) and d is defined in (4.33). Using equations (4.33) and (4.52),

(4.51) can be rewritten as

(

vA − vB + ξd(A) − ξd(B) − (p+ e)
)

· n > 0. (4.53)

Rearranging yields

(vA − vB − p) · n >
(

e− ξd(A) + ξd(B)

)

· n. (4.54)

From (4.34), (4.38), and (4.52)

e = kn, k > 0. (4.55)
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Therefore, since VOτ
AB is a closed set while π is an open set,

e · n = ∥e∥ > 0. (4.56)

Due to symmetry of εA and εB,

εdiffAB = εA − εB = εA + (−εB) = εA + εB = εsumAB , (4.57)

where εsumAB is defined in (4.17).

Define an orthogonal coordinate system with origin at vprefAB +w and with its primary axis

along n, and consider the coordinate of ξd(A) − ξd(B) along this axis, i.e., (ξd(A) − ξd(B)) · n.

Then there are two cases,

1. (ξd(A) − ξd(B)) · n f 0,

2. (ξd(A) − ξd(B)) · n > 0.

Using (4.56), for case 1 we can conclude that

∥e∥ = e · n > (ξd(A) − ξd(B)) · n. (4.58)

We will now prove by contradiction that this result still stands for case 2. To that aim,

we first notice that, due to the symmetry of εsumAB , for any ξd(A) − ξd(B) in case 2 there is a

corresponding point ξd(B) − ξd(A) with negative coordinate along n, i.e.,

(ξd(B) − ξd(A)) · n = −(ξd(A) − ξd(B)) · n < 0. (4.59)

Assume that there are ξ∗d(A) and ξ∗d(B) in case 2 such that (ξ∗d(A) − ξ∗d(B)) · n g ∥e∥. Then,

this would imply that ξ∗d(B) − ξ∗d(A) ∈ VO
τ
AB and therefore ξ∗d(B) − ξ∗d(B) /∈ π, which violates

the constraint in (4.37). Note that the constraint in (4.37) is on εsumAB +w, which is a shifted
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version of εsumAB . From case 1 and case 2 we can conclude that

e · n >
(

ξd(A) − ξd(B)

)

· n. (4.60)

Rearranging equation (4.60) yields

(

e− ξd(A) + ξd(B)

)

· n > 0. (4.61)

Using equations (4.54) and (4.61) leads to

(vA − vB − p) · n > 0, (4.62)

From (4.62) and (4.35),

vA − vB ∈ π. (4.63)

Then, using equation (4.36) we conclude that (4.43) is satisfied.

Corollary 4.2. Consider m agents A,B1, ..., Bm−1 operating within the same area. Let A

choose its new velocity vnewA ∈ ORCAτ
A, where

vA = vnewA − ξd(A) (4.64)

and ORCAτ
A is defined in equation (2.28) and repeated here for convenience,

ORCAτ
A = D(0, vmax

A ) ∩
m−1
⋂

i=1

ORCAτ
ABi

, (4.65)

with ORCAτ
ABi

computed using w as defined in equation (4.37) and where n is the outward

normal vector of ∂VOτ
AB at

p = argmin
v∈∂VOτ

AB

∥

∥

∥
v − vprefAB

∥

∥

∥
. (4.66)

Then assuming that vnewA and vnewBi
are constant for a time horizon τ and that the constraint
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(4.8) is satisfied for both ξd(A) and ξd(Bi), A will not collide with any other agent Bi, i ∈

{1, ...,m− 1} that chooses a new velocity vnewBi
∈ ORCAτ

BiA
, i.e.,

vA − vBi
/∈ VOτ

ABi
, ∀i ∈ {1, ...,m− 1} , (4.67)

where

vBi
= vnewBi

− ξd(Bi). (4.68)

Proof. From the definition of ORCAτ
A (equation (4.65)), assuming that vmax

A is finite,

ORCAτ
A ¢ ORCAτ

ABi
, ∀i ∈ {1, ...,m− 1} . (4.69)

Therefore, vnewA ∈ ORCAτ
A implies that vnewA ∈ ORCAτ

ABi
. From Theorem 4.3, we know that

vnewA ∈ ORCAτ
ABi

and vnewBi
∈ ORCAτ

BiA
leads to (4.67).

4.4 Algorithm for Collision-free Multi-Swarm Coverage Con-

trol with Uncertainty

The proposed algorithm to use the method proposed in 4.3 for collision-free multi-swarm

coverage control with bounded disturbance measurement uncertainties is shown in table 2.

The set D contains the disturbance measurements. We adopt the same notation and make

the same assumptions as in section 3.5:

1. Planar motion of the agents is assumed. For flying vehicles such as UAVs, this corre-

sponds to the scenario where all agents operate at the same constant altitude.

2. All swarms use the same algorithm to cover the area and avoid other vehicles.

3. The computations are executed synchronously for all agents.
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4. Group affiliation, as well as the radius of the circle that defines a safety zone, is known

for each agent.

5. Knowledge regarding the locations of all other agents within the same swarm can be

obtained through communication between vehicles.

6. Knowledge regarding the locations of all agents from other swarms can be obtained

using sensors.

7. The input needed to counteract disturbances can always be achieved.

Algorithm 2 Computation of a Collision-Free Control Input for an Agent in a Multi-Swarm
Coverage Control Scenario

Input: X,Q,D
Output: unew

i,j

1: X,D ← update(X,D);
2: xi,j ← Xj(i);
3: Edgesj, V erticesj ← voronoi(Xj, Q);
4: CMVi,j

← centerOfMass(Edgesj(i), V erticesj(i));

5: vprefi,j ← desiredVelocity(CMVi,j
, xi,j, ki,j);

6: v̂d(i,j) ← estimateDisturbances(D);
7: for all Xl ¢ X, l = {1, ..., N} do
8: Edgesl, V erticesl ← voronoi(Xl, Q);
9: for all xk,l ∈ Xl, ∀ (k, l) ̸= (i, j), k = {1, ...,m} do
10: CMVk,l

← centerOfMass(Edgesl(k), V erticesl(k));

11: v̂prefk,l ← desiredVelocity(CMVk,l
, xk,l, k̂k,l);

12: VOτ
(i,j)(k,l) ← velocityObstacle(xi,j, xk,l, ri,j, rk,l, τ);

13: vpref(i,j)(k,l) ← vprefi,j − v̂prefk,l ;

14: εi,j, εk,l ← uncertaintyEllipses(ξd(i,j), ξd(k,l));

15: εsum(i,j)(k,l) ← εi,j + εk,l + vpref(i,j)(k,l);

16: ORCAτ
(i,j)(k,l) ← halfplane(VOτ

(i,j)(k,l),

17: εsum(i,j)(k,l), v
pref

(i,j)(k,l));

18: ORCAτ
(i,j)(l) ←

⋂m

k=1 ORCAτ
(i,j)(k,l);

19: end for

20: ORCAτ
i,j ← D(0, vmax

i,j ) ∩
⋂N−1

l=1 ORCAτ
(i,j)(l);

21: end for

22: vnewi,j ← newVelocity(ORCAτ
i,j);

23: unew
i,j ← vnewi,j − v̂d(i,j);

24: return unew
i,j
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As mentioned previously, assumption 6 can be achieved, for example, by using multiple

agents within the same swarm to sense their distance to an agent that belongs to another

swarm and doing respective computations.

In lines 1 and 2 of the algorithm, the positions of the agents and the disturbance mea-

surements across the area are updated. The Voronoi tessellation, as well as the centers of

mass of the Voronoi cells, are computed in lines 3 and 4. Subsequently, the agent i, j that

executes the algorithm determines its desired velocity using the coverage control strategy

(equation (2.9) or (2.13)) and estimates the velocity of the disturbance at its location using

equation (4.4) (lines 5,6). In lines 7-21, the agent calculates its set of feasible velocities

considering all other agents. More specifically, for each swarm, after computing the edges

and vertices of the respective Voronoi cells in line 9, the centers of mass of the Voronoi cells

(equation (2.6)) are computed in line 10. Furthermore, the desired velocity of each agent

is estimated using coverage control methods such as equations (2.9) and (2.13) (line 11).

Subsequently, the velocity obstacle of agent i, j with respect to each other agent is obtained

following equation (4.15) (line 12). The relative velocity between i, j and each other agent

is then determined (line 13), before their uncertainty ellipses are computed (equation (4.9))

along with the translated Minkowski sum as defined in equation (4.18) in lines 14 and 15.

Consequently, the half-plane ORCAτ
(i,j)(k,l) is calculated (equation (4.40)), and the set of

feasible velocities is obtained by intersecting the half-planes with respect to all agents (lines

16-20). Finally (lines 22, 23)), agent i, j computes its new velocity (equation (2.29)), along

with a new control input.

4.5 Simulations

This section presents simulations to validate the proposed methodology and algorithm intro-

duced in sections 4.3 and 4.4, respectively. As in chapter 3, the simulations were performed

in MATLAB R2019a on a laptop possessing 16 GB of RAM as well as an Intel Core i7-1255U
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CPU with base speed 1.7 GHz.

For all simulations, the same area Q as in Examples 3.1 and 3.3 is considered, whose

boundary has its vertices at [(1, 0), (6, 0), (8, 5), (5, 8), (0, 4)]. Simulations were executed for

two non-cooperating swarms aiming to provide coverage to a common area. Each swarm

consists of four agents that start at different sets of initial conditions. Again, notice that all

algorithms proposed in this thesis are general for any number of swarms. For simplicity, only

simulations with two swarms are presented. Moreover, the swarms do not need to contain

the same number of agents.

In contrast to Example 3.3, the area is subject to a field of disturbance. For the sim-

ulations, we assume that measurements of the disturbance at each point within Q as well

as an estimate of the bias are available. Uncertainty is described by a bounded ellipse.

The agents compute their desired velocities using equation (2.13) with si,j = ri,j = 1, ∀i ∈

{1, ...,m}, ∀j ∈ {1, ..., N}. The time horizon τ chosen for collision avoidance is one time step.

The results obtained for one specific combination of the wind field and the initial positions

of the agents is presented in Example 4.1.

Example 4.1. In this example, two independent swarms, each consisting of four agents, exe-

cute the coverage task within a common area where disturbance is present. Collision avoid-

ance is implemented using the methodology and algorithm presented in sections 4.3 and 4.4,

respectively. Consider the same area with uniform density distribution and the same condi-

tions as in Examples 3.1 and 3.3. The agents are placed at the following initial positions:

• Swarm 1 (S1): [(2, 1), (2, 1.5), (2.5, 1), (2.5, 1.5)],

• Swarm 2 (S2): [(5, 6), (5, 6.5), (5.5, 6), (5.5, 6.5)].

The radii of the safety zones of all agents are 0.2 units. Similarly to Example 3.3, the time

step between computations is chosen to be 0.01 units of time, and the time horizon τ is one

time step. As before, the desired velocity for each agent is computed using equation (2.13)

with si,j = ri,j = 1, ∀i ∈ {1, ...,m} , ∀j ∈ {1, ..., N}.
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(a) (b)

(c) (d)

Figure 4.3: Simulation of coverage control with two non-cooperating swarms moving in a
non-uniform wind field showing the trajectories and positions of the agents of swarm 1 (S1)
and swarm 2 (S2) (a) at the first time step (b) after 10 time steps (c) after 50 time steps (d)
after convergence to their final positions.

Different from the previous examples, a non-uniform velocity disturbance field is present.

While the direction of all disturbances is 30 degrees, as measured from the east axis, the

magnitude of the disturbance speed vd(i)(x, y) increases linearly towards the east and north,

and for this simulation, it is defined by the following function: vd(i)(x, y) = 0.05(x+y)+0.1,

where x represents the east position and y represents the north position. Regarding the
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measurements of the disturbances, the estimate of the bias depends on the disturbance speed,

b̂d(i) = 0.01vd(i). (4.70)

Similarly, the semi-major axis a1 of the uncertainty ellipse depends on the speed of distur-

bance,

a1 =
(

0.05
∥

∥vd(i)
∥

∥

)

/2, (4.71)

and aligns with the direction of the disturbance. The perpendicular semi-minor axis a2 is

a2 =
(

0.02
∥

∥vd(i)
∥

∥

)

/2. (4.72)

The positions and trajectories of the agents can be seen in figure 4.3. The agents are

depicted at their initial positions in figure 4.3a. Figures 4.3b and 4.3c show the agents’

positions and trajectories after 10 and 50 time steps, respectively. Moreover, the agents are

displayed after convergence to their final positions in figure 4.3d, along with the trajectories

traveled. It can be seen that the agents do not collide with each other and that they converge to

similar positions as in Example 3.3. Another interesting observation is that the trajectories

traveled by the agents are similar to those traveled in Example 3.3. This supports that using

the proposed collision avoidance methodology and algorithm does not significantly influence

the trajectories unless necessary for collision avoidance.

In summary, the results show that the proposed method guarantees collision-free motion

in multi-swarm coverage control scenarios. This does not only apply to environments without

disturbances, but also to the case where disturbances are present and measurements of those

disturbances are subject to noise. No major differences between the trajectories taken by

agents in both scenarios are visible, which suggests that, compared to the example without

disturbance, the proposed methodology does not have a negative impact on the quality of

coverage achieved by each swarm.
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Chapter 5

Conclusions and Future Work

5.1 Summary

This thesis analyzed the problem of coverage control with multiple non-cooperating swarms.

The work shows that multi-swarm coverage control is a promising solution for applications

including wildfire mitigation, planetary exploration, and mobile coverage, where swarms of

multiple agents operate within a shared area. Playing an important role for safe operation in

such scenarios, collision avoidance can be achieved, for example, through methods based on

ORCA [4]. Despite pairs of agents from different swarms moving to similar desired locations,

the methodologies proposed in this thesis guarantee collision-free motion for agents involved

in the coverage task. This applies to both disturbance-free environments as well as areas

where disturbances such as wind are present, and when their measurements include noise.

Depending on the control architecture, computational performance may become a challenge

in multi-swarm coverage control as the number of agents operating within the same area

increases. In contrast, a possibility to increase the energy efficiency of the agents involved

in the task that has not been addressed in this thesis is the use of disturbances to reduce

the energy consumption. These and other considerations lead to the following ideas for

extensions that build on the results presented in this thesis:
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• Extension to three-dimensional scenarios,

• Development of strategies to increase computational efficiency,

• Incorporation of non-uniform density distributions over the area to be covered,

• Extension to account for uncertainty in both positions and velocities of the agents at

the same time,

• Taking advantage of external disturbances such as wind to increase the energy efficiency

of the agents,

• Application of the proposed collision avoidance methodology with bounded disturbance

uncertainty to scenarios independent of coverage control.
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