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Abstract

Quadratic convolutional and physics-informed neural networks

with applications to system theory

Zachary Yetman Van Egmond

Motivated by a growing need for explainable artificial intelligence, this thesis explores
quadratic neural networks (QNNs) as a solution to many issues that limit the application of
neural networks to safety-critical systems. Specifically, this thesis shows that the training of
both a two-layer convolutional quadratic neural network (CQNN) and a two-layer quadratic
physics-informed neural network (QPINN), with no regularization and constraints added on
their activation function parameters and the norm of their weights, can be formulated as a
least squares problem. Using this method, an analytic expression for the globally optimal
weights is obtained, alongside a quadratic input-output mapping for the network. These
properties make the network a viable tool in system theory by enabling formal analysis.
Furthermore, compared to backpropagation-trained networks, the least squares training sig-
nificantly reduces both training time and the number of hyperparameters that the designer
must select. Additionally, it is proven that two-layer QNNs become universal approximators
when a monomial lifted input of sufficiently high degree is used. Finally, ensemble QNNs
(EQNNSs) are proposed to train multiple QNNs across the training space to increase the

representational capacity of QNNs.
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Chapter 1

Introduction

1.1 Motivation

Neural networks are a class of machine learning models that take their inspiration from the
biological brain. Although they trace their origins to the 1940s, the foundations of modern
neural network theory were established throughout the 1980s [1]. Neural networks are built
from components called neurons. Each neuron takes a series of inputs, multiplies each by
a gain (which are collectively called the weights of the network), before summing them and
passing the result through an activation function to produce an output. Multiple neurons
are stacked to form layers, which in turn are stacked to form the complete network. The
conventional depictions of a neuron, a layer, and a network are shown in Figure 1.1. Network
training occurs by updating the weights (typically in an iterative fashion) to minimize some
loss function applied to a set of training data. As a data-driven tool, neural networks
have shown great potential in prediction and classification tasks in many sectors, such as
agriculture, energy, and finance [2]. Despite this success, neural networks present several
shortcomings that limit their application to certain engineering problems, specifically to

applications involving safety-critical systems.
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Figure 1.1: Structures in a neural network: neuron, layer, and complete network

Some of the main challenges that neural networks face are:

1. Explainability: One of the primary issues limiting the application of neural networks
to safety-critical systems is the difficulty in making definitive statements about the
behavior and predictions of the networks. This is often referred to as the explainability
problem in the broader context of artificial intelligence (AI). Due to their depth and
nonlinearity, deep neural networks are oftentimes viewed as black box systems, with
the outputs often being highly sensitive to disturbances in the input [3]. Furthermore,
despite being deterministic systems, the inability to test the networks over the entire
input space requires them to be analyzed as though they were a stochastic system [4].
These issues present challenges to the implementation of neural networks in safety-

critical applications, where formal verification is often required to ensure certification.

2. Global Optimality: Due to their depth and nonlinearity, the loss function of neural
networks is typically non-convex. This results in their optimization algorithms (typi-
cally variations of gradient descent) potentially getting caught in local minima, making

it difficult to find the globally optimal weights of the network.

3. Architecture and Hyperparameters: The selection of a network architecture, that

is to say, the number of layers and neurons, and the choice of activation function, are



all based primarily on heuristics. Despite two-layer networks being universal approxi-
mators from a theoretical perspective [5, 6], in practice, the proper selection of network
architecture plays an important role in the performance [7]. Furthermore, the use of
gradient descent for training introduces hyperparameters such as learning rate, momen-
tum, and even the choice of gradient descent algorithm, which must also be selected

and tuned.

4. Training Time: Finally, due to its iterative nature, backpropagation training is time-
consuming and computationally demanding. Not only is this undesirable for the user,

but it is also less sustainable from an environmental perspective [§].

Despite these difficulties, there is a clear interest in the adoption of neural network technolo-
gies. Using the aviation sector as an example, efforts to establish standards and regulations
surrounding artificial intelligence have been shown by government agencies such as the Eu-
ropean Union Aviation Safety Agency (EASA), in particular with their release of an aviation
artificial intelligence roadmap [9]. This is further seen with the development of AT commit-
tees by aviation standards organizations such as SAE and EUROCAE [10, 11]. These efforts
show the interest of the engineering community in explainable Al.

A type of network that has been of recent interest that addresses many of these concerns
are quadratic neural networks (QNNs). Two-layer QNNs possess the following properties [12,
13]: an analytic input-output expression as a quadratic form, a convex training formulation
providing a guarantee of globally optimal weights, an architecture that is a by-product of
the training, and reduced training times. All of these properties motivate a deeper study of

QNNs with applications to system theory.



1.2 Literature Review

1.2.1 Quadratic Neural Networks

Quadratic neural networks (QNNs) are networks that use a second-order polynomial as their
activation function. An important distinction needs to be made between QNNs and networks
that use quadratic neural units (QNUs), which are often also referred to as quadratic neural
networks in the literature. Unlike the QNNs discussed in this thesis, QNU networks use a
quadratic form for their pre-activation function weights, and do not necessarily use a second-
order polynomial activation function (see [14, 15, 16] for examples of QNU networks).
Although quadratic activation functions have not seen as much widespread success as
others, such as ReLU, Tanh, or Sigmoid, QNNs have been used to explore theoretical
properties of neural networks. For example, two-layer QNNs were used to show that over-
parametrization of networks causes gradient descent algorithms to both converge to global
optima [17, 18] and prioritize simpler models [19]. Furthermore, Livni et al. [20] explored the
expressivity of deep networks with polynomial activation functions by showing they could
approximate two-layer sigmoidal networks. A key development surrounding QNNs occurred
in 2021, when Bartan and Pilanci [12, 13] showed that the training of a two-layer QNN with
constraints placed on its weights and regularization is a convex problem with guarantees
of finding the globally optimal weights. Furthermore, although it is a known result that
quadratic activation functions result in networks with polynomial input-output mappings
[20], Bartan and Pilanci showed that for two-layer QNNs the input-output mapping of the
network is a quadratic form. Extending this work, Rodrigues [21] showed that without regu-
larization the training of a QNN could be formulated as a least squares problem. This allowed
for the analytic training of QNNs, which drastically reduced training times. Further work
on QNNs presented by Rodrigues and Givigi [22] demonstrated their potential to be used
for system identification and controller design with Lyapunov-based stability guarantees.

The quadratic form of the input-output mapping of two-layer QNNs is also a useful



property from the perspective of system theory. In particular, it has been shown that
any nonlinear system can be represented equivalently by quadratic dynamics in a higher-
dimensional, yet finite, state space [23, 24, 25]. Furthermore, results are known for evaluating

the region of asymptotic stability of quadratic systems [26].

1.2.2 Single-Epoch Training of Convolutional Neural Networks

Non-iterative neural network training, sometimes referred to as single epoch training, are
methods that allow for the network weights to be determined in an analytic fashion. Typical
backpropagation training is a time-consuming and computationally intensive process. Not
only does single-epoch training address both of these issues, but it has been proposed that
they reduce the number of training samples required for successful training in both shallow
[21] and deep networks [27, 28].

One of the earliest analytic neural network training algorithms was proposed in 2001 by
Guo and Lyu [29]. Their proposed methodology trained a neural network in a layer-wise
fashion, and resulted in a network with zero training loss. However, the required number
of neurons in each layer was equal to the number of training samples. In 2006, Huang
et al. [30] proposed extreme learning machines, which are deep neural networks where all
the weights besides the last layer are randomly initialized. The optimal final layer weights
can then be determined analytically using least squares. More recently, a methodology for
layer-wise analytic training was presented by Zhuang et al. [31] who trained networks in
two-layer modules by generating pseudo-labels from a random linear transformation of the
final labels. In 2024, the authors further expanded their methodology to train convolutional
neural networks [28] for pattern classification.

Although many propositions have been made for single-epoch network training, they do
not provide guarantees of finding the global optima due to randomly initialized weights [30]
or pseudo-labels [31, 28]. The single-epoch CNN training presented in [28], despite being

the closest to the work presented in this thesis, is focused on pattern classification. The



extension to system theory is not obvious due to the lack of an explicit closed-form input-

output expression.

1.2.3 Physics-Informed Neural Networks

Early implementations of neural networks for solving differential equations were presented
by Dissanayake and Phan-Thien in 1994 [32] and Lagaris et al. in 1998 [33]. Despite this
early work, it took advances in automatic differential and computational power for neural
network differential equations solvers to gain mainstream appeal. In 2019, Raissi et al.
[34] reintroduced the concept of using deep neural networks to solve differential equations,
formally giving them the name of physics-informed neural networks (PINNs). PINNs extend
the loss function to incorporate a penalty for deviating from the differential equations of the
system. A useful general overview of training PINNs is presented in [35]. Although many
extensions to PINNs have been proposed (e.g., sequential training [36], ensemble networks
[37]), the 2023 work of Akhound-Sadegh et al. [38] on symmetries is the one extended to
QNN in this thesis. They proposed incorporating a loss term that penalizes deviations from
the various symmetries of the differential equation.

Despite their versatility, one of the downsides of PINNs compared to other differential
equations solvers, such as finite element methods (FEMs), is their slower training time due to
the heavy computational demands of iterative training coupled with automatic differentiation
[39]. In 2022, Desai et al. [40] proposed the usage of transfer learning to reduce the PINN
training problem to optimizing the final layer. Furthermore, they showed that for linear
differential equations, the final layer weights could be found in an analytic manner. In
2024, Zhou, Liu, et al. [41, 42] proposed using extreme learning machines for solving linear
differential equation problems, specifically in the context of finding Lyapunov functions and
iterative solving the Hamilton-Jacobi-Bellman equation for optimal control. By randomly
selecting all the hidden layer weights, the final layer weights could be solved analytically. To

the best of the author’s knowledge, these are the only references that address single-epoch



PINN training.

Despite the importance of reducing training time, single-epoch PINN training method-
ologies are quite sparse, with the current propositions either requiring a pre-trained feature
extractor [40] or the use of randomly initialized weights [41, 42]. Furthermore, incorporation
of symmetries into the analytic weight formulation has not been explored to the best of the

author’s knowledge.

1.3 Contributions

This thesis addresses the least squares training of two-layer quadratic convolutional and

physics-informed neural networks. The contributions of this work are listed below.

1. In Chapter 2, an alternate proof for the convex formulation of two-layer quadratic
neural network (QNN) training is presented. Although this result was already shown
n [12], the proof presented in this thesis considers the primal problem, whereas [12]

uses duality.

2. Chapter 3 proposes the least squares formulation for the training of a two-layer con-
volutional quadratic neural network (CQNN), which uses a 2-norm loss function and
no regularization. In doing so, insight is provided into the representational capacity
of CQNNs by showing their equivalence to a subclass of QNNs. Examples of system
identification and sensor fusion are used to show that CQNNs perform favorably rel-
ative to backpropagation trained CNNs, while having a significantly reduced training

time.

3. Chapter 4 proposes the least squares formulation for the training of a two-layer quadratic
physics-informed neural network (QPINN) with no regularization. Moreover, the re-
quired conditions and methodology for adding a symmetry loss term are provided. An

example of the heat equation is used to show the performance of QPINNs in com-



parison to backpropagation-trained PINNs. Additionally, another example shows how

QPINNSs can be used to solve optimal control problems.

4. In Chapter 5, the optimal selection of quadratic activation function parameters to best
approximate a ReLLU activation function are presented for both minimizing the mean
squared error and the maximum absolute error. Moreover, a proof that monomial
lifting allows two-layer QNNs to act as universal approximators is provided. Finally,
a methodology for implementing ensemble quadratic neural networks (EQNNS) is pro-

posed and tested on a friction-induced vibration system.

1.4 Thesis Structure

This thesis is structured as follows. Chapter 2 provides the required preliminaries. This
includes an overview of notation, of lifting for neural networks and system dynamics, and of
quadratic neural networks (QNNs) and the formulation for their convex training.

Chapter 3 provides an introduction to two-layer convolutional quadratic neural networks
(CQNNSs), and proposes the least squares formulation for their training. The methodology
is then applied to system identification and sensor fusion problems.

Chapter 4 provides an overview of physics-informed neural networks (PINNs), and pro-
poses the least squares formulation for the training of two-layer quadratic physics-informed
neural networks (QPINNs). The methodology is then applied to solve the heat equation and
an optimal control problem.

Chapter 5 proposes an approach for optimal selection of quadratic activation function
parameters, and provides two methods which increase the representational capacity of two-

layer QNNs. Finally, Chapter 6 concludes the thesis with some closing remarks.



Chapter 2

Preliminaries

This chapter provides the relevant theoretical preliminaries for the work presented in this
thesis. Section 2.1 outlines the notation used in this work. Section 2.2 introduces lifting as a
motivation for quadratic networks. Section 2.3 contains the background on quadratic neural
networks, along with the formulation for their convex training. Finally, Section 2.4 provides
a new alternate proof for the convex training of quadratic neural networks introduced in

Section 2.3.

2.1 Notation

Curly brackets are used to indicate indices. For example, Z; (i.;; ndicates the element at the
ith row and ;' column of matrix Z;. Matrix and vector blocks are indicated by a colon.
For example, Z,, ., ¢,:c, 15 the matrix constructed from rows r; to 7o and columns ¢; to c;
of matrix Z. U,,, and O, ,, represent n X m matrices of ones and zeros respectively. The
trace operator is written as Tr(-), Z = 0 and Z > 0 indicate that Z is positive semidefinite

and positive definite, respectively, and the partial derivative operator of order k is written

as #{C@xk = Op, ..., Finally, 0Q is the boundary of the set ).



2.2 Lifting and Quadratic Dynamics

This section provides a brief overview of lifting with applications to neural networks and
system dynamics. Additionally, it highlights some results from the realm of system theory

that help motivate the study of quadratic neural networks.

2.2.1 Lifting

In the context of system theory, lifting is the process of augmenting a system’s state to embed
it in a higher-dimensional space with the goal of simplifying the dynamics in the lifted state
space. Lifting is also relevant to neural networks, where the input vector may be lifted to
simplify the input-output expression in the lifted feature space. Although applicable to both

domains, this section will use the state nomenclature. Consider a state vector

x:[xl N xn]T (2.1)

Lifting is performed by augmenting the state using M basis functions ®,, : R® — R, m =

1,..., M, M > 1. The lifted state is given by

2=z xy - oz, Pi(x) - @M(x)r:{zl Z”’LM}T (2.2)

Example 1 (Lifted nonlinear pendulum). [25] Consider the state space representation of a

damped nonlinear pendulum

T T

To —sin(z1) — cxq

where x1 s the angle, x5 is the angular velocity, and c is the damping coefficient. Using

the basis functions ®1(x) = sin(xq), Po(x) = cos(xy), the system can be lifted to quadratic

10



dynamics

T T T 22

T T —sin(z1) — cxg —23 — €2y
sin(zy) &1 cos(xy) T cos(x1) 2924
cos(xy) —q sin(xy) —x9sin(xy) — 2923

with the added constraints z3 = sin(z1) and z4 = cos(z3).

2.2.2 Lifting to Quadratic Dynamics

It has been shown in references [23, 25, 43, 44] that any nonlinear dynamic system that is

composed of elementary functions can be lifted to equivalent quadratic dynamics of the form

i=A(z®z2)+Bz+C (2.3)

where ® is the Kronecker product defined as

ViaW Vi, .. Vi, W
VoiW Vo W oo Vo, W

VoW = € R™Pxma (2.4)
VaiW ViaW oo VW

with V€ R™™ and W € RP*Y. An important point is that the lifted quadratic represen-
tation of the system will comprise of a finite set of states [23, 25]. This is in contrast to
Koopman operator theory, which allows for lifting a system to a linear representation at the

cost of potentially requiring an infinite number of states [45].

11



Example 2. (Infinite linear versus finite quadratic) Consider the system

Let us attempt to linearize it with lifting, starting with z1 = x and the lifted state z, = x3.

This gives zy = 3zt = —327, which is still not linear. So, we introduce z3 = 27, which
yields z3 = Hz{2y = —5bz1, which would require the introduction of another lifting variable.
This process of introducing new lifting variables would continue indefinitely and result in an
infinite number of lifted states required for the linear dynamics. Instead, using z; = x and

29 = 2%, the system can be lifted to quadratic dynamics in a finite state space

with the added constraint z, = 23.

2.3 Two-Layer Quadratic Neural Networks

This section provides background on two-layer quadratic neural networks (QNNs), including
their convex training. For simplicity, we shall only consider single output networks, as
multiple outputs can be achieved by using multiple networks with the same inputs. The
input-output expression for a two-layer, single output QNN, with m neurons in the hidden

layer is given as
i) = > ajo(wl) (25)
j=1

where o(z) is a second-order polynomial activation function, referred to as a quadratic acti-
vation function, defined as

o(z) =az* +bz+c (2.6)
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Figure 2.1: Single output quadratic neural network architecture

where a # 0, b, ¢ are constants that parametrize the activation function. Using the sample
index 4, g; and y; correspond to the network output and desired output (or label) for a given
input vector x; € R™ containing n features. The first and second layer weights of the network
for the j'" neuron are given by w; € R™ and «, respectively. The architecture of the network
is shown in Figure 2.1. The training of a QNN defined by the input-output equation (2.5)

is written as the following non-convex optimization problem in reference [12]

{ogwi by

min  L(§,y) + B8 |ay|
j=1
s.t. g = Zajo(wjrxi), i1=1,...,N (2.7)
j=1
||wj|]2: 1, jzl,...,m

where £(+) is a loss function which is applied to all network outputs and labels, and 5 > 0

is a parameter which modulates the L, regularization applied to the second layer weights.

2.3.1 Convex Training of QNNs

The convex formulation of QNN training was first shown in [12] through the use of duality.

This thesis presents a new alternative proof of Lemma 1 in Section 2.4.
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Lemma 1. [12] For fixed a # 0, b, ¢, reqularization term B > 0, and convex loss function

L(+), the non-convex problem (2.7) has the same global optimal solution as the convex problem

min L(3,y) + 8(Zy + Z,)

A A
T
T a(ZH—77) YzZf —Z7 T
s.t. Gy = (27 =20) 5l = 5) i=1,....N
V| |8z —2Z)" e(zf-2Zp)| |1
Zf = Tr(Z), Zy = Tr(Z7) (2.8)
Z+ 7+ 7 7
g+ _ 1 2 7= 1 2
(ZH)" Zf (z)" Zy

Zt=0,72" =0

when the number of neurons m > m* where

m* = rank(Z*) 4+ rank(Z~) (2.9)

where Z*, Z7* € ROTVX0FD gre the solutions of the optimization problem (2.8).

The network weights {a;,w;}72; can be recovered from Z* and Z~ using the process of

neural decomposition as presented in [12], which is based on Lemma 3 reviewed in Section 2.4.

2.3.2 Least Squares Training of QNNs

To formulate QNN training as a least squares problem, the LMI constraints of problem (2.8)
must first be removed. It is shown in reference [21] that this is achievable at the cost of

removing the regularization term and enforcing certain constraints on the a, b, ¢ terms.

14



Lemma 2. [21] If 3 =0, a >0, ¢ >0, and b* — 4ac > 0 then any solution of

min £(3,y)
T
T; as by T;
st G = b . i=1,....N (2.10)
1 g(ZQ)T CZ4 1
Zy = Tr(Zy)

is also a solution of (2.8) where Zy = Z7 — Z;, ¢ =1,2,4.

Remark 1 (Representational capacity of QNNSs). The input-output expression for a QNN
presented in problem (2.10) reveals that QNNs represent a subset of all quadratic forms due
to the presence of the trace constraint. The existence of equivalent quadratic state dynamics
for a sufficiently lifted state of any systems (as shown in Section 2.2) makes this a motivating

factor for the application of QNNs to system theory.

Example 3 (Invalid QNN). Let a =b=c =1 and let z € R. The following expression

T

would not be a valid QNN, because with Z; =0 and Zy = 1, then Tr(Z,) # Z4.

Observing that the input-output expression in (2.10) is linear with respect to the elements

of Z; and Z,, the problem can be written in the following form

min £(§, y)
o (2.11)
st.y=HO
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where the regressor matrix is given by

H= |:aH1+CH2 bX‘| )

vec(r2]) ] (2.12)
H, = ) Hy = |:UN,n ON,O.5n(n+1)—n:| ’ X =
vec(zyzh) T

with vec(z;z]) being a row vector containing all of the upper triangular elements of z;x7

vec(z;z] ) = [diagl diagy - - diagn} € R1x0-5n(n+1)
(2.13)
diagy = {xi{l}xi{q} Ligy Liggery " xi{n—q+1}xi{n}]
and the weight vector is formed as follows
T
0 — [9171 20172 291@ 92} c RO-5n(n+1)+n
(2.14)
91,1‘ - [Zl{u} Z1{2,¢+1} Zl{ni+1,n}:| , 0= [22{1} Z2{2} ZQ{n}
When using £(4,y) = ||§ — y||3, problem (2.11) has the optimal solution given by
0= (H"H)"'H"y (2.15)

However, for the cases when HT H is not invertible, regularized least squares can be used,

which changes the solution to
0=(H"H+pI)"H"y (2.16)

It is important to note that the regularization term [ present in (2.16) is not the same as the
one present in the original training problem (2.7), thus the equivalence between problems
only holds when $ = 0. However, using small values of § will allow for an approximation of

the solution of the problem (2.7), while preventing numerical issues.
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2.4 Alternate Proof for Convex QNN Training

This section presents a new alternate proof for the convex training of QNNs (Lemma 1,

Section 2.3). This proof requires the neural decomposition lemma from [12].

Lemma 3. [12] Any rank-r, r > 1, matriz Z = 0 where Tr(ZG) = 0 with

I 0
0 —1

has a decomposition Z = 37" p;p; such that pGp; =0, j=1,...,r.

Starting from the non-convex QNN training problem (2.7), let a; = aj —aj with o >0

and o > 0. Then, the input-output expression from (2.7) can be rewritten as

m m

L T\ _ T, T T

U = E ajo(w;r;) = E aj(ax; wyw; x; + bw; z; + )
Jj=1

=1
- - T -
Lz ay ity cjwiw] b Yo agwg ||
1 Py ogwl ey a 1
K (2.17)
R azg’:1<0{j — o Jwjw; 3 Zj:l(aj —aj)w; ||
1 b Z;n:l(a;f —aj Jw; cZTZl(a;r —a;) 1
- L
L a(Z{ = 2Z7) 525 —Zy)| |
U328 - 2)" (28 - 2)| |1
where
m m m
b= S, =S, 7=
=1 =1 =1
- - - (2.18)
Zy = Za;ijjT, Zy = Z ajwy, Ly = Z a;
=1 =1 =1
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Without loss of generality

laj| +¢; ;>0 laj] +€; ;<0
of = jl ey Car = JITE Qy (2.19)

€; Oéj<0 € OéjZO

represent all possible a;-r > 0 and a; > 0 which could form «j, for €; > 0. Furthermore,

notice that the regularization loss of (2.7) is upper bounded,

BY ol =8 laf —a;| <8 (af +a;) (2.20)
j=1 j=1 j=1

Using the new definition for oy, consider the following problem with the same constraints as

(2.7) but which uses the upper bound for its regularization loss term

min L(G,y)+ B(ZF+ 7))

Ejv{wj7a;—7aj_ };nzl

T
i a(Z{ —Z7) HZy —Zy)| |
s.t. G = (@ =20 3% = 2) i=1,....N
U528 = 2)" (28 - 2Z0)| |1
lwille =1, a;=af —aj,
B |Oéj| + € Oy >0 _ |Oéj| + € a5 < 0 (221>
(1/] = ) aj - ’
€ a; < 0 €; o7 >0
oaf 20, a; 20, >0, j=1,....m
Zf =Y afwul, Zf =) ofw, Zf =) af
7j=1 7j=1 7j=1
ZI—Z%waww 2 :ZO‘J'_“’J’ ZI—ZO‘J
7=1 7j=1 7j=1
If there is an optimal solution of problem (2.21) with Oé;_ = aj’*, o =a; "7, and € = €
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(and therefore also a; = o = o

’ 7" —a;7"), the regularization term becomes

BZf+20) =8 (o " +a;")=p Y, (af"+a;")+8 > (of " +a;")

j=1 j€{ila; =0} j€{jla; <0}
=8 >, (Uefl+)+@)+8 > (&) + (ol +6))
j€{jla;>0} j€{jlaj <0}

(2.22)

=28 & +8) |aj
j=1 j=1

When § > 0, (2.22) is minimized when €; = 0. For cases where 8 = 0, €; = 0 can also be
selected without affecting the total loss. Thus, without loss of generality, €; = 0 minimizes
the loss term and results in a unique a;L > 0 and a; > 0 for each «; according to (2.19).
Furthermore, with €¢; = 0, the optimal regularization term value is now the same as the
one in problem (2.7). Therefore, the original non-convex problem (2.7) is equivalent to the
problem

min  L(4,y) + B(Z + Z)

{wjraf a5 37y

T
Li a(zZf—2Z7) YzZy - Zy X
s.t.y; = (1 1) 2(2 2) Ci=1..N
L\ 828 = 2)" o(zf - 2Z)| |1
il =1, af 20, a; 20, j=1...m (2:23

m m m
+ _ } : + T +_ § : + + _ E : +
j=1 J=1 7=1

m m m
- - T - - - _
4] = E a;wjw;, Ly = E ajwy, 2y = E Q;
J=1 J=1 J=1
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We will now focus on the following set of constraints

lwlls =1, of >0, a; >0, j=1,....m

Zi =) ajwu], Zi =) ojw, Zf=) af (2.24)
J=1 Jj=1 j=1 )
Zy = Zaj_ijjT, 4y = Z o wj, 4, = Z o
j=1 j=1 j=1
and the following set of LMI and trace constraints
2
Zt = =0, Zf=Tr(Z])
(Z)" Zf
- - (2.25)
Zy Zy
(Z)" 2y

with the objective of showing (2.24)<=-(2.25). First, we will shown that (2.24) = (2.25).

The trace constraint of (2.25) results from

lwill: =1 = Tr (Z)) = <Za wjw ) Za wiw; =Y af =ZF  (2.26)
j=1

To show the positive-semidefinite constraint of (2.25) we will show that n”Z*n > 0 for all
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real n = [nT 1no)T where n; € R®, n, € R

T
moo4T M
Wzt = ™ ij: S I
s Zrl o w; Z],l a; 72
= af [nfwjwln +nfwim + mw] i + 73]
=1
. 2.27
= Z aj [(771 w]) + 2m(n] wy) + 772} ( )
j=1
= ZOJ (1 w;) + o]
j=1
Oé;rZO,j m:>2a (ni w; +772] >0 = Z" =0

The same can be shown for o) and Z~, thus (2.24) = (2.25). We will now show that
(2.25) = (2.24) by following the neural decomposition lemma from [12]. Observe that Z+
satisfies the required condition for Lemma 3, i.e.,
z:  Zi| |1 o zZi -z
(Zz)" Zf| |0 —1 (Z)" —Zy (2:28)

=Tr(Z}) = Zf =0« Tr(Z}) =2}

Using Lemma 3, consider the neural decomposition of rank-r* matrix Z* = Z;; pjp]T with

r* > 1, where p; = [¢] d;]" with ¢; € R" and d; € R.

rt rt T + +
zr =Yl =3 |7 i I (2:29)
r :
=1 j=1 djc;fF d? (ZHT Zf

Observe that pl Gp; = 0 implies ||c]||% = djz. Now, we can make the following two assump-

tions. First, [|p;|l2 >0, j = 1,. *, then we could remove

pj+pl. from the summation in (2.29) while leaving Z* invariant. Thus, ||¢;|[3 > 0, j =
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1,...,7%. Second, d; > 0, j =1,...,r", since if d;» < 0 for some j*, redefine p;« = —pj«,

which does not affect the decomposition nor the equality p}lej* = 0. Following these

observations and assumptions, letting u; = Hc?llw the following holds.

rt rt o+
Zi =3 e =D w Nl = 3 diusu]
rt rt o+
Zi = dic; =) dyullejlla =) du (2.30)
j=1 7j=1 j=1
rt
zi=S
j=1

o). _ . _ + —
Perform the same neural decomposition procedure on the rank-r~ matrix Z— = Z;:ﬂﬁ Dj p;;

with r= > 1. Therefore, letting

2 —
wW; = Uj, Oé;_ = dja O./] :Oa J= ]-7 7T+ (2 31)
w; = Uy, O[j_:O, aj_:dﬂza j:T++17"'7T++T_

it is proven that (2.25) = (2.24) when r* > 1 and r~ > 0, because ||w;|3 = ||y;||5 = 1,

oz;r > 0, and a; > 0 so long as the number of hidden layer neurons m satisfies
m >rt +r" =rank(Z") + rank(Z7) (2.32)

For the special case of r* = 0 or = = 0, the neural decomposition of the respective Z matrix
can be ignored and (2.25) = (2.24) will still hold. Thus (2.25)<=(2.24), which means that

problem (2.23) (and therefore the non-convex training problem (2.7)) is equivalent to the
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problem

in L(j Zf+ 7
Join L£(g,y) + B2 + Zy)

T
i a(Z{ = 2Z7) 5(Z5 = Zy)| |

Stgjl: s Z:L

1 (25 —2)" oZf-Z7)| |1

NS

Zf =Te(Zf), Zy =Tr(Zy)

g+ _ Zt Zf . Zr 7y
(Z)" Zf (Z)" Zyf

ZT>=0,7Z >0

when the number of neurons m > m* where

m* = Rank(Z"*) + Rank(Z ™)

(2.33)

(2.34)

with Z+* Z=* € RDX(+1) heing the solutions of the optimization problem (2.33). The

proof is thus complete.
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Chapter 3

Least Squares Training of
Convolutional Quadratic Neural

Networks

This chapter proposes a methodology to formulate the training of a two-layer convolutional
quadratic neural network (CQNN) as a least squares problem. In addition to an analytic
solution for the optimal weights of the network, the proposed methodology also provides
insight into the representational capacity of CQNNs by showing their equivalence to a sub-
class of quadratic neural networks (QNNs). The chapter is structured as follows. Section 3.1
provides the preliminaries related to CQNNs and their convex training. Section 3.2 shows
how CQNN training can be formulated as a QNN training problem. Section 3.3 presents
least squares training of a CQNN. Section 3.4 extends the main result to multi-channel filter-
ing. Finally, Section 3.5 presents examples comparing CQNNs to backpropagation-trained

convolutional neural networks.
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Data Patch 1 Data Patch 2 Data Patch 3

Filter Filter Filter
X1|X2|X3‘X4 Xslxel |X1 X2|X3|X4|)‘15 Xe‘ |X1|X2 X3|X4—‘XS|X6
g:_1 -3: §:: §: gr: -3;‘ g—‘? §: E:: -3: é:: §:
L+ {+) {+)

Figure 3.1: Visualization of convolutional layer feature extraction, filter of length f =4 and
stride of one passing over data vector of length 6

3.1 Convolutional Quadratic Neural Networks

Convolutional neural networks (CNNs) are neural networks that are specialized in handling
sequential data such as images or time-series signals. They employ convolutional layers that
use filters (or kernels) to perform feature extraction over different patches of input data. This
process is analogous to sliding the filter over the input vector as shown in Figure 3.1. The
filter length f dictates the length of the data patches covered by the filter and is the primary
tuning parameter for convolutional layers. Secondary parameters for convolutional layers are
stride, padding, and dilation. However, for simplicity, this thesis will consider a stride length
of 1, no padding, and no dilation. The data patch concept is key to the theoretical work
on convolutional quadratic neural networks (CQNNs) presented in this thesis. Consider an

input vector of length n

x:lxl . zn]T (3.1)

from which K patches of data are formed such that each patch y; contains f sequential

features of x. Since the last element of xf is also the last element of x, K =n — f + 1.

T
X=Xt X2 = Xk - XK:|
(3.2)

T
Tk Tkt1 - $k+f—1} = Thik+f-1

| — R ——

Xk =
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Figure 3.2: Single output convolutional quadratic neural network architecture

Example 4 (Data patches). Consider an input vector v = [x1 xo x3 x4 z5]", a filter with
f = 3 would produce the following data patches x1 = [x1 x2 x3]", X2 = [x2 w3 24]", and

X3 = |3 24 25]7, for a total of K =n — f + 1 =3 data patches with n = 5.

Using this formal data patch definition, equation (3.3) represents the input-output expres-
sion of a single output, two-layer CQNN using m filters of length f, and quadratic activation

function o(z) defined by (2.6). The architecture for a CQNN is shown in Figure 3.2.

)= > ajpo(w] ) (3:3)

n K
k=1

=1

The training of the CQNN defined by input-output equation (3.3) is written as the following

non-convex optimization problem in [12], where a; = [aj,,, -+ aj )",
min LG, y)+ 8 Iyl
(GRS i =
m K (3.4)
s.t. g)i:ZZaj{k}a(ijXi{k}), i=1,....,N :
=1 k=1

|lwill2 =1, j=1,....m
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3.1.1 Convex Training of CQNNs

The convex formulation of CQNN training was first shown in [12] through the use of duality.
However, it will later be seen in Theorem 1 that CQNNs are a subclass of QNNs, therefore

the alternate proof of Section 2.4 could also be modified to prove the following Lemma.

Lemma 4. [12] For fixed a # 0, b, ¢, reqularization term B > 0, and convex loss function
L(+), the non-convex problem (3.4) has the same global optimal solution as the convex problem

K

min L(7,y) + ZHk gk
B El) 48D 2
T
k —k k —k
K Xi{k} G/(Z;r - Zl ) %(Z;_ - ZZ ) X’i{k}

s.1. yz = Z y

P 1 YzZ3h—Zy 0T e zft -z | | 1
Z7% = Tz, 2% = Tr(zh) (3.5)
S gk gk g gk gk
(Z" 2 (20" 2
ZtE =0, 27 =0
k=1,...,K, i=1,...,N
when the number of filters m > m* where
K
m' =K Z (rank(Z%) + rank(Z ")) (3.6)

£
Il

1
and where ZHF Z=0 ¢ RUADXUHD for b =1,... K are the solutions of the optimization
problem (3.5).

Similarly to the QNNs, the network weights {a;, w]-}fl:1 can be recovered from Z+t* and

7~k using the process of neural decomposition presented in [12].

Remark 2 (Design parameter m). Using the conver CQNN training formulation in (3.5),
the number of filters m is no longer a design parameter, instead it is a by-product of the

training and the neural decomposition process.

27



3.2 CQNN Formulated as a QNN

This section shows how CQNN training can be formulated as an equivalent QNN training
problem with added constraints. The following lemmas will be required for the main theorem

of this section.

Lemma 5. Fora >0, b# 0, and ¢ > 0, any real symmetric matrix Z of the form

b
7 — aZl 522 c Rn+1><n+1 (37)

5(Z)" cTr(Zy)

has a decomposition, Z = Z* — Z~, such that Z+ = 0 and Z~ = 0 where

aZi byx asly by
7t = ! S ' 27 (3.8)
S(Z0)T eTr(Zy) 5(Z)" eTr(Zy)

Proof. Since Z is a real symmetric matrix, it can be written as the difference between two
positive semidefinite (PSD) matrices Z = Z+ — Z~ ([46], page 119). Let

. Al AT N AT AL

Zt=1 """ Pl=0, Z=| " ?l=o0

(A3)" Af (A3)" Ay

where A7 and A are n x n matrices, A5 and A; are vectors of length n, and A} and A
are scalars. Since a > 0, b # 0, ¢ > 0, without loss of generality, we can rewrite Z*t and Z~
as
aZf gZ; ~ CLZ; QZ{

- - >—.07 Z" = 50
S(Z0T cZf 5(Z)" cZy

AN
+
Il

where
Zi =a'Af, Zf =2'AS, Zf =clAf

Zr =aYA7, Zy =2'A;, Z; =clA]

28



Furthermore, without loss of generality, for any K € R+ we can write

Z2=7Y-7"+K-K
=(Zt"+K)—(Z+K)

=72t -7

where Z+ = Zt + K and Z~ = Z~ + K. Notice that if K = 0, then Z* = 0 and Z~ > 0,
as the summation of two PSD matrices is also PSD. Additionally, from the structure of Z

in (3.7), we know that

Te(Z) —Z7)=2F — 7] < Tx(Z{) - Zf =Tx(Z]) - Z; (3.9)

This will be used later in the proof. There are two cases to consider:

1. Case 1: Tr(Z) - Zf >0
Define k = Tr(Z}) — Zf > 0 and K as

On,n On,l
K =

Ol,n ck

Since ¢k > 0 it follows that K = 0, and therefore Z* = Z+ + K = 0 and Z~

7=+ K = 0. Computing Z* = Z+ + K yields

7+ b+ 7+ b+
P az; 549 B aZ 5

2
5(Z3)" elZf + k) 5(Z3)" eTe(Z))

Computing Z~ = Z~ + K gives

P aZy 2y | | aZp 87,
YZOT e Zy + k)| LT eZy +Tx(Z) - ZF)
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Using (3.9) yields

. aZ; 87 | azr 87,
SZ)T eZy +Te(Zy) = Zy)| | 5(Z)" ¢Te(Zy)
Therefore, ZT = 0 and Z~ = 0 can be written as
S| B 3% g-_ | % 3%
5(Z5H)T Te(Z)) 5(Z;)" Te(Z))

where Z;7 = Z, Z7 = Z7, Z = ZF, and Z; = Z;.

. Case 2: Tr(Z) — Zf <0
Define k = Z; — Tr(Z]) > 0 and K as

an kI, Oni

O1n 0

where I,,,, is an n X n identity matrix. Additionally, since an™*k > 0 it follows that
an~'kI,, = 0, and thus K > 0, which implies Z* = ZT4+K > 0Oand Z~ = Z~+K > 0.

Computing ZT = Z+ + K yields

gt _ a(Zf_"'nilkln,n) %Z;_ - G(Zr"knil(ZI_Tr(Zr))]n,n) %Z;_
S(ZH" cZf S(ZH)" cZf

Taking the trace of the upper left sub-matrix yields

Tr (2 + 0 (ZF = Te(Z) D) = Te(Z)) + 0 (ZF = Te(Z))Tr (L)

= Te(Z)) + Zi = Tx(Z{)

—7f
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Computing Z~ = Z~ + K yields

R

IS8

7- a(Zl_ + nilkIn,N) % ~2_ a(Zl_ + nil(ZI - T‘I'(Zr))]n,n)

(2" c(Zy) 5(2)" c

N

—~ [\
\al
~—

Using (3.9) yields

Taking the trace of the upper left sub-matrix yields

Tr (Z; + 07 (Z; = Te(Z0 s ) = Te(Z7) + 027 = T(Z7)Tr (L)
= Tr(Z7) + Z; = Tr(Zy)
=7

Therefore, ZT > 0 and Z~ > 0 can be written as

go_ | & 34 S| % 34
5(ZHT Te(Z]) 5(Z)" Te(Zy)

where Z; = Zf +n N (Zf = Te(Z{ ) hn, Z7 = Z7 + 0 (Zy — Te(Z7 ) om,
Zf =7, and Zy = Z;.

Thus, the matrix Z can be decomposed as

b — b r7—
Yz <Te(Z]) %(Zy)" Tx(Zy)

where ZT >0 and Z= > 0.
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The following Lemma is taken from the main theorem of [21], but is stated on its own as

it will be used multiple times throughout the thesis.

Lemma 6. [21] Fora >0, ¢ > 0, and b*> — 4ac > 0, for any real symmetric matriz Z of the

form
(lZl gZQ
7 =
%(ZQ)T cTr(Z)
if Z =0, then
Z Z
7 =1 ‘=0

(Z2)" Tr(Zy)

Proof. Using Schur’s complement, Z > 0 is equivalent to
C’I‘I‘(Zl) 2 0
b
(1= Tx(Z)Tx"(Z)) §(Zz)T =0

b2
aZy — ZZzTrT(czl)(Zz)T =0

where, defining t = Tr(cZ;),

0 t=0
Tri(cZ)) =

Tr'(cZ)) t#0

(3.10)

(3.11)

(3.12)

is the Moore-Penrose pseudo-inverse of Tr(cZ;). When ¢t = 0, the conditions in (3.12) become

Zy =0, Z1 = 0, for which Z’ > 0. When ¢ # 0 and ¢ > 0, the conditions in (3.12) become

dac
5 HTe(Z) = Z2(Zo)"

which by Schur’s complement implies Z’ = 0 if b*> — 4ac > 0 and ac > 0.
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Starting from the convex formulation of CQNN training presented in problem (3.5), the
following lemma is an extension of its QNN counterpart (Section 2.3, Lemma 2 [21]) and

will be used to remove the LMI constraints of problem (3.5).

Lemma 7. If =0, a >0, ¢ > 0, and b*> — 4ac > 0 then any solution of

min_ £(§,y)
{2t 25,
T
K k b7k
Xi aZ 34 Xi
stgi=> |7 Rt e N i, N (3.13)
k=1 1 Y(zZhT czk 1

Zi = Tr(Zy)

is also a solution of (3.5) where Zg = Z(;“k — Z(;’k, qg=1,24.

Proof. The proof is the same for all samples, so the index ¢ is dropped. Let there be a

solution to (3.13) with a > 0, ¢ > 0, b*> — 4ac > 0. Consider the matrix for the k™ data

patch

gk aZ{€ QZ§ _ aZ{€ 9Z§

5(Z5)" czy (Z3)" ¢Tr(Zy)

N

where the constraint Z¥ = Tr(ZF) from (3.13) has been used. Since Z* is real symmetric,
invoking Lemma 5, it can be written as the difference of two positive semidefinite matrices

Zk =7tk — Z=% where

CLZ+k Qz-‘rk aZ—,k QZ—k
Z+k = ! 22 =0, ZF= ! 272 =0
: —k —k
525" eTx(Z) (2" cTx(Z,7)
Invoking Lemma 6, it can be seen that
CLZ+ k Qz+,k Z+,k Z+ k
1 k > k =0 = : k 2 k =0
5(ZM)" Te(Z) (Z")" Te(Z,™)
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and

aZi* Lzt zZot ozt
5(Z, )" Te(Z) (27" Te(Z)
Therefore, with a > 0, ¢ > 0, b* — 4ac > 0, any solution of problem (3.13) is also a solution

of problem (3.5) when g = 0. O

Remark 3 (Rank condition for CQNNs). A solution of (3.13) is always a solution of (3.5)
when =10, a >0, ¢ >0, and b*> — 4ac > 0. However, for it to also be a solution of the

original non-convex training problem (3.4), the condition on the minimum number of filters

of (3.6) must be met.

Theorem 1. The training of a CQNN with filter size f of the form (3.13) can be formulated

as follows

min £(g,y)
AR
T
ZT; (lZl %ZQ ZT;
St:ljl: B _ ,izl,...,N
1 g(ZQ)T CZ4 1 (314)
Zy = Tr(Z)

Zl{m} =0 if |r—cl>Ff

Proof. For this proof, the sample index subscript ¢ will be dropped for convenience. Observe

that
T

r= {xr{:k—l X;}F x’Z—i—f:n
The input-output equation given in (3.13) is given as

T
k b7k

(Z5)" eZi| |1

o

Il
[
—_
N |
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Which can be rewritten as

_ 4T - - -
T1:k—1 Ok—l,k—l Ok—l,f Ok—l,p Ok—l,l T1:k—-1
=y Xk Opkr aZf  Opp 573 Xk
k=1 L+ fin Op k1 Op.s Opp Opa xzntf:n
1 ] [ O 52D Onp, oezZb || 1]
o oy 0 00|
x Of k-1 aZy O¢p gZé“ x

™)~

ol
Il
—_
—_

Op,kfl Op,f Op,p Op,l 1
i OLk—l g(Zg)T 017p CZ!f i

where

p=n—k—f+1

Since the vectors now contain x instead of xy, they are no longer dependent on k£ and can

be removed from the summation as follows

Ok—1k-1 Or—15 Op—1p Ok—1a

g_ T ZK: Of,k—l CLZ{f Of,p %Z§ T
1 k=1 Op,k—l Op,f Op7p Op,l 1
i Ol,kz—l g(ZéC)T OLP CZ!f i
- 17T
z aZq ng z
1 Y5 Zy)" cZy| |1
where
X Ok—l,k—l Ok—l,f Ok—l,p X Ok—l,l X
D= | O 2t Opy | =D ZE | Za=) 7
k=1 k=1 k=1
Op,k—l Op,f Op P Op,l
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The non-zero entries of Z; are contained in the main diagonal and the first f — 1 diagonals
above and below it, therefore, Zl{m} = 0if |r —¢| > f. This is shown visually in Figure 3.4.

Finally, the trace condition becomes

. Or—15-1 Or-1,f Or_1yp
Tr(Z,) = Tr Z Ofr-1 A Ofp -
=1

Op,kfl Op,f Op,p

K K
Tr(Zy) =Y Z§ = Z,
k= 1

1 k=

Remark 4 (Number of weights). Recalling that Z, is symmetric and Zy = Tr(Zy), the
solution of (3.13) requires solving for w weights. Comparatively, the solution of

(8.14) requires w + n weights, which is always less when 1 < f < n.

Remark 5 (Representational capacity). As shown by the input-output expression of prob-
lem (3.14), CQNNs represent a subset of QNNs. If Q, Quun, and Qegnn are the sets of
all quadratic forms, QNN quadratic forms, and CQNN quadratic forms, respectively, then
Qegnn C Qgnn C Q. This is shown in Figure 3.5.

Quadratic Forms

QNNs*

* With constant a,b,c across all neurons and ||w;|[, = 1

Figure 3.3: Sets of all quadratic forms, QNN quadratic forms, and CQNN quadratic forms
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Figure 3.4: Visualization of Z; and Z,, for f = 5 and n = 12. White squares represent
zero entries, colored squares show the number of overlaps of different Zr¥ and Z§ to form the
elements of Z; and Z,

Corollary 1.1. The sensitivity of the network’s output as defined by (3.14) around a point

xr = xq 18 given by
dy

ox|,_,

= 2&21%0 + bZQ (315)

0

Proof. Taking the partial derivative of the network’s output with respect to x gives

T
8y _ 6 X GZl
or  Ox

T

ISy

P _ _ _ _ _
] =5 (xTale + bZsx + CZ4) = 2aZ1v + bZ,
1 %(ZQ)T CZ4 1

Corollary 1.1 is used in the system identification example of Section 3.5.
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3.3 Least Squares Training of CQNNs

Observing that the input-output expression of (3.14) is linear with respect to the elements
of Z, and Z,, the least squares training of a CQNN can be achieved in a similar manner to
that of QNNs presented in Section 2.3. However, by taking advantage of the structure of Z;,
the total number of weights that must be solved for can be reduced. Consider the matrix
formed by za” using a vector € R™. As shown in Theorem 1, the matrix Z; has zeros for
the elements corresponding to x;z; if |[i — j| > f. Thus, the non-zero z;x; combinations are
all contained within the first f diagonals of the matrix za” starting from the main diagonal

and going up.

Example 5 (Diagonals of zz®). For the input vector x = [z1 x5 x3|7 and f =2, xz” is

2 1wy T3
T _
TT = |xoxq x% ToX3

T3T, T3Ty T3

and the non-zero elements are given by diag; = [x3 3 23] and diags = [v 129  To13).
Let vecf(zx”, f) represent the row vector containing all the elements of the first f diag-
onals of matrix zz”

vecf(z;z], f) = [diagl diagy - -- diagf] e R1X0:52n—f+1)f

(3.16)

diag, = | 1. . 4 4 . .
9a = | Tigy Tiggy  Tigyy Tiggny Lifn—gi1y Ligny

where the number of columns of vecf(x;z7, f) is given by the length of the first f diagonals

T

of x;x; , i.e,

(n)+(n—1)+(n—2)+---+<n—f+1):M (3.17)
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Consider a regressor matrix of the form

H = |:CLH1+CH2 bX:|

=N

vecf(x12T, f) T
Hl = 9 HQ - |:UN7n ON70_5(2n_f+1)f_n:| ) X e

vecf(zyzk;, f) %

(3.18)

Notice, this regressor matrix is similar to the one presented for QNN least squares training
from Section 2.3. However, unlike the QNN regressor that uses all n diagonals of z;z!,
the CQNN regressor only uses the first f diagonals. Using (3.18), problem (3.14) with loss

function £(g,y) = ||g — y||* becomes

. A2
mem||y yl|

(3.19)
s.t.y=HO
with solution
0= (H"H) 'H"y (3.20)
The resulting weight vector 6 is of the following form
T
0O = [91’1 29172 - 29” 92] e RO-5(2n—f+1)f+n
(3.21)
91,1’ - {Zl{u} Zl{2,¢+1} Zl{n—i+1,n}:| , 0= {ZQU} Z2{2} Z2{n}

Regularization can also be introduced using regularized least squares to solve for the weight

vector. The problem is given by

min ||g — y|[* + 5676
o (3.22)
s.t.y=HO
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with solution
0= (H"H+BI)Hy (3.23)

where 5 > 0 is a regularization term.

Remark 6 (Regularized least squares). Since the regularization is being applied differently
in the original convez formulation (2.8) and the least squares formulation (3.22), they will
only share a solution when B = 0. However, using small values of 5 will allow for a good

approzimation of the optimal solution while ensuring (HT H + BI) is invertible.

3.4 Multi-Channel CQNNs

Oftentimes, the input to a convolutional neural network will have multiple independent
channels. These are referred to as multi-channel inputs. For example, a digital image is a
multi-channel input, with a red, a green, and a blue channel, each representing the intensity
of their respective color for each pixel. Another example is the data from an accelerometer,
containing separate channels for the x, y, and z axes. Although not explicitly stated, the
data patch definition used up until now considered a single-channel input. This section will
extend the theory to explicitly handle the multi-channel case. Let x be an input vector
consisting of C' input channels zq, ..., 2¢, each of length n, that have been concatenated

together.

T T

When the filter passes over input z, it passes over each channel independently; that is to
say, there cannot exist any data patches that share data from different channels. This is

visualized in Figure 3.5. The result is a total of K = C(n — f 4 1) data patches, which are
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Data Patch 1 Data Patch 2 Data Patch 3 Data Patch 4

Filter Filter Filter Filter
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® O ® ®
na

Figure 3.5: Visualization of convolutional layer feature extraction for a multi-channel input,
C = 2 input channels, each of length n = 3, filter of length f = 2

12}
J{1)
J{1)]
|

£

Wiy
W,

w,

w,
Wiy
W,

defined as
T
XZ{XlT xI ... xt ... Xg}
T T
T _|.T T — |7 T
Xc - |:XC,1 . e Xc,nf+1:| = |:X(c—l)(n—f+l)+l PPN Xc(n—f+1):| (325)
T
XC,i = |:ZC{1} ZC{i+1} T ZC{i+f_1}:| = zc{i:i+f*1}

where Xc; = X(c—1)(n—f+1)+i- Lhe single subscript represents the global index (i.e., relative
to the first patch of the first channel), whereas the double subscript represents the channel

index (i.e., x.; refers to the i*® data patch of the ¢'® channel).

Example 6. Consider a 2-channel input with the first and second channels given by z, =

(2100 210y 2105y and 20 = [22,, 20, 2a.,], respectively. The concatenated input is given by

T

T
— |t 7| =
T = =
{zl 22} [21{1} Pl Pl 220y P2 zz{g}]

Passing a filter of length 2 over the data produces the following data patches

T T
X1 = X11 = [21{1} Zl{z}} X2 T X127 {21{2} 21{3}}

T T
X3 = X21 = [ZZ{l} 22{2}} ) X4T X22 T {22{2} 22{3}}

for a total of K = C(n— f+1) =4 data patches with C =2, f =2, and n = 3.
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Figure 3.6: Visualization of =; and =, for f = 4, C' = 3 and n = 7. White squares represent
zero entries, colored squares show the number of overlaps of different Z;? and Z5 to form

the elements of =; and Z,, respectively

Theorem 2. The training of a CQNN with C input channels and with filter size f of the

form (3.13) can be formulated as follows

min £(g,y)
=1,=2
T
b
. i az1 5=2| | %
S.t. yz — , — 1’
1| |22 & |1
= = THE))
El{r:r«knfl,c:c«knfl} = On7n Zf r % c
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Proof. For this proof, the sample index subscri

pt ¢ is dropped for convenience. Starting from

the input-output expression given in (3.13), the summation is first expanded to sum over

each of the channels, and then each of the data patches within each channel. For notational

simplicity, the local notation for both the data patches and quadratic matrices is used (i.e.,

Xeq and Z%7 refer to the ¢™ data patch/matrix of the ¢ channel).

1T
& aZy
v= Z b(7k\T
k=1 1 ) (Z2 )
i T
n—f+1
c=1 g=1 1
Next, by using the following definition
—|.T
Ze |:Zc{l:q1}

the input-output expression can be re-written

technique as in Theorem 1, leading to

T
Ze
=2

c=1 1 g
with p =n — g — f + 1 and where

Oq—Lq—l Oq—l,f Oq—lyp

n—f+1
Zf - Z Of,q—l Zf’q Of,p
q=1
Op,qfl Op,f Op,p

b 7k
§Z2 Xk
AN 1
¢,q b 7¢,q
az, §Z2 Xe,q
b(7¢a\T c,q
T
T T
X Zegqrfmy

using z. instead of x., using a similar padding

7c
aZy

o (3.27)
(Z5)" cZi| |1
n—f+1 Og-1.1 n—f+1
=Y || A=Y
q=1 q=1
Opa
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Finally, from (3.24) observe that

T T
Rlie—1 c Zc+1:C

Such that (3.27) can be rewritten as

_ T - oL -
Zlie—1 One-1)me=1)  One=1ym  One=1)mc—c)  On(e—=1)1 | | Z1:e-1
j— Z Ze Onn(c—1) aZf Onn(c—c) % _5 Ze
=1 | |Zet1:c Onic-c)me—-1) Onc—c)m Onc-c)n(c-c) Onc=-e)1| |Zer1:0
| 1] [ Oweny  5(25)7 O cZi |1
T
T a=q gEQ T
1 bE)T By |1
where
[ 7 O, o] 71
Onn 2} On.n 73

[1]
[1]
|
[1]

2 — 9

C
o ~C
4 = E 4
c=1

Onn Opn -+ Z¢ zZ§

Note the following two properties about the structure of the =; matrix. First, =; ey = 0
if |r —c| > f. Second, Z; is block diagonal, composed of n x n submatrices. These two
properties are shown visually in by example presented in Figure 3.6. Finally, the trace

condition still holds, i.e.,

C - C n—f+1 C n—f+1 C B
THE) - T =Y Y WA -3 Y 2 =3z
c=1 c=1 gq=1 =1 q=1 c=1
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Quadratic Forms

Single-channel
CQNNs*

Multi-channel
CQNNs*

* With constant a,b,c across all neurons and ||wj|[; = 1

Figure 3.7: Sets of all quadratic forms, QNN quadratic forms, and single-channel /multi-
channel CQNN quadratic forms

Compared to Theorem 1 for single-channel inputs, the multi-channel formulation uses a
second iteration of zero padding to reach the full input vector x. The decision to the single-
channel or multi-channel formulation is a choice of the user, as both formulations accept the
same concatenated input vector z. However, when using the multi-channel formulation, the
total number of weights to be computed is lower compared to the single-channel formulation.
A comparison between the single-channel and multi-channel CQNNs is shown in the sensor

fusion example of Section 3.5.

Remark 7 (Multi-channel weights). Recalling that =, is symmetric and Z4 = Tr(=,), the

f(2n—2f+_1)c + nC weights for an input vector x € R"C.

solution to (3.26) requires solving for
Comparatively, using the same input in the single-channel formulation of (3.14) requires

solving for w + nC weights. Thus, using the multi-channel form reduces the total

ff=D(C-1)

required weights to be computed by 5 .

Remark 8 (Representational capacity). As shown by the input-output expression and con-
straints of problem (3.26), multi-channel CQNNs represent a subset of single-channel CQNNs.
If Q, Quun, Qegnns and Qpegnn are the sets of all quadratic forms, QNN quadratic forms,
single-channel CQNN quadratic forms, and multi-channel CQNN quadratic forms, respec-

twely, then Quegnn C Degnn C Lgnn C Q. This is shown in Figure 3.7.
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Figure 3.8: System identification comparison between different networks over first 300 sam-
ples from test set

3.5 Examples

For all examples, the PyTorch library in Python was used for the backpropagation-trained
networks (BP-CNN). All BP-CNNs have two layers and use the ReLU activation function
in their hidden layer. Additionally, the BP-CNNs were trained with the stochastic gradient
descent algorithm using a learning rate of 0.01 and a momentum factor of 0.9. All quadratic
networks use a = 0.0937, b = 0.5, ¢ = 0.4688 for their activation function parameters
following the optimal mean squared error ReLU approximation over the interval [—5,5],

which is presented in Section 5.1.

3.5.1 Example 1: System Identification of Flexible Robot Arm

System identification of a flexible robot arm was performed, with the data being available
from DalSy (Database for the Identification of System) [47]. Each input sample X; and

output sample Y; was constructed as follows:

e[l oy
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where u; is the arm reaction torque, y; is the arm acceleration, and d is a delay term that
dictates how many past samples are used to predict the next output. For this example,
d = 6 was selected, and the 1024 samples were divided using a 40/60 train/test split. All
convolutional networks used a filter size of 3, and the BP-CNN used 128 filters, the ReLU
activation function, and was trained over 10k epochs. Along with the BP-CNN, the compared
methods were the CQNN convex training method (Convex CQNN) proposed in [12], the least
squares QNN (LS-QNN) proposed in [21], and the least squares CQNN (LS-CQNN) from this
thesis. Both the LS-QNN and LS-CQNN used 5 = 10719 as their regularization coefficient.

The results of the models being used in an auto-regressive fashion over the test data are
plotted in Figure 3.8 and the absolute error of each network is shown in Figure 3.9. The
training mean squared error (MSE), testing MSE, and training time are shown in Table 3.1.
The LS-CQNN outperformed the BP-CNN in both testing MSE and training time. Addition-
ally, compared to the LS-QNN, the LS-CQNN had a larger training MSE but a lower testing
MSE. This suggests that the added constraints of LS-CQNNs (see Remark 5 of Section 3.2)
act as a form of regularization which aids in the generalization of the network. Finally, com-
pared to a BP-trained network, the LS-CQNN method provides an analytic quadratic model
of the system. Using this quadratic model and equation (3.15), the maximum sensitivity of

the output to each input is found as

y; !
au@%d: {—0.00507 ~0.109 0.309 —0.414 0.329 —0.119}
yi !
8ylld = [—0.257 0.906 —1.244 1.03 —0.900 0.675]

This shows that the system is more sensitive to previous outputs compared to inputs,
and that the output is affected mostly by the input after a few delays, suggesting a possible

lag between the input and the output of the system.
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Figure 3.9: System identification comparison of absolute error between different networks
over testing data

Table 3.1: System identification auto-regressive training/testing MSE and training time for
various neural network solutions

Network Training MSE  Testing MSE ~ Training Time [s]
LS-QNN [21] 578 x 105 2.40 x 10°* 0.040
LS-CQNN 6.88 x 107° 1.90 x 10~* 0.026
Convex CQNN [12] | 6.89 x 107° 1.91 x 1074 16.981
BP-CNN 2.57 x 1073 3.22 x 1073 54.128

3.5.2 Example 2: GPS Signal Emulation

Typical outdoor drone navigation uses both an IMU (inertial measurement unit) and GPS
(global positioning system) data for sensor fusion to produce accurate position and attitude
estimations. GPS outages present an issue for this type of sensor fusion, as when GPS
measurements are not present, the estimation errors grow rapidly. Recent work has proposed
the training of neural networks to mimic the GPS signal during periods of outages [48, 49, 50].
For this example, both a single-channel CQNN and a multi-channel CQNN will be used on
synthetic drone flight data created from the NaveGo toolbox for MATLAB [51, 52]. The

trajectory is shown in Figure 3.10. Following the model proposed in [48], the input and
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Figure 3.10: Synthetic drone trajectory with starting position indicated in red

output vectors have the following form

T

X = [ag a, al wp w, wl 6 6) 67 (3.29a)
T

Y;: |:APlat APlon:| (329b)

where a,,a,,a, € R", wy,wy,w, € R", and 0,,0,,0. € R" are the IMU acceleration, IMU
angular rate, and INS (inertial navigation system) attitude in the x,y, z axes of the body
frame of the the drone and r is the sampling rate ratio between the IMU and the GPS.
Furthermore, AP, and AP,, are the change in latitude and longitude of the drone in
the navigation frame between subsequent GPS measurements. The GPS operates at 5 Hz,
whereas the IMU and INS operate at 200 Hz, leading to r = 40 for this example. The
data contains a total of 2186 samples, which are divided using a 50/50 train/test split. To
compare with the CQNNs, a backpropagation-trained CNN (BP-CNN) was trained on the
data over 2000 epochs, using 81 filters, and a weight decay of 0.01. Both lhe least squares
single-channel CQNN (LS-CQNN) and multi-channel CQNN (LS-CQNN Multi) were trained
with g = 100. All networks used a filter size of 7.
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Figure 3.11: Predicted GPS latitude and longitude using BP-CNN and LS-CQNN
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Figure 3.12: Predicted GPS latitude and longitude absolute error using BP-CNN and LS-
CQNN

The results for latitude and longitude predictions for the test set are shown in Fig-
ure 3.11, with the absolute error of the predictions shown in Figure 3.12. Both LS-CQNNs
and the BP-CNN achieved similar performances in terms of predictive error. However, the
LS-CQNNs both had a significant reduction in training time, with the BP-CNN taking
14.103 seconds and the single-channel /multi-channel CQNNs taking 2.154 seconds and 1.924
seconds, respectively. Moreover, this shows the advantage of the multi-channel formulation
with a shorter training time due to reduced number of weights that must be computed (see
Remark 7, Section 3.4). In addition to a faster training time, the LS-CQNNs would also

permit a sensitivity analysis of the model, unlike the BP-CNN.
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Chapter 4

Least Squares Training of Quadratic

Physics-Informed Neural Networks

This chapter presents the methodology to formulate the training of a two-layer quadratic
physics-informed neural network (QPINN) as a least squares problem. The chapter is struc-
tured as follows. Section 4.1 provides an overview of PINNs and their usage for solving
boundary value problems (BVPs). Section 4.2 presents the least squares formulation of
QPINN training. Section 4.3 gives the required background on partial differential equation
(PDE) symmetries and the symmetry loss term for PINNs. Section 4.4 provides the required
conditions and methodology for integrating PDE symmetries into the least squares training

of QPINNSs. Finally, Section 4.5 applies QPINNs to various BVPs.

4.1 Physics-Informed Neural Networks

Physics-informed neural networks (PINNs) are a type of neural network that are used to
approximate the solution of boundary value problems (BVPs) (i.e., a set of differential equa-
tions subject to a set of boundary conditions). Unlike conventional neural networks, PINNs
do not require data for training. Instead, they sample the input space to enforce satisfaction

of the underlying differential equation and boundary conditions to train the network.
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4.1.1 Partial Differential Equations

We consider boundary value problems of the following from

A =DV + f(t,x) =0, te€[0,T],z€Q
uw(0,2) = g(z), € (4.1)

u(t,z) = h(t,z), te€[0,T],z € N

where ¢t € [0, T is the temporal independent variable, z €  C R? are the spatial independent
variables, and u € R? are the dependent variables. Additionally, g(z) is the initial condition
function, and A(t, z) is the boundary condition function applied to the boundary region 0f2.
Furthermore, A is a set of M partial differential equations (PDEs), composed of a linear
differential operator D[] with maximum order n, and f(¢,z), a function which does not
depend on the dependent variables or their derivatives. Note, that in general, since there
are M differential equations and ¢ dependent variables, the differential operator D™ [-] takes

the form of a matrix of differential operators, this is illustrated in Example 7.

Example 7 (Differential operator D™). Let x = [v1 25]" and u = [uy us]” , consider a set

of two partial differential equations given by

8$1u1 + 8I2u2 -+ I = 0

8£2$2u1 + al‘1$1u2 =0

which can be written in the form of A from (4.1) as

811 3x2 Ul T 0
A =Du] + f(t,x) = + =

8”@ &Em U2 0 0

where it can be seen that D™[.] is a matriz of differential operators.
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Example 8 (Heat equation BVP). The diffusion of heat in a material is governed by a PDE

called the heat equation. In the I-dimensional case, the equation is given as

atu = Vamu

where t is the time, x is the position along the material, u(t, ) is the temperature, and v > 0
is the thermal diffusivity coefficient. Consider the region x € [0,2x] and t € [0,20], with
initial temperature distribution g(x) = sin(z)+ 1 and fized boundary temperature h(t,z) = 1.

Solving for u(t, ) requires solving the following BVP problem

A =0 —vi,u=0, tel0,20],z € [0,27]
uw(0,z) =sin(z) + 1, x € [0, 27]

u(t,z) =1, te€]0,20],z € {0,27}

4.1.2 PINN Loss Function

In contrast to conventional neural networks, which use a loss that penalizes differences be-
tween predicted outputs and labels, PINNs use a loss function that penalizes deviation from
the underlying PDE and the initial/boundary conditions [34, 35]. The PINN loss function
takes the form

L= ’Vpde['pde + Vicﬁic + rchcbc + ﬁﬁreg (42)

where L4 is the PDE deviation loss, £;. is the initial condition loss, L. is the boundary
condition loss, and vyqe > 0,7 > 0,7 > 0 are weighing terms for each of the respective
losses. Furthermore, L, is a regularization loss that is modulated using 8 > 0. With the
exception of L,.,, each loss term is applied to a set of points (¢;, z;) which are sampled from

the input space (t,z). An example of this sampling is shown in Figure 4.1. For a predicted
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—1

Figure 4.1: Example of loss function sampling for a system with a scalar spatial variable x,
L,4e samples over entire region {2 shown in blue, £,. samples at ¢ = 0 shown in orange, and
Ly samples on the spatial boundaries shown in green

solution @, the PDE loss function is given by

N,
1 e
Loae = - S IDW it )] + ()3 (43)
Pi=1
where {(t;, z;)} 7, are N, points sampled for ¢ € [0,7T] and x € €. The initial condition loss
is given by
1
Lie = =7 D 10, z:) — g(s)]3 (4.4)
b=l

where {2;}¥, are N; points sampled for z € Q. Finally, depending on whether the boundary

conditions are periodic, Dirichlet, or Neumann, the boundary condition loss is

Ny
1

Periodic: L. = — u(t;, ;) — ult;, x; 2 4.5a
b N{);H (ti, @) — alti, 2,5 (4.5a)

1 &
Dirichlet: L c — U ti,ﬂfi —h ti,l‘i 2 4.5b
b Nb;H (ti, ) — h(ti, )3 (4.5b)

1 &

N : ;CC:— 8nAti,i—hti,i 2 4.

eumann b N, ;H (t;, z;) (ti, )5 (4.5¢)

where for Dirichlet and Neumann conditions {(¢;, z;)} " are N points sampled for ¢ € [0, T
and z € 0f), and for periodic conditions {(;, gz,f,)}fvzbl are IV, points sampled for ¢ € [0, 7],

z € 00 and T € 09, where 092 and 0N are regions of the border of Q which are connected
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N}

Position x

0.0 25 5.0 7.5 10.0 125 15.0 175
Y o0

(a) Heat equation solution over x € (b) Periodic tiling of solution
[0,27] and ¢ € [0,20], spatial bounds to form boundary conditions
indicated by red and blue boundaries

Figure 4.2: Periodic tiling boundary conditions for the 1-dimensional heat equation

via periodic tiling. An example of periodic tiling is shown in Figure 4.2. Furthermore, in

equation (4.5¢), 0, is the normal derivative with respect to the boundary defined as

T (4.6)
Onliy = Vylig -1 = [&mﬂa .. 3;,;,,%] “n

where n is the external unit normal at the boundary point where the the derivative is

computed.

Example 9 (Boundary condition types). Consider the BVP of the 1-dimensional heat equa-
tion with predicted solution u(t,x) over the spatial interval x € [0, 27| with initial condition
g(x) =sin(z) + 1. The following are examples of each of the boundary condition types, along
with how they would be tmplemented into their respective loss terms. Periodic boundary

conditions connecting both ends of the material at x =0 and T = 2w are given by
u(t,0) = u(t, 2m) (4.7)

where using (4.7) in (4.5a) yields

lats, i) — ats, z;)lI3 = la(t:, 0) — alt;, 2m)]13
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This periodic tiling is shown in Figure 4.2. Dirichlet boundary conditions for a fixed tem-

perature at the boundary (i.e., h(t;,0) = h(t;,2m) = 1) are given by
at,0) =1, a(t2r)=1 (4.8)
where using (4.8) in (4.5b) yields

la(ti, i) = hlts, za) |13 = Ila(t;, 0) — 13

la(ti, x:) — h(ti, z:) |13 = [la(t:, 2m) — 113

Neumann boundary conditions for no temperature flux at the boundary (i.e., h(t;,x;) = 0)
are given by

Opu(t,0) = —0,u(t,0) =0, dyu(t,2r) = dyul(t,21) =0 (4.9)

where using (4.9) in (4.5¢) yields

10w (ti, 2:) — hits, 2|3 = 10:0(t;, 0)|3

10nta(ts, 5) — h(ti, 2:) 5 = [|0wia(ts, 27) |13

4.2 Least Squares Training of QPINNSs

From the least squares formulation for training a QNN presented in problem (2.11), the

output of a two-layer QNN being trained using N data points is given as
y=HO (4.10)

where 0 is a weight vector and H is a regressor matrix formed using the training points
{z:i}}, given by
T
H=H(r)=|¢(x;) --- C((zn) (4.11)
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with ¢(z;)T being the i row of the regressor matrix H. The input-output expression for a

single sample is therefore given as

Gi = T (2:)0 (4.12)

For the approximation of the solution to a boundary value problem, the input-output ex-

pression (4.12) is instead written as

where the output variable is replaced by @ and the input is split into its temporal component

t; € R and spatial components x; € RP.

4.2.1 Multiple Dependent Variables

The input-output expression of (4.13) is for a single output. For BVPs with multiple inde-
pendent variables ug, ..., u,, let each be approximated using a QNN of the form
lio = CL(t, )04 (4.14)

«

where 6, and (, are the weight vector and the regressor vector associated with the output

of the o™ QNN. The vector of all outputs @ = [y --- 4,]" can be written as
o= (t,2)0 (4.15)

where 6 is the concatenated weight vector given as

q

5 [QIT QT:|T (4.16)
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and (7 is a regressor matrix of the form

Gt,x) Oy - O1,r,
O - T t7x Ce 0) -
gy = | P G0 O (4.17)
L Ol,rl 01,1'2 T C;F(ty ‘T)_

where 1, is the length of the regressor vector (,. Therefore, using (4.15) QPINNs can be

used for BVPs with multiple dependent variables, with all networks trained simultaneously.
Example 10 (Continuity PDE). The continuity PDE for steady-state flow is given by
A= @clul -+ 8x2u2 =0 (418)

T

where x = [x1 xo]T are positions, and u = [uy us|” are the velocities. Using (4.14), the QNN

approximated solutions of uy and us are given by

i = (l(2)01, =G5 (x)6
such that u s given by

. ﬁl _ <1T(x)91 _ ClT(m) 0177”2 01 :CT(JJ)Q

Uo CQT (.17)92 OI,T1 C’ér(‘r) )

where 11 and o are the lengths of regressor vectors (1(x) and (3(x), respectively.
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4.2.2 QPINN Loss

This subsection provides the methodology for analytic training of QPINNs with the loss

function defined in equation (4.2).

4.2.2.1 PDE Loss Term

Consider the BVP defined in (4.1) that is composed of M differential equations. The PDE

loss term from (4.3) is given as

N,
pde = Z ﬁ tzaxz +f<tlaxl)|’2
= (4.19)

Ny M
ZZ ﬁ tzaxz ]+fm(tzaxl))2

i=1 m=1

&= |

where D[] and f,,(-) are the components of D™[-] and f(-) associated with the m'® PDE.
Substituting the QNN input-output expression (4.15) into (4.19) yields

Np

S (DT (k)]0 + Fltin 1)) (4.20)

i=1 m=1

1
pde Np

where 6 is moved outside the differential operator as it is neither a function of ¢t nor . The

PDE loss term can thus be written as

M
Lpae = 7 ! > (vE - R0 (YE - RL0) (4.21)
p m=1
where
DWICT (1, 11)] —fm(ty, 1)
RP = : . YP = : (4.22)
DI (t,, )] —fnltn,, )
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4.2.2.2 Initial Condition Loss Term

Using a similar methodology as presented for the PDE loss, the initial condition loss term

from (4.4) can be rewritten as

Lio= (Y = RO)" (V' ~ R6) (4.23)
where
CT(Oa 171) g(xl)
gT(O’ xNi) g(xNz)

4.2.2.3 Boundary Condition Loss Term

Based on the type of boundary condition, the boundary condition loss term from (4.5a),

(4.5b), or (4.5¢) can be rewritten as

Ly = Ni (v* — r'0)" (Y* — R'6) (4.25)
b

where, depending on the type of boundary condition, the following R® and Y are used,

CT(tlawl) h(tlyxl)
Dirichlet: R’ = : . Y= (4.26a)
CT(thv be) h(thv be)
CT(thfl) - CT(tth) Oga
Periodic: R’ = : . Yi=| (4.26D)
CT(thv ij) - CT(thvXNb) Oq71
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4.2.2.4 Optimal QPINN Weights

The QPINN loss function

L= 7”2(1/?

8nCT(t1,I1> h(tl,Ij)
Neumann: R’ = . Yb= (4.26¢)
angT(tha be) h(tha be)
(4.2) is rewritten as
Vi (v inT (vi i
RO (VA= Ro0)) + 2 (V' = RO (v' = R'O)
’ (4.27)
+ 2 (vt — R0)" (Y — R'6) + 8670

Ny

where 3076 is a regularization term modulated by 38 > 0.

Theorem 3. The QPINN

training problem of the form (2.11), with input-output expression

given by (4.15), using a physics-informed loss function given by (4.27) has optimal weights

given by

v
T, =2
1 Np

Ty =

M
r.
Y
N,

6 =TI7'T,

o

Ti ( pi\T pi
(R)R+Nb

RP)TRE

> ) (R)" R+ BI (4.28)
> (RL)TYE+

P m=1

i R)TY' 4

Yo H\T v b
NZ-( Nb( )

where Vpde Z 07 Yic Z 07 “Voc Z 07 and /8 > 0.

Proof. The QPINN loss function can be expanded as

p

L

52

L

2

M
ﬁp > ((YR)YE =2V R0+ 07 (RE)T R 0)
m=1

(Y)Y —2(Y)TRG + 67 (R')T R'6)

( Y"'Y? —2(Y")" R0 + 6" (R")" R"0) + 36" 6

given that YT R0 is a scalar, which makes Y7 RO = 0T RTY for each Y, R pair. Taking the

61



first derivative to check the necessary condition for optimality yields

OpL =2 Z 2(Y2)"RY, + 2(RY,)T RY,0)

+ % (—2(Y")"R' + 2(R")"R'0)

+ % (—2(Y")TRY + 2(RYYT Rb0) + 2860 = 0
b

0 =T7'T,

with I'; and I'y defined in (4.28). Verifying the sufficient condition with the second derivative

shows that it is minimized, i.e.,

+ 2 (2(R)TRY) + 281

M
_P p T p
Opo o = N mzz (RP)TRP. Ni

ﬂ>0a 7[)207 71207 %ZO — 869£>_0
]

Remark 9 (QPINN regularization). Theorem & requires that B # 0 such that OggL > 0,
which also ensures the invertibility of I'y. The importance of the regqularization term will be

seen in Section 4.5.

4.3 PDE Symmetries

The following section provides a brief introduction to symmetry analysis with applications
to differential equations. A more comprehensive overview of the topic, along with proofs of

the results, can be found in [53] and [54].

4.3.1 Symmetries and Lie Groups

Symmetries are transformations that, when applied to an object, leave the object invariant.

Let us first define symmetries in the context of functions. Consider a function f(z,y) with
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scalar inputs z and y. Let & = g(z,y,a) and § = h(z,y,a) be transformations defined by

some parameter a with the property

j‘a:[) = g(.’,l?, Y, 0) =, §|a:0 = h(l’, v, 0) =y (429)

Since these transformations are defined by a single parameter, we call them one-parameter
transformations. If f(Z,9) = f(z,y), then the function is said to be invariant under the

transformation, and we call the transformation a symmetry of the function f(z,y).

Example 11 (Synmmetry of a function). [55] Consider the function f(x,y) = zy~!, define

a

the one-parameter transformation ¥ = we® and § = ye®. It can be seen that f(z,y) is

invariant under the transformation, i.e.,

f@g) =ay " = (ze")(ye") " =y~ = fla,y)

In the context of PDEs, symmetries are transformations, that, when applied to the

dependent and independent variables of the system, transform a solution into another.

Example 12 (Symmetry of a PDE). [55] Consider the heat PDE given by Oyu — v0y,u = 0,
define the one-parameter transformation: & = xe®, t = te*®, and @ = w. If u is a solution to

the PDE in the space (t,x), then i in the space (Z,t) is also a solution since

Ot — 10331 = (€**) 'O — v(e*) 20ppu = € 2*(Oyu — vOypu) = e 2*(0) = 0

A collection of these one-parameter transformations that leave an object invariant form a
group'. Specifically, we consider groups of continuously differentiable symmetries. Formally,

these are called Lie groups, as they are differentiable manifolds.

!Formally, groups are required to satisfy the following properties: closure, associativity, existence of an
identity, and existence of an inverse. For a more complete definition of groups, see [53].
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4.3.2 Infinitesimal Generators

Since we are dealing with continuously differentiable symmetries, we can consider infinitesi-
mal transformations, i.e., & = g(z,y,a+d0a) and § = h(x,y,a+ da), where da is an infinites-
imal change in a. Taking the Taylor series expansion of g(z,y,a + da) and h(z,y,a + da)

around the point a = 0 yields

T =9(2,9,0) + (0a9)]4—0 00 + 0.5 (aag)lazp (90)° + - -~

(4.30)
g = h(l’, Y, 0) + (8ah)|a:0 oa +0.5 (aaah)’azo ((Sa)Q +--
Truncating (4.30) to the 1% order approximation and using property (4.29) yields
T—x=06x=(0.9)|,_000 =&(x,y)da
(4.31)

9=y =0y = (8ah)|og 00 = (2, y)da

where (2, y) = (0a9)|,—o and §,(x,y) = (Ouh)|,_o- The infinitesimal change of the function
f subject to the transformation at the point (z*,y*) is given by the chain rule as the Lie

Series

F@0)] e e = F(a" 402, y" +0y) = f(a", ") + (&0f + 60,y o Oa+--- (4:32)

Truncating (4.32) to the 1% order approximation yields

f@™ + 0z, y" +0y) — f(a",y") = df

:E*,y* == (gxamf + gyayf)|x*7y* 6(1 (433)
Defining the differential operator v = £,0, + §,0,, equation (4.33) can be rewritten as

da (4.34)

0flge ye = vIf]

x* ’,y*
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were v[f] is v applied to the function f. We call v the infinitesimal generator of the symmetry,
as it is a vector field which generates the flow of the transformation at a given point. The

terms &, = &,(z,y) and &, = §,(z, y) are the infinitesimal generator coeflicients.

Example 13 (Infinitesimal generator). Consider the function f(z,y) = zy~!

with a sym-
metry given by transformation T = xe®, § = ye®. Substituting T and y in equation (4.31)

yields

dr = (we")|,_gda =x0a = & =
0y = (Ye)loo 00 = yda = & =y

which gives the infinitesimal generator v = x0, + y0,,.

PDE symmetries also have infinitesimal generators. For a system with an independent

temporal variable ¢, p independent spatial variables z,..., ), and ¢ dependent variables
Ui, . . ., Uy, the infinitesimal generators are of the form
P q
V=60 + Y O+ Y balu, (4.35)
i=1 a=1

where &, &,,, and ¢, are the infinitesimal generator coefficients associated with the temporal
variable ¢, the i*" spatial variable z;, and the o' dependent variable w,, respectively. Each
Lie group of symmetries has an associated Lie algebra, which is the set of vector fields that

describe the infinitesimal symmetry transformations of the Lie group [38].

Example 14 (Infinitesimal generators of the heat equation). [53] The heatl equation’s sym-

metry group Lie algebra is spanned by the following infinitesimal generators

vy = O, vy = O, v3 = U0y,

vy = 10, + 2t0;, U5 = 20t0, — TUD,, vg = 4vtwd, + 4wt — (2° + 2wt)ud,

where vy and vy correspond to spatial and temporal translation symmetry, and vy corresponds

to the dilation symmetry (see Example 12).
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4.3.3 Prolongation

Given a vector of dependent variables u € RY, the vector u™ € R?™ is the n'® order
prolongation of u, which is an extended vector containing v and all of its derivatives up to
the n'™ order with respect to the independent variables ¢ € R and x € RP. The prolonged

vector u™ is of length ¢p™ where
o, [PTPH _ D) (p+2)

=q i =q nn—1)- 1 (4.36)

Consider a space whose coordinates are given by the dependent and independent variables
of a PDE (t,z,u). The n' order prolongation of the space is given by (¢,z,u™). In this
prolonged space, differential equations can be viewed as algebraic equations whose solutions
satisfy A(t,z,u™) = 0. As an example, the heat equation is given by A(t,z,u®) = du —
vOyu = 0, with u® = (u, dyu, Opu, Oyu, Oppus, Oipur). This prolongation can also be applied

to the infinitesimal generators, which yields [53]
p q
VW =G0+ &0+ YD 00,0, (4.37)
i=1 a=1 J

where J is all unordered monomials of {¢,x1,...,2,} of degree 0 to n (e.g. n =2, p =2
gives J = 1,t, x1, To, tt, X121, XaTa, t21, tXo, X12T2), Op,u, 18 the partial derivative with respect

to Ojuy, and [53]
p p
Cbi = DJ ¢oc - Statua - Z gxiaxiua + StataJua + Z SxiaxiaJua (438)
i=1 =1

where D is the total derivative operator. The following lemma will be used in the definition

of the symmetry loss.

Lemma 8. [38] For an infinitesimal generator v of a symmetry of the PDE A(t,z,u™), if
A =0 then v™[A] = 0.
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Example 15 (Prolongation of heat equation symmetry). [38/ Consider the infinitesimal
generator v = 2vt0, —xud, for one of the symmetries of the heat equation A = Oyu—v0,u =
0. Since A is 2" order we consider the 2™ order prolongation of v, which, since u and x

are scalars (q =1, p=1), is given by equation (4.37) as

p q
=1

a=1 J

= &0+ &0+ Y 070,
J

Since it is the 2% order prolongation, J = 1,t,x,tt, xx, tx, which yields

v = 601 + €05 + G0, + &' gy + 0o, + 0" Ooru + 6" 0p,u + 000 (439)
Applying (4.39) to A yields

VA[A] = EOA + E0,A + 0, A + ¢ 090N + "0 N + 300N + 60, WA + 305, WA

= &(0) + &(0) + ¢(0) + ¢'(1) + ¢"(0) + ¢"(0) + 6™ (=) + ¢"(0)

Computing the infinitesimal generator coefficient ¢' in (4.40) using (4.38) and with ¢ = 1,

p =1 gives

p p
¢t - DJ ¢a - gtatua - Z giaxiua + gtata]ua + Z griamiaJua
i=1 i=1

= Dy [¢p — &0 — £,0,u] + §O0pu + .01

Taking the derivative using the chain rule yields

¢' = [0 — (0:64)Byu — &0pu — (02)Optt — ExOrptt] + EDuu + E,0pu

= 0 — (atft)atu - (atfz)axu
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Finally, substituting in ¢ = —xu, & =0, and &, = 2vt obtained from v yields

o' = By (—au) — (8,(0))du — (8,(2wt))D,u

= —x0u — 2v0,u

Applying the same process to calculate ¢™* gives

p P
(bxw — DJ ¢a — ftatua — Z @azzua + é-tatajua + Z §xi8wiajua

=1 =1

= —20,u — X0y U

Substituting ¢' = —xdyu — 2v0,u and ¢** = —20,u — xOyu into (4.40) yields
vP[A] = ¢f — vp™ = (—xdyu — wdu) — V(—20pu — £0yeu) = —x(u — VIgu) = —TA
where it can be seen that A =0 = v [A] =0, as stated in Lemma 8.

4.3.4 Symmetry Loss

The integration of PDE symmetries into the PINN loss function was proposed for the first

time in [38]. To accomplish this, the PINN loss function presented in (4.2) is modified as
L= f)/pde['pde + fyic»cic + foc['bc + Vsymﬁsym + ﬁﬁreg (441>

where 74y > 0. The symmetry loss Ly, is given by [38]
K N,

Lo = 5 3 St w)coef (of (1, 2:) ) (1.2

S k=1 i=1
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where K is the number of symmertries and {(¢;, 7;)}, are N, points sampled for ¢ € [0, T]
and z € €. Furthermore, since A = [A; -+ Ap]7 is a set of M PDEs, Ja is the Jacobian

matrix of A with respect to the independent and prolonged dependent variables given by

In, KA (0.A1)T  (OymA)T

Ja=| | =1 : : : e RM*(tprapt™) (4.43)

N Ay (0:Am)" (OymAnr)"

and coef <v,(cn)> is the vector containing the coefficients of the prolonged infinitesimal gen-

(n)
erator v, © given as

T
coef (v]") = [& e (¢(”))T} € RMH” (4.44)

where &, € RP and ¢ € R®™ are vectors containing the infinitesimal generator coefficients

of (4.37) associated with the partial derivatives with respect to z and u™, respectively. From

(4.43) and (4.44) it follows that

AL (0.A)"  (OuwA)" | | &
Jacoef <v,(€n)) =1 : 5 §a

08y (800" (D Ban)| [0

- (4.45)
(0:21)& + (0:01)T €0 + (Do A1) T 0™
| (D An)&: + (02A0) T + (O An) T ™
Since each A,, is scalar-valued,
[(00)& + (02)& + (Dym) T ™) A
Jacoef (U]in)> = :
(4.46)

[(at>ft + (ar)fo + (au(n))T¢(n)]AM

= [(01)& + (00) & + (0ym) ¢ ] [Ar -+ Ay]"
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Since A = [A; -+ Ap]" and using (4.37), (4.46) can be written as

Jacoef (1) = [(aofst +(00)7E + (D) To™ | A =0 [A (4.47)

Therefore, it can be seen that the symmetry loss term Ly, penalizes solutions for which

v™[A] # 0, which from Lemma 8, corresponds to A # 0.

Example 16 (Jacoef <U,(€n)) for the heat equation). Consider the heat equation given by
A = O — vOyu = 0. Since A is a 2™ order PDE, u'® = [u Ou 0,u Oyu Oppu Oppu]”.
Consider the symmetry given by the infinitesimal generator v = 2vtd, — xud, which has

& =0, & =2uwt, and ¢ = —zu. From (4.44), coef (U]in)) is given by

T
coef (vf") = {ft & b ¢ o P o w} (4.48)

where, using (4.38) and following the same process as for ¢* and ¢** from Ezample 15, the

infinitesimal generator coefficients are

o' = —x0u — 20,u, ¢° = —u — xOu

" = —20pu — A0u, O = —20,u — xOu, O = —0u — xOu — 200,,u

From (4.43), since Oym) = [Ou Oo,u O9,u 0810w 09,00 O90pul® > Ja is given by

Ja = {@A oA 0N Do DpuN DppuN Do uN Do
(4.49)

:{000100—1/0]
Therefore, from (4.48) and (4.49),
Ja coef (v,i")> = ¢' —vd™ = —x(Ou — vOyu) = —xA

which is the same result as the one in Example 15.
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4.4 Least Squares Symmetry Loss for QPINNs

This section will seek to integrate the symmetry loss proposed by the authors of [38] into the
least squares QPINNs training methodology. For this section, it will be useful to consider

the linear differential operator D™ |[-] acting on u(t,z) as a matrix product given as
DM u(t, z)] = D(t, z)ul™ (4.50)

where D(t, z) € RM '™ i a matrix of the differential equation coefficients for a system of

M equations of order n.

Example 17 (Matrix representation of D). Consider the 15 order system of PDFEs of the

form (4.1), given by
Ot + 1104, u
A=DVut,x) =] | =0
O + 90,1

using ut) = [u, Opu, Oy, u, Opyu], the differential operator can be expressed as

01 0 x !
DWu(t,z)] = Du®) = u O Oy Ogyu
01 To 0

4.4.1 Symmetry Loss Term

The symmetry loss term for a set of M differential equations with K symmetries with

infinitesimal generators vy is given by

K Ng
Loym = ZZ”JA ti, zi)coef (Uk <t“xl))”2

- (4.51)

KNSM

— ZZ Z (JAm t;, x;)coef (vk )(ti,xi)>>2

8 k=1 i=1 m=1

2
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where Ja and coef (v,(gn)) are given by (4.43) and (4.44), respectively. To add the symmetry
loss to the least squares training methodology presented in the previous sections, it must be
shown that Ja  coef <v,(€")> is affine with respect to u(™ forall m = 1,..., M, where Ja, is

the m'" row of Ja. This is done in the following Lemma.

Lemma 9. For a PDE of the form A,, = D, (t,z)u™ + f.(t,2) = 0 with infinitesimal

generator vy, if the infinitesimal generator coefficients are of the form

gt - &(ta ZL‘), 53[: - ga&(tv :L’) (452)
o = M (t,2)u™ + o3V (¢, 2) (4.53)

then Ja,, coef <v,(€n)) is affine with respect to u™ and can be written as

.. coef (U,§">> = [60D, + £70,D,, + Dyt u™ + [@at Fon €T, fon + Dm¢g”>] (4.54)
Proof. The components of Ja are given as

0 = Oy (Dplult, 2)] + fun(t, 7)) = (ODy)u™ + 8, fin(t, x)
0xAp = Op(Dppfult, x)] + fin(t, x)) = (am]Dm)u(”) + Oy fn(t, ) (4.55)

0, (n) Am = u(n)Dm[u<t7 .T)] = au(”) (Dmu(n)) = D%

u

Substituting (4.55) into Ja, coef (v,(gn)> yields

Jancoet (o) = ((ODp)u™ + Bfn) " & + (0D)u™ + 00 f) & + D™

= (") ((0Dm) & + (0:Dm) &) + (Oefbs + (Of) ) + D™

By using the properties of the transpose, the equation can be re-written as

JAmcoef (vl(gn)> = (gtgt]Dm + ggéxmm) u(n) + (gtﬁtfm + ggaxfm) + Dm¢(n) (456)
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Substituting in ¢™ from equation (4.53) into (4.56), and collecting like terms yields

m

Tancoef (o) = (60D + €10, +Dpdl) ul® + (60, fon + €100 fn + D)

which is affine with respect to u(™ if & = &,(t, x), & = &.(L, ). O

Example 18 (Symmetry loss of heat equation). Consider the I1-dimensional heat equation
given by A = Oyu—v0,,u = 0, for whichD = [0 100 -v 0] and u'® = [u Ou Opu Oyt Opgtt O] ™.
Let us consider the symmetry given by the infinitesimal generator v = 2vt0, — xud, which

has & = 0, & = 2ut, and ¢ = —zu. We compute the terms of ¢ using (4.38), which yields

¢ = —x0u — 2w0,u, ¢ = —u—x0u

¢t$ —

O = —x0pu — 4v0u, O = —20,u — 20,,u, — Ot — 20U — 200U

from which the affine (or linear in this specific example) expression for ¢ is given by

) —x 0 0 0 0 0 U 0
0% 0 —z —2v 0 0 0 Oy
o -1 0 -z 0 0 0 o u
o = = oPu® + ¢f?
gbtt 0 0 0 —X 0 —4v (9ttu
o*r o 0 -2 0 —-=x 0 OraUl
P 0 -1 0 0 —2v —=x Oyl 0
Therefore,

Tancoef (00) = (60D + E10.Dp + D) u® + (60, fn + €1 Oefin + D)

= (qugq(f)) e

={0 —x 0 0 wx o}u@)

which is linear with respect to u®, and is the same result as the one obtained in Example 16.
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Recalling that @ = ¢7 (¢, )6, let the prolonged regressor (™ be defined as a matrix for
which each column corresponds to a derivative of ( with respect to t and x, matching the

corresponding row in «(™. This definition yields

™ = (¢™(t,x)T0 (4.57)

Given the conditions (4.52) and (4.53) on &, &, and ¢, Lemma 9 allows for the symmetry

loss term, for K symmetries and M PDEs, to be expressed as

K M
1 S S T S S
sym = F Z Z (Y;“,m - Rr,me) (Y;,m - Rr,m‘g) (458)
5 k=1 m=1
where
T (1, 21) (C™ (81, 21))T Yo (t1, 21)
Ry = 2 . Y= : (4.59)
Tz,m(th7st>(<(n) (th7'TNs))T y/f:,m(th7st)
with
Tz,m (ti7 xz) = [gtat]Dm + ggaxDm + Dm¢£n)} }t:t- =,
R (4.60)
Vinltis ) = [600n+ €000+ Dudl?]|
4.4.2 Optimal QPINN Weights with Symmetries
The complete QPINN loss function with added symmetry term is given as
y M
L=-" YP — RPO — RP O
N, mZ:l( ) (Yh )
Vi (v i i i Mo (yb v\ T (vb b
+ﬁ(Y R'6)" (Y—R0)+F(Y — R%9)" (Y’ — R"9) (4.61)
i b

K M
NS (Vi = Rin)” (Vi — Ri0) + 5070

where 8670 is a regularization term modulated by 3 > 0.
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Corollary 3.1 (of Theorem 3). The QPINN training problem of the form (2.11), with input-
output expression given by (4.15), using a physics-informed loss function (4.61) has optimal
weights given by

S e

M

K M
o Y i i b Vs S s
Ty= 7 Do (B R+ (RY R+ 2 (R)TR 4 530S (RE) " Rin + 81 (4 o)
P 1

m=1
M

K M
Dy = DS (R)TYE 4 TR LY 1SS ()Y,
P =1 !

where Vpde Z 07 Yic Z 0; Yoc Z 07 Vsym 2 O; and B > 0.

Proof. The proof follows the proof of Theorem 3, but with the added term for the symmetry

loss. Remark 9 on the necessity of 5 > 0 is also applicable to this theorem. O

4.5 Examples

For all examples, the PyTorch library in Python was used for the backpropagation-trained
physics-informed neural networks (BP-PINN). The BP-PINN loss function was implemented
using the code provided by the authors of the original PINN papers [34, 56, 57]. All BP-
PINNs use the Tanh activation function in their hidden layers, and were trained with the
Adam algorithm using the default PyTorch settings. All quadratic networks use a = 0.0937,
b = 0.5, ¢ = 0.4688 for their activation function parameters following the optimal mean
squared error ReLU approximation over the interval [—5, 5], which is presented in Section 5.1.

Finally, unless otherwise specified, all loss term weights are unitary, i.e., Yp5e = 1, vie = 1,

Me = 1, and Yoy = 1.
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4.5.1 Example 1: Heat Equation

The diffusion of heat in a material is governed by a 2°¢ order PDE called the heat equation.

The 1-dimensional heat equation is

A = 0u —v0,u=0 (4.63)

where ¢ is time, x is position along the material, u(t,z) is temperature, and v > 0 is the
thermal diffusivity coefficient. For this example, v = 0.05 was used, along with the bounds,

initial condition, and periodic boundary conditions given by

x €[0,2x], te][0,20]
u(0,x) = sin(z) + 1 (4.64)

u(t,0) = u(t, 2m)

4.5.1.1 Part A: QPINN and BP-PINN Comparison

For this part, a QPINN was trained using the following lifted input vector

Xi=|t; x; sint; cost; sinx; cosz; (4.65)

and with a regularization coefficient 8 = 107®. Furthermore, the QPINN used N, = 100,
N; = 10, and N, = 10, with all sampled points selected uniformly over the region. For
comparison purposes, a backpropagation-trained PINN (BP-PINN) with 3 hidden layers,
each of which contains 10 neurons, was trained over 5k epochs. The BP-PINN used N, = 625,
N; = 20, and N, = 20, also uniformly sampled. These hyperparameters for the BP-PINN

were selected to provide a similar performance to the QPINN. To act as the true solution, a
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finite element method (FEM) solver was implemented in Python using

u(z,t+ At) = u(z,t) + v (u(rx — Az, t) + u(z + Az, t) — 2u(x, 1))

(Az)? (4.66)
uw(—Az,t) = u(2m,t), w27+ Ax,t) =u(0,t)

where Ax and At are the resolution parameters for the grid of FEM nodes. The solution

used Az = 0.027 and At = 0.02, as it was found to provide stable results.

The FEM, QPINN, and BP-PINN solutions are shown in Figure 4.3, with a comparison
of their performances provided in Table 4.1. The BP-PINN and QPINN achieved comparable
results for both mean squared error and maximum absolute error. However, the QPINN saw
a significant reduction in training time compared to the BP-PINN, while requiring fewer
sample points to achieve good results. Finally, the QPINN also saw a reduction in training
time compared to the FEM solution, which is an advantage of QPINNs, as typically FEMs

have shorter training times compared to BP-PINNs [39].

FEM (Truth)

175

Position x

1.50

QPINN
0 F1.25

Position x
=
(=]
o
Temperature u

61 F0.75
I T T T T T T T 1

BP-PINN 0.50

0.25

Position x

0.00

L T T T T T T T 1
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time t

Figure 4.3: FEM, QPINN, and BP-PINN solutions for 1-dimensional heat equation
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Table 4.1: Performance comparison between FEM, QPINN, and BP-PINN solutions of 1-
dimensional heat equation

Solution | Mean Squared Error Maximum Absolute Error Training Time [s]
FEM n/a n/a 0.245
QPINN 1.18 x 1073 7.06 x 1072 0.036
BP-PINN 1.23 x 1073 9.85 x 1072 39.82

4.5.1.2 Part B: Effects of Regularization

As mentioned in Remark 9, regularization plays an important role in training QPINNs,
especially when lifted inputs are used. Multiple QPINNs were trained with various values of
the regularization coefficient 5. The networks used a lifted input vector X; whose elements

are all the monomials of ¢t and x up to degree 4, i.e.,
Xi= [tz t’ tza® - 727 ta® 2] (4.67)

Figure 4.4 shows solutions of QPINNs for three different values of .

Over Regularized with =102

2.00

175

Position x

r 1.50

Proper Regularization with B =10"*

rl25

Position x
£
[=]
o
Temperature u

r0.75

Under Regularized with §=10"° 0.50

0.25

4

Position x

0.00
6

0.0 2.5 5.0 7.5 10.0 125 15.0 17.5 20.0
Time t

Figure 4.4: Sensitivity of QPINN solution to regularization coefficient 3, using monomial
lifting for the 1-dimensional heat equation
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4.5.1.3 Part C: Effects of Symmetry Loss

For this part, symmetry loss was added to the QPINN training. The complete set of 1-

dimensional heat equation symmetries is given as

vy = O, vy = O, v3 = Udy,
(4.68)
vy = x0, + 2t0;, Vs = 2Ut0, — TUO,, vg = 4vtxd, + 4wit*0, — (z* + 2wt)ud,
Not all symmetries produce a non-trivial loss term. For example, the v; = 0, yields
Jacoef (0(2)) =0 (4.69)

For this reason, vs = 2vtd, — xud, was selected, which yields the non-trivial loss term
Jacoef (vé2)) = x(uy — Vigy) (4.70)

The symmetry loss was added to the under regularized case presented in the previous part,
with the results being shown in Figure 4.5. It can be seen that adding symmetry loss
improves the solution. This result suggests that symmetry loss may act as an additional

form of regularization for QPINNs.

No Symmetries

175

Position x

- 1.50

125

T
{5
o
o

Symmetry

Temperature u

T
=]
=~
w

0.50

Position x

4 0.25

T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time t

Figure 4.5: Effects of adding symmetry loss to a QPINN with insufficient regularization
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4.5.2 Example 2: Optimal Control

Solving optimal control problems requires computing the solution to a partial differential
equation known as the Hamilton-Jacobi-Bellman (HJB) equation. The authors of [41] pro-
posed the use of PINNs to solve the HJB in an iterative fashion. For simplicity, this example
will showcase the method for a scalar state x and a scalar input u. Consider the optimal

control problem

min /Oo(qu + ru)dt
v Jo (4.71)
st. &= f(z)+ g(z)u

The objective is to find the optimal controller v = x(x) which solves (4.71). Starting with
an initial stabilizing controller ko(x), the optimal controller is found over ¢ > 0 iterations

using the following two step procedure [41]:

1. (Policy Evaluation) Compute a value function V;(z) by solving the PDE
(@:Vi(@)(f (@) + g(@)ri(2)) = —q — vk () (4.72)

subject to V;(0) = 0.
2. (Policy Improvement) Update the control law using

inn (@) = — 57 g@)(0.Vi(x) (4.73)

Consider the optimal control problem

min/ (2% + u®)dt
“oJo (4.74)

st.i=x>+u
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for which f(x) = 22, g(x) =1, r = 1, and ¢ = 1. Using Pontryagin’s Maximum Principle
(PMP), the known solution of (4.74) is

Kopt(T) = —1% — xv/a2 + 1 (4.75)

Using a QPINN, equation (4.72) of the iterative HJB method was solved. The QPINN used

a regularization coefficient 3 = 107°, N; = 1, N, = 100, and the lifted input
_ 2 31T
X; = [x; 27 2] (4.76)

Starting from the initial stabilizing controller x¢(z) = —z? — x the method was carried out
for 5 iterations. The initial controller is shown in Figure 4.6a, and the final controller after
5 iterations is shown in Figure 4.6b. It can be seen that the QPINN successfully converged

to the optimal controller.

04 0
-50 ~50 -
¥ —100 | = —100 1
~150 - ~150 -
-— K \
apt \‘
e i
~200 - ? v 200 4
T T T T T T T T T T
~10 -5 0 5 10 -10 -5 0 5 10
X x
(a) Initial controller kg (x) (b) Controller k5(x) after 5 iterations

Figure 4.6: Comparison between QPINN controller solution and known optimal controller
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Chapter 5

Extensions

This chapter focuses on two topics. First, in Section 5.1, the selection of quadratic activation
function parameters is explored with the proposal of two methods for selecting a, b, ¢ to best
approximate a ReLU (rectified linear unit) activation function. Second, Sections 5.2 and
5.3 present work related to universal approximation. One of the limitations of two-layer
quadratic neural networks (QNNs) is that they do not have the universal approximation
property of other two-layer networks [5, 6]. Instead, they represent a subset of quadratic
forms of the given input in homogeneous coordinates (i.e., with a 1 appended to the end
of the input vector). Sections 5.2 and 5.3 present work on understanding this limitation
and potential avenues to overcome it. Section 5.2 delves into lifting and provides a theorem
that shows that QNNs with monomial liftings have the universal approximation property.
Section 5.3 explores the use of ensemble techniques to increase the representational capacity

of QNNs without the need of lifting.

5.1 Approximation of ReLU Activation Function

In contrast to quadratic activations functions, ReLU (rectified linear unit) activation func-
tions have seen widespread adoption in the neural network community. For this reason,

this section will present the selection of quadratic parameters a, b, ¢ to best approximate a
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ReLU activation function in the sense of minimizing the mean squared error (MSE) and the
maximum absolute error (MAE). The expression for a quadratic activation function is given
as

og(2) = a2’ +bz+c (5.1)

and, for a ReLLU activation function, it is given as

z z22>0

or(z) = B (5.2)
0 2<0

Let A,(z) be the difference between (5.1) and (5.2), defined as

az?+(b—-1Dz+c 2>0
ANy(2) = 0g(z) —or(z) = (5.3)
az’ + bz +c 2 <0

The following two subsections will present different methodologies to select a, b, ¢ to minimize
either the MSE or MAE between the activation functions over an symmetric interval z €

[—r,r],r > 0.

5.1.1 Minimizing Mean Squared Error

The MSE between o¢(2) and og(z) over the interval z € [—r, 7], > 0 is given by

1 T
Emse = 5/ A2(z)dz (5.4)

T

Theorem 4. Given r > 0, the solution of

min e,,q.

abie (5.5)
s.t. (5.4), (5.3)
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18
15 1 3r

“ = 52 2 T 32 (5.6)
Proof. Expanding the equation (5.4) by splitting the integral and using (5.3) yields
I 1"
Cmse = — / (az® + bz +¢)’dz + — / (az® + (b—1)z + ¢)*dz (5.7)
2r J_, 2r Jo

Taking the partial derivative of (5.7) with respect to a using the Leibniz integral rule yields

Oe 1 o, , 1 [0
mee _ = [ 9 brto)2dzt+ — | (a4 (-1 24
B 5 _Taa(az + bz + ¢) Z+2r/0 aa(az + ( )z +¢)dz
[ I
= — 222(a22+bz+c)d2+—/ 22%(az® + (b— 1)z + ¢)dz
2r J_, 2r Jo
I L[
= —/ (az4+bz3+cz2)dz+—/ (az* + (b —1)2° + c2*)dz (5.8)
rJ_, r Jo
Cdfa s by oce]” 1fas (-1, ¢4l
—r[5z+4z+3z _T—l—r 52+ 1 z+3z0
2 2 1
:gar‘l—l—gcr? ZTS

Taking the partial derivative of (5.7) with respect to b yields

I L[
Oemse 1 Q(azz+bz+c)2d2+§/ %(az2+(b—1)z+c)2d2’
0

ob 2r )., 0b
S dfa gy by oeL” 1fa, (b=1) 4 ¢, 59
—r[4z+32+22 + 4z+ 3 z~|—220 ( )
2b—1

and with respect to ¢ yields

e 1 (o, 1 ("0
= — [ = b de+ — | =—(az2+(b—1 2d
Oc 2r/r80(az +be+e) Z+27"/0 ac(az + )2+ c)'dz
1 b LS| b—1 "
e R I I sz + ¢z (5.10)
r|3 2 . 3 2 0
2 1
:§T2—§T+20
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To minimize e,,,, the necessary conditions for optimality are thus

Oe 2a 2c 1 2a 2¢ 1
mseZO ! _2__3:() =72 — — —r =
da — 5 T3 T — 5 T3 7
Oemae 2—1 1
I = () = =0 = b=-
b 3 2
a mse 2 1 2
e@c :0<:>§ar2—§r+20:0 <= §r2——r+202
Combining the conditions (5.11a) and (5.11c) yields
1 1 1,5 10 1 3
§2ar2—§r+202 g(zr—?c)—§r+2c:O<:>c:3—;
and since r > 0, substituting (5.12) into (5.11c) yields
1 1 3r 15
art—r+2 = | =0<=a=—
37 T (32> ‘3o
Taking the second derivative gives the Hessian matrix
emse  0%emse  Oemse 2.4 2.2
da? 0adb dadc 57 0 3"
82677155 825mse 826777,55 fd 2,2
Bboa b2 Bbic 0 5 0
626mse 82€mse 828'mSe 2,2
dcda  Dcob B2 77 02
Using Schur’s complement,
2> 0,
T
§r4 0 B 1 %7“2 %7“2 _ %T4 0 <0
2,.2 2 2,.2
0 gT’ 0 0 0 gT’

since r > 0, thus (5.14) is positive definite. Therefore, €, is minimized by a =

_ 3r
and ¢ = %5
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0 _b"/ ]
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Figure 5.1: Comparison between ReLU (black) and quadratic activation function (blue)
using a = 0.0938, b = 0.5, ¢ = 0.4688, difference between the functions shown in red

Remark 10 (Constraints on a, b, ¢). Recall from Lemmas 2 and 7 that a requirement for the

least squares training of QNNs and CQNNs is
a>0, ¢>0, b —4ac>0 (5.16)

Using the a,b,c from (5.6) ensures that the conditions in (5.16) hold for any r > 0, i.e.,

>0 = —15>0 >0 = —3T>0
" @ T 7 T ‘T3

1\? 15 [ 3r 19
2 dge=(2) 42V (L) =2 >
b~ dac (2) <32r) <32> 256 = !

Example 19 (Optimal a,b,c for r = 5). The optimal a,b, c which minimize (5.4) over the
interval [—5,5] are

a=0.0938, b=0.5 c=0.4688

This result matches the proposed values of a,b,c from the authors of [12], who use least
squares to fit the quadratic activation function to a ReL U activation function over the interval
[—5,5]. A comparison between or(z) and og(z) using these parameter values is shown in

Figure 5.1.
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Remark 11 (Properties of Optimal a,b,c). There are two properties of note regarding the
optimal a, b, c from (5.6). First, a > 0,Vr > 0, meaning 0g(z) always has positive curvature.
This follows intuition, as og(z) is trying to approximate or(z), which is a convex function.
Second, with b = %, the error function A,(z) is even (i.e., Ny (z) = Ay(—2)). Furthermore,

b= 3 is a necessary condition for Ay(z) to be even

As(2)=az>+(b—1Dz+c=a(—2)* +b(—2) +c= A, (—2)
b—1=—b

b:

N | —

It makes sense that the error function is even, because we are approrimating over a symmetric
interval [—r,r], and thus neither positive nor negative z should result in more or less error.

These two properties can be seen in an example shown in Figure 5.1.

5.1.2 Minimizing Maximum Absolute Error

The MAE between o¢(z) and og(z) over an even interval z € [—r,7],7 > 0 is given by

Cmae = Max |Ay(2)] (5.17)

z€[—r,r]

For the problem of minimizing (5.17), we will consider @ > 0 and b = % following the rationale

explained in Remark 11.

Theorem 5. Given r > 0, a global solution of

min €,,4e

b (5.18)
s.t. (5.17),(5.3),a > 0,b = 0.5

18

a=—, b== c¢=— (5.19)



Moreover, when using (5.19),

A, (2)] < %,vz e [-r7] (5.20)

Proof. In this proof V and A represent the logical ‘or’ and ‘and’, respectively. Substituting

b= 0.5 into (5.3) makes A,(z) an even function, which is given by

az> —05z24+¢c z>0

Ao(z) =
az>+05z+c z2<0 (5.21)
= a2z’ —0.5)z| +¢
Since A,(z) is even, the following holds
max |A,(2)] = max |A,(z)| = max |A,(z)] (5.22)
z€[—r,7] z€[-r,0] z€[0,r]

Additionally, notice that since |A,(z)| > 0,Vz any maximizer of A2(z) will also be a max-
imizer of |A,(z)|. Thus, in conjunction with (5.22), it can be seen that problem (5.18) has

the same solution as

min max AZ(2)
a,b,c z€[0,r] (523)
s.t. (5.3),a > 0,b= 0.5

The candidate maximizers of A2(z) from (5.23) are z = 0, z = r, and the critical points of
AZ(z) which lie in the interval (0,r). The critical points are given by

d(A(2))
dz

< (az* = 0.52+¢) =0V (2az — 0.5) =0

=2(az? — 0.52 4+ ¢)(2az — 0.5) =0

However, since (az? — 0.5z + ¢) = 0 implies A%(z) = 0, its solutions are not maximizers.
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Thus the candidates for the maxima are given by

A2(0) = (5.24a)
A2 (%) = (c — %)2 (5.24b)
Ai(r) = (ar2 — %r - c>2 (5.24c)

Therefore,

(5.25)

1\? 1 ?
max AZ(z) =max [, [c— — ) ,(ar® — =r+¢
z€[0,r] 16a 2
from which it can be seen that m[ax] A2(z) > *, and thus the solution of the problem (5.23)

z€[0,r

is lower bounded by ¢, i.e.,

min max AZ(z) > ¢
a,b,c 2€[0,r]

Therefore, a global solution of (5.23) is one which minimizes ¢, while also ensuring

max A2 (z) = ¢ (5.26)

z€[0,r]

Thus, the final part of this proof has two steps. First, we find the required conditions for
(5.26), then we minimize ¢ subject to those conditions. From (5.24a), (5.24b), and (5.24c)

the condition for (5.26) are twofold. First, A2(;-) < AZ(0), which yields the condition

2 2
A? L < AX0) = c—L <de=0<- c—L
“\da/) = 7 16a ) — - 16a

Recalling that a > 0, using the property 22 —y* = (z —y)(z +y),z € R,y € R yields

1)’ 1 1 1
<Al—|e—— ) =0<|[— (20— | = —< 2
O=c (C 16a) 0= (16a> ( ‘ 16a> 32q = © (5.27)
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Second, AZ%(r) < A2(0), which yields the condition

1 ? 1 1
AZ(r) < A2(0) <= (arQ — 5" + c) <de=0< (—arQ + 57") (20 +ar® — —r)

2
(5.28)
Using (5.27)
1 1 1 1
<c+a7° 2r)_( <32a)—|—ar 27") 16@(@7" )" >0
Thus, the condition from (5.28) becomes
0< —ar2+1r 2c+a7’2—1r A0 < 20+ar2—1r :>a<i (5.29)
- 2 2 - 2 - 2r '

Therefore, using conditions (5.27) and (5.29), any solution of (5.30) is a solution of (5.23).

min ¢

whe X ' (5.30)
t. —<a< — = 0.
s.t 32c_a_2r’a>0’b 0.5,7>0

L

From ¢ > -,

the minimum c is achieved by maximizing a subject to a < %r. This yields the

optimal values a = % and ¢ = {z. Furthermore, from (5.25) it can be seen that using a = %

: 2 2 2
and ¢ = {5 results in AZ(2) < ¢* =

5 < 152> and thus [A,(2)| < ¢ =  forall z € [—r,7]. O

Remark 12 (Constraints on a, b, ¢). Recall from Lemmas 2 and 7 that a requirement for the

least squares training of QNNs and CQNNs is

a>0, ¢>0, b —4ac>0 (5.31)

Using the a,b,c from (5.19) ensures that the conditions in (5.31) hold for any r > 0, i.e.,

1 r
7’>0:>a—§>0, T’>0:>C—E>0
1\2 1 1
P_dac= (=) —4(— (1>=—20
2 2r ] \16 8
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5.2 Lifting Quadratic Networks

This section explores the implications of lifting on the universal approximation property of
two-layer QNNs. Recalling Section 2.2 of the Preliminaries, for an input vector x € R", the

lifted input vector z € R"*M is given by
T
z = |:IT (I)(I)T:| (5.32)

where ®(x) € RM is the augmented input. For this section, monomial lifting will be used, for
which ®(z) = ®@(z) contains all the monomials of degrees 2 to d formed from the elements

of 2 when d > 2. For monomial lifting, the length of ®@(z) is given by

n+k—1 d n+k—1(n+k—2)---(n)
Z( > (5.33)

k=2 k k=2 (k—=1)---1

)
M=
I

In the case of d = 1, then ®@(z) is defined to be the empty vector.

Example 20 (Monomial lifting). Let x = [v w], for d = 3, the augmented input ®) (x) and

the lifted input z are given as

T
P (z) = [1)2 vw w? v viw vw? w3]

T
2= lv w v vw w? ¥ Y*w vw? w3}

The following theorem shows that using monomial lifting of a sufficiently high degree

allows for two-layer QNNs to become universal approximators.

Theorem 6. Let x € R™ be an input vector and define z as the monomial lifted input

z= {xT (@(d)(x))Tr (5.34)

where ®(z) € RM for d > 2 is a vector containing all monomials of degrees 2 to d formed
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from the elements of x. In the case of d = 1, then ®@(z) is defined as the empty vector.
If §(2) is the output of a QNN with a > 0, ¢ > 0, and b*> — 4ac > 0 using the lifted input
(5.34), then for any function y(x), which is continuous on a compact set C, then there exists

a positive integer d such that ||(z) — y(x)||3 < € for any € > 0 for all x € C.

Proof. This proof is divided into two parts. First, we will show that a QNN with a monomial
lifted input can represent any polynomial function of an arbitrary degree. Then, we will
invoke the Stone-Weierstrass theorem to show universal approximation. Consider a real
symmetric matrix Z of the form

aZy Y7,

7 —
5(Z2)" cTx(Z))

For a > 0, b # 0, ¢ > 0, invoking Lemma 5, there exists a decomposition Z = Z+ — Z~

where
aZ " bzt aZ; b7~
Z+ _ 1 22 i 0, 7= — 1 242 “0
2zHT Te(Zy) 2(Zy)" Tr(Zy)

S(Z)T Te(Z)) (Z)" Tre(Z))
aZy YZy Co — Z7 Zy -
5(Z)" eTe(Zy) (Z)"T Tr(Zy)

Therefore, any input-output expression of the form

T

9(z) = (5.35)
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can be equivalently written as

T
) 2| |alZf-2Zy) WzZi-Zy) | |z
y(z) = .
1 |32 —Zy)" XTx(Zf —Z7)| |1
7+ ZF 77 7
1 2 t 07 1 2 t O
(Z9H)T Tr(Z]) (Zy)" Tr(Zy)

which is the QNN expression from (2.8). In the special case that the desired function y(x)
can be written in the form (5.35) with z replaced by z, then by selecting d = 1, it follows
that there exists a §(z) such that ||§(z) — y(z)||3 = 0.

If this special case is not met, then let d > 2. If z contains all monomials of the
components of x up to degree d, then it can be seen that ¢(z) is a polynomial of maximum
degree 2d, whose coefficients are given by the elements of Z; and Z,, and who must satisfy
the trace constraint from equation (5.35). For x = [z; 21,]7, since d > 2, then 2z contains

both x; and z?. Without loss of generality, re-arrange z such that it is of the form
T
z = {m z? wT} € RMHn

where w € R? is a vector containing the remaining elements of z, with ¢ = M + n — 2.

Recalling that Z; is symmetric, the input-output expression is given by

- T - - - -
b
T aZ1{1,1} &21{172} aZl{m:q} 522{1} T
x? as as az bz x?
- . 1 110y 1i2.2y 1(2,3:4} 2209y 1
g(z) = ., . :
w CL(Zl{l,B:q}) a(Z1{2,3:q}) aZl{S:q,B:q} §Z2{3:q} w
b b b T
i 1 i i 522{1} §Z2{2} 5(22{3:q}) C'I‘I‘(Zl)_ i 1 i
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Expanding the expression and collecting the like terms yields

j=al(aZi,,,) + 23202, ,,) + 23(aZ1, ,, +bZsy,) + 21(bZa,,,) + (CTx(Z1)) (5.36)

+ wT(aZ1{3;q,3:q})w + wT(bZQ{S:q}) + x%(ZaZl{Q’szq})w + xl(QaZl{LS:q})w

where

Tr(Zl) = Zl{1,1} + Zl{z,z} + Tr<Zl{3:q,3;q}>

It can be seen that if Zl{l,l} — Zl{171}+a*15 and Z2{2} — ZQ{Q} —b~1§, then only the coefficient
of the constant term in equation (5.36) changes. Thus, if we want to make Tr(Z;) = Z,
for arbitrary Z4; then § must be defined as § = a(Zy — Zigny — Ll — Tr(Zl{&qv&q})).
Therefore, when d > 2, §(z) can represent any polynomial, up to degree 2d. Invoking the
Stone-Weierstrass theorem [58], if y(z) is continuous on a compact set C, then there exists

a d > 2 such that ||§(z) — y(z)||3 < € for any € > 0 for all z € C'. O

5.3 Ensemble Quadratic Neural Networks

This section proposes ensemble techniques to increase the representational capacity of two-
layer QNNs without the use of lifting. Ensemble techniques are a collection of methodologies
which seek to increase the performance of learning algorithms by combining multiple learners
or models. The premise is that by training multiple weak learners (i.e. models that may not
be able to fully capture the relationship in the data) they can form an aggregated model

which outperforms any of the individual base models.

5.3.1 Background

Although the concept predates their work, Brieman’s bagging (bootstrap aggregating) [59]
and Freund and Schapire’s AdaBoost (adaptive boosting) [60] act as the basis for most

modern ensemble techniques. Both algorithms use the premise of sampling the training set
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to form multiple new training subsets, on which different base learners are trained. The base
learners are then often combined using some form of averaging.

A prerequisite for successful bagging and boosting is high sensitivity of the base learners
to changes in the training data (also called unstable learners in the literature) [59, 60]. By
using sensitive base learners, the different training data tends to produce varied models,

which aids in the aggregating process!

. Due to the low-sensitivity of least squares as base
learners [62], we speculate that least squares trained QNNs are also low-sensitivity learners.
This claim will later be investigated in the examples provided in Section 5.3.4.1. To solve this
limitation of bagging and boosting, Ting et al. [63, 64] proposed Feating (feature-subspace
aggregating) as an ensemble technique which works with low-sensitivity models. The key
idea behind feating is to train local models instead of global models. More specifically,
feating partitions the feature space into multiple subspaces, then a local model is trained

in each separate subspace. In contrast, global models ensemble techniques, such as bagging

and boosting, pull samples from the entire feature space to train their models.

5.3.2 Bagging and Boosting

This section covers the bagging and boosting algorithms, as they will be used to show that
QNN s are low-sensitivity learners in Section 5.3.4.1. Bagging [59] and Boosting [60] are two
ensemble techniques that use training set sampling to generate multiple base learners in an
iterative manner. At the start of training, the number of iterations B is selected. Each
iteration trains a new base learner, thus B is also the total number of base learners in the
ensemble. At each iteration, the training set inputs X € RM*™ and labels Y € R are
sampled (with replacement) to form X, € RM*" and Y, € R™ with N, = |yN], where
7 is the sampling ratio and |-| is the floor operation. A new base learner is then trained
using X, Y,. Bagging and boosting differ in the manner in which samples are selected during

each iteration. During each bagging iteration, samples from X, Y are all equally likely to be

LA formal description of learner stability is provided in [61].
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selected, whereas with boosting each sample is given a weight w; representing its likelihood to
be sampled. During the first iteration, all weights w; are initialized equally. For subsequent
iterations, each w; is updated by evaluating the previous iteration’s model on the training
set X, Y. Samples with a higher error (or that were misclassified for classification problems)
are then given larger weights. The standard bagging and boosting algorithms are described

in Algorithms 1 and 2, respectively.

Algorithm 1: Bagging [59]

Input: X, Y, B, v

Output: {6,}2

X,Y <« Training set ;

B < Number of models to train ;

~ + Sampling ratio ;

b+« 0;

while b < B do
X, Yy < Sample(X, Y, 7) ;
0y < TrainNetwork(Xy, Y3) ;
b+ b+1;

end

Algorithm 2: Boosting [60]
Input: X, Y, B, ~v
Output: {6,}2,
X,Y < Training set ;
B < Number of models to train ;
v < Sampling ratio ;
w < Initialize with equal weights ;
b<+0;
while b < B do
Xy, Y, < Sample(X, Y, w, ) ;
0, < TrainNetwork (X, Y3) ;
ey < EvaluateError(6, X,Y) ;
w <— UpdateWeights(w, e) ;
b+ b+1;
end

96



Fy
i“
/]
_ r Z
XZ | ’
A I .
2 : Rys 7 R34
| /]
Rl =T :////////// P I T IITIIA T TIid
i
3 | /] 5
AZ | R2]3 7] R3 3
I /]
i YRR —— fm———————— ! ____________
| i
Ap I I
| i
| - S|
i l
o | |
| 1
EZ T It I T
! T T T !
X1 Ay Ay Ay X,

Figure 5.2: Example of input space division for n = 2, r = {3,4}. Red square indicates
training input space 7', regions on edges extend to infinity denoted with R, hatched lines
indicate region ownership for boundaries

After the model is trained, bagging and boosting use majority voting for classification
problems and averaging for regression problems when evaluating new data. However, with
boosting each network’s output is weighted based on its performance (i.e., loss function

value) across the training set.

5.3.3 Local Model Ensemble Quadratic Neural Networks

This section proposes a methodology for the implementation of ensemble quadratic neural
networks (EQNNs) based on feating ensembles [63, 64]. Since QNNs represent a subset of
quadratic forms (see Section 3.2, Remark 5), by partitioning the feature space and training
a QNN in each region, the input-output mapping of EQNNs become a piecewise quadratic
function. It has been shown that piecewise affine functions are universal approximators
(65, 66]. Therefore, piecewise quadratic functions, as a larger class of functions, are also
universal approximators. Recently, this has been invoked by the authors of [67], who used
piecewise quadratic functions to approximate arbitrary error functions. This motivates the

investigation of EQNNs to increase the representational capability of QNNs.
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Let X € RV and Y € RY be the inputs and labels of a training set containing N
samples, each of which has n features. Let r = {ry,rs,...,r,} be the number of desired
regions per feature. This implies that along the k' feature there will be r, — 1 breakpoints
at which the model changes. Using the following definitions
Ty — Xy,

T = max T
Z:17 ’

(5.37)

T, = mln T A =
i} L =1 N k{}a k -

the training input space T' = {z € R"|z), € [z}, Ty], Yk = 1,...,n} is divided into [[;_, 7%

regions, each being a A; x Ay x -+ x A, hypercube. Each region is defined as

Ril,ig,...,in = {x - T|:L‘k - I_i,wk,\V/kJ = 1, . ,n}

Iika = (Xk + ('Lk - 1)Ak7§k + (Zk)Ak] NVig # 1

where i, € {1,...,7} is the index for the k*® feature. In each region, a QNN is trained on
the training samples which lie within the region. The EQNN training process is described in
Algorithm 3. Using the EQNN to evaluate new data post-training, also called inference, the
regions defined on the outer boundary of T" are extended to infinity to capture data points

that fall outside of T'. The extended regions are defined as

R

11,82, +yin

j17k = (—OO,Qk -+ Ak] (539)

= {ZC € Tll’k < [ik’k,Vk: 1,...,71}

jrk,k = (T, — Ay, 0)

An example is shown by regions Ry 4, R34, and Rs3 in Figure 5.2. The inference process is
described in Algorithm 4. From Lemma 1 (Chapter 2, Section 2.3), the upper bound on the

number of hidden layer neurons required to implement the network is given by

2(n+1 ﬁ (5.40)
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Algorithm 3: EQNN Training

Input: », X, Y, 5, a, b, ¢
Output: EQNN, R, R
r < List of desired regions per feature {ry,...,rx} ;
X,Y < Training data set of N samples with inputs having n features ;
B < Regularization coefficient ;
a, b, c + Quadratic activation function parameters ;
forall k ={1,...,n} do

Xy, Tk, Ay < From (5.37) ;

forall iy, = {1,...,7} do

| Lk < From (5.38) ;
end

end
R « Generate all training regions using (5.38) and all I j, ;
R < Generate all inference regions using (5.39) and all [;, ; on borders ;

foreach R, ; € R do

Xir,in> Yir,. 4 < Samples from X, Y from region R;, _;, ;

QNN;, ;. < Train LS QNN using (2.16) with 3 and a,b,c on Xi, i, Yi,.ip 5
end

EQNN < Store all trained QNNs with their associared regions ;

5.3.4 Examples

All quadratic networks use a = 0.0937, b = 0.5, ¢ = 0.4688 for their activation function
parameters following the optimal mean squared error ReLU approximation over the interval

[—5, 5], which is presented in Section 5.1.

5.3.4.1 Example 1: Bagging and Boosting of QNNs and CQNNs

This section provides some brief results that show the effect of bagging and boosting on
QNNs and CQNNs. The results show that least squares trained QNNs and CQNNs are
low-sensitivity learners.

Bagging and boosting were applied to CQNNs on the MNIST digit dataset [68] and to

QNNs on the diabetes dataset [69], as both are well-known classification problems for the
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Algorithm 4: EQNN Inference
Input: EQNN, R, R, T =
Output: gy
EQNN <« All QNNs alongwith associated regions ;
R < Set of all regions R;, i, ;
R + Set of all regions Ril 77777 i
T <+ Training region ;
x < Input ;
if x € T then
‘ R, <+ Get region from R to which z belongs ;
end
else
‘ R, < Get region from R to which x belongs ;
end
QNN, < Get QNN associated with region R, ;
§ — QNN, () ;

respective network architectures. The bagging and boosting procedures are given in Algo-
rithms 1 and 2. For both examples and algorithms, v = 0.6 was used. Furthermore, since
bagging and boosting algorithms randomly generate their training subsets, the CQNN and
QNN ensembles were retrained 10 and 100 times, respectively, and their results were aver-
aged. Table 5.1 shows ensemble techniques for CQNNs applied to the MNIST digit dataset
[68]. Table 5.2 shows ensemble techniques for QNNs applied to the diabetes classification
dataset [69].

For both classification problems, bagging and boosting provided no benefit over the non-
ensemble network. This example helps justify that least squared trained QNNs and CQNNs

are low-sensitivity learners.

Table 5.1: MNIST classification testing accuracy and training time for various ensemble
neural network solutions using B = 10, test accuracy averaged over 10 trials

Test Accuracy [%]

Network Mean Stand. Dev. Mean Train Time 5]
CQONN 06.22 3 4.69
Bagging CQNN 9578  1.15x1073 35.31
AdaBoost CQNN 95.79  4.91x10~* 46.48
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Table 5.2: Diabetes classification testing accuracy for various ensemble neural network solu-
tions with different total number of trained networks, test accuracy averaged over 100 trials

Test Accuracy [%]
Network B=1 B=10 B=50 B =100

QNN 74.03 - - -
Bagging QNN - 73.03 73.90 73.92
AdaBoost QNN - 73.89 74.09 74.03

5.3.4.2 Example 2: Violin String Dynamics

The position z and velocity v of a point on a violin string being bowed can be modeled as a
friction-induced vibration (FIV) system of the form
T =

(5.41)
mv = —kz + F(v,)

where k is the spring constant and F'(v,) is the Stribeck friction given by

Flv,) = (=27 20 (5.42)

—(v, +2)? v, <0

where v, = ¥ — Upgw, With vpy, being the speed of the violin bow. For this example, the
values of £k = 3, m = 3, and vy, = 1 were selected. An EQNN was trained to perform
system identification using simulation data of this system where the inputs and outputs are

constructed as follows

Xi = [331'1 Ui1:| ;Y= {% Ui:| (5.43)

To generate training data, the system was discretized using forward Euler’s method and
simulated over the time interval ¢ € [0, 5]. A total of 60 simulated trajectories were obtained

with randomized initial position xy € [—2,5] and velocity vy € [—1,3]. The simulated
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—— Truth —— QNN —— EQNN BP-S —— BP-D

Speed v

-2 -1 0 1 2 3
Position x
Figure 5.3: Comparison of state trajectories for auto-regressive predictions with xqg = —1,
vy = —2, initial state marked with a white circle, final states marked with a circle of corre-

sponding color

trajectories were then sampled with a sampling period of 0.1 to generate the training data.
In total, 3000 training samples were generated. Furthermore, the training data was subjected
to additive Gaussian white noise v ~ 0.0LA/(0,1) to mimic sensor noise.

To evaluate the performance of the EQNN composed of two-layer QNNs, it was compared
to a least squares trained two-layer QNN [21], a two-layer backpropagation-trained neural
network (BP-S), and a deep backpropagation-trained neural network (BP-D). To ensure the
EQNN and backpropagation networks have a similar complexity level, the total number of
hidden-layer neurons was fixed at 168. With this limit, the regions for the EQNN were
selected as r = {2,7}. The BP-S had a single hidden layer with 168 neurons, whereas the
BP-D has 6 hidden layers, each with 28 neurons. Both the BP-S and BP-D were implemented
using Python’s PyTorch module and used the ReLLU activation functions for their hidden
layer neurons. Furthermore, the BP-S was trained over 1000 epochs, whereas the BP-D

was trained over 1500 epochs, both using the stochastic gradient descent algorithm, with a
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Figure 5.4: Comparison of piecewise model regions between EQNN and BP-S, black lines
represent region boundaries for BP-S, red lines represent boundaries for EQNN

learning rate of 0.01, a momentum factor of 0.9, and a weight decay of 107°. Both the QNN
and EQNN used 3 = 107° for their least squares training. After training, the networks were
then tested using their previous outputs as the inputs for the next prediction.

To compare the performance of each network, 100 simulations with initial conditions
uniformly distributed over the ranges zo € [—2,5], vg € [—1, 3] were performed. For each
simulation, the mean squared error (MSE) between the predictions and the true states was
recorded. The average MSE along with the training time of each network is shown in Ta-
ble 5.3. Additionally, to show the differences in performance, an example simulation is shown
in Figure 5.3. The EQNN'’s average MSE was the lowest of all the networks, showing that
it was most accurate at modeling the dynamics of the system, along with a shorter training
time than the backpropagation-trained networks. Furthermore, although one might expect
the EQNN to have a larger training time compared to the QNN due to multiple networks
being trained, the reduced number of data points per sub-network seems to offset this, which

causes both the QNN and EQNN to have nearly identical training times. Moreover, it is
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Table 5.3: Comparison of training time and average MSE for 100 auto-regressive trials with
different initial conditions

Network | Average x MSE  Average v MSE  Training Time [s]
QNN 1.619 1.078 0.152
EQNN 2.99 x 1072 2.68 x 1072 0.150
BP-S 8.99 x 1072 7.90 x 1072 4.121
BP-D 4.97 x 107! 3.69 x 1071 13.443

important to note that the EQNN local networks were trained in series, and that parallel
training may make EQNN training significantly faster compared to QNN training. In addi-
tion to the performance benefits, there are also improvements in explainability for EQNNs.
Since both the ReLU network and the EQNN act as a form of piecewise model (ReLLU being
piecewise-affine and EQNN being piecewise-quadratic), Figure 5.4 compares the partition-
ing of the training input space between the models. Compared to the EQNN, the ReLLU’s

partitioning is significantly more complex.

104



Chapter 6

Conclusions

Motivated by a growing need for explainable artificial intelligence, this thesis explores quadratic
neural networks (QNNs) as a solution to many of the issues that limit the application of
neural networks to safety-critical systems.

Chapters 3 and 4 show that, without regularization and mild constraints added on the
activation function parameters and norm of the weights, the training of a two-layer con-
volutional quadratic neural network (CQNN) and a two-layer quadratic physics-informed
neural network (QPINN) can be formulated as a least squares problem. In addition to the
analytic expression for the globally optimal weights, the networks also have an input-output
expression that is a quadratic form, which enables formal analysis in a system theory con-
text. Furthermore, through examples related to system identification, sensor fusion, and
solving boundary value problems, it is shown that CQNNs and QPINNs can achieve similar
predictive performance compared to backpropagation-trained networks, whilst significantly
reducing the training time and the number of hyperparameters that a designer would need to
tune. Additionally, Chapter 5 presents the optimal quadratic activation function parameters
to approximate a ReLLU function by minimizing the mean squared error and the maximum
absolute error. Table 6.1 presents an overview of backpropagation-trained networks and

QNNs with respect to four key aspects.
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Table 6.1: Comparison between backpropgation-trained networks and to-layer QNNs on four

aspects which limit the application of neural networks to safety-critical systems

Aspect BP-trained Network Two-Layer QNNs
Explainability Either do not provide an analytic | Quadratic form for input-output
input-output expression or pro- | expression
vide one that is extremely com-
plex to analyze
Global No guaratee of global optimal | Analytic solution for globally op-
Optimality weights timal weights (see Section 3.3 and

Section 4.2.2)

Architecture &
Hyperparameters

Heuristics for selection of num-
ber of neurons, layers, activation
function, optimization algorithm
and its parameters (e.g., learning
rate, momentum)

Network architecture is a by-
product of training, method for
selection of quadratic activation
function parameters presented in
Section 5.1, regularization coeffi-
cient must be tuned

Training Time

Long training times and high
computational demand due to it-
erative nature of backpropagation
training

Short training times due to ana-
lytic epxression for globally opti-
mal weights

This thesis also addresses one of the primary limitations of two-layer QNNs, that they do
not possess the universal approximation property. In particular, this thesis proposes lifting
and ensemble networks as a solution to increase the representational capacity of QNNs.
In Section 5.2, it is proved that using monomial lifting of a sufficiently high degree allows
QNNs to become universal approximators. Additionally, Section 5.3 provides an alternative
to lifting by proposing ensemble QNNs (EQNNs), which train multiple QNNs by subdividing
the feature space. EQNNs are shown to increase the representational capacity of QNNs in a

system identification example.

6.1 Future Work

The following is a non-exhaustive list of potential future work directions:

e Deep QNNs with more than one hidden layer

e Generalization of CQNNs to use filters of higher dimensions
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e Extension of the QPINNs methodology to handle nonlinear PDEs

e Systematic method for the selection of the least squares regularization term

e Exploration of optimal input-space partitioning for EQNNs
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