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ABSTRACT 

 

Linear Parameter Varying Path-Tracking Control Design for Autonomous Ground 

Vehicles 

Amir Afsharinejad 

Navigating Autonomous Ground Vehicles (AGVs) demands handling complex traffic conditions 

with safety, comfort, and precision across diverse operating conditions. An essential constituent 

of AGV navigation is the development of effective path-following strategies to track a desired 

trajectory while dealing with dynamic variables such as changing vehicle speeds, external 

disturbances, and actuator limitations. Such systems must combine robust control methods to 

handle uncertainties and nonlinearities inherent in vehicle dynamics and provide reliable 

performance in complex driving conditions. This research focuses on developing a lateral control 

framework for AGVs through a novel Linear Parameter Varying (LPV) modeling approach. By 

treating the vehicle's longitudinal velocity as a varying parameter, an LPV representation of the 

road-vehicle system is formulated. To reduce the conservatism inherent in traditional LPV models, 

a polytopic LPV framework that employs a varying parameter and utilizes a first-order Taylor 

approximation is introduced. This approach reduces the number of vertices required in the 

polytopic vehicle model, thus improving computational efficiency and performance of the path 

tracking control design. This polytopic LPV model, employed for an 𝐻2 LPV control design, has 

the dual objectives of disturbance attenuation and guaranteeing passenger safety and comfort. The 

control design process utilizes Lyapunov theory to guarantee the stability and performance of the 

closed-loop system. Both Quadratic Lyapunov Functions (QLF) and Poly-Quadratic Lyapunov 

Functions (PQLF) are explored, with PQLF suggesting a substantial reduction in the conservatism 

typically associated with LPV systems. The controller design is recast as a convex optimization 

problem under Linear Matrix Inequality (LMI) constraints. This method avoids the drawbacks of 

heuristic optimization methods while ensuring a systematic and robust solution. Additionally, a 

Linear Quadratic Regulator (LQR) control scheme is developed as a benchmark that is further 

validated through numerical simulations. The performance of the proposed controllers and LPV 

models is extensively assessed through comparative simulations with their nonlinear counterparts, 

which emphasizes their effectiveness in dealing with the dynamic challenges of AGV lateral 

control. 
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Chapter 1 

Introduction and Literature Review 

1.1. Background and Motivation 

Autonomous Ground Vehicles (AGVs) offer a transformative opportunity for the realization of 

future intelligent transportation systems. Integrating AGVs with smart cities significantly 

improves traffic efficiency, road safety, and passenger comfort. This demand arises from the 

urgent need to address issues in current road transportation, where human error accounts for about 

94% of fatal accidents. By utilizing robust and safe control methods, AGVs have the potential to 

considerably mitigate these risks, reduce traffic-related fatalities, and enhance the overall 

efficiency of transportation systems. Beyond safety, AGVs can improve driving comfort through 

precise and adaptive vehicle control [1]. These advancements not only address critical safety 

concerns but also overcome the inherent limitations of human drivers, providing a level of 

reliability and consistency unattainable with conventional vehicles. This limitation can be 

addressed by AGVs, where advanced intelligence takes control of the car, remaining unaffected 

by human vulnerabilities such as fatigue, sleepiness, and distractions. In terms of comfort, AGVs 

utilize high-tech sensors, powerful processors, and state-of-the-art telecommunication systems. 

This improvement is particularly useful for individuals with visual or hearing impairments or 

physical disabilities, offering them greater independence and accessibility while enhancing the 

overall convenience of transportation for all users [2]. Fig. 1.1 provides a general overview of an 

AGV, including its onboard sensors, computer, and other components. 

 

Fig. 1.1. The sketch of an autonomous vehicle and its on-board equipment [3] 
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The field of automated driving is extensive and encompasses a diversity of focus and applications, 

each with its own set of requirements and concerns, with lane-keeping and lateral path-tracking 

control as a primary one. This task involves the intelligent vehicle utilizing input data obtained 

from onboard sensors, as well as various vehicle parameters, to navigate and maintain a desired 

path, a fundamental goal in the development of autonomous vehicles. 

Active safety systems, such as steering assistance technologies, have been implemented over the 

past two decades to facilitate automatic lane-keeping control, also known as lateral control and 

higher levels of autonomy for self-driving cars. These systems seek to prevent lane departure, 

thereby significantly reducing road accidents and consequent road casualties. [4]. Such a task 

covers various scenarios, such as i) lane tracking, ii) lane changing, and iii) obstacle avoidance, 

which can be tackled by designing control laws through steering commands [5]. 

 

Fig. 1.2. Different goals in path-following control of an AGV: (a) Lane tracking [1], (b) Lane changing 

[1], (c) Obstacle avoidance [6] 

 

Fig. 1.3. AGVs’ autonomy levels 
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Fig. 1.3 exhibits the different autonomy levels of AGVs based on the SAE definition [7]. The SAE 

levels of autonomy, ranging from Level 0 (no automation) to Level 5 (full automation), outline the 

increasing capabilities of automated systems and the decreasing reliance on human intervention. 

As vehicles progress toward higher levels of autonomy, the complexity of system responsibilities 

grows. While the SAE levels provide a framework for vehicle automation, the lateral path tracking 

task, including lane-keeping performance, remains a critical challenge across all levels, especially 

for driverless and highly autonomous vehicles. This highlights the enduring importance of robust 

control strategies for this fundamental task. 

1.2. Literature Review 

AGVs have been in the spotlight of the research activities done by both academia and the 

automotive industry during the past decades [8], [9] with one desired goal, contributing to the 

safety of and comfort in the daily commuting of individuals in society [10]. There are some key 

areas in the field of controlling AGVs, including trajectory planning and optimization, where 

optimal paths or trajectories for the AGV are generated through designed algorithms [11], [12], 

[13] and [14]; adaptive cruise control systems take the responsibility of keeping a safe following 

distance from other vehicles by manipulating the vehicle’s velocity by developing control 

strategies [15], [16], [17] and [18]; platooning control, where several autonomous vehicles  are 

coordinated together to achieve a desired objective [19], [20], [21] and [22]; parking assistance 

control systems which make automatic parking possible for AGVs regardless of the physical 

geometry of the parking space [23], [24], [25] and [26]; the context of sensor fusion and 

localization in which generated data by LiDAR or cameras is utilized to define the vehicle’s 

position and orientation [27], [28], [29] and [30]; and finally, designing control systems targeted 

to provide efficient collaboration between human drivers and autonomous systems [31], [32], [33] 

and [34]. Lane-keeping control has consistently remained a primary focus due to its significance 

in intelligent vehicles, while path-following control, which includes lane-keeping, plays a crucial 

role in mitigating the inherent hazards of driving by ensuring safe and accurate vehicle guidance 

[1], [35], [36], [37], and [38]. 
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Table 1.1. Key areas in the field of controlling AGVs 

Area Example Studies 

Trajectory Planning and Optimization [11], [12], [13], [14] 

Adaptive Cruise Control Systems [15], [16], [17], [18] 

Platooning Control [19], [20], [21], [22] 

Parking Assistance Control Systems [23], [24], [25], [26] 

Sensor Fusion and Localization [27], [28], [29], [30] 

Control of the Human-Machine Interaction [31], [32], [33], [34] 

Path-Following Control [1], [35], [36], [37], [38] 

 

The steering control in vision-based AGVs was investigated by designing a nested proportional-

integral differential (PID) structure in [39], where experimental tests were conducted regarding 

designing a path-following controller for roads with uncertain curvature. In this study, the steering 

wheel angle was defined as the input control signal and was generated based on the yaw rate and 

the lateral offset. Yaw rate and lateral offset were measured using a gyroscope and a vision system 

working based on the distance between the road centerline and a virtual point at a fixed distance 

from the vehicle. A PID control with a double integral action built the external control loop for 

attenuating the disturbance on the curvature. Finally, the variations in the vehicle speed, along with 

the uncertainty in its parameters, were considered to examine the robustness of the control scheme 

against such parametric uncertainties. In another study [40], the lateral control of AGVs was 

investigated through three different adaptive nonlinear controllers: i) a sliding mode controller, ii) 

an immersion and invariance principle-based controller (or simply I&I controller), and iii) a 

passivity-based adaptive PI controller that benefits from the output feedback with a passive output 

(PBC controller). It was concluded that the SMC, despite the simplicity in design, has issues related 

to the chattering problems, and that the I&I controller exhibited greater robustness when handling 

significant variations in curvature. Additionally, the I&I control method provides smooth steering 

commands. Finally, by ensuring passivity in the closed-loop system, the PBC controller not only 

enabled energy-based analysis but also guaranteed that the system did not produce more energy 

than it consumed, resulting in robust and efficient performance. Despite different approaches, none 

of these methods demonstrated a clear advantage in terms of lateral error. Although one method 

(e.g., the I&I controller) may offer a better transient response, another excels in steady-state 

performance, leading to an overall error that remains comparable over the entire operating period. 
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Given that the main benefits of these strategies lie in their robustness against uncertainties, noise, 

and variations in road curvature, a more directly comparable approach, such as 𝐻∞-based methods, 

could have been assessed as well. A study focused on lane-keeping while considering passenger 

comfort and addressing disturbances and uncertainties in the vehicle's parameters [41]. 

Consequently, three criteria become advantageous in this exploration: i) lane tracking, ii) 

robustness, and iii) passenger comfort, which are managed by three different controllers: i.e., PID 

and Linear-Quadratic-Gaussian and 𝐻∞. It was concluded that 𝐻∞ demonstrated a greater 

performance in lane-keeping tasks and robustness. However, it was still sensitive to changes in 

look-ahead distance and the center of gravity location. The performance of AGVs dealing with 

obstacle avoidance was also studied in [42] using a nonlinear nonconvex control method 

implemented in two stages. In the first stage, a nonlinear model predictive controller used a 

simplified vehicle model to generate both a collision-free trajectory and the optimal input, 

leveraging the generalized minimal residual method along with a continuation method for 

optimization. In the second stage, a linear feedback controller with a preview component 

compensated for the discrepancy between the simplified model and a single-track (bicycle) model. 

Because this optimization problem was nonconvex, achieving global optimality remained an issue.  

Another study in [43] addressed both longitudinal and lateral control of AGVs. A nonlinear model 

predictive controller was used to manage the steering system for lateral control, while a simplified 

vehicle model served as the basis for designing a Lyapunov-based nonlinear controller for 

longitudinal speed tracking. In [44], an active front steering system was controlled using a model 

predictive control strategy to track the desired trajectory at high speeds on icy, snow-covered roads. 

The controller used the predicted trajectory at each time interval to generate the steering angle. 

Two approaches were tested: one employed a nonlinear vehicle model, while the other utilized 

successive online linearization of the vehicle model, resulting in different computational demands. 

The authors demonstrated that the second approach achieved comparable performance to the 

nonlinear model predictive control but with a significantly lower computational cost. In [45], a 

robust controller was designed for path-following control in AGVs using a linear model predictive 

control strategy. The design incorporated a robust control action alongside a feed-forward control 

signal to compensate for discrepancies between the trajectory tracking error model used in the 

control design and the actual system. The study in [46] integrated trajectory tracking, vehicle 
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stability, and collision avoidance into a unified control structure. In cases where stabilization and 

collision avoidance control signals conflicted, the proposed approach prioritized collision 

avoidance. The design combined feedback controllers with model predictive methodologies. In 

[47], a stochastic model predictive controller was employed to predict the behavior of other 

vehicles and enable safe lane-changing scenarios. However, [47], similar to other studies using 

model predictive control approaches, faced significant computational challenges due to the need 

for solving online optimization problems, a limitation particularly pronounced in nonlinear model 

predictive techniques, as mentioned in [45]. 

In the study [48], a shared controller was developed to assist drivers with trajectory following 

using a gain-scheduling robust approach. This approach accounted for varying driving conditions, 

vehicle dynamics, and driver characteristics (e.g., delay time, preview time, and steering gain). 

Additionally, uncertainties such as tire cornering stiffness variations and modeling errors were 

incorporated as bounded disturbances. The performance optimization considered tracking error, 

control effort, and the physical and mental workload of the driver. Constraints on the closed-loop 

system’s pole placement were introduced to improve transient response, leveraging the 

relationship between eigenvalues and system stability. 

Similar to [48], studies in [2], [49], and [50] explored trajectory following and lane-keeping with 

robust control strategies. These works employed static and dynamic output feedback controllers, 

focusing on regional pole placement via the D-stability concept to enhance transient response. The 

static output feedback controllers in [2] and [49] simplified real-time implementation, while [50] 

utilized a dynamic output feedback controller but noted limitations in its application to scenarios 

with large heading angles, such as J-turns. 

Incorporating fuzzy and robust control methods, studies in [51], [52], and [53] designed lane-

keeping assist (LKA) systems and trajectory-following controllers. These works addressed human-

machine conflicts by including driver activity variables and employing T-S fuzzy techniques to 

manage variations in driver behavior and vehicle velocity. The control designs reduced 

conservatism using parameter-dependent Lyapunov functions, with optimization problems solved 

via LMIs for efficiency. However, dynamic output feedback schemes, as used in [51], added 

complexity to real-time implementation. 
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Several studies ([4], [5], [54], and [55]) investigated static output feedback controllers for lane-

keeping and trajectory-following tasks. These controllers leveraged LPV or polytopic LPV models 

to address speed variations, included road geometry as a feedforward action, and incorporated 

physical constraints (e.g., acceleration bounds) to improve robustness and reduce conservatism. 

For example, [4] incorporated vehicle-road dynamics into the control law for improved cornering 

performance, while [5] combined LMI and genetic algorithms to design an 𝐻∞ robust control 

strategy. 

Control systems addressing disturbances and constraints were discussed in [56], [57], and [58]. 

These studies used shared steering frameworks and switching strategies to handle lane departures, 

obstacle avoidance, and stability control. Methods included Lyapunov-based techniques, 

composite Lyapunov functions, and polyhedral invariant sets to ensure stability and robust 

performance under uncertainties. In [57], an MPC-based shared steering system mitigated driver-

system conflicts but faced computational challenges due to non-convex optimization. Studies [58], 

[59], and [60] focused on driver-automation interaction and used T-S fuzzy models and time-

varying driver activity parameters to address human-machine collaboration in semi-autonomous 

vehicles. While [58] and [59] emphasized safety and comfort by incorporating physical constraints 

into the control design, [60] focused on using measured outputs to simplify implementation and 

full-state information. Lastly, [61], [62], and [63] addressed shared control structures and driver 

assistance systems under uncertainties, employing LPV and reduced-order LPV controllers to 

handle variations in road adhesion, vehicle mass, and wind disturbances. These studies highlighted 

the trade-offs between controller complexity, robustness, and real-time feasibility. 

In [64], a robust 𝐻2 control approach based on LPV modeling was used to design a direct tilt 

control strategy to improve the lateral stability of narrow tilting vehicles. The design incorporated 

constraints on system states and actuators to enhance safety and passenger comfort. The authors 

utilized parameter-dependent Lyapunov functions to reduce conservatism and solved the 

optimization problem using LMIs, ensuring efficient computation. Trajectory tracking and 

performance improvement of AGVs were addressed in [65] with an integral sliding mode control 

approach, focusing on yaw stabilization. The control strategy used a robust Kalman filter and 

neural networks to estimate states and manage uncertainties, targeting transient performance and 

considering actuator saturation. Similarly, [66] proposed a linear MPC controller for lane-keeping 
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and obstacle avoidance, using decoupled lateral and longitudinal dynamics to simplify real-time 

implementation. However, this approach was limited to low-curvature roads. Path-following 

applications were further explored in [67], [68], and [69]. In [67], a two-layer control system 

combined fuzzy logic and PID control for precise steering adjustment. In [68], a weighted gain-

scheduling 𝐻∞control strategy was designed, considering parameters such as steering hysteresis 

and longitudinal velocity variations, but lacked fast trajectory-tracking error convergence. The 

study in [69] addressed uncertainties in steering angle, tire forces, and load transfer with a 

combination of feedback-feedforward robust control and adaptive SMC. 

Several studies, including [70], [71], [72], and [73], tackled vehicle dynamics and parametric 

uncertainties in path-following tasks. In [70], a robust fuzzy control system handled external 

disturbances and velocity variations, ensuring asymptotic stability. The study in [71] used an 

adaptive controller to manage tire cornering stiffness variations and lateral errors with constrained 

functions. In [72], an adaptive neural controller simultaneously addressed lateral and longitudinal 

dynamics in a model-independent manner but without considering control signal optimality. 

Localization errors and tire slip effects were considered in [73] using a polytopic model and an 

observer-based 𝐻∞ and 𝐿1control strategy for improved trajectory tracking. Slope road path-

following was investigated in [74], where an MPC-LPV approach addressed unequal tire force 

distribution and gravity effects. The study integrated a torque allocation scheme and gyro sensor 

data but assumed constant longitudinal velocity, limiting its real-world applicability. The study in 

[75] extended MPC to include constraints such as sideslip, rollover, and vehicle envelopes, 

improving lateral stability and smooth transitions but lacked a non-MPC benchmark for 

comparison. Switched and nonlinear control strategies were discussed in [76], [77], and [78]. The 

study in [76] proposed a switched polytopic LPV model for varying vehicle velocities, ensuring 

stability using multiple Lyapunov functions. However, it did not compare different switching 

methods. In [77], a nonlinear 𝐻∞control strategy combined neural networks and policy iteration 

to manage input limitations and disturbances but did not address parametric uncertainties. The 

work in [78] extended 𝐻∞control to account for delays, data dropouts, and tire stiffness 

uncertainties, though its time-invariant assumptions introduced conservatism. Lastly, [79] 

designed a robust 𝐻∞controller for trajectory tracking using active front steering and direct yaw 

moment control. The design employed LMIs, Lyapunov stability, and D-stability concepts to 
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address model uncertainties, system constraints, and external disturbances, achieving improved 

transient response. 

Table 1.2. Literature Review Summary 

Path-following Control Approaches References 

Classical Linear Control  

PID [39], [41], [67] 

LQG [41] 

 𝐻∞ [5], [48], [41], [68], [69], [73], [76], [78],  [79] 

Mixed 𝐻∞/𝐿1 [73] 

Nonlinear 𝐻∞ [77] 

 𝐻2 [2], [4], [52], [62], [64] 

Nonlinear Control (Adaptive Control) [40], [65], [69], [71], [72] 

MPC Control:  

Nonlinear MPC [44], [42], [43] 

LTV MPC [44] 

Linear MPC [45], [46], [57], [66], [75] 

LPV MPC [74] 

Stochastic MPC [47] 

LPV and T-S Control  

LPV [5], [4], [50], [61], [63], [64], [69] 

Switched-LPV [76] 

Gain-scheduling [48], [56], [68] 

Fuzzy [51], [67], [70] 

T-S Fuzzy [2], [53], [58], [59], [60] 

 

1.3. Research Scope and Objectives 

Safety and comfort are critical priorities in developing intelligent vehicles and AGVs. The 

effectiveness of a vehicle control system directly impacts these priorities while maintaining closed-

loop stability as a fundamental requirement. By enhancing feedback control performance, the 

controlled system becomes more efficient, mitigating the inherent risks of driving and reducing 

the driver’s workload. In lane-keeping control, one of the primary objectives in intelligent vehicle 

systems, real-time road curvature information can significantly improve the control system’s 

effectiveness by enabling the prediction of potential vehicle trajectories. This enhancement is 
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achieved by integrating a feedforward gain with a feedback gain, forming the overall control law 

proposed in this thesis for the path-following task of AGVs. 

Vehicle dynamics, which model AGV behavior, vary significantly under different operating 

conditions, including changes in speed, vehicle parameters (such as tire cornering stiffness), road 

conditions, and control objectives like lane tracking, lane changing, and obstacle avoidance. 

Consequently, different performance criteria must be employed to address the diverse traffic 

scenarios vehicles encounter. Designing a model-based controller that meets performance 

objectives across a wide range of operating conditions remains a major challenge. Robust control 

strategies are essential to address these varying conditions and achieve diverse performance goals. 

Such control algorithms must ensure passenger comfort, minimize conservatism, and be practical 

for real-world applications. Before deployment on test tracks or real roads, these algorithms must 

be rigorously validated through high-fidelity numerical simulations. The stability of the closed-

loop system is a requirement, ensuring reliability and safety under all operating scenarios. 

This M.A.Sc. project specifically focuses on developing advanced robust controller schemes for 

AGVs to meet various performance objectives across the full operating range in the context of 

lane-keeping control. The specific goals of the research activity are as follows. 

• To tackle the challenges arising from variations in the vehicle's longitudinal velocity and its 

resulting dynamics, the polytopic LPV framework will be employed in both the modeling and 

controller design phases. The approach utilizes quadratic and parameter-dependent Lyapunov 

functions to address two key aspects: simplifying the complexity of control system 

implementation and mitigating the inherent conservatism associated with this control 

methodology. 

• The stability analysis and performance guarantees are rigorously established using Lyapunov 

stability theory. 

• Convex optimization techniques, under LMI constraints, are employed to solve the design 

conditions and determine the required controller gains. This approach avoids heuristic 

optimization methods, which often lack guarantees for finding a globally optimal solution and 

involve significant computational costs. 
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• The system's responsiveness and the amplitude bound of the controller's gains are carefully 

considered during the controller design process. Responsiveness ensures the method's 

applicability to practical scenarios, such as emergency lane changes in obstacle avoidance for 

AGVs, while bounded controller gains guarantee the practicality and feasibility of 

implementation. 

• The effectiveness of the proposed solutions will be evaluated through validated numerical 

simulations using standard test scenarios in the context of autonomous vehicles. An LQR control 

will be designed and utilized as a benchmark, providing a basis for fair comparisons to validate 

the strategies presented in this thesis further. 

• The developed polytopic LPV models for an AGV are validated through numerical simulations, 

with the original nonlinear dynamics of the AGV serving as the reference model. 
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Chapter 2 

Modeling Vehicle Dynamics 

Developing control systems typically involves two key steps: (i) modeling the system under study 

and (ii) formulating the control strategy. Accurate modeling is essential for effective controller 

design, as it provides the basis for understanding system dynamics and predicting behavior. 

Without a reliable model, the control strategy may fail to achieve stability or desired performance. 

A well-represented model enables the development of a robust and efficient control system and 

helps guarantee stability and optimal performance in diverse operating conditions. 

Modeling includes developing mathematical representations describing physical systems' behavior 

and dynamics, which form a basis for control design, analysis, and simulation. These models vary 

depending on the nature of the system: for continuous-time systems, differential equations are 

used, while difference equations express discrete-time systems. These models are derived from 

fundamental physical laws, such as Newton's laws of motion for mechanical systems. Accurate 

modeling explains the essential dynamics and comprises system-specific constraints and external 

influences, which help the development of control strategies specific to the system's 

characteristics. This chapter focuses on vehicle modeling with an emphasis on achieving lateral 

control objectives. In Section 2.1, nonlinear vehicle dynamics are represented, path coordinates 

are investigated in Section 2.2, and steering system dynamics are addressed in Section 2.3. Then, 

an introduction to Linear Parameter Varying (LPV) systems is given in Section 2.4, followed by a 

polytopic LPV representation for a general control-based road-vehicle model in Section 2.5. The 

aforementioned general model is gathered from the dynamics in Sections 2.1-2.3. Lastly, Section 

2.6 addresses the validation of the two models presented in this chapter for AGV control compared 

to its nonlinear model. 

2.1. Vehicle Nonlinear Dynamics 

Nonlinear models are essential for accurately representing physical systems because they capture 

complex dynamics and nonlinear behaviors that linear models cannot, primarily when the system 

operates over a wide range of conditions or exhibits significant nonlinearities. This thesis focuses 

on the automatic path-tracking application for vehicle systems. Consequently, the nonlinear single-



13 

 

track (bicycle) model is employed to characterize the vehicle's handling dynamics in the horizontal 

plane [40]. This model simplifies the vehicle dynamics by making several assumptions: it assumes 

symmetry between the left and right sides of the vehicle, considers high suspension stiffness to 

neglect roll and pitch motions, and presumes equal weight distribution between the wheels. These 

assumptions allow the model to effectively describe the essential lateral dynamics required for 

control design while providing computational efficiency. Fig. 2.1 illustrates the schematic of the 

vehicle lateral dynamics and its relationship with the lane centerline during path tracking. 

Additionally, the values for vehicle model parameters are given in Table 2.1. 

 

Fig. 2.1. Schematic representation of vehicle lateral dynamics and path tracking relative to the lane 

centerline 
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Table 2.1. Vehicle parameters [4] 

Parameter Description Value 

𝑀 Vehicle mass 1,476 𝑘𝑔 

𝑙𝜔 
Distance between the vehicle C.G. and the center of the wind 

force effect 
0.4 𝑚 

𝑙𝑓 Distance between the vehicle’s C.G. and front axle 1.13 𝑚 

𝑙𝑟 Distance between the vehicle’s C.G. and rear axle 1.49 𝑚 

𝑙𝑠 Look-ahead distance 5 𝑚 

𝜂𝑡 Tire length contact 0.13 𝑚 

𝐼𝑒𝑓𝑓 Effective longitudinal inertia 442.8 𝑘𝑔𝑚2 

𝐼𝑧 Yaw moment of inertia of the vehicle 1,810 𝑘𝑔𝑚2 

𝐼𝑠 Yaw moment of inertia of the steering setup 0.02 𝑘𝑔𝑚2 

𝑅𝑠 Ratio for the steering gear 16 

𝐵𝑠 Damping of the steering setup 3.7 

𝐾𝑝 Manual steering column coefficient 0.13 

𝑐𝑓 Cornering stiffness of the front tires 57 𝑘𝑁/𝑟𝑎𝑑 

𝑐𝑟 Cornering stiffness of the rear tires 59 𝑘𝑁/𝑟𝑎𝑑 

𝑐𝑥 Coefficient of the longitudinal aerodynamic drag 0.35 

𝑐𝑦 Coefficient of the lateral aerodynamic drag 0.45 

 

The nonlinear vehicle dynamics, obtained from the Newton-Euler equations, are represented as 

[4]: 

𝑣̇𝑥 =
𝑇𝑒𝑛𝑔 − 𝑐𝑥𝑣𝑥

2

𝐼𝑒𝑓𝑓
+ 𝑣𝑦𝑟, 

𝑣̇𝑦 =
𝐹𝑦𝑓 + 𝐹𝑦𝑟 − 𝑐𝑦𝑣𝑦

2 + 𝑓𝜔

𝑀
− 𝑣𝑥𝑟, 

(2.1)  
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𝑟̇ =
1

𝐼𝑧
(𝑙𝑓𝐹𝑦𝑓 − 𝑙𝑟𝐹𝑦𝑟 + 𝑙𝜔𝑓𝜔), 

where 𝑣𝑥 and 𝑣𝑦 represent the vehicle speed and lateral velocity, the yaw rate is represented by 𝑟, 

and the net engine or brake torque is denoted by 𝑇𝑒𝑛𝑔. This torque acts as the control input for the 

longitudinal dynamics of the vehicle. Lateral disturbance (wind force) is included by 𝑓𝜔 and lateral 

forces at the front and rear tires are 𝐹𝑦𝑓 and 𝐹𝑦𝑟, respectively. In addition, the magic formula is 

used to model tire cornering forces as [4]: 

𝐹𝑦𝑖(𝛼𝑖) = 𝐷𝑖 sin(∇i), 

∇𝑖= 𝐶𝑖 arctan[(1 − 𝐸𝑖)𝐵𝑖𝛼𝑖 + 𝐸𝑖 arctan(𝐵𝑖𝛼𝑖)], 
(2.2) 

where the superscript 𝑖 with 𝑓 and 𝑟 represents the front and rear axle tires, respectively. 

Additionally, 𝐵𝑖, 𝐶𝑖, 𝐷𝑖, and 𝐸𝑖 are Pacejka parameters influenced by tire characteristics, road 

contamination, and vehicle operating conditions [80]. Furthermore, the tire slip angles at the front 

and rear axles are [4]: 

𝛼𝑓 = 𝛿 − 𝑎𝑟𝑐𝑡𝑎𝑛
𝑣𝑦 + 𝑙𝑓𝑟

𝑣𝑥
, 

𝛼𝑟 = 𝑎𝑟𝑐𝑡𝑎𝑛
𝑣𝑦 − 𝑙𝑟𝑟

𝑣𝑥
. 

(2.3) 

where 𝛿 is the front wheel steering angle, and 𝑙𝑓 and 𝑙𝑟 are the distances from the center of gravity 

of the vehicle to the front and rear axles, respectively. 

To obtain a simplified representation model, the following assumptions are made: i) By 

considering the vehicle speed as a time-varying parameter with a bounded variation rate, the 

longitudinal dynamics, as well as the aerodynamic forces are ignored; ii) The lateral tire forces are 

proportional to their corresponding axles’ side-slip angles; and iii) it is assumed that the side-slip 

angles are small. The mentioned assumptions hold in designing vehicle lateral control structures 

for normal driving situations [81], [54] , and [39]. Therefore, the lateral tire forces can be 

represented by [4]: 

𝐹𝑦𝑓 = 2𝑐𝑓 (𝛿 −
𝑣𝑦 + 𝑙𝑓𝑟

𝑣𝑥
), (2.4) 
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 𝐹𝑦𝑟 = 2𝑐𝑟 (
𝑣𝑦 − 𝑙𝑟𝑟

𝑣𝑥
), 

where 𝑐𝑓 and 𝑐𝑟 represent the front and rear tire cornering stiffness respectively. Finally, the 

simplified dynamics representing the lateral behavior of the vehicle is given by [4]: 

[𝛽̇
𝑟̇
] = [

𝑎11 𝑎12
𝑎21 𝑎22

] [
𝛽
𝑟
] + [

𝑏1
𝑏2
] 𝛿 + [

𝑒1
𝑒2
] 𝑓𝜔 , (2.5) 

where 𝛽 represents the side-slip angle at the center of the gravity of the vehicle. This parameter is 

defined as 𝛽 =
𝑣𝑦

𝑣𝑥
. The elements of the matrices in (2.5) are as follows: 

𝑎11 = −
2(𝑐𝑟 + 𝑐𝑓)

𝑀𝑣𝑥
, 𝑎12 =

2(𝑙𝑟𝑐𝑟 − 𝑙𝑓𝑐𝑓)

𝑀𝑣𝑥2
− 1, 

𝑎21 =
2(𝑙𝑟𝑐𝑟 − 𝑙𝑓𝑐𝑓)

𝐼𝑧
, 𝑎22 =

−2(𝑙𝑟
2𝑐𝑟 + 𝑙𝑓

2𝑐𝑓)

𝐼𝑧𝑣𝑥
, 

𝑏1 =
2𝑐𝑓

𝑀𝑣𝑥
, 𝑏2 =

2𝑙𝑓𝑐𝑓

𝐼𝑧
, 𝑒1 =

1

𝑀𝑣𝑥
, 𝑒2 =

𝑙𝜔
𝐼𝑧
, 

 

where 𝑀, 𝐼𝑧, and 𝑙𝜔 represent the total mass of the vehicle, the yaw moment of inertia of the 

vehicle, and the distance from the vehicle's center of gravity to the effective center of the wind 

force, respectively. 

2.2. Path Coordinates 

Monitoring the vehicle's position within the road frame is a critical component of lane-keeping 

control in autonomous vehicles. Accordingly, the dynamic representations of lateral deviation 

error 𝑦𝐿, and heading error 𝜓𝐿 must be included in the equation (2.5). These dynamics equations 

are as follows [4]: 

𝑦̇𝐿 = 𝛽𝑣𝑥 + 𝑙𝑝𝑟 + 𝜓𝐿𝑣𝑥 , 

𝜓̇𝐿 = 𝑟 − 𝜌𝑟𝑣𝑥, 
(2.6) 

where 𝜌𝑟 is the road curvature with 𝑅𝑟 as its curvature radius and 𝑙𝑝 is the look-ahead distance. 

The schematic representation of 𝑦𝐿 and 𝜓𝐿 can be observed in Fig 2.1. It is worth noting that the 

given dynamics of 𝑦𝐿 and 𝜓𝐿 have been employed in the literature for control purposes of AGVs, 

e.g., [58], [62], [81], and [39]. 
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2.3. Steering System Dynamics 

The electronic power steering (EPS) system acts as the primary mechanism for executing lane-

keeping operations by receiving commands from the controller, translating them into precise 

steering actions, and helping the vehicle remain on the desired path. In addition to providing 

steering assistance, the EPS enhances vehicle stability and reduces driver effort. Its dynamic 

behavior, including the torque and angle relationships, is modeled as follows [81]: 

𝛿̈𝑑 =
𝑇𝑠𝛽

𝐼𝑠
𝛽 +

𝑇𝑠𝑟
𝐼𝑠
𝑟 −

𝑇𝑠𝛽

𝑅𝑠𝐼𝑠
𝛿𝑑 −

𝐵𝑠
𝐼𝑠
𝛿̇𝑑 +

1

𝐼𝑠
𝑇𝑠 

(2.7) 

where the steering wheel angle is denoted by 𝛿𝑑 and is computed as 𝛿𝑑 = 𝑅𝑠𝛿, where 𝑅𝑠 is the 

steering gear ratio, and the steering torque is represented by 𝑇𝑠. Furthermore, 𝑇𝑠𝛽 and 𝑇𝑠𝑟 are given 

by [4]: 

𝑇𝑠𝛽 =
2𝐾𝑝𝑐𝑓𝜂𝑡

𝑅𝑠
,  𝑇𝑠𝑟 =

2𝐾𝑝𝑐𝑓𝜂𝑡𝑙𝑓

𝑅𝑠𝑣𝑥
,  

where the manual steering column coefficient and the tire length contact are represented by 𝜂𝑡 and 

𝐾𝑝 respectively. 

2.4.  Preliminaries on LPV Systems 

In this section, an overview of linear parameter varying (LPV) systems is provided, followed by 

an analysis of their stability and performance. Finally, the two Lyapunov functions employed in 

this research are presented. 

• Introduction 

Nonlinear and time-varying systems are pervasive in nature, with most real-world systems 

exhibiting such characteristics. While many systems can be approximated by linear models under 

the assumption that their behavior remains close to nominal operating conditions, this 

approximation often falls short for applications requiring high precision or when the system 

operates under varying conditions. For instance, the dynamics of a surgical robot involve complex 

nonlinear behaviors that demand high precision, making linear approximations insufficient for 

accurate control. In such cases, controllers based on linearized models may perform well on the 
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linearized system but fail to effectively manage the actual nonlinear system, necessitating the use 

of nonlinear control strategies [82]. 

Advanced linearization techniques, such as Parameterized Jacobian Linearization, offer a partial 

solution to address system nonlinearity. Instead of linearizing around a single equilibrium point, 

this method linearizes the system at multiple equilibrium points parameterized by a scheduling 

variable. The control task is then accomplished using the gain-scheduling approach, which designs 

linear controllers for each operating point and interpolates between them based on the system's 

operating conditions. In essence, the controller parameters adapt to varying conditions to ensure 

robust performance [83]. To overcome the limitations of traditional gain-scheduling, Linear 

Parameter Varying (LPV) systems provide a systematic and theoretically grounded approach [84]. 

In LPV systems, the system matrices explicitly depend on time-varying parameters. A specific 

subset, known as quasi-LPV (q-LPV) systems, allows the scheduling parameters to depend on the 

states of the nonlinear system. By leveraging this framework, many nonlinear systems can be 

effectively addressed using LPV techniques. However, LPV approaches require both the 

parameters and their variations to be bounded and well-defined [85]. 

Compared to gain-scheduling, LPV approaches offer several advantages. Notably, LPV control 

does not require slow transitions between operating points, which is often a limitation in gain-

scheduling. Additionally, gain scheduling typically requires a large number of linearized models 

to achieve satisfactory performance, adding complexity to the design process [84]. Fig. 2.2 

illustrates the gain-scheduling methodology, highlighting the challenges posed by the need for 

multiple linearized models. 

 

Fig. 2.2.  A view of the gain scheduling approach [86] 
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When comparing LPV and robust control approaches, it is important to note a key distinction. In 

robust control theory, a static controller is designed to handle all possible variations in the system's 

parameters, ensuring closed-loop stability. In contrast, the LPV approach dynamically measures 

both the parameters and their rates of variation online. This additional information allows the 

controller to adapt online, resulting in improved performance and reduced conservatism compared 

to robust control methods [87]. 

Furthermore, the difference between controlling LPV systems and time-varying systems lies in the 

information available about the system model. In controlling time-varying systems, it is assumed 

that the system model is fully known over the entire time interval [0,∞). Conversely, in LPV 

systems, the system model is only identified at the current sample time 𝑡 and within the interval 

[0, 𝑡), making the LPV approach more suitable for systems with evolving dynamics [88]. Fig. 2.3 

illustrates the generality of LPV systems compared to other modeling approaches, highlighting 

their flexibility and adaptability. 

 

Fig. 2.3. The place of the LPV systems among various systems 

• Different Types of LPV systems [89] 

An LPV system can be considered as follows: 

𝐺(𝜃): {

𝑥̇(𝑡) = 𝐴(𝜃)𝑥(𝑡) + 𝐵1(𝜃)𝜔(𝑡) + 𝐵2(𝜃)𝑢(𝑡)

𝑧(𝑡) = 𝐶1(𝜃)𝑥(𝑡) + 𝐷11(𝜃)𝜔(𝑡) + 𝐷12(𝜃)𝑢(𝑡)

𝑦(𝑡) = 𝐶2(𝜃)𝑥(𝑡) + 𝐷21(𝜃)𝜔(𝑡) + 𝐷22(𝜃)𝑢(𝑡)

, 
(2.8) 
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where 𝑥(𝑡) ∈ ℝ𝑛𝑥 is the state vector, 𝑦(𝑡) ∈ ℝ𝑝 represents the measured output vector, 𝑢(𝑡) ∈

ℝ𝑚 denotes the input vector, and the vector 𝑧(𝑡) ∈ ℝ𝑛𝑧 embodies the controlled output vectors. 

Additionally, 𝜔(𝑡) ∈ ℝw represents the vector of exogenous inputs and 𝜃 ∈ ℝ𝑛𝑝 stands for the 

vector related to measurable varying parameters. 

Different Types of LPV systems have been in the literature [89]. The difference between the 

classes of LPV systems is mainly associated with defining the time-varying parameter vector 𝜃. 

Some of the main classes of LPV systems are summarized in the following parts. 

i) LPV systems with bounded parameters in which the varying parameter vector contains external 

parameters, 𝜃 = 𝜃(𝑡) and belong to 𝒫, where 𝒫 is defined as: 

𝒫 ≔ {𝜃(. ) ≔ [𝜃1 … 𝜃𝑛𝑝]
𝑇
∈ ℝ𝑛𝑝 , 𝜃𝑖 ∈ [𝜃𝑖 𝜃𝑖]∀𝑖 = 1, … , 𝑛𝑝}. (2.9) 

In other words, the varying parameter vector is considered a vector of exogenous inputs. 

ii) Quasi-LPV systems in which where the varying parameter vector 𝜃 is the function of the state 

vector, 𝜃 = 𝜃(𝑥(𝑡)). In other words, the varying parameter vector varies as a function of states, 

inputs, and/or outputs. 

iii) Polytopic LPV systems in which the varying parameters satisfy the convex sum. It should be 

noted that 𝐷22(𝜃) = 0, leading to a strictly proper system. The varying parameter vector (𝜃) 

belongs to the convex polytopic region (𝒫), defined as the convex combination of the varying 

parameters’ extremums. The formulation of the aforementioned varying parameter is as follows 

[89]: 

𝜃 =∑𝜂𝑖𝑣𝑖,∑𝜂𝑖 = 1, 𝜂𝑖 ≥ 0 ∀𝑖 = 1,… , 2𝑛𝑝
2𝑛𝑝

𝑖=1

,

2𝑛𝑝

𝑖=1

 (2.10) 

where 𝑣𝑖 represents each vertex of the above-mentioned convex polytope, and 

𝜂𝑖 =∏𝛾𝑖

2𝑛𝑝  

𝑖=1

, 

𝛾𝑖 = |
𝜃1̅̅ ̅ − 𝜃1

𝜃1 − 𝜃1
| 𝑜𝑟 |

𝜃1 − 𝜃1

𝜃1 − 𝜃1
| × …× |

𝜃𝑛𝑝
̅̅ ̅̅̅ − 𝜃𝑛𝑝

𝜃𝑛𝑝 − 𝜃𝑛𝑝
| 𝑜𝑟 |

𝜃𝑛𝑝 − 𝜃𝑛𝑝

𝜃𝑛𝑝 − 𝜃𝑛𝑝
|, 

(2.11) 
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depending on whether the vertex corresponds to 𝜃𝑘 or 𝜃𝑘 in that dimension 𝜃𝑘, where 𝑘 = 1,… , 𝑛𝑝. 

It should be noted that the  𝑛𝑝 represents the number of varying parameters, and 2𝑛𝑝 represents 

the number of vertices of their resultant convex polytope. 

As a result, the polytopic LPV representation of a system with varying parameter 𝜃 is formulated 

as the convex combination of the state-space realizations of the linear time-invariant systems as 

given in the following: 

[

𝐴𝑝𝑜𝑙(𝜃) 𝐵1𝑝𝑜𝑙(𝜃) 𝐵2𝑝𝑜𝑙
𝐶1(𝜃)𝑝𝑜𝑙 𝐷11𝑝𝑜𝑙(𝜃) 𝐷12𝑝𝑜𝑙
𝐶2𝑝𝑜𝑙 𝐷21𝑝𝑜𝑙 0

] =∑𝜂𝑖(𝜃) [

𝐴(𝑣𝑖) 𝐵1(𝑣𝑖) 𝐵2
𝐶1(𝑣𝑖) 𝐷11(𝑣𝑖) 𝐷12
𝐶2 𝐷21 0

]

2𝑛𝑝

𝑖=1

 
(2.12) 

where 𝑝𝑜𝑙 briefly represents polytopic LPV. 

2.5. Polytopic LPV Modeling for Vehicle Dynamics 

In the following, the simplified road-vehicle system in (2.5), the dynamic equations for lateral 

deviation and heading errors in (2.6), and power steering system dynamics in (2.7) are combined 

to formulate a polytopic LPV representation for the lateral dynamics of the AGVs as follows [4]: 

Σ𝑣(𝑣𝑥):   𝑥̇ = 𝐴(𝑣𝑥)𝑥 + 𝐵𝑢(𝑣𝑥)𝑢 + 𝐵𝜔(𝑣𝑥)𝜔, (2.13) 

where 𝑥 = [𝛽 𝑟 𝜓𝐿 𝑦𝐿 𝛿 𝛿̇]𝑇 is the state vector of the vehicle,; 𝜔 = [𝑓𝜔 𝜌𝑟]
𝑇 is the 

input disturbance vector, and the steering torque 𝑇𝑠 acts as the input control signal 𝑢. The state-

space matrices in (2.13) are given by 

𝐴(𝑣𝑥) =

[
 
 
 
 
 
𝑎11 𝑎12 0 0 𝑏1 0
𝑎21 𝑎22 0 0 𝑏2 0
0 1 0 0 0 0
𝑣𝑥 𝑙𝑠 𝑣𝑥 0 0 0
0 0 0 0 0 1
𝑎61 𝑎62 0 0 𝑎65 𝑎66]

 
 
 
 
 

, 𝐵𝜔(𝑣𝑥) =

[
 
 
 
 
 
𝑒1 0
𝑒2 0
0 −𝑣𝑥
0 0
0 0
0 0 ]

 
 
 
 
 

, 

𝐵𝑢 = [0 0 0 0 0
1

𝑅𝑠𝐼𝑠
]
𝑇

, 

 

where 

𝑎61 =
𝑇𝑠𝛽

𝑅𝑠𝐼𝑠
, 𝑎62 =

𝑇𝑠𝑟
𝑅𝑠𝐼𝑠

, 𝑎65 = −
𝑇𝑠𝛽

𝑅𝑠𝐼𝑠
, 𝑎66 = −

𝐵𝑠
𝐼𝑠
.  
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Note that the values for 𝑎11, 𝑎12, 𝑎21, and 𝑎22 are brought in section 2.1, and the output of the 

vehicle system in (2.13) is formulated as follows: 

𝑦 = 𝐶𝑦𝑥, (2.14) 

where 

𝐶𝑦 =

[
 
 
 
 
 
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1]

 
 
 
 
 

.  

Using 𝐶𝑦 as an identity matrix imposes a high cost due to the requirement for additional sensors 

to measure all the vehicle states. However, this configuration enables the use of state-feedback 

controllers instead of output-feedback systems, which not only leads to simple control design but 

also can further improve the path following control performance with a reduced design 

conservatism. 

In the following sections, a performance output 𝑧 is introduced for the control methodology, which 

will be detailed in Chapter 4. For lane-keeping control, the performance vector 𝑧 incorporates 

variables related to lane departure and passenger comfort to emphasize comprehensive 

performance evaluation [4]. This goal can be accomplished by considering i) heading error (𝜓𝐿), 

ii) lane departure with respect to the centerline of the road (𝑦𝑎𝑐𝑡), iii) lateral acceleration (𝑎𝑦), and 

iv) steering torque (𝑇𝑠). Heading angle error provides information regarding both the lane-keeping 

performance and the future anticipated error in the vehicle position, while lane departure ensures 

performance regarding the vehicle position within the road frames. Additionally, lateral 

acceleration considers the comfort of passengers and is approximated by 𝑎𝑦 ≈ 𝑣𝑥𝛽̇ and steering 

torque accounts for the consumed energy by the power steering system [4]. Moreover, the steering 

torque directly impacts passenger comfort, as excessive or abrupt torque values can result in 

undesirable steering actions, causing discomfort for both the driver and passengers [90]. 

Consequently, the performance output (𝑧) is given by [4]: 

𝑧 = 𝒲[𝜓𝐿 𝑦𝑎𝑐𝑡 𝑎𝑦 𝑇𝑠]𝑇 , 

𝒲 = 𝑑𝑖𝑎𝑔 (𝜔𝜓𝐿 , 𝜔𝑦𝑎𝑐𝑡 , 𝜔𝑎𝑦 , 𝜔𝑇𝑠), 
(2.15) 
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where 𝜔𝜓𝐿, 𝜔𝑦𝑎𝑐𝑡, 𝜔𝑎𝑦, and 𝜔𝑇𝑠 are weighting gains; and the state variables are given by: 

[

𝜓𝐿
𝑦𝑎𝑐𝑡
𝑎𝑦
𝑇𝑠

] = [

0 0 1 0 0 0
0 0 −𝑙𝑠 1 0 0

𝑣𝑥𝑎11 𝑣𝑥𝑎12 0 0 𝑣𝑥𝑏1 0
0 0 0 0 0 0

] 𝑥 + [

0
0
0
1

] 𝑇𝑠, (2.16) 

where 𝑎12 and 𝑎21 are given in Section 2.1. One can rewrite the performance vector 𝑧 as follows: 

𝑧 = 𝐶𝑧(𝑣𝑥)𝑥 + 𝐷𝑧𝑢, 
(2.17) 

with 

𝐶𝑧(𝑣𝑥)=𝒲 [

0 0 1 0 0 0
0 0 −𝑙𝑠 1 0 0

𝑣𝑥𝑎11 𝑣𝑥𝑎12 0 0 𝑣𝑥𝑏1 0
0 0 0 0 0 0

] , 𝐷𝑧 = 𝒲[

0
0
0
1

].  

Additionally, the vehicle dynamics represented in (2.13), and the performance vector represented 

in (2.17) are dependent on the vehicle speed denoted by 𝑣𝑥 through the common terms with 𝑣𝑥 

including 
1

𝑣𝑥
, and 

1

𝑣𝑥
2. Also, the vehicle speed is bounded by the given range: 

𝑣min ≤ 𝑣𝑥 ≤ 𝑣𝑚𝑎𝑥 , 𝑣𝑚𝑖𝑛 = 5𝑚/𝑠, 𝑣𝑚𝑎𝑥 = 25𝑚/𝑠. 
(2.18) 

It is important to note that the dependence of Equation (2.13) on 𝑣𝑥 is nonlinear, owing to the terms 

1

𝑣𝑥
 and 

1

𝑣𝑥
2. For the control purposes discussed in Chapter 4, a polytopic LPV representation of 

Equation (2.13) is required. To achieve this, 𝑣𝑥, 
1

𝑣𝑥
, and 

1

𝑣𝑥
2 can be considered as scheduling 

variables 𝜃1, 𝜃2, and 𝜃3, respectively. selecting these scheduling variables ignores the 

mathematical relationship between 𝜃1, 𝜃2, and 𝜃3 introducing conservatism into the control design 

[4]. Furthermore, as outlined in [91], using three scheduling variables translates into eight vertices 

in the resulting polytopic LPV model, posing computational challenges for semi-definite 

programming solvers when searching for the controller's gain within a feasible solution set, if one 

exists. To address this issue, as suggested by [61] and [58], 
1

𝑣𝑥
 is chosen as the scheduling variable 

of the LPV model via the time-varying parameter 𝜃, followed by approximating 𝑣𝑥 and 
1

𝑣𝑥
2 by 

employing the first-order Taylor’s approximation [4]: 

1

𝑣𝑥
=
1

𝑣0
+
1

𝑣1
𝜃, (2.19) 
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𝑣𝑥 ≅ 𝑣0 (1 −
𝑣0
𝑣1
𝜃), 

1

𝑣𝑥2
≅
1

𝑣0
2 (1 + 2

𝑣0
𝑣1
𝜃). 

The time-varying parameter  𝜃 represents the variation of 𝑣𝑥 between the bounds 𝑣𝑚𝑖𝑛 and 𝑣𝑚𝑎𝑥 

as: 

𝜃𝑚𝑖𝑛 ≤ 𝜃 ≤ 𝜃𝑚𝑎𝑥 , 𝜃𝑚𝑖𝑛 = −1, 𝜃𝑚𝑎𝑥 = +1. 
(2.20) 

Also, 𝑣0 and 𝑣1 in (2.19) are defined as: 

𝑣0 =
2𝑣𝑚𝑖𝑛𝑣𝑚𝑎𝑥
𝑣𝑚𝑖𝑛 + 𝑣𝑚𝑎𝑥

, 𝑣1 =
2𝑣𝑚𝑖𝑛𝑣𝑚𝑎𝑥
𝑣𝑚𝑖𝑛 − 𝑣𝑚𝑎𝑥

. 
(2.21) 

By substituting (2.19) in (2.13), the following dynamics are derived for the vehicle model [4]: 

Σ𝑣(𝜃): {
𝑥̇ = 𝐴(𝜃)𝑥 + 𝐵𝑢(𝜃)𝑢 + 𝐵𝜔(𝜃)𝜔

𝑧 = 𝐶𝑧(𝜃)𝑥 + 𝐷𝑧(𝜃)𝑢
. 

(2.22) 

It is clear that Eq. (2.22) has a linear dependence on the parameter 𝜃, instead of the nonlinear 

dependence on 𝑣𝑥. Applying the sector nonlinearity decomposition [91] to represent the vehicle 

model in (2.22) in a polytopic LPV representation gives: 

Σ𝑣(𝜃):

{
 
 

 
 𝑥̇ =∑𝜂𝑖(𝜃)(𝐴𝑖𝑥 + 𝐵𝑖

𝑢𝑢 + 𝐵𝑖
𝜔𝜔)

2

𝑖=1

𝑧 =∑𝜂𝑖(𝜃)(𝐶𝑖
𝑧𝑥 + 𝐷𝑖

𝑧𝑢)

2

𝑖=1

, 
(2.23) 

where 𝜂𝑖, 𝑖 = 1,2, are the scalar Membership Functions (MFs), computed as follows: 

𝜂1(𝜃) =
1 − 𝜃

2
, 𝜂2(𝜃) = 1 − 𝜂1(𝜃), (2.24) 

and 

𝐴1 = 𝐴(𝜃𝑚𝑖𝑛), 𝐵1
𝑢 = 𝐵𝑢, 𝐵1

𝜔 = 𝐵𝜔(𝜃𝑚𝑖𝑛), 

𝐴2 = 𝐴(𝜃𝑚𝑎𝑥), 𝐵2
𝑢 = 𝐵𝑢, 𝐵2

𝜔 = 𝐵𝜔(𝜃𝑚𝑎𝑥), 

𝐶1
𝑧 = 𝐶𝑧(𝜃𝑚𝑖𝑛), 𝐶1

𝑧 = 𝐶𝑧(𝜃𝑚𝑎𝑥),   𝐷1
𝑧 = 𝐷2

𝑧 = 𝐷𝑧 . 

 

The polytopic LPV representation of model (2.13), which is derived by applying sector 

nonlinearity decomposition [91], has 23 = 8 vertices. In comparison, having one scheduling 
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parameter 𝜃 leads to a polytopic LPV representation with 21 = 2 vertices or linear submodels. 

This approach reduces conservatism in the design and facilitates real-time implementation by 

lowering computational burden and improving the feasibility of finding a solution for the 

controller’s gain. Further insights into these advantages are provided in Chapter 4, where the 

proposed polytopic LPV model is utilized in the control design procedure. Fig. 2.4 presents a flow 

chart summarizing the steps discussed above, leading to the development of a control-oriented 

polytopic LPV model for the lateral control of an AGV. 

 

Fig. 2.4. The flowchart of deriving a control-based polytopic LPV model for AGVs 

Lastly, for the control design outlined in Chapter 4, bounds on vehicle acceleration can be 

considered in a manner analogous to the bounds on vehicle speed described in Equation (2.18), as 

follows: 

𝑎min ≤ 𝑎𝑥 = 𝑣̇𝑥 ≤ 𝑎𝑚𝑎𝑥, 𝑎𝑚𝑖𝑛 = −4𝑚/𝑠
2, 𝑎𝑚𝑎𝑥 = 3𝑚/𝑠

2. 
(2.25) 
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These bounds on acceleration are determined to limit the vehicle’s theoretical kinematic centripetal 

acceleration [4]. The physical bounds on acceleration can be translated to the bounds on the in-

hand scheduling variable 𝜃, where from (2.19) and (2.25) one has [4]: 

𝑎𝑚𝑖𝑛
𝑎0

≤ 𝜃̇ ≤
𝑎𝑚𝑎𝑥
𝑎0

, 
(2.26) 

with 𝑎0 = −
𝑣0
2

𝑣1
. This consideration aims to reduce the conservatism of the design procedure. In 

essence, providing the control strategy with more detailed information from the model under study 

leads to a greater reduction in conservatism. The theoretical details of this approach will be further 

elaborated in Chapter 4, where parameter-dependent Lyapunov functions are employed in the 

control design process. Finally, Fig. 2.5 illustrates the control-oriented standard model for AGVs, 

depicting the inputs and outputs of the proposed framework. 

 

Fig. 2.5. The schematic of the control-based standard model for AGVs 

2.6. Model Validation Results 

Here, the general control-based road-vehicle model has been formulated using the nonlinear 

vehicle dynamics described in (2.1)–(2.3), combined with (2.6) and (2.7) in their LPV 

representation in (2.13) and subsequently in polytopic LPV form (2.23). In the upcoming chapters, 

the polytopic LPV representation will be used to synthesize the control structure, while the LPV 

representation will facilitate closed-loop system simulations. However, an important question 
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remains: to what extent do the LPV and polytopic LPV representations accurately capture the 

behavior of the nonlinear road-vehicle dynamics? This question is particularly critical for closed-

loop system simulations, where the validity of the model directly impacts the system's ability to 

meet stability and performance criteria in both simulations and experimental tests. 

In this section, the three representations (nonlinear, LPV, and polytopic LPV models) are evaluated 

using the same step steering torque as the control input, as shown in Fig. 2.7, along with identical 

vehicle speed and road curvature profiles, see Figs. 2.6(a) and 2.6(b). A comparison is then 

conducted by analyzing the system states for each representation. The results demonstrate that both 

the LPV and polytopic LPV models closely approximate the behavior of the nonlinear vehicle 

dynamics. This confirms their suitability for modeling, controller design, and validation phases. 

The simulations were implemented in MATLAB R2022b, using the vehicle parameters listed in 

Table 2.1 to generate the state trajectories of the closed-loop system, as shown in Figs. 2.8 to 2.13. 

 

 
 

Fig. 2.6. Validation test scenario. (a) vehicle longitudinal velocity and (b) road curvature 

(a) (b) 
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Fig. 2.7. Steering torque for nonlinear, LPV, and polytopic LPV models 

 

 

Fig. 2.8. Side-slip angle for nonlinear, LPV, and polytopic LPV models 

 



29 

 

 

Fig. 2.9. Yaw rate for nonlinear, LPV, and polytopic LPV models 

 

 

Fig. 2.10. Heading error for nonlinear, LPV, and polytopic LPV models 
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Fig. 2.11. Lateral deviation error at the look-ahead distance for nonlinear, LPV, and polytopic LPV 

models 

 

 

Fig. 2.12. Steering angle for nonlinear, LPV, and polytopic LPV models 
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Fig. 2.13. Steering rate for nonlinear, LPV, and polytopic LPV models 

In addition to Figs. 2.8-2.13, Table 2.2 gives a clear insight and quantitative results of the provided 

figures. In Table 2.2, the Root Mean Square (𝑟𝑚𝑠) of errors between the state trajectories obtained 

from the nonlinear bicycle model to a sample control input, as the reference model, and those of 

LPV and polytopic LPV models to the same control input, as the proposed models, are 

investigated. Although both models show good results in recreating the behavior of the original 

nonlinear model, the LPV model, as expected, acts better since it does not deploy the first-order 

Taylor approximation to reduce the number of its varying parameters. 

Table 2.2. The RMS of errors between the obtained state trajectories from the reference nonlinear model 

and, LPV and polytopic LPV models to a sample control input 

 

 

 

 

 

State 
RMS of error 

LPV Polytopic LPV 

Yaw rate 𝟎. 𝟎𝟎𝟎𝟐 𝟎. 𝟎𝟎𝟏𝟏 

Side-slip angle 𝟎. 𝟎𝟎𝟏 𝟎. 𝟎𝟎𝟕𝟕 

Heading error 𝟎. 𝟎𝟎𝟐𝟕 𝟎. 𝟎𝟏𝟔𝟓 

Lateral deviation error at the look-ahead distance 𝟎. 𝟎𝟒𝟕𝟗 𝟎. 𝟓𝟓𝟏𝟖 

Steering angle 𝟐. 𝟏𝟒𝟐𝟕 𝟐. 𝟏𝟒𝟒𝟓 

Steering rate 𝟎. 𝟔𝟗𝟗𝟔 𝟎. 𝟕𝟎𝟎𝟏 



32 

 

Chapter 3 

LQR Path Tracking Control 

In control theory, optimal control design focuses on determining a control signal that satisfies 

predefined constraints while optimizing a performance criterion. This process involves three 

primary steps: (i) modeling the system by deriving its dynamic equations to capture its behavior, 

(ii) mathematically formulating the physical constraints or limitations inherent to the system, and 

(iii) defining a performance criterion, often referred to as the cost function, which quantifies the 

desired objectives, such as minimizing energy consumption or trajectory tracking error. The goal 

of optimal control design is to minimize the cost function while ensuring that all constraints are 

respected, thereby achieving an optimal and feasible solution.  

The linear quadratic regulator (LQR) is a widely used control strategy for determining an optimal 

control law for linear dynamical systems. This approach employs a state-space representation to 

model the system and a quadratic cost function to capture the trade-off between system 

performance (state deviations from desired values) and control effort (energy expenditure). The 

effectiveness of the LQR control method, combined with its simplicity in design and 

implementation, has made it a popular choice in vehicle dynamics control systems [92]. 

In this chapter, we present an LQR-based approach to control a road-vehicle model optimally. This 

control strategy is formulated around a quadratic performance (objective) function. The proposed 

controller is developed by solving a minimization problem that targets the upper bound of the 

objective function, making it a suboptimal design. However, the use of this approach allows the 

design conditions to be expressed as Linear Matrix Inequalities (LMIs), significantly simplifying 

the design procedure [91], as well as rendering a convex optimization problem with its own 

advantages mentioned in earlier chapters. 

The reader may refer to Appendices for a better understanding of the notions regarding convex 

optimization problems and LMIs utilized in this chapter, as well as upcoming chapters. 
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3.1. Linearized Model for Path Tracking Control Design 

In this section, a linearized model for path tracking control design is developed, motivated by two 

key reasons. First, a linearized model with reasonable simplifications is sufficient to handle control 

designs under normal driving conditions. Second, the Linear Quadratic Regulator (LQR) strategy, 

which is the focus of this chapter, is inherently based on the linear state-space representation of 

the system. Considering these factors, a linearized state-space representation of the road-vehicle 

control-based model is presented. This model is derived from the nonlinear bicycle model, which 

captures the vehicle's handling dynamics in the horizontal plane. Unlike LPV models discussed in 

Chapter 2, the linearized model assumes a constant longitudinal speed for simplicity. Given the 

similarities between the steps for deriving a linearized model and those for LPV models, only the 

final representation is provided here. Readers may refer to Chapter 2 for detailed derivations and 

vehicle parameters. By incorporating the simplified vehicle dynamics from (2.5), the lane tracking 

equations from (2.6), and the power steering model from (2.7), a linear representation of the road-

vehicle system can be derived as follows: 

𝑥̇ = 𝐴𝑥 + 𝐵𝑢𝑢 + 𝐵𝜔𝜔, (3.1) 

where, 𝑥 = [𝛽 𝑟 𝜓𝐿 𝑦𝐿 𝛿 𝛿̇]𝑇 is the state vector of the vehicle, 𝜔 = [𝑓𝜔 𝜌𝑟]
𝑇 is the input 

disturbance vector, and steering torque 𝑇𝑠 acts as the input control signal 𝑢. The system matrices 

in (3.1) are as follows: 

𝐴 =

[
 
 
 
 
 
𝑎11 𝑎12 0 0 𝑏1 0
𝑎21 𝑎22 0 0 𝑏2 0
0 1 0 0 0 0
𝑣𝑥 𝑙𝑠 𝑣𝑥 0 0 0
0 0 0 0 0 1
𝑎61 𝑎62 0 0 𝑎65 𝑎66]

 
 
 
 
 

, 𝐵𝜔 =

[
 
 
 
 
 
𝑒1 0
𝑒2 0
0 −𝑣𝑥
0 0
0 0
0 0 ]

 
 
 
 
 

, 

𝐵𝑢 = [0 0 0 0 0
1

𝑅𝑠𝐼𝑠
]
𝑇

, 

 

where 

𝑎11 = −
2(𝑐𝑟 + 𝑐𝑓)

𝑀𝑣𝑥
, 𝑎12 =

2(𝑙𝑟𝑐𝑟 − 𝑙𝑓𝑐𝑓)

𝑀𝑣𝑥2
− 1, 

𝑎21 =
2(𝑙𝑟𝑐𝑟 − 𝑙𝑓𝑐𝑓)

𝐼𝑧
, 𝑎22 =

−2(𝑙𝑟
2𝑐𝑟 + 𝑙𝑓

2𝑐𝑓)

𝐼𝑧𝑣𝑥
, 
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𝑏1 =
2𝑐𝑓

𝑀𝑣𝑥
, 𝑏2 =

2𝑙𝑓𝑐𝑓

𝐼𝑧
, 𝑒1 =

1

𝑀𝑣𝑥
, 𝑒2 =

𝑙𝜔
𝐼𝑧
, 

𝑎61 =
𝑇𝑠𝛽

𝑅𝑠𝐼𝑠
, 𝑎62 =

𝑇𝑠𝑟
𝑅𝑠𝐼𝑠

, 𝑎65 = −
𝑇𝑠𝛽

𝑅𝑠𝐼𝑠
, 𝑎66 = −

𝐵𝑠
𝐼𝑠
. 

Recall that the output of the vehicle system, as represented in Equation (2.13) is formulated as  

𝑦 = 𝐶𝑦𝑥 with 𝐶𝑦 as the identity matrix. The disturbance input is not utilized during the control 

design phase in the LQR method. However, it is accounted for in the performance evaluation of 

the developed LQR controller. 

3.2. LQR Control Design 

Consider the following linear system: 

{
𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡),
𝑦(𝑡) = 𝐶𝑥(𝑡),                 

 
(3.2) 

with the following performance function: 

𝐽(𝑡) = ∫ {𝑥(𝑡)𝑇𝑄𝑥(𝑡) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)}𝑑𝑡
∞

0

, 
(3.3) 

and control law as given in the following: 

𝑢 = 𝐾𝑥(𝑡). 
(3.4) 

The objective is to design an optimal state-feedback control law that minimizes the performance 

function specified in Equation (3.3)  by targeting its upper bound, ensuring the asymptotic stability 

of the closed-loop system. The following theorem forms the foundation of this design 

methodology. 

Theorem 3.1 [91]: The system described by (3.2) can be stabilized using the control law in (3.4) 

while minimizing the cost function (3.3) if there exists a positive definite matrix 𝑆 and a matrix 𝑀 

of appropriate dimensions, and a positive scalar 𝛾 such that the following LMI-based optimization 

problem is verified: 

𝑚𝑖𝑛 𝛾  𝑠. 𝑡.: 

[
𝛾 𝑥𝑇(0)

𝑥(0) 𝑆
] ≥ 0, 

(3.5) 
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[
𝑆𝐴𝑇 + 𝐴𝑆 +𝑀𝑇𝐵𝑇 + 𝐵𝑀 𝑆 𝑀𝑇

𝑆 −𝑄−1 0

𝑀 0 −𝑅−1
] ≤ 0, 

𝑆 > 0. 

Moreover, the objective function, defined in (3.3), satisfies 

𝐽 < 𝑥𝑇(0)𝑃𝑥(0), (3.6) 

where 𝑥𝑇(0)𝑃𝑥(0) serves as the upper bound of the cost function 𝐽, wih 𝑃 = 𝑆−1 

Proof: Let us define a new variable as follows: 

𝐽 = 𝑥𝑇(𝑡)𝑄𝑥(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡). (3.7) 

In addition, consider the following Lyapunov function: 

𝑉(𝑡) = 𝑥𝑇(𝑡)𝑃𝑥(𝑡), (3.8) 

where 𝑃 is a positive definite matrix. Based on the Lyapunov stability theorem [93], and the 

quadratic form of the new variable 𝐽 

𝑉̇(𝑡) + 𝐽(𝑡) ≤ 0, 
(3.9) 

which results in: 

𝐽(𝑡) ≤ −𝑉̇(𝑡). (3.10) 

Integrating both sides of (3.10) from 0 to ∞, we obtain 

∫ 𝐽(𝑡) ≤
∞

0

−∫ 𝑉̇(𝑡)
∞

0

⇒ ∫ 𝐽(𝑡) ≤
∞

0

− (𝑉(∞) − 𝑉(0)). 
(3.11) 

Since 𝑉(∞) > 0, it follows that  

∫ 𝐽(𝑡) ≤
∞

0

𝑉(0). (3.12) 

As a result, an upper bound is obtained for the cost function in (3.3). The cost function can be 

minimized by reducing its upper bound, i.e., minimizing 𝑉(0), where 𝑉(0) = 𝑥𝑇(0)𝑃𝑥(0). To 

achieve this, the following expression is derived: 

min𝛾  𝑠. 𝑡.: 

𝑥𝑇(0)𝑃𝑥(0) ≤ 𝛾, (3.13) 
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which results in 𝛾 − 𝑥𝑇(0)𝑃𝑥(0) ≥ 0. By applying the Schur complement, the first LMI in (3.5) 

is obtained. Readers may refer to Appendix 2 for a detailed explanation of the Schur complement. 

In the subsequent step, by substituting (3.4) into (3.2), and considering the Lyapunov function 

defined in (3.8), along with the quadratic cost function in (3.3), the following conditions are 

derived based on the Lyapunov stability theorem: 

𝑉̇ = 𝑥𝑇[(𝐴 + 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 + 𝐵𝐾)]𝑥 + 𝑥𝑇[𝑄 + 𝐾𝑇𝑅𝐾]𝑥 ≤ 0, (3.14) 

Applying the congruence transformation lemma, along with certain mathematical simplifications, 

results in the following expression: 

𝐴𝑇𝑃 + 𝐾𝑇𝐵𝑇𝑃 + 𝑃𝐴 + 𝑃𝐵𝐾 + 𝑄 + 𝐾𝑇𝑅𝐾 ≤ 0. (3.15) 

Pre- and post-multiplying (3.15) with 𝑃−1,it follows that 

𝑃−1𝐴𝑇 + 𝑃−1𝐾𝑇𝐵𝑇 + 𝐴𝑃−1 + 𝐵𝐾𝑃−1 + 𝑃−1𝑄𝑃−1 + 𝑃−1𝐾𝑇𝑅𝐾𝑃−1 ≤ 0, (3.16) 

where by changes of variables  𝑃−1 ≜ 𝑆, and 𝐾𝑃−1 ≜ 𝑀 the following expression is obtained: 

𝑆𝐴𝑇 + 𝐴𝑆 +𝑀𝑇𝐵𝑇 + 𝐵𝑀 + 𝑆𝑄𝑆 +𝑀𝑇𝑅𝑀 ≤ 0. (3.17) 

Employing Schur complement, the second LMI in (3.5) is derived, and the third LMI is obtained 

from Lyapunov stability. ∎ 

The steps for designing an LQR controller for an AGV, utilizing LMI techniques and a convex 

optimization strategy, are summarized in the flowchart shown in Fig. 3.1. 
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Fig. 3.1. The flowchart of designing an LQR controller for AGVs by using LMI techniques 

3.3. Simulation Results and Discussions 

In this subsection, the 𝑄 and 𝑅 parameters, which serve as weighting factors in the LQR controller 

structure, are tuned. Parameter 𝑄 defines the importance of the states’ trajectories of the controlled 

system, whilst 𝑅 determines the significance of the control input cost of the control structure. For 

the system in (3.2), these parameters were selected as 𝑄 = 𝑑𝑖𝑎𝑔(1,1,6,12,1,1) and 𝑅 = 0.01. 

Proper tuning of these parameters is crucial, as the LQR controller designed in this chapter will 

serve as a benchmark for the advanced controllers developed in Chapter 4, which are the core 

focus of this thesis. A poorly tuned benchmark would lead to an unfair comparison and 

compromise the validation of the targeted controllers. During the tuning phase, a constant nominal 

longitudinal vehicle velocity of 𝑣𝑥 = 18 𝑚/𝑠, is considered alongside a road curvature profile 
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(Fig. 3.2), representing a single lane-change test scenario. To verify the effectiveness of the tuned 

optimal controller for the linearized road-vehicle system, the lateral position and heading errors 

(Fig. 3.3), steering torque (Fig. 3.4), and the global 𝑋𝑌 trajectory of the vehicle compared to the 

desired one (Fig. 3.5) are presented. In addition, the state trajectories of the closed-loop system, as 

well as the lateral forces of the front and rear tires, are examined and plotted in Fig. 3.6 to further 

validate the controller's performance. 

 

Fig. 3.2. Road curvature 

 

 

Fig. 3.3. (Top) Lateral position error, (Bottom) Heading error 
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Fig. 3.4. Steering torque 

 

 

Fig. 3.5. Global vehicle XY trajectory 
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Fig. 3.6. From top to bottom: (1) Side-slip angle, (2) Yaw rate, (3) Lateral deviation error at the look-

ahead distance, (4) Steering angle, (5) Steering rate, (6) Front lateral force, (7) Rear lateral force 

Readers may refer to the first subsection of the simulation results in Chapter 4 to gain a better 

insight into the simulation results shown in this chapter regarding the lateral position error, the 

global vehicle 𝑋𝑌 trajectory, and the global desired 𝑋𝑌 trajectory. 
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Chapter 4 

LPV Path-Tracking Control 

4.1. Stability Analysis of LPV Systems 

Representing the dynamics of physical systems using state-space models is a widely used and 

effective approach for developing control algorithms and analyzing stability. However, it is 

essential to acknowledge that variations in one or more system parameters introduce uncertainty 

into the model itself. Typically, these parameters and their variation ranges are defined and known 

in advance. Given that even small variations in system parameters can result in significant changes 

to the system's dynamic behavior, analyzing and addressing these variations is critical to ensuring 

robust and reliable control design [94]. 

Before analyzing the stability of LPV systems, it is essential to review the concept of Lyapunov 

stability. The direct Lyapunov stability theorem is a standard approach for ensuring the stability 

of closed-loop systems. However, in this dissertation, to derive controller design conditions in 

terms of Linear Matrix Inequalities (LMIs), specific Lyapunov candidates with particular 

properties are required. These properties enable the computation of unknown LMI variables using 

convex numerical techniques. The following section investigates two Lyapunov candidates 

commonly employed in LMI-based problems: 

i) Quadratic Lyapunov function (QLF) 

One of the simplest Lyapunov candidates is the Quadratic Lyapunov Function (QLF). The main 

advantage of utilizing QLF is that it provides a simple procedure for deriving the controller design 

conditions regarding LMIs. The structure of this function is as follows: 

𝑉1 = 𝑥
𝑇𝑃𝑥, (4.1) 

where 𝑃 is the common positive definite Lyapunov matrix [91]. However, QLF is not the best 

solution to guarantee the stability of nonlinear systems. This fact is also true for Takagi-Sugeno 

(TS) fuzzy systems, as well as LPV systems. In other words, stable TS fuzzy/LPV systems exist 

whose stability cannot be assured by the QLFs. Furthermore, by increasing the number of fuzzy 

rules (the number of vertices), the TS fuzzy system (the LPV system) exhibits a more nonlinear 

nature. Consequently, deriving LMI controller design conditions based on the QLF may lead to 
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infeasible solutions for TS fuzzy systems with a high number of fuzzy rules, as well as LPV 

systems with a high number of vertices. This fact shows the inherent conservativeness of QLFs for 

nonlinear TS/LPV systems [95]. 

ii) Non-quadratic Lyapunov function (NQLF) 

The Non-Quadratic Lyapunov Function (NQLF) is a fuzzy blending of multiple quadratic 

Lyapunov functions. The structure of the NQLF is as follows: 

𝑉2 =∑𝜂𝑖

𝑟

𝑖=1

𝑥𝑇𝑃𝑖𝑥, 
(4.2) 

where 𝜂𝑖 for 𝑖 = 1,… , 𝑟 are the membership functions, and 𝑃𝑖 for 𝑖 = 1,… , 𝑟 are the Lyapunov 

matrices [95]. As can be seen in (4.2), NQLF is a fuzzy mixture of several QLFs. Therefore, this 

function is also known as fuzzy Lyapunov function. One should note that in the NQLF-based 

stability analysis, time-derivatives of membership functions appear, and their upper bounds have 

to be known prior to designing a fuzzy/LPV controller, which can pose some challenges to the 

synthesis procedure since the mentioned time-derivatives are proportional to not only states but 

also inputs, making it difficult to evaluate the aforementioned upper bounds [96] and [97]. 

By using the Lyapunov stability theorem and recalling the state-space realization of the polytopic 

LPV representation of a system, one can address the stability analysis of systems with time-varying 

parameters. 

Theorem 4.1 [98]: The system 𝑥̇(𝑡) = 𝐴(𝜃(𝑡))𝑥(𝑡) is stable if: 

∃𝑃 = 𝑃𝑇 > 0   𝑠. 𝑡. 𝐴(𝜃(𝑡))
𝑇
𝑃 + 𝑃𝐴(𝜃(𝑡)) < 0   ∀   𝜃(𝑡) ∈ Δ, (4.3) 

where 𝜃(𝑡) is the time-varying parameter vector, and Δ ∈ ℝ𝑝 is the varying parameter set. The 

stability of the system 𝑥̇(𝑡) = 𝐴(𝜃(𝑡))𝑥(𝑡) is subject to the validity of the equation (4.3) for all 

admissible time-varying parameters in the varying parameter set Δ. To conduct the stability 

analysis of such systems, the following theorem can be utilized: 

Theorem 4.2 [98]: If 𝐴(𝜃(𝑡)) is an affine function in 𝜃(𝑡), and Δ0 is the set of vertex points of 

the varying parameter set Δ, such that Δ = 𝑐𝑜𝑛𝑣(Δ0), then, the system 𝑥̇(𝑡) = 𝐴(𝜃(𝑡))𝑥(𝑡) is 

stable if: 
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∃𝑃 = 𝑃𝑇 > 0   𝑠. 𝑡. 𝐴(𝜃(𝑡))
𝑇
𝑃 + 𝑃𝐴(𝜃(𝑡)) < 0   ∀  𝜃(𝑡) ∈ Δ0. 

(4.4) 

Therefore, it is sufficient to ensure the stability of the system at the vertex points of the varying 

parameter set Δ, rather than investigating the stability across the entire set. 

4.2. LPV Path Tracking Control Design 

Different control approaches can be considered to stabilize an LPV system, such as linear and 

gain-scheduling controllers. In Chapter 3, the application of a Linear Quadratic Regulator (LQR) 

was discussed. However, since the LPV system contains measurable time-varying parameters, a 

gain-scheduling controller is a better choice. Inspired by the polytopic LPV representation, we can 

consider a gain-scheduling controller with almost the same time-varying parameters as the LPV 

system. This consideration improves the closed-loop performance and reduces the 

conservativeness. 

Moreover, as mentioned in Section 4.1, the selection of the Lyapunov function is of great 

importance due to its direct influence on the design’s conservativeness. Several Lyapunov 

functions have been presented dealing with polytopic LPV systems, including quadratic Lyapunov 

function [99], and poly-quadratic Lyapunov function [95]. The quadratic Lyapunov function is a 

straightforward selection for the stability analysis of the LPV systems, as it offers a simple 

procedure to derive the conditions in terms of LMIs. However, it fails to involve the time-varying 

parameters in its definition, which increases the conservativeness of the derived conditions. Such 

an issue is alleviated by considering other types of Lyapunov functions. The other choice for the 

Lyapunov function is the poly-quadratic Lyapunov function. This function is a gain-scheduled 

version of the conventional quadratic Lyapunov function. Although time derivatives of the time-

varying parameter appear in a design procedure using poly-quadratic Lyapunov functions, in 

several cases, the lower and/or upper bound(s) for these terms is/are provided, enabling us to solve 

the controller design conditions with LMI solvers. This fact makes the poly-quadratic Lyapunov 

function a decent choice for trajectory-following control systems.  

The following subsections develop two control design methodologies. The first employs a 

quadratic Lyapunov function, while the second is based on a poly-quadratic Lyapunov function. 
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4.2.1. LPV Control Design with a Quadratic Lyapunov Function 

In this subsection, Linear Matrix Inequalities (LMIs) targeted to design an 𝐻2 LPV state feedback 

controller are developed. The rationale behind the choice of the state feedback controller lies in its 

simple control structure, while the 𝐻2 scheme helps the control system to satisfy some performance 

criteria such as passengers’ comfort and/or input disturbance attenuation like gust wind. The 

theoretical framework is built on polytopic LPV systems, incorporating a parameter-dependent 

controller designed to handle a wide range of variations in the vehicle's longitudinal velocity. 

Additionally, a quadratic Lyapunov function is utilized to ensure both the stability and 

performance of the control synthesis. 

The polytopic LPV representation, previously introduced as Equation (2.23) in Chapter 2, is 

restated here as follows:  

Σ𝑣(𝜃):

{
 
 

 
 𝑥̇ =∑𝜂𝑖(𝜃)(𝐴𝑖𝑥 + 𝐵𝑖

𝑢𝑢 + 𝐵𝑖
𝜔𝜔),

2

𝑖=1

𝑧 =∑𝜂𝑖(𝜃)(𝐶𝑖
𝑧𝑥 + 𝐷𝑖

𝑧𝑢), 𝑦 = 𝐶𝑦𝑥,

2

𝑖=1

 (4.5) 

where 𝑥 ∈ ℝ𝑛𝑥 represents the state, 𝑢 ∈ ℝ𝑛𝑢  represents the control input, 𝜔 ∈ ℝ𝑛𝜔 represents the 

disturbance, 𝑧 ∈ ℝ𝑛𝑧 represents the performance output, and 𝑦 ∈ ℝ𝑛𝑦 represents the system 

output. The parameter 𝜃 ∈ ℝ𝑝 is the scheduling variable of the polytopic LPV representation. The 

real matrices 𝐴𝑖, 𝐵𝑖
𝑢, 𝐵𝑖

𝜔, 𝐶𝑖
𝑧, 𝐷𝑖

𝑧 and 𝐶𝑦, 𝑖 = {1,2, … ,𝑁} are constant. The membership functions 

𝜂𝑖(𝜃), 𝑖 = {1,2, … ,𝑁} satisfy the given properties: 

𝜂𝑖(𝜃) ≥ 0, ∑𝜂𝑖(𝜃) = 1.

𝑁

𝑖=1

 (4.6) 

The number of vertices, 𝑁 = 2𝑝, is determined using sector nonlinearity decomposition [91] which 

is employed to derive the polytopic LPV representation in the form of Equation (4.5). For the 

polytopic LPV system (4.5), consider the following parameter-dependent controller: 

𝑢 = 𝐾(𝜃)𝑥 + 𝐿𝜔(𝜃)𝜔, (4.7) 

where both 𝐾(𝜃) and 𝐿𝜔(𝜃) are linear functions of the time-varying parameters, as follows: 
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𝑢 =∑𝜂𝑖(𝜃)𝐾𝑖𝑥 +

𝑁

𝑖=1

∑𝜂𝑖(𝜃)𝐿𝑖
𝜔𝜔

𝑁

𝑖=1

, (4.8) 

where 𝐿𝑖
𝜔 = [0 𝑘𝑖

𝜌𝑟]. It should be noted that the term 𝐿𝜔(𝜃) acts as a feedforward gain for the 

control synthesis considering the road curvature information to reduce its effect on the overall 

performance of the designed structure. 

Remark 1: The presence of the feedforward gain 𝐿𝜔(𝜃) does not add any complexity for deriving 

the controller design conditions in terms of LMIs since it would appear in a linear format in those 

mentioned control synthesis conditions [4]. 

By considering the Equations (4.5) and (4.7), the closed-loop system can be obtained as: 

Σ𝑣(𝜃): {
𝑥̇ = 𝐴̂(𝜃)𝑥 + 𝐵̂𝜔(𝜃)𝜔

𝑧 = 𝐶̂𝑧(𝜃)𝑥 + 𝐷̂𝑧(𝜃)𝜔
, (4.9) 

with: 

𝐴̂(𝜃) = 𝐴(𝜃) + 𝐵𝑢(𝜃)𝐾(𝜃), 

𝐵̂𝜔(𝜃) = 𝐵𝜔(𝜃) + 𝐵𝑢(𝜃)𝐿𝜔(𝜃), 

𝐶̂𝑧(𝜃) = 𝐶𝑧(𝜃) + 𝐷𝑧(𝜃)𝐾(𝜃), 

𝐷̂𝑧(𝜃) = 𝐷𝑧(𝜃)𝐿𝜔(𝜃), 

 

where 𝐶𝑦 is an identity matrix in the appropriate dimension. 

Remark 2: An 𝐻2 scheme will be utilized to design the control structure. According to [100], 

implementing an 𝐻2 performance scheme for control synthesis requires the system matrix 𝐷̂𝑧(𝜃) 

to be equal to zero. To achieve this, the steering torque, as the control input, is excluded from the 

performance output defined in Equations (2.15)-(2.17). 

In the following, we develop the controller design conditions in terms of LMIs to have a state 

feedback controller in the form of  Equation (4.8), stabilizing the polytopic LPV system (4.5) in 

an 𝐻2 scheme framework where ‖Σ‖2 < 𝛾, with 𝛾 as a positive scalar (𝛾 > 0). 
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Definition 1 (𝑯𝟐 nominal performance): The 𝐻2 norm of an exponentially stable system 

𝐺: {𝑥̇ = 𝐴𝑥 + 𝐵𝜔,   𝑥
(0) = 0

𝑧 = 𝐶𝑥                                 
 is defined as follows [100]: 

‖𝐺‖2
2 =

1

2𝜋
∫ 𝑇𝑟{𝐺(𝑖𝜔)𝑇𝐺(𝑖𝜔)}𝑑𝜔
+∞

−∞

= ∫ 𝑇𝑟(𝑔(𝑡)𝑇𝑔(𝑡))𝑑𝑡
+∞

−∞

, (4.10) 

where 𝐺(𝑖𝜔) is considered as the closed-loop transfer function from 𝜔 (here it is the disturbance 

signal) to 𝑧 (here it is the output signal which regards the control system’s performance), 𝑔(𝑡) is 

the convolution kernel of 𝐺(𝑖𝜔), and 𝑇𝑟(∙) denotes the trace of a matrix. The 𝐻2 norm defined 

(4.10) is finite if the transfer function of the system 𝐺 is strictly proper; that is, 𝐺(∞) = 0. 

Therefore, the state-space representation of the system 𝐺 must not contain the matrix 𝐷. 

Definition 2 (Gramian) [98]: For the system 𝑆: {
𝑥̇ = 𝐴𝑥 + 𝑏𝜔
𝑍 = 𝐶𝑥 + 𝐷𝜔

 , 𝑥(0) = 0, the controllability 

Gramian and the observability Gramian are defined as follows: 

𝑊0 = ∫ 𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴
𝑇𝑡𝑑𝑡

∞

0

, (4.11) 

and 

𝑀0 = ∫ 𝑒𝐴
𝑇𝑡𝐶𝑇𝐶𝑒𝐴𝑡𝑑𝑡

∞

0

, (4.12) 

For the stable system 𝑆, i.e. 𝐴 is Hurwitz, the controllability and observability Gramians satisfy, 

respectively: 

𝐴𝑊0 +𝑊0𝐴
𝑇 + 𝐵𝐵𝑇 = 0, (4.13) 

and 

𝐴𝑇𝑀0 +𝑀0𝐴 + 𝐶
𝑇𝐶 = 0, (4.14) 

To verify Equations (4.13) from (4.11) consider that 

𝑑

𝑑𝑡
(𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴

𝑇𝑡) = 𝐴𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴
𝑇𝑡 + 𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴

𝑇𝑡𝐴𝑇 , 
(4.15) 

Integrating (4.15) over the operation time gives 
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∫
𝑑

𝑑𝑡
(𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴

𝑇𝑡)𝑑𝑡

∞

0

= 𝐴∫ 𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴
𝑇𝑡𝑑𝑡

∞

0

+∫ 𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴
𝑇𝑡

∞

0

𝐴𝑇𝑑𝑡. (4.16) 

Since for 𝑡 = ∞, 𝑒𝐴𝑡 converges zero (i.e. 𝐴 is Hurwitz), (4.16) leads to 

𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴
𝑇𝑡|

𝑡=0

𝑡=∞
= 𝐴∫ 𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴

𝑇𝑡𝑑𝑡

∞

0

+∫ 𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴
𝑇𝑡

∞

0

𝐴𝑇𝑑𝑡 → 

−𝐵𝐵𝑇 = 𝐴𝑊0 +𝑊0𝐵 

(4.17) 

The (4.17) equals (4.13). Considering the same procedure for (4.12) leads to (4.14). 

Remark 3 [98]: For the stable system 𝐺, we have: 

𝑔(𝑡) = ℒ−1(𝐺) = {𝐶𝑒
𝐴𝑡𝐵,       𝑡 ≥ 0

0                  𝑡 < 0
. (4.18) 

Therefore, the 𝐻2 performance norm of the stable system 𝐺 can be computed as 

‖𝐺‖2
2 = ∫ 𝑇𝑟(𝑔(𝑡)𝑇𝑔(𝑡))𝑑𝑡

+∞

−∞

= ∫ 𝑇𝑟(𝐵𝑇𝑒𝐴
𝑇𝑡𝐶𝑇𝐶𝑒𝐴𝑡𝐵)𝑑𝑡

+∞

−∞

= ∫ 𝑇𝑟(𝐶𝑒𝐴𝑡𝐵𝐵𝑇𝑒𝐴
𝑇𝑡𝐶𝑇)𝑑𝑡

+∞

−∞

 

‖𝐺‖2
2 = 𝑇𝑟𝑎𝑐𝑒(𝐶𝑊0𝐶

𝑇) = 𝑇𝑟𝑎𝑐𝑒(𝐵𝑇𝑀0𝐵), 

(4.19) 

where 𝑊0 and 𝑀0 are defined in Definition 2.  

However, for the controller synthesis, the closed-loop system matrix is not available to analytically 

check the norm 2 performance by (4.13) and (4.14). The reason is that the closed-loop system 

matrix 𝐴 is unknown due to the need for designing the stabilizing controller gain at the same time 

we handle its performance through the 𝐻2 scheme. In other words, it is required that equalities 

(4.13) and (4.14) are solved to find the closed-loop system matrix and the Gramians together [100]. 

Therefore, the equalities (4.13) and (4.14) are transformed into inequalities that can be solved 

numerically since the analytical solution for the equalities cannot be addressed.  

𝐴𝑊 +𝑊𝐴𝑇 + 𝐵𝐵𝑇 < 0, (4.20) 

and 
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𝐴𝑇𝑀 +𝑀𝐴 + 𝐶𝑇𝐶 < 0, (4.21) 

where 𝑊0 < 𝑊 and 𝑀0 < 𝑀. Consequently, an upper bound for the ‖𝐺‖2
2 is achieved. 

Definition 3 (Exponential stability): For the non-perturbed system 𝑆 with 𝐵𝜔 = 0 and a 

Lyapunov candidate 𝑉(𝑥), consider that the following inequality holds: 

𝑉̇(𝑥) + 2𝛼𝑉(𝑥) < 0, (4.22) 

where 𝛼 ≥ 0 is the so-called decay rate. Then, the exponential stability is achieved and the 

Lyapunov function evolution is as follows: 

𝑉(𝑥(𝑡)) < −𝑉((0))𝑒−2𝛼𝑡, (4.23) 

In the following, the controller design conditions are derived.  

Theorem 4.3 [98]: Consider the polytopic LPV system Σ𝑣(𝜃) in (4.5), and a positive scalar 𝛼 >

0. Suppose there exists a symmetric positive definite 𝑄 ∈ ℝ𝑛𝑥 ×ℝ𝑛𝑥, and a matrix 𝑍(𝜃) ∈

ℝ𝑛𝜔 ×ℝ𝑛𝜔, and a positive scalar 𝛾 > 0, in the form of following constraints: 

[
𝐴̂(𝜃)𝑄 + 𝑄𝐴̂𝑇(𝜃) + 2𝛼𝑄 ⋆

𝐶̂𝑧(𝜃)𝑄 −𝐼
] < 0, 

(4.24) 

[
𝑍(𝜃) ⋆

𝐵̂𝜔(𝜃) 𝑄
] > 0, 

(4.25) 

𝑇𝑎𝑟𝑐𝑒 (𝑍(𝜃)) < 𝛾2, (4.26) 

then, the control law in (4.7) leads to the stable closed-loop system (4.9) with ‖Σ𝑣(𝜃)‖2
2 < 𝛾2. 

Proof [98]: Consider that (4.24) is feasible. Then, it follows that:  

[
𝐴̂(𝜃)𝑄 + 𝑄𝐴̂𝑇(𝜃) ⋆

𝐶̂𝑧(𝜃)𝑄 −𝐼
] < − [

2𝛼𝑄 ∗
0 0

] ≤ 0. (4.27) 

Therefore,  

[
𝐴̂(𝜃)𝑄 + 𝑄𝐴̂𝑇(𝜃) ⋆

𝐶̂𝑧(𝜃)𝑄 −𝐼
] < 0. (4.28) 

Applying Schur complement on (4.28) results in that 
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𝐴̂(𝜃)𝑄 + 𝑄𝐴̂𝑇(𝜃) + 𝑄𝐶̂𝑧
𝑇(𝜃)𝐶̂𝑧(𝜃)𝑄 < 0. (4.29) 

Pre and post-multiplying (4.29) to 𝑄−1 and defining 𝑀 = 𝑄−1 provides (4.21). Moreover, (4.25) 

guarantees that 

𝐵̂𝜔
𝑇(𝜃)𝑄−1𝐵̂𝜔(𝜃) < 𝑍(𝜃), (4.30) 

Considering 𝑀 = 𝑄−1, one has 

𝐵̂𝜔
𝑇(𝜃)𝑀𝐵̂𝜔(𝜃) < 𝑍(𝜃). (4.31) 

Therefore, 

𝑇𝑟𝑎𝑐𝑒 (𝐵̂𝜔
𝑇(𝜃)𝑀𝐵̂𝜔(𝜃)) < 𝑇𝑟𝑎𝑐𝑒(𝑍(𝜃)), (4.32) 

Comparing (4.32) and (4.26), results in that 

𝑇𝑟𝑎𝑐𝑒 (𝐵̂𝜔
𝑇(𝜃)𝑀𝐵̂𝜔(𝜃)) < 𝛾

2. (4.33) 

Keeping (4.29) and (4.33) in mind, the 𝐻2 performance is achieved. Moreover, since (4.24) is 

feasible, one has 

𝐴̂(𝜃)𝑄 + 𝑄𝐴̂𝑇(𝜃) + 2𝛼𝑄 < 0. (4.34) 

Pre- and post- multiplying (4.34) to 𝑥𝑇𝑄−1 and 𝑄−1𝑥, and defining 𝑃 = 𝑄−1 provides: 

𝑥𝑇𝑃𝐴̂(𝜃)𝑥 + 𝑥𝑇𝐴̂𝑇(𝜃)𝑃𝑥 + 2𝛼𝑥𝑇𝑃𝑥 < 0. (4.35) 

Considering the candidate Lyapunov function of the form 𝑉(𝑥) = 𝑥𝑇𝑃𝑥, for the non-perturbed 

LPV system, (4.34) equals: 

𝑉̇(𝑥) + 2𝛼𝑉(𝑥) < 0. (4.36) 

Therefore, the exponential stability with the decay rate 𝛼 is assured. The proof is therefore 

complete. ◼ 

Remark 4: The proof of Theorem 4.3 is decomposed into two parts. In the first part, it is shown 

that if the LMIs of Theorem 4.3 are feasible, then by defining the LMI variable 𝑄 > 0 as the 

observability Gramian, the 𝐻2 performance is assured. In the second part, it is depicted that by 
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having a feasible solution for the LMIs and defining the LMI variable 𝑄 > 0 as the Lyapunov 

matrix, the exponential stability is guaranteed. In other words, the LMI constraints assure the 

exponential stability of the non-perturbed system and the 𝐻2 performance simultaneously. 

Remark 5: The constraints of Theorem 4.3 cannot be solved as LMIs, because i) they contain the 

time-varying parameters 𝜃, and ii) the term 𝐴̂(𝜃)𝑄 contains the multiplication of the two unknown 

matrices. In the following, the constraints of Theorem 4.3 are derived in terms of LMIs. 

Theorem 4.4 [4]: Consider the polytopic LPV system Σ𝑣(𝜃)  in (4.5), and a positive scalar 𝛼 > 0. 

Suppose there exists a symmetric positive definite 𝑄 ∈ ℝ𝑛𝑥 × ℝ𝑛𝑥, and matrices 𝑍𝑖 ∈ ℝ
𝑛𝜔 × ℝ𝑛𝜔  

for 𝑖 = 1,2, and a positive scalar 𝛾 > 0, in the form of following LMIs: 

𝑇𝑖𝑖 < 0 𝑓𝑜𝑟 𝑖 = 1,2, 

2

𝐿 − 1
𝑇𝑖𝑖 + 𝑇𝑖𝑗 + 𝑇𝑗𝑖 < 0    𝑓𝑜𝑟   1 ≤ 𝑖 < 𝑗 ≤ 2, 

(4.37) 

[
𝑍𝑖 ⋆

𝐵̂𝜔𝑖 𝑄
] > 0     𝑓𝑜𝑟       𝑖 = 1,2, 

(4.38) 

𝑇𝑎𝑟𝑐𝑒 (𝑍𝑖) < 𝛾2      𝑓𝑜𝑟      𝑖 = 1,2, (4.39) 

where 𝐿 = 2 and 

𝑇𝑖𝑗 = [
𝐴𝑖𝑄 + 𝐵𝑢𝑖𝐾𝑗𝑄 + 𝑄𝐴𝑖

𝑇 + 𝑄𝐾𝑗
𝑇𝐵𝑢𝑖 + 2𝛼𝑄 ⋆

𝐶𝑧𝑖𝑄 + 𝐷𝑧𝑖𝐾𝑗𝑄 −𝐼
] 

then, the control law in (4.8) leads to the stable closed-loop system (4.9) with ‖Σ𝑣(𝜃)‖2
2 < 𝛾2. 

Proof [4] and [98]: Substituting the definition of the 𝐴̂(𝜃) with convexity sum into (4.24) results 

in: 

∑∑𝜂𝑖(𝜃)𝜂𝑗(𝜃) [
𝐴𝑖𝑄 + 𝐵𝑢𝑖𝐾𝑗𝑄 + 𝑄𝐴𝑖

𝑇 + 𝑄𝐾𝑗
𝑇𝐵𝑢𝑖 + 2𝛼𝑄 ⋆

𝐶𝑧𝑖𝑄 + 𝐷𝑧𝑖𝐾𝑗𝑄 −𝐼
]

2

𝑗=1

2

𝑖=1

=∑∑𝜂𝑖(𝜃)𝜂𝑗(𝜃)𝑇𝑖𝑗

2

𝑗=1

2

𝑖=1

< 0, 

(4.40) 

where 
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𝑇𝑖𝑗 = [
𝐴𝑖𝑄 + 𝐵𝑢𝑖𝐾𝑗𝑄 + 𝑄𝐴𝑖

𝑇 + 𝑄𝐾𝑗
𝑇𝐵𝑢𝑖 + 2𝛼𝑄 ⋆

𝐶𝑧𝑖𝑄 + 𝐷𝑧𝑖𝐾𝑗𝑄 −𝐼
] 

The left side of (4.60) is continued as follows: 

∑∑𝜂𝑖(𝜃)𝜂𝑗(𝜃)𝑇𝑖𝑗

2

𝑗=1

2

𝑖=1

= ∑ {𝜂𝑖(𝜃)
2

1

𝐿 − 1
𝑇𝑖𝑖 + 𝜂𝑗

2(𝜃)
1

𝐿 − 1
𝑇𝑗𝑗 +

1

2
𝜂𝑖(𝜃)𝜂𝑗(𝜃)(𝑇𝑖𝑗 + 𝑇𝑗𝑖)

 

1≤𝑖<𝑗≤2

+
1

2
𝜂𝑗(𝜃)𝜂𝑖(𝜃)(𝑇𝑖𝑗 + 𝑇𝑗𝑖)}

= ∑ {[𝜂𝑖(𝜃) 𝜂𝑗(𝜃)] [

1

𝐿 − 1
𝑇𝑖𝑖

1

2
(𝑇𝑖𝑗 + 𝑇𝑗𝑖)

1

2
(𝑇𝑖𝑗 + 𝑇𝑗𝑖)

1

𝐿 − 1
𝑇𝑗𝑗

] [
𝜂𝑖(𝜃)

𝜂𝑗(𝜃)
]
𝑇

}

 

1≤𝑖<𝑗≤2

< 0, 

(4.41) 

where 𝐿 = 2. The time-varying parameters 𝜂𝑖(𝜃) and 𝜂𝑗(𝜃) in a polytopic LPV representation are 

non-negative. Therefore, by applying Tuan’s relaxation lemma, given in Appendix 3, on (4.41), 

the LMIs (4.37) are achieved. The remaining LMIs in (4.38) and (4.39) can be obtained through 

the definition of the polytopic LPV representation of the system. Represented constraint in (4.25) 

results that: 

∑𝜂𝑖(𝜃) [
𝑍𝑖 ⋆

𝐵̂𝜔𝑖 𝑄
]

2

𝑖=1

> 0, (4.42) 

Since 𝜂𝑖(𝜃) ≥ 0, (4.42) implies the LMI (4.38). In a similar way, the constraint (4.26) is re-written 

as follows: 

𝑇𝑎𝑟𝑐𝑒 (∑𝜂𝑖(𝜃)𝑍𝑖

2

𝑖=1

) < 𝛾2, (4.43) 

Since 𝜂𝑖(𝜃) ≤ 1, the constraint (4.43) holds if the LMIs (4.39) are satisfied. The proof is complete. 

◼ 

Theorem 4.5 [91]: Consider a scalar 𝜖, and assuming initial condition of the system’s state 

trajectories 𝑥(0) is known. One can limit the amplitude bound of the controller’s gain by adding 

the following constraints, which are in LMI form, to the control design conditions of theorem 4.4. 
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[
1 𝑥(0)𝑇

𝑥(0) 𝑄
] ≥ 0, 

(4.44) 

[
𝑄 𝑀𝑗

𝑇

𝑀𝑗 𝜖2𝐼
] ≥ 0, 𝑗 = 1,2, (4.45) 

where 𝐼 ∈ ℝ𝑛𝑢, 𝑄 = 𝑃−1, and 𝑀𝑗 is defined as 𝐾𝑗𝑄. For the sake of brevity, readers may follow 

the information regarding 𝑄 and 𝐾𝑗 in theorems 4.3 and/or 4.4. 

Proof [91]: Consider that the Lyapunov function is as follows: 

𝑉(𝑥(𝑡)) = 𝑥𝑇(𝑡)𝑃𝑥(𝑡), (4.46) 

Also, consider that: 

𝑥𝑇(0)𝑃𝑥(0) ≤ 1. (4.47) 

As a result, 

1 − 𝑥𝑇(0)𝑄−1𝑥(0) ≥ 0, (4.48) 

where 𝑄 = 𝑃−1. By applying Schur complement on (4.48), the (4.44) is obtained. 

By considering ‖𝑢(𝑡)‖2 ≤ 𝜖, one has: 

𝑢𝑇(𝑡)𝑢(𝑡) = ∑ ∑ 𝜂𝑖𝜂𝑗𝑥
𝑇(𝑡)𝐾𝑖

𝑇𝐾𝑗𝑥(𝑡) ≤ 𝜖22
𝑗=1

2
𝑖=1 , (4.49) 

Or through a mathematical simplification: 

1

𝜖2
∑ ∑ 𝜂𝑖𝜂𝑗𝑥

𝑇(𝑡)𝐾𝑖
𝑇𝐾𝑗𝑥(𝑡) ≤ 1

2
𝑗=1

2
𝑖=1 . (4.50) 

Knowing 𝑥𝑇(𝑡)𝑋−1𝑥(𝑡) < 𝑥𝑇(0)𝑋−1𝑥(0) ≤ 1, ∀𝑡 > 0, (4.50) can be translated into: 

𝑢𝑇(𝑡)𝑢(𝑡) = ∑ ∑ 𝜂𝑖𝜂𝑗𝑥
𝑇(𝑡)𝐾𝑖

𝑇𝐾𝑗𝑥(𝑡) ≤ 𝑥𝑇(𝑡)𝑋−1𝑥(𝑡)2
𝑗=1

2
𝑖=1 , (4.51) 

Taking the left side of (4.51) into consideration, the following can be deducted: 

1

2
∑ ∑ 𝜂𝑖𝜂𝑗𝑥

𝑇(𝑡)(
1

𝜖2
𝐾𝑖
𝑇𝐾𝑗 +

1

𝜖2
𝐾𝑗
𝑇𝐾𝑖 − 2𝑋

−1)𝑥(𝑡) =2
𝑗=1

2
𝑖=1

 
1

2
∑ ∑ 𝜂𝑖𝜂𝑗𝑥

𝑇(𝑡) × [
1

𝜖2
(𝐾𝑖

𝑇𝐾𝑖 + 𝐾𝑗
𝑇𝐾𝑗) −

1

𝜖2
(𝑘𝑖

𝑇 − 𝑘𝑗
𝑇)(𝑘𝑖 − 𝑘𝑗) −

2
𝑗=1

2
𝑖=1

2𝑋−1]𝑥(𝑡) ≤
1

2
∑ ∑ 𝜂𝑖𝜂𝑗𝑥

𝑇(𝑡) × [
1

𝜖2
(𝐾𝑖

𝑇𝐾𝑖 + 𝐾𝑗
𝑇𝐾𝑗) − 2𝑋

−1]𝑥(𝑡) =2
𝑗=1

2
𝑖=1

(4.52) 
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∑ 𝜂𝑖𝑥
𝑇(𝑡) (

1

𝜖2
𝑘𝑖
𝑇𝑘𝑖 − 𝑋

−1) 𝑥(𝑡)2
𝑖=1 . 

As a result, (4.51) holds if the following is true: 

1

𝜖2
𝑘𝑖
𝑇𝑘𝑖 − 𝑋

−1 ≤ 0. (4.53) 

By pre and post-multiplying (4.53) by 𝑋, and defining 𝑀𝑖 = 𝑘𝑖𝑋, the following is derived: 

1

𝜖2
𝑀𝑖
𝑇𝑀𝑖 − 𝑋 ≤ 0. (4.54) 

Finally, by applying the Schur complement on (4.54), the matrix inequality (4.45) is obtained, 

completing the proof. ∎ 

4.2.2. LPV Control Design with a Poly-Quadratic Lyapunov Function 

In Subsection 4.2.1, the controller design is conducted by using the quadratic Lyapunov function. 

However, such consideration can increase the LMI conditions’ conservativeness and degrade the 

closed-loop performance. In this subsection, the LPV controller is designed by using the poly-

quadratic Lyapunov function. 

Remark 6: To exploit the poly-quadratic Lyapunov function, it is required to investigate the 𝐻2 

norm (4.19) and observability Gramian inequality (4.21). Pre- and post- multiplying (4.21) into 𝑥𝑇 

and 𝑥, and defining the Lyapunov candidate as 𝑉 = 𝑥𝑇𝑀𝑥 and its time-derivatives along with 

𝐵̂𝜔(𝜃) = 0, one has 

𝑥𝑇(𝐴𝑇𝑀+𝑀𝐴 + 𝐶𝑇𝐶)𝑥 = 𝑉̇(𝑥) + 𝑧𝑇𝑧 < 0. (4.55) 

Moreover, by reminding exponential stability of Definition 3, i.e. (4.22), and merging it with (4.55) 

(see Remark 4 for more details), one gets: 

𝑉̇(𝑥) + 2𝛼𝑉(𝑥) + 𝑧𝑇𝑧 < 0. (4.56) 

In other words, the feasibility of (4.56) leads to the following results: 

𝑉̇(𝑥) + 2𝛼𝑉(𝑥) < −𝑧𝑇𝑧 < 0 → 𝑉̇(𝑥) + 2𝛼𝑉(𝑥) < 0:    Exponential stability  

𝑉̇(𝑥) + 𝑧𝑇𝑧 < −2𝛼𝑉(𝑥) < 0 → 𝑉̇(𝑥) + 𝑧𝑇𝑧 < 0:          𝐻2 control framework 
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As is evident from Equation (4.56), by reversing the design procedure, one can replace the 

quadratic Lyapunov function, with a poly-quadratic one. Moreover, the 𝐻2 norm (4.19) contains 

the Lyapunov matrix (the reader may see Equations (4.25),(4.30), and (4.31)). 

The following theorem discusses sufficient constraints for the 𝐻2 control framework with the poly-

quadratic Lyapunov function and the controller of the form: 

𝑉 = 𝑥𝑇𝑄−1(𝜃)𝑥, (4.57) 

and 

𝑢 = 𝐾(𝜃)𝑄−1(𝜃)𝑥, (4.58) 

where, same as (4.8), a feed-forward gain can be included in the represented control law in (4.58). 

Theorem 4.6 [4]: Consider the polytopic LPV system Σ𝑣(𝜃)  in (4.5), and a positive scalar 𝛼 > 0. 

Suppose there exists a symmetric positive definite 𝑄(𝜃) ∈ ℝ𝑛𝑥 × ℝ𝑛𝑥, and a matrix 𝑍(𝜃) ∈

ℝ𝑛𝜔 ×ℝ𝑛𝜔, and a positive scalar 𝛾 > 0, in the form of following constraints: 

[
𝐴̂(𝜃)𝑄(𝜃) + 𝑄(𝜃)𝐴̂𝑇(𝜃) + 2𝛼𝑄(𝜃) − 𝑄̇(𝜃) ⋆

𝐶̂𝑧(𝜃)𝑄(𝜃) −𝐼
] < 0, 

(4.59) 

[
𝑍(𝜃) ⋆

𝐵̂𝜔(𝜃) 𝑄(𝜃)
] > 0, 

(4.60) 

𝑇𝑟𝑎𝑐𝑒(𝑍(𝜃)) < 𝛾2, (4.61) 

then, the control law in (4.58) leads to the stable closed-loop system (4.9) with ‖Σ𝑣(𝜃)‖2
2 < 𝛾2. 

Proof [4] and [94]: Consider (4.56) and (4.57) along with the LPV system (4.9) with 𝐵̂𝜔(𝜃) = 0. 

Therefore, 

𝐴̂(𝜃)𝑇𝑄−1(𝜃) + 𝑄−1(𝜃)𝐴̂(𝜃) + 2𝛼𝑄−1(𝜃) +
𝑑

𝑑𝑡
(𝑄−1(𝜃)) + 𝐶𝑇𝐶 < 0. 

(4.62) 

Pre- and post-multiplying Equation (4.62) into 𝑄(𝜃) gives: 

 𝑄(𝜃)𝐴̂(𝜃)𝑇 + 𝐴̂(𝜃)𝑄(𝜃) + 2𝛼𝑄(𝜃) + 𝑄(𝜃)
𝑑

𝑑𝑡
(𝑄−1(𝜃))𝑄(𝜃) +

𝑄(𝜃)𝐶𝑇𝐶𝑄(𝜃) < 0. 

(4.63) 

On the other hand, since 𝑄(𝜃)𝑄−1(𝜃) = 𝐼: 
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𝑄̇(𝜃)𝑄−1(𝜃) + 𝑄(𝜃)
𝑑

𝑑𝑡
(𝑄−1(𝜃)) = 0 

𝑄(𝜃)
𝑑

𝑑𝑡
(𝑄−1(𝜃)) = −𝑄̇(𝜃)𝑄−1(𝜃) 

𝑄(𝜃)
𝑑

𝑑𝑡
(𝑄−1(𝜃))𝑄(𝜃) = −𝑄̇(𝜃). 

(4.64) 

Substituting Equation (4.64) into Equation (4.63) gives: 

𝑄(𝜃)𝐴̂(𝜃)𝑇 + 𝐴̂(𝜃)𝑄(𝜃) + 2𝛼𝑄(𝜃) − 𝑄̇(𝜃) + 𝑄(𝜃)𝐶𝑇𝐶𝑄(𝜃) < 0. (4.65) 

Applying Schur Complement on (4.65) results in the constraint (4.59). Substituting the Lyapunov 

matrix 𝑄−1(𝜃) into the (4.19) (See Remark 6) yields: 

𝑇𝑟𝑎𝑐𝑒 (𝐵̂𝜔
𝑇(𝜃)𝑄−1(𝜃)𝐵̂𝜔(𝜃)) < 𝛾

2. (4.66) 

Defining the auxiliary polytopic matrix 𝑍(𝜃), (4.66) is split into the following constraints: 

𝐵̂𝜔
𝑇(𝜃)𝑄−1(𝜃)𝐵̂𝜔(𝜃) < 𝑍(𝜃), (4.67) 

and 

𝑇𝑟𝑎𝑐𝑒(𝑍(𝜃)) < 𝛾2. (4.68) 

Applying Schur Complement on (4.67) results in (4.60). Moreover (4.68) is equal to (4.61). The 

proof is complete. ◼ 

Remark 7: The constraints of Theorem 4.6 cannot solved by LMIs, because i) they contain the 

time-varying parameters 𝜃, ii) the term 𝐴̂(𝜃)𝑄(𝜃) contains the multiplication of the two unknown 

matrices, and iii) appearing 𝑄̇(𝜃). In the following, the constraints of Theorem 4.6 are derived in 

terms of LMIs. 

Theorem 4.7 [4]: Consider the polytopic LPV system Σ𝑣(𝜃)  in (4.5), and a positive scalar 𝛼 > 0. 

Suppose there exists a symmetric positive definite 𝑄𝑖 ∈ ℝ
𝑛𝑥 ×ℝ𝑛𝑥, and a matrix 𝑍𝑖 ∈ ℝ

𝑛𝜔 × ℝ𝑛𝜔 , 

and a positive scalar 𝛾 > 0, in the form of following constraints: 

2

𝐿 − 1
𝑆𝑖𝑖 + 𝑆𝑖𝑗 + 𝑆𝑗𝑖 < 0    𝑓𝑜𝑟   1 ≤ 𝑖 < 𝑗 ≤ 2, 

(4.69) 
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[
𝑍𝑖 ⋆

𝐵̂𝜔𝑖 𝑄𝑖
] > 0     𝑓𝑜𝑟       𝑖 = 1,2, 

(4.70) 

𝑇𝑟𝑎𝑐𝑒(𝑍𝑖) < 𝛾2      𝑓𝑜𝑟      𝑖 = 1,2, (4.71) 

where 𝐿 = 2, and 

𝑆𝑖𝑗 =

[
 
 
 
 
𝐴𝑖𝑄𝑗 + 𝐵𝑢𝑖𝐾𝑗 + 𝑄𝑗𝐴𝑖

𝑇 + 𝐾𝑗
𝑇𝐵𝑢𝑖 + 2𝛼𝑄𝑗 −∑∑ 𝑤𝑘𝑚(𝜃)𝜑𝑘𝑚(𝑄𝑘 − 𝑄𝑙)

2

𝑚=1

2

𝑙=1
𝑙≠𝑘

⋆

𝐶𝑧𝑖𝑄𝑗 + 𝐷𝑧𝑖𝐾𝑗 −𝐼]
 
 
 
 

 

then, the control law in (4.58) leads to the stable closed-loop system (4.9) with ‖Σ𝑣(𝜃)‖2
2 < 𝛾2. 

Proof [4] and [94]: Due to the appearance of the time-derivative term 𝑄̇(𝜃) in (4.59), some 

modifications are needed. it is known that: 

𝑄(𝜃) =∑𝜂𝑙(𝜃)𝑄𝑙

2

𝑙=1

→ 𝑄̇(𝜃) = ∑ 𝜂̇𝑘(𝜃)𝑄𝑘.

2

𝑘=1

 (4.72) 

On the other hand, 

∑𝜂𝑘(𝜃)

2

𝑘=1

= 1 →∑𝜂̇𝑘(𝜃)

2

𝑘=1

= 0 →∑𝜂̇𝑙(𝜃)(−𝑄𝑙)

2

𝑙=1

= 0, (4.73) 

Using (4.72) with the null term (4.73) provides: 

𝑄̇(𝜃) = ∑ 𝜂̇𝑘(𝜃)(𝑄𝑘 − 𝑄𝑙)

2

𝑘=1

=∑𝜂̇𝑘(𝜃)(𝑄𝑘 − 𝑄𝑙)

2

𝑙=1
𝑙≠𝑘

. (4.74) 

For any 𝜂̇𝑘(𝜃) there exists lower and upper bounds 𝜑𝑘1 and 𝜑𝑘2 such that 𝜑𝑘1 ≤ 𝜂̇𝑘(𝜃) < 𝜑𝑘2. 

Therefore, by using the sector nonlinearity approach, one has 

𝜂̇𝑘(𝜃) = 𝑤𝑘1(𝜃)𝜑𝑘1 + 𝑤𝑘2(𝜃)𝜑𝑘2 = ∑ 𝑤𝑘𝑚(𝜃)𝜑𝑘𝑚,

2

𝑚=1

 (4.75) 

where 

𝑤𝑘1(𝜃) =
(𝜑𝑘2 − 𝜂̇𝑘(𝜃))

𝜑𝑘2 −𝜑𝑘1
; 𝑤𝑘2(𝜃) = 1 − 𝑤𝑘1(𝜃). 

(4.76) 
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Substituting (4.75) into (4.74) result that 

𝑄̇(𝜃) = ∑ 𝜂̇𝑘(𝜃)(𝑄𝑘 − 𝑄𝑙)

2

𝑘=1

=∑∑ 𝑤𝑘𝑚(𝜃)𝜑𝑘𝑚(𝑄𝑘 − 𝑄𝑙).

2

𝑚=1

2

𝑙=1
𝑙≠𝑘

 (4.77) 

Keeping (4.77) in mind, (4.59) can be written as: 

[
𝐴̂(𝜃)𝑄(𝜃) + 𝑄(𝜃)𝐴̂𝑇(𝜃) + 2𝛼𝑄(𝜃) − 𝑄̇(𝜃) ⋆

𝐶̂𝑧(𝜃)𝑄(𝜃) −𝐼
] =∑∑𝜂𝑖(𝜃)𝜂𝑗(𝜃)𝑆𝑖𝑗

2

𝑗=1

2

𝑖=1

 (4.78) 

where 𝐿 = 2 and  

𝑆𝑖𝑗 =

[
 
 
 
 
𝐴𝑖𝑄𝑗 + 𝐵𝑢𝑖𝐾𝑗 + 𝑄𝑗𝐴𝑖

𝑇 + 𝐾𝑗
𝑇𝐵𝑢𝑖 + 2𝛼𝑄𝑗 −∑∑ 𝑤𝑘𝑚(𝜃)𝜑𝑘𝑚(𝑄𝑘 − 𝑄𝑙)

2

𝑚=1

2

𝑙=1
𝑙≠𝑘

⋆

𝐶𝑧𝑖𝑄𝑗 + 𝐷𝑧𝑖𝐾𝑗 −𝐼]
 
 
 
 

 

The time-varying parameters 𝜂𝑖(𝜃) and 𝜂𝑗(𝜃) in a polytopic LPV representation are non-negative. 

Therefore, by applying Tuan’s relaxation lemma, given in Appendix 3, on (4.78), the LMIs (4.69) 

are achieved. Finally, by re-writing the polytopic representations in (4.60) and (4.61) and 

eliminating the 𝜂𝑖(𝜃), LMIs (4.70) and (4.71) are obtained. The proof is complete. ◼ 

Theorem 4.8 [101]: Consider a scalar 𝜖, and assuming the initial condition of the system’s state 

trajectories 𝑥(0) is known. One can limit the amplitude bound of the controller’s gain by adding 

the following constraints, which are in the LMI form, to the control design conditions of theorem 

4.7. 

[
1 𝑥(0)𝑇

𝑥(0) 𝑄𝑗
] ≥ 0, 𝑗 = 1,2, 

(4.79) 

[
𝑄𝑗 𝐾𝑗

𝑇

𝐾𝑗 𝜖2𝐼
] ≥ 0, 𝑗 = 1,2, (4.80) 

where 𝐼 ∈ ℝ𝑛𝑢. 

Proof: The theorem can be proved by following the provided proof procedure for theorem 4.5, 

alongside the definitions of the poly-quadratic Lyapunov function and the control law in (4.57) 

and (4.58) respectively. 
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4.3. Simulation Results and Comparisons 

This section consists of the following subsections: 

(i) An overview of the plots regarding the vehicle's global 𝑋𝑌 trajectory, the desired global 𝑋𝑌 

trajectory, and the lateral position error. 

(ii) The simulation results regarding the 𝐻2 LPV state feedback controller with Quadratic 

Lyapunov Function (QLF), including tuning its decay rate (𝛼 parameter). 

(iii) The simulation results regarding the 𝐻2 LPV state feedback controller with Poly-Quadratic 

Lyapunov Function (PQLF), including tuning its decay rate. 

(iv) A comparison between i) the 𝐻2 LPV state feedback controller with QLF, ii) the 𝐻2 LPV state 

feedback controller with PQLF, and iii) the tuned LQR for the road-vehicle model represented 

in Chapter 2. 

(v) Considering practical aspects in the closed-loop road-vehicle model and implementing the 

final comparison between the 𝐻2 LPV controller and the LQR one. 

(vi) Simulation scenario iv with the lateral wind force (the gust wind), as the input disturbance. 

 

• Subsection i: 

Considering the following table, where 𝜓𝑣𝑒ℎ is the yaw angle representing the orientation angle 

measured with respect to the global 𝑋 axis. 
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Table 4.1 The useful parameters for simulation results 

Parameter Description 

𝜓𝑑𝑒𝑠 The desired yaw angle 

𝑋𝑑𝑒𝑠 The global position of the desired trajectory w.r.t. the 𝑋 axis 

𝑌𝑑𝑒𝑠 The global position of the desired trajectory w.r.t. the 𝑌 axis 

𝜓𝑣𝑒ℎ The vehicle's yaw angle 

𝑋𝑣𝑒ℎ The global position of the vehicle w.r.t. the 𝑋 axis 

𝑌𝑣𝑒ℎ The global position of the vehicle w.r.t. the 𝑌 axis 

𝑣𝑥 Vehicle longitudinal velocity 

𝑅 The constant radius of the test road 

𝜌𝑟 The road curvature 

𝑒1 𝑜𝑟 𝑦𝑎𝑐𝑡 Lateral position error 

𝑒2 𝑜𝑟 𝜓𝐿 Heading error 

𝐿𝑠 Look-ahead distance 

𝑦𝑙  Lateral deviation error at the look-ahead distance 

 

From now on, the lateral position error is represented by 𝑒1, and the heading error is represented 

by 𝑒2 or 𝜓𝐿. 

 

Fig. 4.1. Lateral deviation error measurement 
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Considering Fig. 4.1, as well as Fig. 2.1 in Chapter 2 and Table 4.1: 

𝜌𝑟 =
1

𝑅
  

𝜓̇𝑑𝑒𝑠 =
𝑉𝑥
𝑅
= 𝑉𝑥𝜌𝑟  

𝑒1 = 𝑦𝐿 − 𝑑𝑠𝑒2  

𝑒2 = 𝜓𝑣𝑒ℎ − 𝜓𝑑𝑒𝑠  

𝑋𝑣𝑒ℎ = 𝑋𝑑𝑒𝑠 − 𝑒1sin (𝜓𝑣𝑒ℎ)  

𝑌𝑣𝑒ℎ = 𝑌𝑑𝑒𝑠 + 𝑒1cos (𝜓𝑣𝑒ℎ)  

As a result, one has better insight into the produced results of this section. For the computational 

analysis, it is important to note that Matlab/Simulink R2022b [102] was used to generate the 

results, while the Yalmip toolbox [103] was employed to solve the convex optimization problems 

associated with the controller design conditions developed in Chapter 4. 

As this thesis focuses on the path-following control of Autonomous Ground Vehicles (AGVs), two 

standard scenarios commonly used in autonomous vehicle control are employed to evaluate and 

verify the designed controllers: (i) the Single Lane Change (SLC) scenario and (ii) the Double 

Lane Change (DLC) scenario. These scenarios simulate real-world challenging conditions, 

allowing the controllers to demonstrate their effectiveness in path-following tasks. The road 

curvatures of these scenarios are depicted in Figs. 4.2 (a) and 4.2 (b) respectively. 

 

 

 

 

 

 

 

 

Fig. 4.2. Road curvature for (a) Single Lane Change (SLC) and (b) Double Lane Change (DLC) 

scenarios 

(a) (b) 
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Furthermore, as outlined in Chapter 1, this thesis incorporates the vehicle's longitudinal velocity 

as a varying parameter to develop control frameworks better suited to real-world conditions. 

Consequently, in the evaluation of the AGVs’ performance, two distinct velocities are considered: 

(i) the nominal velocity used for designing the LQR controller, which serves as the benchmark in 

this dissertation (18 m/s), and (ii) a higher velocity (25 m/s) that deviates from the nominal value, 

subjecting the vehicle to more challenging test scenarios.  

• Subsection ii: 

In this subsection, the designed 𝐻2 LPV state feedback controller, utilizing QLF in its design 

procedure, is employed to control the developed road-vehicle model inspected in equations (2.13)-

(2.17) of Chapter 2. The resulting closed-loop road-vehicle system is investigated from both 

stability and performance points of view, where the states’ trajectories and front and rear lateral 

forces are plotted in Fig. 4.6. Most importantly, the lateral position and heading errors are 

demonstrated in Fig. 4.3, and the control input (the generated steering torque) is depicted in Fig. 

4.4. Finally, the global vehicle and desired 𝑋𝑌 trajectories are depicted in Fig. 4.5. 

 

 

Fig. 4.3. (Top) Lateral position error, (Bottom) Heading error (𝛼 = 0, 𝛼 = 1.25) 
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Fig. 4.4. Steering torque 

 

 

Fig. 4.5. Global vehicle XY trajectory 
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Fig. 4.6 From top to bottom: (1) Side-slip angle, (2) Yaw rate, (3) Lateral deviation error at the look-

ahead distance, (4) Steering angle, (5) Steering rate, (6) Front lateral force, (7) Rear lateral force (𝛼 = 0, 

𝛼 = 1.25) 

As shown in the plotted figures, the results are investigated for both having and not having the 

decay rate (𝛼) in the structure of the developed controller. It is observed that having a decay rate 

in the design procedure not only increases the system’s response rate but also reduces the lateral 

position error, as it leads to stricter upper and lower bounds on the stable exponential response (the 

reader may see Fig. 4.5). 

• Subsection iii: 

In this subsection, the 𝐻2 LPV state feedback controller, utilizing PQLF in its design procedure, 

is hired to control the road-vehicle system represented in Chapter 2 to guarantee its stability and 

performance as two main agendas of a controlled system. This investigation includes the closed-

loop states’ trajectories along with the front and rear lateral forces (Fig. 4.10), the lateral position 

and heading errors (demonstrated in Fig. 4.7), the steering torque (Fig. 4.8), and the global vehicle  

𝑋𝑌 trajectory versus the global desired 𝑋𝑌 trajectory (Fig. 4.9). 
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Fig. 4.7. (Top) Lateral position error, (Bottom) Heading error (𝛼 = 0, 𝛼 = 9.75) 

 

Fig. 4.8. Steering torque 

 

Fig. 4.9. Global vehicle XY trajectory 
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Fig. 4.10. From top to bottom: (1) Side-slip angle, (2) Yaw rate, (3) Lateral deviation error at the look-

ahead distance, (4) Steering angle, (5) Steering rate, (6) Front lateral force, (7) Rear lateral force (𝛼 = 0, 

𝛼 = 9.75) 

As in the previous subsection, the aforementioned results are analyzed for the control synthesis 

structure with and without including the 𝛼 parameter as the decay rate. As expected, the same 

conclusion is drawn regarding the impact of incorporating a decay rate in the developed control 

framework. Consistent with the theoretical insights discussed in Chapter 4, the best achievable 𝛼 

is significantly improved when employing a Poly-Quadratic Lyapunov Function (PQLF) in the 

synthesis structure (𝛼 = 9.75), compared to 𝛼 = 1.25 for the 𝐻2 LPV controller with QLF. A 

higher 𝛼 corresponds to improved system responses, which will be further examined in the 

following subsection. 

• Subsection iv: 

This subsection presents a general comparison between the LQR controller, designed in Chapter 

3 as the benchmark, and the 𝐻2 LPV state feedback controllers utilizing quadratic and poly-
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quadratic Lyapunov functions. These 𝐻2 controllers are tuned to their optimal performance by 

employing the best achievable decay rates, as detailed in their respective subsections. Comparisons 

are conducted for SLC standard test scenarios, where the nominal velocity (𝑣 = 18 𝑚/𝑠) is 

considered as the vehicle longitudinal velocity. From here, the results are focused only on the 

lateral position and heading errors (Fig. 4.11), and the global vehicle and desired 𝑋𝑌 trajectories 

(Fig. 4.13). Additionally, to provide a comprehensive comparison between the optimal and robust 

approaches, the steering torques generated by each method, applied to their respective closed-loop 

systems as control inputs, are plotted in Fig. 4.12.  Tables. 4.2 and 4.3 utilize the root mean square 

(RMS) and 𝐿∞ norm of lateral position and heading errors of each strategy to better investigate 

their performance in the delegated path-following task. 

 

Fig. 4.11. (Top) Lateral position error, (Bottom) Heading error (𝐿𝑄𝑅,𝐻2 𝑤𝑖𝑡ℎ 𝑄𝐿𝐹,𝐻2 𝑤𝑖𝑡ℎ 𝑃𝑄𝐿𝐹) 

 

Table 4.2. Comparison between LQR, 𝐻2 with QLF, and 𝐻2 with PQLF w.r.t. the lateral position error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.090333 0.030358  

𝐻2 (𝑄𝐿𝐹) 0.061837 0.027662  

𝐻2 (𝑃𝑄𝐿𝐹) 0.03424 0.020781  
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Table 4.3. Comparison between LQR, 𝐻2 with QLF, and 𝐻2 with PQLF w.r.t. the heading error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.033571 0.011782  

𝐻2 (𝑄𝐿𝐹) 0.027723 0.012949  

𝐻2 (𝑃𝑄𝐿𝐹) 0.026336 0.015312  

 

 

 

Fig. 4.12. Steering torque 

 

 

Fig. 4.13. Global vehicle XY trajectory 
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As it is observed, the performance of the closed-loop system is improved step by step by moving 

from the LQR controller to 𝐻2 LPV controller with QLF, and from the latter to the 𝐻2 LPV 

controller with PQLF. However, by observing the steering torque, one may conclude that although 

the mentioned enhancement is reached through the theoretical aspect, an AGV, in practice, 

encounters limitations in generating the steering torques that are commanded by the designed 

controllers. To tackle this issue, the 𝐻2 LPV controller is tuned through its decay rate parameter 

to reach an acceptable performance in real-world applications, after which a fair and general 

comparison can be conducted between optimal and robust control methodologies. 

• Subsection v: 

Inspected simulation results in the previous subsections have a highlighted outcome, that is the 𝐻2 

LPV state feedback controller with PQLF has superiority in path-tracking mission in a controlled 

AGV. However, although the results are theoretically acceptable and confirm the developed 

strategies in this research, the practical applicability of the generated steering torques, as the 

control signals for use in a sample AGV must also be considered. Hence. The 𝐻2 LPV state 

feedback controller is tuned with an acceptable decay rate parameter (𝛼 = 0.25), and compared 

with the provided benchmark (the tuned LQR controller). The comparisons are conducted for both 

SLC and DLC standard test scenarios, where two longitudinal velocities are taken into 

consideration, the nominal velocity (𝑉 = 18 𝑚/𝑠), and a high velocity deviated from the nominal 

one (𝑉 = 25 𝑚/𝑠). The plots include generated steering torque, the lateral position error, the 

heading error, and the global vehicle and desired 𝑋𝑌 trajectories for each comparison case, where 

the represented tables give clearer investigation of the conducted comparison scenarios. 
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o Single Lane Change (SLC) Scenario: 

o 𝑽 = 𝟏𝟖 𝒎/𝒔 

 

Fig. 4.14. (Top) Lateral position error, (Bottom) Heading error (𝐿𝑄𝑅,𝐻2) 

 

Table 4.4. Comparison between LQR, and 𝐻2 w.r.t. the lateral position error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.090333 0.030358  

𝐻2 0.07192 0.037514  

 

 

Table 4.5. Comparison between LQR, and 𝐻2 w.r.t. the heading error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.033571 0.011782  

𝐻2 0.026625 0.013849  



70 

 

 

Fig. 4.15. Steering torque 

 

 

Fig. 4.16. Global vehicle XY trajectory 
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o 𝑽 = 𝟐𝟓𝒎/𝒔 

 

Fig. 4.17. (Top) Lateral position error, (Bottom) Heading error (𝐿𝑄𝑅,𝐻2) 

 

Table 4.6. Comparison between LQR, and 𝐻2 w.r.t. the lateral position error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.24433 0.085017  

𝐻2 0.053232 0.027  

 

 

Table 4.7. Comparison between LQR, and 𝐻2 w.r.t. the heading error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.042042 0.014075  

𝐻2 0.025263 0.011188  
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Fig. 4.18. Steering torque 

 

 

Fig. 4.19. Global vehicle XY trajectory 
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o Double Lane Change (DLC) Scenario : 

o 𝑽 = 𝟏𝟖 𝒎/𝒔 

 

Fig. 4.20. (Top) Lateral position error, (Bottom) Heading error (𝐿𝑄𝑅,𝐻2) 

 

Table 4.8. Comparison between LQR, and 𝐻2 w.r.t. the lateral position error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.035427 0.010231  

𝐻2 0.028798 0.01593  

 

 

Table 4.9. Comparison between LQR, and 𝐻2 w.r.t. the heading error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.013352 0.0050909  

𝐻2 0.010659 0.0058819  
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Fig. 4.21. Steering torque 

 

 

Fig. 4.22. Global vehicle XY trajectory 
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o 𝑽 = 𝟐𝟓 𝒎/𝒔 

o  

 

Fig. 4.23. (Top) Lateral position error, (Bottom) Heading error (𝐿𝑄𝑅,𝐻2) 

 

Table 4.10. Comparison between LQR, and 𝐻2 w.r.t. the lateral position error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.082094 0.034621  

𝐻2 0.021436 0.0075031  

 

 

 

Table 4.11. Comparison between LQR, and 𝐻2 w.r.t. the heading error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.016176 0.0048244  

𝐻2 0.0096984 0.0043385  
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Fig. 4.24. Steering torque 

 

 

Fig. 4.25 Vehicle global XY trajectory 

As anticipated, both optimal and robust controller shows almost the same performance at the 

nominal velocity (𝑉 = 18 𝑚/𝑠) during the test scenarios. However, the developed 𝐻2 LPV 

controller shows much better performance in the delegated path-following task when the road-

vehicle system deviates from the nominal velocity since deviation from the nominal speed was 

considered in the design stages of the robust controller. In other words, in the 𝐻2 LPV controller, 

the vehicle longitudinal velocity is considered as a varying parameter, whilst it is treated as a 

constant in the LQR synthesis. 
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One can better enhance the errors regarding the path-following task by having a feedforward gain, 

as another degree of freedom regarding the performance improvement, in the control law (one can 

refer to Chapter 2 or 4 for more information). However, since the diagrams related to the control 

structure with feedforward gain are very similar to those of the control structure without that gain, 

we have omitted the diagrams for the sake of brevity. The reason for this is that the magnitudes of 

road curvatures are small (see Fig. 4.2); and the effectiveness of this gain directly depends on the 

magnitudes of the considered road curvatures. Nevertheless, one can reduce the RMS value of the 

lateral position error, say for the last scenario, up to 4.10 %. In other words, the feedforward gain, 

in the last comparison scenario, decreases the RMS of lateral position error for the 𝐻2 LPV 

controller from 0.0075301 to 0.0071955. Indeed, the greater the magnitude of the road curvature, 

the greater the effect of having a feedforward gain in the design structure of 𝐻2 LPV controlling 

method. 

• Subsection vi: 

In this subsection, the performance of the LQR, and the tuned 𝐻2 LPV state feedback controller 

are tested in the presence of a disturbance input. In more detail, the controlled AGV is assumed to 

be on the designated task of SLC scenario with the nominal velocity (𝑉 = 18 𝑚/𝑠), when a lateral 

wind force is applied to the vehicle as the input disturbance, which is illustrated in Fig. 4.26. This 

choice, as a common natural phenomenon, is conventional in vehicle control applications. The 

reason behind the judicious choice of the time of applying the gust wind is that the reader can 

better observe and follow the performance of the mentioned optimal and robust controllers to face 

injected input disturbance. Unlike the previous subsection, the state trajectories, as well as the front 

and rear lateral forces, of the closed-loop systems are depicted in Fig. 4.30. This helps in 

understanding the effect of the gust wind on the side-slip angle, yaw rate, steering rate, etc., of the 

closed loop system. Moreover, the generated steering torques by these controllers are demonstrated 

in Fig. 4.28. One can observe the lateral position and heading errors in Fig. 4.27, and the vehicle 

global 𝑋𝑌 trajectory versus the desired path in Fig. 4.29. Tables. 4.12 and 4.13 conclude the 

robustness of each controller by investigating the 𝑅𝑀𝑆 and 𝐿∞ norm of both the lateral position 

and heading errors resulting from each method. 
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Fig. 4.26. Lateral wind force (injected disturbance) 

 

 

Fig. 4.27. Lateral position error 

 

Table 4.12. Comparison between LQR, and 𝐻2 w.r.t. the lateral position error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.090328 0.05599  

𝐻2 0.071805 0.034765  
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Table 4.13. Comparison between LQR, and 𝐻2 w.r.t. the heading error 

 𝒍∞ 𝒓𝒎𝒔  

𝐿𝑄𝑅 0.033573 0.0088795  

𝐻2 0.026632 0.01232  

 

 

 

Fig. 4.28. Steering torque 

 

 

Fig. 4.29. Global vehicle XY trajectory 
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Fig. 4.30. From top to bottom: (1) Side-slip angle, (2) Yaw rate, (3) Lateral deviation error at the look-

ahead distance, (4) Steering angle, (5) Steering rate, (6) Front lateral force, (7) Rear lateral force (LQR, 

𝐻2) 

As intended, the 𝐻2 LPV state feedback controller performs better in the disturbance attenuating 

task in comparison with the LQR controller even in the nominal velocity utilized for designing the 

LQR controller. The reason is that the 𝐻2 scheme design minimizes the 𝐻2 norm of the transfer 

function from the disturbance input 𝜔 to the performance output 𝑧, where the hired 𝐻2 controller 

suppresses the impact of the disturbance by reducing the energy of the signal in the performance 

vector. On the other hand, the synthesize procedure of the LQR controller lacks considering the 

disturbance input, as well as performance output, including the weighted combinations of system 

states, outputs, and control inputs. 
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Chapter 5 

Concluding Remarks and Future Work 

5.1. Conclusion 

In this thesis work, in the modeling phase, a general control-based road-vehicle system for AGVs 

was investigated. To obtain a more realistic model, the longitudinal velocity was considered as a 

varying parameter, forming a linear parameter varying (LPV) representation for the inspected 

road-vehicle system. It was shown that the represented LPV model mimics the nonlinear vehicle 

model behavior with fair precision. To support the control synthesis phase, a new scheduling 

variable was defined for the LPV model, and a polytopic LPV representation of the road-vehicle 

system was developed using first-order Taylor approximation. The accuracy of the polytopic LPV 

model was evaluated by comparing it with the nonlinear vehicle model, and the results 

demonstrated satisfactory alignment and reliability. 

In the control design phase, a Linear Quadratic Regulator (LQR) controller was first designed for 

a linearized model of the nonlinear road-vehicle system. This approach was aimed to act as a 

benchmark for the developed controllers in this thesis study. To design this LQR controller, after 

defining a performance cost function and a state feedback control law, an optimization problem, 

in terms of Linear Matrix Inequalities (LMIs), was formulated to render the controller gain. The 

reason for such a design was rooted in integrating the control synthesis approaches between the 

benchmark and understudy control strategies in Chapter 4. It should be noted that the weighting 

parameters of the LQR controller, 𝑄 and 𝑅, were tuned to provide a context in which a fair and 

strict comparison could be conducted between all proposed controllers of this research study. In 

Chapter 4, an LPV controller was designed based on state feedback control law, where an 𝐻2 

scheme was considered in the design procedure to guarantee the performance of the controller in 

both reducing the lateral position and heading errors, whilst attenuating the effect of wind lateral 

forces as the disturbance input. These performance criteria lead to nothing but the passengers’ 

comfort and safety. This thesis leveraged LMI techniques to form the controller design conditions 

as convex optimization problems. Such an approach resolves the serious problems existing 

regarding heuristic optimization approaches that suffer from computational costs and get trapped 

in local optima solutions. Moreover, a decay rate was introduced and tuned in the design procedure 
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ending in both fast tracking and less amount of errors (i.e. lateral position and heading errors) in 

the path-following task of autonomous vehicles. To ensure the stability of the controlled 

autonomous vehicle, the Lyapunov theory, and specifically, the Quadratic Lyapunov Function 

(QLF) and Poly-Quadratic Lyapunov Function (PQLF) were employed, leading to two different 

control approaches. The latter ensured deriving better decay rates, and less amount of errors for 

both lateral position and heading angle, by improving the upper bound of the 𝐻2 norm in the 𝐻2 

scheme-based control methodology, which resulted in better performance of the closed-loop 

system.  In addition, an extra condition was added to the developed optimization problem to limit 

the rendered controller’s gain. This can be beneficial through practical aspects when it comes to 

the experimental implementation of the proposed controllers for AGVs. Furthermore, a 

feedforward gain was included in the defined control law to form a feedback-feedforward control 

structure. This framework takes advantage of the future information of the road geometry to 

enhance the path-following performance of the automated vehicle, and alleviate the lateral position 

and heading errors in comparison with the control structure which only benefits from the feedback 

loop. 

The two designed controllers were tested in Single Lane Change (SLC) and Double Lane Change 

(DLC) situations, as the standard test scenarios in AGVs’ applications, to verify the stability and 

effectiveness of the proposed controllers. Moreover, a comparison was conducted between the 

designed controllers and the LQR one, where designed controllers showed promising results in 

decreasing the targeted errors in the path-following operation. Moreover, the performance of the 

two designed controllers, as well as the LQR controller, were tested in a disturbance attenuation 

scenario with a significant wind gust as the injected disturbance. As shown, the designed 

controllers showed more favorable results in this aspect too. It should be noted that the represented 

control approaches of this thesis work show a decent performance in handling different 

longitudinal velocities rather than the nominal one, making them capable of handling varying 

longitudinal velocities, which is common in real-world applications. 

All these outcomes illustrated the superiority of the synthesized controllers in i) well-established 

stability of the controlled autonomous vehicle, ii) passengers’ comfort and safety, iii) disturbance 

attenuation, and (iv) applicability in real-world applications. 
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5.2. Future Work 

Some future works that can be considered are as follows: 

• To reduce reliance on costly vehicle sensors, the design procedures could be reformulated to 

implement an output feedback control law instead of a state feedback one. While this may result 

in slightly larger lateral position and heading errors during lane-keeping, it relies only on 

commonly available vehicle sensors, making it advantageous for both the commercialization of 

AGVs and real-time implementation. 

• While the 𝐻2 scheme was found more effective for minimizing the average errors over the entire 

trajectory rather than addressing specific overshoots, an 𝐻∞ scheme could be adopted as an 

alternative design approach. This would allow the incorporation of the steering torque magnitude 

into the control performance specifications and enable the inclusion of a feedforward gain in the 

control law structure. The suitability of the 𝐻∞ methodology lies in its lack of restrictions on the 

𝐷 matrix being zero in the state-space representation of the targeted systems. 

• A switched-LPV control framework, which utilizes switched LPV models, can be developed to 

cover a wider range of variations in vehicle longitudinal velocity. In addition, since such a control 

structure utilizes multiple parameter-dependent Lyapunov functions, it can even more reduce the 

conservatism of the synthesis procedure. For this switched-LPV approach, a hysteresis switching 

law can be considered to guarantee a safe and smooth switching between the determined LPV 

subregions. 

• Through an interpolation method, or more clearly, through the Youla-Koucera Parameterization-

based interpolating controller, different controllers can be designed independently to serve 

different driving circumstances or objectives. Then, by conducting an interpolation between 

them, the desired performance in autonomous vehicles can be achieved in a safe, smooth, and 

blending fashion. This allows the control structure to have the required percentage of 

contribution from all designed controllers simultaneously, where a designed supervisory signal 

decides the aforementioned amount of contribution received from each controller. 
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Appendices 

Appendix 1: Convex Optimization 

The structure of a given optimization problem is as follows: 

min(𝑓𝑥) 

𝑠. 𝑡.   𝑔𝑖(𝑥) < 0,   𝑖 = 1,2, … ,𝑚,   𝑥 = (𝑥1, … , 𝑥𝑛). 
(A.81) 

An optimization problem can be divided into the three following main parts: 

1) Objective function or optimization index 

2) Constraints 

3) Decision variables 

The following are some standard definitions of convex optimization problems [104]: 

• Convex set: 

A set is convex if and only if for any two given points of that set in the linear vector space, the 

following relation holds true: 

{𝑥1, 𝑥2} ∈ 𝑆 ⇒ {𝑥 ≔ 𝛼𝑥1 + (1 − 𝛼)𝑥2 ∈ 𝑆   ∀   𝛼 ∈ (0,1)}. (A.82) 

• Convex combinations: 

Consider a subspace of a vector space 𝑆, then 𝑥 ≔ Σ𝑖=1
𝑛 𝛼𝑖𝑥𝑖 is a convex combination of 

𝑥1, 𝑥2, … , 𝑥𝑛 such that Σ𝑖=1
𝑛 𝛼𝑖 = 1, and 𝛼𝑖 ≥ 0. 

• Convex hull: 

For any given set 𝑆, another set that results from all convex combinations of all members of 𝑆 is 

called the convex hull of the set 𝑆 and is denoted by 𝑐𝑜𝑛𝑣(𝑆). The convex hull of a set is convex 

even if the set itself is not a convex set. 

• Convex function: 

A function 𝑓: 𝑆 → 𝑅 is convex if and only if i) its domain is convex, ii) for any given 𝑥1 and 𝑥2 

that belong to the domain of that function, the following inequality is established: 

𝑓(𝛼𝑥1 + (1 − 𝛼)𝑥2) ≤ 𝛼𝑓(𝑥1) + (1 − 𝛼)𝑓(𝑥2). (A.83) 

• Affine function: 
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A function 𝑓: 𝑆 → 𝑅 is affine if and only if for any given 𝑥1 and 𝑥2 in the set 𝑆, and for any 𝛼 ∈ ℝ, 

the following is established: 

𝑓(𝛼𝑥1 + (1 − 𝛼)𝑥2) = 𝛼𝑓(𝑥1) + (1 − 𝛼)𝑓(𝑥2). (A.84) 

An affine function is a convex function. 

• Local and global minima: 

The point 𝑥0 ∈ 𝑆 is a minimum of function 𝑓: 𝑆 → 𝑅 if and only if 𝜖 > 0 exists such that: 

𝑓(𝑥0) ≤ 𝑓(𝑥)   ∀   𝑥 ∈ 𝑆,   ‖𝑥 − 𝑥0‖ < 𝜀. (A.85) 

If: 

𝑓(𝑥0) ≤ 𝑓(𝑥)   ∀   𝑥 ∈ 𝑆, (A.86) 

Then 𝑥0 is the global minimum. 

Theorem A.1 [104]: If the function 𝑓: 𝑆 → 𝑅 is convex, then any local extremum of the function 

is its global extremum. 

A common challenge in solving optimization problems is the risk of converging to a local 

extremum rather than the desired global extremum. This issue is eliminated in convex functions, 

as any local extremum of a convex function is also its global extremum. In other words, finding 

the global extremum of a convex function can be achieved by using standard optimization 

methods, such as the Newton-Raphson method, to identify its local extremum. 

Theorem A.2 [104]: If the function 𝑓: 𝑆 → 𝑅 is a convex function, and if one has 𝑆 = 𝑐𝑜𝑛𝑣(𝑆0), 

then: 

𝑓(𝑥) < 𝛾   ∀   𝑥 ∈ (𝑆) ⇔ 𝑓(𝑥) < 𝛾   ∀   𝑥 ∈ 𝑆0. (A.87) 

In other words, if the condition 𝑓(𝑥) < 𝛾 is valid for all the corner points (𝑆0), the mentioned 

relation, 𝑓(𝑥) < 𝛾, holds true for any points in the convex hull resulting from those corner points. 

Based on the abovementioned definitions, one has the following definition for the convex 

optimization: 

• Convex optimization: 
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If the domain of the answer is convex, in addition to the convexity of its objective function, the 

optimization problem is a convex programming problem. It should be pointed out that two 

numerical tools, i) the Interior Point method and ii) the Ellipsoidal method, can be employed to 

solve such optimization problems. 

Appendix 2: Introduction to Linear Matrix Inequalities 

The structure of Linear Matrix Inequalities (LMIs) is defined as follows [94]: 

𝐹(𝑥) = 𝐹0 + 𝑥1𝐹1 +⋯+ 𝑥𝑛𝐹𝑛 < 0, (A.88) 

where 𝑥 = [𝑥1, … , 𝑥𝑛] are matrix variables recognized as decision variables. In addition, 𝐹0, … , 𝐹𝑛 

are real symmetric matrices. As a result, 𝐹(𝑥) is an affine function of decision variables. Since 

𝐹(𝑥) is a convex function, the set of decision variables in 𝐹(𝑥) < 0 constitute a convex function. 

Therefore, the Interior Point method and the Ellipsoidal method can be used to solve LMIs [104] 

and [94]. In the following, different LMI problems will be investigated [94]. 

• Feasibility problem: 

Consider the following general form: 

𝐹(𝑥) < 0. (A.89) 

The goal of this kind of LMI problem is to find decision variables that satisfy (A.89). In other 

words, only the existence of the answer is concerned, and no optimization is performed. 

• Linear Objective Minimization problem: 

Consider the following expression: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒   𝛼(𝑥1, … , 𝑥𝑛) 

𝑠. 𝑡.   𝐹(𝑥1, … , 𝑥𝑛) < 0. 

(A.90) 

In these problems, the target is to optimize the scalar function 𝛼(. ) with decision variables of 

(A.90) acting as constraints for the given optimization problem. 

• Generalized Eigenvalue problem: 

The general form of a Generalized Eigenvalue problem is given as follows: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒   𝜆 

𝑠. 𝑡.   𝐹1(𝑥1, … , 𝑥𝑛) + 𝜆𝐹2(𝑥1, … , 𝑥𝑛) < 0, 

(A.91) 
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          𝐹2(𝑥1, … , 𝑥𝑛) < 0, 

          𝐹3(𝑥1, … , 𝑥𝑛) < 0. 

In some control design procedures, the problems are in a Nonlinear Matrix Inequalities form. In 

other words, the in-hand problem is in the form of a nonlinear function of decision variables. In 

such problems, one can try to transform the problem into an LMI and solve that optimization 

problem via convex LMI solvers. In this context, some lemmas are provided and widely used for 

transforming a Nonlinear Matrix Inequality to an LMI [94]. 

• Lemma 1: Congruence Transformation 

If 𝑄 ∈ ℝ𝑛×𝑛 is positive (negative) definite, another real matrix 𝑊 ∈ ℝ𝑛×𝑛 with the rank 𝑛 can be 

considered such that: 

𝑊𝑇𝑄𝑊 > 0   𝑜𝑟   𝑊𝑇𝑄𝑊 < 0. (A.92) 

In other words, the definiteness of a matrix is not changed if it is pre and post-multiplied by a real 

full-rank matrix. 

• Lemma 2: Schur Complement 

Schur complement expresses that the three following expressions are equal: 

1) 𝐹 = [
𝐴 𝐵
𝐵𝑇 𝐶

] < 0 

2) A < 0 & C − BT𝐴−1𝐵 < 0 

3) 𝐶 < 0 & 𝐴 − 𝐵𝐶−1𝐵𝑇 < 0 

(A.93) 

Appendix 3: Tuan’s Relaxation Lemma [105] and [4] 

Given the symmetric matrices of appropriate dimensions (Τ𝑖𝑗, 𝑖, 𝑗 ∈ Ω𝑁), and a family of functions 

({𝜂𝑖}, 𝑖 ∈ Ω𝑁) with the following characteristics: 

𝜂𝑖 ≥ 0,∑𝜂𝑖 = 1,∑𝜂̇𝑖 = 0

𝑁

𝑖=1

,

𝑁

𝑖=1

 
(A.14) 

The inequality 

∑∑𝜂𝑖𝜂𝑗Τ𝑖𝑗 < 0

𝑁

𝑗=1

,

𝑁

𝑖=1

 (A.15) 
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is satisfied if 

{

Τ𝑖𝑖 < 0, 𝑖 ∈ Ω𝑁
2

𝑁 − 1
Τ𝑖𝑖 + Τ𝑖𝑗 + Τ𝑗𝑖 < 0, 𝑖, 𝑗 ∈ Ω𝑁 , and 𝑖 < 𝑗

 (A.16) 
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